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A Three-Dimensional FDTD-PML Algorithm 
for Nonlinear Dispersive Media 

S. J. Yakura 

Air Force Research Laboratory, Directed Energy Directorate 
Kirtland AFB, New Mexico 87117 

Abstract 
Starting with the unsplit-field uniaxial PML formulation, a second-order accurate FDTD-PML algorithm is 
obtained for the first time using the piecewise-linear approximation for nonlinear dispersive PML media. 
In the absence of the PML interface, the nonlinear dispersive FDTD-PML algorithm reduces to the usual 
nonlinear dispersive FDTD algorithm. 

I.  INTRODUCTION 

With the advent of high power computers that provide fast execution times and great quantities of 
computer memory, we are at the stage where we can perform direct numerical calculations of Maxwell's 
equations in nonlinear dispersive materials. Out of many numerical techniques available in the 
computational electromagnetic community, one that has shown a great promise in the time domain is the 
well-known finite-difference time-domain (FDTD) method [1]. It is based on using a simple staggered 
differencing scheme in both time and space to calculate the transient behavior of electromagnetic field 
quantities. One of the greatest challenges of the FDTD methods has been the efficient and accurate 
formulation of electromagnetic wave interactions in unbounded regions. For such problems, an absorbing 
boundary condition must be introduced at the outer layer boundary to simulate the extension of the lattice 
to infinity. One approach that has given a great promise in realizing such an absorbing outer boundary 
inside the finite volume computational domain is the well-known perfectly-matched-layer (PML) algorithm 
that was first introduced by J. P. Berenger [2] in 1994 for the free space boundary. Since that time Chew 
and Weedon [3] came up with the modified PML algorithm that is based on complex coordinate stretching, 
which is shown to be equivalent to the anistropic PML medium approach [4]. 

In this paper, we explore the formulation of a 3-dimensional perfectly-matched-layer (PML) algorithm 
that is used to describe the behavior of electromagnetic quantities in outer absorbing boundary layers of a 
nonlinear dispersive medium which serves to absorb all outgoing waves within a finite computational 
volume. We consider the case where a plane wave propagates outwardly from a nonlinear dispersive 
medium to a nonlinear dispersive PML medium through a reflectionless PML interface. We start the 
analysis based on the extension of the unsplit-field uniaxial PML formulation [4-8] of Maxwell's equations 
that are obtained in the frequency domain inside the nonlinear dispersive PML medium. We perform the 
inverse Fourier transform of these equations from the frequency domain to the time domain in order to 
obtain a set of ordinary first-order differential equations. Then, these equations are finite differenced in 
both time and space using the usual staggered Yee FDTD scheme while expanding the electric and 
magnetic field vectors in time using the Taylor series expansion about the current time step to evaluate next 
time step values of the electromagnetic field quantities. Depending on the number of terms kept in the 
Taylor series expansion, we can numerically update the field values to any desired accuracy. In Section II, 
we use the piecewise-linear approximation, which is equivalent to using only the first-order, time- 
dependent term of the Taylor series expansion, to show the process involved in obtaining a second-order 
accurate FDTD-PML algorithm. To obtain higher-order accurate FDTD-PML algorithms in time, we 
simply need to include higher-order, time-dependent terms in the Taylor series expansion and follow the 
same steps shown in Section II. 

In the absence of the PML interface, the FDTD-PML algorithm reduces to the FDTD algorithm obtained 
for nonlinear dispersive media [9,10]. 



II.  PML FORMULATION FOR NONLINEAR DISPERSIVE MEDIA 

For a wave propagating into anisotropic, uniaxial nonlinear dispersive PML media, the modified 
Maxwell's equations under the PML formulation with stretched coordinates [3] can be expressed in the 
frequency domain (e10>t convention) as 

PML. V *E(co; x) = -ico S;      (co) »HOURIKCO; x), (2.1) 

PML. VxH(co;x) = ito S™"-((0)»D(co;x), (2.2) 

with 

Pmax Pngx 

D((ü;x) = EoeRE((fl;x)+eoVPp(co;x) +eo2^P^IL(co;x) , 
P=i 

P1 
p=i 

(2.3) 

Pj(ü);x) = ^{Pp(t;x) } =^{ JdTXj;(t-T)E(T;x) } = X^(o))E((o;x), (2.4) 

Pp^(<«2L) = &{I(t;x) Rp^(t;x)} = ^ {I(t;x) jdx X^(t-x) [E(x;x)•E(x;x)] }, (2.5) 

where E(co;x) is the electric field vector, H(co;x) is the magnetic field vector, D((o;x) is the displacement 
field vector, Pp

L((o;x) is the linear (first-order) electric polarization vector, Pp^cojx) is the nonlinear 

(third-order) electric polarization vector, SPML (co) is the uniaxial anisotropic PML matrix, e0 is the free 

space electric permittivity, eR is the relative permittivity, Ho is the free-space permeability, jiR is the relative 
permeability, XpL(t) and Xp^t) are the pth terms of the collection consisting of p^ time-dependent linear 
and nonlinear electric susceptibility functions, where p^ is the maximum number of terms which we 
choose to consider for a particular formulation of Eq. (2.3). In Eq. (2.5) Rp^tjx) is introduced to isolate 
the part of Pp^cojx) that is represented by a convolution function. Also used in the above equations are 

notations • and ZF[ }, respectively, denoting a dot product and the Fourier transform operation. Elements of 

the uniaxial anisotropic PML matrix, SPML (co), are given by 

SPML(o) = 

Sy(C0)Sz((Q) 

Sx(to) 
0 

Sx((Q)Sz(co) 

Sv(co) 

0 
Sx(m)Sy(m) 

Sz(o» 

(2.6) 

where Sx(co), Sy(u)) and Sz(a>) are arbitrarily defined co-dependent functions that satisfy the impedance 
matching condition at the interface of the non-PML medium and the PML medium. It is a common practice 
in the FDTD community to choose Sx(co), Sy(co) and Sz(co) in the following forms: 

Sx(co) = l + - 
ICOEOER 

with 
EOER H4U 

(2.7-2.8) 



Sv((0) = 1 + y— with 
3                     iCOEoER 

°y   
* 

°y , and 
EOER \ka\i* 

Sz(oo) = 1+   °z     with 
iCOEoER £O£R 

= 
* 

°"z 
jio^lK 

» 

(2.9-2.10) 

(2.11-2.12) 

where ax . oy and az are the PML electric conductivities, and o*, oy and <jz are the PML magnetic 

conductivities with subscripts x, y and z denoting the directions in which PML conductivities are assigned 
[2]. These PML conductivities are introduced arbitrarily in order to implement the FDTD-PML algorithm. 

We first eliminate D(co;x) in favor of expressing Maxwell's equations in terms of E(co;x), Pp
L(co;x) and 

PpNL((ü;x) by substituting Eq. (2.3) into Eq. (2.2). Upon taking the inverse Fourier transforms of Eqs. (2.1), 
(2.2), (2.4) and (2.5) and using the expressions shown in Eqs. (2.7) through (2.12), we obtain the following 
time-dependent equations: 

\Xoy*   B(t;x)+ M4te^o.H(t;x)+ (ioM«^»HDelay(t;x) + VxE(t;x) = 0, (2.13) 
a t — — 

9E(t;x)       x,3Pp(t;x)      v 9[E(t;x)R^(t;x)] 
EOER + Eo 7 |-Eo >    

at       ^    at        ^ at 
p p 

+ Eo^4eRE(t;x>£p|;(t;x) + E(t;20XR^(t;x)] 
p p 

+ Eo^.[EREMay(t;x) + ^P^la^t;x) + ^P^Delay(t;x)]-VxH(t;x) = 0) (2.14) 

with 

Ep(t;x)= JdTX£(t-T)E(T;x), (2.15) 

R?L(t;x) = jfdTXp^(t-T)[E(T;x)»E(T;x)], (2.16) 

t 

HDeIay(t;x) = Jdx£(t-x).H(T;x), (2.17) 

t 

EDetay(t;x) = Jdx£(t-x)«E(T;x), (2.18) 

t 

PpDeIay(t;x) = JdxO(t-T).P^(T;x), (2.19) 



