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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 3416

THEORETTCAL AND EXPERIMENTAIL INVESTIGATION OF THE
EFFECT OF TUNNEL WALLS ON THE FORCES ON AN
OSCILIATING AIRFOIL IN TWO-DIMENSIONAL
SUBSONIC COMPRESSIBIE FIOWL
By Harry L. Runyan, Donald S. Woolston,
and A. Gerald Rainey

SUMMARY

This paper presents a theoretical and experimental investigation
of the effect of wind-tunnel walls on the air forces on an oscillating
wing in two-dimensional subsonic compressible flow. A method of solving

- an integral equation which relates the downwash on a wing to the unknown

loading is given, and some comparisons are made between the theoretical
results and the experimental results. A resonance condition, which was
predicted by theory in a previous report (NACA Rep. 1150), is shown
experimentally to exist. In addition, application of the analysis is
made to & number of examples in order to illustrate the influence of
walls due to variations in frequency of oscillation, Mach number, and
ratio of tumnel height to wing semichord.

INTRODUCTION

In the evaluation of results obtained by measurement of the forces
on a wing in a wind tunnel, the question of the effect of the tunnel

walls arises. 1In the case of steady flow the problem has been extensively

investigated and, in general, relatively simple factors have been deter-
mined which can be used to modify measurements of the forces on a wing
in a tunnel to correspond to free-air conditions. However, the corre-
sponding problem of the effect of walls on an oscillating airfoil has
recelved relatively little attention, particularly in the case of com~
pressible flow. The present paper concerns the wall effects in the
oscillating case and treats the problem in two-dimensional subsonic
compressible flow.

In incompressible flow, theoretical treatments of wall effects on
oscillating wings have been made by several investigetors and reported

lSupersedes and extends recently declassified NACA RM L52I17a, 1953.
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in references 1, 2, and 3. These investigators have shown generally
that the tunnel-wall effects are a maximum for some small values of the
reduced frequency and that the wall effects become negligible as the
reduced frequency 1s increased. Extension of the theoretical treatment
of the problem to include the effects of compressibility of the fluid
has been reported in reference 4. 1In this reference, it is shown that,
in addition to the large effect noted at low values of the reduced fre-
quency, under certain conditions, large effects of the walls may be
encountered at higher values of the reduced frequency. These effects
are due to an acoustic resonant phenomenon which occurs when a disturbance
from the oscillating wing is reflected from the tunnel wall back to the
wing with such a phase relationship that it reinforces a succeeding
disturbance.

In reference 4 the problem was expressed as an integral equation
which relates the known downwash distribution over the airfoil to the
unknown 1lift distribution. One purpose of the present paper is to dis-
cuss further the integral equation and to demonstrate a method of solving
it. A second purpose is to present some results showing wall effects
calculated by this procedure and, in some cases, to compare the calcu-
lated results with experimental results. This phase of the investigation
is given in three parts: (1) a comparison between analytically and exper-
imentally determined values for the 1ift and moment on a wing oscillating
in pitch at several subsonic Mach numbers; (2) an analytical study of the
effects of a variation in Mach number for a constant ratio of tunnel height
to wing semichord; and (3) an analytical study of the effects of a vari-
ation in the ratio of tunnel height to wing semichord. Portions of this
material have been reported previously in reference 5 and are included in
the present paper in order to provide a more extensive and unified
presentation.

As a check, the integral equation for the downwash on & wing oscil-
lating between walls in a compressible medium 1s reduced to the zero-
frequency condition and is shown in an appendix. The resulting expression
is in agreement with steady-state results.

The calculation procedure and the results contained in this paper are
of significance for such problems as the experimental measurement of the
forces on an oscillating airfoil, the determlnation of wing-flutter char-
acteristics in wind tunnels, and also in certain possible types of flutter
of airfoils in cascade.

SYMBOLS
a : velocity of sound, ft/sec
An coefficients in series expression for 1lift distri-

bution (eq. (16)), where n =0, 1, 2,
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fasil

H
1,(2) 5, (2)

.

K(M,z) + K(M,z,H)
L(xo0) , 1( 80)

Ig,

BF &

MkH

P = E;E

wing semichdrd, £t

displacement of wing in vertlical translation, f+t
height of twmel, ft

height of tunnel referred to wing semichord

Hankel functions of the second kind
reduced-frequency parameter, bw/U

kernel of integral equation

1ift distribution, 1b/ft/unit span

aerodynamic 1ift force per unit span due to pitch
serodynemic 1ift force per unit span due to translation
aerodynamic moment per unit span'due to pitch
serodynamic moment per unit span due to translation

Mach number, U/a

Ry = \(x - x0)2 + p2(nB)2, where n = 1,2,3, . . .

