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«3PBS: 522A 

ON THE, LARGE-SCALE raE^O-Hm»IOHAMrCAL PROCESSES IN A BABOCIJNIC 
AOMOSFHERE 

I-Siis is a translation of &fi article hy G.I. Marchuk, in Trudy, lust, 
Fiz. Atnos., No 2, 1951; CSO: l*6lA-N] 

The atmospheric thermodynamic-hydrodynamic processes can be condi 

tionaliy classified as large-scale and small-scale processes«, The larg 

scale processes have characteristic horizontal dimensions of the order . 

several thousand kilometers (extensive cyclones, anticyclones, pressure 

ridges and others), the processes of small-scale of one hundred kilotnet 

The large-scale processes characterise the basic states of the atrnosphe 

circulations, then against a background which depends on that, there oc 

the small-scale meteorological processes, which define the character of 

the weather in a particular area of the globe As a rule the large-sea 

quasi-static processes manifest a known trait of stability and are able 

a certain sense to be the object of an independent investigation,,  The 

H 
small-scale processes are more mobile (active), tjey are defined by pro 

of the large-scale and generally speaking, they are not able to be consi 

independently of the neighboring synoptic conditions«. 

For a study of the dynamics of atmospheric phenomena there is sha 

the necessity of constructing some mathematical theory which would most 

..ompletely reflect the physical aspects of the The laws of t 

hydrodynamics conformed to the atmospheric condition permit me to write 

corresponding system of differential equations, more or less completely 

describing the character and evolution of the field of meteorological 

elements« However for a long time, there was no success to mention wit; 

equations of hydro-thermodynamics used directly to precalculate the 



meteorological fields. 

A step in the development of meteorological methods of prognosis of 

the waather was taken by I. A. Kihei in 1340 [2],  Introducing a charac- 

teristic scale for the investigation of synoptic processes, Is A,. ki::>el 

shoved that such motions are quasi-geostrophic. This allowed him to rem».- 

what was non-essential to meteorology in the solution - the sound and gra-- 

waves.  The idea of KibelJs on the construction of a theory of short-ran;_ 

prognosis of the weather on the basis of the quasi gees trophic expression 

was used subsequently by meteorological researchers. Thanks to a selec- 

tion of the initial polytropic models one succeeded in writing basic 

prcgncsic equations in a rather simple form either for the earth's sarfae 

or for some level in the atmosphere«. 

In 1949 there was published a. work of A. M„ Obukho.v [4j, in which 

the author constructed .an equation and gave his solution for the. change ■'■ 
respect to 

pressure with/the convergence of mass in a barotropic atmosphere,, 

in 1939 Ross by [9] and in 1940 Hurwitz [8] developed through a stu-" 

of the processes of large Scale a method of small perturbationss   using 

the well-known meteorological fact of the existence of a primary West-Ea: 

a*' 
flow of air. They obtained only the velocity of displacement or ss*e iso- 

lated harmonic-wave. 

In 1943 there appeared the work of E„ K. Blinova "The hydrodynamics 

theory of pressure waves and centers of action in the atmosphere" [lj, iv 

which the author succeeded in obtaining a solution of the general probL.-.- 

of weather prognosis^ proceeding from the combined solution of the line; 

ed system of hydrodynamic equations.  The basic atmospheric centers of 

action were obtained. 

The aim of the present work is a study of the diÄ&BKS=ioa. processes 
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tha/ldisturbances at the level of the 1000 mb surface as well as at h 

levels, and with this to elucidate the interaction of the processes, 

that develop at different levels of a baroclinic atmosphere„  Consid 

our basic problem the elucidation of the qualitative aspects of tha 

mechanism of   .."..  ... of the disturbances we limited ourselves in t' 

investigation to a study of large-scale processes only^ for which th 

geos:trophic model of the wind could be used with success» 

The principal interest in the work is given to the deduction o 
f'jZC poGr! Tit rJ 

equations that describe the surface process of ■ . ' ""    -of a thermol 

disturbance with a consideration of the basic factors of a baroclini. 

mosphsre*  In the work questions related to the stability of the soli 

of the equations of therrao-hydrodynamics conforming to an atmospheric 

were considered; criteria for the stability of the solution of the e< 

were obtained depending on the wave length of the disturbance, the ci 

of the Coriolis parameter with latitude and the vertical profile of ■ 

velocity of the West-East fiow0 The role, of the factors of the hori: 

macroturbulent exchange on the stability of atmospheric motion was ci 

sidered«  There was "obtained criteria of the stability of the soluti« 

the equations of hydrodynamics by the calculation of the factors of i 

turbulent exchange« 

In the present work we did not make it our aim to apply the re? 

directly to the prognosis of weather. We consider this as a later 

problem, to be the subject of a serious study» 

In conclusion wa notice that we investigated in detail the case 

polytropic atmosphere« This was done in order that the simple qualit 

aspect of the matter would not be hidden by the unwieldy calculations 
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Derivation of the Basic Equations 

In the present paragraph we set forth the' derivation of the basic 

equations of ther:r.c-hydrodynas.iics of a baroclinic atmospheres 

wo snai.L coiiSider an •!' ■ i? /   a    coordinate svstcr;i .v.-. ^ru <••' (-i.&<■■■■'■' 
0     <•/ 

;.i the earth's surface, in such a way that the X 

tba tact along a circle öf latitude,, the  £f  axis along a meridian toward 

'ch'i  c.5i'tA, and teie  ,'   axis is directed vertically upwards«  in tue 

adopted coordinate system the equations of motion, or air nasses in trie 

atoosphera can be written in the fona of Cromeko* 

/ ,y /'  _. ,y  /' i'/  -/- *" 
*-i" -/  - (..../I- -/pi:/ ^ '    r~ jy ■"""' ;p 

(2)    •>-(MJl.rX/'-  y-jy    ^r  l   ^    y 

(3) 
 / £>,/'" 

where  U-;    ^ are the components of the velocity vector along the „.'<:' 

and d/   a:cLs respectively;  /y is pressure;  j°      is the density; 