P^LDelay (t; x) = Jdx £(t - X) .[E(T, x) R ^ (x; x)], (2.20) 

where 

Wo = 

EOER     EOER EOER 
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EOER 
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EOER 
/; 

(2.21) 
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EOER 
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EOER 
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EOER EOER 
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EOER     EOER 1  EOER 

V I' 
QZ 

EOER 

(2.22) 

*(t-x) = 

exp[-(-^-Xt-T)] 
EOER 

0 

0 

0 

exp[-(-^)(t-x)] 
EOER 

C3ip[-(—5-)(t-T)] 
EOER 

(2.23) 

In the above, H^Ga), E^tta), PP
LDday(t;x) and P/^'^ta) are introduced to handle the delayed 

time-response behavior of H(t;x), E(t;x), Pp
L(t;x) and [EXtjxJRp^x)], respectively. These functions follow 

naturally from taking the inverse Fourier transforms of convolution functions [l/(icoi + A)] H(u);x), 

[l/(iü)l + A)]E(co;x), [l/(icoi + A)]PpL(ü>;x.) and [l/(icoi + A)] PP
NL

(CD;X) by realizing the inverse Fourier 

transform of [l/(io)l + A)] is given by exp(-At), where  I   is the identity matrix and  A  is a time 

independent diagonal matrix expressed as diag [ o"x /(EOER). oy /(E0£R), 0"Z/(EO£R)]- 

To solve Eqs. (2.13) through (2.20), we need to specify expressions for linear and nonlinear electric 
susceptibility functions. In this paper we consider the case in which both the linear and nonlinear electric 
susceptibility functions are expressed as complex functions that contain complex constant coefficients and 
exhibit exponential behavior in the time domain as follows: 

xJr(t)=Re{aJrexp[-(Yht]}U(t), (2.24) 

and 

Xp^ (t) = Re {„«-expHvp^t]} U(t), (2.25) 



where Re{ } is used to represent the real part of a complex function, U(t) is the unit step function, and 

ap , Yp > ctp1" and Y^ are complex constant coefficients. Now Eqs. (2.15) and (2.16) are expressed in the 

following forms: 

t 

Pj(t;x) ^Re {Q£(t;x)} = Re {«£ JdTexp[-c£)(t-T)]E(T;x)}, (2.26) 
—oo 

and 
t 

R^ftx) ^RefQ^ajxjHRela?1- JdTexp[-(Yp^)(t-t)][E(T;x)«E(t;x)]}, (2.27) 

where complex functions Qp
L(t;x) and Qp

NL(t;x) are introduced in the above equations such that the real 
parts of these complex functions result in Pp

L(t;x) and Rp
NL(t;x), respectively. 

We need to point out that by making the proper choices of complex constant coefficients and performing 
the Fourier transforms of Eqs. (2.24) and (2.25), we can readily obtain the familiar constant conductivity 

[i.e., otp is real,Yp = 0,apL = 0 and7^=0], Debye [i.e., ctp , Yp > dp1" and y^are all real] and Lorentz 

[i.e., ocp and ocp1' are both imaginary, and YP and y^1 are both real] forms of the complex permittivity in the 

frequency domain. 
To derive FDTD expressions based on Yee FDTD scheme, Eqs. (2.13), (2.14), (2.25), (2,26) and (2.17) 

through (2.20) have to be solved numerically for H(t;x), E(t;x), Qp
L(t;x), Qp^tjx), H^tjx), E^^^tjx), 

P^LDeiayO^xj and Pp
NLDelay(t;x) at each time step by correctly carrying out the numerical integration of 

convolution integrals Qp
L(t;x), Qp^ftjx), H^tjx), E^frx), Pp^'^tjx) and Pp^'^tjx). Therefore, 

the whole solution rests on the question of how to carry out the numerical integration of Qp
L(t;x), Qp^tex), 

H^tjx), E^Gs), EP
U3dv(ta) and Pp^'^tjx) at each time step. For that reason, the rest of this section 

is devoted to the numerical formulation that treats Qp
L(t;x), Qp^tjx), HDelay(t;x), E^ta), Pp^^tjxJ 

and Pp
NLDelay(t;x) into the overall FDTD scheme based on the recursive convolution approach. 

We first convert the convolution integrals Qp
L(t;x), Qp

NL(t;x), H^tjx), l^ta), PP
LDelay(t;x) and 

Pp
NLDelay(t;x) into the following equivalent first-order differential equations: 

3o!:(t;i) —p 

at 
+ (Yp)Qp(t;x) = a^E(t;x), (2.28) 

P
3t '"   + (Y^Q^tai)-a^IEd^-Ktjx)], (2.29) 

aH^frx) +*(t).HD*y(t;x) = H(t;x), (2.30) 
at — 

^^^+*(t).EDeIay(t;x) = E(t;x), (2.31) 
at — 

OQLDelay(t;20 

-=S— +£(0«Qfelay(t;x) = Q|;(t;x), (2.32) 
dt —      —P —P 



aQNLDelay(t;x) 

-=2 — +*(t).QNLDelay(t;x) = E(t;x)Q^L(t;x), (2.33) 
31 p 

where complex functions Qp
LDelay (t;x) and Qp

NlI)elay (t;x) are introduced in Eqs. (2.32) and (2.33) such that 
the real parts of these complex functions result in Pp

LDelay(t;x) and Pp
NLDelay(t;x), respectively. 

To show how we can use Eqs. (2.13), (2.14) and (2.28) through (2.33) to come up with a 3-D 
FDTD-PML algorithm for nonlinear dispersive PML media, we integrate Eqs. (2.13) and (2.30) from 
t=(n-Vi)At to t=(n+y2)At, and Eqs. (2.14), (2.28), (2.29) and (2.31) through (2.33) from t=nAt to t=(n+l)At. 
Then Eqs. (2.28) through (2.33) are solved exactly using the integrating factor technique for a given 
discrete time interval to go forward in time by At. The result is that we need to perform definite integrals 
that appear in the following equations: 

(n+'/i)At _ (n+!*)At 

LULU    f   dx  —: '~ + mtaYo.    fdxH(x;x) 
J dx =     J 

(n-'/4)At (n44)At 

+ |i4J«¥».    jdxRmiy(v,x) +    J*dxVxE(x;x) = 0, (2.34) 
(n+'/S)At (n+H)At 

■    jdxRmiy(v,x) +    J*di 
(n-V4)At (n-'/2)At 

(n+r     dE(vx)       „   .^T     aQ>*> „   ^W*     3[E(T,X)Q?
L
(T;X)] 

J   dx-^+eoRe{£   J   dx^—} + eoRe{X   J   dx - } 
nAt P      nAt P      nAt 

(n+l)At (n+l)At 

+ EO£R¥O»   JdxE(x;x) +EoTo«Re{2   JdxQ^(x;x)} 
nAt P      nAt 

(n+l)At (n+l)At 

+ E„Yo.Re{]£   JdxE(x;x)Qp^(x;x)} + EoER^.   JdxEDeIay(x;x) 
P      nAt nAt 

(n+l)At (n+l)At 

+ E„*Pi.Re{£   JdxQjDelay(x;x)} + eoYi.Re{2   JdxQj1LDelay(x;x)} 
P      nAt P      nAt 

(n+l)At 

-    fdxVxH(x;x) = 0, (2.35) 
nAt 

(n+l)At 

QL (nAt + At; x) = exp[-(Yp)At] [ Qj (nAt; x) + otjr   j dx exp[-(Yp)(nAt - x)] E(x; x) ] , (2.36) 
nAt 

Q^(nAt +At;x) =exp[-(Yp"L)At] [ Q^(nAt;x) 
(n+l)At 

+ <xp"L   jdxexpHYp^XnAt-x^tKxjx)-^^)]], (2-37) 
nAt 

HDehy (nAt + *4At;x) = exp(-OAt) • [ H0** (nAt -*4At;x) 
(n+V4)At 

+     f dx exp[-£(nAt -ViAt -x)] «H(x; x) ], (2.38) 
(n-V4)At 



(n+l)At 

EDelay(nAt + At;x)=exp(-$At)«[EDelay(nAt;x)+    fdxexp[-$(nAt-x)]»E(x;x)], (2.39) 
nAt 

(n+l)At 

QLDeiay(nAt + At;^ = exp(_£At)»[QLDelay(nAt; x) +   J dx exp[-£(nAt -x)]»QL(x; X) ] 
nAt 

