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JPRSs h$kk 

CSü: 1536»3/d»e 

ON THE THEORY OP UNIFORMLY LOADED 
ANISOTROPIC CANTILEVER BEAMS-» 

«Communist China- 

following is the translation of an article 
by Hu Hai-ch*ang (5170 3189 2490),  of the 
Institute of Mechanics» Academla Sinica, 
in fftt-li.._H3Q^h->pa.o (Journal of Physics), 
Vol. 12» No* 4, July 1056, pp« 339-349«/ 

Tha cylinder is a structural unit frequently dealt 
with in structural engineering. In dealing with cylinders 
the main problem* with respect to different load condi- 
tions, may be divided into the following three categories I 

1. The problem of twist in cylinders/ 
2*    the problem of transverse loads on the 

free end of a cantilever beam; and, 
39 the problem of the uniformly distributed 

load on a cantilever beam» 
Saint Tenant was the first to establish a general 

theory on th« first two problems mentioned above — under 
Isotropie conditions« The general theory on the third 
problem was first developed by J# H* Michel!* What Mi (Shell 
has done was to resolve it into a problem of plane deform- 
•CX02U «• (T, Lehnitzky has established a general theory 
on the first two problems under an arbitrary anisotroole 
condition. The objective of this paper is to establish a 
general theory on uniformly loaded anisotropic cantilever 
beams. We shall apply LehnitSky*s method and utilisehis 
results to resolve our proposed probier«! into a more general 
problem of plane deformation., the general solution of which 
has been established by him» wmcn 

Now let us take any uniiormly loaded anisotropic 
cantilever beam and consider its equilibrium problem. Take 

plane coincide with the free end of the beam* and let t-h« 
^^^^^^^L^^^mL^  interior, as shovm in the 
* Received 3 February 1&56. 



Figur© 1. 2h« volum» load X, Y, and the. surface load X^, 
Yn9  on the beam ar® co-efficients of x,  y only and have 
no relation to the ss coordinate« 

Figure 1«    .     . 

Assume the resultant force P, acting on unit length; 
of the external load along the z-axls* does not equal sere 
(in practical problems the ease 'when P equals aero is very 
unlikely; if ? oould be zero» our problem would be mich 
simpler). Then» the origin of the coordinates and the 
direction of the y~&3Cls can be appropriately chosen, and 
we can make ? pass through the s«axls, parallel with the 
y«axis» Thun, 

J j X dxdy +■ j X.tl.ds « 0 t        f f y dx dy + j Yn ds - /», 

j J (* V - ..v #) ^ rfy +■ [ (* V, - y X„) ds »it. 

CD 

The area integral can be made to cover the whole 
area of the cross-section in the equation, and the linear 
integral to cover the entire perimeter of the>ross-seetion» 

The  stress and displacement in the beam should satis- 
fy Hooke«s general law in the following manner: 

— "11 <** + "n &y + af3 «Rf + *M ?y* + *« 7» "*" a" *.* 

8y 
a 

0»     '    ■ " 

dy   os 

(2) 
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dm dx 

JUL + ~?i'.- = ^i6 #, + alb et* + ev, et, + «4« *V« + «w T« 4- aH T„y, 
d*        öv 

(2) 

And, the equilibration equation 

ÖS öy OK 

öry. 
Ö.r 3>': Ö-" 

d?«   ,.   dt. 
dx ■f ■ + CfeT» 

öy ö* 
- 0. 

(3) 

There will be a surface load X^, Yn acting on the 
sides of the beam» so the stresses should satisfy the fol- 
lowing boundary condition (where n is the normal line on 
the aides of the beam, taking as positive the line pointed 
outwards}• 

On the sides 1 

cr,cos («. x) + Teeeis (», y) = Kn, 

r,),cos (», x) + <yj,cos (», y) -- Y«. 

T„cos(», *) + Ty3oos(s, y) = 0 . 

(4) 

At the free and of the beam, we do not anticipate 
that every point vd.il be free from the effects of external 
forces« By application of Saint Venant*s principle, we 
only expect the resultant and the moment of resultant of 
the external forces acting on the free end of the beam to 
equal aero. Then the stresses on the free end rx&ed  only 
satisfy the following boundary conditions: 

At the free end of the beam 

\\<t, dx dy -•- 0 ,      I 1 (ar Ty« — y T») dx dy ~- 0 , 

11 r« dx dy = 0.   \\y &* c'-v &y ~- ° > 

I I TJ2 dx dy — 0 ,     11 x a, dx dy — 0 . 

(5) 



These boundary conditions can be generalised still further, 
so that they are not limited to the free end« Based upon 
conditions of equilibrium, for any cross-section 38*2, th© 
transfers© force is («Ps), and the bending moment is 
C«P/2»S5S}« Therefore, the stresses on any cross-section 
should satisfy the following condition: 

11 «r« dx dy ~ (1, \\(xX),--yT„)dxdy~U, 

11 r,» dx dy - i), It yo, dxdy ~ — --• s1. 

j I ry, dx dy — — Pz ,       | j x a, dx dy =* 0 . 

(6) 

So our problem is to find the stresses and displace- 
ment to fit equations (2) and (3), and the boundary condi- 
tions in equations (4) and (6). 