V   is hue acceleration of the gravity force;   yh -:^Zü; 5in d'   is the 
//' 

Corxoirs parameter;  dty  is the angular velocity of ths r o Let u x n e; e. ar t a „ 

£/>  is the geographic latitude of place; ^flJ*"   -hry ™ -^       is 
/ </' ,y -j 

O 
the vertical component of vorticity» 

In equations (l)-(3) the terms that contain the vertical component 

of the velocity vector were excluded from the consideration for being 

values of a higher order of siaailness» The system (l)-(3) is supplcaeaeec 

by the equation of continutiy 



(A) 

aßd  the heat IXov 

(5) Jt 
# 

wüere  /  Is temperature 

0 

y,/   Is ehe vertical component of velocity 

#tf -" 

£      heat flow to a unit volume la a unit  tinsa 

•*'      'IV 

i^>  aad (,-• are the specific heat capacities of air for constant pres- 

ume and  constant, volume. 

Let us differentiate (2) with, respect to '/   ,   (1) with respect 

J£  and sub tract fror» the first the other, Ihea we obtain the 

Friedman's equation 

to 

Kltainting from equation (6) tfa* surface divergence by means of (4) and 

discarding in the result esttaatad terras of higher orders of saallness, 

wa are leffc with the equation 

C7> 7y -f   CC    ~~-~, ../..  y   - 



With the aim of obtaining a formula, convenient for practical work/ we 

shall pass fro» independent variables  X/Y / .£/  2>"   to new variables 

"£i,]£i i P J~t~t    *    Here the sign J     by the new independent variables in- 

dicates the fact that the subscriptad equality takes place on an isobaric 

surface <. Ö .sss. constant» 

The transition from the original system of coordinates (Xj^ßj-f) 

to the new ones (7tt,jj,, ft't,)i»  carried out by means of the transforma- 

tions: 

2   ^ 2 ~i/> 2 2 „  J     >/> j 

2        J- 2 2 ~ 2 _ 2<? 2 

■ax. . OA6}& 
Further on the  -  • of    estimations, one can show that the 

following expressions of correlation take place 

As a result equation (7) may be written in the new coordinates as: 

(8)     h£~ *. a ty + V2JL^- -^ _ ^ SLJ" 
jti jy,        jgt .    $*' <)f? 

AB imized  in the new coordinates the equation of statics takes the form: 

The equation of the heat flow in the new variables U  written in the follow- 

ing form: 



In equations (8) and (10) we shall take the components of the velocity 

vector U-   ^ "'/   %  i:n  their geostrophic expressions: 

i   ::■;' K   ,J- ■' W_    $ j 3.. 

If,   in addition, introducing into the discussion the variable ^ 

u-.- of the formula ,.  _   p 

.J: 
.> u'  1000 iab, then, assuming that the first and second deriva.ti\ 

of   ">:"    are sn.aH by comparison with tbe other terms, ye obtain th 

' Cir"i is: system of ecmatxons: 

(.1. .1)    .> -f ';-   '/     -      /   & -*- 
'?       <j A 

t Ov     •' ^ £ /-v 

(13) j'l      _ __ Ill 

iefine a complete system of differential equations for the deter 

[on of the functions y.       t    j       and  j-V 
J -this 

Kext it follows to add to the system by the problem of boundary con 

ions ana initial data* As a. condition at the earth's surface we use the 

nnditlon of equating the vertical velocity to zero  |A/'"" O       ,   &'-  tae 

r.r-onä  bouadarv relation there is the condition of equating to sar.: the 



vertical'mass flow'at the top of the atmosphere» 

In our adopted designation, the boundary conditions for the systems 

(11)-(13) shall be written as 

o 

Sax xn initial data it can be given for example, as 

(is)        ?/ ~ frttij>J) 

From equation (14)   there can be obtained J- V\> 

!«--*/)$ ^weH)1** 
Substituting (16) into (12) we shall eliminate the vertical veloe 

from the equation of heat flow« 

In the resulting equations (12) and (13) we      find A       anc 

if the second of the boundary conditions (14) could be explicitly expre 

through •£  and 7   »  It turns out that it is possible to do this, j 

this purpose we integrate (liS) throughout the whole atmosphere, then we 

obtain the integral relation 

which then will play the role of the missing boundary condition for th 

system (12), (13). We integrate the equation of statics (13) 

*An analogous formula was obtained by M<, E. Shvets in 1941, [5j. 
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-A 4 I T El 

^™Jo      is  the height of thö absolut«  topography öf the*  1000 ah fiurfa.ee 

abovMlsvel.      How ve obtain  tU system of differential  aquacions  for de- 

fining tha funsttoas       :?      ,.     2^        atuj    7"" 

{'IP \ t   V'AjJ  ^ßf^J^^O 

OS ■i} iJ'   ^   j fr,    J-). 

- <r-"[-4 ttW*:i^rlU^Mh 
L20J 

-' '   ff 

which tfcea we aasittt* ,ss   tl.e basis  of our sub^ueat considersti ions * 

l'üe sysftes of differential equafcicas   (lß)-(20) w& cossidsr in 

tirst ÄpproxiibÄtie« £ti th& following fort»; 

./ 

toe 

(21) 

(23) 

/' f ^...... (a +J ^ ) iß _   f iß ^ j  , 
0 

£T    ß / £T £J      JTJ3 I 
"jt " J- it* ^ " .J# /x J 

>    r'    r/f £   f 
a* " > +•£    i J 



Hare and everywhere else that follows, the index 1 afterthe independent 

variables will be dropped* 

As initial data for the system (21)-(23) we shall take the 

-, /" i   ,       n      - "1 

¥e linearize the system (21)»(23) with respect to the speed of the west-c 

flow« Wa let 

   <J __. 