U

w(x)

Xg,

XyX0sY» 8

z = k(x - xp)
a
B=y1-M

stream velocity in chordwise direction, ft/sec

vertical induced velocity (perpendicular to chord),
ft/sec

axis of rotation measured from midchord, positive
rearward, based on semichord

Cartesian coordinates

angular displacement of wing in pitch, radians
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fluid density, slugs/cu ft

phase angle between 1lift force and position of
pitching wing, deg

phase angle between 1ift force and position of
translating wing, deg

phase angle between moment and position of pltching
wing, deg

phase angle between moment and position of trans-
lating wing, deg

circular frequency of oscillation, radians/sec

c¢lrcular fregquency at resonance, radians/sec

pressure difference between upper and lower surface,
1v/sq ft

Primed quantities refer to & wing in free air.

ANALYTICAL TNVESTIGATION

This section is concerned with the development of a method for
solving the integral equation, originally derived in reference L, which
relates the downwash to the loading on an oscillating wing. The basic
integral equation and its kernel is given by equations (1) and (2).
Reduction of the kernel is made in equations (3) to (10). Alternative
series expressions for the kernel which are suitable for numerilcal
computation are given by equations (11) to (15). The loading on the
wing is given by equation (16), the downwash expression by equations (18)
and (19), and finally the 1lift and moment expressions by equations (20).
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The Integral Equation and Its Kernel Function

The integral equation.- The integral equation of reference 4 for
the vertical velocity or downwash of an oscillating airfoil between
plane walls may be written as

1
wl(x) = %éfl L) [K(,2) + K(2,2,)] dxg (1)

vhere w(x) 1s the known vertical velocity (or known motion of the wing)
and I(xp) is the unknown 1lift distribution or the local strength of a

distribution of oscillating pressure doublets. The functions within the
brackets comprise the kernel function of the integral equation and appear
formally as

X=X lkg
K(M,z) = E%E Lim e-ik(x-xo)‘jp' © eB? %;5 Ho(2)<%§dg2 + p2y2lae  (2a)
y—0 ~00

: 1k
. X=X =] =t
K(M,z,H) = E%E lim  eik(x-xo) Jf 2> (- e g§§ Ho(e)[g% VEEf;_EEEQTtT:Eﬁzﬂdt (2v)

y—>0 n=1

The first function K(M,z) corresponds to the kernel for the free-air
condition as given by Possio (ref. 6). The second function K(M,z,H),
containing the infinite summation, is the additional part of the kernel
arising from the effect of the walls. Physically, a kernel function
represents the contribution to the vertical velocity at a field point

due to a pulsating pressure doublet of unit strength located at any other
point in the fileld. For the particular case represented by equations (2),
the kernel function gives the vertical velocity in the plane of a wing
located in the center of the tunnel. The expression K(M,z) gives the
dovnwash of a doublet in the plane of the wing, whereas the expression
K(M,z,H) gives the downwash due to the system of images which mathemat-
ically represents the walls. »

Reduction of the kernel function.- The integrals contained in the
expressions for the kernel functlon in equations (2) are improper because
they have an infinite limit and also because, at certain points, the
integrands become singular. This section is concerned with the reduction
of these integrals to a form more amensble to computation.

By making use of the fact that the Hankel functions in equations (2)
satisfy the identity
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i Ho(2)<32 Ve2 + B2y2> = g2 95 no(2) <B Ve2 + 62y2>

ay ot

Mee & (2)<B VEZ + B2y2> (3)

B

there is obtained for the downwash

y—»0 - 9E2

1 X=X
w(x) = (%2- 1_1-1— lim f]_ L(xo)e'ik<x'x0) QSQ f ° eBE 2 H (2)<B VE2 + gy >d§ +

=00

X=X _-.§
____M212:2 / © 82 Ho(2)< Ve2 + 82y2>d§ +
B

ik
00 X=X —--E,
2>~ (-1)”{;32 f © e8® %% Ho(2)[%%\/?2 + 82(y - nH)EJdg +

n=1 00

X=X _:[i{.
M_'zg?.fw ° op2 Ho(?-)[[3 Je2 + g2y - nH)J Ddxo (4)

The integrals of equation (4) that contain partial derivatives of
Hankel functions can be integrated twice by parts to obtain '

ik
*¥o 27 32 2 2, g2 2lae =
fw eB 6521{()‘:2\/@ + p=(y - nH)=|dt =

1k

- —Ml-é{ eBg(X—XO) X - Xg Hl(Q)[_N_%_ ‘/(X _ XO)2 ¥ BE(y - nH)Q] -
g V(x - x0)2 + 2y - nH)? B

1k %‘(X‘XO) (2)| Mk 2 . a2 2

-BEB Ho EéJa(-Xo)+B(Y-nH) -

2 [Fro o5t ()| M [i2 . g2 5

i 2 mol2)| IF |52 + g2y - nip)®jat (5)

¥
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The last integral of equation (5) may be written in two parts as

o0

-x5 1k
>_(-y» f " e Ho<2)&—4—k§ JE2 + 62y - nﬂ)ﬂdg =

n= -0

-

0 _iK o
[T R ST ym B VER + 620y - )2 at +
“0

n=1
x-xo 1Kt v ‘
[T e S (yn wel@ S8R By - a2 (6)
0 n=1

The first integral on the right-hand side of equation (6) will be left
temporarily in integral form and will be treated in the following section.
(See evaluation of S3 following eq. (13).)

