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NATTIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2794 °

A COMPARTISON OF TWO METHODS OF LINEARIZED
CHARACTERISTICS FOR A SIMPLE
UNSTEADY FLOW

By Roger D. Sullivan
SUMMARY

Two methods of using the concept of linearized characteristics are

derived for the one-dimensional unsteady flow in a tube that is rotated

about an axis perpendicular to the axis of the tube. One of the methods
corresponds to that used by Ferri in his basic work on the subject.
Solutions are made by both methods for boundary conditions that allow
analytic solutions. Comparison shows that both methods give the same
results but there are significant differences in their application.

INTRODUCTION ,

The term linearized characteristics has been applied by Ferri in
reference 1 to a process of superposing a small perturbation on a basic
solution of a set of nonlinear hyperbolic differential equations. The
perturbation can be due to a change in the prescribed conditions along
the boundary, in the position of the boundary, or in the differential -
equations themselves. The unknowns can each be expanded, for example,
into a power series in a parameter representative of the perturbation,
with unknown coefficients, except for the coefficient of the first term,
representing the basic solution, which is known. The equations for the
other coefficients are found to be linear and can be solved by charac-
teristic methods. As applied to steady supersonic flow, this procedure
has the advantage, stated roughly, over ordinary perturbation theory
that it can be used for perturbations of any known flow (to which the
characteristic method of solution can be applied) rather than only for °
perturbations of constant parallel flow.

A version of the process was used by Sauer (ref. 2) for determinlng
the steady supersonic flow about bodies of revolution at small angles of
attack but apparently has not been used for other problems except in
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reference 1, where its application to a variety of problems is discussed.
In references 1 and 2, the expansion of the unknowns was substituted
into the original equations of motion, which were then transformed into
characteristic form. The purpose of the present paper is to compare
that method of procedure (called method A subsequently) with an alter-
nate method (method B) whereby expansions of the dependent and inde-
pendent variables are substituted into the characteristic form of the

equations.

The comparison is made by developing the equations of both methods
as they apply to a simple set of nonlinear hyperbolic equations of gas
dynamics, the set relating to the one-dimensional unsteady motion of a
gas in a tube of constant cross section with the addition of a perturba-
tion due to the rotation of the tube. The equations derived for this
case are then solved for a set of boundary conditions for which the
solution can be found analytically by both methods.

SYMBOLS

a,A speed of sound

Cy specific heat at constant volume

f,g unknown functions of one variable

k ' constant

o) ~ pressure

R gas constant

s,S éhtropy increment divided by gas constant
t,T time | |

u,U | velocity

x,X distance along tube measured froﬁ axis of rotation
a,B characteristic parameters

V4 ratio of sﬁecific heats

0 absolute temperature
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Aoy _2
R 7y -1
p , density
w aﬁgular Qelocity
Subscripts:

Letter subscripts indicate partial derivatives.

Number subscripts indicate order of approximation with the following
exceptions:

a, reference value of s

Xo and X3 inner and outer ends of tube, respectively

ANALYSIS OF UNSTEADY ROTATING FLOW

Development of Equations

The linearized-characteristics concept is applied to a relatively
simple problem in order to bring out more clearly some of its essential
features. Consider the unsteady motion of an inviscid gas in a cylin-
drical tube which can rotate with angular velocity w about an axis
perpendicular to the generators of the cylinder (fig. 1). Distance
along the tube is denoted by x measured from the axis of rotation.
Only values of x large in comparison with the greatest lateral dimen-
sion of the tube in a plane of rotation are considered so that the
local velocity of the rotation may be taken as wx. Cross flows and
lateral pressure gradients are neglected so that the flow considered
is one-dimensional. A perfect gas with constant specific heats isg
assumed. '

When = 0, the ordinary equations of motion apply (ref. 3); that
is, the continuity equation

Pt + Puy +upy =0 (1)
and the momentum equation
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‘When # 0, equation (1) is unaltered, but equation (2) has another
term representing the acceleration along the tube due to the rotation

ug + uuyg - w?x = - % Px _ (3)

The entropy is now assumed to be constant throughout'the'gas so thaﬁ
p=k' , | (W)

See appendix A for a treatment of the case of variable entropy. Equa-
tion (4), the equation of state

P = PR

and the relation

allow the replacement of p and p by functions of a in equations (1)
and (3). Thus the equations of motion become

Aag + au* + Auay = O » '
' _ (5
up + uuy + Aaay - @w°x = 0

where

x‘=‘2CV= 2
R 7y - 1
These equations are referred to subsequehtly as the "primary equations"
to distinguish them from the characteristic equations which are now

developed.