(n+l)At 

= exp(-£At) • [ QLDelay (nAt; x) +    f dx exp[-$(nAt - x) -1 (Yp)(x - nAt)] • QL (nAt; x) 
nAt 

(n+l)At   T 

+ o£   JdxJdx'exp[-£(nAt-x)-I(Yp)(x-x')]»E(x';x)], (2.40) 
nAt    nAt 

(n+l)At 

Q NLDelay (nAt + At; x) = exp(-$At) • [ Q J""*"* (nAt; x) +    f dx exp[-£(nAt - x)] • E(x; x) Q^ (x; x) ] 
nAt 

= exp(-£At) • [ Q J1"»»* („At; x) 

(n+l)At 

+    f dx exp[-£(nAt - x) -1 (Y^XX- nAt)] • E(x; x) Qp^ (nAt; x) 
nAt 

(n+l)At   t 

+
 
CC

P
L
   /dx/dT' exp[-£(nAt-x)-I(Yp^)(x-x')]»E(x;x)[E(x';x)«E(x';x)]], (2.41) 

nAt    nAt 

Furthermore, some of the definite integrals that appear in Eqs. (2.34) and (2.35) are manipulated and cast in 
the following forms: 

(n+'/i)At (n+W)At 

f dx H061^ (x; x) =     f dx exp[-£ (x - nAt+YiAt)] • HDeIay (nAt - *4At; x) 
i-VS)At 

(n+V4)At        T 

+     fdx     fdx'exp[-£(x-x')]»H(x';x), (2.42) 

(n-ü)At (n-VS)At 

(n+V4)At        T 

(n-'/4)At   (n-W)At 

(n+l)At (n+l)At 

JdxQ^(x;x) =    Jdxexp[-(Y^)(x-nAt)]Qj(nAt;x) 

(n+l)At    T 

+ o£   Jdx Jdx'exp[-(Yp)(i:-x')]E(x';x), (2.43) 

nAt nAt 

(n+l)At    T 

nAt      nAt 

(n+l)At (n+l)At 

JdxE(x;x) Qp^(x;x) =    JdxE(x;x) exp[-(Yp^)(x-nAt)] Q^(nAt;x) 
nAt 

(n+l)At    T 

+ aPL   |dT /dx'expKYp^Kx-x'^Kxj^tKx'-.^-Kx'jx)], (2.44) 

nAt nAt 

(n+l)At    T 

nAt      nAt 



(n+l)At (n+l)At 

|d'cEDe,ay(T;x)=    jdTexpt-JCx-nAt^.E^'^CnAtix) 
nAt 

(n+l)At    T 

+    fdx fdx'exp[-4>(x-x')]«E(x';x), (2.45) 

(n+l)At 

nAt      nAt 

(n+l)At 

JdxQjD*y(T,x) =    jdT«p[-« (T-nAt)]«Qj^(nAt;x) 
nAt 

(n+l)At    T 

+   Jdx f dx'exp[-£ x-1 (Yp)(x'-nAt)] • Q J (nAt; x) 
nAt      nAt 

(n+l)At    T        T' 

+ $   Jdx Jdx'Jdx"exp[-£x-I(Yp)(x'-x")]»E(x";x), (2.46) 

(n+l)At 

nAt      nAt     nAt 

(n+l)At 

jdT QNLDelay(T;i) =     j^ exp[_^ (T_„At)] . Q^^(„At; x) 

nAt nAt 

(n+l)At    T 

+    fdx  fdx'expt-Ox-HYp^Kx'-nAt)] »Kx'j^Qp^^^x) 

nAt      nAt 

(n+l)At    T        x' 

+ a$L   Jdx Jdx'Jdx"exp[-£x-^(Yp^Xx-x-^-Kx^^tKx-j^'Kx-ix)]- (2-47) 
nAt      nAt     nAt 

To obtain second-order accuracy in time from a finite differencing technique, H(t;x) and E(t;x) are taken 
to be piecewise-linear continuous functions over the entire temporal integration range such that H(t;x) and 
E(t;x) change linearly with respect to time over given discrete time step intervals. It is equivalent to saying 
that we use only the first-order, time-dependent term of the Taylor series expansion for H(t;x) and E(t;x), 
respectively, that are expanded in time about the current time step of t=(n-1/2)At for H(t;x) and the current 
time step of t=nAt for E(t;x). Mathematically, we can express H(t;x) and E(t;x) in the following forms in 

terms of (IDs/'*, (E)i/+'/2, (Dyk" and (E)ijk
n+1 where superscripts n-¥t, n, n+»/2 and n+1 are used to denote 

discrete time steps at t=(n-Vi)At, t=nAt, t=(n+Vi)At and t=(n+l)At, respectively. Subscripts are used to 
denote discrete spatial locations, x=[iAx, jAy, kAz] for E(t;x) and x=[(i-V2)Ax, Q-Yi)Ay, (k-Vi)Az] for H(t;x) 
with Ax, Ay and Az being the spatial grid sizes in the x, y and z directions, respectively. 

H(t;x) 

© n
_*    [(H)Sr-(H)^] 

ijk At 

I(t;x) 

o, 

(E)Sk + 

o, 

[t - (n - Vi)At] + higher order terms, 

for  0<(n-V2)At<t<(n+y2)At      (2-48) 

for   t<0 

[(IC "(E)Sk] 
At 

(t - nAt) + higher order terms, 

for   0<nAt<t<(n + l)At 

for   t < 0 

(2.49) 



Although we are not going to investigate higher than second-order accuracy in time in this paper, it is 
possible to obtain higher-order accurate FDTD algorithms by simply including more terms beyond the 
first-order, time-dependent term in the above Taylor series expansion. 

Substituting Eqs. (2.48) and (2.49) into Eqs. (2.34) through (2.47) and performing the time integration 
from t=(n-V2)At to t=(n+Vi)At for field values that depend on the magnetic field [i.e., H(t;x) and H^ta)], 
and from t=nAt to t=(n+l)At for field values that depend on the electric field [i.e., E(t;x), Qp

L(t;x), 
Op^ta), E^tjx), Qp^'^tjx) and Qp

NLDelay(t;x)], Eqs. (2.34) through (2.47) are cast into the following 

cubic algebraic expressions. These expressions are used to update field values (H)ijkn+V4> (E)jjk
n+1, (QP

L)ijkn+1. 

«W1, (E^p"*1, (HDelay)ijk
n^, (QP

LDe,ay)ijk
n+1 and (Q^^)^1 at each time step: 

ßo •<&$? +£^(H)j£Vi +£2 •(HDe,ay)1^ +SE =0, (2.50) 

(Ao)Bk .(E)Sk
+1 +(A,)Sk .(E)jjk +Re{£ l£o •(Qj)k } + £i«(EDelay)1sk 

p 

+ Q3-Re{X(Qray)^ l+^-Rel^W™)^ } 
p P 

+Re{^C-}.(E)i-k [(E)?k .(E)Sk] +Re{2r^-}.(E)Sk [(E)Hk .(E)-1] 
p   p 

+ Re{Jr^}.(l)Pk [(E)3k
+1.(E)Sk

+1] +Re{£r^}.(E)!k
+1 [(E)?k .(E)?k] 

p p 

-Re 2^}.©^ [ (E)!k .(I)Sk
+1] +Re {^r^}.©-1 [ ©£» -(E)^1] 

p 

+r ;] 
p — p 

+ SH=0, (2.51) 

(Qp)p  = ©p.o t(Qp)p +0P,I ©P +0P,2 ©pi- (2-52) 

(Qp^1 =ep
NU(QpNL)yk +Q% [©5k •(i)sk]+ep

N^ [(E)?k .(E)?k
+1] 

+ e£[(E)j£1.<E)j!k
+1]], (2.53) 

(E^^T = £4 •[ (H061^ +Q5-QD^ +£« *(H),r] • (2-54) 

(E0^)-1 ^«[©^k +Q5 .(©3k +Q« .(E)^+1], (2.55) 

(QLDe,ay)nk+, =Q, . [ (Q j>»*} ^ +n^.(Qp)sk +n^.(E)?k +n^.(E)sk
+1], (2.56) 

