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ON THE THECRY OF UNIFORMLY LOADED
ANISOTROFIC CANTILEVER BEAMS#

» - «&Commmlst Ching

[Following is the translation of an article
by Hu Haiwchtlang (5170 3189 2490), of the
Institute of Mechanles, Academia Sinles,
in Wu.li Hsfieh-pao (Journal of Physics)
Vol. 12, No, 4, July 1056, pp. 330=3494

The cylinder is a struectural unit freguently dealt
with in struebtural engineering, In dealing with eyli-ders
the meln problem,; with respect Ho different load condiw
tions, may be divided into the following thres categories:

1le The problem of twist in eylinders:

2. the problem of transverse io28s on the
free end of a canbtilever besm; and,

3. the proulem of the uniformly distributed
load on a cantilever beam,

Saint Venant was the firat to establish = general
theory on th~ first two problems mertioned abovs . under
isotrople conditions, The general thecry on the third
broblem was flrst developed by J. He Michell, What Michell
kos done was to regolve it into a problem of plane deformam
tion. 8. G, Lehndtzky hasz establishaed a genersl theory
on the first two problems under an arvitrary snisotropic
condition. The objechive of this paper ls to establish s

. general theory on uniformly loaded anfisotrople eantiiever

beams, We shall appiy Lohnltzkyts method and utiiise his

results to resolve our proposed problem into a more general

v problem of plane dsformation, the general solution of whieh
hes bsen established by him, A

Now let us take any uniiormly loaded anisotrepic
cantilever beam and consider its equilibrium problem, Take
a rectangular coordinate system (X, v, z) and make the xy
plane coineide with the frse end of the beam, and let the
Z-oxis point toward the heam's interior, as shown in the
# Hecelved 3 February 1058,




Pigure 1, The volume load X, ¥, and the surface load xn,_
Yﬁfuin the beam are sowafflsients of x, ¥y only and have
" no relation to the z coordinabe, :

' Figurs 1,

Azsume the resultant force P, acting on unit length
of the exbternal load along the zZ~axis, dces not squal zero
(in practical problems ths case when P squals zero is very.
unlikely; if P could be zero, our problem would be meh

~simp1ar{. Ther, the crigin of the soordinates and ths
direction of the y~axis can be appropriately chosen, and
wo can meke P pass through the zeaxis, psrallel with the
y~axls, ©Thug,
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The ares integral can be made to corcr the whole
area of the eross-gection in the equation, and the linesr :
integral to cover the entire perimeter of the eross-gsection,

The atress and displacement in the beam should satig.
fy Hooke'sn general law in the following manner: s
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And, the squilibration equation
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There will be a surlace load X,, ¥, acting on the
sides of the beam, sc the stresses should satisfy the fol-
lowing boundary eondition {where n is the normel line on

the sides of the beam, teking as positive the line pointed
outwards).

{n the sides:

gecos(mox} + tocos{n v} = X,
Topeos{n, v} + oycos {a,yy=7,. (4)
7ecoe (7, €3 4 Tyeos(n,y) = 0.

At the free snd of ths beam, we do not enticipate
thet every polnt will be free from the effects of exbernal
forces. By applieation ¢f Saint Venant®s princliple, we
only expect the wesultant and the moment of resultant of
the sxbernal foreces acting on the free end of the beam to
equal zero. Then the sbtresses on the free end need only
satisfy ths following boundary conditions: ’

At the free end of the beam

g grdidy =0, (a0 Ty = y Tas) dxdy = 0,

o ol

(5)

ijz‘,,gdxdym(k, A yo.ddy =10, y

j:‘ Ty dxdy =0, va;didy = 0.




These boundary conditions can be generalized still further,
8o that they are not limlted to the fres ends Based upon -
conditions of equillibrium, for sny cross-section z=12, the
transverse fores is (-Py), and the bending moment is
(~-P/2-22), Therafore, the stiesses on any ecrossesection

- should satlsfy the following condition:

ment to £it equations (2) and (3
tions in squations (4) and (8),

Now dirffersntiate equations (2) and (3), Q
conditione in equations (4) and (6), once, with respect to
Jthen, substituting equation (7) into it, we know that
; ' will satlisfy the following equaions and the

z;

Exs 63{ srenp®

=

52ri£d;'m(1, (¥Tyy ~ y Ty dedy =0,
Y ] ' I | ])
tadrdy =0, yoededy = — 5 2.
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30 our problem is to find the stresses and displace=

), and the boundary condi-

Now let us consider the following stress snd dtse
-placement conditions:
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boundary sonditions:

‘and the boundary

\
3 ’ 4 -t ’
.65‘-‘-- = 4y g'; e dy2 0‘; he @3 6‘; 4 “i4 f.%‘ +- 8157, + ?¢ txy »
v
apl R . ’ ) LAY r: + a 1.! ’
....._..6 SR Gya g b e Oy b da Oy b Ay Tye + Bas T 7 B2 Tpy s (8) :
By : A
a“)ﬂ ’ + . f ? + T' + a 1‘.’ R
a3 oy gy P oasy Oy b S Ty, b anT, 36 Ty »
<
’ ’ '
. 14 N ot ’
%—”—— M e 5 g Oy b g O a3 Gy b e Ty o das Ty + o4 Toy s
¥ &z
" s ’ : ’
iy Y, _ + ro ! ’
“8;_” + %;"‘ = dys d; + BT 0‘; e s &y - thyy r_yn .T' dss T,\‘u + sy 7.«;; 4
o f .
’ ’ )
i * ¥ ot 4
—%bim 4 ~%‘~- == gy @y b dyg 6”; d Gy oy B AT, + a5 T + @ Tay ¢
% ¥ : .



n Byt 7
L by o,
B ay 2 '
8.1'" aﬁf s ’ . o B
oL, | 8%, BT Ly (9)
G Oy 3z
s i Sere
s - Bt 28 - bt N R
Gix 8y Ox

On the sides:t

&) cos {n, 8) 4 Thy cos (5, y) = 0, Co
‘ -~ (10)

tl, cos (n, %) + o) cos (m ) = 0.

t!, cos {n, &) - The cos (n,¥) = 0.

