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sation established to service the translation 

and research needs of the various government 

departments. 



©N A. HBTEÖ2L 0?  C0K3TEÜ-«SHQ. ioiTXittL' TlftJMTORIBI 

/jfoxiMttng- is  tfe«  trasa istiea ®f an article 
by H3»'E*aeaira3t.iy  im Ha1:e»isctiabea&&y Sborafk 
(Mkthmti«|l  ArtiolM),   ¥©1  £UX.<9S),   H®  a, 
Mose»«,. »»bi»*i&3ry !©«£,  pat'®»  105»^©®^ 

TO«, pyaaaat.artiala. «•staylba*  a. »at baa of dat«rBlaifefl» 
optical :trm$4iefxl?B   Cwltfe:■rmmfm&.t t© ib® «täratian of tha . j 
*rs»si®ut  £*•*»•».).. fa* liana*» naastcttba^vj aystaas  in- tbej 
©äS© «f .Xiaitad eaatxal faaetiaa »o««!!♦" ! 

Sat'«a aa&a&dar tb© ayata*. daaaribad by .'the M$faaeaa- 
tic-1 aqa&i £©a«. 

^ £   /VW X.     ^y,     +     ^gV), Pft)* *V^ 

aa«ra a^fa:^   ia'as »•»«SiiAeaaiaaal «««star wltb aeeydiiiataä 
»i     a£ v»ipa«a>ati&t a©£»t    at    ia.'taa j^a*a''a<a*a«' at tb© sy^~ 
t«ttv  3P<t>  is  tb* a- £ a-at&trlx «boa« a&»aaQt» p^Ct) ar« aaa«' 
tiauou»  fuactlona'af ti-M t€ CO» ^O >p  b .a  (a*.;?.,a-)  4s--J 
aoaataxt  ratar,     y»Ct)  «V<fr<t>,*.., <f»Xt>5   1» a-eaStinuou^ 
raetoy faaetäaa daüstsyibiag tba' »xt«i?n»l  »'.ignal,  a-«S v\<t>  tk 
a aaalar aaatroX atagaitue1»« - •(' ' 

Eat  «is  faraaiata two aptia&a  re.guI&.tloa a*ablna8i     !    ' 
■BEftWag. A«  ^®* glvva s s.j^,  t * t«.. - Ö t« aat*-*aln«  tb® ©i- 
tifflal  eoat*«»2  in tbe  far® of a, »laeavlsa-aaaota function     '' 
H •(*> aaeb .*aa$ I 

|^(t)l   ^ 
CO, 2) 

aad  traieetory at<x0,t,^*>  ©t ayata»  <0.'l>  raaehaa<'faint xU 0 
ia tb# nialaraa tiaa t a"f« £©*     ,"n s    i» •f-fcj. j 

üota.  By MJetaCr^ltfi:-a«b8«lttttioa-'7 "» x - -sctti; • tb®   j 
JErobla«..•*.*ia«i»K_aa_optiiiai;.aoatral f *©M_ tbe_jpolntlx_=. xj, " 



mmmm 

<«t «oTiaF *lon« the curve x » fCt). wh«. f(t) i« 
to a point ■B^i^f";e;tlable ^etor function. 
a continuously dilfere«**«* t a to c o8 we are to dateline 

"^■^/tLSir Mt>0,-«ti.*;ing condition (0.2) such the optimal control r^ IT/       * _ , * .*- *.,.«,« « H<> ©f system (0*1) ie traced 

4*-..  A formulation el W» probl.» and the firs* «salts 

SS^£2^~ Ä£ ^V  — .,^ 
Of differential »Q«**3-0®8 •.,-:,'->' 

dx 
at 

iCx-jtt) 

- * „     u v is * control vector and by linear ays- 
*har# I  ".l«i';i«"rr«ult0 are prumfd in article 2 in 
terns. Some of these resu        linear systems, important 
th. bibli.graphj. ^;0~; * v^elfcrelidso Cr.f. 3 and 4). 
result, have been ^f^^,; ;oatrdbutlon* of   ». Bellman, 
Mention muat also be ^afl® La a'all# (ref# 6). 

