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SHOCK  WAVES  IM  SOLIDS 

/•"This is a translation of an article 
written by L.F. Orlenkb and L.P. jta- 

nvkh Z»vedeniy, PI*±k» (K**»pOf the 
Hichar Institutions of Learning, tay- 
sica), No, 6, 1958* pages lfc-24._/ 

(Moscow Higher Technical School iiaeni 
N.Ye. Bauaanj subwitted to editors 
16 April 1958) 

j. •   .., •** <tVin(>v nave.« in solids under The propagation of shock *<*\e~ in - 
hi,h pressures considering the compressibility of the 

r       .»mined in this article.  The «?txon of 
the «tirtal is studied in the -e of *««£»*£?* 
wave and the reflected wave zone, waere J^e body £• 
finite dimensions.  The solution is obtained xn tna 
*vnrra ftf finite formulas» ,       . . 

lie motion of the in.ci.dent shock wavers investi- 

gated by means of a special sol ution of differential 
«- ■ . . -   *  «„ + .;,«,   The wave reflected frota a free equations of motion.  use «*«.*« ^ «=    ,,.,.*..*_., rtf dif- 

*• „^ 4<* iT»v«»«5tii?at«d by & general solut^sa 01 an 
jsu.i-"-«v- , , „- „. + j„. Th« results obtainea ferential equations of motion.  In* r,,*. f 
make it possible to deternine all of ohe pa*»meters 

a dynamic dia^a* Sf d.ror-ti.» »tr.» car. be derxved 
with the appropriate experiments. 

To solve the dynamic problems arising when 
detonation or shock charges are applied to a solid 



it is necessary to know the dynamic deformatioa-stress 
carve«    An experieseBtal deterral&ation of such diag- 
rams -presents considerable difficwXties«  It is known 
f?v*i Wiiea a.« inata»te.R<f.50Uis pressure 'is applied to a 
solid» .which tb.ea fells in the course of iises elastic, 
plastic or sfaock waves can fee propagated i» the solid, 
depending on the Kiag&itvid© ©i the applied pressure and 
the ■ properties of the  stolid (ßee work (I))» 

In th© present work the solution of the dynamic 
problem at high detonation charges is aaa.ly2r.ed5 where 
shock waves are- propagated ±n  a solid medium» In this 
area of great äysassic pressures« where the solid medium 
behaves like a compressible fluid (l), the dyn&saic 
d?iforssatic».-stress volusas üiagr&sa is emly .qualitatively 
IßiOKa, iee. it can fee given, for example., .by the e|«a~ 
tioB having the following form 6' - €fe « -A(&-&e )">« 
wher«? A, ©»»£«-  &re ujoknown, cösstaats« ■ IB. stach an 
appr©xi®atio-a"of the 6? - £ curve»   an®  can. obtain in 
the form of fin.it® formulas the laws of velocity and - 
pressure chang© in beth the ir.eidöni shock wave and the 
reflected wave (werfe th® body, for instance, to be a 
plate of finite tai.cks.ess).  It is know**, that if impact 
leacliag is applied at 01a.© g:ide of a finite body (a 
plate), at the rear a part o.f the material will be split 
esff with great velocity*  Using,- this phenoseno», it is 
possible by raeas-s of the ' solution cbta.iB.ed in this work 
to find the UHISEOHS constants As €L, &K.d £# , the dynamic 
deforsjatioa-ströas ^oluHsae curve with coiaprassion will 
be deiensiled by this* 

i#e will e^&saisae the propagation of a shock wave 
in. a solid,; where a great ±n,B±&nt&necms  pressure  which 
stsfcseqtieistly decreases with, time iss applied to the lat- 
ter» '  .      •  . 

■J-t is kirjow«. that tfe.g 'Me format ion. "■stress'* com** 
pa-essioE. «äfve for solids feavs tie i'orss shown In  Fig* 1 
(see work (!) > » 

; 

,/ 

X 

/ 

Fis. I 

If tlie press-ore in. the wave exceeds the pressure 



corresponding to the discontinuity b of the <? - 6 curve, 
shock waves will be propagated in the solid,  It is 
apparent that under these pressures the solid may be 
regarded as a quasifluid (1) . 

It is known that the basic equations of one-di^ea» 
sional motion have the form 

du dp    _      du    ___ dv 
'at     '''    dh *'   dh dt 

0> 

where u - is the particle velocity; v ■ 
volume; t «-is timej p ~ pressure" h ■ 
coordinate, 

If one introduces the terms tS  ~ 

9 

is specific 
is the Lagrangian 

-P» vc 

(2) 

than  we  obtain 

du 

öt 

(J<S da 

äs dh 
du 

— v0 
ds 

(•T) 

The equation of state (curve b - e in. Fig. l) is 
approximated by the relation having the following form: 

— <3.„ — -A(*-*a)-'t 

where Sot   A and 6&     are constants. 
We then obtain 

(5) 

The velocity of sound in this case is determined 
by the expression 

4- 1 3.4 
V      dp V    p0rfe   (e—ec)ai(/  Pft 

-1- - (1+e0) 
(6) 



The velocity of propagation of disturbances from 
particle to particle will be equal to 

w 
Pod 

c 

& c +1 

a£. 
Po i Pa 
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f s= 

■pfl 

I1 (7) 

We write equation (3) 1B the foria 

e (ft. M    m-H) 
d t     dh       {«— sö "r4 dh 

ÖU d(e—-s^) 
(8) 

We will find particular solutions for this system 
of equations *  Kfs will assume for this purpose, as usual, 
that 6 s 8 (u) 9 then we will arrive at the equations 

•Q     du 

dh d a 

du 
*>» 

whence we obtain 

du 

do all 
or 

i.r vt dzd® =1/ 
'dT~'" 

/   ^ „-»„_.„„ a € ■= ifjös. 