- - .

jd.’,a’.xdy#“f}, (x 1), =~ yv.)dudy = 0.

- S | (11
} To, ddy = 0, ya, dxdy = — Px,

}T;, dx dy == ~ P, r o dudy = 0.

Eguaﬁiﬂna gag and_ig) indicate that &' ,e..5 W' 13 a state
of stress deformniion group which saticfies the contimulty
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and boundsry eonditions, However, the boundsry conditions
in equation (10) and (11) show that this state of stress
 deformation is developsd when & cantilever beam has no
external forece on the gldes, but the free end carries a
transverse load P, as shown i Plgure 2, :
The preblem of a cantilsver beam with a transverse
load on its fres end has been thoroughly investigated by
83, G, Lehnitzky, He eatablished a general theory on this
“prcblem, By means of his theory he haw obtained many solue
tions to some conerete problems, Ib ls beyond the seope of
this paper to abstraoct some of his Pesults, but it is
necegsary to point out that, with the exeception of 6z, the
" measuremsnts «f the rest of the tensile siresses are ¢o-
gificients unrelated to z, Henceforth, we shall assums »
~that €', eess W' were obtained by 3. G, Lehnitzky's oxn
method, ‘
Integrate &'yy «e.» ¥ once with respect to z, we
obbain i

{12)‘

............................

where the superacrivt © on the right side of s letter ine
dicates the value of that co=efficient when 2=0, . '

o | In csrdrsg to 80076 @ y; B ieey Why we mmst first solve
6323635 aeus WY, Inbegrats, ofice, equations (8} and (9),
and the boundary conditions in equations (10) and {11},
with respeect to z {{rom zero to z); then, use squations
(2) and {3}, and the boundary conditioms in equations (4)
and {8} to elimlnste terms 51@;' essg Wy Which appeared
after integration, and we have - '
B gy &5 4 dyp &y o+ dp 85 a4 Tye + Brs r: + w16 f‘y :
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9oy 4 ’35"» X Tho= 0,
Ox oy
PV , -
O oy 4 ‘26-‘ G Voo T;., = 6y, (-Lé)
Ox v
oo 35y o
...... AN e P . == {3,
S Oy + (o) _
&5 cos {n.x) + 75y cos (n,¥) = X,.
ey cos (n,x) + 65 cos (my) =Y,. (15)
tocos (n.2) + 75, cos (n,y) = 0.
([ ey =o. ([ s =y azay=o,
J 3
j ysodxdy = 0. fjri,dxdy=0. ’ (16)
j xaydedy =0, ggf;,dxdy=0-

From equations (1) and {11}, the volume forces (X 4T 5
(Y +Tuz), (62 )Y, are just right in order to maintain
equilibrium with the surface forces L5 ¥, in the boundary
conditions in equation (15)., From thése groups of eque-
tions snd boundery conditions we can see that 69, soy,
eesy WY, are a group of stresses and displacenents of
generallzed plane deformation problems,

From the third line in equation (13), we can solve
62 as follows: '

(17)

1 ) 1
6"2 = - “‘;33“‘ (a3 6"2 ~+ a1 d‘g -+ aye T;, v~ dgg T:,, + as; fz,) -+ "“"“33 (W’)O .

Substituting this into the other lines in equation {(13),
we obtain the following:
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%[;“ + %{,“ = B ot + Bu oy + B t5: + ﬁsﬁ_ o+ Bes Toy + Tass ()",  {18)
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On® © o 5 3P0 I €34 NG NG
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whers Bii = a,; — digdis Gi=1,24.56). :

‘- @31 : AN
The sclution of egquations (14} and (18}, within the boundary
conditions in equations (15) and (16) can be found by ap-
Plying S. G. Lelinitzky's general solution for generallzed
plane deformetion problema.
Let :

z,aj(x + Y de, njw + 7Y dy. T*E(“:?:d";' (19) |

in order to satisfy the different quantitles for the
stresaes in equation (14), we can uge the two stress cow
afficlents F and P Lo express the following: '

ox o F .
G"’ I e — t: o ol L :
v ayz zAx ay Grt Ey, Ty -«-—-—-—-——-a’t a_y ,
- & L 5 ‘ (20)
f:x R B ':'Zs T e .g"b R
8y . 7 o CEe

Substituting these values into equation (18), and eliminate
ing U, v} wd wo arrive at the proper equations for F and yis
a8 we gee in ths following: ﬁ

\ & & & -
Lol 4 Ladp={ Prz gy — 5wm + B By .+
5 & - B -
+ (Bzz Bf B mgr t Bu ‘é’;j‘) =+
32 az &2 .
+ (ﬁzs “65;'3’“ ~ Bss B oy + Bis b;;) T—