wnare     'A   _,   / IV ancj       ---■ are i<nown functions  of    ■*/ 

So  far we have assumed by this  that  the  zonal  fields     > and    /""   satJ 

the  equation of statist 

^^   -     Ä? JT 

Then from this equation a relation is developed between ~T~       and  7~~ 

•*^i\j. <y  j and    >j / 

J 

(25)        T  = _ ^  „  ^ 

{-lb> T —z   $   \-P  \ T^ - 

Substituting (25) and (26) into (21)-(23) and neglecting the smaller qua* 

titles of record order, we obtain the following linear system of- differen- 

tial equations: 
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( 0 1 \ 

si t 

J' 

JJ . t; / 

/? / 7- 
// / <4 

 _£, 

J 

For the templet« determination of the problem we add to the linear syst<: 

(25)-(28) the iaiiwal data 

(3G) 
■>     ! *.- '     / 

t ^ / 
ts ■/■■—si C     tJ 

p I 

The solution of the system (27)-(29) we shall se<;k in the follow: 

asiseri  £ii.sfc we find the solution, of the system (!i8) . (29) for the 

initial condition (30), Computing the known function  -J), Cä/
!

J/'
L
  y 

<y 

an the solution, of (2.8).» (2S) will have been £•: 'Jti-.'i'd ,.      Ä'C 

into  the integral  rel.at-.ion (27),   from which we   then dete" 

:ha boun.darv f;uncti< 
,/.. i 

ioü   .   'Z7   (Ktp'1-"/ ■00 

CoTisideriiig  (26)  we  obtain from the  equation of  statics 

..«f /-' 
" -, ^ 

'-hi 

ev&K 
Subsequently tha stroke b^s^hSs functions under consideration will be 

dropped« 
(.2- c-w 

how we  shall substitute (31) in the equation of heat influx 

result we arrive at the following differential equation of sscond 
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crder 'for   the   dei:er;r.iiiation  of   the  function       & ['/'.  kf,f   '/'J 
s/        (7   *J J     ' 

(32) j'J>* + v iO V, t/V   i,f n 
aj <)X 

ilsro we have  introduced the  definition 

/, 
/ ._ -    ß    <'J ■) J 

y- <7> 

Ths function  f ■ • '{JJ represents the velocity of the wast-east flow. I;' 

diagram 1 is shct/n the average climatic value of the Junction £ ' / u / r<: 

winter. In equation (32.) wa shall change to a new independent variable 1: 

means of the formula //-- //' ('{').    Then the equation (32) take s the f< 

'' i Ti 

The initial  atid boundary conditions  of equation  (33) will be: 

(34; 
■7    / C     '*/•    ^ 

/ 

^ 
/x 

The solution of equation (33) we shall seek in ths following manner:  we 

differentiate by ü      both parts of equation (33); 

a differential equation, of third order, '-. 

■4£ A 
result wa obt; 

(35) 
-> ^ ,) '''■■* 

'Subsequently for the sake of simplicity .// ('/, -J/    //'J we shall 

designate by   t   ('// Jf   (J J 
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>r> C> / 

The  fur.ctioi 

OTCiGI 

r ■•■. .<: ■■ 
K -' -'. 

n  t 
satisfv the differential equation of rirst 

=r ^ 

hX 

The  total  integral   of equation.  (,3o;>   tuas  tne  zoz 

(/   (: .//-/ 
</.    ^', /■  / 

'i, L>       ii-l i      t'-i.  «-J J»  L- •*■ < 

"     £'/ 
/"?",  */, ^/ /-///; 

.-/ 

..Sift     it/!it!¥i. 

,:>    ,/ 
ex- (yfp

c// 

//— / 
/ r- .-■ O 

tl;er asp-set^, by condition (34) there follows that 

J L f/ 

whera  the  clifferentiatxon xs   carrxea  o' ■ut  oulv witfi reäDSCi,  to   tu.-.c;  paxsnci 

itiiL.  no t_ v.*. :th       -x- X- (■■£■ As a result we arrive at nn 

2/ rr '/, ^/ 
,/ /- x/' 

nc-sgral  of which,,   satisfies  equation. (3.3),  readily T found without  1; 

It   has   tJtt;  lorta 



««     £ - fa?;') + Vjtt'« V (u~rt^ /   M + 

where Q(%p'i)    is an arbitrary function/1 y/ssX~C/Tf'        and 

{J(t)~  t/fi. • The form of the arbitrary function is determined 

by the second boundary condition (34) but first we shall turn our atten- 

tion to the following circumstance*. Up till-now we did not fix the 

form of the arbitrary function (J (I)        >  but we considered  it arbit- 

rary. By this it. was privately assumed that f--= f ( {/)       is a simple 

tsingle valued or ORC] function of its argument (where sf (U)       is the 

inverse function of (/if)      ). However in real atmospheric conditions 

tne function  / f U) , generally speaking, is a multi-valued func- 

tion. It is natural therefore that (33) cannot give the solution of the 

problem in all of the interval  O -~    / — _/ 

It is easy to be convinced perhaps that the difficulty mentioned 

co«id be easily overcome fay a simple method» In the solution (38) we re- 

turn to the old independent variable $ . As a result we obtain the 

solution of the problem good for the whole interval of the change of 

If now to take into account that, as a rule, (J (l)  " O Z 

where £/*■ — f~- 

Strictly speaking [/(l)~ U0_ ts a very Bmall v&lu^    xhwefor<s ifc 

can be considered that V(Q = 0     approximately although this suggestion is 

net essential, for one can from the very first consider U( Ü-U, ^O 
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tbc-u frcw  toe  lifting condition.  (34)   it   follows      $ (X, Jf ,f J - ßt (X», '^'A 
ts 

Thus  the solution of the problem will have the form 

-,/ f* / • *• ■> J./ L  / i .    ,       loi " *t    ■>'- (/ h / zrr, /, 
A  —7T    * /fav'm)      l x /)(■■</j^l 

We shall recall that ws assuned  3«?     is a krsowu function o£ the 

coordinates and time, although in fact its form Is not completely known 

to us, 

It we.s mentioned &bovc that the form of the function -2t, ("/J<J/TJ 

t     y 

could possibly be deterrp.in.ed by the integral relation (20),    For this 

purpose •,«. substitute (39) under the integral sign in (27) and we shall 

c&rry out the necessary operations of differentiation and integration. 