Now let us consider the following stress and dis- 
placement conditions; 

*; = 
"d*   ' 

r'   s= zl** 

,   6« 

**- "dz a. -- 

t'   » .i 
* s-rf 

&r, 
QZ 

dv Ott" 
ÖÄ 

(7> 

How differentiate aquations (2) and (3), and the boundary 
conditions in equations (4) and (6), once, with respect tc 
%i tii&n,  substituting equation (7) into it, we know that 
6x>6y>«~t» will satisfy the following equations and th© 
boundary conditions: 

QX 

§Z~ = al2 <T'X + an a', + an tt'n + a7A t'n + aax'„ + au r^ , 
oy 

dy        oz 

(8) 

as        dx 

—i— -r ~v "s«#s + «i« #J + «3« <** + «46 rJ«  +. "S6 *"«   + s6t K» ' 
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dy . 9s? 
~ (3 , 

dx 
4- P«i 

By 9* ==0, 

3r'.t 
dx 

Off' 
+  a« — 0. 

(9) 

Orx the sides s 

9r, cos («, *) 4- Tij, cos («,>0 = o, 

Tij, cos (», *) + <f't cos (», y) - 0 . 

rj, cos (», x) •¥ TyS cos O, y) ~ 0. 

(10) 

| j a', dx dy * 0 , j I (* r J, - y T*n) dx dy *= 0 . 

I I r^, dx dy ~~ 0 . j ! y d^ <£# /sty ~ — Pz, 

f f rj, rfr <*y = - P,   j f * <r; «** a'> ;!y -- Ü 

(11) 

Equations (8) and {9} indicate that C«x,..., w« Is a state 
of stress deformation group which satisfies the continuity 

iiü
imminnk 

Figure 2« 



and boundary conditions. However, the boundary conditions. 
in equation (10) and (11) show that this state of stress • 
deformation Is developed when a cantilever beam has no 
external force on the sides* but the free end carries a 
transverse load P? as shovm i:.i Figure 2» 

The problem of a cantilever beam with a transverse 
load on its free end has been thoroughly investigated by 
S, G» Lehnltaky* H® established a general theory on this 
problem* By means of his theory he haw obtained many solu- 
tions to some concrete problems» It is beyond the scope of 
this paper to abstract some of his results9  but it is 
necessary to point out that» with the exception of 6* $  the 
measurements of the rest of the tensile stresses are co- 
efficients unrelated to s» Henceforth* we shall assume 
that «J'XJ» **»j» w* were obtained by S« G* Lehnit&ky^s own ' 
method* 

Integrate &'*y9  ««»» w* one© with respect to s» we 
obtain 

t, ~ a'„ ds 4- ß% 
(12) 

.»' Ja •+ 

where the superscript ° on the right side of a letter in- 
dicates the value of that co-efficient when assö» 

In order to s>olve4x; £,_*••» w», we must first solve 
&x*&y»  .••"* w •. Integrate," oftoe» equations (8) and (9), 
and the boundary conditions in equations (10) and (11), 
with respect to z  (from aero to z)%    then* use equations 
(2) and (3), and. she boundary conditions in equations (4} 
and (8) to eliminate terms (5x9  »•»# w, which appeared 
after integration^ and we have ; 

S
"l « „    e% + *„ «% + «„ *% + a» r°, 4- a,* t*. + «» T% 

ax 

pjL.. « «,, ^ >. Uij ^ + ait 9% + <*« C + *» C 4" "J5 C 

dy 

<VV 4- ™ « a» <£ 4- *»» «•;; + «J* <** ■+ «« C 4- «jf C 4- «5« rIV. 

Sir 01' 
<»*« T„ 

(1? 
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äff" 
Ö.v 

dx 

i.   + 

+ ö.v 
+ y -f f J.. = f> • 

dx 0y 

(14) 

s°, cos («, *) + T°y cos (w, y) == X„ . 

r»y cos (»,■*) 4- <Ty cos (», y) = V«. 

r°, cos («. *) + r°, cos (», y) — 0 . 

(15) 

fl a°dx dy ~ 0 , 

jt yrfdxdyz* 0. 

: dx dy ~ 0 , 

ff (*r;.-yr2,)*r<*y-0, 

Ty, <?* dy - 0 . 

(16) 

Prom equations (l) and (11), the volume forces (X4-fx*), 
(Y+Tx*), (ek )°,  are just right in order to maintain 
equilibrium with the surface forces X^,  YR in the boundary 
conditions in equation (15). Prom these groups of equa- 
tions and boundary conditions we can see that 6°x, €   y, 
...* w°, are a group of stresses and displacements of 
generalised plane deformation problems* 

Prow tho third line In equation (13)s we can solve 
€ 2 as followsi z* 

1 (17) 

Substituting this into the other lines in equation (13), 
we obtain the following: 



^9« «13 
i-;- - ßU <T% + ß«Z#a

y + ßt4 T;. -1- ft5 tf, + ft, T?, +    ^ WY, 

dv 

<*33 

"« 
a     = ßu *°* + ß« <+ ßi* Tj3 + fts Ti + ß»T», + -  *-(«'T. 