(QNU)^)-*! =Q4 .[ (QNL^y)^ ^QM^ Hp^ .©fc + (Q«% lift .(E)-1 
•  J::i, TIU„     l:n,  H„n 'ICIa -ri\_/„     j;:i,   ll„i   »IE 

TNL ä /x7\n    r/"C\n   ./r:\n  l i TTNL , +n^*(©5k t ©Sk •(E)rjk]+n^-©5k [ ©[jk .©Ip 

+nM*©gk [ ©£' •(l)^1]+ng«(E)3k11 ©5k «©HJ 

+n^ .©Sk
+I [ ©3k •©5k

+,]+n# .©^ [ ©^ .©§k
+1] ], (2.57) 

where SE and SH are given by 



SE = 

At 
L(Ez)i(j+i/2)k    (Ez)i(j-H)kJ 

At 

SH = 

Qi.M»)Aytx_I',g^    -*'"r™'   (HoMK)AzC(Ey)l^)    (E>')^>] 

^^[(EJS^ -(EJ^J-__—[(Ez)^)jk -(Ez)^)jk] 

7 —[(Ey)(U*)jk -(Ey)°i-^)jk J-TTTTTT-L(Ex)iP(i+'/2)k ~(Ex)i!ö-V4)kJ 

At 

((iojiR)Ay 

(2.58) 

(8oeR)AyC(Hz)J1(^)k "(Hz)"^)k] +(i^öÄI^11^^ -Vy^l 

' L(H x ) iJ(k+'/2) ~ (H x ) jj(k-4*) J + 7T~T77 "-(H z ) °i+V4)jk - (H z ) (H4)jk J 
(EOER)AZ 

At 
(6O£R)AX 

(2.59) 

(EoER)Ax [(Hy)^)Jk "(H^"i+^)jk]+(E^Ä7[(Hx)r(^)k     (Hx)Ä] 

and (A0)yk 
and (Ai>yk aiQ the matrices that depend on (Q^)p , material properties and At, and 0p?o, 

©P,I. ©p,2- e$, e£. ©p% ©&• £o. fV £2. £3. £4, £5. Qe. ^. C> l£. J$. 

r$-, 15-, r£, n^, n^, n^ .n#. n£. n£. ng, ng. ng. n^ and n£ are 

the coefficients and matrices that depend only on material properties and At. The material properties 

required for the evaluation of these coefficients and matrices are ctp » Yp . otpL, YP   > ax > oy and az • 

Shown in Appendix are the expressions of these coefficients and matrices. 
Using the above FDTD-PML algorithm the computer simulation can be performed for electromagnetic 

waves that propagate inside nonlinear dispersive PML media by simply going through the following steps: 

(1) First, as part of the initial condition, time-invariant coefficients 0p 0, 0pl, 0p2 * ©P,o > ®p,i > 

0p^J and 0p^3, and time-invariant matrices Q0 , Q, , Q2 • ^3 > ^4 > ^5 » f^6_> Ep,o » ^P,O > 

rNL      rNL      rNL      rNL      rNL      ,-rL        rrL       rrL       i-rNL      j-rNL      T-TNL      T-TNL      T-TNL      T-TNL 
1p,l   '  Xp,2  '  1p,3   '  Xp,4   '  1p,5   '  11p,0 '  11p,l '  X1p,2 '11p,0 '  iip.l   '  lip,2 '  ixp,3 > lxp,4 '  11p,5  ' 

rip^ and ng are all calculated at the beginning of the simulation for given values of ccp, Yp > 

dp1", Yp^' otp , <7x . Oy. Oz and At. These values are stored in computer memory and used in 

calculating the updated field values at each time step. 

(2) Using Eq. (2.50), (oV"* is calculated based on the known values of (H)ijk
n"* and (HDelay)ijk'1"K2 and 

(EV • 
(3) Using Eq. (2.54), (EM"BV** is calculated based on the known values of (HDelay)ijkn'!/S (H)ijk

n+* 

and©,/"*. 
(4) Using Eqs. (A.8) and (A. 12), (A0),°k and (A,)»,, are calculated, respectively, with the values of 

(5) Using Eq. (2.51), (E)ijlc
n+1 is calculated based on the known values of (E)ijk

n, QT*%?, uVV« 

(QpLDel*y)iik and (H)ijk
n+*. Because Eq. (2.51) represents coupled, cubic, algebraic equations, the 

nonlinear Newton-Raphson method [11] is used to solve for (E)ük
n+1 by finding the zeroes of 

Eq. (2.51) with (E)ijk
n as the initial guess. 

(6) Using Eqs. (2.52), (2.53), (2.55), (2.56) and (2.57), (0_PV
+1, (O/V*1, (ED*Vfl, 

(Q/^V and (QpNLDelay)ijkn+1 are calculated based on the known values of (E)ijk
n+1, (E)ijk

n, 
(QpL)ijkn, ((W. (E^Oük". (QpLDelay)ijkn and (Qp

NU>:,ay)ijk
n. 

(7) Increment the time step by At. Go back to step (2) and repeat the whole process over again. 
Shown in Figure 1 is the flow chart of numerical steps required to update field values as described above. 
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In the absence of the PML interface, ax , ay and az are all set to zeroes and the nonlinear dispersive 

FDTD-PML algorithm reduces to the usual nonlinear dispersive FDTD algorithm obtained for a nonlinear 
dispersive medium with the third-order electric susceptibility functions [9,10]. 

Also, we get the linear FDTD-PML algorithm by simply setting ap11 to zero. Furthermore, if both otp 

and a p^ are set to zeroes, the FDTD-PML algorithm reduces to the case of the simple PML algorithm in 

free space. 

HI. CONCLUSIONS 

We present in this paper the formulation of a three-dimensional FDTD-PML algorithm inside nonlinear 
dispersive PML media that is used to absorb all outgoing electromagnetic waves within a finite simulation 
volume to create the notion of infinity at the outer layer boundary of the computational volume. Because of 
the use of the piecewise-linear approximation, the FDTD-PML algorithm provides second-order accuracy 
in time for the calculation of electromagnetic field quantities. The resulting forms of the FDTD-PML 
algorithm tell us that we need to solve coupled cubic equations for the three components of the electric 
field vector at each time step due to the nonlinear behavior of the third-order electric susceptibility 
function. In the absence of the nonlinear contribution, the electric field components are no longer coupled 
and each component of the electric field vector can be updated independently of the other two components. 
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APPENDIX 

This appendix gives the explicit expressions of coefficients and matrices seen in Eqs. (2.50) through 

(2.57). The coefficients and matrices shown below are for ©p0, 0pi, ©Pi2, ®p,o » ®p,i » ®p,2> ®p,3 • 

(A())jjk>   (Ai),°k,   Q0 ,   Qj ,   Q2 ,  Q3 ,  ^4 '  ^5_>  ^6_'   ^p,0 '  ^p,0  '  Ipj   '   rp>2  »   Tp3   ,   lp4  ,  Ip5  , 

n^Q, n^_, n^,n^, n£ , n$ , n& , n£ , n£ , n£ and E$f .  Also, to express these 

coefficients and matrices in more compact forms, additional terms, such as qp0, ^pl, qp2> Sp,o > Sp,i • 

5&.   ^.   &•   Sjl2.   SS-   SS-   &•   C>   (Vo)x-   (Vl)x.   (¥2)«.   «Pl)x.   «P2)x,   Ox.   (Cp,,)x, 

Ox-  Ox- Ox- Ox« Ox- Ox- Ox«  ©.' Ox'  O-  (<l)x. (<2)x. 
Ox. Ox. Ox- Ox- Ox. Ox. Oxand Ox, are defined. These additional 

terms are shown following the expressions for coefficients and matrices. 

®p,0 -Sp,0> 
(A.1) 

ap 
Up,l _  „     ^P4     ^P,2J. 

ER 

(A.2) 

«p.L oL   __^PCL 
P.2 -  _     ^P.2 ' 

ER 

oNL _ eNL 
wp,0 - Sp,0 ' 

QNL _ aP     rgNL     -,tNL  , eNL, 
u«i LSp.l - z <sp,2 + Sp,3 J ' 'P.l 

(A3) 

(A4) 

(A.5) 
ER 

„ML 
zaNL _ aP     ro gNL      «eNL, 
Ön5 LZSp,2 ~ ZSp,3 J. 'P.2 

ER 

(A.6) 

ßNL _ <*P     gNL 
UP.3  -—— Sp,3. 

