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_ NATIONAL'ADVISbRX COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2860

INTERACTION BETWEEN A SUPERSONIC STREAM AND A PARATIEL -
>SUBSONIC STREAM BOUNDED BY FLUID AT REST
‘By Herbert S. Ribner and E. Leonard Arnoff
‘  SUMMARY

In a simﬁlified inviscid model of shock-wave boundary-layer inter-

‘action; Tsien and Finston have  replaced the boundary layer by a uniform

subsonic stream bounded on one side by a solid wall and on the other
side by the interface with a uniform supersonic stream of semi-infinite -
extent. Among other things, this model fails to simulate the separated

region or "dead-air" bubble that generally appears in a laminar boundary

layer subjected to an oblique incident shock wave of moderate strength. ‘
In order to introduce a main feature of such a dead-air region, the model
has been modifled hereln by replacing the solid wall by an interface with .
fluid at rest : ‘ :

" The presence of the boundary layer sandwiched between the outer ;

‘suPersonlc flow and the dead-air regionis found scarcely to modlfy the

shape, in the vicinity of the shock, of the expansive "corner" turn that
would exist if the shock were incident directly on the dead-air region

- without the intermediary of the boundary layer; there are local distor-

tions top and bottom, but these are reduced to negligible amounts several

‘boundary-layer thicknesses to the left or right of the effective corner.

In support of a phase of the work of Lester Lees, it is concluded
that in a more accurate treatment of the complete region of shock

1

- boundary-layer interaction the Prandtl boundary-layer equations may be

applied to the entire extent of the disturbed boundary layer, applying
as a boundary condition a sudden turn of the displacement surface through
twice the shock deflection angle at the point of shock incidence. There- .
by the flow details in the immediate vicinity of the shock will be some-'-

_‘what in error, but the over-all features of the interaction are capable

of being given correctly. Present unknown elements in such an application
appear to be the point of transition from laminar to turbulent flow and
the form of the turbulent equations where a separated bubble exists.
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'+ INTRODUCTION

The complex problem of the interaction between shock waves and

. boundary layers in supersonic flow is not yet clearly understood, =,
- despite a number of theoretical studies (references 1 to 7). Among
these, the analysis of Tsien and Finston (reference 2) is singléd

out here for further examination. In the Tsien-Finston model the

“boundary layer is simulated by a upiform.subsonic stream of finite:
width bounded on one .side by a'sqlid wall and on the other side by

' the interface with'a uniform supérsonic stream of semi-infinite
extent. The fluid is assumed to be nonviscous and nonhest -conducting

and the disturbances are assumed small. - :

The boundary-layer perturbation calculated in reference 2 from this
model has the general character shown in sketch 1. The experimental
perturbation for a laminar boundary layer (e.g., references 8 and 9),
on the other hand, has the general character shown in sketch 2. The
resemblance is not close. A striking experimental féature is the pres-
ence of a separated region, which appears for all but the weakest inci-

‘dent shock strengths (references 3 and 9).  The separated region is not -

similated in the Tsien-Finston model of shock boundary-layer interaction,
and this constitutes an important shortcoming of the model for laminar
boundary layers. For turbulent boundary layers subjected to moderate
shock strengths, on the other hand, there will be no separation, and

the model may be quite good.. : . E

. The air in a separated bubble is substantially at rest. An oblique-
shock incident directly on a dead-air region, without the intermediary
of a boundary layer, is known to reflect as an expansion wave (see
sketch 3). Note that the interface in sketch 3 is deflected much like
the potential flow just above the actual boundary layer (sketch 2), a
feature completely unduplicated in the Tsien-Finston model (sketch 1).

A natural inference is that the separated region dominates the behavior -
in the immediate vicinity of the shock, and the upper surface behaves,

in that vicinity, substantially as if the entire boundary layer were
replaced by a dead-air region. - ’ : :
This tempting inference has been made to provide a boundary condi-
 tion in the work of Lees (reference 6) and of Ritter (reference 7), along
with other simplifying assumptions; it is the purpose of the present
paper to test its validity on a simplified model applicable omnly to.the .
immediate vicinity of the shock. . For this purpose & modification of

the Tsien-Finston model will serve: the solid lower wall of sketch 1 is

replaced by a semi-infinite region of air at rest, or "dead air". Thus -

the boundary condition of zero vertical perturbation velocity at the
'wall is replaced by a condition of constant pressure along the boundary
of the dead-air region; in all other respects there is no change from
the original model. Experimentally<(reference 9), an approximation to

ka2
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the condition of constant pressure is found over a substantial portion
of the separated air bubble including the part directly under the inci-

" dent .shock; the ultimate sharp pressure rlse generally occurs somewhat

downstream of the shock.

"It has been implicit in the discussion that attention was limited
to the boundary layer adjacent to a solid body. Also of. interest, how-
ever, is the boundary layer between a two-dimensional supersonlc Jet and
the stationary fluid bounding it. The present modified flow model will
describe, in idealized fashion, the interaction of an oblique shock wave
(such as may emanate from a nozzle llp) with such a jet boundary layer.

- The model is, in fact, better adapted to such a fluid-to-fluid boundary

layer than it is to the fluid-to-wall boundary layer

eThe mathematical analysis herein of the modified,model is necessarily
parallel in a number of respects to the original work of Tsien and Finston.
Nevertheless, it has been thought worthwhile to provide a complete account

" in an appendix for purposes of unity and clarity. - The symbols used in this

analysis are presented in appendix A; the analysis, in sppendix B. An.
abbreviated version of the analysis is given in the msin text. The inves-

tigation was conducted at the NACA Lewis laboratory. .
. \

SYNOPSIS OF ANALYSIS

Flow regions‘and governing equations. - In figure 1 are shown the-
supersonic region (reglon 1) at the top, the subsonic region (reglon 2)

- in the middle, and the dead-air region (region 3) at the bottom. A weak

shock wave, or Mach wave, 1s incident on the interface between regions 1
and 2. The governing equations for the perturbation potential are

L o/ 52 e ' R
Region 1¢ <l - Ml) (PJZ' ——% = 0, M > 1
dx oy '

| GM)B%Z > 0 <
Region 2: -My | —=+ —5 =0, 1
N My <

In region 1 the perturbation potentlal includes & part (incoming wave)
which represents directly the incident Mach wave and a part (outgoing
waves) which arises from the consequent warping of the 1nterface between ‘
'reglons 1 and 2.

Boundary conditions at each interface. - The boundary condltions are;
(a) The perturbation pressure must be the same on both sides of an inter-

~ face (taken to be zero at the lower interface), and (b) the flow inclina-

tion must be the same on both sides. In linearized- theory, boundary con-
dition (a) is essentially a condition on ‘the axial perturbatlon ve1001ty
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u, and boundary condition (b) is essentially a condition on the trans-
verse perturbation veloclty v. At the lower interface, condition (b)
~ yields no information, since no dlrectlon can be assigned to the zero

velocity in the bottom region; thus ‘(a) and (v), as applled to both
interfaces, yield three boundary condltions v o

Solution in general form. The general solution for each region is
expressed in the form of a Fourier integral; such a form is capable of .
satisfying arbitrary boundary conditions. The variable of integration
is X, and terms like A;(\) cosAx, Bj(\) sin Ax, and so forth, appear;
there are six Fourler coefflclents Al(l), Bl(X), Ez(x), Fz(x), » (X),

and HZ(X) to be determlned.