öx oy . '       ■ «33 

Qw' **'&   c .,.'\° 
d* 

- ßi3 *5+ßii *J+0« r%+ßar°,+ßi6 r%+ "f- OT~(«T, 
"33 

f'- « ft4 A+fi» 4+P« C+ß„ rü.+ß« r^+-^- <«.')°-0'T - 

(IS) 

where 
ft, =■ *, 

«33 
(i,/- 1,2,4,5,6"). 

The solution of equations  (14) and (18), within the boundary 
conditions in aquations  (15) and (16)  can be found by ap- 
plying S« G.  Lehnitj£ky*s general solution for generalised 
plane deformation problems« 
Let 

:,-}(. x + r'^dx, s, j(V + r;.,>iv,   r=*   (»:>■'rf.r. (19) 

In order to satisfy the different quantities for the 
stresses in equation-(14), we can use the two stress co- 
efficients F and fr to express the following: 

<r, ~ ~~ Zu X -  tf« 

T. 
■ • or 

r.« « 

(20) 

Substituting these values Into equation (18), «und eliminate 
Ing u*, v* VJ we arrive at the proper equations for F and •&'■■ 
as we see In the following: 

U v + u*~ (ft* -£- - ft, -^ + ft, -£) s. +- 

+ (ft* -aV ~ &« T^sT + A* "£?*) Sy + 

+ (ßa |x - ft« g^- + ft, äV) r - . 
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L, ^ + W = - (ft« §x - ft, A)2, ~ (ft, |- ~ A, -|) 2, - 

*-«;+*^'- 
(21b) 

where Lg, L3, I4» are S« G.  Lehnitzky's second, third, and 
fourth order of differentials« 

;    _ A       Ö -> ft ö 

or* ox oy 
63 

L-' '= -^ a? + ^5+&«> ä?ö7~ (<8-"+ft«) -6757 +ß,J^" * 
(22) 

Let FQ and J$0 be one of the special solutions for 
equation  (21)* based upon S. G,  Lehnitaky*s results.    All 
the different stress quantities may be expressed as in the 
following; 

*? = 2 Re |/4*;(*,) + /if *K*J> + Mi^«W«^} + ~£~ - X,. 

v° - 2 Re {*,'<*,) + *£(*,) + A, <W<*,)} + -|~H- - X, - 

C — 2 Re {/*, v>;<c,> + ^(«^ + /'■, A3 <«(«,>} ™ ~J^~ , 

T°„ - 2 Re {MI A, *!(*,) + ^ A, <P5(8,) + ^3 *K*o} + f^" ~ Tt 

rj. »- -' Re JA, *{(*,) + A2 #J(»2) + *Jf*3) j- - "^ ■ 

If s Is the length of the boundary curve, let ■ 

/,(/)= - t \yn + £y cor, (*, y)l dt, 
Jo L J 

/i(') * j [x. + S» cos (», *)] <**, 

(23) 

(24) 

J 



Then, ß a, P, 09  satisfy the following boundary conditions 
where ©x, Cg# c« are constants.? 

2 Re [$, 4- 0s -F A-, #,] ». /,(<) - 6« 

2 Re [Ai 0>i + Xa<h + <M =7i(') ~ <£o + *3 • 

(25) 

From this jwoup of boundary conditions we can find 
A(*l)» Wag)* Ä*5J* Then9 from equation (23), we can 
calculate Sg# 6 °,» ,,», w°« After we obtain the two stress, 
groups» &x, e Y* •••» Mid6|r62, »,,» we can easily find 
the true stress®a in the beam by^meana of equation {12). 

To sum ups the problem of shear in cantilever beams 
with uniformly distributed loads can be solved separately 
In two consecutive problems* The objective of the first 
problem is to solve for e*tS\$  ...» w% which corresponds 
to the problem of a cantilefer bSam with a transverse load 
on the free end. üEhe aim of the second problem Is to solve 
for €»§,£§* *»«*^£y* which corresponds to the problem of a 
generalized plane deformation« 

If any point in the beam has an elastic* symmetrical 
surface perpendicular to the axis of the beam, then the 
problem can be much simplified. Because, at this time, 

"U — 0).J — "H — aTi ~ <*34 ~ «.',5 — «4« ~ "56 — '•' . 

ßn =* ßlJ = .P« =• 0» » ß« « ß% » «I ■ 
[28) 

After a simple calculation, it can be prove! that 

<7-. o," ff'^o,   TJ»»O.   tfj = / (27) 

S'l — ~ — 0*i3 <fl + ai3 a* + an T%) + Ax -f By + C , 
an ■ ■ (28) 

where A-, Bs C# and w., w«, w , are undetermined constants. 
The remainder of the stresses'  e«,«},T«    can be expressed 
by two co-effisients    .&(*!), anct   ^(zg^in the following 

10 



manneri 

•° = > Re (/^C^ + M **(**)} + ^ 

ff° » 2 Re|#[(si) + *a(*a)} + %? 

s... 

i£wy ■> 

(29) 

However, A(«3)# 4^2^ satisfy the following boundary 
conditionst 

2 Re [«i *i + Ms <M ~ ?*(*"> ~~ "Qj~ + ,r2' 

(30) 

