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AND A BODY OF POTATION 

[Following is a translation of an article 
written by G. K. Duboshin in Vestnik iioskov- 
-ko;ro Universiteta -- Seriya Matematiki, 
Mekhaniki , Astronomii , Fiziki , Khimii , Ko k , 
1939, pages 5y-60.j 

In the present paper a form of analysis of the mutual 
potential of two bodies, suitable for certain applications, 
is found, having an arbitrary spherical distribution of the 
density of a sphere and of a body of rotation whose density 
is any integrand of  the distance to the axis of rotation 
and  of  the distance to any plane perpendicular to that 
axis.  The analysis obtained can be used in various problems, 
of celestial mechanics, for example in the problem of the 
translational-rotational motion of an artificial earth satel- 
lite or cosmic rocket» 

Vv'e ?.'ill consider a certain material body bounded by the 
area forced by the rotation of a horizontal line around an 
axis lying in the plane of that line.  Let the dimensions of 
the body be determined by its "length" h and the largest of 
the radii H. 

vVe v/ill take the axis of rotation to be the axis of the 
apnlicates of a rectangular system of coordinates whose origin 
is in the arbitrary point G of a body lying on the axis of 
rotation.  Let (see Fig. 1) 

(it-I,   acl^h,   / + /,--*, 

and  we  write   the  equation   for   the  meridian  section of   the 
taodv  in  the   form 
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where R(t|) is the given integrand 
of £ , - determined in the interval 

Let the density of the body be 
a given integrand Si/, X' ) for the 
distance p   to the axis of rotation 
and the distance %'  to the basic 
plane.  Let us iBsagirie a circumfer- 
ence passing through an arbitrary 
point"M of a body with its center 
OR the axis of rotation. 

Then 
tint     2*5 y>', V)p'd<.'d?' 

cart be accepted as an element of the 
mass of our body»  Obviously the 
total mass m is determined by the 
formula 

m     2* \ dV \   8(p', U)f'dp'. (1) 
■I.        » 
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an arbitrary point of the body lying on the axis of 
■i and -€-,   are any numbers whose SUE equals the length 
■<r  h. If, in particular, G is the center of inertia 
y, then fand €-,   will be fully determined.  In fact, 
an origin of the coordinates in the center of the 
C, we will have, for. example 

*.<u 

ml,     2- Jcrft, J S,(f/, C,)pW (2) 

who rs 
„ /?, (t.)  /?(C, -- /,), 4,(P'. C,) -= W. C, - *i) 

ana  where  in,   in  place  of   formula   (1),   can  also  be  determined 
bv   the   formula 

#,(!.) 
/» 2« JrfC,   J   <p'.C,)c'rfp'. 

If now in formula {2} we go bach to the system of coor- 
dinates with its origin in the center of. inertia of the body 
G  vss   ftet   the   obvious  equality; 

t m;) 
0      y,'d',' \ 3(f/, r,')l'dp'. (3) 
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In the future we will consider point G an arbitrary point 

lying on the axis of rotation of the body (inside the body). 

Now let P be any point of the axis of the applicates which 
is external as regards the body and at which the ffiass m is 
c & ri *h p T" & ri 

Or let tne point of the axis of the applicates P be the 
center of a sphere, homogeneous or possessing spherical dis- 

j tribution of densities, whose .mass equals Hi and whose radius 
is a less than the distance of point P to tHe point of the body 
nearest it,.  Such a sphere, as is known, attracts and is at- 
tracted as a material point of mass m    located at point P.  Then 

o J 

PMa - f-'3 + (C C')s 

and the potential of an infinitely thin round ring with mass dm 
en point P äIII be 

and the potential of the whole body on the same point P is 
determined by the formula 

' wo , 
I« i (>;.; )\M'jd-; p i« li-/.'. ward/ 
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how in accordance with the well-known theorem of classical 
theory of the point potential [lj »-e obtain the potential of 
tne body in all the external space (external in relation to 
sorie closed surface containing our body within itself), if 
in an absolutely convergent expansion of the potential U (K) 
by *tepB c/C  we replace r-k~L by X '(cos^)'x r"11"1.  here C 
designates the largest of the values i ^ i,   and R; X, (cosr^) is 
the k Legendrs poiynora and >' is the angle between She radius- 
vector r of point P and the positive direction of the axis of 
the applicates« 

To obtain the necessary expansion of the potential U ( £ ) we 
will examine the reverse distance under the integral sipin 
the formula {k).     Assuming r'2=p-2+£'

2, we can write 

■H« ■-»£?♦(*)]- 
i 
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Since \~-^T 1^1» at { "*r~ I < 1 we have an absolutely convergent 

expansxon 

[•-»f-M-f)TT-i *•(*)£• 

, with the help of which we will present the reverse direction in 
»j the for* 

' * o 
C»M (5) 

with the dimensionless coefficients of **, determinable by the 
formula 

'(f) 
£*.(£)«£ E^«'»1"'^^' (6> 

where E ( ^ ) is an integral part of the number ~ and A,  which 

are the numerical coefficients: 

A>s-  (-1)' 
(2ft-2s)l 

2*i! (*- s)!(A-2i)I 

He note that sequence (5) is known to be converging absolutely 
if f X \  is many times larger than C. 