Appllcatlon of boundary conditions. - The velocity components in: IR
Fourler integral form are now substituted into the three boundary con- -
dltions, equating correspondlng coefficients of sine terms' and cosine
terms results, in effect, in six equatlons Two of the equatlons yield:
Eo(A) =F5(\) = 0; thus there remain four equations which are solved

~ simultaneously for the four remaining Fourier coefflclents Al(k), Bl(k),
Gz(x), and Hz(x) |

s Solutlon for pressure along upper ‘interface. - The perturbation
.pressure along the upper interface - is- proportlonal to us there; the .
expression is of the form of a Fourier integral involving .. Gz(k) and .
Hp(\), which are now known. 'Evaluation and simplification of the '

integral is complicated and tedious; ‘the final result is expressed in
' series form and evaluated numerically. In this evaluatlon, functions .
tabulated by Tsien and Flnston are employed. ‘ v

Solutlon for dlsplacement of each 1nterface - The local displace¥-
‘ment 7(x) of an interface from its undisturbed pos1t10n is obtained by
integration of the slope dn/dx this slope is related to vz by

|> 7 ..‘ -ﬂ_ Vz
, T dx U2

Like Ug, vy has been obtained as a Fourler 1ntegral 1nvolving Gz(l)‘
and. HZ(X), and Go and Hp are now known. Again, evaluation and

simplification of the integrals is an involved process; and the flnal
displacements are exhlblted in serles form and evaluated numerlcally

RESULTS AND DISCUSSION

Present Mbdlfled T51enéF1nston Mbdel

Mach number parameter 9. - In the results hereln the Mach numbers .
M and Mo, of the respectlve supersonlc and subsonlc streams appear in
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¢ a joint parametef 6 as well as individually.. Fof a given value of e, -
My is a prescribed function of M; (see equation (B32)). The curves of -
'M; against M; for several values of 6 are given in figure 2, which

has been reproduced from figure 3 of reference 2. ' Tsien and Finston .-
note that if the representative Mach numbers for the boundary-layer.

flow and the free stream are taken to be 0.8 and 2, respectively, then
the corresponding value of 6  in the flow model is approximately . 3n/4.>

Pressure distribution. - Curves of the pressure distribution along
the upper interface calculated from equations (B62) and (B63) with the
aid of functions tabulated in reference 2 are given in figures 3(a),
3(b), and 3(c) for values =n/4, =/2, and 3n/4, respectively, for the
Msch number parameter 8. These curves exhibit the same infinite pres-
sure peak at the point of shock incidence (8 = 0) found by Tsien and
Finston with the original model. A similar peak was found by Lighthill
(reference 5) in his model with .continuous, rather than stepwise, veloc- _
ity profile; in that case the peak occurred inside the simulated boundary
layer at the point of reflection of the shock from the sonic line. Such
a peak will be modified in a real flow and probably will appear as a

. localized region of high pressure.

Displacement of upper and lower interfaces. - The respective dis-
placements of the upper and lower interfaces from their undisturbed
positions have been designated Ty and T ; both are functions of the

 longitudinal distance x. Convenient corresponding nondimensional

Ty » L
z _E’ z —E, and X,
against longitudinal distance in terms of these nondimensionasl parameters
are plotted in figures 4(a), 4(b), and 4(c) for 6 equal to =n/4, =/2,

perameters are Curves of the displaeement '

- and 3ﬁ/4, respectively. The infinite slope at x = O, associated with.‘

the pressure pegak there, is so locelized on the drawings as to be

-scarcely distinguishable. v L ‘ o ,

The scales are such that the vertical and horizontal.displacements o

‘of a given interface are to the same geometric scale for the case

e ='l/8 radian; for this value of & the separation of the interfaces
is to correct scale when, in addition, By = n/20 for. 6 = w/4 (M) = 2.5,

M, = 0.988); By = %/10 for 6 =x/2 (M = 2.7, M, = 0.95); and Bp = /6 i
for 6 = 3n/4 (M =‘3.1, M, = 0.85). Numerical values of the ordinates
and abscissas are also tebulated in tables I and II. . -

Comparison with supersonic flow above still air, no boundary layer. -
The curves are now to be compared with the conjecture given in the intro- '
duction: namely, that in the simplified model of figure 1 the upper
interface behaves, in the vicinity of the shock, substantially as if the
entire boundary layer (represented by region 2),wefe replaced by a dead-
air region (an extension of region 3); that is, that the upper interface
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deflects through an angle 2¢ Jjust as the dead-air 1nterface does in -

. gketch 3. The comparison shows that the curves in figure 4 approx1mate
the conjectured behavior; both interfaces asymptotically approach the
expansive turn through an angle 2¢€. -

For each 1nterface, the flnal asymptote does not intersect the
initial asymptote (which is the E-axis) ‘at ‘the point of shock incidence,
E = 0; instead the point of intersection liés somewhat downstream thereof.
The point of intersection of the two asymptotes may be thought of as the
effective "corner" for the turn through 2e; its displacement amounts
from one to seversl "reduced" boundary-layer thicknesses (reduced thick-
ness = sz), depending on the value of the Mach number parameter .

The local deviation from the asymptotic behavior, that is, from the
rectilinear corner turn of sketch 3, is limited essentially to several
reduced boundary-layer thlcknesses upstream and downstream.of the effec-

'tlve corner.

Further Generallzatlon of T31en—F1nston Model and leltatlons

The flow model of figure 1 is supposed to s1mulate only one aspect’
of shock boundary-lasyer interaction, namely, the local effect of the
separated region in the vicinity of the point of shock incidence. An -
obvious further generalization, later found to be of questionable util-"
ity, is sketched in figure 5. = Here the dead-air region is limited to a
finite length to approximate the "separation bubble," and on either side’
thereof the solld-wall condltlon used by T51en and Finston is reapplled

When points .S and R are both more: than several reduced boundary-
layer thicknesses from I, the point of. shock incidence, ‘their effects
in the nelghborhood of I would be expected to be small. ' This consider-
ation serves to justify the use, for the neighborhood of I, of the model