J# Glieksberg, °- 
C"a" ("^+Ji "

d
o;

-opti«al control are 
•mi* «T-oblems involved la tne e^eo^y w »p  . . 
The proai-»»     ariHngs 0f i.i„ itosonper (r*fs. 7 ana 
dealt with f ^h;/li;X^at of departure Ljr. Fontryagin«* 
g) , which talc« a® *.no po"1- w   *■ «.««trol existence 

theory ha,, recently been **"* |^* ^JRectories 
In conBtruotino: actual «•»«*•*• °^ö^t3 ,£ th. folio*- 
* Ä« « ««tain difficulty which consists xn *« 

there arises a celta" ~"     'lt «osalble to calculate the 
ings the optimum conditions make It P°«»"*e *    b  lnt.g_ 

\   \   + 'a4fii.torv which emerges from point at - x0 oy *»** optimal trajectory «^    A* tioM Cthe Hamiltonian system 
rating a certain system of •««"£• J™t„ of „ arbitrary 

^TtsVn suchTway that th.traj.ofr, passes P^-*^ 
constants in such aw y       blem pr<9sents particular dif 1- 
into point x - 0» rhi* 1"t

d;*tirban;s functions  ü»(t) (or 
culties in the presence £ £**£b£"%™,,ry onto eW x » .*<* 

of eases saakss it posBic-.^ 



«*.«MeffiQ    #his method consists  in 
pr....t.d by "^"^IL landB (»ith limitation <0.*> taken 
KpPro*i=atin. »»»~ £ S».««—  -Ptl«a  control. 
Into  account,   which  nave  a« ell  as   in intro- 
St*  p-b*—  >«*2» «;*^SU £i~ of  equations 
duoing parameters 6,f Jat« *»*"  ootimal  trajectories  is  thus 
/g.. note/-  The determination *  ^"^.J«.«.!.*  equations 
reduced  to the    ^» ..lotion, on parameters 
describing  the  oefen=°"a     „en  initial  conditions ./Note: 
S^and applrine a £ £o2*£ ^^  proble»a  on peters 
£.   „eeretuaao-VyTi.  KirilloS  <rex.   1»,  W.  -suits  are 

e^ereone. ^^.^^ - *^-U«V- LT*.« -* 
methodsi for this reason, ^  < .,„lduILl ot)timal trajectories, x  ».Ä „flfi-e-ui for determining individual opx*««*   •» 
to be ufl*fu\;~*  utiön of „..tons synthesis »roblaas. 

system of equations 

dx  „. #pCt>* + B< j*)u + dftt.) (1*15 

n « t'6X rdi^si^rr^r» Sit! co.mcients  sivsn £ «. 

= .   &4*U       (i   "*   1»««»*a*   3 ** 
>ij   " lj 

(C        «••  e««tant.  such that  for |X €: < 0»l]    «atrix B<^> 
±i ,      ,    --(« ..«   \i«  *»• control sector func- 

U» b. considered  in co.pariso» ..-»«««t* »fj^ 

,*rb^!«25 ;•'«. « .V-^-h ..tUtl- the condition optimal  trajectory t»   %x.      • f*' 

u?Ct> +  ...  + 4<t}4l CU4) 

,-d  1,  such that  the victory *Ua,i.n°>  *XJf **V^r 
^LhL  Poi.t  x * 0  in t*. shortest  tla» i  - VC& .   * > 
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■  ProöXets B0 «A* W&T  X « XÄ, t ss *  a 0 to find the 

optimal eoatrol u°Ct» Ö ». jA »' K)  which.satisfies condition 
(1«4) and is «aeh that the trajectory x(xott,tt.°»M) of System 
(1*1) passe» onto manifold K of space x in the shortest time 
t = T°< ©¥^ »SO, 

Hots X-« Xa problem »e^ manifold M can also be considered 
as dependent ot parameters- Q- and ^ j we shall limit ourselves 
here» however,  to the oaae where li is assumed to be Indepen- « 
dent of parameters © and jA « 

Note 2« To  simplify- the equations derived below, the 
factor 0 appearing in front of function- <0(t) in system (1»1)' 
also need net be derived, this» however, will complicate the 
solution of problem k^iBQ^)  somewhat. 

Let us introduce the following notations 
FCtj/g) ) is -the fundamental matrix ©f solutions to the 

system 
&£ s. OFCtJX <i»5) 

. dt 

!  (t, 6- ) is the inverses of matrix F; is the inverse* 
HCt, ©tp  > is the matrix 

HCtsö , jtO- fr""*"1«, Ö )B<j^ >. (1*6) 

&et us define the matrices Bj-Ct) by the recursion 
formula 

S ~ B, Ry+1 = fSi ~ B.P  iU  » 1,...,. n-t)      (1.7) 
x-      "" " • dt   . 