The- for the definition of  21 we obtain the following integre- 

differential equation; f- 

^ / ^^,   ^ - i ''v/V/ 
tv 
'"- - <M;? U 4 t/lf) &)+/*& 

\&  diiiexeziti&Ui  (40)  by        <■ .     Then we  obtain,  the  fundamental   equa- 

tion. for  the pertur&ations <jtf   3«? 
£? 



[ 

where  p    — <y^ d$ 
J-t" and 

Xha initial data for aquation (41) will be: + M>£/t-<   M 

(42) ■ .     -        , ^    Z^' •/> 

../L. 
For T"~ Q  the second of the relations (42) is an immediate result 

fro» (40)«, 

In such a manner, the problem of the position of the disturbance 

of the heights of the 1000 mbs surface reduces to the integration of 

the differential equation (41) for the initial data (42).  Before pro- 

ceeding directly to the solution of the problem which has thus bean da~ 

veloped. let us consider the following useful fact. In the case where 

the atmosphere, both instantanesously and in its average state is poly- 

tropic i.e. when the temperature of the air particles with height falls 

A 
according to a linear l#w: 

(43) 7"= /tf-A 
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i:cu£tion (41} Is ccnsiüeraDJ 

(44) / d 

()<■ 

J 

r  simplified and assumes a form 

I 

""> ?- 

:■■<'  M?, 7-/?fy &■■*■"'''.?* 

hypothesis of polytroplcity of the atmosphere, tempers 

are connected by the relation. 

it'UXC    £11&    HI. tit iUI <:J- 

r.  /'■• 

.V 
V/-/ 

thfe    DarotTOTJJ 

(45; 

iorm vfi.il  have   ttt.e  appe 

./ 4 

.1" 4 <^& 
:yr-' (/—,y    '/ 

=-hf 
j-»-r 

V" 
ihih^ / /"•■"• /'* MV 

:y 

of usiny the second relation o.t ^45) we ob tax 

or (45) 

(4/ 

//, 

/.4- (Mi) 

/h h / ,•? / ,   0 *■' } 

a 

Eliminating from (46) and the 
-u<z 

reif 

the expression -A {'/—-/"'/ ws obtain: 

{■uj 
rf 

<-)   it follows that in the poiytropic. atraospnere cue 

jeiehts of the absolute topography of isobaric. surf; 

x>erturDai;iori 

e',uatir 

function of the relative velocity of the west-east 

ivatives of "/,    by (/' above the first reduce direc 

n (41) takes the £ors (44), 

LJ. 

j. V 

Ü'.V »   i-tlf.J. Cii- 
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The polytropic atmosphere, although favored for its simplicity, 
represents a highly crude modal , '.incorrect if soeaking*for 
example of the stratosphere), thererora ? ' 

we will conduct arguments for the general case of a baroclinic model of 

the atmosphere« 

"* iö£_iEL£9^££E£3Ö£ii££_of 'cP-JrL.J-1 e 1 d s of ma teorc 1 o■?:ica 1 

J^f=5i£2£JLJi5^^ e thernip- 

One of the fundamental problems.of theroetical meteorology is the 

investigation of the question concerning the interaction of hydrodynamic 

processes., developing at various levels of the atmosphere.  The establish 

ment of such an internal connection for the general baroclinic model of 

the atmosphere affords the possibility of determining the basic pecul- 

iarities of the mechanism of changes of pressure, temperature and vortex 

formation taking into account the kinematics and dynamics of atmospheric 

motions for this purpose. For an investigation Of the present question 

-e shall proceed from an analysis of the solution of equation (40) of 

the preceding section» 

The general solution of equation (40),.which satisfies the initial 

data (42), valid for any moment of time, has a form so unwieüy and large 

for the determination of qualitative inquiries, that wa, from the very 

beginning, must reject an investigation of it for our purposes, but at 

first we must go after a simpler and clearer method of analysis of the 

solution. Here the disucssion goes about such a transformation ,of 

equation (42), which would directly connect the hydrodynamical charac- 

teristics, which interest.us, with the field of meteorolological ele- 

ments in the whole thickness of the atmosphere.  In the nature of 
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examined hydrodynaiiäc quantities let us take, for example, the vertical 

coEipcaent cf vorticity, the principal part of which is in the geostrophic 

i.sDroxiffifition 

and the meridional component, of vertical vai.ocx.ry 

f   A   o 

7-i"  5 "A 

Bounties  (<62j   can he  transformed  to  the  form 
/        -M/y /'      jo 

AA.^^^2.   /^   J       J7    L l'J M 
AT .Act A> ' 

I 

 / I-a  ~= —-i I- j ()_ j 

Let u£ obtain the first integral on. the right side of (48) by parts. A? 

■ ! 

t      AH-   j    ,G)J£     / I  ,/ /      (p)r/f 

(49)     -T7-  *"* L       ,jA J* 

the influence functions of the corresponding hydro-dynamic factors 

'^ '" /    ■ J ' 
It is immediately clear, that t'ha influence function A,/  '/>// 

serves as z  function of height and therefore characterizes the contribu 

tion of disturbances ic. the vorticity field at various levels of the 

atiacsphare to  the local change of the vorticity field at the earth's 

surface,; 

all, we are interested in the question of the qualitativ 
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character, therefore here and everywhere in the future we  shall consider 

the'specific distribution of the west-east advection velocity, more 

characteristic of the temperate latitudes of the earth (one can, for 

examo] a study the climatic value of the west-east velocity ot üK at 

/  / P 
latitude 30"% figure 1) „  In figure 2 the influence function  /_ / i v; // 

is given. 