"of figure-l in which S and R are effectlvely'removed to minus and plus o

1nf1n1ty, respectlvely

There is another mentlonable dlfference between the models of flg—
ures 1 and 5: -In figure 1 the perturbation pressure in the dead-air"
region is taken to be zerc: (for simplicity), whereas a p051t1ve pertur-.
bation. pressure 'is intended in figure 5. The pressure rise in figure 5
is effected by means of a weak shock or Mach wave 1n01dent Just above 8,
; resultlng in the general upward slope of the boundary layer between ‘S
“and T. This more realistic positive pressure perturbatlon in the dead—~
air region may be introduced into the model of figure 1 by imagining the
weak shock associated with point S 1o occur at minus infinity to the
left. Then the -entire flow field will have an upward deflection (say . e;)
correspondlng to ‘the flow deflection. through this shock. -As a conse-' -
quence, the 1nterface deflectlons of flgure 4 will have superposed a
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deflection 7 = elx Aor an ¢ = Zmp;  Ze ), this is substantially

as though each figure were rotated counterclockw1se through the angle 'L

Gl. : : : o
Asla generalization from a single aspect to a more complete picture

of shock boundary-layer interaction, the model of figure 5 has serious

shortcomings. The model by itself is insufficient to determine. the posi-

tions of separation and reattachment S and R; for this purpose the
neglected viscosity will have to be brought into the picture. Moreover,
between I and R the actual boundary-layer flow will probably become -
turbulent, and the neglected turbulent momentum exchange across both of
the idealized interfaces will markedly influence the shape of the effec-
tive interfaces and the location of R. The transition to turbulent ‘
flow will probably be decisive in determining R unless the incident
shock is relatively weak, since otherwise the large abrupt pressure rise
upon reattachment would be expected to reseparate a laminar layer but
not a turbulent one. For these reasons it has not seemed worthwhile to
make a serious effort to obtain an analytical solution for this model

Applicability of the Assumptions of Boundary—Layer Theory

On the present model of shock boundary layer interaction, the region
in which the upper and lower interfaces show substantial curvatures and -
deviations from parallelism has been shown to be limited to one or two
reduced boundary-layer thicknesses on either side of the point of shock .
incidence; a similar result is found for the original Tsien-Finston
model. These results. imply that it is only in this region that the com-
ponent pressure gradient dp/dy is significant. Elsewhere the primary
assumption of the Prandtl boundary-layer theory, namely, that dp/dy
mey be neglected, appears to be applicable. , ,

The situation seems to be as follows: Both models of shock boundary-
layer interaction completely neglect viscosity, but include the 1nert1al
effects in both x- and y-directions, although in idealized fashion. The
boundary-layer theory, on the other hand, includes viscosity and the
inertia effects in the x-direction alone, the latter with idealization.
The results of these models, despite their neglect of viscosity and
other idealizations, suffice to delimit the small region directly. under v
the incident shock in which the inertia effects in the y-direction must
be included. It appears to be a proper inference that the Prandtl '
boundary-layer equations, laminar or turbulent as the case may be, and
with provision for interaction with the outer flow, may be applied
upstream and downstream of this region, except possibly at the point
of reattachment of the separated bubble. The séparated bubble itself,’
except that portion directly under the shock, is 1ncluded in the
region of applicability.
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Furthermore, the extension of the’boﬁndary-layer equations into thé

forbidden region, with the assumption of a sudden turn of the displace~ '
* ment surface through an asngle 2& at the shock, appears to be justified
in a practical analysis where accuracy in local flow details at the

shock is secondary to the over-all picture; this conclusion is in sup-
port of a phase of the treatments of references 6 and 7. (If the

incident shock is too weak to cause a separated bubble, the -2€ turn

at the shock must be replaced by another condition.) Present unknown
elemenits in such an application appear to be the choice of the point of-.
fransition to turbulent flow, if the boundary layer is not initially turd
bulent, and equations relating pressure distribution and displacement
thickness for a separated region of . a tufbulentibr transitional boundary

layer.

_Lewis Flight Propulsion Laboratory -
- National Advisory Committee for Aeronautics
. Clevéland, Ohio; September 19, 1952.

. [Note added in proof: In a newly published paper ("A Mixing Theory for

the Interaction Between Dissipative Flows and Nearly Isentropic Streams,”
‘Jour. Aero. Sci., vol. 19, no. 10, Oct. 1952, pp. 649-676) Crocco and

Lees have, in effect, supplied the missing relation ‘between pressure dis- -
tribution and displacement thickness for a turbulent or transitional
boundary layer by means of an assumption on the rate of mixing with the
outer flow. . In their work the boundary layer is replaced by & quasi-one-
'dimensional flow with the aid of ‘quantities calculated by the Prandtl '
‘boundary-layer . theory. There ‘is no conflict between the affirmative con-
clusions of the present paper on the. applicability of the Prandtl theory

"and the positioﬂ taken in the Crocco-Lees paper,
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APPENDIX A

SYMBOLS

The'fbllowing'symbols are used in this report- o T

By - | ; (;ff;é;?-

Al(X), B;(A) " Fourier ‘coefficients appearlng in the solutlons for oy
the supersonic stream .
Ez(k) Fo(A),  Fourier coefficients appearlng in the solutions for
GZ(X), Ho(A) the subsonic stream
LIl,Iz,...,Ig Designation for nine 1ntegrals‘con31dered in thé
‘ analysis ‘ o \
b o . thickness of‘subsonic region
iy - '~ . function of X “and y répfesenting‘incominé‘wa&es"' |
g ; function of X vand y représentihg outgoing wéves ‘ -1 : o
Mo - Mach number '  “f : l  
vp ‘ | ~ static pressure - - ‘ IIW 
Ap change in static pressure o - "
R - reattachment point in.figure 5 o - ,‘ ‘”i
S = o 2b\ B,; also separation pbint_in figure 5 o “; I
U ' undisturbed velocity | | Lo S B
u,v  disturbance ;éloc1ty components in x~- and y-directions, '  ?
respectlvely ' - A ‘ . ,
W = o x4 Bly o .\‘ o 'V7: :
k;y rectangular Carte51an éoordlnates y  \ :
z = ‘ A s _" B
By - , 2 -1 — . . o
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€ \‘ ‘ . deflectlon angle of compre831on wave
M - . dlsplacement of 1nterface from und1stufbed pos1tlon i
M,?
e . Mach number parameter defined by cos z = o
i
,’$ R
Q-
A ' - variable of integration
\ _ fo,  E<o0 N
1(g) . step function defined by 1g)=4 5, E=0
- R I G g>0
p density ’ ' ‘
® - disturbahoe velocity potential = : B ‘_‘«u.;
Subscripts: ‘
L f , value of glven function evaluated at the lower interface,
' y = —b .
U | o value of given funotion evalueted at the upper inter-
face, y = 0 ' :
y = 40 ~ limiting value of given function as y approaches
Zero through values-greater than zero
‘y = =0 llmltlng value of given function as ¥ approaches T
zero through values less than zero -
1 ' . denotes quantltles in the supersonlc reglon y >0
" ' (exceptlng I1). : ~
2 ‘ denotes quantities in the subsonlc reglon ‘-b <y <0 ‘ » )
(exceptlng 12) ' . / : .
- Superscripts: C PR o . L
o indicates llmlt of glven functlon as ¥ =+ 0; for

example, f(Y)* = lim £(y)
Ay ) . - Y‘ﬂ
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APPENDIX B

ANALYSIS

In the present report, the boundary layer has been replaced by a -
uniform subsonic stream of finite width b which is bounded on one side
by fluid at rest and on the other side by a uniform supersonic stream

- of semi-infinite extent. For purposes of analysis, this configurstion

will be corsidered oriented with respect to a rectangular Cartesian
coordinate system such that the positive x-axis is parallel to, and in
the direction of, the undisturbed flow and coincides with the undisturbed
interface between the subsonic and supersonic streams, and such that the’
origin denotes the point of incidence of the given shock wave with this
interface (see fig. l). Thus, for -b <y <0 the flow is subsonic,
while for y >0 the flow is supersonic. Furthermore, all guantities

in the supersonic region will be denoted by the subscript 1 and all

" quantities in the subsonic region will be denoted by the subscript 2.

