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PBSDXCTXGN OF DURABILITY OF ELEMENTS AHB AUTOMATIC 
SYSTEMS WITH TTECTQRIAL 
»ETBBMIHING PAEÄMETERS 

'-9BSfe~ - 

{."Following is the translation of an article 
by 0»V. ©nuzhiain (Moscow) in l.fewastiya .Alt«.»» 
doaii . Kanfc SSS.a,. Otdeleniire Tefchnichoskikh 
Hat»k. Bnsritet.ika ,ft Automatik«. (News of the 
Academy of Sciences WSB, Technical Seienees 
Section, Power Production and Automation), 
Ho S» Moscow, 1©61., page® .16 5-170,] 

»usability means the ability of elements and »yet«»« 
to remain in perfect ©ardor during • forage or operation. 
Statistical studies of durability deal with random change 
processes in determining element parameters as a result of 
wear or deterioration (reference« 1,33» The cited paper» 
assume that, each element'ls< characterised by a single 
determining parameter» There are oases» however, whoa a 
system or element is ch&raeterlmed by;- several determining 
parasetera <a vectori&M'.determining parameter), it thus 
become» necessary to deal, with rectorial random processes 
of change in the determining parameters and statistical 
bounds Of elements. The p»rpos#:.öf ...the present article 
is t© predict systems and element durability aagthe basis 
of the state of elements at the present tiiae« 

t» !3&£&&&&£±ate&LJ&MiJ3ULQA%&^ .de »erai ni net  -astra- 
mojera, and at&tJjLtlCitl. bounds, of, element^ A«y study of 
durability is almost always connected with the extrapola- 
tion of determining parameters and statistical bounds« 
At the same time, the possibility of measuring determining 
parameter and statistical bound values is extremely limited. 
This makes' it necessary to employ approximate methods of 



predicting element and systems durability. It is vary 
convenient to approximate vectorial determining parameters 
by means of linear vectorial random tins functions with 
components of the form 

.H,(t)"= A* + B4        (v-1,2,..!)    "\ ,.   (i.i) 

Here Ay is the random initial vsXuo of the \>~th 
component ?^(t) of the vectorial random function B<t)$ 
B^ la tn« random mean (with .respect to time) rate of 
change of tha \}»th  component of H<t># 

The formulas giving the mathematical expectation«, 
dispersions, and correlative functions of the vectorial 
linear random function BCt) components are analogous to 
the corresponding formulas for the scalar linear random 
function (reference 1). 'Tito mutual correlative function 
of the vectorial linear random function has the form 

letting  V«^ ia formula Cl«2), we obtain the 
formula for the correlative function of the Orth component 
of H(t), while for $ » }A  and t » t* we have the formula 
for the dispersion of this component. 

Making use of linear veetcrial random functions, 
it is possible to characterise the vectorial determining 
parameters with a relatively small number of constant 
numerical characteristics; this simplifies considerably 
the study of element and systems durability. In addition 
to this, the use of the indicated functions makes it possible 
to extrapolate the random change processes in the determin- 
ing parameters and statistical bounds of elements on the 
basis of the minimum number of cross-sections for these 
processes Ctwo>. In calculating the characteristics of 
linear random functions on the basis of the numerical 
characteristics of two cross-sections of these functions, 
each realisation is replaced with a rectilinear secant; 
there is a statistical linearisation of the actual random 
process* ,., 

the normally distributed vectorial linear random 
function is fully characterised by the following constant 
numerical characteristics; the mathematical expectations- 
for the initial values of the components m& t mft,*.. j 
the mathematical expectations of the rates' l   a of change 
of the components »j>lt »^ »••«. and the central second-order 



»»meat» . . .  ,... r.. 

The introduction of additional assumption« makes 
«»«sibl« & eoastderable reduction la the mrntor of nwserieal 
eh&ractoristies describing tho linear voetorlal random func- 

tion H€t>* .  . .,   . 
using theorems  oa tine jaumerlc&i characteristics os 

rande» quant it 1«B, it ii possible to derive- for»ul&« for 
finding the numeric«! characteristics of a linear veetorlal 
random function oa the basis of the numerical characteristics 
©f tw cro»s~s®etioaa« of this function. The mathematical' 
expectations of the initial vaLuo« and -ratee of change of 
vectorial linear random t«action H(t) components ax« ex- 
pressed by the f ©rsiulas 

  ^N",y!!>!tl1 «.» 

