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SUMMARY

The corrections for 1ift, drag, and moment of a two-dimensional air-
foil have been analyzed, on the assumption that the airfoil is tested in
the working section of a supersonic tunnel in which the pressure field,
instead of being uniform, is characterized by gradients in the axial and
transverse directions.

The pressure gradients of the tunnel as well as the effect ‘of the
airfoil to be tested are regarded as perturbations of the original rec-
tilinear flow field of given Mach number, Therefore the velocity poten-
tial of the flow, the nonlinear differential equation of motion, and the
boundary conditions are expanded into double series in powers of two
parameters, one characterizing the airfoil thickness ¢ and the other,
the inhomogeneity of the field b. In this way the nonlinear problem
is split into a system of linear boundary-value problems, corresponding
to the different powers of b and «¢.

In each of the resulting problems there appears, besides the dif-
ferential equation and boundary condition, an additional condition to
be stipulated on the characteristics passing through the leading edge.
Partlcular attention has been paid to the correct formulation of thls

"characteristic condition."”

The solution procedure is carried out up to orders b2, 62, and

€b in the velocity potential. This means that, for example, the drag
is computed up to orders b2€, 63, and €2b. The physical meaning of
the results is discussed. The drag term in ¢b represents the ’
"horizontal buoyancy" of the airfoil, the term proportional to be2 is
a consequence of the interaction of the airfoil field and the inhomo-
geneous pressure field, and the term in b2 may be considered as a
"second-order buoyancy." The meaning of the various 1lift and moment
terms may be interpreted similarly. The resulting expressions have been
derived for arbitrary given pressure gradients and general profile form.

All solutions are obtained in closed, analytic form ready for imme-
diate evaluation. Representative examples with graphs are included.
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INTRODUCTION

Reports from supersonic tunnels indicate that sometimes there exist
in the working section undesired static pressure gradients due to design
or construction flaws, which are difficult to eliminate. As a consequence,
force measurements made upon models have to be corrected to agree with the
forces to be expected in rectilinear flow.

For incompressible flow the correction to be applied to the drag,
in the case of a longitudinal pressure gradient is well-known (refer-
ence 1). Because of the occurrence of a "horizontal buoyancy,” the cor-
rection turns out to be equal to the product of the pressure gradient
and the sum of volume and "apparent volume" of the test body; the appar-
ent volume, like the real volume, depends only on the geometrical shape.

The present analysis 1s an attempt to solve the analogous problem
in supersonic flow under the most general conditions, which require cor-
rections to be applied also to the 1ift and moment. A two-dimensional
pressure gradient in both the longitudinal and transverse directions is
considered, which is equivalent to a stream-angle variation along the
tunnel axis. In the first approximation the computations must be
expected to yield a superposition of well-known results. Hence, it is
important to carry the calculations up to the second approximation,
which includes a term characterizing the interaction between the airfoil
field and that of the given pressure gradient.

This work was conducted at New York University under the sponsorship
and with the financial assistance of the National Advisory Committee for
Aeronautics.

SYMBOLS *
b parameter characterizing inhomogeneity of field
c local sound speed
Co sound speed at Mgy

k(x) dimensionless airfoil profile function measured
above flight direction

k(%) profile function measured above chord

1 chord length
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M local Mach number
Mo Mach number of uniform field
m(x),n(x) x- and y-components of velocity, on axes, due to

inhomogeneity of flow field (dimensionless)

P local pressure

"Po pressure at M,

q local velocity

X,y dimensionless coordinates, axial and Vertic;;
B=\M2 - 1

y adiabatic exponent

€ » airfoil thickness parameter

7] local angle of attack

] angle of attack of chord

£,n characteristic coordinates

P local density

Po density at M,

0] dimensionless velocity potential

@B . velocity potential of basic flow field

o' velocity potential due to airfoil disturbance
Y(x) ordinate of leading-edge characteristic

STATEMENT OF PROBLEM
Physical Formulation
Suppose that in the test section of a supersonic tunnel the velocity

field, instead of being uniform, is represented by the velocity distribu-
tion along the axis y = 0, as follows:.
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At y = 0:

f

My = My + bm(x)

(1)

My bn(x)

Here My = qx/cO and My = qy/co, where q, and g, are the x- and

y-components of the local velocity of the flow field, ¢ is the sound

o
velocity in a region where the Mach number is M,, x and Yy are

dimensionless coordinates measured in units of the length 1 of the test
body, and b 1is a dimensionless parameter characterizing the magnitude
of the inhomogeneity of the flow field and the pressure gradient. Under
actual conditions b is a small quantity such that

bm(x)

(2)
bn(x) <Y

where m(x) and n(x) are given arbitrary functions along the axis,
which may be determined by measurement. With conditions on the axis
fixed the flow field in the whole xy-plane is automatically prescribed
by the equations of supersonic flow. Terms of the order b2 may also
be given arbitrarily on the axis but are assumed to be zero in the
present case. This does not imply, however, that terms of the order b2
do not appear in the field away from the axis.

In this velocity field a thin airfoil of given profile form k(x)
and thickness ratio € 1is inserted, which may be regarded as another
small perturbation of the rectilinear flow field My. Two kinds of dis-

turbances then exist, the one produced by the velocity or pressure gra-
dient measured by b and another one produced by the airfoil and
measured by ¢. Therefore, it appears appropriate to expand the veloc-
ity potential ¢, as well as the potential equation of supersonic flow,
and the boundary condition on the airfoil surface into a power series in
powers of both parameters b and €.

In this way, the nonlinear problem is split into a system of linear
boundary-value problems corresponding to the different powers of b
and ¢. In each of the resulting problems there appears, besides the
differential equation and boundary condition, an additional condition to
be stipulated on the characteristics passing through the leading edge:
It is to be required that the disturbance produced by the airfoil vanish
along these curved lines in order to make the solution unique. It may



NACA Tl\f 2849 : 5

be noted that the characteristics of the complete differential equation
are curved, while those of the resulting linear equations are straight.
It is shown later how the condition on the characteristics can be for-
mulated for each linear boundary-value problem separately.

Analytic Formulation

Because of the relatively small thickness of the airfoil, the shocks
at the leading edge will be weak and the entropy changes in the flow
negligible. Hence, the complete flow field will be described by a veloc-
ity potential which obeys the well-known, nonlinear differential equation.
Introducing a nondimensional quantity o, equal to the potential divided
by Ic,, this equation may be written:

(% - q)xe>q)xx - 0Py Py * (zig - CPyE)CPyy =0 (3)

Co o

’where the subscripts x and y indicate differentiation.

The local sound speed c¢ corresponding to the local velocity q

is related to the sound speed Cc, by means of the energy equation

. 2

where
42 /Coe =2+ cpye
Substituting equation (4), equation (3) can be written:

-

7 = 1fy 2 2y y+1 2
E* 5 (MO "%)"TQX_‘PXX'ECPX‘PYCPW‘”
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Now, ¢ may be expanded as a series in powers of the perturbation
parameters b and ¢, as follows:

¢ = 090 + bgPl + b202 4 plO 4 p2ll ept2 + cbpl3 4 2k (6)

The potential coefficients
cpB = cpOO + b@Ol n b2@02 (7)

represent the potential of the basic inhomogeneous velocity field before
an airfoil was placed in it.

The terms

o = bol0 + b2l 4 212 4 epgl3 4 (2plk (8)

represent the perturbation potential produced by the airfoil in the
basic field.

It is to be noted that the perturbation protential contains the
terms bpl® + b2pll which do not vanish for an airfoil of zero thick.
ness (€ = 0).

A disturbance for which ¢ =0 may be thought of as a very thin
flat plate placed at a given angle into the basic flow field. 1In order
for the inhomogeneous flow to follow the surface of the plate, vertical
disturbance velocities must be produced of such magnitude (up or down-
ward) as to cancel the vertical velocity components of the inhomogeneous

flow field, which are proportional to b or b2.

The potential term proportional to €b is due to the interaction
between the basic field and that produced by the airfoil. The ¢ and
€2 terms represent the first- and second-order potentials of an airfoil
in a homogeneous field.

Finally, the analytic procedure to be followed in‘this investigation,
will be outlined briefly:

(1) Differential equation: Substituting series (6) for ¢ into the
nonlinear equation (equation (5)) and splitting in powers of b and €,
a set of homogeneous or nonhomogeneous equations of the wave type is
obtained.
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Those equations which are proportional to b, ¢, and €2

homogeneous:

are

(MO 'l)cpxx "%y =0

The equations which are proportional to b2 and ¢b are of the
nonhomogeneous type:

(Moe - l)q)xxik - cpyyik - Fik(Csz) | (10)

where the functions Fik can be shown to be known functions of lower-

order '™ which have been computed before.

(2) Boundary condition: Insert series (6) for ¢ into the usual
boundary condition stating that the flow is everywhere tangential to the
surface of the body:

ks = ek (x) (11)
Px Jsurface . _
and expand equation (11) about y = O in powers of ¢. This imposes
on each of the potential coefficients ¢1k a condition of the form
ik - Q. ( Zm)
(cpy )y=o le Q® (12)

where, again, the furctions Gji can be shown to be known functions of

lower-order @&,

(3) "Characteristic condition": As mentioned before, the poten-
tial @'  describing the various disturbances produced by the airfoil
is required to vanish on the leading-edge characteristics which may be
written:

¥ = ¥(x,0) =ypo(x) + bhylx) + . . . (13)

since the form of the characteristics is influenced by the inhomogeneity Db.
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It can be shown (see section "Characteristic Condition") that the
"characteristic condition" for ¢' 1is equivalent to the following

relations to be imposed on the individual @ik:

For the orders b, €, and e2

@ik(x,wo) =0 (1k)

For the orders b2 and be

@ik(XJWO) = Wl(x)@zm(xywo) (15)

where, again, the cocefficients @Zm are known lower-order potentials
and wo(x) and V¥;(x) may be computed by means of the theory of

characteristics.