- Supersonic Region

Governing equation and solution fof incoming waves. - In the super- -

“sonic stream, the linearized differential equation for the disturbance

velocity potential Py is given by

oy,  Fe, , S
2 1 1 '
B —_— e —— =0 . . . (Bl)
R A A
and has as 1ts solutlon ‘ | .
= £(x + Byy) + g(x - 613') | S (BZ)

where f and g are arbltrary functions. The undlsturbed flow has

been taken in the positive x-direction so that waves represented by
Ex + B1y) will be incoming waves while those represented by

glx - Bly) w1ll be outgoing waves emanatlng from the upper 1nterface

For purposes of the analysis, the form of the function £ will Dbe

spe01alized and taken to be -

s , |
0 o R X + Bly <0 - S
£(x + Byy) = < | | (83)
lue efr(x + B1y) 1:| 4 By 30
YB1 I | P1y.
\

where U is the undisturbed velocity in the superéonlc stream and
‘where Y and ¢ are parameters. If y tends to zero, the 1ncom1ng
‘waves will degenerate into a single compression wave w1th deflection
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aﬁglev ¢, and the point of‘inCidence-qf‘?hisusingle'compressive wave
© with the upper interface will be the origin of the given rectangular
Cartesian coordinate system. S ? ‘ o .

Now, by defipition,.the components u and v of ‘the disturbance
- velocity are given in terms of the disturbance velocity potential ¢
by the relations .- S o e : L
| o O0 Qe Y N
u—g}?,v‘fgy'/» o o (34)

1

¥Therefore, thelcomﬁonehts of the disturbance velocity of the incoming

' waves are given by

\ (" o o o
o s, x4+ By <0
o ‘ ‘ ..Ule . .._)_r(x + BlY), x + BpY >O :
S
'and
0  _, x+'B];y<6,".‘ .
-‘vl,incomiﬁg.= | R | _,"(36)'1v
| _Ulee-f(x + B,l':,Y),ﬁ - by 50 -

, Incoming and outgoing waves in FOurier-intégral:form. - It will
prove useful to express The disturbance velocities of the incoming waves
in the equivalent Fourier-integral form. To do this, it is noted that:

the components of the disturbance velocity of the incoming waves are
proportional to the function ' o ; ‘ o

N

n(w= e
» ‘-—/ -— w . | " ~' . ’ 1
g e‘Y ,  w=>0 ‘
where w = X + By, and that n(w). can be represented in an entirely j 
equivalent form by : e
h(w) = = ( 5 71‘2”cos AW+ L3 = sin X;) an (e8)
n “\Y + A S S S ‘ L e
c : \
. ."
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Furthermore, the potential due to the outgoing waves can‘a}so be expressed {

in Fourier-integral form, namely,

g(x - B1y) = Uy _E%l(X) sin X(x - BlY) + Bl(k)cos x(x.— Qlyi]'dx
O

where Aj(A) and B(A) are undetermined Fourier coefficients. . Thus,’
after differentiation of the expression for g(x - Bly) to obtain the

- disturbance velocities due to the outgoing waves, the separate distur-

bance velocities can be superposed and the Fourier-integral expressions

. for the components of the total disturbance velocities (of both incoming -

and outgoing‘waves) obtained. Evaluated at the upper interface, these -
disturbance velocity components will then be given by Y, ’

-eU , : -
1 ' L A ;
Uqg o = — —1 _—cos Ax + —5—— sin Ax ) d\ +
Ly=t0  «fy [ (Yz,+xz T GO ) o

Ulf EAi(X) c§s AX - XBi().) sin'xg] dx o ) (ﬁlo)‘ .
0 < R o

T . ‘
VT e = ———%5 €08 AX + —5— sin Ax} d\ -
o 0 - -
. Co. ’ . ' . - . . ' .
Bllﬁ_f EAI(X) cos Ax - ‘)\Bl()‘) sin\ x] ax (B11)

"~ Subsonic Region -

Governiﬂg equation and general solution ih Fourier-integral form. -
For the subsonic stream, -b< y< 0, the linearized differential equation
for the disturbance velocity potential is given by ' e

2 e, . o,
+ =
2 T2 ayz

o : © (m12)
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and the solution ¢2 can be )e@ressed, . a.mong_maﬁy' pOSSib‘lé forms, as 1

- : ‘ L ' . )
#2(x,7) = Uy cosh[k[sz(;)ﬁbs1 - [Ex(M) sin Ax + Fp(h) cos Axj A +
A P 4 L : ‘ .
: AT A N
UZ- sinh XBZ(y-l-b) - |Ga(n) 31nkx + Ho(\) cos \)\}j, ax

0’ v(ﬁls)

2665

where  Ex(\), Fo(A), GZ(X) , and Hy(A) are also undetermined Fourier
coefficients. Then, by retracing the steps juSt taken for the super- E
sonic case, there is obtained . oo o ' ‘

up(x,y) = Uzv/—‘ coshE‘BZ(y+b) y [EZ(X) cos Ax - Fo()) .si'n‘ O N
_ : - SR Jd
o Jo : , T

LW

U, sinh A8, (y+b) g E}Z(X) cos Xx - Ha(\) sin )\}:X an
o S (BL4)

and

vo(x,y) = UpBa sinh XBz(y¥b)_'j . Eﬂz()\)‘sin x + Fo(\) cos )»}EIX an

’ cqsh[)\sz(yﬂ.;) . E}Z(X) sin Ax + Hz(l)kfc_os Xﬂx&

o , | ~(B15)

UzPa

Boundary Conditions
, Tn these solutions for the subsonic and supersonic streams, six.
unknown Fourier coefficients Aj(n), B1(A), Ea(x), Fa(r), Ga(n), and
Ho(\) exist. However, these coefficients are determinable by boundary
conditions at the ‘upper and lower interfaces.  The physical:_conditions' ‘
which must be satisfied across these interfaces are: (1) equal static

pressure, and (2) equal inclination of the flow. -At the upper interface, e
condition (1) gives, in the small pertur‘pation approximation, S :
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At the lower 1nterfa.ce 5 the perturbatlon pressure is ta.ken to be zero, ‘
condition (l) therefore reduces to

(11) vy yop =0 forellx . o (317)

Condition (2) gives no information at the lower interface since the flow
speed is zero below the interface; at the upper interface, this condltlon‘

yields (small perturbation approximat ion)
1 ‘ '

(1II1) vp y=00 Ul = Vy,y=t0 Ug for all x (18)

Establishment of the four equations for the four Fourier coefflclents -
With use of equation (Bl4), boundary condition II implies

sz '» E:z(;) cos Ax - Fo(h) sin x{lx & =0 - (B19)
Jo A T RS

so that Ep(A) and Fy(A) venish identically and @3 reduces to

?p - Uy sinh sz(y-l#bEl [GZ(X) sin Ax + Hz(k) cos X}EI ax
| T o)
whence
- .
up = Up sinh Xaz(y+b):| EGZ(X) cos Ax - AHp(A) sin M{] ax
° (le) o
and
Vg = Uzéz coshEBz(y+b] EGZ(X) sin Ax + XHZ(X) cos X}EI ar
‘ ‘ (BZZ)’