Now let us consider a  specific problem in order 
that we might explain the general theoretical application 
dS scussed above» Assume that we want to find the stress 
produced when a. cylindrical cantilever beam carries its 
own weight* Let the radius of the cross«seetion of the 
beam b©"l (this supposition evidently does not limit the 
nener&lit? of the problem), and the weight of the unit 
volume be W. Then the resultant force of the internal 
load on a unit length will be: 

p =. 7T iv . (31) 

In order to simplify this, let us assume that at some point 
in the beam there is an elastic, symmetrical surface per« 
pendicular to the axis of the beam» Based upon S* Ö. 
LehnitKicyss results» we have 

T'„ = I.Bxy + C(sez -h 3y* — 1) , 

rt   a. _ B^gt + yi - 1) - 2 Cxy + 2W(** + y* - 0 } (32) 

■rhere 

04?(<*44—2 <a 15) — («94 +£«)^^44+£JS> , 
f > s= 2 - "(3 «44-f'dss) («^4 + 5 <*5s)~^ *« 

(33) 

11 



Therefore, 

Er = I r'„dx - ä(jfJy+y»-)i)+cfy + .iry2 - .*J ; 

£, = f T'„ dy^-B^y + -1~- ~-y\ - t'0fy*+x»-*) + 21V f«2y+~~- 

P will satisfy the following aquation: 

■)■ 

d**      ™ S**oy   ' x*f"16 ' '~6,,/ a^Öy3 Ö#dv! 8y< 

= ßupx + ft, ?y, 

where 

P - -^ [ 6/3,, C + 2(.»0» - ßu) * - 1 fti w} - 

*" ■ ßV (lißu ~ißu) c"6ßn B + 4(ßu+ßn} w^>' 

Therefore, one of the special solutions of F is 

(34) 

(35) 

(36) 

(37) 

At the boundary of the cross»section, x$ j can be expressed 
in polar coordinates s 

(38) 
x ~ cos& ,    y — sind . 

Hence, the length of the arc on the bcmx&ary is 

da sa d@ * 

Since, 

//#>  = j' S, cos!? «0~ - ~ (dn20 + j sin 4#Y 

IS 



There; 
ed as 

>rs, the boundary condition« of 0^(%) can be solv- 

2Re[«,+W-7(Ä+x)(^2»-T*l4Ä)""T*-4re0,4tf'; [    (40) 

Let 

** - ^* ((** - Vä -1 - &' + o* + v/*ä -1 - rt>a> + (41) 

Sinces on the boundary of the cross-section 

zk ä cos B^/*^.  sin 6* 

Therefore» since it is on the boundary of the cross-sec- 
tions #}£■ can be solved as 

®k ~ Ak ([(1—*/ft)*+(l + *>4)z]co»20+< t(l-'>*)a~(l+»>*)*) sin20> + 

+ i?^ {[(W/t^y + (1 -H>*VJ cos40+i" [{l—*>i)
4-(l + i>*)4] sin43} . 

Substituting this into the boundary conditions in equation 
(40)» and comparing the co-efficients of the corresponding 
terms, we obtain 

2 Re 2 Ak [(i - *>»)' + (J + my] = o, 

2 Re 2 /'< '** [<* ~ '/»*>' + ^ + *>«>'] * °' 

2 & 2 ^ [a - v*)a - a + w] -1 (B + T")• 

2 Re 2 *>* ^* [O - »>*V - (1 + */»♦)*] = ~ "Y" - 

(42) 

13 



8    4! ' 

8     4!' 

2 Re 2 Bk [<1 - *>«)♦ + (1 + *>*)*] = - ~- 

2 Re 2 ^ B* [(1 ~ «><)* + (1 + «>*)*] = - J 

2 Re 2 «* JO - «>*)< - (1 + *>,)<] = ~~(B + ~), 

2 Re 2 V* ** [(I " <>*)4 ~ 0 + «>*)4]» - ~ • 

(43) 

Jfrom equations (42) and (43), we can solve for A^, A^, Ag* 
Ag, and B^, B^, Bg, BL* 

10,311 
CSO: 1536-S/d 

Figure 5* 
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ON ÜBE'DISPLACEMENTS IN THE PROBLEMS OP SAINT. 
VENANT, AND THE CENTER OP SHEAR AND 

THE CENTER OP WIST* 

/following is the translation of an article 
by Hu Hai~eh«ang (5170 5189 2490), of the 
Institut® of Mechanics, Academia Sinica, 
in Wu-11 Hstteh-Eao (Journal of Physics). 
VolTlS, No« 4, July 1956, pp. 350-359*/ 

Consider the equilibrium of an elastic cylinder 
fixed, at on© end and loaded at the other end* The solu- 
tion of this problem according to Saint-Venant is well 
known« This solution gives a uniquely determined stress 
system, but the corresponding displacement contains an 
arbitrary rigid body motiona In this paper, we first re- 
lax the boundary conditions at the fixed end to six condi- 
tions by an energy consideration» These conditions deter- 
mine the arbitrary rigid body motion in Saint-Venant's 
solution uniquely* Then the translations and rotations of 
any transverse cross-section is defined by a similar energy 
consideration« The center of twist is defined as the point 
which remains fixed during the twist of the cylinder. The 
center of shear is defined as;such a point that when the 
resultant of transverse loads passes through ib, transverse 
cross-sections have no rotations about the longitudinal 
axis» It is shown that these two centers have identical 
coordinates 

x.o 4|JP'Wy'    v»=--}-Hx<PdrJy. _ (21) 

where f* is the warping function in the problem of torsion, 
and Ix» lj  are the principal moments of inertia of the cross. 
* Received 8 February 1956« 
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section. It is proved that for constant transverse loads 
with parallel directions, the one whieh passes through the 
center of shear produces minimum strain energy in the 
cylinder« 