.and assume that  vectors  ILfe/ (k « l»*»*f,n)  art  linearly  in- 
-dependent' for' t ^ 0 with.the possible exception of certain 
isolated'value« of -t«t   i«e»v 

a- *. 
M6 (i#8) 

k&l 

n     £t \ 
C     ^}VB: J*  °t   t  #  % , L ~  1,2,*,* / . 

k s l 

Fox the linear stationary case where P*t) a A: » const, 
condition (1,8) is gl*a» in (ref„ 3). under conditions (1»8> 



function* fcijLC't) « ißhz*   *»»• elements of matrix (1.6) 

satisfy the condition ' . 

a i n, -v  ft       1 

i«l      ■       i==l 

for all t■ <6 0 with the possible, exception of certain isolated 
values' t ~ t*. This fact is eheeftwd fey differentiating' the 
expression *£ (t> = ^ h^t) with respect to t   n-1 

times. Derivatives- OL are expressed in terms of vectors' 
dt* 

E ,b (see ref. 10). From the fact of the linear independence 
of these vectors it follows that for all t £0 (with tho 
exception of isolated values} w® cannot simultaneously have 

ß   ~  0...#. &~^-4> ~  0$ this proves (1*9)* . 
r dt11*"1 

Henceforth, the initial point at » at0. will be considered 
fixed and such that there exists a permissible control >\ (t) 
(corresponding to u<t)0 ishieh satisfies conditions (0#2) (or 
(1,4) respectively) and generates a trajectory reaching point 
* e 0 (on manifold M) in a finite time T. The problem of eva- 
luating region 6 whose points :%£ G satisfy this condition 
is not germane to the present article-. Let us merely note 
that these conditions are satisfied for all points x0 for a 
sufficiently broad slass of .properly stable linear systems 
for  if e 0# *& a hall henceforth assume that x0fc G for all 

■problems, Ä^^ * Bsp.* 
2« This paragraph deals with problem A and the-transi- 

tion' from problem A  to problem, AQJX * 
In ref* 11 it ' is shown that under conditions (l#e$ 

problem A has a single solution» while the*'optimal control 
time T° is determined from the condition that T° is the least 
iroot of the equation 

\<T) « mln f|£Xihil(^)(d^ = 1       (2.U 

where c* are components of vector c, defined by the equation 

5 



^^^^^^m^ 

T 

0 

(0 a  1>. 

The optimal control A°Ct) Is defined by the formula* 

where \ 4 are solutions to problem (2.*IX* 
Not®, In case <jp'g- 0, vector c = «x0 = const, X(T) 

is a monoton!fcally Increasing function T and equation (2*1) 
has a single root. 

If problem A ©a is reduced (Just as problem A in 
refs. 10 and 11) to an «^-problem» <ref « 12.) in the functional 
space ihL(tr)»*..,hÄ(tr )£vlth a norm 

T . & 

o 
then» as in ref. 11, we arrive at the following statement: 
problem A©^  has a single solution*, the optimal time T°i^t^> 
is the least root of the equation 

\CTt« , u ) = Bin \j > |^ifcnCt' i e»iA>\ ] dt? a 1 

(2*4.) 
n 

V*S£l liSBl 

where c are components of- vector (2*2.) (0<* ©■*!), while the 
optimal control Is defined by the formula 

*L-o 

. Ct. O.  <a) = ~~~r-J 
5 

.-SXi^ijC,9»^) 
u°(t,et^) = —---i^----------.      ^ <J=l,.,.fn>.  C2.#5) 

fc 3=1,1. i=l. "* J 

»This formula, of course, also follows from L'*ff, Pontryagin*s 
Maximum Principle (re£»$.)» 