Adding‘and subtracting equations (5) gives

u + (u o+ a)ﬁX + xE%t + (u + a)ag] -w’x =0
: ' (6)

up + (u - a)ug - X{Et + (u - a)a%] -w?x =0

By the usual pfocedure'for hyperbolic equations (ref. 3), new independent
variables « and B are introduced so that one equation of equations (6)
has derivatives with respect to o only and the other, with respect
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to B only. Then the lines « = constant and B = constant form the
two sets of characteristics. This process is accomplished by writing

Xq = (u + a)ty
(7)
Xg = (u - a)tg
so that '
3 _ . [3 3]
< - ta S + (u + a)5;
d > . 3]
9O - .2 - a)l
oB BL§; + (u a)ax

Thus, equations (6) become

Ug + A8y - a)extOb O

(8)

ug - Aag - w?xtB 0

Equations (7) and (8) form a set of four equations in the four unknowns
u, a, x, and t and are equivalent to equations (5). These equations
can always be solved by step-by-step methods. : :

~Method A.- Linearized approximations to equations (5) are now
developed. Let

u(x,t) = U + w?ul + whue + .

(9)

a(x,t) = A + weal + whag + .

Only even powers of w are used since equations (5) show that the problem

is independent of the sign of w. By substituting expressions (9) into
equations (5) and setting the coefficients of each power of w equal to
zero, the following equations are obtained: ‘

AAt+AUx+XUAx=O _
| (10)
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Majy + Aujy + Wajy + Ugag + Mguy = 0
, (11) o

‘uy4 + Uupy + AMajy + Uxup + Myay - x =0

Xagt + Au2X + AUagx + Uxa2 + XAXug + ajuijx + Aujajy =0 ( )
: 12

Upy + Uupy + Mapy + Uxup + Myap + ujujy + Aajajxy = 0
and so forth. Or, when these equations are put into characteristic form

by the same method that was applied to equations (5), the samé equations
for the characteristigs are found to apply to each set; that is,

Xo = (U + A)tg
(13)
Xg = (U - A)tB ' :
'whereaé the other equations are successively
Uy, + Mg = 0
(1h) £
Upg - Mp =0
up, + Mg+ (Uy + My)tg(up + 81) - xtg =0
A (15)
uyg - XalB + (UX - )\Ax)tB(U.l - 8.]_) - XtB =0
Uy + Aasy + (Ux + My)tg(up + ap) + (W1x + Mayx)te(uy + 81) =0
' (16)
=0

upg - rapg + (Ux - My)tpg(up - ap) + (uix - raix)tp(w - 21)
and so forth.

The development and use of equations (13) to (16) is referred to
- hereafter as "method A." ; ‘

Method B.- Instead of substituting expansions of u and a into
the primary equations (egs. (5)) as in method A, these expansions are
now substituted into the characteristic form of the equations (egs. (8)). e
But the values u and a must be considered functions of a and B ‘
in equations (8), and the corresponding values of x and t are found
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from equations (7). Hence, x and t are also expanded. The method
. 18, therefore, similar to the technique presented by Lighthill in refer-
ences 4 and 5.

By writing
u(a,B) = U + w2Ul + thz + ...
, ‘ > - (17a)
a(a,B) = A + w2A1 + whAg ...
' J
x(a,B) =X + 0®X) + oMo + . . L] ,
(17v)
t(a,B) =T + w?Tl + the + .. .‘r _ '

substituting into equations (7) and (8), and setting the coefficient of
each power of w equal to zero, the following sets of equations are
obtained:

Uy + Mg =0 s
‘ (18a
UB - )\AB = O
Xg - (U +A)Ty =0
: 4 (18vb)
Xg - (U - A)T3 =0
- i
Uld. + )“AlCL = XTCL . : -
” (19a)
Xiq - (U + ATy, = (U1 + A))Ty : , )
19b
X1 - (U - A)Ty5 = (U; - A1)Tp
UQQ: + )\,Aea' = XlTCL + XTlCL
. ' (20s)
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(Up + A1)Tiq, + (U2 + Ap)Tqy , E ,
) (20b)

/

Xog - (U + A)Tpq,

XQB - (U - A)TEB (Up - A)T1p + (U2 - AQ)TB

and so forth. The development and use of these equatlons 1s referred
to as "method B." :

Equations (18) and equations (13) and (14) are exactly the same "
and their solution is the complete solution of the problem when w = O.
~This solution, the basic solution,. is essential to the solution of the
higher approximations and is considered known. The equations for the
highervapproximations in both methods are all linear in the unknowns.

