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OF THE HYPOTHESIS OF A QUASI-STATIONARY SURFACE LAYER 

IK THE THEORY OF THE TURBULENT DIFFUSION OF A HEAF/ 

AEROSOL IN THE BOUNDARY LAYER OF■THE ATMOSPHERE 

/"Following is the translation of "0 gipoteae kvasi- 
etatsionamogo priEemnogo sloya v teorii turbulentnoy 
diffusii tyazhelogo aerozolya v pogranichnom sloye 
atrnoafery" (English version above) by I.L. Karol' in 
lav. Akad» »auk SSSR, ser» geofis, (Trans. AS USSR, geo- 
phys» ser,), No, 5# I960, pages 758-761.7 

1. In papers [ij and £"ij on the semi-empirical theory 

of turbulence, we examined the non~stationary process of vertical; 

turbulent diffusion of a heavy homogeneous aerosol from an in- ■ 
stantaneous point source, placed high above the surface layer of I 

the atmosphere. Since the exact solution of this problem is 

tedious and 6f little use for analysis and numerical calculation,; 

a simple approximate solution was described in [lj* in which j 

the variation of the coefficient of vertical turbulent diffusion ! 

in the surface layer was taken into account in the boundary 

condition for the problem at ground level. 

The exact solution of the problem can be simplified in 

another way. In papers /~3.7, Z^J  ai*d if 5 1  on the theory of 

temperature distribution and the thermal transformation of air 

masses in the boundary layer of the atmosphere, it was shown 
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that the temperature ohange in the surface layer can be consider- 

ed as quasi-stationary from some time sufficiently long after 

the "beginning of the process, i.e. we can ignore the partial 

derivatives with respect to time in the corresponding different* I 

ial equations« ! 
i 
| 

In this paper we discuss the possibility of applying the  j 

hypothesis of a quasi-stationary surface layer to the problem   J 

of the turbulent diffusion of a heavy aerosol» and the connect- 

ion between the approximate solution obtained in this way and 

the approximate solution found in £~lj* 

In ClJ  and £2jf  the dimensionless concentration 9 fa C). 

of the aerosol is defined as that solution of the equation 

which satisfies the initial and boundary conditions 

(l.l) 

(1.2) 

v- (1.3) 

We elmll use the notation of C\J  and [2 Jt      *. C ta« X.  j 

va»i»,"ß.are, respectively, dimensionless time, the vertical      ! 

coordinate, the height of the »unevenness layer*, the height of 

the source, the velocity of the gravitational subsidence of the 

aerosol, and a parameter characterising the reciprocal action 

of the aerosol and the surface of the earth (# * 0 - reflection, 

ß  » oo  - absorption of the aerosol by the earth). The height 

of the surface layer is taken to be equal to unity and    to 



be greater thanX>l*. 

Taking the diffusion in the surface layer to be quasi* 

stationary, we replace (l.l) by th® equation 

dq\ m 
dK. 

a»gf> 
ex? «> 1, (l.la) 

In this ease the concentration ^$(% £) of the aerosol is 

found by »oiling the problem (l.la) - (l»3) in exactly the easie 

way as the problem (l.l) - (1.3) was solved in Cljf  and £~2j9 

in particular by using a one-sided Laplace transformation for 

the time *C  and by subsequent asymptotic representation of the 

Mellin rotation integral for large values ©f X and with') Xi:—X ~" *• 

In this way we obtain the following asymptotic representation 

for '«ffC^O  'fopi'l'<'t<x» ' 

rjtfi h 

y»i(A>.Co. 6)* •(*>t + v)ecj-x,ß 
I V ts 0. !(1.5)! 

fhe solution '^Ä/f»$)of the problem (l.l) - (1.3) 1» the. 

layer f<S<X also has the asymptotic representation (1.4), but 

the function "%£/»»£„,,$ is then a complicated expression (see 

/~2j7) involving the modified Bessel functions I¥(2Y%)t]Kv(2Vpl), 

M2>^).'ir,(2/7i&)"      •     . - 

* In £2~] we also discussed the case when there is a steady 
change in the coefficient of vertical turbulent diffusion in th© 
surface layer, !.Ä!(t)*-<£*. £<i, 0<e< 2, for a'weightless 
compound' («isö), 



Let us consider the oasetf-.O,    If we take  Xl »  to be 

boutided and let r-*- oot  then' *» ■* xf/4t*-* 0, K^±VK^*^   •    5hen* 
"by using the expression for Beseel functions for small argumentsf 

it is easy to see that in this case ■%(&* K0$) becomes fciCft.t0.$ 
i.e. the principal term in the asymptotic representation of 

^Cx, K) t the solution of the »exact» problem (1.1) - (1.3)» 
is, for large values of f, equal to the principal term of 

*j®(*X)t  the solution of (l.la) - (1.3), the problem with a quasi- 

stationary surface layer*. 