The graph of the function Li  '/> /( / shows,, that local time 

changes o£  vorticity at the 1.000 mb surface depend chiefly on the 

character of meteorological elements in the lower and middle troposphere. 

For this wa see, that disturbances in the vorticity field in the tropo- 

sphere and lower stratosphere exert an opposite influence,, with respect 

to sign, on local cyclogenesis at the earth8s surface» 

However, it follows that we turn out attention to the fact, that 

a direct evaluation of the series of quantities in equation (40) shows, 

that the effect of the factor of the deflecting force of the earth's 

rotation is important only for large scale disturbances. 

Nov/ let us consider tho question concerning the local change of 

vorticity at any level of the atmosphere. For this purpose let us take 

advantage of the solution (39), with the help of which.we shall obtain 

the equation for vorticity at any atmospheric level 

, ,, /'%^d-t + f 'fins)-<;('[)]* 
Jc 

(50) 
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'O      and let. us ose equation ('=K>;„ AS 

0 -   , then lot us put 

suit we obtain; 

-/■- l 

;W~   /      f f ,1  )  ?v 
•j /'<■ 

/-    ('// 
,x; 

V* l\C IT fe 
'J; 

2  / // o 
.'', i V- v 

/ -■?", 

Jf // y 

.i/   '[ 

C-7C.I.O 

.   ,. tlla  rjc;ht;   side  or   Ol) v—{/   '-, -./ aescrioes   ioct 

 ,,.-.;,.-,   „,.   >~\, n  ,'j-\-rrpyi  '\r--nfi~     fit  t b ■-'  fKuP'iis'''  o f vorticitv alone  iJ 

uircl.es,, The second and third terms describa the e freer, cl c'yru 

;o , on the whole, connected vrith tha rodi.,3 trit-utron 01 the cnarj 

2 disturbances by vertical■ cuvrrents fror, tbese acrDospriorrc ieve, 

:;hsrs  and by   the iricridicnal  outbreai.es   of  sir masses.«. 

/ ..' 
S.DU I.:J. i..i«; intiuen.ee iuncuon /_.,5 1 ,j, /(   j 

u;i.■-, vji 

> 

Before turning to the discussion, of the graph oi tue influence 

i   let", us carry out some investigations^ cone 

ho individual time derivative1, of the vorticity* Making use of 

ssion (51), let us form the complete derivative of yorticity 

/ isi   I- 

In is imuadiately clear, that in the linear approximation toe 

opal part: of the individual derivative, with respect to tia,:; o: 



vorticity is presented in the following form: 

then from (51) ve obtain: 

f/l^ l3 U,(J*/sf + ) ^ (J()c/'( 
(52)       ~/r     ~ J6    )-/ 

Analysis o£ the function L-?J   (v / /(   J shows, that since, the 

second term in (52) does not depend on height, for which the calculation 

of    l/ ~~ ''/c{'t~ was derived^ then the change of the individual 

derivative of vorticity, from level to level in the atmosphere, will be 

characterised Just by the influence function  /, (£,()    . 

The form of the influence function /_$     shows, that the solitary 

concentrated influence of the substance      '/•) c/    at a S^ven levc. 

in the troposphere gives rise to local changes of the vorticity field 

of one sign in the layers, situated below this level and also in the 

stratosphere, and of opposite sign in the tropospheric layers above the 

considered I eve1s 

Let us turn to the consideration of vertical currents in the 

atmosphere. 

Vertical currents are a componeiit part of the mechanism of the 

general circulation of the atmosphere. With the help of vertical currer. 

the redistribution of air masses, kinetic and potential energy from 

one level to another takes place, depending on the specific distribution 

of the thermobaric fields throughout the thickness of the atmosphere., 

For the calculation of the vertical currents let us take advantag 
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Q? frie Imi-a's  ßütuitioru   \» ..it ten in the  following form; 

is 

lad let «s integrate it with respect to j with the boundary condition 

e v.-- 

/- iv /,    '^ 

i 

./'i'V 

*/  -4" 

:52) it followss  that 
/•/ 

1    i d,,-; AS i\)}n+lvLA^^f{ 1 

(1.:di-.,_- I  T7  L-3 U> l     l   "^ 

Therefore substituting (55) Into {54} and carrying out the integration 

, / 
with respect  to    'f    ,,  we  obtains 

(    "i   0 1      / „      \   !  ,    .     I   1/ / Ai i-   ,1   ) rJrt 

(50 .// X-   i.    Jo 
—,  ^ IT 

'S \ .'    P        -1    \    i /   ~V-T 
/;*- W-'()ö /^ 

From the figure (4) It. follows, ths.t the greatest vertical occurs 

in the  neighborhood of the level^ to which the point influence of the 

substance ")SL/t)Y  was applied, vhlle in the stratospheric and  trop- 

ospheric layers the vertical currents will have the opposite sign, 

Ike graph of the function L'j[$,fQ   (figure 5)  shows, that 



the perturbation, in the meridional component of the vector velocity at 

the given level gives rise to vertical currents of opposite, signs above 

and below this level» 

I-;ow let us consider the question concerning, to what extent our 

mathematical construction, reflects the physical picture of the advection 

of disturbances. For this purpose, let us consider, in the nature of an 

initial field of heights of isobaric surfaces, a harmonic wave in a 

•west-east advection field» 

ul) + £l'(,-z+-/>ms«*yJ (5?) ~i - i \u '   a  *~       o 
-9       :J rf 

—- /P\ he 
where    2 Lj /  the standard value of the «slights ox isobaric surfaces 

f/c^-" constant for the whole globe 

/-fi-ij    amplitude factor, which« for its determination, we shall 

consider positive and damped when  J —> Q 

.A" L. where  /. — wave 1 engtet of the disturbance» 