At the end of this procedure the solutions ¢ik will have been
derived in closed, analytic form, and the pressures at any point can be
computed. Since the objective is to compute the corrections for forces
and moments, it is sufficient to determine the velocities and pressures
on the airfoil surface only, thus simplifying the considerations.

BASIC VELOCITY FIELD

Differential Equation

The analysis can be clarified by considering first the basic inhomo-
geneous field alorne. Then the series expansion for ¢ reduces to:

¢B - cpOO + b@Ol + b2$02 (16)
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Substituting equation (1) into equation (5) yields:

l: - Mo2 - b(y + 1)MOqJXOl toe . ;I(bgpxxOl + b2®xx02 e ') -

2(My + . -‘.)(bcpy01+ .. ‘)(bchyOl . . .)+

L -l - M0t + L. ;](bq)yyOl + % 2 L) =0 (17)

In deriving equation (17) QOO = Mox has been substituted in equa-

tion (5), since it is obviously a solution; furthermore, all those terms
have been kept which could possibly contribute to the differential equa-
tion in b and b-. Splitting up in powers of b, the following equa-
tions result:

In b:

and in b2;

(M2 - )04y - 0,302 = g E7 + g0, 0L+ (y - 1)q,0l OL .

01, Ol .
20, " 0y g :l .

Boundary Condition
4
'The velocity distribution (equation (1)), prescribed on the axis
Yy = 0, may be considered as a boundary condition for the potential of
the basic flow.
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Substituting equation (16) into equation (1), it follows that

Mo + b, Ol(x,0) + b2, 02(x,0) = M, + bm(x)
and (18)

b@y01(x,0) + bgmyOQ(x,O) = bn(x)

Ordering terms in powers of b, a boundary problem in b and one in b2
are obtained.

Boundary-Value Problem in Order b

The boundary-value problem in order b consists of the differential
equation

B0, 0t - Ot = 0 (19a)

where B2 = M2 - 1, and the boundary conditions, at y = O,

@xOl(X,O) = m(x)

(19b)
01
9, (x,0) = n(x)
. The solution of differential equation (19a) is
01 _
. o (x,y) = £f(x + By) + g(x - By) (20)

wvhere f and g are arbitrary functions to be determined by boundary
conditions (19Db).

Differentiating equation (20) with regard to x and y and then
putting y = 0 yileld:

Ol(

x,0) = £'(x) + g'(x) = m(x)

Px
(21)

oy 01(x,0) = B[f'(x) - g'(x)] = n(x)

where f' and g' indicate derivatives with regard to the whole argument.
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From equations (21) there follow:

%En(x) + %3- n(x{]

4 - ]

Since it can be seen from equation (20) that f and g or their
derivatives are constant along their characteristics x + By, it may be
concluded from equations (22) that

A
e
"

- (22)

m-
—~
%
p—
I

-~

. [ 1 N
f'(x + By) —Em(X+By)+En(X+By),

and | \ (23)
g'(x - 8y) = Hfn(x - By) - % nlx - o)

-

Differentiating equation (20) and substituting equatiomns (23), the
velocity components of order bl for the entire field follow:

0 0L (x,y) = -;—En'(x + By) + % n(x + By) + m(x - By) - %n(x - By]

(2k)
cpyOl(x,y) = -EB-E(X + By) + % n(x + By) - m(x - py) + —é— n(x - Byzl
From equations (24) the expressions for cpxxOl and @y which appear

in the differential equations for ¢!l and cp13 may be readily derived.
Since, later on, the values of the velocity and pressure field are

required only on the surface of the body, that is, near the axis, expres-
sions (24) may be expanded about the axis:

CPXOIE(,Gk(x}__‘ = m(x) + ek(x)n'(x) . . .

(25)

n(x) + €k(x)132m'(x) . o .

q)yOlE(,ek(x)]
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Boundary-Value Problem in Order b2

In order b2 the boundary-value problem consists of the differ-
ential equation

2, o2 o2 _ _ 01, Ol - 0l, Ol
By~ = Oy = MoE“l)cpx Uy * (7 - Lo e Bt s

20,2l 01| (262)

and the boundary conditions

It
(@]

CPXOQ(X,O)
(26b)
0

oy 2 (x,0)
In order to determine the velocity and pressure field on the airfoil sur-
face, no explicit solution of equations (26) is necessary. This can be

seen by the following reasoning.

For y = €k(x) the derivatives of ¢y02(x,y) may be obtained by
expanding about the axis:

22 [ ek(x)] = 0,%%(x,0) + ek(x)p, P (x,0) + . . .

2 [ ek(x)] = @,%%(x,0) + ex(x)q, 02(x,0) + . .

Yy

Since according to egquation (16) @02 is of order b, the second- and

higher-order terms in equations (27) are of order bee, b2€2, e o
and may thus be neglected so that in order b2:

q:)xog X, Ek(xﬂ

22
o

(28)

144
o

q)yOE E(,Ek(xﬂ
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Therefore, the total velocity components of the basic field on the
airfoil surface are:

0B = M, + bm(x) + ebk(x)n'(x) + b20 . . .

B

Py

bn(x) + ebk(x)p2m' (x) + 120 . . .

It is to be noted that the second derivatives @xxog and myyoz

appear in the differential equation for ¢ll (see equation (32c)) and
hence it may seem that the boundary-value problem (equations (26)) has

cpxx )
which is required in equation (32c), may be expressed in terms of the
known lower-order potential o¢Ol, as differential equation (26a) indi-
cates. Carrying out the proper differentiations and substitutions
yields: ‘

2y - B0 = (M2 + 1) En(é) + %E"(g) + n';ﬂ +
- - m o (n) - n'(n)
[(n) 5 :H: (n) ; ]} +
[:7+1)+(7-3ﬁ__]{[ |:(g ):|+
N nCeN [ n (TI)] _
[(g) B ][ ) - 2 } (30)

where & =x + By and m = x - By are the characteristic coordinates
of the problem.

to be solved after all. However, the combination @yyOE - B2 02
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VELOCITY FIELD OF AIRFOIL

Differential Equation

The nexf objective is to determine the perturbation potential pro-
duced by an airfoil which is placed into the (inhomogeneous) basic field
at an arbitrary small angle of attack, the leading edge coinciding with
the coordinate origin. Inserting series (6) for ¢ into equation (5),
the quantities @Ol and @OQ may now be considered as known and
wlo o o e @lh’ as looked for. Keeping only those terms which may pos-
sibly contribute to a differential equation of the order b, e, b2,

be, or ¢2, (equation 5) yields:
2 2

+ 1
{1 - Mo2 - 7_2__|§2MO (CPXOI + cpxlo) + e2Moch12 . . ]} X

02

01 10 12 .2 11 13, 2 1k
[E(¢xx t Pxx ) ey + D (wxx t Py ) *oEbPyy T € Pxx e -

2MO[E<@yOl * Cpyld) " eaylt L ;][E(QXYOI * 0gt0) + eayl? L ;] '

y -1 01 10 12 01 10
{ - 5 EQMO (cpx + Oy ) + €2Mocpx .. :l} E)(cpyy + q)yy ) +
€ 1C + b2( 02 4 ll) + ebp 13 4+ 2p 1N =0 (31)
Pyy Pyy Pyy Pyy Pyy™ - - -

Ordering terms in powers of b and €, equation (31) will split into
the following set of linear equations:

In b:

B0y 0 - 0,10 = 0 (32a)
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In «€:

(32p)

In b2:

B2l - 0yl = 'Mo‘[@ + 1)+ (7 - 167 (CPxxOl N foxlo)(q?xOl N CPX10) .

01 , .. 10 01 10 02 o 02
2(‘Py * Py )(‘ny * Pxy )}*‘Pyy - B Pxx T (32¢)

In Dbe:

Po 13 - o, 13 - -Mo{lb + 1)+ (7 = 187 [5,22 (0,2 + 0, 20) +

QXX12(®X01 + $Xloi]+ e%éylg(@xyOl + @xylo) +

foylg(@yOl N ‘Pylo)]} ' (328)

In ¢

82, 14 cpyylu " E7 + 109,120, 12 + (7 - 1)g, 120,12 +

2cpy12cpxy12:] (32¢)

Whenever the differential equation is inhomogeneous, the fight—hand side
turns out to be a function of the lower-order solutions which have been
computed in an earlier step.

Boundary Condition

The usual boundary condition that the velocity of the air is every-
where tangential to the airfoil surface may be written as follows:
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Aty = ¢k(x)
Py = ek'(x)o, (33)

As in the basic field, so also here the values of the various potential
coefficients @1k on the airfoil surface may be obtained by expansion
about y = 0:

o 3k [x,ex(x)] = ¢, 1K(x,0) + ek(x)pyy 1K(x,0) + . . .

@yik x,ek(xi] = @yik(x,o) + ek(x)@yyik(x,o) + ...

Meking use of equations (3k4), substituting equation (6) into equa-
tion (33), and ordering in powers of b and ¢, the following set of
boundary conditions results:

-In b:
9y19(x,0) = -9,9%(x,0) = -n(x) (35a)
In e€:
oy 18(x,0) = k' ()9, 00 = k' (x)My (35b)
In b2
9y 1 (x,0) = -9, %%(x,0) = 0 (35¢)
In ¢b:
9y13(5,0) = k' (1)[0,24x,0) + 9,1%(x,0)] - k() [0, OL(x,0) + 7y, 1%(x,0)]
= 1 () [m(x) + 91%0x,0)] - %00 [8% () + gy 20(x,0)]  (350)
In €2 |
@y 4 (%,0) = K ()0 P2(x,0) - k(x)9yy12(x,0) (35e)

Also in equations (35) the right-hand sides are known after the lower-
order problem has been solved.