*ler©    X^e^-O   are  the  solutions   to  problem   <?*<*> 
a*sd  tb«" denominator  <a.5>  does  not  go  to  s*r« *•«»««• ffiatrix 

B(a>   **  n»a-«tingul&r# ■«».•»«. + «  »«•publish 
T        **latloi»h£p«   U.l>-U.5>  iaah-s  it   possible  to  establish 

the  r*«uelbllity 0*   the  eolution to  problem  %JA to  that   of 

1 Lemma &*1*   The  limit 

<a.0) 

Praof.Siao©,  .obviously, \<TtI.,^ )^  \<T>*  from  <2*r> 
and  C4«4>  there  follows  til©  Inequality 

The  optimal  control, ti»» o-?  problem A' <T°)   is  the  least  root 
©£  equation  <2»1};   beac* " 

X(f>*li  for  T~10 «* <k <eX> G>, (2*8} 

On the other baad,   for  O^TiT« - *   »• **»• the uniform 

tißit 

litt ^ X CT11, yK >   <=   A (T) t C £*8 > 

and, consequently, for saiflciently small"values of /Af the 
inequality 

in coabination with inequelity <2.7>, the letter inequality 
means tftat the auaber T»<l,vO is the least root of equation 
(2#4) end J.les.6n tin* segfcent tT0 - «., T°J  £or sufficiently 
AsiaJll a>0. A* * result of the «rbltrwy choice of <5k>0» the , 
isaisa Is  thus  proved« ©-■*,..    +< 

Leaua 2«2» The firs* component u^Ct»!,^) <** '■-*»• ©Pti- 
aal control of problem &ifJ, converge« to, the optimal contra , 
->-jöCt) of problem.&>     ^ 

*    Proof. The numbers KjU.jJO which are the solutions 
*o problem (2*4) tax     6=1 are uniformly liaitoö as 
3<£'<<.U  € v*ö> 0 ift a constant. Consequently, it is possible 
bo Choose a convergent Bubsequence £\|<1, JA k >| *ro» any 

taa 

to 



s«.«y©ae« k   Jcit ^^ tk«sl,a,*..), where lia fAV = °* £i&«wis». 

it is not difficult t»; ascertain that the numbers X| Ä 

- liaX^Cl» Mfr ) are solutions ta problem (2,1), Now tte 

l®»ma is proved with the aid ©f formulas (2*3$ aad (2«5). 
Hote,  The .optimal trajectories which are defined by the 
least roots ©£ equations C2.*t>. aad ((2*4)) correspond to 
the minimum time T°'(T°(9!»^)) relative to *ü*t^*-..:..: 
'variations' of controls *ft*KtJ Cu0(t>) constrained by con- 
ditions (0,2.) ((1.4) >»    "  ' . 

3.» In the presence &S  externally : impressed' functions 
<D Ct) &  0 ia linear Systeme,.'the existence of locally-optimal 
trajectories; is possible» Lot us coasider the situation 'which 
arises here« 

Definition S#JL« Trajectory sst(x0»t» tt
ft) of eye torn- (0*1) 

(trajectory at(x ,t»u°) of system (1«1) respectively «ill be 

called locally, opt.JBal if it is possible to find a number 
F > G such that there does not exist any permissible control 
'•r"\<t). (u(t)> subject to conditions (0,2) (1«4)> auch that 
the trajeetory .if ,feeaerate#--..adtxö*tf 7\ > (xCat^tju) reaches- 
point s:  = 0 for t = T <; Te'(T<< Tpr & f  J>f. vith th« added con- 

dition that the inequality. 

n .9ft 
i^i^it.V - *i<xe,t,^^'*-i£

a  CO it ^T) 
i~l 

(3,1) 

(or, respectively» the Inequality) 

£• 2   2 

' i=X 
(3»"> 

is fulfilled. 
Note. .In .order to establish the local- Optlraality of- 

the trajectory st(x $tt  V\°) Cx.(aeattsu°> in our case, it is 

sufficient to prove tar Existence ©f a. number- »> 0 such that 
there exists- ao permissible control *Y| (t) (u(t5) which will 



by»*"* tralpotory aKx^.t,^)   «x(xtt,tttt>  to .poiat * * 0 
at *o»«at\t » T     CTO-SY**5'   ■  ■    • es 3*1*   It 'i® <T®'< & *  M)>  is & root of equati 
C2*I>   CCS*«)?»  aai4-tl».in**fc^tty 

\<T><1   f«r T€ CT°  -<*,T°)   ■ W    >  0) <3#S> 

Cor        X(T,©,|X)^r f.rT'£We,ji)  -*,  *°<e»/*>       „   .. 

respectively)  hold«,   then trajectory. xCx^t, v\a>   (x<xo,tfu
a>> 

generated   by control   (2.,3>'CC3#5>)   iß   locally  optimal. 
Proof,  To pr©^® thi«  le&ma*   it   is  stiffieient  to not« 

that  in view ef the  general  results- relating to. the  »l-problem* 
(ref,   12:),   und«r  condition«   (3t3)(CS«4)>   there  exises   so 
permissible' function    \Ct>   (t,<t>)   which  satisfies   inequality 
(0,2)   C(l*4>>  aa«t the condition, 