^^^iillZp^. (1.4) 

Xa fcrsattl&s (1*3) and <1»4) »^ is the mathematical 
expectation of the ^-th ecaponent <K) ■ «■ l,2,,««,b) of the 

• «rectorial linear random function .H(t) 'la the i-th CroaS- 
seCtiOa. 

Th« coupling *e»onts of the initial values . 

la fomula <1„S) !%<,;♦ oV; iS la *h® «^P11»* 
aemeat of cros»«-s action t1+x j»f the y«ih component of.the 
linear random function H<t) and the oross-ssetlon t^ of 
the ' y*-tfc component ©f tho taute randoat fuaetlon. The rest 
of the definitions are read off accordingly«. I* 1» formal» 
(1,5) we »et ^~a» we have a forwl* for the dispersion 
ef the initial 'value ©f th© -th. eimpensat of the linear - 
vootorial random function BCt), . 

The coupling »©«tents, of the rates of change of the 
▼eetorial liaear rand©« function components are 



(i.6> 

For T>»}4 »« obtain a formula for *h»diepersioa 
^ a k^* of the ^-th component. 

The eoupliag moments of the initial values of the 
T-th components of the linear rectorial random function 
H(t) with the rate« of change of the /A~th cempoaeats of 
this function can bo äeteraiaed fro« the formula" 

: — ^+Aviv + ^(«+i)V1  (v.H"= 1.2.-...*)      (1'7> 

2« The calculation of the durability of element» 
with rectorial determining parameter«. At a moment of time 
t4  an element Is characterised by a system of random quan- 
tities Hj^, H^ H^, lot ue denote the mutually in- 

dependent critical parameter values» at which the element 
is eonsidered out of order (permissible Halts) by 
«^r»  u>a.,..., '^»h. **en **• probability Q± that the element 
will be la working order at a moment of time t^ Is equal 
to the probability o* the simultaneous fulfillment of the 
inequalities Htl :? cOr, %^> ^..♦.H|kl> t\. *••.» 

00 00     00 

Gi ™ J S • •' $ /»<*l»»:nei--... TjhJdrUdTj,;., eftjfc (2.1) 

where f ±CY\ x, *\a» .*. *\  ) i« the probability density of the 
randoa vector % with components HJJ;» 

Haif,**»Hhiv 

in practice 1* is difficult to expect that the 
rectorial determining parameter of an eleaeat will have aero 
than thro* component*. This fact is engendered by aatheaar 
tical difficulties and the fact that elements are usually 
quite adequately charactcrime« by a rectorial randoa func- 
tion with a small number of components« 

In a number of practical problems the components of . 
a normally distributed rectorial random process H<t) are so 



*eaklv correlated that they can tea ooxwldered uncoupled  . 
Ld consequently i»d«p«d«rt. Th« integral. (2*1) disinteg- 
rate«* into the integral produet 

oo oo .oo 

Gt = GiC't. . . Gu « ^/u (iji) Ali 5 /* fa*>*fe • • - \ hi (%><%  (2.2) 
<*, »i *»& 

,    *  /-vi \    *  Ml . 5 are the-aoras&l distribution 
where £xi \l      ^  ^h 

laws lor the component» of the random vector % 

In formula ([2*3), ««. i« the mears. valu« at the 
$- -th determining parameter of an element at moment of 
tiis© t-j cs; ; i» the mean-square deviation off the V~th 

determining parameter at aonent of time tJL, 

With -nornal distribution laws fv^-oi» *©*>*ul* <S„2> 
ca» bs written in the for« 

ft.[i.-o.(.«)]...[-i-®M M 

where     »«.~"iW,ly{ 
B,j ear. a, , 'mi 

vh±lm uai       r      ,■-.     is  a Gaussian ftsnetion» ■ 

«M-y^J «PL—T]11*' 
The probability density for the duration that the 

exeunt Is In working order f^Ct) is the rate of change of 
probability 1-G± that the element is out of order 

For a vectorial determining parameter with i&depen- 
dent components. 