~
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Characteristic Condition

Procedure.- It may be noted that for the computation of the basic
flow field both velocity components were prescribed, separately, along
the axis, whereas in the present problem only the ratio of the two veloc-
ities is fixed by the airfoil condition. Thus, an additional condition
is required.

From the fundamental laws of supersonic flow it is evident that no
perturbation of the basic field can exist upstream of the two character-
istics passing through the leading edge in a downstream direction. Exist-
ence theorems for hyperbolic differential equations require that the
potential be continuous everywhere. Hence, the perturbation potential
must vanish all along the leading-edge characteristics.

To formulate this characteristic condition analytically, the equa-
tion of the characteristics has to be known. Suppose the differential
equation is given by:

A(X’y; @x’QEJQ&X +_2B(x,y; @X,®y)mxy +

C(%,55 0s0y)0yy + F(X:75 ys0y) = 0 | (36)

where A, B, C, and F are linear or nonlinear functions of X, ¥,
and the first derivatives ¢, and" Py Then the equation of the char-

acteristics is as follows:

Ady® - 2B dx dy + C dx2 = 0 (37)
so that
dy _ 1 2
Y.lfbs -Ac) (8)

Thus, the characteristics are seen te depend only on the coefficients
of the second-order derivatives in equation (36). In general, these
coefficients are functions not only of x and y Dbut also of the
desired function ¢. Hence, in a rigorous theory the characteristics
are not known beforehand but only after the function ¢ is determined.
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By assuming a power-series solution for ¢, this indeterminancy is
removed; the nonlinear equation, equation (36), is replaced by a set
of linear differential equations whose second-order derivatives have
the same constant coefficients for each equation. In this way, the
characteristics of each linear equation of the set turn out to be the
same straight Mach lines, x & By = Constant, determined by the recti-
linear component of the basic flow field, whereas the true characteris-
tics are functions of the entire flow field (including the perturbation
field Q') and hence they are curved. This is an unsatisfactory state
of affairs.

It is possible to improve the computation of the characteristics
somewhat by considering once more nonlinear equation (5), before it is
split up, and by merely distinguishing between the potential of the basic

field ¢B, which is known, and that of the disturbance field ¢', which
is looked for. If the order of magnitude of the various potential coef-

ficients @ik is, for the moment, left out of consideration, curved
characteristics can be obtained also for linear differential equations,
as the following illustration may show.

Substituting the potential series (6) in the form:

o=¢ + ¢ (39)

equation (5) becomes:

{l + Y ; lEdoe _ (CPyB + q)y!)ﬂ _7 ‘; l(cpr + cpx')e}(CPXXB + q)xx') _

2(CPXB * q>X')(CP}'B * ch')(q’xyB + Cny') ¥ {_1 * 7—_5&@02 ) (q’xB + ‘Px')2:| )

) e ) 0 W

.

Since @B has been determined already as a function of x and Yy, equa-
tion (40) may be considered as a differential equation for the unknown @'

only and may then be written in the following way:

Apy, + 2B®xy' + C@yy' + F(x,y; @x',@y') =0 (41)
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Here F is, as before, a given function of x, y, and the first deriv-
atives @' and @y'. Each of the coefficients A, B, and C consists

of one part that dependé only on ¢B and a second part which is propor-
tional to @' or o¢y':

A i |
B b= £(eB) + o b ro(eBy0) e

Since it is the prime purpose of this analysis to determine the influence
of the inhomogeneous field upon the pressure distribution around the air-
foil by means of a linear theory, it is sufficient to approximate the
equation for the characteristics, by neglecting in the coefficients - A,
B, and C that part which depends on o', so that now:

B oo fl(@B) r g (x,y)

In this way, the characteristics of the total field around the airfoil
are approximated by the characteristics of the basic inhomogeneous field..
On the other hand, the lines represented by equation (38) which result
from such a procedure will be curved. Thus, the equation for the char-
acteristics becomes:

{} + 2;; 1 B?E - (cpyB)é1 _ z_g_;c@XB)Ei} dy2 + 2(q)chpyB) dx dy +

b2 - (007 - 120 et o g
where

¢B = Mx + b@Ol + b2@02 (44)
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Analytic formulation.- Substituting equation (44) into equation (43)
and retaining only terms up to first powers in b, the coefficients of
equation (43) become:

A = _EE + (7 + 1)Mobp, 01 + . :l

2B = -2M,bg, Ot > (45)

C=E-(7—1)MobchOl...:| ]

where @X01 and @yOl are functions of m(x,y) and n(x,y) given by
equations (2L4).

Inserting equations (45) into equation (38) and keeping consistently
only terms up to first powers in b, the equation of the characteristics
becomes:

g _ MObprOl + \]E - (7 - l)Mobq)XOH [BE + (7 + l)MObchOH
dx B2 + (¥ + l)MobchOl

(L6)

and after expanding the right-hand side in powers of b:

[o%
<

=i.[]3:.1-b§b;—g[i+l+(7-1)B§_]®X01ib%cpy01...} (47)

The upper (or lower) sign is used for the characteristics above (or below)
the airfoil.

Equation (47) may be solved by an iteration process, in which the
first approximation is obviously

dy
dx

]

1
+=
B
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This leads to the Mach lines:
y = *x/B , (148)

where the constant of integration has been set equal to zero so as to
yield the leading-edge characteristics.

Substituting equation (U48) into the right-hand side of equation (47)
yields in the second approximation:

a 1 D , , Mob

@i BB e v - () 2%
Sax P 2B y=tx/p B y— x/B
From equations (24) substitute for the characteristics above (or below)

the airfoil:
EE@X) L n2x) | Lo —(O—ﬂ )
2 OB B

%Em(Ex) + n(éx) 7 m(0) + E—(ép—)-]

Inserting equations (50) into equation (L49) and integrating yield
for the characteristics:

QQXOl)y=ix/B
g (50)

(chOl)y=i x/B

-

= \Vo(x) + “bllfl(x) e . .

where

volx) = £x/p ]

Y1(x) = ¢——— {l: + (7 - 3) ?]k/h [%(EX * n(sz]
M2y + 1)[:(0) ] }

The upper (or lower) sign refers to the upper (or lower) surface,
respectively.

+
Y

(51)




22 NACA TN 2849

Coming back to the characteristic condition indicated in the sec-
tion "Procedure," the following requirement has to be fulfilled: For

¥y o= ¥olx) + byy(x) + . ..

o' = bpl0 + b2pll + pl2 + cvgpl3 + 62@11+ -0

More explicitly:

+

polOx; ¥o(x) + by (x) . . j + bECPHE(; Yolx) + b¥y(x) . . ] +

+

025 volx) + vhy(x) + L L]+ evo3[xs wo(x) ¢ g () . 1] 4

€2$14 x; Volx) + bwl(x) . . ;] =0 (52)

Expanding @' about y = Wo(x)‘ in powers of b yields:
o 1(x)y (x,wo) + O (x,wo) + €Q (X,WO) +
€b El(x)@ylg(x)wo) + @lB(X:WOB + €2CP1)+(X1¢0) =0 (53)

Splitting equation (53) in powers of b and ¢ furnishes for each
potential coefficient mlk one characteristic condition:

In b:

o0 (x,¥0) = O (5ka)
In e:

o2(x,00) = O (54D)
In b2:

@ll(X:Wo) = 'Wl(x)@ylo(X;Wo) (5kc)
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In ¢€b:

e 3(x,%0) = ¥ (X012 (x,00) (54a)
In €

oM (x,¥0) = 0 | (5ke)

Whenever the relation is inhomogeneous, the unknown potential is expressed
in terms of known lower-order potentials.

Bach of the boundary-value problems consisting of a differential
equation, a boundary condition, and a characteristic condition has now
been formulated and will be solved in the appropriate order.

COMPUTATION OF PERTURBATION POTENTIAILS

In the following discussion (see fig. 1) k(x) denotes the ordinate
of the profile above (or below) the x-axis, which is the direction of the
relative wind M,. To distinguish between the upper and lower surfaces,

ky and kj, are used; k(1) is zero or unequal to zero depending on

whether the airfoil is at zero or at finite angle of attack. If there
are two signs in front of a term, the upper sign refers to the upper,
and the lower sign, to the lower surface.

Computation of @10

That part of the disturbance potential which is proportional to b,
nanmely, @10, obeys the following equations: The differential equation:

10 10 _ o

2
Bcpxx "q)yy -
the boundary condition:

9, 0(x,0) = -a(x) . (55)

and the characteristic condition:

cPlO(X)iX/B) =0
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To cobtain a solution, it is convenient to introduce the characteristic
coordinates:

£ =x+ By
n=x - By
Then
Py = P *+ By
(56)
Py = B(% - W)
and
B0y - Byy = 4870, (57)

As the characteristic condition is different on the upper and lower sur-
faces, the two surfaces will be treated separately.