0 

Cor  condition 

©■ 

respectively)«  . ' 
Lest»^. 3,2* if T° 1® a root Of equation (2»t) and 

then for  nt CO»^0.) there exists a. family oi locally optiual 
trajectories xCx^t.tt0)^ of problein Aj» which converge as 
lA-^Oto the looaliy optimal trajectory xU0,t,;^°> ©f problem Ä 
furthermore 

and the first 6o*pon*&t uJ(t,l*yU > converge»-' uniformly to 
function lj°(t) as u-> 0*' 



I,&Bm& 3*3* Let T®Clj,|A) b« fc...JMM»t of e^attos* (2*4) 
for JU t C@» LI^.)* ö ä ;t^ coatiawously dependent o& -tAj in ■ 
addition* let the following conditions.bo fulfilled: 

äJySJLsJLsJL)„ -->  ^ ;>   o-    t<X ==•■ ooa»* )■ (3*6) 

T*tl, «>-£N *C<*°     (H  ~  const) (3.7) 

Then problem'&'has a. locally optimal trajectory x<sott» 71°) ■ 
to which oorrsßpcsiids ©ptlßal control tin« 

(3*8) T®'« 11» T°<ifd > 

aad tlie  optimal  oostrol  function 

Yl°<t>  « «iga!^-i\1hir(t>( ? 

The  proof  of   1 «annas   S,2; &ad   3*3 malcas  us®, of  arguments 
wlicili are  analogous   to  tfaoso. applied  in jsrovl^g Xemisas- 2*1" and 
2*3*   For  th3s'reason*   «?■©  oixli  the  proofs  of  th«   former  two 
Xostma©' hor®« 

Mote  I.«   Lot  na  point  out   that  conditions (2.»X.)~( 2« 5) 
which  *5etoriaine  th*  solution®  to  problems 'it and Ae^   are  ans.- 
logeusä  to  «aaditi.oaa  which may be  d©#uo»d from the  ssastimuffi 
'pronclnle  for stationary System» 'giv&n  in re^*   2:*. Th© form 
used  in  (2*1.)«C2*5)   iß  con^eniant  for  what follows,» 

Mete  2*   In eas*      i|)s0  there esist  no  locally optimal 
trajectories   which differ' txem th« single  oj-tiiaal   trajectory 
x(Äa.»t, p.°>»   sinoe equation . (2»JL><<2#4)>  oa&nfifi have aer« 
than oEO-^root. (when    if s. Ö ,'u j* o,   »ad      0>\/"6T > 0 ev<ary~ 
srnero)» ' 

4*   Loattas   2«, 1.-3«.3 polst  to  tho  following method  of 
constructing  a» optimal   trajectory  for  system   (0«.l.)t 

W«  construct the auxiliary systorn ' C'l#l) j 'far    ©  » 0t 
,U ~  1 the  optima!   trajectory  of  sy@t®m   Cl«-!)  which  connects 
point as  x «  xß  and x  ™ 0  is   found by an  elementary method:-   ' 
this   is   th©  straight   linm  which connects   points  x - a0»   x «  0« 
lot us .have  absolution t© th© problem for som© value ^-^ 0 
{ iX   ä I)*   then»  ueiar*  tho  theorems'on implicit  function« 

lö 



*ble to find expressions for derives 

«ffiS *&  (provided, that for these values of 6 and ^ 
tives 

d©     d& 
^ikiXilju^il ls  different  from, aero}. 

ifeo  partial   derivative    -^-^---^ is 

,  + 1%-1 -M«3ta»t  differential  equations makes  it 
Integration  of  the ««"£££; the  opJ;lmal problem onto 
pciM.  *%«^*^*^  Sltte !B0«  r«hi».  Point  0   « 1,   the    . 