( wy & U3q & + s qu ) (')°
e Bl e R P N { )
a3y OF dy;  Ox Oy gg3 Oy
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where Lo, L«z, L4, are S. G. Lehn.:.tzl'y‘s gecond, third, and

fcur'cn o:oder of differentials,
o 5‘ 63
~ = BM ‘A".'" N 2 B ax d/ + ﬁS‘i a Y
| & & 20
ABM *,{* + (ﬁ*s‘f‘ﬁse) axz ,} (8,44-356) ‘W +ﬁ15‘“a“;3‘ .‘ { ( )

s &t ‘ a" e
e = Py 5 = 2By Gt 2 ﬁ*‘”ﬂ’waz 2P gy P g

 Let P, and }é be one of the spsacial solutions for
cequation ( ’1? based upon 3. G, Lehnitzky's results, A1l
the different stress quantities may be expressed as in the
fcllowing:

s = 2 Re {,u% D) + 1 @iz, + pd A, @ (’v”z)f + 92"‘5’ - X

F,
6’; = 2 l{c{‘l);(:ﬁ) -+ @'z z\) + Ag ‘91(23)} a()”"! - zy (25)
£ " v ¢ ’ d 1‘1}
o = 2 Re {py o) + gy 3(ey) + pa ks B3lz) 6:‘6'
o _ g

D = 2 He ‘{[Jg} @( 1)+U lI fl'z(:!z) 1“[4’»3@3(/3}}"{"

1
Ton = = 2 Re {Au Bl + A @i(2) + mé{zs)} - ‘ng .

iy

If s 18 the lenyth of the boundary curve, lot -

fr{gyes - ’ {Yﬂ"'f- ¥, con (a, v)’g ds,

Ly 2

- (24)

f2(s) = {}f» 4 oy cos (n, a:)] ds, 3
Ja

‘fa(f) = § Tdy.




. Then, ﬁ, & » ﬁﬂ, satisfy the following boundary eondltions
. whers ¢1, “ca, Gy are camtmﬂ;s:

- -
2Re [0+ 0s + M 03] = £1() ~ S0 ¢,

| aF, {25)
2Re [ @1 + a ®s + pads 5] = f1() — 5y 4, ) A

2Re ['_3-1 T+ AP, + @31 = 1,(s) - Yy + ey,

From this group of boundary conditions we can find
ﬁg(zl), &(32}, ﬂ:’.g s+ Then, from equation (23}, we can
caleulate 52,6%}, ssey WO, After we obtain the two stress
groups, €'y, §lys o0y and 62,63, 41s, We can easily find

' the true stressda in the beah by meana of egquation (12),
: To sum up, the problem of shear in centilaver bsams
with uniformly distributed loads can be zolved separstely
in two consecutive problems, The objective of the first |
problem 18 to solve for &' ,86'., e«sp, W', which corresponds
t0 the problem of a cantilsPer beam with a transverse load.
on the Iree snd, The sim of fthe second problem is to solve
for € 2,63, eoeT§yy which corresponds to the problem of a
geners 1233 plane deformation, ' ' o :

If eny point in the beam has an elastic, symmetrical
surface pserpsndleular to the axis of the beam, then the :
problem can be mmch simplified, Becauss, at this time, -

dyg T Apg T gy T dps T By S lys B dag < dsg =0, } (26) )
: . ' 28)
Bro == Bys = Dy = Bas = Pyg == By = 0. :
After s asimple caleculation, it can be provsi that
: I S ¢ . a,' = 4 T, :: i 6’ = .,__ H»'_,‘f., v L
A P (e7)
(0 = —wy, (") =, (@) =ay{dx +By+C): .
o=, = 0. Dm0,
Sg = - ;—;;— (algc’f,;\‘*‘tlggc}':"f‘ﬂgg Tgy}_"{"z‘fﬂf +‘ By 4+ ¢, 4 (28)
R TR P 77

where A, B, 0, gnd wi, Vins W,p &re undebermined constants, ?
The remainder of the strhases 6 2,62, TS can be axpressed
by two so-effisients @i(z3), and ﬁfzefyinthe.._i‘qllwing:; '
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manne s

) ) gy
ot ke L Ol + m ke |+ R = B

) o 20)
. , 1 dzp . (.(.-
oy = 2R Bi(a) + O3 | + Gt~ By,

¥
5, = 2 Re {pu 04(n) + 1 0o | = £

However, @ (), ﬁ%(zgig satisfy the following boundary
’ conditions?

} . oF ‘
2 Re (B + &) = 1) — 5+ { (30)

ar
2Refg @ + ke B;) = f2{s) — a‘;“" + . ‘

Now lot us consider o specific problem in order
thet we might explain the genseral theoretical application
disecusaed above, Assums that we want to find the sbtress
produced when & cylindrical cantilever beam carries its
own weight, Let the radius of thsa crosge=gection of ths
veam be 1 {(this supposibtion evidently does not 1imit the
generallity of the problen), and the welght of the unlt
volime be W, Then the vesulbtant force of the Infernal
icad on a unit lengbh will ba:

P V. : | (31)

In order te simpllify this, lebt us assume thabt at some polant
in the besm there is an elastic, symnetrical surface pera
pendioular to the axis of ths beam, Based upon 3, Go
Lehnift:zl-yts resulits, we have