Upper surface.- In characteristic coordinates equations (55) may be
written as follows for the upper surface: The differential equation
becomes

BCPgn
" the boundary condition,

(00 - @), =m0y (58)

and the characteristic condition,

cPlO(E}O) =0 e

Integration of the differential equation yields:

10(

o (&,n) = F(&) + G(n) (59)

where the arbitrary functions F and G are determined by the boundary
condition and the characteristic condition.
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L4

From the characteristic condition there follows:
- cpglO(E,O) =F' (&) =0 for any ¢ (60)

Then the boundary condition requires that

F'(€) - G¢'(n) = BIF'(x) - ¢"(x)| = - 61
ol ®) - )], =[P - 0] = ont) (61)
Taking into ‘account equation (60), it follows that:

¢'(x) = = n(x)

B
(62)
G'(n) = -é— n(1)
Therefore:
0, 10(x,y) = —é— n(x - By)
. (63)

20(x,5) = -n(x - py)

To obtain the pressures on the airfoil surface y = ek(x), equations (24)
may be expanded:

-—

* @XlO x,ekU(xi] mxlo(x,o) + ekU(x)$xle(x,O) . . .

= % n(x) - ekU(X)n'(X) te.. r (64)
q)leE,GkU(xﬂ = —n(x) .+ GBi{U(X)n' (X) + e e y
Lower surface.- On the lower surface, the boundary condition is the
N same:
10 10 =
B(@g - Py )§=ﬂ=x = -n(x)




o6 NACA TN 2849

but the characteristic condition differs:
91%(x, - &) = 91%0,n) = 0 (65)

From equation (65) there follows: @n(o,n) = G'(n) = 0, for any 1.

Then, from the boundary condition there follows:

so that

9¢(8) = -2 n(E) (66)

Using equations (42)

o O(x,y) = -% n(x + By)

and ‘ - (67)

lO(

q)y X)Y) = —H(X + BY) y ’

On the airfoil surface:

@Xlolg,ekL(xi] =-% n(x) - ekL(x)n'(x) . o .

P 10 x,ekL(xg] = -n(x) - eBkL(x)n'(x) . . .

y
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Computation of ¢ll

For the potential ¢}l which is proportional to b2, the boundary-
value problem can be formulated by means of equations (32c), (35c),
and (5b4c): The differential equation is

—

82, 11 - oyt = ¥ {E7 1)+ (7 - l)ge'] (chxOl"' @xxlo)(CPxOl +CPX10) .

2(@3,01 + cpy10) (CnyOl +q)yxlo)} + cPyyoz_ 820, 02

the boundary condition, ' L (69)
prll(xyo) =0

and the characteristic condition,

otl(x,xx/B) = -y1(x)9,10(x,+x/p)

Upper surface.- Inserting the values for @Ol, @10, and

@yyOE - BEQXXOQ from equations (24), (64), and (30), for the upper

surface problem (69), in characteristic coordinates, is as follows:
The differential equation becomes

M | '
0 = - 2D e 1662 ¢ 1] [ Z L 20l

%
O+ 0+ (- 367 {ié_ﬂl'é(g) OIp

E%lllw(ﬁ) + n'égfl} (70)

the boundary condition,
JOE q>n11> =0 (1)
E=n=x
and the characteristic condition,

»"(£,0) = v,(£,0)n(0) (72)
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The rest of the procedure may be indicated here briefly, the details
being carried out in appendix A.

Upon integrating equation (70) with regard to ¢ and 17, respectively:

mgll = Gy(m,n) + Py'(€)
. (73)
@nll = Go(m,n) + Py’ (n)

where G, and Gy, are known functions of m(t), m(n), n(t), and

n(n) and P; and P, are unknown integration constants.

Now, characteristic condition (72), upon ditferentiating with regard
to ¢&:

9. 11(8,0) = ¥,(£,0)n(0) (74)

€

determines P;'(£) by means of equations (73).

Then boundary condition (71), after insertion of equations (73),
fixes Py'(n).
With Py and P, determined, the two velocity components @xll(x,o)

and @yll(x,o) that are necessary for the computation of the pressure on

the airfoil surface can be determined by means of equations (73) and (56).

Lower surface.- For the lower surface an analogous procedure can be
carried through; note that the characteristic condition is now:

2, 11(0,1) = ¥1(0,n)n(0)
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The resulting velocity components on either airfoil surface are
as follows:

B

= éx):lj; n(g ) dﬂ'} s 2|y - I 2+ é__]-—————m(x)ﬁn(x) *

(pxll(x,O) =;-M—O—(E7 - 3)Mo2 + lz] in(xge + En'(X) +

r (75)

Computation of ng

That part of the disturbance potential which is proportional to ¢,

@12, must be expected to equal the expression obtained in the Ackeret”
theory.

Hence, the velocity components above (or below) the airfoil are:

(le2 = = kU(L)'(X ¥ BLY)

(76)
12

Il

Py Moky(r)' (x 7 BY)

By expanding about y = O, the velocities on the upper (or lower)
airfolil surface are:

' R
@Xlg[g,ek(xZ] = IT? kU(L)'(x) + MoekU(L)(x)kU(L)"(x) . . .

s (77)

i

@y 2 [, ek(x)] = Mol ' (6) 7 Mpeky oy (Rigepy (0 L
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Computation of @13

The potential @13, which is proportional to ¢€b, may be considered
to originate from some kind of interaction between the inhomogeneity of
the basic field and the airfoil disturbance. The boundary-value problem

for ¢!3 can be formulated by means of equations (32d4), (35d), and (54d):
The differential equation is

820, 13 - prylfi = oM, {[’_’7 £ 1+ (7 - 1) Bz] prlz(qjxxm + (pxxlO) +
12( 01 , 10) + olo.12(y O1 . 10) .
CPXX CPX q)x pr q)xy chy

q)xyle (cpy01 . cpylo):]}

the boundary condition, > (78)

2,13(x,0) = ky(py' () [m(x) + 9,10(x,0)] -

kU(L)(x)[égm'(x) + nylo(x,OE]

and the characteristic condition,

920, 1x/8) = -4y (x)0, 12 (x, 2x/p) |

Upper surface.- The treatment of the upper surface is as follows:

Inserting for 10 and ol° expressions (63) and (77), problem (78)
written in characteristic coordinates becomes:

n'ég)] - kU"(n)En(e,) + i;—il} +
[+ 1362 + 1] {ku'm w (1) + 200] 4 s () fatn) + E%ﬂ]}> (19)

The differential equation:

2
“ng’gqn = 2-%-([7 +1) + (7 - 3)52] {ku'(n)IZn'(e) +
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The boundary condition:

The characteristic condition:
Co13(6,0) = <49 (6,0)M Ky (0) (= 0) (81)
The rest of the procedure may be indicated here briefly, the details

being carried out in appendix A.

Upon integrating equation (79) with regard to ¢t and 1, respectively:

913 = F (m,m,k) + Jy'(8) (82a)
and
®n13 = Fo(m,n,k) + J5' (1) (82p)

where Fj and Fp are known functions of k(&), m(&), n(t), k(g),
m(n), and n(y) and J; and Jo are unknown integration constants.

Now characteristic condition (81)

9,13(8,0) = 4Wl€(§,O)MokUY(O)

determines J9'(£) by means of equations (82). The function Fy

vanishes for k(0) = 0 and k'(0) = 0, as can be seen from appendix A.
Also equation (81) vanishes in that case. Then it follows simply that:

Jl'(g) =0

"This simplification suggests making the assumption k'(0) = 0, which is
an artifice frequently used in linearized theories. The error introduced
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by this deviation from the true contour is known to yield small inac-
curacies in the flow field in a very thin strip adjacent to the two
characteristics passing through the leading edge. Therefore the sim-
plification is permissible.

Boundary condition (80), after insertion of equations (82), fixes
Jo'(n). With J; and Jp fixed, the two velocity components PyL3(x,0)
and @yl3(x,0) that are necessary for the computation of the pressure on
the airfoil surface can be determined by means of equations (82) and (56).

Lower surface.- For the lower surface an analogous procedure can
be carried through. Note that now the characteristic condition is

(0,n) = 0 and that different expressions for k(x), olO0, and o@l2
Pnil,M ¢ P

have to be inserted.

The resulting velocity components on the airfoil surface are:

8a2 . L n(x] ]
Cle‘3(X,O) = 8B2 E#M 2(y - + 8 - }—d!;—%kU(L) (X)En(x) + n(Bx] +
8 €Y
EM"E” B @JRU“)(")E“ ShE BX]} L (83)
oy'3(x,0) - kU(L)'(X)EI(X) * Q(I?Xl] i B2kU(L)(x)|E1'(x) . [(SX):\

Computation of @1h

That part of the disturbance potential which is proportional to 52,

that is, @lu, obeys equations (32e), (35e), and (5hke): The differential
equation is

-

R [7+1)®xx12 2+ (7- 1)9, Foyy o ECPylgq’xylﬂ

the boundary condition,

7 (8L)
Py H(x,0) = @y 12(x, 001" (%) = @y 8%, 0)ky (1 ()

and the characteristic condition,

@lu(x)ix/ﬁ) =
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Upper surface.- For the upper surface, after inserting for m
expressions (77), problem (84), written in characteristic coordinates,
is as follows: The differential equation becomes

5 \ |
kpPpy, 1 = - E—‘;—Ew + iy (0)ky'* ()] (85)

the boundary condition,

MO t Tt
(o - ), 7 R 20 ¢ kK0 (86)
and the characteristic condition,
pL¥(e,0) = 0 (87)

Integrating equation (85) with respect to & and 1, respectively:

1)4 _ MC)5 y + 1 1 2 ] ) )
@E = - ZEE Ky (m)=] + My (¢)
| > (88)
mnlh = [} + 1 kU (n) L é] + My (n)

-

where Ml and Mé have to be determined from the boundary condition
and the characteristic condition.

From characteristic condition (87) there follows:
®,14(8,0) = 0 | (89)

which, by means of equations (88), fixes M;'(€) = 0 if again the assump-

tion k'(0) = 0 is made, as in the computation of ¢L3,

Then boundary condition (86), after insertion of equations (88),
fixes Mp'(n).