We shall now take V >0, and, for simplicity, we put C0» 

Then the expression will take the form (see /~2J7)* 

0** 

^^■r^Pi^i!^ 
VpaK+xVVp*)-*iKV (1.6) 

— v«/4^fc0, K v/2 
As r-**> and for bounded "Kt , since *V""*~"V (*.*£:Xl. "| 

. in this case (1.6) does not become equal to ;Yn(j%.6;fl)*BJWX« 

for fi> (r, %)     ,  the solution of (l.la) - (1.5)» although 

as t-f« the limits of these expressions are equal,Hm*P,,0J!|, 0, 6)« 

limY^'fa» 0t©)«i .  It is easy to see that this also happens when 

X« > 0 and for any values of the parameter ß. 

* There is a similar result for a «weightless» compound in the 
ease jr(t)«*tSi0<«<2 in the surface layer. 

**The possibility of ignoring the height of the «unevenness 
layer' is examined in £lj  and /~2_7, where it is established 
that if this is done the solution does not depend on the 
parameter A , 



Thus, when we are concerned with the diffusion of a 

heavy compound ( V > 0) the principal term in the asymptotic 

representation of the solution f " (t, 0 'of the »exact« 

problem (l.l) - (1.5) does not becoae eqiial to that of %i'(%%>) 

the  'solution  of the problem with a quasi-stationary surface 

layer, for large values of X , although, as *r~*«?t these 

solutions have the same limits eq.ua! either to aero or to the 

stationary distribution of concentration in height when the 

aerosol is reflected by the earth's surface« 

Thus, the simplifying assumption for the problem (l.l) - 

(1.3) that the change of concentration of the aerosol in the 

surface layer is o/aasi-stationary can be made for large values 

of * only when V » 0, i.e, only for a 'weightless* aerosol*. 

2. To calculate the time taken to set up quasi-station» 

ary state in the surface layer when v « 0 we define the 

relative error B of substituting f **(t, £)   by # (Tt£)* 
putting 

E(t, C) = 1~?
(2)
(T, C)/g?(T,C) (2.1) 

and restricting ourselves* to the ease C« =0, Putting the     j 

principal values of fa)   and ff**  given in (lA) in %£/>,« 0,/JJj 

defined  by  (1.6)  with V - 0 and 'F,,, (p0, 0, ß) « — 1, after   j 

simplification we have» on the boundary of the surface layer  j 

( t   »■ l)j  "" 

The requirement j^} < € gives an inequality for X t 

* r~°>~]  - [*}J  concern particularly the turbulent diffusion 
of 'weightless substances* - heat and humidity. 
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Prom tables of Beseel functions ( £~6j  ) we find that 
for £* 0-.1, x<0.2. Passlag to dimensional quantities (see ■ 
£lj tmA fzj)  w® obtain an inequality for the time needed 

to feet up a quasi-stationary state in the surface layer to an 

accuracy of up to 10%? t > t (where t « 50» 500, 5000 seconds, 

the height of the souree being E-'IO, 100» 1000 & respectively, 

and where Kg/L Ira/eecs Kg being the average magnitude of the 

coefficient of vertical turbuleat diffusion outside the 

surface layerj and L is the height of the surface layer). 

From this it follows that in many problem® concerning 

the turbulent diffusion of a »weightless» euhstance .in the 

boundary layer of the atmosphere the process in the surface 

layer can in practice he thought of as quasi-stationary fro» 

the beginning»' In this ease we can suggest the following 

simple method for solving similar double-layer problems» taking 

an arbitrary law of change for the coefficient !.(%)  in the 

surface layer« 

In the layer 0 ^ £«<■£< 1 the solution of" the ordinary 

differential equation (1.1a) for V * 0 , which satisfies the 

second condition of (1,3), is of. the for® 
* 9* 

(2.5) 

«rhere C«j, is a parameter'independent of £'■• Eliminating Q^t 

from theee equations we obtain the relations   

"3jP     *-M~\     «-n. ± .  A . C JA. <2^) H *=0; 
K~l 

1 

on the boundary of the surface layer (£«* 1» K (l) * l). 