ER 

(A.7) 

(A0)yk = 

[(A0)yk]n 0 0 

0 t(A0)?k]22 0 

0 0 [(A0)Sk]33 

with three diagonal elements expressed as        (A.8) 
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[(A0)Sk]n =!+[(—) + (-^)-(—)]4L+[(—)-(-^L-)][(-^-)-(-^-)H(P2), 
£O£R   EOER   EOER  2   EOER   EOER   EOER   EOER 

1 Gy 
-[(— 
ER EOER   EOER   EOER 

+±Re{YafäA }+-[(-^L) + (-^-)-(^-)]Re{2a^^,2} 
ER £-t ER    EOER        EOER        EOER -*— v 

P P 

+lI(^L)-(£2L)][(£S_)-(^L.)1Re{£aJO,} 
ER  EOER   EOER   EOER   EOER      ^^ 

P 

ER P 

+-[A) + (^)-(^)]Re{Y§£(Q~L>3k } 
ER     EOER        EOER        EOER ^™ 

P 

+-[A-(-^-)][(-^)-(-^-)]Re{2^(QpNL)yk}, 
Pn CAC„ CACn CACn CnC„ ^^       f''** r J 

[(Ao)i°k 122 = Replace [x->y, y->z, and z-»x] in [(A0)[jk]u, 

KAo)yk 133 = Replace [x-»z, y->x, and z-»y] in [(A0)»k ]u, 

(A.9) 

(A.10) 

(A.11) 

(Ai)3k = 

[(A,)Sk]„ 0 0 

0 [(A1)Sk]22 0 

0 0        [(A,),^ 

with three diagonal elements expressed as      (A. 12) 

[(A,)^]!, =-l + [A) + (-^-)-(-^)lv + [(—)"(—)][(—)-(^2L-)][«Pl)x -(«P2>xl 
EOER   EOER   EOER  2   EOER   EOER   EOER   EOER 

VRe{XapL4p
LÄ "&]} Vt(Tf ) + (^-)-(7T)]Re{E«P^-^ ) 

ER ■*~- ER    EOER        EOER        EOER ~~ 
P P 

+-[(-^)-(-^)][(-^-)-(-^)]Re{y^[(^,1)x-Ox]} 
ER  EOER   EOER   EOER   EOER     ■*""* 

--^Re{y(Qp
NL)5k }+J-[A)+(-^-)-(i-)]Re{X[6S5'-5SS](Q?L)ftt } 

ER *■" ER     EOER        EOER        EOER ~T 
P  ' P 

+-[A)-(-^-)][(-^)-(-^-)]Re{£# <Q?%>• <A-13> 
Pn CrtCn PnPn C»Pn PnPn ■*—        K* r J 

KAi )i°k hi = Replace [x->y, y->z, and z-»x] in [(A! ),°k ]n, 

[(Ai )p ]33 = Replace [x->z, y->x, and z->y] in [(A! )j-k ]n, 

Q. 

(Oo)n      0 0    ^ 

0 (Q0>22 0 

0 0      (Q0)33 

with three diagonal elements expressed as 

(A. 14) 

(A. 15) 

(A.16) 
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EOER   EOER   EOER  2   EOER   EOER   EOER   EOER 

(ß0)22 = Replace [x—>y, y—»z, and z—>x] in (Q0)n» 

(ß0)33 =Replace [x—»z, y—»x, and z—>y] in (£20)n, 

Qj = 

(Qi)i 0 

0        (Q,) W22 

0 

0 

0        (OO 33 

with three diagonal elements expressed as 

(Q1)n=-l + [(^) + (^)-(^)]^ + [A-(ff-)][(ff-)-(ff-)][(<p1)x 
EOER   EOER   EOER  2   EOER   EOER   EOER   EOER 

(Ql )22 = Replace [x-»y, y—»z, and z—>x] in (Q,)n, 

(Qj)33 =Replace [x—»z, y-»x, and z-»y] in (&i)u , 

r(&2)u       0 
&2 = 

0 

0      (Q2)22      0 

0 0       (Q2)33; 

with three diagonal elements expressed as 

(Q2)„ =[(^Z-)-(^-)][(^2-)-(^S-)](Vl)x, 
EOER        EOER       EOER EOER 

(Q2)22 = Replace [x—»y, y—»z, and z—>x] in (Q2)n» 

(Q2)33 = Replace [x-»z, y—>x, and z-»y] in (Q2)n, 

f 1 

Q3 = 

ER 
-(Q2)u        0 

1 
0       — (Q2)22        0 

ER 

0 0 — (ß2)33 

V ER J 

/(V0)x      0 0   ^ 

with three diagonal elements expressed as 

(A. 17) 

(A.18) 

(A. 19) 

(A.20) 

-((p2)x],(A.21) 

(A.22) 

(A.23) 

(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28) 

Q.A = 

Q5 = 

0       (Vo)y       0 
0        0     (\|/0)z 

[(Vi)x-(V2)xl 0 0 

0 [(Vi)y-(V2)y] 0 

o o [(Vi)z-(V2)Z] 

(A.29) 

(A.30) 
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fl6 = 

r(v2)x    o      0 N 

0     (Vj),     o 

0        0     (y2)z 

(A.31) 

rL = 1p,0 

r(rp
Lo)i,     o        o   ' 