With M; and My, fixed the two velocity components on the airfoil
surface can be determined by means of equations (88) and (56).
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Lower surface.- After analogous considerations for the lower surface
have been carried out, the velocity components on the two surfaces are:

Pyt H(x,0) = - io“ {117 M - a2 - 1ﬂ k() Sx) +
B
74,00 = 222 k(1) 2x) & By (x)lgr) ()

FORCES AND MOMENTS ON AIRFOIL

Complete Velocity Field on Airfoil Surface

To obtain the preséure distribution, the squares of the velocity
components of the whole field are needed. By adding all of the com-
ponents (up to the second order in b and €), there result:

2 2
02 = U2+ belK§X01) ¢ (0,200 + 2@X01@X1§] N

2ebg, 12 (0,10 4 cpX01> .\ 62(®X12)2 . EMO[E(@XOI v 9,10) +

> (91)
con? + v2(p,02 4 o 1Y) + evp,13 + €2®X1€]

| 2 2
@yz _ EE(wylE) + b2(?y01 N cpy10) + 26bq)ylz(q)yol . @ylo)

-

Substituting the expressions derived in the preceding sections:

@Xe - Mbg + bAl + €A2 + b2A3 + ebAh + €2A5

r (92)

b
«
I
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Here:

A = MOE‘m(x) + 2 n(ﬁx)jl )

bo = o E ey o

Ay = [Enm : Mg—ﬂE : f‘—;é(u - 3M2 + b x
{iyi(ﬁz—)+ ot (x) + n'éx):lfox n(g') dn'} .
2@ S 1m2 4 EJEn(X)n(;):I £ M 2(y + l)n2éc2>)>] > (93)

Ay = ib-:g; {kmm'(x) EMOEU -1) + 8- }%—52] |:( ) + n‘;ﬂ :
ku(m(x)E% v 2M2(y - 3) + -ii—;‘:l w (x) + n'é’”]}

po - - 202y . 622

57 ek Mu(n) (7 Mou>

Pressure Distribution on Airfoil Surface
The pressure distribution can be obtained from the velocity distri-

bution by means of the energy equation (reference 2) which, in dimension-
less form, is as follows:

L |B(%) . 1| _1fy2_ 2 |
7_1E0(p> :l 2(MO c2> | (9k)
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Here p,, Py, and M, are taken for the homogeneous flow field and p,

P, g, and c are local quantiﬁies. By use of the isentropic p - p
relation, equation (94) becomes:

7-1

L e

and after substituting p = P, + Ap and expanding in powers of the

relative pressure increment %Q, which is small compared with 1:
o]

_Ap___agp_f ap_1f &
7Py 2\’Pg PoCo2 2 p.Co2

|
%] Rl
Oz’
N
]
a8
™
N
+
a
e
o
=~

(96)

Upon substituting equations (92) for @Xg and @yg, equation (96)
may be solved in successive approximations. In the first approximation

Ap \? : .
(;%—) and second-order quantities in the velocities are neglected.
o]

Then:
/ 2
Ap n(x) Mo '
o vy fao) 2 20|+ B e (9
(o2le}
Upon substituting from equation (97) for ( Ap > and keeping
PoCo

second-order quantities in the velocities throughout equation (96), the
second approximation yields:

1

A N €P; + bP, + b2P3 + €bP) + €2P5
SPoCo
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Here

2
Ps = M;u (7 + 1), b LL(MO2 - HkU(L)'E(x)

-

As shown in appendix B, equations (98) for the pressure distribution
on the airfoil surface can be checked in a limiting case, in which com-
plete agreement of equations (98) with an expression derived by Ferri
(reference 2) is obtained.

Drag Force

In order to obtain the drag force, the component of the pressure
which is parallel to the flight direction x has to be integrated over
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the upper and lower surfaces. Denoting, as in figure 1, by EOU(L) the
angle subtended by the local tangent of the surface with the flight
direction, the drag becomes:

D = JprU sin € 6 ds; —\/bApL sin € 6 ds (99)

where dsU and dsL are the line elements of the airfoil surface.

Keeping only terms up to third orders in ¢, equation (99) becomes:

1 1
~ 1 - 1]
Dx 1 JC Apeky (x) dax Z\/Z App €kp (x) ax

Hence, the drag coefficient is:

2 1
D/c
CD = -——Z—Q—- = € —L— -—APl— kU' - ——@—— kL' d)( (lOO)
Limar M7 20,2 Z0,c02
27070 0 gpo ° /u 27070 [1,

For (Ap)U and (Ap)L expressions (98) have to be substituted in

equation (100).

In the case of a symmetrical airfoil at zero angle of attack
ky(x) = -k (x) = k(x). Then:

. _ 2 2 2
(CD)EEO = €Dy + beDy + €b“Dg + €Dy + e3D5
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Here:

y 2 ]
Dl?gj; [ (x)] % ax

y 1
D‘2 = @/; m' (x)k(x) dx

1
D3 oéaz {(7 - oot 2] [ 2 e ) s
1 )
E7 - 3)Moh + hMoP; A nBéX) k'(x)D: n(x') dxil ax +

> (101)

D), = __1_3 {E'y + 1)Mol*‘- b(my2 - 1)]|:2j;1 m(x)k' 2(x) dx +

MoB

Jfl m' (x)k(x)k'(x) d%]
0 .
Dg = EIE{By + 1)Mol‘ - l;(MO2 - ]];l k'3(x) d_x}

In the case of a symmetrical airfoil at a finite angle of attack €6
the decomposition of ky'(x) and k;'(x), suggested in the section on

airfoil geometry (appendix C), has to be carried out. In other words:
Replace ky' in (Ap)U and k;' in (A@)L by:

k' (x) k(x) - 6
and ‘ (102)
kL'(x) “k(x) -8

-
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where now k(x) = k(x) is the customary profile function, for which
k'(1) = 0.

Then, upon substituting the modified expressions (98) into equa-
tion (100), the following generalizations of the coefficients of Cp
have to be noted:

D3'= D3 - 522?5 {}z? ..3)M:O4 hMo%]ng m'(x)[]Zx EL%LL dxi] dx +
[21«10“(7+ 1) - h(MOQ- 1):| I:j;l m(x) 9—%1 dx—J

> (103)
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The physical meaning of the various terms in equations (101)
or (103) may be readily interpreted: D; (or D;') is the wave drag

of the airfoil well-known from the Ackeret theory; D5 (or D5') is’

the second-order drag known from the Busemann approximation (refer-
ence 3); D2 represents the horizontal buoyancy acting on the airfoil;

D3 may be denoted "second-order buoyancy"; and D)y is the term charac-

terizing the interaction between the airfoil field and the given ﬁres-
sure gradient of the wind tunnel.

Insofar as beD2 is concerned, it is to be noted that the integral
is taken over the product of the local volume element ¢k(x) dx and the

local pressure-gradient coefficient bﬁt m'(x). Since the pressure gra-
0

dient is varying from point to point, this expression represents, indeed,

the generalization of the classical result which is thus seen to hold not

only for incompressible but also for supersonic flow.

However, the other correction term for the drag, which can be derived
for incompressible flow (see "Introduction"), does no longer appear in
the supersonic range: The simple concept of the "apparent mass" is to be
replaced by more complicated expressions.

Lift Force
In order to obtain the 1ift, the component of the pressure which is

perpendicular to the flight dlrectlon has to be integrated over the upper
and lower surfaces of the airfoil. Thus:

= —U/}AP)U cos € 6 ds;; + u/}ép)L cos € GL dsg

which up to and including second orders in ¢ becomes:

L x -zf [Ap) - (Ap)L] ax | (104)
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The 1lift coefficient is:

1
cp, = - _i_k/n _&p \ /L dx (105)
M2 0 J‘.pcz .:_L.pcg
S 200 /y 2070 /1,

and (Ap)L expressions (98) have to be substituted in

For (Ap)U
“equation (105).

In the case of a symmetrical airfoil at zero angle of attack

kU(x) = —kL(x) = k(x). Then:

(CL)E;O = L, + bL, + €bL,

Here:

1
2E’)’ + l)MO)‘I' - 2(M02 - lﬂ/; m(X) (B) dx} }(106)

-

Note that equations (106) vanish for m = n = 0, as they should.



NACA TN 2849 43

In the case of a symmetrical airfoil at a finite angle of attack 0,
after making the same modifications as in the case of the drag, the fol-
lowing changes in the coefficients L; have to be made:

L' = Ly ]
Lp' =L
= 1
I M—O%{U = MY - b2 - Il Efo n(x) ax + [ 297
1
Jf xm' (x) d%]
© -

Furthermore, a coefficient

V5
€Ly’ = € i
appears.

The coefficients Ij' and 15' represent the 1ift expressions
known from the work of Ackeret and Busemann (see reference 3), Ll
and L, are vertical forces due mainly to the vertical pressure gradient,
and L3 is the interaction term.

Pitching Moment
The moment about the leading edge is obtained by integrating over

the moments of the differential 1ift forces dL acting at a distance x.
Therefore the moment coefficient becomes:

_ M/C02 _ 1 . Op
CyM = = = —_—x dx
low?2, M2dg (1,2

2‘%Mb §£bco

The integral is to be taken over the upper as well as the lower surface.