Application to Specific Boundary Conditions

In order to demonstrate some of the differences between the two'
methods, an application to a simple case for which the equatlons can
be integrated analytically is now made. Assume that the tube extends .
from x = X, to X = X1 (xl > xo) and is closed at the ends. The '

tube is initially at rest, and the state of the gas is given by u =0
and a = ay, a constant. At time t = O the tube is started rotating-

about x = 0 with angular velocity . The neglect of cross flows and
lateral pressure gradients might be completely unjustified in this case;
nevertheless, the problem is interesting mathematically.

The problem, then, is to solve the primary equatlons (eqs. (%))
with the follow1ng boundary conditions:

At t =0,

u=0; a-= a0 o : (% £ % < x1) (21a)

At x =x3 and x = X3,
u=0 o : (£ 20) (21b)

The basic solution (i.e., for ® = 0) is, of course,
U=0

A;ao : o ol




NACA TN 2794 \ | 9

Since these are constants, this problem is similar to that of ordinary
linearized theory for steady supersonic flow about slender bodies.

The introduction of a and B is somewhat arbitrary as long as
equations (13) are satisfied; these parameters may be conveniently
taken so that the two families of characteristics of the basic solution
are given by

X =agt + P

- (23)

X = -aot + a

so that R

| x = & * 8
> | :
> | (24)
-
28.0 J

For method B, x and t are replaced by X and T in equations (23)
and (24).

When o has a finite value, the xt-plane may be divided into -

. regions by the characterlstlcs which pass through the points (xo,O)

and (xl,O) as shown in figure 2. The solution in region I is
unaffected by the walls at the ends. 1In region II the effect of the
wall at x = xg only is felt; whereas, in region III that at x = X3

only is felt. Both walls affect the flow in region IV.

The solution in region I is found first. (In appendix B the
solution in region I is found in closed form.) With method A, equa-
tions (22) and (24) are substituted into equations (15). The first
equation of equations (15) is integrated with respect to «, the second
with respect to B, so that

o | 1

u; + Aey = gia[%é + 2af + f(éﬂ
C ey = - L 2
u - ey = - B E@B + BT+ g(il

> ' (25)

J
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where f(B) and g(a) are arbitrary functions subject to the boundary
conditions. These functions are determined by noting that at t =0,
o = B, by equations (23), and that u; = a; =0 by equations (21a).

It is found that f(B) = -382 and g(a) = -30°. By substituting these
expressions into equations (25) and solving for u) and aj, the fol-

lowing expressions are obtained:
1o + B\fa = B\_
aO( 2 >( 2 > *

(__:J@) 22 e

~

ug

It

al 2)\,8.0

/

Equations (16) can now be solved in the same manner. Thus,

1 fu+B\fa -8\ _ 1.3
o3t )@5E) - -5
> (27)
o o 2Mt 3 - B)” (2 + 3)eg
2 omPa3t ? 212 ]

Substituting these expressions into equations (9) gives as the solution
in region I

, T
u = ngt - % wuxt3 + 0 e ‘
> (28)

a _ 1 .1 22 +.JL1;1 ot 4
ap =Y o2

/

The solution by method B starts with equations (19a), which are
the same as equations (15) in this case. The solution, then, is

Uy = ao<a EJ% (OL 5 B) T

> (29a)

\A - - l (G:—E)2= aOT2
1 2xag\ 2 2n
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11