The second integral on the right-hand side of equation (6) has not
been integrated in closed form; however, in wind-tunnel problems it can
be handled conveniently by approximate methods. (An alternative means
of treating this integral, which avoids the approximation, but is somewhat
more tedious, will be indicated in the section following eq. 1k(c).)
A practical assumption which is often made in the analysis of the effect
of wind-tunnel walls 1s that the tunnel height is considered large compared
with the wing semichord. With this assumption the argument of the Hankel
function in equation (6) can be written as (in the limit as y —0)

Me 2 4 p2(nm)2 = Mk AP
ng/ew(nﬂ)—BanH (m) +1~Mom

provided that —b— << 1.
pnH

This approximation implies that the airfoil images, and, in partic-
ular, the closest image n = 1, are a sufficient distance from the airfoil

so that the actual distance 'Vga + p2(nH)2 may be replaced by the vertical
distance PnH of the image above the airfoil. Of course, this approxima-
tion does not hold for Mach numbers close to or equal to unity. With this
approximation, the second integral of equation (6) can be expressed as
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o Er « - |
1im /X eB? ngl (-1)™ HO(E)[%% \/g? + By - nH)EJdé

=S () @) <_M_B‘~rﬁ_{> f e eé—}gg a

n=1 0
d 2 'iE(X-Xo)
-S> (" Ho(2) <m§_ﬁ).§.£ B2 -1 (7

and these equations may be used to express equation (4) as

1
wb

w(x) = ;ﬁéf.l L(xo)| K(M,2z) + K(M,z,H)| dxg (8)

where
2 iM(
K(M,z) = ﬁ e~z e82|:-HO(2)(pRO) + —l—)-{-}i_—_}—;-fl Hl(2)(uRoﬂ +
¥y

iﬁel;% loge -l—;ﬁ + /;M elu Ho(2) (Mlul)du}} (9)

and

iz o
K(M,z,H) = Eeg-izl:’eﬁz Zl (-n" HO(2) (uRn) +
n=

Be<e%’>—;— - 1) Zw: (-1)™ HO(2)(.NL_€;H_> +

n=1

00 00 _iﬁg
ik > (-1)nf e 82 Ho(z)[k—g Ve2 + Bz(nH)E‘Jdg +
n=1 0 B

iz
B2 Zl (-1)2 ﬂ(—}il?;—xci 1, (2) (pRnJ (10)
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in which use has been made of

- kM - X =Mz
" e " g2
Ro =»[x - Xol Ry = J(x - xo)2 + p2(nH)2

Equation (8), together with the definition of equations (9) and (10),
permits the determination of the effect of tunnel walls on a lift distri-
bution I(6p) for a given downwash distribution w(x). The integral
equation for the case of no tunnel walls checks the results of Possio
(ref. 6). For the case with walls and for the limiting steady-flow case
of zero frequency, it is possible to obtain a mathemstical check with
some existing results; this check is shown in the appendix.

Alternative series expressions for kernel.- Although the form of the
kernel K(M,z,H), given by equation (10), could be used for calculation,
alternative series which are more highly convergent may be used and are

. gilven in this section.

The kernel K(M,z,H) is the sum of four infinite series which can
be written as

-1z
e ,
K(M,z,H) = —2—-<0131 + CpSp + Cz85 + cusu) (11)
where the Sp's denote the indicated infinite summations of equation (10)
and the Cp's the respective multipliers.

Serles §S1 and So, of equation (11) may be put in a more rapidly

convergent form according to Infeld, Smith, and Chien (ref. 7). When the
variables p and € are introduced, where

MkH

b= EEE

and

- IX - Xol

€ B

the series S and 82 can be written as
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8 = il (-1)® 5o(®) (uRn)

jft (-1)*™ Ho(e)(Eﬁp Ve2 + nQ)
n=1

1 lpemmef14p? <2 -xef(2n+1)2-kpR
= o + 2i EZ; +
V1 - bp? n=l \f(2n + 1)2 - Lp2

o-7€\(2n-1) 2-Lp2 - 102 (20ep) (12)

V(zn - 1)2 - up2

and

Sp = wa (-1)™ HO(E)(M)

n=1 B

= il (-1)" Hp(2) (2mnp)

= 2dox + 21(y + loge 2p) + bi z L — (13)
2n (2n 1

n=1¢ - 1)2 . 1p2 2n -

where Euler's constant y = 0.577215.