I Introduction 

The problem of equilibrium on elastic cylinders Is 
very important in its practical applications* A strictly- 
defined mathematical solution, however* is rather trouble- 
some. Saint«Yenant, in 18553, simplified the original 
problem by relaxing a portion of its boundary conditions, 
thus opened up an extensive possibility In its mathemati- 
cal approach* In honor of his contribution, this simpli- 
fied problem is widely referred to as the "Problem of 
Saint-Venant". 

But the "Problem of Saint-Venant" cannot satisfy 
the original total stress boundary condition» Aside from 
which it has another shortcoming — the inadequacy of the 
Saint-Venant method to determine the absolute displacement 
within the cylinder• In discussing the problem of bending 
on a cantilever, it is generally stated: One end of the 
beam is fixed, while the other end carries a transverse 
load« But there Is no explanation as to what exactly is 
meant by * fixed*» Strictly speaking, the meaning of «fix- 
ed' should be satisfied by the following conditions: 

(1) 

where us  v, w* are the displacements at the cross-section 
of that end. Yet, there is no comparison between this 
definition and the "Problem of Saint-Venant sä5 since the 
"Problem of Saint-Tenant" cannot satisfy that many boundar 
conditions * 30hus, we may raise the question: How can we 
clearly, accurately, and logically determine tl.^ meaning 
of «fixed»? 

At present, there are still few people discussing 
the question of displacement in the "Problem of Saint- 
Venant" in its totality« Because of the demands of prac- 
ticality, however, quite a few scholars have already done 
some research on the question of locii concerning both the 
center of twist In the problem of twist and the center of 
bending In the problem of bending (used synonymously with 
«shear1}« Since they did not proceed from a consideration 
of the total displacement problem, they have Isolated the 
closely related original problems. Quite a few authors 
have determined the loci! of the center of-twist and the 

10 
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center of shear more or less arbitrarily. Authors such as 
W. J. Ducan, D. La Ellis, and C. Scruton thought that the 
locii of the center of twist and the center of shear could 
only be arbitrarily determined if in accordance with dif- 
ferent substantial* conditions* S. Timoshenko and J. K. 
G-oodier still think that the center of twist has no fixed 
position. L. C. Leybenzon, S. Timoshenko, J* N. Goodier, 
I. S. Sokolnikoff, and A. S. Stevenson have determined that 
the center of shear is & point such that the average local 
rotation of the cross-section is,equal to zero if the 
resultant of the external loads passes this point; that 
is to say, 

tf,-**-JU(-£"£>*-- (S) 

But this definition is not too satisfactory, because the 
question will inevitably be raised: Why take into con« 
sideration the irrational average and not the rational? 
At the same time, even the practical value of this defini- 
tion is doubtful. That is to say, even though the average 
local rotation is equal to zero this does not necessarily 
mean that there is no twisting action within the cylinder. 

In 1955, E. Trefftz started out from the proposi- 
tion that strain energy can be superimposed, and proved 
that the center of twist and thfc center of shear are vir- 
tually the same point. Its coordinates are 

*-£jJf»**J* yo=-Xjj/<P^y 
(3) 

in which ¥  is the co-efficient of warp in torsion. 
The writer of this paper thinks that Trefftz's con- 

clusion is valid» Due perhaps to the fact thai Trefftz*s 
presentation was not too convincing, only a few in this 
field agreed with his idea. 

In 1947, A. Weinstein, basing his work upon the 
thinking of P. Cicala, explained Trefftz's formula. He 
proved that formula (3) could also be derived by the fol- 
lowing conditions: 

!1< 
(4) 

«^ dx dy a» min. 

Weinstein's explanation, however, offers no help in respect 
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to understanding formula (3) I instead» it leads us even 
further away from the physical meaning of the center of 
twist and the center of shear« 

2her© had been quite a number of different views 
concerning the loeii of the center of twist and the center 
of shear in elastic thin-walled rods. In 1936, Fa-la-so- 
fu transliteration of Russian name/, Y# Z#, established 
a general theory of constrained twist in elastic thin-walled 
rodsi hence, he logically determined the locii of the 
center of twist and the center of shear« The foranlA Fu- 
la-so~fu derived is the same as formula (3), Although his; 
formula is the same as that derived by ÜJrefftz, Fu-la-so-fu 
presents a far more convincing discussion pertaining to the 
thin-walled rod aspect» 

We should'understand that the purpose of this paper 
is not to discuss specifically the question of the center • 
of twist or the center of shear, but to take the ^Six 
Problems of Saint«VenantM as.a'whole and discuss the ab- 
solute displacement in the problems (the six problems are 
axial, elongation, axial contraction, two-dimensional sim- 
ple bending and twist, and two-dimensional shears)« 

Firsts we have determined the meaning of * fixed* in; 
the description of a cantilever beam: on© end of. the beam 
is fixed.«» How we shall proceed to determine clearly and; 
accurately the meaning of three-dimensional translations* 