o    (rp
L
0)22    o with three diagonal elements expressed as 

o        o    (r£o)33 

EOER        EOER        EOER 

+t A-(-^-)][(-^-)-(-^-)] (Ox. 
EOER EOER        EOER EOER 

(rpLo)22 = Replace [x->y, y->z, and z->x] in (Tp0)n, 

(^0)33 =Replace [x-»z, y->x, and z->y] in (rp
L
0)u, 

r^NL 
lp,0 

"ER~     
P'° 

0 

0 

0 
„NL 

~~~      v1 p,0 > 22 
ER 

0 

0 
„ML 
aP     ^NL\ 

vip,0 ^33 
ER 

(A.32) 

(A.33) 

(A.34) 

(A.35) 

with three diagonal elements expressed as  (A.36) 

) 

+[(-CT^)-(-0^)][(-CT^)-(-°^)][Ox -20,+©, -Ox -20«+o«i- 
EOER EOER       EOER EOER V V V V V V 

(A.37) 

(A.38) 

(A.39) 

NLx (rp,o )22 = Replace [x->y, y->z, and z-»x] in (rp0 )n 

-NL NLN (rP,o >33 = Replace [x->z, y-»x, and z->y] in (rp0 )n 

rNL _ 
XP.l   - 

aP     /T-NLX 

~     P4 0 0 

0 
UP     /r-NL\ 
— Up4  )Z2 0 

0 0 
ER 

O33 

with three diagonal elements expressed as  (A.40) 
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(rp
N

1
L)„=[A + (-^)-(-^-)][2^-4<;p

N>2^] 
EOER        EOER        EOER 

+[A)-(%(i)-(^)][2(©l-2(fi)1-2©.+2©»]. 
EOER        EOER       EOER        EOER 

(A.41) 

NL> (rpj)22 = Replace [x->y, y->z, and z-»x] in (rp4 )n , 

(rPa >33 = Replace [x->z, y-wc, and z->y] in (rp4 )„ , 

(A.42) 

(A.43) 

*P.2   - 

aP     /T-NL-. 

"ET    P' 

0 

0 

0 

„NL 
«p     ,rNLs 

ER        
K 

0 

0 

„ML 
Op     ,rNLs 

Up,2 ^33 
ER 

with three diagonal elements expressed as  (A.44) 

M' EOER        EOER        EOER M
'        

H 

+[A-(-^-)][(-^-)-(-i-)][0»-0»i' 
EOER EOER        EOER EOER 

(A.45) 

NL-, (rp\2 >22 = Replace [x-»y, y-»z, and z-»x] in (r££)ii , 

(rp
JJ)33 = Replace [x-»z, y-»x, and z-»y] in (rp 2 )n , 

(A.46) 

(A.47) 

ttp   On 0 
T^NL _ 
XP.3   _ 

ER 

0 

0 

„ML 
«p     ,rNLs 

IT p'3  2 

o 

o 

0 
„ML 
«p     ,rNLx 
 Up,3 >33 

ER 

with three diagonal elements expressed as  (A.48) 

(rp,3 )ll = Sp,0 LSp,l - 2Sp,2 Hp,3 M (—) + (—)-(—)JL<;p,2    Z?p,3+l=P,4J 

EOER        EOER        EOER 

+[A-(-^)][(-^)-(-^)]fOx -2C+0,]. 
EOER        EOER       EOER        EOER 

^NLs (rP 3 )22 = Replace [x-»y, y-»z, and z-»x] in (rp>3 )„ , 

(A.49) 

(A.50) 

(^3)33 = Replace [x->z, y->x, and z-»y] in (rp 3 )u, (A.51) 
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f      NL ttp   On 0 
T-.NL _ 
1
PA ~ 

ER 

0 

0 

„NL 

—— Up.4^22 
ER 

0 

0 
„NL 

l'p,4 ^33 
ER        

V 

with three diagonal elements expressed as  (A.52) 

/ 

EOER        EOER        EOER K K 

+[(^)-RI(^)-R][2(O,-20J. 
EOER        EOER       EOER        EOER 

(rpA )ii ~Replace [x->y, y-»z, and z->x] in (1^)1,, 

-NL NLN (rp,4 >33 =Replace [x->z, y->x, and z-»y] in (I^),,, 

(A.53) 

(A.54) 

(A.55) 

( „ML aP     /rNLx 
Up,5 ^11 

rNL _ 
*P.5   - 

ER 

0 

0 

0 
„NL 

—— Up,5h2 
ER 

0 

0 

„NL 
aP     ,TV^\ 
—— Up,5 -»33 

ER 

with three diagonal elements expressed as  (A.56) 

/T-NL\      _eNL eNL   , r / °y s , , °z  N     , CTx  -,     /„NL-, -, .NL 
(rp>5 )l 1 = Sp.O £p,3 + [ (—) + (7—) " (-—) - (Yp   ) ] Sp.4 

EOER EOER EOER 

+[(-JL)-(-^-)][(-^-)-(-^)] o 
EOER        EOER       EOER        EOER 

'p.v'x ' (A.57) 

(rp
N^)22 = Replace [x->y, y->z, and z-*x] in (fp^On, 

(rpNs')33 -Replace [x->z, y->x, and z-»y] in (rp
N

5
L)n , 

(A.58) 

(A.59) 

nL = 11P,0 

ER 
0               0 

0 ^<«fco>y        ° 

0 0        £<& 

(A.60) 

nL = 11P,1 

( „L 
—[(<,)*-(<2)*] 
ER 

0 

0 

 [(7lp,l) y "Otp^yl 

0 

0 

— [(7tp,l)z _(7Cp,2)z] 
ER 

(A.61) 
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( a£ 
ER 

nL  = X1p,2 

(lp,2)x 

0 

0 

ER 
(7tPi2)y 

0 

0 

— (Jtp,2)z 
ER 

V 

(A.62) 

( ™NL 
1. 
ER 

11p,0 

(X 
 [(7tp n) x ~ (lp,I) x ] 

„NL 

0 

0 

-[(np,0)y   ~(ltp>l)y] 
ER 

0 

0 

„NL 

"[(7tp,o)z ~(npjl)z] 
ER 

(A.63) 

1XP,1 

„NL 

"Wtp.l'x 
ER 

0 

0 

0 
„NL 

CR 

0 

0 

0 

„NL 

ER       H 

(A.64) 

ap aijS),i      o 

11P,2 

0 
ER 

„NL 

^(n£)22        o 
ER F 

„NL 

o       ^(n£)33 
ER 

V J 

NLs      _,-   NL-»    _oc_NL\    .J.C.MA    _/_NL 

0 

0 

_NL\ TO),, = (n$), -2(i$)x +(<i)x -fo$)x + 2(*$)x -fo$) 

tNL> (np,2)22 =Replace [x-»y] in (n$)u , 

NL-, (np>2)33 = Replace [x->z] in (!!$)„ 

(A.65) 

(A.66) 

(A.67) 

(A.68) 

( „NL 
ap aiS>n      o 

1Xp.3 

o 
ER 

o       ^(n£)B       o 
ER 

o o       ^(np^)33 
ER 

V J 

(np,3)n =(tPi3)x -2(np>4)x -2(TCPI6)X +(JIP,7)X, 

NL> (n^)22 =Replace [x-»y] in (!!£)„ 

(A.69) 

(A.70) 

(A.71) 
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(n£>33 =Replace [x->z] in (n£)n , 

ap (On 
LlpA 

ER 

0 

0 

0 
„NL 

yllpA>22 
ER 

0 

0 

„NL 
«P_rnNLx 
 (LLpAhi 

ER 
J 

rNL*, 
(np,4)n -(7[p>4)x 

— (7Ep,7)x ' 

0O22 =Replace [x-»y] in (n$)n , 

(O33 = Replace [x->z] in (11$ )u , 

ap cn«Sf)„      o 

11p,5 

ER 

0 

0 

„NL 

Vup,5.>22 
ER 

0 

0 

ER 

rNLs 
ffl£)33 

(np,5)ll -(TCp.S^x _2(nPi6)x +(7tp,7)x ' 

rNL (n^)22 = Replace [x->y] in (!!£)„ , 

rNL (np^)33 = Replace [x->z] in (n£)u , 

( „ML 
p <TTNL,> 

1XP,6 

ER 

0 

0 

0 
„ML 
Op_rnNL, 

Vup,6.»22 
ER 

0 

0 

„NL 
Op^mNLs 

ER 
J 

rNLv 
(np,6)n -2(7Ip6)x 

-2(7tp7)x, 

(n^)22 = Replace [x-*y] in (11$),, , 

(np^)33 =Replace [x->z] in (11$),, , 

(A.72) 

(A.73) 

(A.74) 

(A.75) 

(A.76) 

(A.77) 

(A.78) 

(A.79) 

(A.80) 

(A.81) 

(A.82) 

(A.83) 

(A.84) 
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( ~NL 

6R 

11p,7 

~;—wp,7-'x 