Since an upward 1lift which is to be considered positive produces a
negative (diving) moment, the contribution of the upper surface is:

1 Ap
(CM)U-—gf1 T ) ¥
MO O _pc

200/




Ly

The contribution of the lower surface is:

2P0 /1,

Hence:

dx

NACA TN 2849

1
Cw-%f %)(%)m
Y™ Jo 5Po% /y 5P /1,

In the case of a symmetrical airfoil at zero angle of attack

ky(x) = -kp(x) = k(x). Then:
(Cy)x_. = BMy + b°M, + €bM
5___0 1 2 3

Here:

(108)

> (109)
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In the case of a symmetrical airfoil at a finite angle of attack 6
after making the same replacements as before:

.

My = My ]
M = Mp
_ | X > (110)
e 4 2
My' = M, + (y + 1)M 7 - KM = - fxm(x)dx+
s Z o vt e }
1
Jf x2m' (x) dx
0
-

Furthermore, twoc additional ccefficients appear:

2
GM':_E_
L
B

and

“ugr = 2 [(:7 omt - ou(m® - 1ﬂ/;1 XK' (x) dx

The coefficients MM' and M5' represent the moments known from
the Ackeret and Busemann calculations, Ml and M, are the moment cor-
rections due to the pressure gradients of the wind tunnel, and M3 is

the interaction term.
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Application of Theory

As a simple example of the foregoing general considerations, the
force corrections will be given for a symmetrical airfoil placed at
zero angle of attack into a tunnel field, for which

c
(i.e., for which the pressure gradient prm'(x)jg is linear in x):

—~

1 1
Cp = @ %\jg [%'(xi]g dx + ¢b ﬁi\/P k(x) dx +

0]

’ 'Bl'ﬂ@ EEOUSERIUNSE 1)]fol [k (x]]° ax -

eb? 1[ 37 - 17) + bt + uﬂ fl xk(x) dx -
0

2b-IVI;-B_[y+1MO -]f xk' 2(x

> (111)

b — u[—(:y MY - (M2 - H/;l k(x) dx

_ L .
cM—-bm+b28MOBB|:“7+1)-u( 21‘.,

1
b ﬁ@ouw +1) - M2 - lﬂfo xk(x) dx
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For a doubly symmetric diamond profile of vertex angle ¢ these
formulas reduce to:

Cp = ¢? g- + €b &—; - €b? 8—;1-@02(37 - 17) + M(Mol* + h):l -

EEb MolB3E4°u(7 + 1) - b - )__I
CL =b ﬁi_ﬁ RS 6_M212_B.3.|E4O”(57 + 1) - LL(MOE - 2ﬂ-

> (112)

° @@o% +1) - b(u,2 - 1ﬂ

Cy = -b SNII;B + b2 g}i%glzdol‘(w + 1) - lL(MOE - 2]+
3 4 ' _
°° 8MOBME%O vy A(MOE ) 15] J

Numerical results obtained by means of equations (112) are plotted
in figures 2 to 9 for representative values of b and €. In figure 2

the components of Cp which are proportional to 62, €b, egb, and ¢b®
are graphed separately, and in figure 3 the total Cp 1is shown as a
function of the Mach number M,. Similarly, the components of Cr, and
Cyq which are proportional to b, ¢b, and b2 are plotted separately

in figures U4 and 6, respectively, while the total C;, and Cy are shown
as functions of M, 1n figures 5 and 7, respectively. For the case of

a finite, small angle of attack 8 the behavior of the 1ift coefficient
and its componénts is demonstrated in figures 8 and 9.
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The relative importance of the various terms may be seen from the
plots; for example, for the drag the first-order horizontal buoyancy is
the major correction to be applied and is on the order of 25 percent of
the true drag. ©Next in importance is the interaction term which amounts
to about 10 percent of the wave drag. The second-order buoyancy amounts
to about 1 percent.

The same relative magnitude of the correction terms exists in the
lift coefficient, if the case of an angle of attack is considered as in
figure 8.

For the 1ift and moment at zero angle of attack the ternm proportional
tc b represents again the largest correction, while the remainder are
small compared with it.

New York University
New York, N. Y., October 17, 1951
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APPENDIX A

COMPUTATION OF PERTURBATION POTENTIALS
¢ll, @13, AND th

Computation of Qll

The details of the computatlon of the potential @11 are given as
follows:

Upper surface.- For the upper surface the derivatives in equa-
tions (73) are given by:

@gll = '£°—<(7 + 1)(1 + p2)m(n) 20
8p2 B

v (v - 3182 vey 2 2| M a@)
[+ 1)+ (7 - 362 Enm : ]f 1) an +
In(e) B‘Biﬂn—(;l} SO (a1s)

o' =22 s D@+ ) [a)EL + wrn) “("]g '

E+l+7‘3 ﬂ{[ Mm+
i) .
= B(“) f En( E') + n(é ):I d&'}) + Po'(n) (Alb)
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Equation (T4) in explicit form is as follows:

9, 1(8,0) = R (7 + 1)(1 + 32)[%(0) - n(OT] N
£ 853

lre1+ (- 3>s§]E<g) : E%El]}mm (42)

The constants of integration are found to be:

pr(e) = oty v 1)(1 4 p2)RL0)

8p° B2

' O 1
E+ 1+ (7 - 3)32:|En'(§) + = ég):lf n(g ) dn'} (A3)

+

1| m(n) 2200 [(3”) + o (n)E(—Q{l} *

n'(n) My L n )]
E+1+(7-3)B€|{_‘Bﬂf En(n)+ E]dn -
w(n) & 20| M)
[(n) B]fo B dn} (ak)
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Lower surface.- For the lower surface the derivatives corresponding
to those in equations (73) are:

(p&ll _ }_4_'L<(7 1)1 + BE)EI(E)E%Z. + m'(é)n(;iln +

8p2
n(nﬂn(e)
B B

1 N !
n ég) f E(n') _ n_(_g_>] dn'}) + Pyt (E) (A5a)

|:7__+ L+ (7 - B)Bﬂ{l}(n) -

cPTlll - g’?(ﬁ +1)(1 + BE»)m(é)P%-)- +

+

n(n):'n(é)
B B

| = () - n'f;”]fg nlEn) dg'}> | (A5b)

The characteristic condition in explicit form is as follows:

E+ 1+ (7 - 3)B€|{Eﬂ(n) -

7+ 1+ (7 - 3962 {an) - n—%ﬁ]}n(m (46)
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In this case the integration constants come out to be
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n(¢) _
1,

ﬂ'ﬁ-(w F1)(1 4 BE){Enm“—'-é-g—) m (¢

- n(g')il dn' -

Pl'(g) = - 8B2
:2(0) 3
o m(g)I}%_)_]} '

i+ 1+ (7 - 3)Bﬂ{£—%§—)f§E(n')

o - 2] [ g}> "
' = Mo 2 2(0
Pg(n)—-gﬁ—g{(wl)(us)[ :l
(A8)

E+1+ (7 - 3) 2][(71

Computation of @ 3

The procedure for computing the potential
the upper surface the derivatives in equations (82) are given by

2
o Qy 1+ 3 fatn) + Bl 4

" 863
(7 - 3)62]{En'(§) + n'égilkU(n) +

@ng

¢13 is as follows.

For
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[atn) + 28 ()}g+ |

[+ 1+ (s - 3)82-___]{E1(§) + D
| ku"(n>fg E’“") ; -“—(g—)] dé'}) v 3 () (agw)

Putting k(0) = k'(0) = O, equation (A9a), together with equa-
tion (81), yields J;'(&) = 0. On the other hand, substituting equa-

tions (A9a) and (A9b) into equation (80) yields:

. ) ‘ | :
3" (n) = 3%-(-(7 s 1)+ p2) {En () + 20 e ()
[+ %ﬂn%" (n)} .
|E7 +1)(1 + g2 - ]En(n n(ﬁ?i__lkU' (n) -

— M 1
y+ 1+ (7 - 3)82:|kU"(n)f En(g ) + n(é ):lde' -

7+ 1+ (7-3)8 +—-—2]U(n)[ (n) + > (A10)
_ z -

The lower surface can be treated analogously.

) +
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54
Computation of @lh
In computing the potential @lh the upper surface is treated as
follows. Putting in the first of equations (88) k(0) = k'(0) = 0, this
equation, together with differentiated equation (87), yields Ml'(i) = 0.

On the other hand, substituting equations (88) into equation (86) yields:

5 2
M7 e L IB e 2() - (r ¢ Lnky ()it () +

My (n) = 7z 5 "
I

iEZ ky(n)ky' (n) (A11)
O

The lower surface can be treated analogously.
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APPENDTIX B

CHECK OF EQUATIONS (98) FOR PRESSURE

DISTRIBUTION IN A LIMITING CASE

Ferri (reference 2) represents the pressure distribution over an
arbitrary surface, which is exposed to a uniform stream of Mach num-
ber M;, as a power series in terms of the local angle of attack 1.

Thus,

+ ... (B1)

where a; and a, are given functions of My, p 1is the local pressure,

and Pys the free-streampressure.l

One may note that Ferri's result corresponds to a limiting case of
the general nonuniform field, namely, to the case in which the basic
flow is characterized along the x-axis by an X-component My, + bm and

a y-component bn, where both m and n are constant.

The agreement of the present result with Ferri's can be seen as
follows. Expressions (24) for wal and @yOl indicate that if m(x)

and n(x) are constant along the axis, they are also constant in the

whole xy-plane. The same is no longer true in order b2, because the

differential equation for ¢p2 is inhomogeneous. However, up to

order b, the basic field may be considered uniform in this limiting
case.

The Mach number of this uniform field is:

. _
M, = E.i_ (M, + bm)2 + (bn)? | (B2)

The angle of the flow direction with the local surface is

n = bt + P—/I-.%n—l ] (B3)

lNote that Ferri's coefficient is here multiplied with Mlg,
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bn

where ¢€8' and VT Em 2re the angles subtended by the x-axis with
R m

the local surface and with the stream direction, respectively.