Now that these values are known, equations (léb) mey be solved. The
arbitrary functions are determined by making lines in this solution

pass through the same points on the

responding lines of the basic solution; that is,

x-axis of the xt-plane as the cor-
Xy =Tp =0 when

o = . Thus, -
1 B) B 2 1 om@
_ a + a - _
e[S
( (29b)
A+ 1(; - 9)3 A+ 1.3 |
T, =2l (2= P A+ Lo
1 6)\,8.03 2 61 J
Solving equations (20) in the same way gives
Uy = 2ht 1(1 + @)(a - B>3 _2r 1 403
\ (30a)
Y - '
_ oM + 1<a - p) _ o o2a+ 1 I
Ay = - = - 2 —= a.T
2 22 3\ 2 o2 O
7
N ,
5\ + hcx + é)Cm - B) 5hn o+ ko)
X — =
2 2laagh 2 2 ol X
| > (30p)
m, - O+ DG+ T)fa - 5)5 O+ 1)L+ 1) 5
1201, \ 2 12002
Substitution into the series (17) gives as the solution for region I
byr3 4 ]

u =X + 2+ 1,
N

21

1 -1 @272 _ éi;t;£cu4r“ + .,
212

(31a)
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s 1 oym2 , DM+ 4 4
x =X + 5 w=XT& + ZYRY thT oo. . ’
b (31)
g =T+ 21 23 +'(X + 1)(5r + 7) oS 4 . ; .
3N - 120)2 . J

The variables X and T may be interpreted simply as parameters
of the solution. Actually, they define points of intersection of char-
acteristics in the basic solution corresponding to characteristics which
intersect at x,t 1in this solution. In any case, X and T may be
eliminated from equations (31); the procedure results in equations (28)
again. :

The only difference in the solution for region II is in the deter-
mination of the arbitrary functions resulting from integration. Those
functions resulting from integration with respect to B .may be deter-
mined by the condition that the solution must equal that for région I
on the boundary between the solutions; that is, when B = x5. The other

functions can then be found from the boundary condition given by equa-
tions (21b). That condition, however, does not apply to the solution
of equations (19b) and (20b). For these equations, the boundary con-
dition is replaced simply by '

x =X + oKy + thE +.. . . XO )

or
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The solution found by method A is

2 N
u = %S(x - X5)(8gt + %g) - ®

21+an3

(x - X4) 8Xao3t3 +

3(3) - T)xpagtte - 12Bx + b)xg - (M + 2):E| Xpagt +

[(17x + 3l)xo - (51 + 7){’(;: - xo)xo ...

= @ 2:2
=1 - "~ 2[50 ﬁ + 2xoaot - 2xo(x - xé] +
0 .

a
ag

;m_g—ﬂ (2% + 3)aghth + (31 + 5)x 8,33 + 12(x - xp)
a
0

2,2
X580 t

3E(>» + 3)xg - (5\ + 7)%] (% - %0)¥o20t -

hixn + 2)(hxo - x)(x - xo)gxo .

+

13

F(32)
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and by method B
~ i
2
u =(9—[%aOT - Xo(apT - X + XOE} + h(2n + l)Xao3T3 -
o ' 24Xao
%5(a0T - X + x0){h(@n + 1)agfT? - (13 + 11)(X - x0)aoT -
(x'- xo)[gx - 1)X + (11n + 13);5] v
\ ?(333)
A =1 - -—in-EéeTé + 2xo(éoT -X +.X05] -';—JEE—— (éx +Al)a lhTLL +v
80 2’ - amZat 0 )
XO(QQT - X + xp) (Th + 5)a02T2 + [E?lx + l3)x0 - (5x:+ 7)§]a0T - . 4
2(X - XO)[E5X + T)xg - 2(: + 2)%] ;‘.
o ' : <
o , 2
x =X + @ EIE%aOETE'- xo(aOT - X + xo)(XaOT +X - xé}] + .
2Xao _ _ ‘
> (33p)

2
t =T + ﬁl;i;llﬂLW%%o3T3 + 3xo(aOT - X +'xp) (20T + X - XQE] + .
12383

The solﬁtions for region III are obtained in a similar way and are ‘ ,
the same except that Xq is replaced by x7 and the signs of some terms x

are reversed. In regions IT and III, it is found that the elimination
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of X and T from the solution by method B results again in the solu-
tion by method A. '

Figure 3 shows characteristic diagrams for the case X] = 2xo,

q &
w = % EQ’ and A =5 (A =1.4). The dashed lines are the character-
0

istics of the basic solution and, therefore, are the mathematical =
characteristics used in the higher-order solutions; these lines are in
the xt-plane for method A and in the XT-plane for method B. The solid
lines are the true characteristic lines of the problem in the xt-plane.
They are found automatically by method B. Method A, as described so
far, does not give the true characteristic lines, but it is found that
the solution of equations (7), after the substitution of the values of