Series Sz may be evaluated by utilizing the expression for 5y
(eq. (12)) and integrating the resulting expression to obtain

ik
0 -——2-§ © 0
S5 =fo e ? ; (-1) Ho<2>[§—g Ve2 + Be(nﬂ)%dé (14a)
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(14v)
Sz = -B— loge ——3- +
215 < 1 VP 1
M 150 /x\2 2 z:l 1 \2|B2H 1B 2 >
(ﬁ) l:(2n + 1) -‘hp + (-B—z—) M\](En + 1)e - bhp
' (1ke)

It is of interest to note that series S3 may be employed in an
alternative means of integrating equation (7). For application to wind-
tunnel problems, where the ratio of tunnel height to wing semichord is
small, or in application to cascade problems, the approximation employed
in integrating equation (7) becomes less valid. It is possible to avoid
the use of the approximation by writing the integral of equation (7) in
a form which is identical to that of equations (1hka) and (1kb) with the
exception of the upper limit. The integral containing the Hankel function
can be evaluated by employing the tables of Schwarz (ref. 8). The second
integral, containing only an exponential term, can be integrated in
closed form, as was done to obtain equation (1lhc).

Series §) may be evaluated in a direct manner by employing tables

of the Hankel function and by using for large values of the argument the
approximation

~ifuRy -2
1 (2) (uRp) ~ “fRn e l<“ Eﬂ) (15)

With the aid of serles S;, Sp, 53, and 8y, the kernel K(M,z,H) may
be evaluated.
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Method of Solution

A method of using equation (8) to determine the aerodynamic forces
on & wing oscillating in the presence of plane walls is now discussed.
The method under consideration is one of collocation similar to that
used by Possio (ref. 6) and Frazer (ref. 9) for the case of no walls.

The approach involves the assumption of an appropriate series expression
for the 1lift distribution, substitution of this series in the integral
equation for the downwash, and calculation of the downwash at arbitrarily
selected points on the chord (control points). Thus equation (8) is
reduced to a set of simultaneous equations, the unknowns of which are

the coefficients of the assumed expression for the loading.

Expression for the loading.- The expression which is assumed for the
1ift distribution is a trigonometric series expansion which satisfies the
Kutte condition at the trailing edge and which has the proper type of
singularity at the leading edge. This expression is

(28]
%2_ = Ag cot %9 + > Ay sin ny = L(6o) (16)
P n=1

where xo = -cos 8, and the Ap's are unknown coefficients to be deter-

mined in accordance with the downwash w(x), which is known from the
motion of the wing. It is desirable to rewrite eguation (8) in terms of
the variable 65 as follows:

w(x) = Uk’]: L(8o) K(M,z) sin 6, d6, +/;)n L(60) K(M,z,H) sin 8, deoJ
- (17)

The first integral on the right-hand side of equation (17) is the
integral expression first derived by Possio (ref. 6) for the condition
of no walls. Its solution has been treated by several investigators and
will not be discussed here. It can be expressed entirely in terms of
the unknown coefficients A, of equation (16). The second integral of

equation (17) may be evaluated by the use of equations (12), (13), (14),
and (15).

Determination of the aerodynamic forces.- The integrals of equa-
tion (17) are determined for a selected number of control points and
equated to the expression for the downwash. The expression relating the
dovnwash to the motion of a wing translating (h) and pitching (o) about
an axis located at x5 1is

w(x) = h + Ua + b(x - Xa)& (18)
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or, with the assumption of harmonic motion,

w(x) _ ik % + [é + ik(x - xai]a (19)

U

Equation (19) is used to calculate w(x) for values of x appropriate
to each of the selected control points. A set of simultaneous equations
can then be written, the number of which corresponds to the number of
control points employed and (conveniently) to the number of terms
retained in the series for IL(6p). The unknown coefficients may now be
determined by solving these simultaneous equations. The total 1lift and
moment about the midchord are given in terms of the coefficients Ay
through the relations

N

~Iy '%< + L Ai)

1 obU2 B 2

v, ) (20)
—a 1 .1
1pb2U2 8( o+ 2 Afg

J

Effect of the number of control points considered.- An investigation
was made of the number of terms of the series for the 1lift distribution
(eq. (16)) and thus of the number of control points required to obtain
satisfactory accuracy. Calculations were performed for a particular case
by increasing the number of control points and the number of terms of the
loading series until the solutlions were in reasonable agreement. For the
case considered, three terms of the series for the 1ift and three control
points at the quarter-, half-, and three-quarter-chord positions gave
satisfactory results. The consideration of two additional control points
at the leading and trailing edges, together with two additional terms of
the 1ift series, made no significant change in the results. For high
values of the reduced-frequency parameter k, the use of additional
control points might be necessary.

The procedure Jjust discussed involves consideration of a continuous
distribution of pressure doublets over the chord. Calculations requiring
much less computing can be made by considering the chordwise loading to
be concentrated in a single doublet located at the quarter chord and
satisfying the downwash at the three-quarter chord. In the case of the
1ift, this approach has been found to give fairly good agreement with
the results of the more elaborate calculations except in the vicinity
of the resonant frequency.
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The Analytically Indicated Resonance Phenomenon

Two-dimensional tunnel.- By examination of equations (12) and (13),
it may be seen that the series S; and S, become infinite when

4p2 = (2n - 1)°
or where

%? =xp(en - 1) (n=1,2,3, . . .) (21)

At these critical values of the frequency parameter, the expression for
the kernel X(M,z,H) (eq. (11)) becomes infinite for all values of x.
Physically, this condition represents a resonance in the tunnel involving
a transverse oscillation of the moving alr between the walls.