Taking (5?) into account, let us form the expression, for ._/ L- 

and. •'" / ~j -/     for ~f "~~:r O . As a result we obtain: 

Next,   let us  form the  equation 

/ 
n     > f 

<}  
(58) jt' L~,,      Jo   <*   ' 'tr-=o 
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(39) % 

Hera and everywhere in tue iuLure; XOJ the sake oi siapiicicy^ 

us consider, chat for the tropospharic layers of tha 

, while A i-f ) is a function, '•; 

p tie re 

$ h' / o 
>./T   

on, 'wi'i'-i-Cfi dampen 

/'/•/  S D 

As foe our unknown, solution, it is found in a class o£ perxocac 

clous   'X       . which, otviousiy., satisfy tha relation 

0 

V - „■■" 

v 2- /  <^ 

t". .y i 

Therefor* 

1 &'/ . y 
> 2- 

z ,/\ /-. 

Analogously fron (52) aud (56) we ootaxxu 

(61) /   •' '.. 

7ti 
.Ä // 'A. //V ^^- 

(62) 

•7 ?/*' //^ w ^ AX 

MM)=>> 9X*pKi)if(l<(>ui'/t 
/ 

/wJJV y^ 

-z> 



If we assume, that   A it)     diminishes with height:, while the scale 

of the perturbations has the order of 10C0 kilometers, then M% l-f)   and 

/!/,. f.f')  will, as a rule, also be positive functions in the whole troposphere. 

Let us turn to tha analysis of formulas (58>~(62). Let us assume, that the 

point of observation is situated at the level of the 1000 mb surface  f Je=* '    • 

Then from formulas (58)-(62) it follows, that in the front part of the pressure 

trcM&L(C,cl,&)    (figure 6) the region of pressure fall is situated from the 

center Q  to point d     . 

T'fis region coincides with the zone of increase of the individual deri- 

vauive of.  vortleity    /~5- ^ O, i.e. with the. zone of cyclogenesis. The 

region considered, is characterised by ascending vertical currents. 

On the contrary, in the front part of the ridge of high pressure . { Q, hi C.) 

t 

the region of pressure rise is situated from the center to point Ö    » The in- 

dividual derivative 'rTT     in this region is negative, therefore we have the 

case with the zone of antlcyclogenesis» Thi3 «one is characterized by descending 

' vertical currents« Analogous arguments can be supplied for other atmospheric 

levels« 

So, we see, that our mathematical construction is found in agreement with 

the physical side of the matter. 

After the qualitative analysis of tha mechanism of pressure change has 

been carried cut, it is possible to approach the question concerning the 

search for the quantitative relations with the help of the integration of 

the basic equation (41). 

The solution of the equation for changes of pressure 

If in the preceding paragraph the discourse proceeded mainly about the 

investigation of the qualitative structure of the process, then in the 

present paragraph we shall make it our aim to obtain the general solution 

of the equation 

<«) (£ i zv£t f T>'£ )&j. +ß& (it +V& );. ~fi ' 
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wi Lit   tos  irtxti.3-i   G.s.ta. 

*f~^0 / 

Jf^ö 

¥3 shall consider., that the earth is either flat or has the form 

cylinder, generated, parallel to the earth's axis,  Further let us 

:, ch.it the initial distribution of the perturbation fiele, can 

be Dersonrta ;u:i tut rorm or art.' 

Cth /■ ccx.u^)^   Ae 
/'* 

harmonic wave 

' o )■ ,o::« <•/ 
( J/ 

iyHOOfc /// 

l.ufc    1,1;. 

:r»d   h)   are airy numbers „ 

uch a presentation of the initial, field is quite expedient for 

f a similar family of solutions 

rarious was numbers it is possible to construct a solution tor any 

(66) 

we   shall   look  for   the  soixrtlcn of  equation   (63)   in the  torrr 

o a,', -n = Ah >« ^ e "*'"'"' 
Substituting (66)  and  (65)   its to  (63)  and  (64).  ve ohtaia the  folio 

iwc eonation and initial  data for  the new unknown, function      ','■{„,fl ft"/ 

-., O / J 
( ■      _/  2- /" 
J, -~rr,    T 0 M   / 2 h r*-   etf Ait//J   L»      r*    J 

,4/   f'fi. 

c'ft 

-27- 



where 

while 

■$ L -'"fa* 
,■//- 

•zu' ,(*) 

.4 - (v*-£ u )/:',&>J~ &- (0)L 

r^///V<   d (°) "A rsn &£ fsn /} 

rf(J    /^c 

t/lf) 

Initial 

: does not offer any difficulty to integrate equation (67) for the 

data (68), ana the  result can be written in closed form: 

(69) 

•    I - T* 

-h (o2-- < 
'/* 

)   /ft //tf /) 
•- //>/£? £ 

'£,-'-■■-& 

/0*7t  /.'if.    ?  £ '        -f- 

T o  %/m (Oj          c e ^«itf-^wt- 

//)£ IV/)£<?& 

Equation (69) consists of two part«. The first part 

Z ) 4^"> — IM/SL 

+ <F
l-fJW/^]^"Sf'Jer"H/ 

ser irves aS the solution of the problem for a polytropic atmosphere and the 
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secoad past ___ t,i>i-77~£       .,-, £'■"«'? "t"     /"   ,./>/       .„.'/?)/'■> (~f-''t / 

depends, PIS the dcvlatrlons of the initial  perturbations  from the pol/tropic 

etwtej   1» other w«r&     ?,«,?        takes into sccrsuat the initial vertical 

bisrocXinicitjr o£  the ateospttera & a sr,urce of nw formations of atKcapheric 

äisturbauces,, 

let us tors to tfcß asidyeis cf the solution (69),    la the case of a 

j?olytr»pis acmesphftre^   despite  Ehe presence of & slops,  wica respect  to 

b.eight,  of thri -'alocity of  tae east-vest advcetioaj   the disturbances at 

ail leva3.fi are advec.fcä<ä along the   ^L       axis with oae ar,,d the same velocity 