In applying equation (B1l) it should be noted that Ferri's pressure
p_Po
poco2
in this report is based upon My, which is related to Ml by equa-

coefficient is taken with respect to Ml’ while the coefficient

tion (B2). The connection between the two pressure coefficients is
given by the relation

P-D; cffp-Dyp, Py - Py cq° (B)
= — —— e,
plCl2 c12 poco2 P1 pl°12 Co2
' Po - P1 . . R
where — representing the pressure difference between points

P1c1
where the Mach numbers are M, and Ml, as well as polpl and cO/cl

may be obtained by the isentropic energy relation.

Substituting Ferri's result for p - Py with Ml and 1 taken
from equations (B2) and (B3) and the expression for Po - Py obtained

from the energy relation, equation (B4) may be expanded in powers
of b and yields:

P - po G'MO2

S o)

PoCo

"2y 2
eeiii_ﬁg_o_<7+ U - b2 - 1)) -
b 9'20 (y + 1)M0lL - h(Mo2 - 15](m + %) (BS)

2B

which includes terms of order €, b, ¢€b, and 62 but not terms of

order b2,
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On the other hand, equation (B5) can be obtained from equation (98)
if m(x) =m, n(x) =n, and k'(x) = -6' are substituted and the
b2 term is disregarded. Thus, in the limiting case considered, Ferri's
and the present results are identical.

2
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APPENDIX C
ATRFOIL, GEOMETRY

In order to show that the considerations in the text pertain to
airfoils at both zero and finite angles of attack, the geometry of the
airfoil will be considered in detail. ‘

If the chord of the airfoil is at zero angle of attack, the local
slope is given by

& ek'(x) X €6 (c1)
dax

where y and k(x) are positive on the upper, and negative on the
lower surface (see fig. 1(a)). If the airfoil is symmetrical, then:

d -
S ek'(x) ~ €6y
dXU

¢

—
g1
SN—

[mnl
|

= -ek'(x) % €6

-

Figure 1(b) may illustrate how these relations have to be modified
in case the chord of the airfoil is at a finite angle ¢6 relative to
the flight direction x.

Two coordinate systems may be used, one whose x-axis coincides with
the flight direction and another one whose X-axis coincides with the
chord. Then the slope of the profile above the flight direction x is:

%% ek' (x)

tan ¢(6 - 9)

2

€«(6 - 9) (c3)
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where tan €6 1is the slope of the profile above the chord. If the
profile function above (Jr below) the chord, 7 = €k(x), is introduced,
then

€6 X tan €6 = k' (x)

and equation (C3) can be rewritten:

W 53 - 5 (ch)

ax

Note that ¥y > 0 on the upper surface and ¥ < O on the lower surface.
Then, at P in figure 1(b), €6 is positive because ¥ increases_with
increasing X. Fixing the sign of @ analogously to that of 6, 6 _in

the sketch is positive and larger than 6, so that in equation (C3) %%

comes out negative, as it should according to the figure.

Now, the barred and unbarred coordinate systems are related (neg-
lecting second orders in €) as follows:

XX x-y6

y + %6

22

y
Then
k' (%) = €k E(l + 282) _ 3 E(sz)eg:,
X ek' (%)

Therefore, equation (Clt) may be written:

L e (x) = GEC- "(x) - E’j - (c5)
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Figure 1.- Airfoil geometry.



NACA TN 2849

62

*G0°0 = a {600 = 3 -aTrgoxd puowerp xoy O J9aqumnu
yoep 3sutreds payqord Ty qustoryIvon 8BIp Jo squsuodwo) -+g aandTg

o¢ S O 02 Sl

\\\ TS
a

-2
4/1/
~
(§3) x AONVAONE ¥30HO0-ONOD3S @ . N
-{923) x NOLLOVYILNI 9 : N\
1-(43) x AONVAONE TVLNOZINOH 8 N
(22) xOVHA 3AVM ¥ £




63

*G0*0 = 5 ‘*oTTFoxd puUOWRTP JIOJ
OW Joqumu yoey Jo uorzouny se Ty quarorTyieoo Jexp Tejol -*£ oandtg

NACA TN 2849

o¢ : s2 oW 02 Sl N
| |
P A
anyL ¢
(9 v\
m//..N | . 4
TINNNL g Mmo.m"o."n%/// 9
NN
~
//////
SN
SN N 8
/N///
N\
/////
A
N ¢-0l X 0l




NACA TN 2849

6k

*G0*0 = q £¢o

g€ o $2 °W 02

oO”w

*9TtJoxd puoweTp xoy Oy Jaqumu
UOBW 3surede peyrord .Ho JUSTOTIFS0D 4JTT JO sjusuodmoy) ~*f aandtyg

S|

Aﬂ

//

(A= IN3IQVYS ¥3Q¥O-ANOD3S D
i-(43) x NOILOVYILINI @
+-(9)x INJIOVYHO H3ANO-LS¥I4 V




65

9cC

NACA TN 2849

*G0*0 = 2

*9TIFoxd PUOCWERTP JOJF

OW Jequnu yoBR Jo uworgouny se Iy quUeTOTIFO0d 1ITT TBIOL -*C a2an8td

g'e o¢ S3 ow 02 Sl I
- 0
. 8-@ s:._ow
_occ:h._OMmo.na‘\ ~J S
S0°=q o // 40
/ N
NC o¢
\
N
/r
\
\
v ot
\
\
¢-Ol x 0§



NACA TN 2849

66

St

*C0°0 = q $G0°0 = 2
pagqord MWy quetorizsod jqusmow~-3urys3td Fo sjusuodwo) -°9 aan3t g

o¢

+371J30a2d puoOWRTP JOI

G2 oW 02

O J5qunu YOBW FSUTEBSE

Sl

1)

1-(z3) x LINJIOVYO ¥3QHO-ANOO3S O

1-(@3) x NOILOVHILNI 8

(@) X LNJIQVHO ¥3QHO-1Suid v

Ol



67

*€0*0 = 3 r*oTTJoad puowelp J0F OW Jaqunu
yoepy JO uorqouny se W) JueToTiFeoo quswow-3utydoqtd Te3ol -°L Sandtd

o€ c3 onW 2 Sl O

/
/

£
=
g,
MM
838
.Qi‘

A
0

NACA TN 2849

- ¢-0l x G2



NACA TN 2849

68

-mo.

yosp asurede pojrord Iy qusTorIzsos 1ITT JO jusuodwmo) -*Q aanstyg

0=4q £60°0=2
Jo oT8uw TTBWS ‘93TULI 2e 9TIJoxd puoweIp JOJ

£C0°0 =

"> omlie
oW JIsqumu

cg og 2 °W !
g (0]
D /
e —— 'n.ll
T e |
<’/
//
'/ e
Sao 19
lr’
hY c
,/ t A
-0
T —— .v
;97 IN3IAvE9 ¥3d80-GNOD3IS a T~
1-(a2) XNOILOVHIIN| O ~d
,-9) x INJIQVYHO ¥3QHO-1SHId 8 N

(§2) x L31T L3YINOV v

0



69

NACA TN 2849

10C

o¢

£60°0 = 92

“G0*0 = 3

*§> ¥oB13B JO STIuB TTBWS ‘93TUTF 3® STTJOoxd pUOWBTP JOJ

°W xequnu yoBR JO uUOTIOUNF SB 1) QUATOTIISO0D 3ITT TBIOL -'6 oINSTJ

S

2 oW 02 Sl

ani| ._u

jpuuny

/

(1) ‘60" =

al

9l

N.o_ x 02

NACA-Langley - 12-9-52 - 1000




N

(1040) UO)BuIYSEM ‘YOVN WOl a[qeureiqo sajdod

S91Ia8 9IYNOpP OuT papurdxe oJ1e SUOTIIPUOD AIepuUnoq
9y} pue ‘UOTIOW JO UOTIENDD TRIIUIIFIP IBAUI]

-uou 3y} ‘moyy 8yy jo renuajod £310019A By} 9I0JBIAYL
*IaqUINU YOBIN UDALS JO PIST] MO]J IBIUI(I}ODI [BUISLIO
aYy3 Jo suorjyeqanizad s papaedaa 9Je J09]J0 10}

-ITe 8Y) S [[94 SE SJUSIpRIZ [SUUN} Y], ‘SUOIIOAIIP
9SI0ASUBI) puUB [BIXE 9y} Ul sjuepesd £q peziie}

—

(xea0)

§91198 9[qnop ojul papuedxs aIe SUOIPUOD AIEpUnoq
ayj} pue ‘uoyioW Jo uOYEeNba [BIJUBISIIP JEBOUT]

-uou 3y} ‘mofJ 3y} jo reryusiod £)10019A By} a1oJaIaYL
*I9qUINU YoBIN USALZ JO PIOT] MOTJ IBAUIIIIODL Teurdtio
ay3 Jo suorjeqanizad se papredal ade 08539 [10]

~ITe 9y} SB [[om S® SJUSIPRIF [oUUN) 9y, ‘SUOTIOBIIP
98I3ASURI) pUE TBIXE 9Y) Ul sjuarpesd Aq pazias)

uojBuIYSEM ‘VOVN WO} S[qeureiqo saydop

"1} AI0X MAN “AI -0BIBYD ST ‘uriojun Suraq Jo peejsur ‘piayy sanssaxd N1 HI0K MON -0BIBYD ST ‘maojpun Sujaq Jo peejsur ‘pia1} sanssoxd