The fundamental or smallest critical values of wH/a corresponding
to n =1 in equation (21) are shown plotted as functions of Mach
number M in figure 1. Equation (21) and figure 1 show that finite
values of the critical frequency exist for the condition M= 0, U =0,
and a % w. These conditions correspond to a compressible fluid at zero
velocity in the tunnel. As the Mach number is increased, the critical-
frequency parameter decreases rapidly and becomes zero at a Mach number
of unity.

As indicated by equation (1), the product of the 1lift and the kernel
function must remain equal to the verticel velocity over the wing; this
velocity is defined by the motion of the wing and remains finite. The
product of the 1lift and the kernel function can remain finite only if the
1ift approaches zero as the kernel becomes infinite. This condition in
the tunnel is analogous to the well-known case of a simple undamped-
spring-mass system for which, at the resonant frequency, theory predicts
an infinite deflection of the mass occurring even with a forcing function
of small amplitude.

Circular tunnel.- A resonance can also be demonstrated for the
infinite circular tunnel. The nature of the boundary-value problem, for
this case, makes it possible to separate variables; therefore, the
governing partial-differential equation can be reduced to Bessel's
equation. (See, for instance, ref. 10.) The resonant frequencies are
then found as the roots of the equation

Jh'<%§E> =0 (n=0,1,2, . ..)
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or

(L)])=
2 FoP

where J, represents the Bessel function of the first kind, D is

the tunnel diameter, and p, is the root of the equation

Jn'(en) =0

Values for p, for the first several modes are Pp = 1.84, 3.05, and

4.17. Note that, for a circular tunnel having a diameter equal to the
height of a plane tunnel, the fundamental frequency is 3.68/n = 1.17
higher than resonant frequency in the plane tunnel discussed in this
paper.

EXPERIMENTAL INVESTIGATTION

Wind Tunnel

The experimental part of the investigation of the effect of tunnel
walls on the forces acting on an oscillating airfoil was conducted in
the Iangley 2- by L-foot flutter research tumnnel. For these tests, a
rectangular test section having dimensions of 2 feet by 3.8 feet was
used. This tunnel is of the closed-throat, single-return type and
employs either air or Freon-12 as a testing medium at pressures from
1 atmosphere down to about 1/8 atmosphere.

It has been shown previously that the resonant frequency varies
directly as the speed of sound. Inasmuch as Freon-12 has a speed of
sound equal to about one-half that of air, the experiments +to be dis-

- cussed were conducted in Freon-12 so that the resonant frequency could

be surveyed within the frequency limitations of the equipment.

Model and Oscillating Mechanism

Figure 2 is a schematic drawing of the test section with the model
and oscillating mechanism installed. The model had a chord of 1 foot
and NACA 65-010 airfoil sections; it completely spanned the 2-foot dimen-
silon of the test section. The gaps between the model and the tunnel
wall were sealed by end plates which rotated with the model. The model,
driven symmetrically from both ends, was oscillated in pitch about the
midchord by a direct-drive eccentric-cam system powered by an induction
motor with variable frequency supply.
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Instrumentation

The 1ift and moment on the wing were obtained by electrical integra-
tion of the outputs of 12 model L9-TP NACA miniature electrical pressure
gages. The pressure gages, which are described in considerable detail
in reference 11, were located at the center of the span at 2.5, 5, 10,
15, 20, 30, 40, 50, 60, 70, 80, and 90 percent of the chord. Each gage
was arranged to indicate the difference in pressure between orifices on
the upper and lower surfaces. Electrical integration techniques used in
these experiments are discussed in reference 12. The so-called square-
wave method of weighting was used; that is, the pressure indicated by
each gage was assumed to represent the pressure actlng over a portion of
the chord extending one-half the distance to the next gage both forward
and rearward. TFor example, the fraction of the chord assigned to the
first gage was 3.75 percent and to the sixth gage was 10 percent. Some
of the implications of this method of Integration will be discussed in
a subsequent section.

The angular displacement at the midspan position was indicated by
resistance-wire strain gages attached to a torque rod running through
the center of the hollow wing. One end of the torque rod was fixed to
the center of the wing and the other end was fixed to the tunnel wall.