1!, = 2 Bay + Cat 4 35° ~ 13, } (32)
2w e B(3at 4yt 1) = 20y 2W{xt eyt = 1), )

yr

whers

| Attgpm2 ays} (a3 asg) =2 agsaget-dss)
(3 dostass) et 3 ass) =4 aly (33)
zj_':_i(izjv =2 dyg)~ Cigytae) (3 2441 ass)
{2 ey 055) (554703 255} —4 ol
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Therefura,
. ’ 3 .
'Elzgr;dxaﬂ(ﬁy+ﬁ~y}+6(i»+5wz“x)§ {54)
1 2‘,. = 52‘_.’,, dy== —-B(%x y + w*uv) - L (zy?4 x’--x)+2w (xzy-’rm -'--)

F will satisfy the following equ&tion:

SF _a'F OF

+ (2Bs + ﬁsﬁ B

B G B sy T5 Py tRuUge = (35)
= By px + Buqy, .
whers
p o= -B-*" {Gﬁn + 2(384 = Brs} 8 4 B } (3631

= {2(515" 3B16) C = 6B B -+ +(Bus + P w}

Therefore, one of the special solutions of F is

: 5 5 (37)

At the boundary of ﬁhs crogs-gsection, X, ¥ cen be expressed
in polar coordinetes:

(38)
x = cosf, y = sinf.
Hence, the length of the arc on the boundary is |
ds= a8, .
Sincs,
. Ll ¥ (39)
- Hi Z, am@d’@»« B+ - *11126-"—- sin 468

h8) = }f S, cosf dfi=— & (Szn 20+ 3 sin 40).
_ o 4 2




poundary conditions of @y{zy) can be solv-

VAYER 1 . L
2Re [0, + @] = —}(.B-{- —7)(,;11128-— 5 sm48)-— raarin coﬂﬂ,: . (40)

Crf . a1l . 1 g
'ZRcim@M-pzd‘g}mw~g(sin29+~2~sxn4ﬁ)f—é—‘—4i—w48,

K
s

Oy = iy ((ram VAT E + (n + VAT @) + (41)

Since, on the boundary of the sross-section
2z, = cos 844y, sin &,

Thorefore, since 1t is on the boundam' of the eross-sece
tion, $3 can be solved as

@, = Ay {([(Q=ip P+ (i) cos 2844 ({1 i)t~ (1 +ip)?] sin 20) +
e By (i) (1)) cos45+i L) =1 +ip) ¥ sin43) .

Substituting this into the boundary conditions in equation
(40), and comparing the co-efflclents of the corresponding
terms, we obtain '

2re T af @ —imd + G+ =0, - C )
v ' :

2Re 3 s tr| (L i+ QL+ ;,,,;)Z] =0,

2Re 3 i [~ it~ iy ] = 4 (B -m-)

2Re 3 i y] G = i = Qb o] = =

13




' . ; 1
2Re 3. B, i(1 — iyt 4 (1 + ,My] R T

8 41°
) . 1 4 . .
. ZRCE,“&B&{U""'Pt)*"‘(l'l"’m)‘]*"—"‘“é“?r, | (43)

: .- S, _ C
2Re 20 ip, Bg[(l i)t - (1 i}lk){iz =5

From equations (42) and (43), we can solve for Ay, "171, Ao,
A?’ &nd Bl’ ‘Ely BB’ 29

10,311
CS0: 1536-5/d
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ON THE DISPLACEMENTS IN THE PROBLEMS OF SAINT.
VENANT, AND THE CENTER OF SHEAR AND
THE CENTER OF TWIST#

[Following is the translation of an article
’ by Hu Haf-chtang (5170 3189 2490), of the
| Instituts of Mschanics, Academia Sinlea,
1n Wu-li Hsliehepac {(Journal of Physics)
Vol, 12, No, 4, July 1956, pp. 350.359

Abstract

Congider the equilibrium of an elastic eylinder
fixed at one end and loaded at the other end. The solu-
tion of this problem according to Saint-Venant is well
mowne This solution glves a uniquely determined stress
system, but the correspondlng diaplacement contalins an
arbitrary rigid body motion. In thls paper, we first rew
lax the boundary conditlons at the fixed snd to six condi-
blons by an energy consideration, These conditions deter-
mine the arbitrary rigid body motion in Seint-Venant's
solution uniquely., Then the translations and rotations of
any btransverse eross-gection ls definsd by a similar energy
consideration. The center of twist i1s dsfined as the point
which remsing fixed during the twlst of the c¢ylinder, The
cenver of shear ia dellngd as such a point that when the
regultant of Transverse Ioads passes through i%, transverse

- eross-gections have no rotations about the longitudinel
axias, IL iz shown that these two certers have identicsal
ecordinatesn .