Substltutmg equatlons (B10) and (B2l), the latter eva.luated at
y = - 0, into equation (B16), that is, boundary condltlon I, gives
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Dlul {"Bl f

2 .
= szzf sinh (AbBg)[AGa(A)} cos Ax - mz(l)lsin Lx] o S

cos Xx +

2 sin )\}9 ar+ [XAl(l) coskx - X.Bl(k) sin Xx] d)} - ..
(st) e

0

N

| 2565],j"

whence; y upon equating correspondlng Fourler “coefficients and irm.k”ihg‘ use
of the fact that , . ‘ :

szzz Mzz ¢
= -——2 or Pl

z
el My

-l

v . (B2e)

there is obtained '_

M) - Go() Z sinn (Wpy) = - T (825)
mE ST

It

and - ' S ' IR e
]_( ) ‘ 2(. ) M]_Z , P2 ‘ﬁﬁlﬂrz + )\2

It
-
o
0
(2
Nt

Similarly, boundary condition ITI (equation (B18)) implies

U U85 cmmw@MmMWWMM%x‘ : : ‘ ;”

z{(—Z[ (e 7o 20) - slf Eﬁm cos s - (3] oo ”‘] ‘}
‘ (327)’ -
so that .

Al(k) ; Hz(x) £ cosn (lbﬁz) Qlﬁi = :'X? o me) 7
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‘_ yields the following expressions for GZ(X) and Hgp

© NACA TN 2860 : o S &

and

f . \

By (A) - Ga() 5-21- cosh (Mppp) = & ——

—— (B29 :
1‘:E’lffz+)\_2 . ()

Hénce, the problem is now reduced to one of evéluating the foﬁr;i
undetermined Fourier coefficients A1(A\), By(A), Go(2), and Hy(h) by
means of the four equations (B25), (B26), (B28), and (B29). :

Evaluation of Fourier Coefficients
Solving equations (B25), (B26), (B28), and (3292 simultaneously

ok

s 2 - . L
M,2 D B2 2 |
Go(2) z sinh®(NoBy) + __§.cosh (XoBs)

1 El

_ - 4 2 N <
-2¢ 1 |y M2 L. -+ B2
= . sinh (AbBs) + — cosh (Ab :
B yf 4 3 [%(;h%) (roez) + B ( BZﬂ-’

"(Bsof |
and | - ‘ | |

; ; o bz R .

B /M |
Hp(2) [TEE cosh® (Xops) + <:§€> sinh® (oB5)
1 | M7
26 1 . |B2 r N %b ' M22  n OB
RN B X °°° (wBp) - 2 Slnh ( Bz)' |
. . - (B3L) .

‘In addition, if the Mach number parameteg 6  is defined such that®

iy

8Although simplicity is not necessarily thereby achieved, 6 is intro-
duced so as to maintain a parallel presentation with that of reference 2.
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Mzz Z I ‘“B‘zz‘ ’ ]_“ Mz2 2 cos"h(Zy)v;bB ) '. cos 0

[ =5) sinh® (\bp,) + —% cosh® (Nbpp) = —( -

(Mlz) k 2l ﬁlz - P 2 .72 M:L2 ' ‘ cosz,%
 (B33)

so that G,(A) and  Hy(M) are also given by

B 2 : v
’ 1. (M2 cosh (2XbBo) - cos O |
Go (M) [§<M 2) ( 2; ] .
1 : :

|| 1

cos

_-2¢ 1 7 (M27\ . ‘ Bz . o
= . sinh (ADb = h (A\D
Sy 24 f [X <M12) ‘_( BZ) By cos Q Bzil
R | (B34)
- and o o
: H(X) l Mzz ‘cosh (2XbBy) - cos @
ALl - cos® 3z
/ C_ze 1 (P2T o (g, - ¥z sir;h.(ibﬁz-)
- (B35)

Similarly, by mea.ns.b of the same ,equatibns, the f:ollowing»éxpressiohs for - '

A;(N) and B1()\) are also obtained:

B2 ' .2\ ‘ ek
A, () |5 cosn® (aopy) +(i2 sinh® (xbaz)]
P1 , My e

e 2
e 1 Ba® ¢ oz o M2\ vy o2 .
oF m [a-z- 3 cosh (Xba?? - <171_Z) -): s@ (\bBy) - 2 Efz_ B sinh (Xbp,) cosh (AbBz) |

-~ (B36)

" 2665
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N

and o ' : '

2
Bl('x) [(M ) sinh? (Xbﬁz) + = cosh2 (X’bﬁz]

cce 2 Lyl o0 b b 82 oun? X
oy ;—2—;—-{2- kﬁ—z—é—m (k B2) cosh( Bz) - sinn’ ( ﬁ2)+gcosh (sz

,(337)~
Solution for Pressure Along Upper Interface

With the Fourier coefficients A;(\), By(A), GZ(X), and Hz(l)
evaluated the solution of the originally stated problem is now complete.

. However,’ there exist other quantities of interest such as the pressure

distribution along the upper interface and also the displacement of each

interface from its undisturbed position. These quantities will now be .
considered. ' S :

If the change in pressure from the undlsturbed value is denoted by
A@, then the linearized value is

Ap = - pUu

Hence, denoting quantltles at tne upper interface by the subscript U

and those at the lower: 1nterface'by the subscrlpt L, equatlon (BZl) and
boundary condition I give .

: 2 :
(Ao)y = -PaUzY y=—0 =v-p20'2v/' sinh (XbBy) | AGx(N) coskx -MHy(M) sin 'Ax:] ax (B38)

where Gp(\) and ‘Hp(\) are given by equations (B34) and‘(BSS): or,

with use of equation (B24) and also since equation (B32) further implies

| Ml2 B12 |

cos @ = 2~cos2‘g -1=

(B39)
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a-rld .J> .\ |
. : ¢ ‘r’>
~ (Bs0) o
equs | - ‘34
equation (B38) \ 8
(o) T R o
T Ug = - (-—Z—Y—-—2 cos AX + _-zf—)}—-fi‘sin Xx) ax - | | K
z PUy R v EE
. . ‘ S X . ', Y\. ‘ . | | | “'l‘
%—sinz 0 Y cos )~1§+ sinhx ' gy, e
' o (v% + 22)(cosh 2Nbp, - cos 6) » e

R sinHI(ZXbBZ) cos X - rysinh‘CZXbBZ) sin A ;£J<ﬁf

(73 +')?)(cosh 2WBo ;_oos 9)

(Ba1) L
Limit as v=20 (incoming Waveswvétep fuﬁctioql, - If f—ro,othe"

incoming waves will degenerate into a single compression wave with

'deflection angle g.”Consequently,vin order to obtain the value of the

pressure change at the upper interface for a single compression wave of R

o o B o o)y

deflection angle €, let y=0 in the expression for

=
z U™

From equationv(BB)af

gHere, the subscripts under I designate the various integrals rather
ubsonic or supersonic stream.: - o

than any position in a s
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bt ‘ 0
- Y ' . \ T
I, = cos AX + sin \xx] dA = { = x=0
1 . . = ’
(;2 + X? ,YZ + X? ) 2 o
' e YX’ x>0
o (B42)
whence -
- Y X . e ’
. lim —_— — c0S AX + —————= sinAx]) A ={ 5 Xx=0
Y0 (;2 + )? _ ,TZ + 22 ) )2’
(Ba3)

' For the other integrals of equation (B41), a theorem justifying thei

' interchange of the processes of integration and of passing to a limit is

necessary. One such appropriate theorem which will suffice for the
analysis in this report will now be stated (reference 10, p. 474). ‘

DEFINITION. - Let R .= (awof) denote the rectangle determined by

Ba<X<w, &a<t<Bp,p finite or infinite. The function f(x,t) is

said to be REGULAR IN R when: (1) f£f(x,t) has no point of infinite
discontinuity in R; (2) f£(x,t) is integrable in a < x < = for each

't in o<t <B. .