u and a (for example, egs. (28) for region I), results in the same
characteristic lines as have been found by method B. This determination
is necessary for the evaluation of the flow in the field, as illustrated
in figure 4 where typical distributions of velocity and speed of sound
are shown for a given time and in figure 5 where typical variations with
time at a given value of x are shown. In figures U(a) and 5(a), the
results found by method A without the determination of the variation of
the characteristics are shown. That is, the lines PR and PS of
figure 3 are used as the boundaries between the regions. It is seen
that u and a are discontinuous at these boundaries (although the
quantity u - Aa 1is continuous along PR and u + M is continuous
along PS). In figures 4(b) and 5(b), the results are shown when the
true characteristics of the problem, the lines QR and QS of figure 3,
are taken as the boundaries. Method B automatically gives the results
of figures 4(b) and 5(b). Parts (a) and (b) are identical except where
they represent conditions in the regions between PR and QR and
between PS and QS in figure 3.

DISCUSSION

Some aspects of the preceding example which are due to the fact
that U and A are constants and which would not ordinarily be Present
should be noted. (1) The unsolved equations of method A are unusually
simple in comparison with those of method B since the terms containing
the unknowns explicitly drop out. (2) As a result, the solution of
the equations of the first approximation is the same by both methods.
(3) The solution in method B for X1 and T, affects the unknowns

u and a only in the second order and similarly for the higher
approximations.

The basic solution cannot usually be found analytically but must be
determined by a step-by-step procedure. In that case, the approximations
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must also be done step by step. The characteristic equations would be
written in a finite difference form with Ax and AR cancelled out.
Thus, a and B would not be used explicitly. With method B, the
calculations would be carried out in the XT-plane where the character-
istic directions remain constant as they do in the xt-plane in method A.
The transfer to the xt-plane, which consists of merely adding the terms
of equations (17b), can be delayed until the desired number of approxi-
mations has been made.

" From the preceding simple example, some inferences can be drawn
concerning the application of the two methods to other basic equations.
The unknowns do not occur explicitly (although}they do appear as deriv-
“atives) in equations (19a) and (20a), but, if they occur thus in the
"basic characteristic equations, corresponding to equations (18a), they
will occur in the equations corresponding to (19a) and (20a). If the
original independent variables (X and T in the given example) appear
in the basic characteristic equations, the four equations in each approx-
imation of method B must all be solved simultaneously, rather than as
two pairs of equations as in the example. This complication is a serious
dlsadvantage of method B and may rule 1t out completely in such cases.

The relatlve 31mpllclty of the equations of method B, taken one by
one, is probably quite general. The appearance of derlvatlves of lower
approximations with respect to the original independent variables in the
equations of method A is to be expected as long as the primary equatlons
are nonllnear, whereas they cannot appear in method B.

If an applicatlon is made to the two-dimensional supersonic flow
about a single body, for example, and conditions on the surface of the
body only are desired, the calculation of the true characteristics is -
superfluous. In cases such as this, method A has the advantage of having
two less equations to solve in each approximation. However, the pre-
ceding problem indicates that the true position of characteristics
through points of discontinuity in the boundary conditions is necessary
for the determination of the flow in the field and for the determination
of conditions on another boundary if such characteristics intersect it.

’ B . .

This necessity for correcting characteristics as it applies to

" linearized theory for steady supersonic flow is discussed in reference 6.

There, as in the present example, what is here called the basic solution
consists of constants so that this effect is felt only in the second and
higher approximations. In more general cases it would be felt in the
first approximation. :

In problems where fhe perturbation invol#esba change in the pééitioh
of the boundary, method B has the advantage that the position is constant
in the plane of the original independent variables of the basic equations
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(for example, the XT-plane in the present problem) where the solution
is carried out. ' ‘

'~ When the perturbation involves the addition of a new dependent
variable, it can be handled in much the same way as the entropy is

handled in this case (appendix A).