As a consequence of the equations i ^/V^CI^ ~ %j2>/#£ i^: 

9il}(T,l)^?f (x. 1) «). (2.*f) oan be used as the boundary 



condition at the height { » 1 to determine <|,{ <fr, U » i.e. 

to solve equation (1.1a) in the half»plane £ > 1 with the 

initial condition (1.2) and the first condition of (1.3).' Thie 

problem is easily solved* since for &>l  equation (l.la) ha© 

constant coefficients. Having found %^(tX) v&  find the Gl 
of (2.3) bj using the equation Cx - ^fM\Kml"       » *nd froia 

(2.3)-we can find the quasi,-stationary solution ^Yr,£) ia 

th« surface layer. We oh serve that the parameter  of (2 A) 

is given by    v . _„■  . 
fl -,„* ■  1/&- 1/^-1/^ i (2.5) 

where B at-J  ■""   "J  ~ is the experimentally determined 

total turbulent conductibility of the surface layer (/"?_/)* 

3. In /~1_7 we described a method for reducing the 

problem (l.l) - (1.3) approximately to a boundary problem for 

an equation with constant coefficients (equation (l.l) with 

K (£) w 'l)t by transferring the effect of a change in K (£) 

in the layer Ce<£<! approximately into the boundary condition 

(1.3)'at the height. ts ^. Condition (1.3) then takes the 

form ,' .":■.'■ 
Wqldt. + »q)^Xt~Bq (t,  Co). (3.1) 

where 

1 
[1 / v •+ <i# - i/v)«J ~ *■ CoKi-v)"1 

i-f (l/?-l)t.(i—lnW 
U/ß-lnto-Mo-i- 

■v«l 

V «0* 

(3.2) 

The initial condition (1.2) and the condition as £-*+«* 

*     In £~lj  the value of B is given only for ß  » «* »V. ^ °* 
however, the method described there can be used to find B for 
any ß &  0 and for the case V » 0. 



are unchanged. 

Let us find the eonneotioh between the solution Q.(T,t) 

of this problem and the solution <}\i}{t, D U » 1; 2) of the problem 

with a quasi-stationary surface layer. In /~1_7 we found the 

principal term of the asymptotic representation of eu , 

analogous to (.1,4) i 

— (Xt—vr)s/»t r 

Itir-, Q MZ ?.) _ iX»K-C) XH- If 

2Vz? Aa -j- v'-~ /? 
i + 0 (I (3.3) 

"/*■ ■U 

Putting * » 0, let us for« the expression  ■■A0(t)~/ 

^J^.ysj^j.using the principal term of <J2 given in (3*5). As ■ 
"Xt/f-+0  we obtain in the limit 

Ihn A0(T) sr «/ [1 +- tf (i -C«)I = f 1 /P — InSol"1 «*," •     (3*4) 

where $ is defined by''formula (2.4) for K ((f) » £ . This 

means that for large values of time f the solution q~ ( "£*, £ ) 

satisfies the condition (2,4) and, 'therefore,'a quasi-station- 

ary stag© state ie set up in the surface layer £e< £< t for ''cu* ' 

We oan verify at once that as x-*cn  <|„fe£)an& <iJZ)(T,&) 

tend to »ero for 1<£<X and v « 0, although from equations 

(3.2) and (2.4) with  (O - ? 

Thus, for large values of *C , and. for <f>f * the solution 'a,, 

and the solution eu(2) of the problem with a qu&si~stationary 

surface layer are equivalent. 

Prom this and the fact that, aa we sa^f in section 1, (LJ-V 

..is equal to q( X X) *  the solution of the 'exact' problem 

(l.l) - (1.3), when V * 0 and as X~*oo » it follows that 

-6- 
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Qg(^* C) and %{t%t)  ar® equal for £" > I and for large values of 

In.  conclusion '«re note that when y>6 the principal terms 

of the solutions'q2(r,£) and q| (T»0 defined "by the expressions 

(5.5) and (1.4), (1.5) respectively, are no longer equal as T — 

co  with £ > i , For, in the eame way as for (3.5)* it is not 

difficult to find that 

111)) -7,-r 
t-*oe qy 

C —?o + 2/(2»~v) 
c--i-h2(p-ei:j)/v^ + 6cj) 

This limit is not equal to unity for any £> 1 if B has the | 

value given by equation (3.2), This corresponds to the deduct- j 

ion in section 1 that for V>0 and as - ? .  the solution q( , ) ..} 

of the 'exact' problem (l.l) - (1.5) does not become equal to .t 
the 'solution q,v (?X) ?<>?  the quasi-stationary surface layer, j 

and so the solution 42(T»£)» nearly equal to q('E'»C)* *s j 
different from q,^ 'Cf,£) for V>Öand large values of "t;   , j 

Thus, our simplifying assumption concerning a qtsasi- ! 

stationary state in the surface layer is legitimate only for j 

the problem of the turbulent diffusion of a «weightless' '■ 
compound (aerosol). The solution Of the problem of turbulent \ 
diffusion of a heavy aerosol (v>0)  in the boundary layer of \ 
the atmosphere can be simplified by the aethod explained in /~lj/ 

of substituting the coefficient of K(g) in equation (l.l) j 

by unity, and the boundary condition (1.3) by conditions (3.1) 

and (3*2) at the height ?"«= Ce* 

* In /™1.7 ^ established only that the flow A"ß) dq, &X. + vq  0f 
the function q (*£*£") *es nearly equal to that of ^(^t £ ) a* 
the height £ « §T6. 

-9- 
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