</2) //—■ V   •  ^ 

In £act«      ^y)?„ has  the following fonts: 

^ 

\£'i%&-Z'.& 

rp 

-/-    CJ3C   i?-r/ / ^»t   /'if'Z-" 
Therefore jg    T    ^/^   „/ 7' 

fy       \        —I 

im IT   4   ffi^^/^(^"^J^J 

So, we arrive »X  the ccacluslaru, that in a. polytropic atmosphere the 



advaction velocity of disturbances has a value, different from that ob- 

tained with the aid of the Rossby formula L9j. Lest us recall, that 

Rossby obtained the formula for the advection velocity of a;plans wave 

in tiie roiiowrrg rons: 

(74) /  - ^/ 

/7 P 

where  |/   is the velocity of the east-west advection, for example at 

the 5C0 Bib surface. 

In latter years, by synoptics, it was observed D], that the 

advection velocity of disturbances did not agree with the formula of 

Rossby«  In order to obtain the necessary agreement with it, the regres- 

sion coefficients £t,     and J?      were introduced so, that 

O 

(75) ,. -^ . .    ;, e^aiu-^.) -hi 

b where Ü.,      and <)        were found as a result of the processing of 

statistical data» 

Such an approach to the generalized Rossby formula, brought the 

value of the velocity of transfer of the wave, obtained from formula 

(75), somewhat nearer to reality« 

Concerning the fact, that the formula, we obtained, agrees 

somewhat batter with observations, one can try, even so, by the same 

statistical data produced in [7], for the coefficients /2l  and £? 

Fröre (73) it follows, that perturbations of small wave length are ad- 

vected by the flow with the velocity of the mean advection {/ 

Therefore, it is quite natural to identify the mean level of thu 
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it-.mosphere (the level, ■ at which, the velocity V      coincides with 

the mean advection velocity (/   '  ) with the level of the "basic 

. I 
flow," established by the Soviet oatecr ologist £L 1. J. rots icy . 

The.stability of atmospheric- motion 

The question of the stability of atmospheric motion has already 

been an object of investigations In the first place,- it follows to 

point cut the work of N. E, Köchin [3] concerning ehe stability-of 

liargules surfaces„ 

N„ E, Köchin showed, that for SOBSG interval of wave lengths, 

the non-zonal oscillations of MarguJLes_surfaces could become unstable. 

This permitted N. E, Köchin to connect tha mathematically established 

fact, bj means of observations in daily synoptic practice, with cyclonic 

formations in atmospheric frontal zones. Thus, one of the important 

"questions of' meteorology — frontal cyelogenesis — found its further 

development in the works of Sh E*> Köchin« 

Tha problem of tha stability of large scale atmospheric 

1Xt follows to have it in the form, given by N» I«, Trotsky, that the 

velocity of tha basic flow is not constrained to be directed toward 

the east, but can have an arbitrary direction, corresponding to the 

direction of the isobars in the mean troposphere... 

**«5.,i* "** 



disturbances   In  the   zone  of  a predominant vest-east wind was   initiated 

in the v7ork of J„   Charney [6],   in which the author  established  tho  fact 

of   the  existence  of  unstable solutions  of   th;  hydro-theraodynaraie  equa- 

tions,  which  describe   the  atriospharic  process   relative   to   tne  quico  con- 

siderable  interval  of :• er turh scion 'wave  length  in. the presence  ot  a 

change of  the vest-east acivectron velocity     t' v?i en. aeiguv. 

i'n  rbo  ■or^sc'Vit  motion.,  we shall  un.d-2rr.ake.  tho  task or  invest!- 
    t- J 

potion or; tho question concerning the stability ot the isolations ot 

tat epuaiiont of bydro'-themouyn-srics for a barociiaic nodol oi tne 

ataiosphore,   proceeding from an analysis  of  the solution  (69) 6 

hbov&  it was   founds   that  the qualitative;  tide  oi  the process 

of advaetion of   perturbations   in a barociiaic atiuOBpnexa  is   completely 

included in an e>:amioaoion of  tho  process^   which occurs   in  the  condi- 

A^ O i. i, iV-        '-J J-. polytrooic atmosphere, therefore for our deductions it is 

surii&ient to consider tne s'-oiutxor; \j^ji 

k* D, 

...   // / 
0 

•if'7    _y «> /y- / ^ 

../— 
A.,,* CO = /«"> (o) c^//JS ' • 

- / f~?r   in) -/•    /— /' \d/ /      "Lain ./„ft 
'■ - / 

I /c/r--0 J 

Fro- (76) it follows j that the stability., or instability of atmospheric 

motion is datanainac by the amplitude of tha wave perturbation /^Imn ("'-)• 

The analysis of (77) shows that the instability of the solution (76) can 

be shorn, for that case,, vfnen. the expression 
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/ / ^'    I     / ~   /" fi-    j 
■»,'  J     /       U     (,■•   / 
i- I 7 i^z/     * 

is a. ni.ininvu'm valua«  ____ ,  

If the expression j//-^"'.j.,'/-" f (y ~~~ £--' / 

,•'1   /•/-]  " will be &  function, bounded in titrie^ in other vorcs tno 

solution will be stable»   So.> for the criterion of the stability of 

the solution cf the equations of hydro~theruiodynainics in the examine^ 

approximation^ the following inequality serves: 