CONCLUDING REMARKS

Two methods of using the concept of linearized characteristics are
derived for the one-dimensional unsteady flow in a rotated tube. A com-
parison of both methods has shown that they give the same results but
there are significant differences- in their application. ’

Langley Aeronautical Laboratory,
" National Advisory Committee for Aeronautlcs,
Langley Field, Va., July 11, 1952.
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~ APPENDIX A

DEVELOPMENT OF EQUATIONS FOR VARIABLE ENTROPY

When the entropy is not constant throughout the fluid, equations (5)
are replaced by : ‘

Aat + aux + Auax =0
(34)

ug b ouuy 4 kaax'--% égsxjé oPx = 0

where s is the entropy increment divided by the gas constant. As long
_as the flow is without shocks, the entropy obeys the relation -

o (35)

st + usy

The characteristic equations become

1]
(@]
)

Uy + Aag - % asq - wexta

1 2 p
ug - Aanp + = asg - W xt 0] -
B B | L (36)

4
Xo = (u + a)tg
xg = (u - a)tg - ‘ _
and equatio; (35) may be replaced'by
sqtp + spte = O ', (37)

(See ref. 3 for a derivation of the preceding equations for o = 0.)
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Writing

s(x,t) =8 + wesl + cnl*sz + .
substituting this expression along with equations (9) into equations (3L)
and (35), and converting to characteristic form give the equations of

method A as

Uq + Mg -}-71-Asa=o w
Sa,tB + Sﬁta =0 9
) : ' B
Uy + Mg * (UX + A.Ax)ta(ul + al) - %[A‘Sia * (23.1 + ul)Sa] - xt, =0
‘ 1 N
ujg - kalB + (Ux - )“Ax)tB (u:L - al) + 7[}513 + (2&1 - ul) SB] - xtB =0
s_ld,tB + SlBtCC + 2ulsxtatB =0 / J
(39)
ﬁea +"Xa2a + (Ux + 'XAX) ta(u2.+ aé) + (uix + Xalx)ta(ul + al) -j
%E\saa + (eal + ul) S1q * "(zae‘ + ﬁe)sa + (ul + 'al)gs}'{t;I =0
UQB - kagﬂ + (Ux - zmx)té(ue - a2) + (uix - Xal#)tﬁ(ul - al) + > (1#0)

'—:}I:-[ASQB + (28.1 - ul) 518 + (2&2 - u2)YSB - (ul - ‘a;l) QSXtB] = O,

SgatB + SQBta + Q(Ulslx + uQSX)tCLtB =0
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and $o forth. Equations (13) still give the mathematlcal characteristic
direction for each approximation. If the true characteristics are to be

found, equations (7) still apply.

In order to obtain the equations for method B, the expression

s(a,B) = 8 + aPSy + wlSy + .

along with equations (17) is substituted into equations (36) and (37),
so that : ‘ : . '

-Ua+)\.Aa-%ASa-:O )
Un - Mp + £ ASg =0
B BTy ™R T
- : (41)
Xg - (U+M)Tg=0 [
Xg - (U - A)Tg =0
SoTp + SpTe = O B )
1 , )
Ulg + Miq - 5(A15q * AS1q) = XTy
. | ) o
UlB - MlB + ‘7‘(AlSB + ASlB) = XTB . |
) » | (k2)
X1a - (U +A)T1q = (V1 + A)Tq (
X1 - (U - A)Tpp = (Ul - Al)TB
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Upg + Moy - %(AQSCL + Alsia + ASQCL) = X Ty + XT1q A

Upp - Mpp + (AoSp + A1S1p + ASpp) = X1Tp + XTyp

Xoq - (U + A)Tpg = (Up + Ay)Tyq + (vo + AQ)TO; | S (83)
Xpp - (U - A)Top = (uy -‘Al)TlB + (U - Ao)Tp

S2qTp + S1aT1p + SaTep *+ S2pTa + S1pT1a + SpTea = 0

and so forth.

It is to be noted that, when the entropy of the primary solution S
is a constant, the equations of both methods simplify considerably. For
each approximation in this case, the equations for the entropy may be
solved first, then the equations for the velocity and speed of sound,
and then (in method B) the characteristic direction equations. Other-
wise, all three equations (in method A) or all five equations (in
method B) in each approximation must be solved simultaneously.
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APPENDIX B
SOLUTION IN CLOSED FORM FOR REGION I

' The form of equations (28) suggests the substitutions

u = xf(t)
a = ape(t)
Equations (5) become
dg _ “ SR
‘et oW
gt -es=0. o (85 .
whereas the boundary condition given by’equaﬁions (21a) becomes o

£(o) =0; g(0) =1
Equation (45) is easily integrated to give
f =  tanh wt

By substituting this value for f, equation (44) can be solved to give

/A

-1
g = (cosh wt)

Therefore

. u = wx tanh wt

2y

-1
2 - (cosh wt)
agp

These functions may be expanded in power series; the procedure results
in equations (28) once more.
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Figure 1l.- The rotating tube.
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