- .

xoj-_;; _,,_,'E:_, (g ,v(p ¢'/.'C' dv . Y TE eem ..'.1. . j:g x¢ {iY ﬂ{?‘ (21)
’ Iv’ .; 8 - } ’ }'y < v .

where P iz the warping function in the problem of torsion,

G e

and Ix, 1o are the principal moments of ineritia of the cross-
# Reecegived 8 February 958, '
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sectlion., It is proved that for constant transverse loads
with parallel directions, the one which passes through the
center of shear produces minimum strain energy in the
eylinder. '

I _Introduction

The problem of equilibrium on elastic eylinders i3
very important in its practical applications, A strietly.
defined mathematical solution, however, 1s rather trouble-
some, Saint.Venant, in 1855, simplifled the original
problem by relaxing s portion of its boundary conditions,
thus opened up an extensive possibility in its mathematia~
cal approach, In honor of his contribution, this simpli.
fied problem is widely referred to as the "Problem of
Saint-Venant®,

But the "Problem of Saint-Venant" cannot satisfy
the original total stress toundery condition, Aside from
which 1t has another shorteoning -~ ths inadequasy of the -
Saint-Venant method to determine the absoclute displacement.
wlthin the c¢ylinder, In discussing the problem of bending
on & canblilever, it is generally stated: Une end of the
beam 1s fixed, while the ofther end carries a transverse
load. But there 1s no explanstion as to what exactly is
meant by "fixed!, Strictly speaking, the meaning of "fixe.
ed' should bs satisfied by the following conditions: .

w0, pm0, w=u. (1)
whers u, v, w, ars the displacements at the eross~section
of that snd. Yet, thers 1s no comparisun between this
definition and the "Problem of Saint-Venant', since the
"Problem of Saint-Venant" cammot satisfy that meny boundary
conditions, Thus, we may raise the question: How can we
clearly, accurately, and loglcally determine %L meaning
of 'fixed!? . _

At present, there sres still few people discussing
the question of displacement in the “Problem of Saint-
Venant" in 1ts totality. DBecause of the demands of prac-
tiecality, however, quite a few scholars have already done
some research on the question of locii concerning both the
center of twist in the problem 2% twist and the cenber of
bending in the problem of bending {used syncaymously with
~'gheart), Since they did not proceed from a consideration
of the total displacement problsm, they have igolated the
closely velated original problems, Qults a few authors :
have debtermined the locl! of the center of twist and the
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center of shear more or less arbitrarily. Authors such as
W. J. Ducan, D. L, Eillis, and C, Scruton thought that the
loell of the ecenter of twist and the center of shear could
only be arbitrarily determined 1f in sccordance with dif-
ferent substantial conditionse. S, Timoshenko and J, N,
Goodier still thinlk that the center of twist has no fixed
position. L. C. Leybenzon, S, Timoshenko, Jo N, Goodier,
I. S. Sokolnikoff, and 4, S. Stevenson have determined that
the center of shear ls a polint such that the average local
rotation of the cross.section i1s equal to zero if the
resultant of the external loads passes this polint; that
is to say,

(] 2 (2 -2 aray= (2)
jjswl,dxdy-——i‘js gz \ Oy Ox d dy )

But this definition is not too satisfactory, because the
question will inevitably be raised: Why take into cone
sideration the irrational average and not the rational?
At the ssme time, even the practical value of this defini-
tion is doubtful. That is to say, even though the average
local rotation is equal to zero this does not necessarily
mean that there iz no twisting action within the cylinder,

In 1935, E, Trefftz started out from the proposi.
tion thet straln energy ecan be superimposed, and proved
that the center of bwist and the center of shasar are vir-
tually the same point, Its coorcinates are

(3)

Xy =

1{ =—--—;——§j x :Zxd .
I,,,g,.”"i“l"’ ¥o 7 ) @ y

in which P is the co~efficlent of warp in torsion.

The writer of this paper thinks that Trefftz's cone
clusion 1s valid, Due perhaps to the fact thail Trefftz's
presentation was not too convincing, only a few in this
field sgreed with hls 1dea,

In 1947, A. Weinsteln, basing his work upon the
thinking of P, Cicals, explained Trefftz's formula, He
proved that formia (3) could also be derived by the fol-
lowing conditions:

!"j‘sw’dxdy;‘“—min. (4)

Weinstelin's explanation; however, offers no help in respect
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to understanding formule {3): instead, it leads us even

- further away from the physical meaning of the center of

twist and the center of shear,

There had been quite s number of different views
concerning the locil of the center of twist and the center
of shear in elastic thinwwalled rods. In 1936, Fuela«80= -
fu /transliteration of Russian name/, V. Ze, established
a general theory of constreined twist in elastic thin.walled

- pods; hence, he logically determined the leoell of the

cenber of twist and the center of gshear, The formla Fu-
1a-80-fu derived is the same as formela (3), Although his
formula ia the same ag that derived by Treffts, Fu-la-30-f1
presents a far more convineing discussion pertalning to the
thin-walled rod aspecte

We should undefstand that the purposs of this paper
13 not to discuss specifically the guestion of the center '
of twist or the center of shear, but to take the "Six
Problems of Saint.Venant" as a whole and discuss the abe
gsolute displacement in the problems (the six problems are
axial elongation, axiasl contraction, two-dimensional alme -
ple bending end twist, and two-dimensional shears), ‘

First, we have determined the meaning of fixed! in
the description of a canbilever bsam! one end of the beam
18 fixed..s Now we shall proceed %o determine clearly and:
sceurately the meaning of thres-dimensional translations

.and robations in any eross-sect Lohe Finslly, based on

these d&fiﬁiti@ﬁ&; we can determine the loeli of the béﬂtS”
of twigt and the center of shsar, and prove that the two |
losii setually constitute the same point, Tho formilae e
derived from this paper -- for coordinates on the center |
of twiszt snd the center of sghear are the seame as those used
by Troffts and Fr-laeso«fu,

The theorems in this paper can be applied directly i
to the anisotroplie and lrregulsr elastle eylinders in Ssinb.