C7S> f <„   /  X /   > ^ - ^ 

The left side of (78) is bound, by its origin, to the inertial 

factor — the deflecting force of the earthss rotation.  Therefore, it 

is already clear from the very beginning, that its effect is signifi- 

cant for largo scale perturbations, which will be stabilized by the 

effect z>£  the deflecting force of the earth8s rotation, and not impor- 

tant for small scale perturbations; which in their development will 

depend on, foremost, the specific distribution of the large scale 

perturbations»  It we recall that   A? —  —---—- '        }   ^
a 

for the sake of simplicity, we take    /' -■* /77* -~~    I   "JZ/ } 

while  'rn      is a number, which shows how many times the length of the 

wave L-      goes along the latitude circle^ then we have: 

/??/- 

"*3»j ""* 



ti)7- 
hence    wa hazt   thst       |  ZT1'/ decreases  exceptionally 

quickly «Jlti* decrease la the dimensions of the pert»rbations>   therefore, 

generally spa-akirtg,   ens inequality (7§)  ie fulfilled up to       /#/     , 

approximately equal  to 6 or 7,    This neans,  chat only the large planetary 

waves axe stable, while all  the rest are unstable,,  and the stability in- 

creases with düfti-ßaä® o£ latitude as a function of       S&S*1   ' (9*    »    Due 

/ /?     } 2- 
to auch a rapid decraasa of       (TV*-/ *or tise Increase of    A?^      , 

it la possible to conclude#  chat .«aal! changes of the difference     £/ — £/■*- 

show a ccaapar&tlv&ly small influence on chsagas of the region of 

stability of the eolutioa. 

la that case, when       ^   —    /y 3  i.e.  the'west-east 

sdvection volohlty Is  «sonstajit with saspect to height,  all wave swtions 

are stshle.    However it is quitfs clear,  that such a case Is naves: realised ' 

in üatare. 

It appears to usv.  that the linearization of oar initial equations 

was essential.    This led to the fact,  that the amplitudes of the small 

scale perturbation*  in our examination,  grew quite rapidly, which is 

found to hß in. obvious contradiction, to reality» 

Ihs Kftßtloasd discEftpsiicy tries  to eliminate by the construction 

of siKh a model  of atmospheric motioas,  that which would take into 

aocossKt she ißfluöRCQ of the aoa-liasas factors in, the equations even 

in, its vstry rough presetitseioE. — in the fesra of diaÄ-ative ( ß MCC M nw !>/<*i **X) 

■ facto'"'of laacro-turbuleat displ&ceaeiifc,  to the consideration 

o.f which we shall twcn„ 

For this purpose., we shall proceed from the following systeta 

of equations of hydro~theriaodyii.aiBics_j analogous to (21)-(23): 
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(79) 

(so)      ,)r    ftfJJj?- ST iß   -vAT^o 

(81) 

~JL F) dX      d$ JX 

<j -  j, -h — I '   / 

V   - the"constant coefficient of turbulent exchange for the where 

fields of vorticifcy and temperature, 

-1   - deviations of the heights of isobaric surfaces from th<- 
V> 

mean zonal state 

"f~        -'deviation of the temperature of air particles from the 

2onal distribution. 

The systeai of differential equations (79)-(81) should not offer 

any difficulty to integrate, taking into account the boundary conditions 

and initial data, just as this was accomplished at preceding points of 

the present work; however for the purpose of investigating only the 

tions of the stability of the solutions it is sufficient to choose cues 

an easier way. 

Let us assume, that the fields of meteorological elements  y 3 

I can be presented in the following form I 

im ir-<:rtJ >^1/^ 
2 = 3,7,* [U't- 

Then so, that the function (82) should actually give the solu?. 
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of the system of equations (79)-(81), it is necessary to fulfill the 

Äüjir."li-,"- H^ff-r?r!t3 83 relationships, relating the functions   Y,#v?  •» 

(8S)      / f <rw/* < >   -/ r- v^ *'< - 

.Ä. I ^ ;>//> , ... •*- \   ft ')/'■"  ....  /' / 

(t'4) 

Inteeratieu of equation (84) laads to tha  solution   ?/,J/7  In the 

followiag form; 

f.//-'' 
) 

. „■„, tu / — :/'■■•'  ' ■ " 

Xcr   tijfe det.erxsitia.tior:, of  the untaovsi quantity       &        }  it fel- 

lows,  to substitute  (85)   in (82)  and to carry out  the integration.    As 

B result vc arrive &t thö  following algebraic aquation for the determina- 

tion of      0       i 

/? t,,      s -. / i.  , /i?    '■ 

ths solution of which has the form 

.,     /A ...    —- -~-~~   - 

(S7)     ^«-^    ^//y   zr* "   K'      *      (^y 

Analysis: of the expression (87) shows, that in the nature of 

a. criterion of stability for the solution of the hydro-tharmodynamic 



system  of equations, taking intoaccount the horizontal macro-turbulent 

exch.ari.ee» it is possible to take the following: 

r" o c- *■ 
ß       \ 
{ I 

[^)~7~/ 

A  graph of the dependence of the region of stability on the 

para::vjtc-rs of the process and wave length has bean carried out in 

fio-ure 7.  Vxam  figure 7 it follows, that tha region of stability of' 

v ■- ^*       . . . 
tha solution is decreased with an increase of -—~::=r~ }   it Daxng . w 
that the atmospheric perturbations of both tha larger and smaller waves 

&,"£. G & Celt/ X & a 

''• 'if/ 

0'~~   //' -0i  ,      .      /#   ■--=--     1*6 :x  10~1X „1—'7,V, .   then tue 

It,   tor  exaEpie,     ;/ —   /<-     <£>i 

/•y  :.rr-.   l.b X iu    ^ .^ 

perturbations having wave lengths greater than 4000 km and loss than 

2500 tea, will be stable,, while if the wave length of the distrubance 

is contained in the interval betwssn 2500 km ana 4000 kru, then it will 

In conclusion let us note, that the results obtained relative 

to tha instability of tha solution., apparently, prove. to be an investi- 

gation of the wall known mathematical stylization of the problem.  We 

imagine that a physically more complete formulation of the problem wil] 

norxait it to be completely free from unstable solutions« 
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