. and rotations in any cross-section« Finally, based on 
these definitionss  we can determine the locii of the ©enter 
of twist and the -center of shea:?, and prove that the two  ; 

locii actually constitute the same point. The  formulae — 
derived from this paper .— for coordinates on the center 
of twist and the center of shear are the same as those used 
by Treffts and Fm-la-so-fu» 

2he theorems in this paper can be applied directly j 
to the anis©tropic'and irregular elastic cylinders in Saint- 
Venant*s problems« Very little research has been done on 
the center of twist and the center of shear ii< these prob- 
lems ® 

IX . The  Meaninr of „Fix^d.Oant 1.lever Seams 

STOW.? assume we have an elastic cylindrical cantilever 
beam, one.end of which is fixed, with no external load act«- 
ing on the suspending sides %    on the other end, the cross- 
section carries a distributed load» 

Taking a rectangular coordinate system, x, y, z  — \ 
as shown in Figur® 1 (see page 10}— make the xy surface 
parallel to the oross-seation of the fixed end, orient the i 
z-axis toward the inslce of the cylinder* Bisn, take the - 
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Xg  y axes,.and have them coincide with the central major 
axes* If we establish this problem in strict accordance 
with the mechanics of elastic bodies, then it will be a 
problem of finding the stress and displacement of all the 
locii in the cylinder, and Making them satisfy the equili- 
briura equation and the continuity conditions» Ehen they 

Figure 1* 

should further satisfy the following boundary conditionss 

On the sides: 

#,» cos («, «r)'+ ra}, cos (», y) —- 0 , 

tsji cos (n, x) + etf cos («, y) .— 0., 

r» cos («, *} + Tp, cos .(«, y) — Ü ; 

(5) 

On the cross «.section of the end where force Is  ap- 
plied U*l): 

TM — JT,(x,. y) , t> - T„(*. y), tf« - S O, y); 

On the fixed end (z=0): 

u = 0 .   e — 0 ,   «' ~ 0 . 

(6) 

(7) 

If we establish this problem according to Saint- 
Venant*s method* then It will correspond to the strictly 
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limited problem stated above, in equations (6) and {7)s 
with two of the boundary conditions relaxed* Then* sub* 
stituting with the following groups of assumptions and 
boundary conditional 

o, dx 
0, (8) 

On the orosa-seotion of the loaded end (the end 
where fore© is applied! zsl)t 

f f r„ dx it **?*** ||s 
r» dxdy> 

||  r„ dx dyesF,** jJ   T, ix-dy , 

ff  a» dx dy « N * ]£ 2 ^ dy, 

(|  yStdxdy -M„» jJ^yS <**<**. 

{j * tf. dx dy - -w, - Jk * 2 <** <*>'. • 

(9) 

There Is only one answer for the stress of any point within 
the cylinder — if we seek a solution based upon the prob- 
lem established by Saint-Venant* This solution has the 
following forms 

a, » st = ttf ~ o, (10 ) 

<r« ~ 
' N        M*+F. 
Ä X  *f 

r«3 « F, T{, + Fj, rjj, + W.tJ,, 

tn a» F„ r J, 4- F, r|, + M„ t*,. 

/,  "~* +    /.    y> (11) 

are the where A is the area of the cross-section; IX5, 2~ 
major moments of inertia for the cross-sectionj the six 
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co* ef f i ci©nt s, 
only to x# y*" 
co-efficients 
tion, but not 

£2 bear a relationship 
at the same time, the 
shape of the cross-see- 
the load* 

T i  ""»"S 
* XS* *• XZ* • ••* *- 
and not. to z| and* 
are affected by the 
by the condition of 

There is no discussion in Saint«Tenant *s problems 
pertaining to displacement, so we cannot accurately deter- 
mine displacement from the two stress equation (10) and 
(11)» The  reason for this inaccuracy is the fact that the 
total motion of a cylinder consists of six undetermined 
constants,, In order to determine the displacement» there- 
fore, It is necessary to establish six related conditions 
of displacement at the fixed end to show that it is fixed* 
This will relax the meaning of «fixed« so that there is no 
conflict between it and the existing idea of «fixed» and 
common sense» . 

The rigid «fixed« conditions of formula (7) can also 
be expressed in a different form in the following manner? 

ditioni 
Cross-section at the fixed end, under any load con- 

I i   (a r„ -¥ ffyt + «'««) <** dy a* Q . (12) 

a«. 

in 

^ince in a rigidly established problem (Tx«)a„0*  (YM*)2ä0, 
1®«JSSS0 fflay assume any numerical value, therefore, we can- 
derive Kq.   (?)  from Eq#   (12)»    £ut the meaning of   «fixed« 
as  determined by Eqiä   (12) may quite appropriately be applied 
to Saint.Venant»s problem,in which arbitrary values cannot 
be assumed for  (T««)s.o»   C%*>Z*0*   C««>s-0,  only the 
six quantities F^,  j?y,   „6<l %z> may be varied arbitrarily. 
Hence, when we substitute the general solution, Eq.   (11) 
into Eq*   (12),  then let  the six quantities F  „ F-.,   ,.„  M? 
equal sere* wo obtain the following meaning of  »fixed» 
Salnt~Venant's problem: 

At the Fixed end: 

f I" w dx dV - 0 ,   Tj xw dx iy = 0 , If yu> dx dy 

^(«r;r + ,ri.W^y-u. j        (l3) 

H' (»f *« ■+- «' *i«) <** ^y ~(! • 

11 (« r?s + v TJ«) rfs iy -~ 0 . 