If we substitute now, in place of the reverse distance, its 
expansion (.:>) , we get the required expansion of the potential 
U (K  ) in the torm: 

l RW) 

im~2*fm*Z-£r\ I .»<P'.CW. ww 
* n »,« 

This expansion converges absolutely if j IT }>c.  In fact, 
from formula (6) and taking into consideration the properties of 
the Legendre polynom, we have for total k the inequality 
j<Kk| 4 3-1 and therefore 

I  »(C) 

j \  «*(!>', C')8(P'. Op'rfC'rfp' 
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which also proves our assertion. 

3y applying row the above-mentioned theorem of the theory 
of potential we get an expansion of the potential of our body 
on anv external point P in the fors;: 

«,        / wo 

Let us interpolate now instead of A the angle X= & - ~  ^_that 

is, the angle between the direction going from point P (which 
can be in the center of the sphere possessing a spherical dis- 
tribution of density) to point G, and the direction of the axis 
of rotation of the body, which is assumed to be the positive 
direction of the axis of the applicates.  Then 

cos e--cos«--•', Jf,(cose) = <-!)»*,(»). 

and   the :,utual potential of the sphere and the body of rotation 
will depend only on r and V, 

r).e  will presenttthe final expression of the potential in 

U(r, *)-ä2 iVf.w£-. (7) 
* = 0 

where the coefficients are determined by the following general 
formula: 

(8) 

-I,   0 

^„(_ !)*£. J J «,<p\ C')8(P'. C')p'rfC'rfp'. 

In anrreercent with classical theory the sequence (7) converges 
absolutely at any fvjcl and at r > c, if, of course, it is a 
fritter uf point mase ra  centered on P.  Since we are interested 
in a case of a sphere with its center at point P, sequence (7) 
will acsolutely converge at i'v/ < 1 and at r _> c + RQ, where 
p  is the rUius of the sphere. 
* o 

Ijsin.s formula (6) for the coefficients ofX^, we write the 
first coefficients of sequence (7).  -Ve have 

-I, 0 

-I, 0 



We note here that if we take the center of inertia of the 
body as point G the equality (3) is fulfilled and it follows 
that in this case A, = 0» 

Let us now use C to designate the moment of inertia of 
the body relative to the axis of rotation, and A the moment 
of inertia relative to any axis passing through the center 
of inertia G perpendicular to the axis of rotation.  Simple 
calculation gives: 

../, « 

from which it follows that 

A      A~'C 

If, furthermore, the body possesses geometrical and 
mechanical symmetry relative to the center of inertia G, that 
is, if 

/-/„ /?(-c)~*(t), W, -««-»(?'. t), 

then, as formulas (6) and (?) show, all the odd coefficients 
are eoual to sero and the even are determined by the formulas: 

Ä    HI«**     „ * — 0 

IRK') 

X >»*..$ \  </*-u(p'» + ;'a)'»G»', W*w. 
0  0 

and in t,i is case the expansion of the potential is presented 
in the form: 

ft* 

The constant c in the formulas designates the greater of 
two values {^.Q.,   and R, 

If I  ^-H we will for the sake of brevity call the body 
1 
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"elongated" or "lengthened", and will write the corresponding 
expansion of the potettial, assiming' c = -t   in general, in 
the form: 

*i=0 

and for a body possessing: symmetry relative to the center of 
inertia, in the form: 

* = o 

But if -4.^ R, we will call the body "compact" or "flat", and 
the corresponding expansion of the potential, on the assumption 
that c = R, will be in the form 

l/(r,,)-ÄS AM)% 

and, correspondingly, for a body possessing symmetry relative 
to the center of inertia, in trie form 

t — II t^ 

It stands to reason thaf in the formulas for- the coefficients 
of Ak it is also necessary to assume c * 1 for "lengthened" 
and c - ■: for "compact" bodies. 

The expansions obtained for the mutual potential of the 
sphere and body of rotation do not, of course, depend on the 
selection of a system of coordinates, which can therefore be 
taken arbitrarily, and the choice of which is determined only 
by the requirements and convenience in the givem problem. For 
the expansions which we have in mind it is convenient to take 
a system of coordinates with invariable directions of the axes 
and with a beginning either in the center of the sphere or in 
some  other point in the space. 

Pausin.- at the latter assumption we will designate by § , 
*>o and ?0 

the coordinates of the center of the sphere, and ° 

by §» "^and ?the coordinates of point G.  Then 

r» «(6 —«»)»+ (ij — ,„)» + (C — 5o)», 
1» v ~ cos a -= i—ii a13 +1 '«23 + 
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where a  , a^v and -,-,  are the directing cosines of the axxs 
13  ci> ji> 

of rotation of the body in the same system of coordinates. If 
y and & are the ordinary angles of precession and nutation of 
the body, then 

a,s--sin<|«sin&, a23— — cos^sin», a» — cos&. • 

In conclusion we give the expansion of the potential in 
two separate cases where the body is maximally lengthened and 
where it is maximally flat. 

To illustrate the first case we give the expansion of the 
potential of a homogeneous straight-line segment with a length 
of 2 and mass m. This expansion, for a case where the point 
G is the middle of the segment, has the form [2J» 

ft r ff  V &*<V>ÜÜ 
* =o 

To illustrate the second case we give the expansion of 
the potential of a material, homogeneous» flat circular disc 
of radius R and mass m. This expansion, for a case where 
the point G is the center of the disc, is written in the form: 

U    JS& V /_ n»(2*-->)»*,» (*)*** 
r   \ ~ K       '     (2*)!!  *+l 7S- 
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