A schematic diagram of the instrumentation is shown in figure 3.
The magnitude of the vector representing the fundamental component of
1ift or moment and angular displacement was indicated on an alternating-
current vacuum-tube voltmeter attached to the output of a variable-
frequency, narrow-pass-band filter. In essence, the filter performed
the function of a Fourier analysis in that both random components and
higher harmonics were removed from the signal. In order to measure the
phase angle between 1lift or moment and the angular displacement, the
output of the filter was fed into a pulse-shaping circuit designed to
convert the sinusoidal signals into pulses corresponding in time to the
"crossover" points of the original signal. The pulses were then fed
into an electronic chronograph that accurately indicated the time
interval between the leading pulse which started the chronograph and
the lagging pulse which stopped it. The ratio of this time interval
to the period of oscillation, when multiplied by 360°, yields the phase
angle in degrees. The period and frequency of oscillation were deter-
mined by starting and stopping the chronograph with the angular-
displacement signal. In order to minimize the effects of small differ-
ences in components between the two circuits, a "tare" switch was pro-
vided which fed a single signal (the angular displacement) through both
circuits. The resulting phase angle represented the phase shift Intro-
duced by the filters and pulse-shaping circuits.
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Test Conditions

The Mach number of the tests was varied from M= 0.35 to M= 0.70
and the Reynolds number was held constant at about 5 X 100 by varying the
density. The frequency of oscillation was varied from O to 60 cycles per
second, and the magnitude of angular displacement was about 1.2° except
for some 11ft data at M = 0.7l which was obtained at an angular dis-
placement of about 2.4°.

DISCUSSION OF RESULTS

The theory and calculation procedure and the experimental technique
discussed previously for the determination of the forces acting on a
wing oscillating between walls have been applied to a number of specific
examples. The investigation has been divided into three parts: (1) A
comparison is made of analytical and experimental results obtained for
the 1ift and moment on a pitching wing for several subsonic Mach numbers,
(2) theoretical results for the effects of a variation in Mach number at
constant tunnel height are given for a pitching wing and also for s wing
undergoing vertical translation, and (3) theoretical results for the
effects of a variation in the ratio of tunnel height to wing semichord
are presented for particular values of Mach number.

Comparison of Theory and Experiment

In figure 4 a comparison is made of snalytical and experimental
results for & wing oscillating in pitch about its midchord. Figures L4(a),
4(v), 4(c), and 4(a) apply, respectively, to Mach numbers of 0.35, 0.5,
0.6, and 0.7. The results apply to a ratio of tunnel height to wing
semichord H of 7.60.

The plots on the left-hand side of each figure show the magnitudes
of the forces and moments as a function of the frequency of oscillation
whereas those on the right-hand side show the corresponding phase angles.
The magnitudes are presented as ordinates in the form of ratios IIu/Ia'l
and |Nh/M1'|. In these ratios, the quantities I, and M, are, respec-
tively, the 1ift force and the moment on a wing in a tunnel; L,' and
M,' are the theoretical 1ift and the theoretical moment on a wing in
free air. The effect of the tunnel walls appears, therefore, as a devia-
tion from unity of the ratios |Ly/Iy'| and |Ma/l\41,'| wvhen Iy and
M, are the theoretically derived forces and moments. When Iy and M
represent the experimental forces and moments, the deviation from unity
may not be completely attributed to the effect of tunnel walls because
such factors as airfoil thickness and viscosity may cause devistion from
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the elementary theory. The abscissa in the figures is the ratlio of the
frequency of the pitching oscillation to a frequency calculated for the
resonant condition.

Excellent agreement between theory and experiment is obtained for
the phase angles, in most cases, for both the 1ift and the moment.
Quantitatively, however, the agreement between theory and experiment for
the magnitudes of the forces is not as good, although very similar trends
are demonstrated; in most cases, a systematic difference appears. Some
possible sources of the differences between theory and experiment are
discussed in the following section.

Examination of figure 4 reveals that the theory predicted the
resonant frequency very well. In all cases, the minimum 1ift and
moment was found to lie very close to the analytically indicated resonant
frequency. Theoretically, the 1lift and moment reduce to zero at the
resonant condition. Under actual conditions, such as finite tunnel
length, transmission of energy through the walls, nonlinearitlies at
higher amplitudes, and turbulence in the flow that gives rise to damping,
pure resonance is uncbtainasble. However, it may be seen by examining
figure 4(d) that the 1ift end moment were reduced to 20 percent of the
values away from resonance.

Remarks on Some Differences Between Theory and Experiment

In this section, some limitations and possible reasons for differ-
ences between theory and experiment are listed and discussed.

In the comparison between theory and experiment shown in figure 4,
an almost constant difference of 10 to 15 percent between the magnitudes
is to he noted, whereas the phase angles are Iin good agreement. Of the
several possible reasons for these differences between theory and exper-
iment, perhaps the more important ones are airfoll thickness, Reynolds
number, finite tunnel length, transmission of energy through walls,
dissipation of the pressure waves due to turbulence, and integration
procedures. The effect of all these possibilities is not known for the
oscillatory case. In the steady-state case, however, it is known that
the effect of increasing thickness is to increase the slope of the 1lift
curve.

Tn the considerations of the analytical integration, a collocation
scheme was used to solve the integral equation. In general, the three
collocation points used were found to be satisfactory as pointed out
previously.