- 0, 
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These six conditions are sufficient to determine the six 
unknown constants in displacement«. 

Ill The Translation and Rotation of Transverse Cross-Seetign 

$hen the cantilever beam assumes external load* dis- 
placement developed at all points» Generally speaking* the 
looli which are on the same cross-section before the da« 
formation will fall on a curved surface after deformation* 
Strictly speaking» therefore» the transformation on a 
transverse cross«sectlon cannot be expressed by transla- 
tion and rotation (i»e** the motion of a rigid body). But 
in Saint-Venant*s problem we can reasonably determine the 
meaning of translation and rotation on a transverse cross- 
section — so much so that it Will not conflict with the 
established meaning as coÄonly understood, but will cer- 
tainly maintain its practical aspects» 

In the ''Problems of Saint-Venant", the first fac- 
tors to be determined are the resultant force and the mo« 
ment of the resultant force« Generally» to find the cor- 
responding displacement with existing forces, we can use 
the following definitions 

Generalised forces X Generalized displacement 
» Work done. (14) 

When we use this definition to determine the translation 
and rotation of a certain-transverse cross-section S5«ks 
we may draw a cross-section a«k showing the stresses in 
it (actually the condition is practically the same as that 
shown in Figure 1, just change 1 to k)# Then the dis- 
placement and rotation of the cross-section can be deter- 
mined as follows £ 

(15) 

Resultant force on the cross-section X the 
translation of the cross-section as totcl 
work done by the resultant force,. 

Moment ct resultant force on the cross» 
section X the rotation of the cross-sec- 
tion « total work done by the amount of 
the resultant force» 

For instance, assume Ü is the translation tt the transverse 
cross-section along the x«axi&» Since the resultant force ; 

of the cross-section along the x«axis is Fx, then the total 
work don© is: 
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111 !•',(« rj, + tt rj.) dx dy , 

therefore* baaed upon Eq»' (15), we get 

L1 = || (u r\, + f rU) dx dy , 
(16) 

Similarly, we can prove that the translations V, W» of the 
cross-sections along y, s-cudLs determined by Eq. (15), and 
the rotations f^9 f^ 9 0 around x, y* z axes, are the fol- 
lowing i 

V = f I (« rJ, + * r*e) «** <*y, 

IV ^ ■?-{{  u,d*dy, 

i    ff 
tf>, - -y- 11  y*> </* ^5' • 

</>.,— ~- 11   *w dx dy . 

0 = |j   (« ri. + f r*„) i* dy , 

(17) 

These definitions are identical with the meaning of 
«fixed* -which was decided upon in the preceding section. 
Based upon equation* (13), (16), and (17), we know that 
the so-called ifj.xed11 condition means that there is no 
translation or rotation at the transverse cross-section« 
At the same times it may be proved that actually there is 
no conflict between this definition and the existing mean- 
ing as linderstood by common sense» For example when a 
certain transverse cross-section remains a plane surface 
even after transformation» it is not difficult to prove 
that the translation and rotation determined by equations 
(16) and (17) are the same as the translation and rotation 
which are ordinarily understood» 

Assume that TJ°, V°» •••, 9° are the displacements 
and rotations at the loaded en..l to which a force has been 
applied» According to definitions, the work done by the 
external force is t 

£ = A (F, V + F, V "i NW + M, # + Aly-^J + M* 0°) - (18) 
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kn&j, based Bpon the principle of conservation of energy,, 
we know that'the above equation 'is also the equation for 
the strain energy of the ■ cylinder* 

IV . Displacement and the Cantor of Twist in the Problem 
of Twist 

Mow assume that there is only one moment of twist, 
Ms, on the loaded end of a cantilever beam» and all other 
resultants and their moments are equal to zero» fhe Saint* 
Venant solution to this problem is well-known» The 
stresses and displacements of all loeii in the cylinder 
can be expressed by a-oo-effielest*' of torsion f*ix, y), 
as in the following % 

8»  ~ ffs  ~ tfa ~ r*3> ~ Ü > I '' 

'»"TU   V" T>""" D Kdy   + 'V'   | 

• u * - ~ (y - y*). *,  * Ä jfä C* - *»> *»    I 

where G is the shearing modulus of elasticity of the evlin* 
der and D is the torstonal rigidity of the cylinder. In  ; 
the original problem x0s j0$  w0 were Indeterminate eon« 
Staats| here* x0* y0 are the coordinates of the center of 
twist* These constants can be determined by application 
of the «fixed«- conditions of Eq.. (13), which we have dis» ■ 
cussed in this paper» By substituting Sq« (19) into Bq. 
{13}t wa can se© that the three., latter conditions are 
satisfied and the first three can be.formulated as follows: 

11   19 "" «>o -'■ •'•y v •¥ vu *) dx dy ~ t) 

(20) ! 
' t 
i     x{<f   ~ «/u — x-,j y -}- yv x) dx dy =» a: 