6¥82 NL VOVN 'II 9y} YoM Uy [auun) otuossadng & Ul paIse) ST TIOLITE 6¥8¢ N.L VOVN 'III 9y} Yoty uf [ouunj otuoszadns € Uy pajse) ST [10JITE

g "W ‘uBwperiy ‘II ay) 18y} SurwnSsE pazATeut Su® [TOITE TEUOTSUAWIID €W ‘wempsrid 1 9Y} 21} BUTWINSSE PAZATEUR SI€ JIOLITE TEUCISUSWITD

d "H ‘popnT 1 -0M) & JO JuaWOW pue Jeap “PII I0J SUOIIIDIIOD ‘A H ‘jompnT I -OM} B JO JUBWIOW pue 3BIp ‘II] I0j SUOIIOSIIOD

(L°2'6) sonewayreN (L°2'6) somewayrel

‘onbruyoag, yoxeesey ‘g (6982 NL .w:uﬂnow.ﬁ YoIessayd g (%82 NL

(z'2°¢) soymeudporsy VOVN) ‘saSerp 'dg9 ‘g6l Joqueoaq ‘Apsiaafup (z°z'6) sorwreukporoy VOVN) ‘saerp 'dg9 ‘zgel doquueoeq Aysasarun

.wzaﬁioma yoaeasay FIOX MAN, ‘UEWPALLI ‘g W PUE JopnT ‘4 'H ‘anbruyosL, yoaessay § YIOX MON ‘Uewpatid ‘g ‘W PUE Jjopn ‘g H

(1'g'6¢)  suorpaiiod "INFIQVYD THNSSTYd OILVIS NIAID V ONI (1'g'¢)  suorpazzo) "LNEIQVYD HUNSSHU OLLV.LS NIAID V ONI

- enbluyoa L yoressay ‘g -AVH TINNAL DINOSHAAAS V NI 'TIOJdIV NV 40 - onbluyda, yoreesay g - -AVH TANNAL DINOSHEJNS V NI TIOJUIV NV L0

(12 1) - suorjoes Suim 'z INTWOW ANV ‘OVHA ‘LIIT ¥Od SNOLLOTHHOD (1°g'1) - suonoag Butm 'z INTIINOW ANV ‘OVdd ‘LAIT 04 SNOLLOAWHOD
{¢T1°1) *SOTINBUCISY J0] 99ITWWO) AIOSTAPY [BUOIIEN ez *BOTNEUOIIY 10} 99)TUNNO)) AIOSTAPY [BUOTIEN -

omuosradng ‘mold Y '6¥8% NL VOVN | ouosradng ‘morx ‘T 6¥82 NL VOVN
’g (a940) uoBUIYSEM ‘VOVN oI} oqeureIqo saydod ’g (1040) U0BUIYSEM ‘VOVN WOIJ S1qeureiqo s91dod

S91188 S[qNOp OjuT PapuEdxd JIE SUOTIIPUOD AIBpuUnOq 891198 A[qnop 0T papuedxs 9IE SUOTPUOD ATEpunoq

8y} pue ‘uopjow Jo uopenbs [ERUSISRID JesUT] 8y} PUE ‘UOTIOW JO uo[ENba [BINSISIP JBAUT]

~Uuou 3y} ‘MOTy 3} Jo Terjusjod A3I0079A Ay} aI0JaIaYL -uou 8y} ‘MOfy 9y} Jo Terjualed AJ100T8A Sy} 9I0JOIAYL

*I9quINU YOBIN USATE JO PISIJ MOJJ JESUT[[}O9T TRUISIIO "IaquInu YoeN UaALS JO PISTJ MO[J JBSUITIVAI TBULSII0

8y} Jo suopeqanizad se pepaedad aIe 109)30 1107 © -9y} jo suoneqanirad s papIedel oae 198]19 10}

-IIe 8y} S [[oM S¢ SJUSIPEIS [SUUN} YL 'SUOTIOBIIP -ITe 9y} S [[oM ST SJUATpEIS [OUUN] By ‘SUOTIOLJIP

98JI9ASUBI) DUR [BIXE 8y} Ul sjustped £q paziiay 9SJ9ASUBRI) pU® TEIXE 8y} Ul sjuatpesd Aq paziia)

"0 I0X MAN "AI -0BJIBYD 8] ‘wroffun Bureq Jo pesisur ‘pray aanssaxd "1 AX0X MAN AT -0®IeUd ST ‘mirojun Buraq jo peslsur ‘pey ainssoad

6982 NL VOVN 'III 9y} YoIym Uy [auum) oTuUosIadns e uy pajsey ST [10jare 6¥8¢ N.L VOVN 'II 3y} YoM Ut [3uun} oTuostadng B Ul pajs9y ST [IOJITE

‘g "I ‘Uewiparig- ‘Tx o3 Yoy} Surunsse pazA[EUE SI% [[0JITE TEUOISUSWITD ‘g ‘W ‘wewpery I aU} JeY} BUTWINSSE pazATeu® a1 [I0LITE TEUOISUSWITP

‘d 'H ‘popn 1 -OM] ® JO JUSWIOW pue Feip ‘3] 10 SUOHOSLIOD 4 H ‘popnT 1 -0M} ® JO JuswouI pue JeIp ‘I I0J SUOTIIAIIOD

(L'z°'6) sonEwayreN i (L'2'6) sonEwoyren

‘anbruyoa], yoreesay ‘g (6782 NI ‘onbruyoa L yoreasay g , (6¥8Z N.I

(z'z°6) sormreudporoy VOVN) ‘saBerp 'dgg ‘gg6l 10quiaosq Ansreamup (z'2°6) sorureuiposay VOVN) ‘saferp "dgg ‘ggel Joqueveq -A)SIsAmup

‘anbruyoay, yoaressey ¥ NI0X MON ‘URwWIpalIA ‘g ‘IN PUE JjorT ‘g H ‘onbruyos, yoreassy y JI0X MON ‘UewWparig ‘g W DU® JjolpnT ‘g H

(1'g'¢)  suoppariop *LNAIAVYD TUNSSTUA OILV.LS NHAID V ONI (1'z¢)  suorpario) " LNFIQVED TUNSSTI OILVIS NIAID V ONI
- enbuuyday, yoressey ‘g -AVH TANNNL DINOSHHJNS V NI TIOIHIV NV d0 - anbluyodL yoIeassy g -AVH TINNAL DINOSHAJNS V NI TIOJHIV NV JO |

(1'2'1) - suoposg Bum 2 INTWOW ANV ‘OVYd ‘LAIT Y04 SNOLLOF¥HOD | (178°1) suomosg surm g LNTFWOW ANV ‘OVHQ ‘LJdI'T 404 SNOLLOEHHOD
{&£21°1) . " 'SOUNBUOIAY 0] eeppwmo) AIOSTAPY TeuoreN .| (€°3°T°T) *SOINEBUOIOY I0§ IIPTWIWO) AIOSTAPY [BUOTIEN -

oguoszadng ‘mord ‘I : oquostadng ‘mold I ‘6782 N.L VOVN

6782 NL VOVN -




uolBuysEM ‘VIVN Wolj S[qeureqo saydod

‘wr10} aryjoad reasuad pue

sjuatpesd aanssoad uaArd Lxeajiqie I0} PIALIIP UAAQ
aAey suoyssaadxa Burinsax ayL -A[[eonIATEuUR PIA[OS
aq ued yorym swajqoxd anfea-Aiepunoq Ieaury Jo
waisAs e ojur 1ds snyj st walqoad IesuITUOU YL,
"pIeY} 9y3 Jo Apouddowroyul 3y} pue SSIUHOTY) 110}
-aye oy} Jujziaajoeseyo sxajowesred om) Jo sramod uy

"6¥82 NI VOVN |

R

uojBuyseM ‘VOVN Wolj aqeureiqo safdod

‘urzoj arrjoad Terousd pue

sjuatpersd aanssald uaAld AIeljiqie J0J PIALIAP udaqQ
aary suorssaadxe Jurnsar ayl A[[BOVIATBUE PAA[OS
aq ued yorym swspqord anrea-Lrepunoq Je3U] JO
woajshs ® ojur JI[ds snyj st waiqoad reauiuou ayL
*p1a1J @Y} Jo AjrsuaZowoyur 9Y3 pur SSaUNOTY} TI0F
-arte 2y} Surziiajoereys siajouwrered om) jo siamod ut

6v82 NL VOVN

o s

uojBupyses ‘YOVN WoJj ajqeureqe safdod

) ‘urxoj afrjoad rexauasd pue
sjuaTpesd sanssaad uaaTd AIea3IqIE J0] PIATISD UldQ
aaey suoissaadxa Supnsax ayl ATEdTIATEUR pIATOS

aq ued Yorym swarqoad anrea-Arepunoq JB3UYY JO

wajsds & ojur Tds snyj 81 warqoad xesurfuou ayl

‘P19 93 Jo Ajrauadouwroyuy 8y pue SSBUNIIY} TIOF
-are ay} Suizixejorreys siajawesed om) Jo siamod ug

6¥82 NL VOVN

uojdupysem ‘VOYN wolj afqeureiqo saydod

‘ur10j afrjoxd Texsuad pue
sjuatpesd aanssoxd uaa1d AXeIIIqIE 0] PIATISp UAdG
aary Suorssaxdxa Sullnsar ayl AI[BOTIATEUER PIATOS

ag ued yorym swalqoxd anTeA-Arepunoq JeaUl] JO
wajsAs e ojur J11ds snyj ST wajqoad IeduUI{UOU Y],
‘p1e1 8y} Jo Ajreuadowroyut oY) pue SSIUNOTY]) TI0F
-Jre 8y} Suiziiajoereyd siajowered om) Jo sramod ur

682 NI VOVN