:£*'i«  contain^ <»*"«£ «•/«£ «. -\j//A   ^ 
te   inte*r»t.  these  equetxone   for   &<°£> »   ^  _ g   fJr e5Ea3Sple< 

«..«.«! «  "..rial. -X«. •* ^ «"" ^- •"- 
inequality 

teen. «o«dif " f t*.\L« theorems on implicit functions, 

we have 

J./M... «♦« 

%2.*? iov  ~v ^grange multipliers or to express 
to wine use of the rale roi   S   *   .       of ^ other 
OBe of the ni»ber» Xt lljt^«•"**£* ;~ee note*5T 
»uab«» >,1 by »et»« of the eonoition Zsee no« _/ 

i"«i 

tiable functions of their arguments «or x  *'"•*;!.*  afl_ naDf   „ «,»««»ter U i@ intended to assure this di f erea. x duction of parameter ^,u *»* 

ability« ■»«- + Ane which differs from 

«ere. « *11 0,% turn out to   i^f^^^/!% „« mo  for 
tt.ft. the trajectory reacb.es point x - 0 for u  »» 
I ; , « ••  ti»« «° »**«" be the optical co itrol time  In 
"*" X * !«te» t» a.d *. , the number i for *hien o± * 0, efcaaging paranecers c «*«  r * . 
eaa, generally speaking* undergo alteration. 

11 



TW^"^ 

rC 

I*ft us cimsider the latter s&thed; 
'W© sfeail latro'due» the expressioa; w 

-*>^tl 

Then to ' äötsmiis*? the numbers X^ we solve the system of 
equation»       *, 

^-^e  <i = 2.,..,fn)# <4,5> 

The functional tieterm.iea&t of the right members of 
system C4«S) with respect tö variables X$ satisfies the 
condition; ''._'" 

-w far 'S r 1 

To  prove  relationship   <4#6>   it   is   suffieieat   to  «saut awl iah 
tfe&t   the   q-uadra.il©  forss 

w/„.v ■ _.      -<v <?    § 

i»Jffi2 

i» positiv® äefiait©» T&e &na„lytie eimi irma:?; ion of this 
latter fact» readily apparent from geometric considerations» 
wixl foe omitted Iiere. 

Coasequaatl;, , derivatives «I K.^/üQ satisfy the equations 

T> IK.-,---, Xw3 

(1 ~ 2,«,«„ ,&) 

Equations analogous' tö (4«2) and <4«.7) ean also be 
constructed for derivatives dTa/ö u , d,)s,*/d jA j 

13. 
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hr 

1 d  v 

££-  (0-0,      •   c^8) 

-A ... 

d>'v 
3)  L/\v ._V/M,.--'Xr3'    . (4.9) 

<1 = 2s*.»9a| Ö s 1). 

Not©* la calculating the partial derivatives- 3X$T, cognizance 
«bould to& tak^n of the complex nature of th« dependence of 
\(TS6 , a> ©a Ts it th© first place, on th© upper; Mmit of 
the" integral, and secondly» through th© c^s» Analogously, 
in cMeulaAine tie.functional determinants in the.numerators . 
of the right members of <4.7> and U.»>t it should >• borne 
in wind that 1B arriving equation« U.7)-U.t) the expression 
T°< & , iA> was assumed to be a known function »f parameters 
£    Ä «as«  U- I - ©• *'« is sufficient t» tUce into o©n«' ' 
adoration enl/watloii.. (4.1>, <4.7>j 1» doing this, however, 
the denendsaee of JA ©" ° «houid fca taken into account in the 
f».notlocal determinant in the numerator ©£ the right steiahar o« 

■"    A co-'ssaueae© of leiaaas 2«£«»3*3 is the following 
TheoreB 4.1-. Let I°( 0 , M ) , K £< 9 ,  ^> ^e ^ 1» O^u^, 

© ä 1) be solutions t© th© system of equations <4*,2>» (4*7), 
14.35* (4.0) and the condition 

"^X/cfT >* *t'>" Ö    (^    a ooasv) (4«l:0) 

fee satisfied  for  these solutions- 
Then the number T£*  defined by th©  liait 

T»  ~  list T°(l, U), 

is the optimal control time of problem A» tin« ^° -ha© a 
corresponding locally optimal trajectory with optimal control 

vv°(t) = »ii-r i?"X|^i^<*>V \ a liaL \?Cl,pO. 

C4.1 ) 



Note-.. 2a. ease i£ S. O, under ooaditloss (1,7), the integration 
of system (4#2

i)»' U.7>-<4»0> always leads • to a single 
optimal tratfeetory xtx0,t» * \ J . 