' THEOREM I. - (1) Let £(x,t) be regular in R = (a=ap), B finite
or. infinite, except possibly on the lines. x =483, . . .3 X = 8. (2) Let

[
fx,t)ax
a

be uniformly convergent in a <t <pB. (3) As t-tg, ty finite or
infinite, let f(x,t) approach a limiting function F(x) uniformly in

.any region a <x <b, except possibly on the lines x = 81y » »+ «5 X = 8p.
KThen, ‘ ‘ ®
lim . £(x,t) d&x exists.

t"’to
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(4) Iet F(x) be integrable in any region a <x<b.

. Then,

2665 )

 Thus, for

I, = [ - —t éosxxi" ~———drx . (B44)
. a 5 . (rz + x?)(cosh ZbXﬁz - cos '9), ' o

first 'lettingv zZ = X/’T : so that

‘cos (sz) o D ‘ (s5). .V
(22 + 1)(cosh 2byzpy - .cos ey -

and then applying theorem I, ﬁhere is obtained -
'iim; I 1 @z L m = 3t
2 =TT " ane O T _ = -
Y0 1-cos?® 22 + 1 _,,72(1 cos 6) 4 §in2 _g_
: (B46)
For _
Tg= ) ———helmX g (ma7)
(v2 + 2Z)(cosh 2bB A - cos 8) |
and B

X sinh(ZbBZX) cos A& . ‘
ax - (B48)
' (sz-g- xz)‘(cosh 2bBo - cos B)
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let
- . .
S = 2oAgy . (B49)
' | AKX ' : -
o : E= 5o ~ (B50)
[\ ‘ ‘ ZbBZ : ,
[o2] ]
o0 ‘
o so that
- .
‘ s sin 3£ ,
e
Iz = — ds - (B51)
, o2 | |
0 (;2 + —5—) (cosh 8 - cos 6)
| 4b°py | ’
and ‘ ‘
o S sinh S cos S5 , ~
/ o - £l .
‘ o I, = _ as (B52)
A 2 - . , : _
, 0 (%2 + 2 > (cosh 8 - cos 8)
A ' : » 4b Bz :
/ Then, -
sin 13 . o ;
lim I S(cosh § - cos 0) as - (853)
1+ 0
and , : Ne
sinh S cos %; : S
lim I, = S(cosh S - cos 6) ds ‘ (354)_
’ Y-’O
0
Lastly, - A ‘ v
v sinh(2\bpy)sin Ax
lim Ig= lim — — dxz 0
-t : ¥+0 r >0 (+% + »)(cosh 2Nop, - cos 6)
o ° | (B55)
e ) | . | ,
. Solution for single incoming compressive wave. - Combining these

five limits-yields

‘ | |
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. . , . . . \ R - .
f
(p) o
1im U _ 28 |82 o 1{E) - = ‘'sin%e 1 : -
1 2 By 2 2 7 .2 9
20 7 01Uj ' . 4 sin® 3
;'. ' o [ sinh 8 'cos‘% ‘
a5 + gz sin b [ S{cosh 8 - cos' 6) C?S
0 o R
(Bs6)
where 1(E) is defined by
| 0, £ <0
o '—. l . . ) . ) ‘ . v
g =<3  g=0 (1)
| 1, £ >0 ,
Now, it can ;be' shown by contour integration that, for E >0, ‘ ; o . 1
- ’ v‘\’ . N 'n-"‘_-e/
Lb sin S?E‘_ =\ 1 oy ok Z é-(:TZn+l)£ e-(7—>E e(;‘“i’?—)'E : >6 v
Zx A S{cosh § - cos ) B»sinz'g- 2nsm9n=o 2n+-2_§ 2n+,%,5 _ : N
and >
. .ll ‘ ) ; i ’ ;:b . ‘ ' —e) / (1{-6)
- N .. - -(—~)E — ,
sinhScosg- : -1 -(2n+l)€ e C[ﬁ e 7 ,
S(cosh 8 coj'ts 5795 =2x e. )T %* /570
, co B AT = I 2n+. 2 -F 2n + 7 ’
Il ~(859)
Furthermore, since thé integrands are odd and. even fu.nctibné of E._,
respectively, it cen immediately be deduced/that , for & <0,
e st T 2 W= i
1 sin = o o 7L S ‘.e(2n+l)E e< ey LA e (n)g £<o
231:'i :,Vs(cosh_s-c_ose)‘ 8»sin2% 2n?inen=o | 2n+2-g‘2n+% F) |
‘ ‘ ' ) (60)
- i

e

@)
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and
e ‘. . | - ( ')5 | _Gﬁﬁ)g' : .
1 6inh S cos 1 Z (2n+l)£ o\ o \Un . -
o S(cosh S - cos 6) ds = 7o ~ 2n+2-_9.+ . @ E<O (BGl) :
o} =0 S T o o

Therefore, with the substitution of these results into equatlon (356),
it follows that: '

( o™ <2n+2 - ?I)E | . -
4e e o :
| 7By sin 6 g, §&<O , (B62)
Py { - .
Y-»O 3 plUl2 4& Ny “’ e;<%n+2 - §>§ I / o
_ | = sin 6 - , ‘E>0 - (B63)
7 ) ‘
f1 n=0 2n + — - : .
\. - |

Dlsplacement of Upper Interface

‘A quantity of primary 1nterest is the shape of the distorted inter-
face between thé supersonic and the subsonic flows. The slope of this
interface is related very simply to the already determined pressure at
the interface, according to the following considerations. If the dis-
placement from the undisturbed p051t10n is denoted by nU, this slope 1s ‘

given by

all &= 0 g (B73)

‘ approx1mately Now, applying the boundary condltlon of equal slopes on‘-

7both sides of the interface, equation (B18) gives

ﬁE =0 all.‘g, y =0 - , (374)

Furthermore, vy Ccen be related to ul In the reglon E < 0, only out- -

going waves exist, corresponding to the g—functlon in equatlon (BZ), thus
by dlfferentlatlon of g, . Do '
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Vl='—Bll. £<0,y=0 o . (B758‘) .
In the region ¥ >0, there ex1sts, in addition, the 1ncom1ng weak shock
providing a flow deflection € for y—+0, correspondlng to the f- functlon
in equation (B2); this prov1des an addltlonal term.such that :

{
\

lim vy = - Blul'— 2eU; | g > o, v =0 - (B75b) -
: 0
Co ; o o a
When these equations are'combined, there results :
e o | -
-Bl-i]'_l ) E<O,.Y—-O ‘ -
m S (we) |
T-+0 v uy ) v o ) i ' ' v »‘ -
-BlU -2, E>0,y=0" R N
\ l , < . 5o
Then, by virtue of the relatlon A@U - plUlul, this may be written o
E 1 32 ) E<0,y=0 :
. Epﬂ& /  - : T
! - : R
1lim —gg :< : . (B77). R
¥+0 1, : RN g
DlUl . : , S .