‘Venant's problems, Very 11ttle research has been done on

the center of twist and the center of shear iu these prob-@}

II_ The MNeaninr of Fixed Gantilevar Beams

Now, assume we havs an elastiu evlinﬂrical aantilever,
beam, one end of which is8 fixed, with no external load seb
ing on the suspending sides; on the other end, the erogsm !
section carries a distributsd load, ‘

Taking s rectangular coordinate system, X, Ty, Z ==
a3 shown in Figurs 1 {sse page 19) -= make the xy surfsce
paralilel to the oross-gzation of the fixed end, orient ?hei
z-axis towsrd the inslds of the eylinder. Then, taks the -:
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X, ¥ axes, and have them colncide with the cenbral major
axes, LIf we establish this problem in striet ascordance
with the mechanlcs of slastie bodies, then 1t will be a
problem of finding the stress and displacement of all the
locii in the cylinder, and making them satisfy the equili
brium equation and the contimlty conditions. Then they

Flogure 1,

should further sablisfy the following bounﬁa ¥ condition

=
»J

On the sldes:

e cos (m, 23+ 24y cos (a2, y) =0, (58}
Twy cos {1, 23 + &y cos (n,y) =0,

. Ten cos (0, %) 4 Tu cos {n, ¥y =0

On the cross.zection of the end whore Iorce 1s ap-
plied {(z=1): ’

(6)
fn =% T:{’Q ?s) » ?:ﬂ = T,(z, y}a Fe = E (”’ Y) 5

On the fixed end (z=0):

(7)

u::.-:o, U:‘-—"ﬂ, u =g,

If we establish *iils problem according to Saint-
Venanttz methady then.i* will correspond to the strietly
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limited problem stated sbovs, in squatlions {6) and {7},
with two of the boundary conditions relaxed. Then, sub-
stituting with the following groups of sasumptions and
boundary conditionst o : -

5 =0 Be T 0 (8)

On the crosa-section of the loaded end {the end
where forse is applied; z=1): :

pr

Tewda dy == [y == §§s Tadxdy,
S .

(9)5”

P
?,g 1}# d'f =2 F, = gg T:' &?xdy 5
5 JJg

agdxdyZNaj‘Ldedy,
35 ,

Ej yaedxdy = M, = jgsy:f;fzzay,
k]

§‘g % &, du dy = '-M,.m:ng}: dx dy, -
s S

§5 (2 Tye— ¥ Tye) dr dy = M, = Egs (Ty=—yTedudy.
s ;

Thore is only one cnswer for the stress of any point within
the cylinder -~ 4if we sesk & solution tassd upon the prob-
lem esteblished by Saint-Vensnt. This solutlion has the
foliowing form: ’

ﬁlm‘d}mrsyzﬁ; : »l (10)

Ay By foem ) .
+ £ , .
I, I, y (A

rzg = F’T;x “*‘ F;Tig + Jugfga,

Oy == ,.‘.;!_. — My+Fold—2) 2 ‘

Tys = Fythe + Fy 12 4+ M, th.

where 4 is the area of %he crossegection; Iy, I, are the
mws jor moments of inertiae Lor the cross-ssction; “the six
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only to x; v, and nct to z; and, at the sams time, the
cowmefficlents are affected by the shape of ths eross-seca
tion, but not by the condition of ths load,

There is no discussion in Saint-Venent's problems
pertaining to displacement, s0 we cannot accurately deter
mineg displacsment from the two stress equation (10) and
{11})s The reason for this inacouracy is the faet that the
total motion of a eylinder conzists of six undetermined
consbants, In order to determine the displacemsnt, there-
fore, 1t 1s necessary to establish six related conditions
of displacement at the fixsed end to show that it is fixed,
This will relax the meaning of !'flxed! so that there is no
confliict between it and the existing ides of *fixed! and
common Senge, o - : :

- The rigld 'fixed' conditions of formmla {7) ecan also
be expressed in a different form in the following manner:

Graaémsactien at the fixed end, under any load con-
dition: 4 .

gg (U Tmt 0Tyt wa)dedy = ¢, (12)
Jas '

Cince in & rigldly established problem {Txe)s =0, (Tyz)z =0,
(6‘z)zﬁ0 may assume any mumerical value, therefore, we can
derive Bq, (7} from Ba, (12). Fut the meaning of 'fixedt

a3 determined by Eaq, (12) may quite appropriately be appiied
to Saint~Venantfa problem,in which arbitrary values cannct
slx quantities Fyp, Fy, 4., ¥y, may be varied arbitraril .
Hence, when we substitute the general solution, Eq, (11),
into Fq. (12), then let the six quantities ¥oo Py 0ue My
equal zero, we ob%aln the following measning of *fixed! in
Saint-Venant!s problem:

At the Fixed end:

- 'l B 3 3 e ]
wdgdy =0, T‘j; zwdydy =10, “\3"4"‘3‘33’* 0,

5 o

g(llfin”f“vr;z)dxd?)’*('; (13)

':""‘“"l:"""'""“

Autie b ot dedy =0,
<

:*e'-nt :uuﬂ-\‘t
2 %

(urd + i) dedy = 0. )
R

21




These six conditions are sufficient to determins the six
unknown constants in displacement,

IIT The Transglation and Rotation af‘Transverse Crosgw.Soction

When the cantllever beam assumes external load, dlse-
placenment develoned at all points. Generally speaking, the
locii which are on the same cross~section befors the de-
formation will f211 on a curved surface after deformation,:
Styrictly spesking, therefore, the transformation on a :
transverse cross-gection cannot be expressed by transla-
tion and rotation (1.8., the motion of a rigid body). But
in Saint<Vensnt!s problem we can reasonably determine the
meaning of translation and rotation on a transverse Crusse
gection ~- g0 much so that it willl not conflict with the
established mesning as coionly understood, bub will cere
tainly maintain its practicel aspects, .