Twelve pressure cells were used for the experimental integration of
the forces. A stepwise integration procedure was employed; that is, the
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pressure as recorded by the pressure cell was multiplied by an area of
the wing over which 1t is assumed that the cell will give an average
pressure. This procedure gives good results except possibly at the
leading edge where the pressure variation is very great. Theoretically

the pressure approaches infinity at the leading edge (as 0%:), and
X
experimentally it is found to be very large. As a matter of fact, if a
theoretical distribution of pressure is assumed to be cot % ="%Ei_§
X

as shown in the following sketch and this curve is integrated in the

10 1

-

-1 : 0 1

Illustration of the differences in integration

same manner as the experimental curve was integrated - that is, by calcu-

lating the ordinate at the same value of the abscissa at which the
pressure cells were located for the experiment -~ it is found that the
area as determined by the approximate method is 8 percent less than the

area as determined by integrating cot g in closed form. It is apparent

that the neglected area (shaded) can be sppreciable. In the actual exper-
iment, in which a fairly thick airfoil was used, the neglected area would

probably be smaller but could perhaps contribute to the almost constant
difference in magnitudes of 1ift and moment between the theoretical and
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experimental results. The effect of this integration difference on the
phase angles, which have been shown to be in good agreement, would not
be as pronounced.

Effect of a Variation in Mach Number at Constant Tunnel Height

An analytical investigation has been made of the effects of a vari-
ation in Mach number at constant tunnel height on the forces on an
oscillating wing. Some of the results of the previous section are
employed together with results of additional calculations. The magni-
tudes and associated phase angles of both the 1ift force and the moment
have been determined for a pitching wing and also for a wing undergoing
vertical translation. Calculations have been made for a constant value
of the height-semichord ratio H of 7.60 and for Mach numbers of 0.3,
0.5, 0.7, end 0.8. Results of the calculations are shown in figures 5
and 6 for the 1ift and in figures 7 and 8 for the moment.

The magnitudes of the forces and moments are presented, as in the
previous section, in the form of ratios: ILa/La'l’ ’Ma/Ma',: ,Lh/Lh‘l,
and th/Mh'l. The phase angles related to these ratios are presented

as a difference between a wing in a tunnel and a wing in free air. The
mggnitudes and phase angles are plotted against a frequency parameter
wH/a, where « 1is the circular frequency of oscillation of the wing,

A is the height of the tunnel, and a 1is the velocity of sound. At a
particular value of the frequency parameter, a progressively larger effect
of the walls 1s indicated as the Mach number increases. At all Mach num-
bers, the lift 1s reduced to zero at the resonant frequency. The dip in
the curves against frequency ratio, which appears to be characteristic

of the low Mach number cases, gradually disappears as the Mach number is
increased. As 1n the case of the magnitude of the 1ift, the effect of
the walls on the phase angle increases as the resonant frequency of the
tunnel 1s approached and also as the Mach number is increased.

The magnitude of the moment about the midchord is shown in figures 7
and 8. The curves have the same shape as the lift-ratio curves and again
decrease to zero at the resonant condition. The corresponding phase
angles are shown in these figures. Note that in figures 5 to 8 only
slight differences appear between results for pitch and those for
translation.

Effect of Variation in Ratio of Tunnel Height to Wing Semichord

The effect on the lift-force ratio and on the associated phase angles
of varying the ratlo of tunnel helght to wing semichord is illustrated in
figure 9. The results presented in figures 7 and 8 have been based on the
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consideration of a distribution of pressure doublets over the chord of
the airfoil and on satisfying the downwash condition at three chordwise
stations. Results for figure 9 have been obtained by the simplified
procedure of concentrating the loading in. a single doublet at the
quarter chord and satisfying the downwash condition at the three-quarter
chord. This approach gives fairly good agreement with the results of
the more elaborate procedure except near the resonant frequency.

Calculations have again been made for an airfoil oscillating in
pitch about its midchord for values of the height-semichord ratio H
of 7.60, 16, and 32 at M = 0.3 and 0.8. In figure 9(a) the 1lift
ratio |Ia/Iu‘| is plotted against the reduced-frequency param-

eter k = ba/U. Plots for both Mach numbers are made to the same scale
for ease of comparison. It is again apparent that the effect of
reducing the Mach number 1s to reduce the effect of the tunnel walls
and to ralse the value of the critical frequency at which resonance

can occur for a given tunnel. For example, for H = 7.60, at M= 0.8,
the critical value of k is 0.30, whereas for M = 0.3, the critical
value of k 1s increased to 1.31. Also, as was to be expected,
increasing the height of the tunnel has a marked effect in reducing

the influence of the tunnel walls for most of the frequency range.
However, the critical frequency i1s reduced for increased tunnel height
so that in the large tunnel the range of k below the fundamental
resonance becomes smaller. This reduction in frequency would seem to
be a disadvantage of the larger tunnels. However, the second branch of
the curve for H= 32 at M= 0.3 shows that, for frequencies between
the first and second resonant points, the effect of the walls on the
magnitude of the 1ift is no greater than for frequencies below first
resonance. Note also that the approach to resonance is quite abrupt;
consequently, only a small range of frequencies very close te resonance
would be critical and tests could then be conducted between the critical
frequencies.