This is the desired relation between the local slope and the pressure of
the 1nterface ~

Upon substltutlon of the calculated pressure, equatlons (B62) and
(B63), there results ‘

E<0 . (B78)

g>0 ~ (B79)
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Expressions for displacement of upper interface. - Denoting
dn an. . %
: U "y
lim ax by X
y=+0
. s

, equation. (B50) gives

dny* _ dnU* dE dnU* x

T T & E B, (50)

Thus, with the assumption that

¥ =; 0) -0 | : (le)»

dnp%* '
the expressions for dg can be integrated and will yield
: - (2n+2 8 E
7t - B ' ey T E S
— *(r-. = —ai
ZbBZT]U(E’e)—,{Sln?Z -62, E<o
n= - R .
o (anz x (B82)
while for E > 0, since o
any*(g<0; 6) dny*(g>0; 0) -
E dg + aE - & . (B83)
+0 .
‘1’-.

‘ , R

- "
2 . 1 ' sin @ e
y*(E; 8) = 5 sin E: Tz |Tx ), T e § +E

2
n= (2n+2 - g) : n=0 (Zn + g ‘ '
' ! '4 ,J+O
0 (Bss)
Hence :
' (9]
: hnd . ~-[2n + =JE
. 1 ‘
TIU*(E; o) - z"_E'Sin ° Z : * 'l -2 5 | - 2eE, E>0 (BB-S)
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\

' ( . énm jg~5 .
2 one), o O, r<o - ()
’ n=0 - 8\. ‘ )
muz--)
. : v A b S o
',;32 #(&; 6) = < ' - o | » b-(2n+%)z A ' S
' EﬂﬁsmeZ;‘ - —s + 1 5 S| 2e5, £>0 _(385)
@mz-;a @n+§) én+§) '

By inspection of equations (B82) and (B85), it is noted that
nU*(g ; 8) is finite and eontinuous at -’ ¢ = 0, while, on the other,hand,
equations (B78) and (B79) show that dm#/dx is infinite at & = 0.’

Displacemerit of Tower Interface

Finally, the expression for the displacement of the lower interface
will be derived. If the displacement from the undisturbed position is
denoted by 7y, this displacement will have a slope giVen in linearized
approximation by ‘ o : ' S

. “dﬁ V. o o -
- : , - - L _ _2,y=-b ‘ - ' ‘
g ‘ - A& Uy - S (386)_

or, with use of equation (B22),

LBZ;,[Gé(X) sin Kx + Hy(\) cos ”X}El an | (B87) .

where Go(X) and Hé(k) are given by equatioris' (B34) and (B35).’ That is,

{
H

‘2665
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- ’
an g? nh Mo P2 cosh 1 'v')x
ang 6r Mlz sinh AbBo + l By co_s. )\bBZ) sin -
& - 2 1 | an +
(2 +8) 7 (cosh 2Xbpp - cos 8)
-”»
-t — cosh Xbﬁz + A —— sinh Xsz cos AX
By . M2 ‘
, o
RN ) (cosh 2\bp, - cos 6)
| (B88)

Limit as ‘70 (incoming wave »step function). - Consideration will
now be given the various parts of the expression for dnU/dx as one again
passes to the limit v = 0. For ; '

- : . )
o ¥ sinh (Xb sin A S /
: I.= (Xop2) ——dn (B89)
" 6 (+2 + 22)(cosh 2bAp, - 6
o T+ s B, - cos 6) ‘

‘first letting A = yz, there is dbtained o

i

o - sinh (szﬁz) sin (yxz) = ' '
lim Ig = 5 dz = 0 (B9O)
v 0 Y"O (l +z )(cosh 2pzbBy - cos ) » _

Similarly, for

v cosh (AbBs) cos kx ‘ |
Iz E 5 o (B91)
(Y + )\ )(cosh 2\bB, - cos 6)
lim I, = cosh_(yzbpg) cos (vax) & (592) i
r=+0 Y'*O (l + 2z2)(cosh 2rzbB, .- cos 8) . R
= = ek X
1 - cos @ 1+ ZZ 1 - cos Q 2

AJO




w B
50 that
. ' S
Hm Iz = ——%7%
y=+0 . 4 sin 3
For
- N cosh (ADb . sin Xxv
Ig = — (, BZ)‘, ax
, (v2 + AZ)(cosh 2\bp, - cos 6)
and
- ,
A sinh (ADB,) - cos Ax
Ig= . - ax
s = (v2 + A2)(cosh 2\bB,, - cos 6)
introducing' S and E as before yields.'
© '8 cbshul'—g- sin 25 ‘ L
Iy = ~ — ' — ds
+ cosh S - cos 6)
and 2
S SF
S slnh/E cos — ;d
52 . o
+ —5—=) (cosh 8 - cos 9)
v,/
whence o
o sin 25
lim I X__ das
— . - cos )
and
| . - COS %tg 3
- lim Ig — as
¥>0 o] - cos 6)

NACA TN 2860

o=
" (B94)
~ (395)

(B96)

~(B97)

(B98)

(899)

2665
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Furthermore, following reference 2, it can be shown that, for

' 76y -fx-8
f- z:(_ G e(n) e (n?g
4s:.n% 2s1n2n..0 zn.‘.z_% z}_g ’
- Lim Ig = ¢
N =0 ‘ - [- LT
S it 1 E: n -(2n+1)E e(“)
& 28 - 3 (- ) 3 5|
: Lt.‘gsinlﬁf25.;11'1511:() _ l-Z-n+2—; 2n+:—{
and
' .
s &) ("—~)
i E( )n (2n+1)E |e | z<o
' ' Zcos—n—O 2n+2-g zh+;J
lim I =4 2 "
- 9 - Y f.50) 3?_-...{
Y0 '
— Ej(anne4mﬁﬂi e(n) -e(ﬁ) >0
2 cos & &6 2n+2-2 2042l
. 2 x :ltJ
\.
Simplification of expressions for slope.
and using equations (B32) and. (B40) yield
_(én N é)g ‘
dng, 2o [ 1 ne \ - “ RN
lim E_-Z& sin E e— ( ) y E>O
Cy=+0 sin2§ 7 sm—-n—o
That is,
an | : (éll + 5%) E
: n
lin —2 = -2 (1 -Zsing }E: (-1)" & — )
. Y=+0 2 50 2n + 7

2n + <

31

>0,

(B100)

| (B101)

(B102)

- (B103)

- Combining these limits

(B104)