0 

0 

„NL 
2f— C„NL-> 

0 

0 
£R 

0 
tp_ 

£R 

"P     /-NU 
~—Wp,7-*z 

with elements defined as follows 

^0^exp[-(YL)At], 

fa* jdxexp[-(Y>] = At[ —-f ], 
J

n (Yp)At 

(A.85) 

(A.86) 

(A.87) 

^,.Jd,^,expH*^A,^[^^-»pHvi)A.]]. 

^exp[-(Yp
N1-)At], sp,0 -*"~fi   \lp 

At 

^ Jdxexp[-(Yp
NL)T] = At[ 

l-expt-CY^At] 

^-}dT(^)exp[-(YpNL)x] = At 
1    -[^^y^-expt^At]]. 

(Y^At (Yp
NL)At 

(A.88) 

(A.89) 

(A.90) 

(A.91) 

^-jdT^J^xpKYp^T] 
0 

-ai^[Ätl-expKvrwl-"PKV>,,[1"<^1]' 
At T 1     r    l-exp[-(Yp)At] 

■]. 
0        0 

Ar      r        X' , 2     1     n        1     r     i-^PHY^At]-,-! 

0        0 

At        T 

*■ Jdxjdx'expHY-Xx-TO] = (At)2 -M 
1      r     l-expt-(Yp )At] 

o      o <vr>At 
]. 

(A.92) 

(A.93) 

(A.94) 

(A.95) 
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At T 

$ = JdT jdx' (-£ ) exp[-(Y^)(T-T')] 
0        0 

.NL\ ,,s2      1      H 1     r,    l-«p[-(Yp )At] -i 

?£= j^ }dx'A'expHYp^XT-T')] 

At T 

dx'i 
At 

^,)!i[i-^+Ä-Ä[,-expHC)4,,]]' 
At T 

At o     o 

^i'»!^f^tÄ-Ä+^['""pKC>i,ll]'      <A'98) 

At T , 

^-JdTjdT'(^-)3exp[-(Yp
NL)(T-x')] 

For the x component: 

(Vo^expR-^-OAt], (A.99) 
EOER 

At                                   l-exp[-(-^-)At] 
(Vl)x S fdxexp[-(-^-)t] = At[ ^§5 J, 

J EOER . CT„ 
(^-)At 

EOER 

*       » , l-exp[-(-^-)At)] 

o     o EO£R (—)At (—)At 
EOER EOER 

At        T 

(<P2)x s fdx fdx'ÄexpH—)(T-T')] 
J       J At EOER 

(A. 100) 

(V2)x = f dx (-J-) exp[-(-^_)x] = At l- [ ^§2 expf^^At)]],      (A.101) 
J At EOER (_0^)At (_C^)At EOER 

EOER EOER 

i    r i     r   1-expH—)At]1 
(<p,)x= [dx [dx'expK—)(t-T')] = (At)2 - [l ^ J, 

J       J EOER . <JV , . . (Jv v . 
(A. 102) 

o     o 

l-exp[-(-^4At] 
(At)2 — [± — [l ^S ]], (A.103) 

(-^-)At   2    (-^-)At (—)At 
EOER EOER EOER 
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At T 

O* s fdT fdx'expKYJX] exp[-(-^-)(x-T')] 
•> *> fcOfcR 
o     o 

= (At)J 
|-l-exp[-(Y^)At]    ^«PH^)^]^ 

[(^)-(Y^)]At <*> (^)At 
EOER 

At T T' 

EOER 

(C^)x = J"dT jdx'jdT" expKYp1(*'-*")]exp[-(^4(T-T')] 
0        0        0 

l-exp[-(^4At] 
= (At)* _L-{   ^] [l ^^-] 

(Yp)At        a 

-[ 

(-^)At 
EOER 

1 

(-^)At 
EOER 

(-^)At-(YpOAt 
EOER 

][ 
1-expKY^At]    l-^H-^)At] 

(Yp)At 

 EOER 

Ov 
(—)At 

EOER 

-]}. 

At T X' 

(Cp,2)x s JdT }dT'|dx" (-£) exp[-(Yp0(T-T")] exp[-(-^-)(T-T')] 
0        0 0 

= (At)d 
1      rr      1      in          l-exp[-(—*-)At] , ,       -, 
J_{ [      1      ][!-[! §i§5 ][_JL_+1_]] 

(Yp)At      ,_^ (■^-)At 
EOER EOER EOER 

r        i        ]r   i   ]ri-exp[-(Y^)At] ^H^^l1 
+ L(^)At_(YL)At

JL(Y^)AtJL        (Y^)At 
EOER 

(-^)At 
EOER 

At        T 

0        0 

Ox s Jdx fdT'expHY^x'] exp[-(-^-)(T-x')] 
w w OÜOR 

[-l-exp[-(Yp
NL)At]    1-expHg^ 

= (At)i  1  

[(-^-)At-(Yp^)At] 
EOER 

(Yr>At 

_^x 

 EOER 

(-^)At 
EOER 

(A. 104) 

(A. 105) 

(A. 106) 

(A. 107) 
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At        t 

Ox ^ fdx fdT'(^)exp[-(Y^V]exp[-(-^)(T-T')] 
H' J       J At p EOER 

0        0 

\2 :(Atr 
NL, 

-{ [i-exp[-(YJn')At]]—ji 
(^)At-(Y"L)At [(Yp^)^]2 

EOER 

-[ l-exp[-(Yp^)At] 

,NL 

][ 1 

[(Yp^)At][(-^)At-(Yp^)At]" 
EOER 

exp[-(Yp"L)At]   r r ,« if 
 Hi^ +L1 - exp[-(—5-)At] J |_ 

1 

(Yp^JAt EOER 
[(-^)At][(-^)At-(Yp^)At] 

EOER EOER 

■]}• (A. 108) 

At T T' 

(C$)x s Jdr JdT'Jdx" exp[-(Yp^)(T'-T")]expH-^)(t-T')] 

0        0        0 

f l-exp[-(—)At], 
=(*>3 -^1M—] [i ^&—] 

(Yp^At    L
(^)At" 

EOER 

(^-)At 
EOER 

(^L.)At_(YNL)At 

EOER 

"It 
l-exp[-(Y?L)At]    ^«PH-f-)^] 

(Y?L)At 

 EOER 

av (—)At 
EOER 

']}. (A. 109) 

At T T' 

(Ox = fdT fdT'fdx"(^)exp[-(Yp)(T-T")]exp[-(-^-)(x-T')] 
H' J       J        J At K EOER 

0        0        0 

:(At)J 

,NL 

1      rr      i      in l-exp[-(—5-)At] 

(Yp^)At^   (J^)At- ^ 

EOER 

(-^)At (-^)At    (VpNL)At 
EOER EOER 

■[■ 
1     irl-expKvriA»   "-«PK-f-)*] 

■Ifcsdt 
(^)4t_(Y™-)it     (Yp""-)A1 

EOER 

(Yp^)At (^ 
EOER 

']}.(A. 110) 
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At X T' 

O* =jdx]dxjdx"&2 expHY^XT'-T'OlexpK^XT-T')] 
0        0 0 

= (At)3 1 -U-^ 1 

KY^AtlK-^MAt]    3    (^)At    [(-^)At]2    <Yp   )At 
K EOER EOER EOER 

2 1 

[(YoNL)At][(-^)At] KY^)^] 
EOER 

-[l-exp[-(-^)At]][- 
EOER ;G^)Ati3 

EOER 
[(-^)At]3 [(Y^)At][(^f-)At]2 

EOER 

[(Y^fL)At]2[(-^^)At] [(YpNL)At][(-^-)At-(Y^L)At]" 
K       EOER EOER 

_ _r 2[(-^)At] 
-[l-expHYpNL)At]][ 

£2 
EOER 

[(Yr)At]3[(^)At-(Y^)At] 
-]}. (A. Ill) 

At T T 

Ox s Jdx Jdx'Jdx" (-^) «PKYJ^X'-T")] exp[-(^)(x-T')] 
000 

= <4t)3 .{I__L 
1 2      crv [(Yp  )At][(-s-)At]    "    (-5-)At 

H EOER EOER 

+ [l-exp[-(-^-)At]][-—- 
EOER [(^-)At]2    [(^-)At-(Yp^)At]2 

EOER 

-[l-exp[-(Yp^)At]][- 

£2 
EOER 

(■^-)At 
EOER 

[(Yp  )At]2[(^^)At-(Y^)At] 
EOER 

(■^-)At 
 EOER  

[(Y?L)At][(-^)At-(Yp^)At]: 
K
 EOER 

-exp[-(Yp^)At][- 
(-^)At 

EOER 

[(Yp^)At][(-^)At-(Yp^)At] 
EOER 

■]}. (A. 112) 
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At T 

Ox = fdx fdT'fdT-^X^-JexpHYp^XT'-T'OlexpH-^-Xx-T')] 
K' J       J       J At     At EOER 

0        0        0 

x3 
= (At>3 ■{~— 

[(YpNL)At][(^)At]    3    (-^)At    [(-^-)At]2    20At    [(YNL)At][(-^ 
v EOER EOER EOER EOER 

-[l-expH^2-)At]][- 
EOER t(-^)At]3    [(Y^)At][(-^-)At]2 

EOER EOER 

1 

EOER 

[(Y^)At][(^^)At-(Y^)At]2 
-] 