S8 In this .-paragraph we a hall oonsidter problem B/ 
£©t us replace profolftra B with pro-blosi B^ for the 

auxiliary system (l#*Jt->* To. derive tho equations' describing the 

j&x 
dependence öf  optimal solutions  T*<©,^i), X .( ^'» ^>  ©* 
problem B on parameter» 0,^ *   it  is7nooesslry to repes 
the const lotion  oi. aquation« ' (4*2),   <4#7)-<4.9)  ©f  js-«etl©n.. "   * 
4,  T©  thesiÄ equations»   hojwsvftr',   in which the «i**  are 
calculated fron-'the  fottaul«« iF®® not®*/. 

T ■>        . I. 

0 ■ 

Cl tt l,4.*,9aj   veotev^EV) 

w®  should  add  the «quation»   which  describe'the  changes  ©1 
eoevdlaatea    £>*<0t/*>  °*  paint .g-°€M with alterations  in 
parameters   0 sm&   p{* 

L*t  aiajjifoJLö  M fee  described by  the  eontinuousXy differ- 
ent ia.ble  function» 

.TTue extremality conditions  for tlj»* T°C 6».y>  yield  the 
system   of   equation«*. 

■srhich  is   satisfied  by  the  variables   f **   C±  « 1, ♦,,*■)   that 
define  coordinates i|®  of  ««treraal  point'       ££». 

3 /*,      ' 
If for tha exaaiined values of Q  and *A the functional 

determinant of th©-l«ft member®,©f (£dS) in terms &f  tr&ria&lea 

£i is not.'equal to aero, than derivatives & (^^/A®    Cfo.r 

. O^Ö<l*y\ä i.) and dC,t/äßil&r  8 » X, 0<ju ^ 1) satisfy 
the conditions» 

*.Indox i in equation 'S«!) stand© £©r the i->\.h oompoaont o£ 
the corresponding veetor* 



3>f$: ,_,rr 

6» &■ 

6 

ÖT* "7 
,...,o <S,4> 

^.t^u--v^/--,C. 

.^ 
r?2.     ö! i O»,..-,"^ (8*5) 

$>C5,j..., C-u 

*hay«s derivative» "^ T/£) £ i  should be calculated tr&m  equ&~ 
fion. <a»4> by means of tfee rule for'differentiating implicit 
^ttxwations* System of equations <5«4), (§«&) ia combination 
with equations (4,2>, (4,?5»(4«#) describag tn© dependence 
©f tli«-? &|sti3ial solutions- to problem g$^ ©& parameter». 0 and LA.« 

T&e truth &f  th.0  following statement is established 
by combining ■Xeians&s 8*l..-3>3 with sufficient conditioner to maJke 
a function of x  variables £ j »»«■*■ s £*  assume its minimum value 
fcj-ife^ «aua: method» eaplo-yed''in tne Calculus of variation». 

If T*C 0 , U > , \ f C <? t y ) , ££( $ # JLO are solutions 

to the system of equations <4,2>t C4,7>~<4»©>, (5,4)» <3#8), 
alcxjg rhicli inequalities (4*1:0) and 

D 
4T *\  -J" 

;:J C 

I* or 
J) L S . , .... , C-r-S 

and for sufficiently small  values  of  fÄ C0<.u<C Uö>  tae 
quadratic   for» '   ■ ' 

s? 

1 

IS 



v<a>#  **■ ^8i   (04> °  i«  * constant),   tfcen 

T* « 11» T°<1* lA > 

is the optiaal control tin* for probl«» B, which has a 
eorrwpondlng- locally optimal trajectory xCx^t, ^ ,M) 

generated by the control 

where the jroaber«  t axe defined by the limit 

k, s= Iiri'/\C1« u >. 

Kot«. Syat«a C4.S), <4*7>-t4,9>, C5.4>-<5*5>. ia on» of the 
possible- forms of tho ®yot©m of equations vä.leh describe 
the dependence of the solutions to problems &da and B^ 
OB 0  and ^*' Cases may »©ear when in integrating xfeis' 
Bistro, the coabin&tlon of n-1 indices i should fe© changed 
in «quatiou» <4#7>,<4U9)* awaetlae» la deriving suofo equation®, 
lB,tM4ef direetly raplaolag variable At with an expression 
ia\wM-ofthe rest öf the variable \$.t • *t 1© more» advisable 
tn mska use of the Lacr&ng«  multiplier method and to replace 
tao tw syaten» (4*Ä>, <4,7>, U.8), (4,0) ny a single system 
(4.2>f U**)*  rising: ps 2. »0* 

(Beeaived 2.1. April 1050j 
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