In the "Problems of Saint-Venant", the first fac-
tors to be determined are the resultant force and the noe
ment of the resultant forece., Generally, to find the core
regponding dlsplacement with existing foreces, we can usse
the following definition:

Gereralized forces X Generalized displacement'
== Work done, (14)

When woe use this definitlon to dstermine the translation
and rotation of 2 esrtain transverse cross-section z=k,
we may draw a crosge-secbion z=lk showing the stresses in
it (actually the condition is practically the same ag that
showm in Pigure 1, just ohange 1 to k). Then the digw
placensnt and rotation of the eross-sectlon can be detera
nmined as follows?

Resultant forece on the srogs~ssstion X the

tranglatinon of the cross-section == tobtid _

work done by the resultant force, ( -
155 .

Moment ¢f raguitant forece on the erosse ;

gssebion £ the rotation of 1o Or0IZ=8eC=

tion = total work done by the amount of

the resultant forcea, .

For instance, agsume U iz the sranslation ¢ the transverse
. eross-s8ction along the x-axis. Since the resultant force

of the crogs-secbion along tho xX-axis 1s Fy, then the tobtal
work done is: ‘ -
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ﬁ Fluth + oth) dedy .

Therefore, based upon Eq. (15), we get

‘ (16)
U= ﬁ RCR I 2 Tl dx dy.

$imilarly, we can prove that the translatlons V, W, of the
eross-sections aiong ¥, zw-axls determined by Bg. (15), and
the rotations M, 7k% s @ around x, y, % axes, are the fol-
lowlng:

‘ Vmﬁ (1l + v 1h) dz dy, ) 1
5

v g ff s I N £ 2

1
P . v de dy .
=7 ﬁs}w ¥

x

i, = - »—11,« gq swdx dy,

¥

B*—:i}»(n?i,"f" v‘l’;,)dxﬁi}"

These definitions are identical with the meaning of
1fizxed?! which wee declded upon in the precsding section,
Bagsd upon equations {13), {18}, and (17), we hnow that
the so~galled ffixed! condition means that there i3 no
translation or robtation st the transverse crossegection,
At the same time, 1t mey be proved that actuslly there is
no confliect vetween this definition and the existing meana
ing as understood by common sense, For exeampl-, when a
certalin transverse cross«section remains a plane surface
even after transformation, it iz not diffiecult to prove
that the sransl-tion and rotation determwined Wy equations
(16) and {17} are the same as the translation and rotation
which are ordinarily understood,

Asgume that U9, VO, .,., 6% are the displacements
and rotations at the losded en’ to which a force has been
applied, According to definition, the work done by the
external force is: ‘

B 2 (B USH Fy VO NWO o Mo+ Ml £+ Mo (18}
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And, beased uwpon the principle of sonservation of energy,
‘we know tThedt the shove equation i¢ also the eguation for
the straln snergy of the coylinder,

"IV Displacemen: and the Centzr of Twist in the Problem
Cof Twist '

How agsume that there is only one moment of twist,
My, on the loaded end of a cantilever beam, and all other’ .
resultants and thelr moments are equal to zero, The Sainte
Venant solution to this problem is well-known, The - ‘
stregses and displasements of all loeii in the eylinder

. can be expressed by & co-officlenmt of torsion P(x, y),
a2 in the folliowing: C

a,-—“:gyz-a‘,=r,,mu, ) ' b }
. L M 8P . mﬁ(ﬁ?*.g.f) o {19}
=y la =) =5 % T -

- My : M, - @
T ,;5 G—yds, = Fx (o = %o} 2,

.M '
luﬁ“ﬁ’)«(@”ﬂ.’g“‘ygx”&xt)}/). ]

‘where G lg the shearing modulus of elastieity of the eyiin.
der and D 1s the horsional rigldity of the eylinder, In .
the original problem Xg, Ve, %o wore indeterminato cone :
‘stants; hers, X5, Y. &re the coordinntes of the eenter of
twist, These conastants can be detsrmined by application

¢f the "fixed? conditions of Bq, (13}, which we have dis-
cussed in thie paper, By substituting 2q, (19) into Eg.
{13), we can ses that the thres latter scond tions ave ;
satiafied and the first thres ecan be formulated as follows:

% WP = sy = vy + yt) dedy =

' (20)

Y Bl TR O & S,; ¥rdxdy = ;

S T
¥, X,
3 )

¥{E = g = wy v & yyx) 4 dy =1,
P .

noting that x, y axes avre the central major axes of the §
eross~section; and, from the above eguations, we can find:
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N or

i g b N { s e e ”l"_ )
Wy h @ Iy dy. %, 7 j} . v& di dy N i U iPdxdy . (21)

After we have found the quantities of Xy, ¥es Wos We can
with complete sccuracy determine the displacements of all
points. It can saglly bs seen that the coordinates of the
coenter of twist presented in this paper are the same as
those glven by Treffiz. N '

Ve notice that the torgiondl rigldity D can be given
by the following equationt

b= [ (T o (B o)} (22)

B R RN O

Thus, we ean find the valves of three translations and
b4

thrse rotations on any trangsverse crogswsection by the
followings

AN My vy & |1 “:{f" *y %, $3 = 0, '
GD v G v i (25)
.7\4‘.
== 0, g, == 0, 05-"{-:}}52.