(B105)
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Furthermore, by symmetry con31derat10ns of the various 1ntegrands, it .
follows that, for & < O, : coo ;o N
| (' é) (=8 |
d'l] +l k18 R ¢ s
lim 7§% = - 26 si n? % }E: (-1)" (Zn )€ |e 5+ 5| +
T-+0 - i 31n 5 n—O : 2n+2 - = 2n + = ce
. ‘ . ) | | ) 0 B . "1"
- ) fx-6 -0Y SR
1 n (2n+l)£ ) e b1 £ e-, T E .
(-1)" e : » £<0
n sin 3 n=0 . - 2n+2 -8 2n + & :
‘ o » N SR 4 R ,
- S , ~ (B10s6) |
That is, = . . | | :
e éﬁnﬁ - g)g . .
dny, : e ne' - o Sy o
hm—_=-2e-mn§ (1) —| » E< 0 (B1O7) .
-0 : O Zn + 2 -= - ey
;  Therefore, in summary, ? . _
_2e |2 sin g-zzz,(-l)n = -/ E<O (B107)
o ) T - n=0 - 2n+4+ 2 - 1—; , T T .
lim Tax =< ' - ’ o NS
- —2&1-;{-s1n—2( )ne g>0  (BLOS)
, nrO on + 2 C o
\. ‘ ‘ x :
Flnal expre351ons for dlsplacement of lower 1nterface - If' g S DU
- dng dng * ‘ L R
lim —— is denoted by - , 1t is noted that . o a
dx dx - , R
rY+0 . c » S o
‘an  an, .. dn.* S
o "La_ L = (B108)
Cdx d& dx dE Zbﬁz R _

[

" so that 1ntegrat10n of equatlons (BlOS) and- (BlO7), along with the boundary
(B109) '

condltlon ,
. ' ‘ ) “*(-ao; 6) =0
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| yields,' for <0,
- -
o 0 Z (Zn+2 -9
Top, *(&0) = - 7 sin g NZ 0 E<O
2n+2 - ;;)
B (BllO)
For E>0,
-0
(50 dnL*(£<0 9) dn #(£>0;6)
- (&;0) = Tz 3g— AF
- ' .
so that’ L B
. A 2n +
2:3 TIL*(E;Q) = '2954'—5111 E (-l) _]i =+ 5 - ( ) >0 s
‘ A n—o (2n+ 2 -g-) ‘(Zn + z) . v(Zn +g—) 1.
) e e | <Blll)
Therefore, in sﬁmmary | “ ' '
/
: 2n+2 - —Z ) . ) . . . i
oo -4%5 %z(-l)“( , <o T T (muo)
n=0 (2n+2__) ‘ o .
e T (;0) = 4 o
2By o E l»_‘(Zn+—E ’
-ZeE+—-—s1n— (-1)" = + L - £ , E>o0 (Bl11)
|G i e = = e
Both ny* #»(E;0) and dnp#/dx are contlnuous at E . The con-
L

tinuity of nL*( g0) is readily seen while the contlnulty of dnp*/dx

- may be shown by letting x

page 208 of reference 10.

8/2xn

in the formula for g/sin nx given on
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TABLE I - PERTURBATION .OF UPPER INTERFACE

_x

2bB,  2€

= '.quf,e = x/t, x/2, and 34

. X .

against . £ = %EE

E .| e=n/4 f;6=n/2 . 6=3ﬁ/4
-5.0. | 0.00001| ~0.00008 | 0.00028
-4.0 | - .00007|: .00035 | . .00097
-2.5. | .00093. .00335 { .-.00632
-1.75| .00345| . .0103 | .01620 | .
-1.00 | = .0132 | . .0324 | -~ .0416 .|
- .75 ..0208 .0480 - .,0584 .
- .50 .0335. .0722 .0820
- .40] ~ .0410" .0856 .0944
- .25 .0562 | .1120 .1180 -
- .10 .0804 .|  .1520 | . .1517 .-
- .05 .0925 |- .1715 |- .1875 .

o | ..1108 | .1993 [ . .1891 |
W01 11138 .2009 | - -.1856- |
057 .1215 .2018 | - .1679 |
10} .1253 .1958 .. -.1408 .
251 . .1240" .1564 ©| - ,0450 }
40| - 1169 .1003 [~=0.0620 |
.50 L1017~ .0566 | - .1377 .
.75 ..0516 | <0.0686 | - .3363 |

1.00{ -0.0137 | - .2117 | - .5450 |

1.75| - .2803 ‘| - .7168 | -1.2120

2.50 | - .6323 | -1.3002 | -1.9155

4.0 |-1.5293 | :2.6075 .| -3.3750

5.0 | -2.2368 | -3.540 -4 .3650
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b, 2 aga}nst E =

X
2bB

' TABIE IT - PERTURBATION OF LOWER INTERFACE

E Q=1t/4;

onfz

o 6eBm/4

-5.0 | =0.000013
4.0 |- .00007"
-2.5 1 -.00100
-1.75| - .00368"
-1.00 | - .0134
- .75 | = .0205
- .50 | - .0309
- 40| - .0362.
- 25| - .0459
- 10 - .0577
- .05°| - ..0622
o. |- .08670
05 |- .0721
10 |- .0775
25 |'= .0959
40 |- 1173
50 | --.1338
75 | - .1811
00 | - .2389
75 | - .4735
5 - 7942
0 -1.6420
o} -2.3253

Ul 0 B

-0.00011
~ .00050

- .00472

- .0144
- .0436
- .0625
= ',0890
- .1021
- .1250°
- .1522
- .1623
- .1728

- .1841"

- .1962
- .2358
- .2803
-, »3130
- .4065
- .5168
- .9293
~1.4453
-2.6725
-3.5775

.- 2550

~0.00073
- .00254
= .01653
- .0420
- .1057
- .1428
- .1918.
- .2150

- 3005
- L3173
- .3345
- .3528
- .2718
- 4330
- /5013
- .5503
- .6860
- .8385
-1.3803
~2.0100
-3.4025
-4.4675

AY
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for 6 = /4, n/2, and 3u/t
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Incident wave

Outer flow
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Simulated boundary layer

Sketch 1.

TTIIIITT ////////////// 7

- Incident wave

I
Boundary layer

777777 ///?“??7?“’) 77 /////

Sketch 2.

* Incident wave ' ‘
o ) /77,7

Alr at rest

Sketch 3.
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-
Region 1: Supergonic flow
—T- - : — > X
I . ' Region 2; Subsonic|flow : >
'Region 3: Fluid at|rest
Flgure 1., - Compress1on wave with deflection angle ¢ incident uﬁon'the
: interface between a supersonic stream and a parallel subsonic stream
flow:.ng over fluld at rest. '

96—t ;

92 ‘ s ‘

N
\
\

5P A

.72

Figure 2. - Mach number My in the supersonlc strea.m agalnst
Mach number My in the subsonic stream for several values
of the Mach number parameter 6. i
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TTTT77 T | | | \33S SRR u
Solid wall

Dead air (constant pressure) Solid wall

(a) Schematic.

-#81 : #; 28 - el

Dead air \R
‘/////'///////////////////////7

(v) Plctorlal : : v ,

' Figure 5. - Reflnement of model of figure l to more closely represent

shock boundary- -layer interaction. (z, point of shock incidence;
R, reattachment; S, 1n1t1al separatlon )
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