11   ?{.<£ — u-Q —■ :c„ v -h y„ *;) df*' dy — I) . 

noting that x, y axes are the central major axes of the 
cross«sectloni and, from the above equations, we can find; 
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yli*d*d' •   '- ; r. j j, >*Jx J>    *« - -. /7JIxcp dx dy-  (21) 

After we have found, the quantities of xof  y0» w0* -we can 
with complete accuracy dstermine the displacement3 of all 
points» It can aasiiy be seen that the coordinates of the 
center of twist presented in this paper are the same as 
those given by Treffta* 

'We notice that the toralonal rigidity D can be given 
by the following.equation: 

«-JJ.KS-O-C-S-OH- (E2) ' 
Thus, vis can find the values of three translations and 
three rotations on any transverse crosBisection by the 
followingt 

(23) 
iV ~- 0 . 

'.»0, <//, - 0 , 
,,       M, 0 » -^ * . 

Therefore» after a cylinder has 'undergone twist, there is 
rotation around the s^axis and translation along the x, y 
axes in the transverse cross-sections» 

Y„-.J£hf„.ff en.teg,„of.,.,Shear rof the Cantilever Beams 

Mow assume that the cantilever beam shc#n in Figure 
1, is loaded* simultaneously* on its free end with a trans. 
versa load Fxi,  F„? and a moment of twist Uz$  but not with 
any otheaf load* 'Under these three loading actions, trans- 
lations W°9  ¥°s along the x» y axes» and rotation 6° 
around the 5S-axisf will be developed at the cross-section 
of the free end* TJ°, V0, @°^ should be the linear co-ef- 
ficient a of FXJ> FT£ Ma; thus- they can be written in the 
following manner :* 

(Refer to Eqe 25)5 
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ü8 - 0» F, -f U* F„ + -g™ M, ( 
IS 

'. ■ ...... i : 

How, let us solve for 0* and '©2. 
From Eq» (18), the strain energy of the cylinder in; 

this problem is equal to the work done by the external i 
forces, aa shown below: 

•h M„ (o* F, + d* pg + ~g- A/,) ]. ; 

Since the strain energy in an elastic body remains un- 
changed^ e«en when we alter the sequence of the external 
forces applied, presumeably we could first apply the trans* 
verse load F- and F~, to the cantilever beam, then we could 
again apply the moment of twist M.« In this manner, first 
applying Fx and Fy, the total worS done by the texternal 
forces is s 

B, « i- f F,(t/* F,+ U* f,) 4- Fy(K» F, + V% F,) | 
(SS) 

tPhen, when we again apply M», the total wc.rk done by the 
external forces is:" 

1 »r     /   tj-j.it   *>' U - J? 31 U 

So, the strain energy in the beam is also equal tos 
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» 

Comparing Eq# (25) and Eq. (28)» we know that 

(29) 

This equation is established no matter what the values are 
for Fx>  Py, and K2# Thus, the following must also he 
true: 

0 ~ "CD"'    9 ~   GD   ■ 

Therefor©, the rotation around the a-axls at the cross. 
section of the free end is: 

m  _ _I*i. J? — -3_L s? +• .-1— ; 
(31) 

From this equation we can see that» when 

there will he no rotation around the a-axis at the cross- 
section* The condition of Eq# (32) indicates that the 
resultant of the external load passes through the point 
(xQt  y05* From this, we know that the point (xot  y0) is 
the center of shear«. 

Prom the above discussion, we arrive at the follow- 
ing conclusions the center of twist and the center of 
shear are one and the same point and their coordinates are 
x»r.0 and y*=y0* We should point out, however, that the 
reason why"we can prove that the center of twist coincides 
with the center of shear is that when we determined the 
meaning of translation and rotation for the transverse 
cross-section* we based our work upon the relationship be- 
tween force and work done so that we could utilize the Law 
of Conservation of Energy, from whence we derived Eq» (31). 
In fact, Eq» (30) is the well-known Theorem of Equality 
used in the mechanics of elastic bodies« 

If we should use another method to c*3termine the 
meaning of the translation and rotation of a transverse 
cross»section, we could not apply the Law of Conservation 
of Energy* Consequently,,» neither could we derive the 
Theorem of Equality» E?en if we could determine the locii 
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of the center of twist and the center of shear, the two 
might- not necessarily coincide* 

Insert E.q,. (50) into the strain energy equation 
Eq« (25) — and9 &fter rearrangement, we obtain: 

From this equation we.can see that if the resultant and 
the load 'orientation remain unchanged (1*©«$ if there is 
no ohange in Fx and Py)# tout the position of the resultant 
is changed (i«e* -, a bhang® in SfL)* then the atrain energy; 
of the cylinder will reaoh its lainijium value when the re»* '. 
suitant passes through the center of shear» The strain 
energy «mine can -be used to indicate the average intensity1 

of all the local stresses in the body* Hence^ when an • 
external force passes through the eenter of shear$ the 
average stress Intensity produced in the cylinder will be ! 
at a ulnlmxs^   Therefore* determining the ©enter of shear : 
by the saethod developed, in this paper not only provides 
a clear and aecairate geometrical meaning^ it also indicated 
the ©lose relationship with the average stress intensity £n 
the eylindsr$ 
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