/» (0 jf»i{ ~ J^ '-g~ Gt.... G/t 4- -j^- G A... Gk + -jgj- GiG*... öft~i J        (2. ?) 

Since it is u*ually the case that for elements with 
rather short term» of-service the value» of G^»..«« \ 



differ little from unity, 

h rfC. 
/(0!i-ii«~liir 

v=l 

(2.8) 

Using formula (2.8) it is possible, in principle, 
to obtain an analytic expression ior the distribution law 
for the time that the element is in good working order, 
in the general ease, however, this expression would be 
extremely unwieldy. In practice, the density of the proba- 
bility of the time that the element is in good working 
order is conveniently calculated by means of the mean value 
f  on each of the intervals (tit t1+1>. In accordance with 

<i.8> 
6\.,~GV / Ä y jM-^cHit (2.9) 

v=l 
't+r 

For the normally distributed vectorial determining 
parameter, formula (2.9> Is conveniently expressed by means 
of the Gaussian function 

/{^y!!^:IiZ^> (2.10) 
Hi :    W"'* 

where u^ is determined in accordance with (2.5). 
Thus» the approximate prediction on the basis of a 

minimum number of element parameter measurements of the 
distribution law f(t) for the time that the element is in 
working order for an element with a normally distributed 
vectorial determining vector having independent components, 
it is necessary« 

a) to use measurements of the realizations of the 
vectorial determining parameter components of similar ele- 
ments at two moments of time t  and t±+x  to calculate the 
statistical numerical characteristics! mean values, disper- 
sions , and correlative cross-section moments} 

b) using the resultant data to find by moans of 
formulas (1.3)-C1.7) the characteristics m^ Ct) as* Sv

(t) 

of the vectorial linear random function H(t>* 
c) to make use of formulas (2.5) and (2.10) to find 

the values of f. for various time Intervals (t^, ti+1>. 

The calculated values of t±  are employed to construct a 

6 



hi«t*er&m which is smoothed out by a continuous curve. 
histogram whi   ^     niation o£ iMJsMUit^i^Mm 

with vecto^ISIS^ 
fäiffä^Iir^^r- ••!««•»  to  the  problem  *»»»"V*° ' 
use in various  engineering applications  -^^ng^ara- 
onlv in the case of  independent  vectorial  determining para 

L components  for  .l...»t.  and -ft«..   It  "  «J» »«*- 
bis to use  ideas  suggested  in  (reference  3)   for scalar de- 

ter*i»ln.  P-a.eter^  &  r.latw.ly  «„  auiab,,  of  elements, 

it  is  convenient  to leoK upon the vectorial deter»J»J«« P«*" 
«.t.r  of  a system  W(t)  a«  a  function of  vectorial  determin 
ing parameters   of  elements   H  (t),....   H^tt).   At  a «»« 
•o*«at of  time t,   the  randUmwtor »4  is  a function of 
„random ».otor.lHV, .   «ach  of  which ha«  several components. 
The linearisation of  the dependence 

- WH = <pr(Hll£l . . ., H10<; H*„ • • ■ .>W. • • - H-»* H-rt    <3,1) 

by expansion in a Taylor series and the elimination of 

all terms of higher than the first order, «• f1»? *J* . 
approximate values for the mathematical expectations of 

vector Wx components by means of the formula 

m„v. «= <p,,. («tiUit ■ ■ ♦. raw »«ju'- ; " mW * • ' ; Wflw*' * ' " m^   ^'2 

In formulas (3.1) and <3.2) a»b,...., a is the nuta- 
ber of components of each of the random vectors Hli»^i» 

. H ,s the components of the randoa vector ^ are indica 

ted by the index r ~ l,2,*.*t m. 
With uncorrelated vectorial randos» processes 

Hfl (t)  (4, = 1,2,...,a> having uncorrelated components, 
t& dispersions of the randoa vector W± components will be 