-[l-exp[-(Y^)At]][ 
(-^-)At 

EOER 

[(Y^)At]2[(-^)At-(Y^)At]2 

EOER 

-exp[-(Y^)At][l+—\—][■ 
(-^L.)At 

EOER 

(Vp   )A>     m^)Mfn^L.)itH^)M] 

■]}• 
EOER 

)At] 

(A. 113) 

At T T' 

Ox s Jdx Jdx'Jdx"(j-t )(^)2exp[-(Y^)(T'-t")]exp[-(^-)(x-x')] 
o      r      - 

= (At) 

0        0 0 

N3 
1 4    -O 

KY^^IK—)At] * 4    (-^)At    [(-^)At]2    [(-^-)At]3 

EOER EOER EOER EOER 

2[<-Hs-)At] 
EOER 

3(Y^)At      [(YNL)At][(^At]      [(YNL)At]4[(^x_)At_(YNL)At] 

EOER °-e~ 

-[l-exp[-(-^-)At]] [-—- +  

EOER 

2 

[(^4At]4    [(Y^)At]2[(-^)At]^ 
EOER EOER 

[(Yf)At]2t(^At-(Y^)At]2 

h[l-exp[-(Y^)At]][ 

EOER 

2[(^-)At] 
EOER 

[(Yf)At]3[(-^)At-(Y^)At] 
EOER 

] 

2[(-^-)At] 

+ exp[-(Yp
NL)At][l+—i—][ 

(YP  )At     [(YNL)At]3[(^)At_(yNL)At] 

EOER 

]}■ (A. 114) 
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ZU 

Öip,o>x = fdTexp[-(YbT]exp[(-^-)x] 
• EOER 

exp[-(Yp)At]-exp[-(-^)At] 
= At exp[(-^-)At] L ^§5 J , (A. j 15) 

(-^-)At-(y^)At 
£OER 

w        x 

(^i)x s fdx fdT'exp[-(Yb(T-T')]exp[(-^-)T] 

exp[(-^-)At]       l-exp[-(-^)At]       expRYp^-expR-^At]-.. 
= (At)2 E^ J  I  EOER II EOER I  1(/U16) 

(VP
L)At (^)Ät (^)At-(Y> 

EOER EOER 

At      T 

(T£2)X 
S
 fdT[dx'(-f )exp[-(Yh(T-T')]exp[(-^-)T] y J      J At r EOER 

0      0 

exp[(-^)At] l-exp[-(-^L.)At]ir     (-^-)A1 
_ / A*\2 EOER J  <_ I  EOER I I i , _EOER__ I 

[(-^)At][(Yp
L)At] (-^)At (YpL)At 

EOER EOER 

exp[-(Yp)At]-exp[-(-^4At]   r(-^-)At 
-L ^§s J |_Ms—J j (AA 17) 

(£>L.)At_(YL)At (YP)At 
£O£R 

ai 

(np^)x * fdTexpt-CY^TlexptC^T] 
K J v EOER 

,NL, ■   - -    .°' 
rexp[-(Yp  )A t] -expK-5-)At] 

= At exp[(-^-)At] L ^ J, 
(^)Ät_(YNL)At 

EOER 

(A.118) 

LU. 

(COx s fdTTexp[-(Yp^)x]exp[(-^-)(T)] 
K' J K EOER 

O» ,NLs exp[(-MAt] exp[-(Y^)At]-exp[-(-i-)At] 
= (At)2 EOER [eXp[-(Yp

<L)A t] ^§S J, (A.119) 

(£2-)At_(YNL)At (^S_)At_(YNL)At 

EOER EOER 
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At T 

(<2)x = Ux fdT'expHY^x-TOlexpK^T] 
K J        J H EOER 

0        0 

= (At) 
exp[(-^-)At] ,    l-expK^-)At] 

2 EOER J  I  EOER I 

(YS"-)At 
EOER 

av 
rexp[-(Yp  JAtl-expK-MAt]-., . 

_[ L BOER ] } 
(-^)At-(Y^)At 

EOER 

(A. 120) 

At        T 

(i#3)x s fdTfdT'(^)exp[-(Y^)(x-T')]exp[(-^)T] 
H' J      J At P EOER 

0      0 

expK-^MAt]      .     rl-expH-^-)At]nr     (-^)A. 
= (AtV EOER 

t(-^-)At][(Y^)At] 
EOER 

{l-t EOER 

(^-)At 
EOER 

-][ 1 + - EOER 

(Y^)At" 

exp[-(Y?L)At]-exp[-(-^)At]   r(—)At   . 

"[ ~ ^—] [^f-] } • 
(^2_)At_(YNL)At 

EOER 

■(Yf)Af 
(A.121) 

At        X , 

(<4>x = fd* fdT'(^)2exp[-(Y^L)(T-x')]exp[(-^)T] 
K J       J At v EOER 

0       0 

:(At)2 

exp[(^2_)At]      . 
EOER J 

EOER 
[(-^AOKYp^At] (-^-)At    (YP   )At 

EOER 

■JAtJ | |  
EOER 

+ [l-exp[-(-^_)At]][- 

,NL 

t(^-)At]2    [(Yp
NL)At][(-^)At]    KY^)At] 

EOER EOER 

2[(-^)At] o 11 
 — J LexpHY^ )A t] - exp[-(-^-)At] J j, 
i2iv CTx  u,     /..NL', ' ■- E°eR 

(A. 122) 

[(YÖ  )A{] [(-^)At-(YÖ  )At] 
EOER 
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At        T 

(TT^)X 
S
 fdTfdT'(^)eXp[-(Y^)(T-T')]exp[(-^)T] P'J J      1 At H EOER 

0      0 

exp[(—5-)At]      f     r ir      1      1 
= (At)2 EOER { !_[!_      K^x_)At]J L—i—J 

NL^o EoER ( °x )At [(^_)At][(Y^)At] 
EOER 

(•^-)At 
EOER 

"[(^)At-(Y?"-)At]2 
][< ,NL 

EOER 

Ov 

exp[-(Y^ )A t] - exp[-(—)At]_ 
EOER 

EOER 

"[ 
(—)At      ir l Eo£R JLexpHY^)At]J 

(-^)At-(Y^)At 
EOER 

(—)At   ir a  1 eo£R      J Lexp[-(Yr )A A - exp[-(-^-)At] J, 
"[(-^-)At-(Y^)At]2 

EOER 

EOER 

(A. 123) 

At    T 

(<6>* s JdT ldT'(l)(ir}exP[-(Yr>(T-T')]exp[(£e7)x] 

o     o 
At    At 

a 

,NI^ 

exp[(-^4At]      , 
= (At)2 ^ {l — 

K^L.)At][(Y™-)At] (-^)At    (Yr>At 

EOER EOER 

2 -[l-exp[-(-^-)At]][- 
EOER 

(-^)At 
EOER 

■2* 
EOER 

[(^)At]2    [(Y*L)At][(^)At] ■2* 
EOER 

"[(Y?L)At][(-?2-)At-(Y?L)At] 
EOER 

(-^)At 
EOER  

][exp[-(Y^)At]] 

[(Y^ )*][(—>At-(Yp)At]2 

EOER 

-] [exp[-(Y^ )A t] - exp[-(-^)At]] },       (A. 124) 
EOER 
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At T , 

O* s fdx fdx'(^-)(^)2exp[-(Y^L)(T-T')]exp[(-^-)x] 
J     J       At    At K EOER o      o 

. a 
exp[(-i-)At]      r 

EOER J  , 3 = (At)2 Ms |,_ +• 
K^-miiyf-m     (-^)At t(-^)At]2  (Y^)At 

EOER EOER EOER 

2 4 

[(-^)At]2    t(Y^)At]f(-^)At] 
EOER EOER 

-[l-exp[-(-^-)At]] [—-i + 
£oER [(-^-)Atf    [(Yp^)At][(^_)At]2    I(Y»-)At]2[(-^-)At] 

EOER EOER EOER 

2[(-^-)At] 
_[ ^ ] [e.pH^AtJ 

t(Y?L)At]f(-i-)At-(Y^)At] 
EOER 

2[(-^)At] o   11 
+ ^ EOER J [CTpHYNL)At]-exp[-(-^L.)At]J ),  (A.125) 

[(YpNL)At][(-^)At-(Yp
NL)At]2 £oER 

EOER 

For the y component: 

Replace x—»y of matrix elements defined for the x component above. 

For the z component: 

Replace x—»z of matrix elements defined for the x component above. 
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Increment to the 
next time step 

No 

Flow Chart 

Calculate (H)^ n-Wi- 

Calculate (üDelay)^ 

Calculate Coefficients 
(A0)ijk

n and m£^ 

Calculate®^1 

by solving coupled 
cubic equations 

n+J Calculate (Qp^ijk1 

/r\ NL\    n+1   / cDelayx    n+1 
\UP   -J>.ijk-    -,|t      Ajk   ,, 

(QpLMay)ijk
n+1, and 

sf\ NLDelayx    n+1 
\Mp Jijk 

Reached the 
maximum time 

? 

Yes (end of simulation) 
Figure 1:    Flow chart of the nonlinear dispersive FDTD-PML algorithm 
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