Therazfere, after a oylinder has undergone twisk, there is
rotation sround the Zw.axis and translation along the x, ¥
axes in the transverse cross~ssctions,

Y The Jenter of Shear of the Cantilever Beams

How aggume thet the cantilever beam shcan in Figure *
i, 1s loaded, simuliansously, on its free end with a trantca
verse load P, Fo, and o moment of twist My, but not with
seny other load, “Under these thres loading asctions, trange
lationg UC, V9, along the x, ¥ axes, and robation 69
sround the z-sxis, w11l be devsloped at the eross-gsection
of the free end., TUY, 79, 6%, should be the linear co-of-
ficlents of Fy, Fe¢, My: thus. they can be written in the
following menner:”

B

{Refer to Eg, 28):




UG.‘:EUIF i-JaF "t"”éb" M,

e

PO = P E, V2 F,-—-§l§~u,, | (24)

= ', + 82’}", +7é*n“ M....

Now, let us solve for eﬁ and 82

¥rom Bq, (18}, the strain anergy of thea eylinder in
this problem 1s squal to the work doma by t:he external ;
forces, as shown below:

N B 14 /. ~. ' | ! »
E =._;{p,(\u!JL,+U=F,+—~§‘«5-M,,)-_f-ﬁ,(vzmﬁ-wn_ﬁ M)+ (28)

l
+M,(6‘I +8‘I’~ -+ f‘FM')}'

'8ince the strain energy in an elastic body remains une
. changed, even when ws alter the sequonce of ths external
forees appliad, presumesdly we could first apply the transg<

verse load F, and F_, to the cantilever beam, then we could

- agein apply the momént of twist M., In thils manner, first
- applying Fy and Fy, ?::he total worg done by the bxbernal

forces 13: e
B, = sz. {p,(ui For UREY + F(VEF, + V2 F,)}. ( ) ;

"Tben, when we again apply .z'lz, the total wecrk done by the
-external foreces iLas:

| _ : ‘_ o C (en)
E; M. . My + Fy - (,D My = F,-—g";.yM,,. ‘

So, the'_ﬁtraix; energy iIn the beam 18 aleo eqﬁal to:s

}, .
E= "{ (U, + U fw)-r!*su”fﬁ*' m+ &b “"’}* - (28)
¢ Y
A -2l My - Fy ch M,
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Comparing Fg. (25) and Bq. (88), we know that

Y %6t (29)
M8 F, + 8 F,) = Fo g Me = Fy g Mo

This equation is established no matter what the values are
for Py, Fy, and My. Thus, the following must also be
true: '

P .' {20)

Therefore, the rotation around the z.axls at the crosse
saction of the frse end is:

! ’ (31)

B+ g M

oo Yok o Eed
& =-gp ¥+~ "ep

From this equation we can see thab, when

(322

M, = 2, Fy = 90 ¥,

there will be no robation around the z.axis &b the ¢ross-
section, Ths conditlon of Bg. (32) indicates that the
resuitant of the exbernal load passes through ths point
(Xos Tols From thiz, we know that the point (xg, y,) 1s
the cansor of shear,

From the above discussion, we arrive alt the followe
ing conelusiont ths center of twist and the center of
shear sre one and the same polnt and thelr coordinates are
X=r, and ¥=7F4e We should point out, however, that the
resson why we can prove that the cenbter of twlat ecoincildes
with the center of shesr is that when we determinad the
nmeaning of tranalastion and rotation for the transverse
erosa~gocstion, we bagsed our work upon the relationship bea
tweoen fores and work done so that we could utilize the law
of Conservation of Energy, from whence we derived BEq, (31).
In fact, Eg, (30} is the well-known Theorem of Kquality
uged in the mechanlces of elastic bodies,

If we ghould use anothei method to d:bermine the
meaning of the translation and rotation of & transverse
cross=zectlon, we could not spply the law of Conservation
of Energy. OConsegquently, nalither could we derive the
Theorem of Bquality, Even if we could determine the locii
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of the center of twist and the center of shear, the twe

"might not necssasrily colnelde,

Imsert Bge (30) into the strain energy equation em i

- Bge {25} -« and, after rearrangement, we obtain:

/ N R o %l N, : ol
Best {K R 0 L A R L (V’ - B Y+ (35}

+fh(m4mm+wm%.

)

From this equstion we can see that 4if the vesultant and
the load orientation remaln unchanpged (1.eey i there is

“no change in P, end F@}@ tut the position of the resultent

is changed (1,8. , o Bhange in M )}, then the sbrain energy’
of the eylinder will reash 1ia mfnimum,value wnen the ros

sultant passes through the center of sheary The strain

snergy valus can be used o indicate the aversge intensity
of all the loeal sbtresses in the body., Hencs, when an.

-extaranl force passss through the senber of sheary the

averags streas Intensity produced 1in the eylinder will be
et a minimwms Thereforey debermining the sventer of shear
©y the method developed in this paper not only provides 1
a olear and accurate psometrical meaning, 1t also indiecates
the closa relationehip with the averags stress intensity &n
the aylivdarg ‘ S

10,313
CS0: 1536-5/¢ - -
| END
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