„   V V! / <>r \     ■  .. (3.3) 

in  formula <3.S)'i^ 1» the dispersion of the 

,"-th component of the random vector Hi( { *L 1«   the number 
of components of each of the random vectors H£.. When 
H      E  are scalar random quatitiss, formula t3«3> 
All' • ' * * ni 

takes the form 

a 
1=1 



Having calculated the values o*.«wit and ff^ tor 

* +4*« * and "t«i,. i* i« possible to use 
two moaent* of ti« *i "^JJ^.otion to find the mean 
tu. «•""X"»2" ;«*^li ti- during shich the client 
*r0l?ZZ»7l*  »r "« the interval (t,,t1+1>. 
ic m «orkW •»*       ind6pendent components of the 
„*.*£'Ä^- motion W(t> are uniform and have 

Bean-eQuare deviations 

'  4«  +« find the entire distribution law for the 
lt ls possible to "nd the n        ^ ^    approxima- 

ire tra
Sor:"ecs  circulation of the lawof distribution 

tion. A more P«°.**     •  th characteristics mWrCt> 
"iV'ZTo'* ZcZ^llo,  the vectorial linear random 

!*•<*>  To calculate these characteristics by means 
function W<t). To caio«i refer0nce i, it Is necessary to 
of the formulas found in *«

f «^^ quantitles Wrl and 
Know the coupling moment £ *£„„ m  be obtainod by sub- 

«rCi+D- The+
£0^ correlative moment formula values of 

.tit-ti«. anto ^«^^ h?  expansion in a Taylor 

:rrt^rssTti;-i»!-.o~ti« . have 

i*   fs   S>K     v A   is   the   coupling moment 
In formula  (3.»/' *T}ytJYlHtf + V> 

,     «   -rar the    v)-th  component   of  the  determining 

cross-sections. with essentially 

non-lin«»-  dependences.   (3.1)  »an 

„„orioed  *»'•*£££ li th. a»»»i«t, ox   a ooapie* 
The  calculation « „lament boundaries wit» 

.„t- «•«"«*« *?'t^Ut«.  I»  *» «"T "**» analogous 
„otorlal  "•«r-*""S '"""tl« 1th =oa!ar  eleaent deter- to the  correspond!»S «iculatJon fllf,„„„„  consiEts 

mini»* parameter.   <xe,«e»oo   3) ratton  ln„lvos  the 

zvt = //vi-fl-. t3-6) 



r 
in  formula  (3.6)   Eve   i»  th«  value  of  the "0-th 

component  of  the d«t«rainlng parameter of the- element 
at  time t«,  and iVy, is   the vain«  of  the  saw component 
It  tL v*o4orial  statistical  bound  of  this  •!•»«*.  With 
noraal   distribution laws  and uncor*«lat«d random vector 
components  H4   and%,   the aean probability d«nsity of  th« 
time during i&ioh th*  «lwaeirt  is   in working  order mr the 
pariod   (tiiti+i),   in  accordance  with  forsralae   (2«10)  and   - 

/..^vl^+yzli^) (3.?) 

WU&TB  '.$(,N*.VC^ is a Gaussian function and 
fjfl —- tvs 

(3.8) 

^ + «i. 

in formulas (3,7) and. (3.8), m^ and a^ are the 

mathematical expectations of th©' value* of the v-th  . 
components of the determining parameter and the statistical 
bound at time ti?^ - and ^ are the aea.-square deviations 

of these quantities fro» their aathenatical expöctation». 
Its order to find th© distribution law £(t) for the ■ 

tip» during which the element is in working ord»r„ it is 
accessary to determine from formulas (1*S>-<1.7> the auaerl- 
eal characteristic© which determine the d®p©nd©xxo©s mr,  Ct>, 
a '-<t}f

:T;, (t>, and^(t). Then foraulas (3.7) and €3.8) are 

used to find the ti   values for each interval which are smoothed 
out fey a continuous curve. 

Taking into consideration correlations between th« 
components of random voctore Hs and ^ considerably eoapll- 

eates the process of oalcuiatiag systems durability on the 
basis of «statistical •iMient bounds with ve.ctc.rial deter- 
saining parameter»«> 

8e«6&ved 14 October i960 
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