In figure 9(b) the phase angles, associated with the results of
figure 9(&), for both the wing in a tunnel and for a wing in free air
are shown as a function of reduced-frequency parameter k for values
of height-semichord ratio H of 7.60, 16, and 32 at M= 0.3 and 0.8.

At M= 0.3, the effect of walls on the phase angle is generally
very small; at M= 0.8, the effect is small at low frequencies but
increases greatly as the critical value of k 1is approached. As the
resonant frequency is approached, results at both Mach numbers show that
the phase angle increases in negative value and appears to approach -90°.
As the resonant condition is exceeded, there is a sudden shift in phase
angle. This change is similar to that found for the oscillation of a
simple undamped spring-mass system where an abrupt change in phase angle
of 180° is found as the resonant frequency is exceeded. Because of the
complexity of the kernel, which involves an infinite seriles of Hankel
functions, the phase angle at resonance has not been determined.
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Tn figure 10, the plot from figure 9(a) for M= 0.3 and H = 7.60
is compared with some results of Reissner (ref. 2) for the effect of
walls on the lift-force ratic in incompressible flow. This curve for
M= 0 significantly duplicates the rather large wall effect at low
values of k which is noted for the M = 0.3 result. (At low values
of k, the curves for the two different Mach numbers are almost coinci-
dent probably because of the fact that the slightly lower height-
semichord ratio H = 6.28 used by Reissner counteracts the effect of
decrease in Mach number.) For values of k greater than 0.5, the
curves for the two Mach numbers separate; the 1lift-force ratio at
M = O approaches unity and exhibits no effects of resonance because
the resonant phenomenon arises only from the effects of compressibility.

CONCLUDING REMARKS

This paper has dealt with the problem of an airfoil oscillating
between plane walls in subsonic compressible flow. It constitutes a
continuation of the work initiated in NACA Rep. 1150 in that a method
of solving the integral equation 1s presented and some experimental
results are compared with theory.

The comparison between theory and experiment for the phase angles
between 1ift force or moment and positlon is shown to be very good,
whereas the comparison between theory and experiment for the magnitudes
of the 1lift and moment is not as good; however, the trends are all
accurately predicted. TIn all cases the resonant frequency was
accurately predicted. The cause of the apparent discrepancy between
the theoretical and experimental 1lift and moment may be attributed to
several factors such as dissipation of the pressure waves due to turbu-
lence of the air flow and transmission of the energy through the tunnel
walls. TIn addition, the theoretical work was based on the concept of
a very thin wing at infinite Reynolds number, whereas the experiments
were made with a 10-percent-thick wing at a Reynolds number of approxi-
mately 5 X 106. The effect of thickness and Reynolds number have not,
as yet, been delineated for the oscillating case.

As would be expected, it is shown theoretically that the larger

the tunnel the less the effect of the walls. The critical frequency,
however, is also reduced as the tumnel height is increased, but it is
shown that tests may be made above the resonant frequency with no larger
tunnel-wall effect than is found below the resonance. In addition, the
range of influence of the resonant region is greatly reduced so that only
e small range of frequencies need be avolded. Wall effects are shown
theoretically to be more pronounced as the Mach number is increased and
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at high Mach numbers are found to be large even at frequencies well
removed from resonance.

Langley Aeronautical Iaboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., January 12, 1955.
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APPENDIX
REDUCTION OF INTEGRAL EGQUATION TO THE CASE OF ZERO FREQUENCY

In this appendix, the integral equation for the downwash for a wing
oscillating in a compressible medium in the presence of wind-tunnel walls
is reduced to the zero-frequency condition.

If equation (1) of the text is written as

1
w(x) = m]filo 5%2- 4 L(x0) [wK(M,z) + wK(M,z,H)] dx, (A1)

and the limit taken as w—>0, it will be found that all the terms of
aX(M,z) and oK(M,z,H) vanish except terms involving Hl(a). These
terms become infinite; however, as w—0, the asymptotic expansion
for very small values of the argument may be used. Therefore,

11(2) (uRp) = -—2
1:</ (1Rn) 21uRy
and
iz 2
M(x - x -2Map (x - x
lin «eB? H]_(z)(uRn)i (x - o) _ P )
w—0 n Jt[(x - x0)2 + Be(nH)E:I
The vertical induced velocity may then be written as
Mepgb [t 1 i n X - Xg
w(x) = - I{x0) + 2 (-1)
EnpUQ -1 X = Xo n=1 (x - xo)2 + Be(nH)2
(42)
or
1 (X - Xo)
Meb [ - ~ BH
W) = 2 [ i) v 2> (D)7 B ax,
2pU°H J.1 Z(x - %) n=1 2(x - xg)2 22
© O 4+ n®n
BH 22
B<H
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Equation (A3) may be written as

1
wix) = —Mab X cse M
(x) 2pU2Hf L(xo) | csch - dx,, (A4)

The additional induced velocity due to the presence of tunnel walls
for the steady-state case in compressible flow is given by equation (40)
of reference 13. Equation (A2) can be reduced to the same form by making
the approximation that the airfoil chord is small compared with the tunnel

height. .
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