"57" $ h      dt a h y    r    d e 

19) 

(10) 

The solution of equation (10) has the form 



H=V 
t -f- F (u) ~ vat rf F{u). (H) 

IK   the   @quatiojs   of   siati 
may he witte»   iss   the  form 

(<*}   the   specific   solution OB 

4- \/ h 4* const 
£,-, 

/ "7\£ 

V 
.,Ji',L~ 4. F{a) 
t n —! 

We   will  now  seek   the   s?B.eraI   s'e.luiiosis   of   the   sys' 
tera  of   eqaatioas   (8)»     Haviag   iaverfced   ths   dependent   and 
iB.dfepasdent   'r«rxa'foies 8   ws   arrive   at  -the   equations: 

VA 
0 n 

-et* 

We  fisid   fro.m  this   that 

Pit 

dm 

d s £%        $ *2 

(13) 

(H) 

I»   the   eq^satioxi   of"   state   (%)   w»  will   have 

# / 

%~%f  P»(*-"*«)*  #«* 
0$) 

a, ¥© will introduce the ae? variable, K S.  —~r~^r- 

the». 6 '» Cfg, ^ ""AC-^)'"\ «id equation (i>) SS-SKKS tfe«. 
for® *** 

JÜLL i JL ^ ■_ :^L  &{. 
dt*       z     dz       |%«?     äu" im 

k&3nmi.\%&   that  a*   =•. ~~-™ 
pa    »   then. 



3/1 «or 

w  = 
a. 

equation   (16)   assumes   the   form 

dz(zf)  _    9W> 

The solution of this equation: 

<17» 

m 

rgu- «S;)*"1"""1" ""'«-«tl.ti™ . = „rdi„, to th. , 
We  find fr„B the 2„d e,uation (13) that 

whence it follows that 

Ar A 
ö '(/"■WS ) + (/■•,+ /■'.)] (19) 

If   the   ftmet 
sa ti.fi«   the   second   ej.tifn   (1^]   ^^^«d  WhiCh 

du Po 
$4* 

"dz" W) 



Whereupon the solution of <l8> assumes the form 

rhere   T±   &nd  ffi     are-  new arbitrary  functions, 

/«lidzJk z (f\~h)*.+fi+fz.     -    .     (22) 

The special solution of (11) assumes the forra 

a     dz (23) 

Whereupon 

du • f 
Pcs dz 

dz„ (24) 

We multiply (23) by du, then 

dz V      a    dz^7V --Tirr"*:. a     dz      du -du~F(u) da. 

Whence 

rtier e 

* i/ J*- 4^-** 
«   rf? F   1 u)du or  ddg  s 

*   |   (u)   du, (25! 



&ftl\ sss 
F(u) F{u) 

!jyl-=   ™_        _^^^           

■& / JL J?JL 

HäBCfe{ along the characteristics ia plane   (u$ a) 
which are determ.iK.ed by the special solution 

If F{i;s) as Qv then' 4* x coast»,- since ■without limit- 
ing the general representation it m&y  always be as.-mmed 
that cottst.sö, heacR if F{'s,s)~0, along the characteristic 
^|l ss O (2-7) *  la the equation, of state C^)» we have 

. £• s:;s ^- j4- const. 

4 — 4- fi:il^£«~|- f/2-) = r.0ret i- Ffr j. (28) 

If, for example, we   deterrviiiae *J; along the charac- 
teristic « + is a cotjsi», then is this " individual case, 
where Fix.)   •-   0, f  =* 0» 

AM 

If U3 is determined along the characteristic 

1 
v* - %   =.• coast,, then when F{») ~; 0,. £, s 0, 

¥e will look at the solution of a concrete example, 
Let us assiiase at the mesa exit of time t s 0 in. cross- 

set.ion h = 0 there is & pressure p = p  applied, where 

8 



pKis greater- than 6^  , where &&   is the pressure corres- 
ponding to the discontinuity point in curve 6  -   6 (Fig.l) 
which then is found according to the law 

where p„ , x    B.W6,  n are constants» 
It is known from detonation theory that it is 

possible to assume p0 ~ 0, n ~ 1.  and X  = »- „ where 1 
D 

is the height of the loading and D is the velocity of 
the detonation» 

We find the law of motion, of the wedium in the 
passing wave»  The motion of the medium in the wave will 
be subject to the specific solution (28) where it is 
'necessary to determine F(x): 

•2.-const 

p,,fc*  Lffj-J 
a 

(A) 

We  will determine the constant in the first equa- 
tion of the system (A) ». 

When. ii s itjj ,  z'= zH , inasmuch as at the wave 
front 

3.=="-^-,    then const» c-VsaiA'«»    tf 

form 

e<- v   p«    *„—«, 

Using equation (k),   (29) can be written in the 

Z (     x     \n 

T:"\7^I ■ (30> 

The first equation (A) now assumes the form: u  =   z - z0. 

(3D 

For the initial moment 



UH rzz. ZH — Zfj. (32 

If it is assiMsd in equation- (A) that h - 0, and 
IP time t is expressed from (3<>)-s then we determine 

r(z} — 
o  ..V z ! 

n 1 (.33) 

Systera (A) is finally written in the form 

U    a    S    -    SB o , 

Po^ -   t 
L\ * /        iJ 

(34) 

If  n 
Lve   to   z: 

s   I,   we   derive   the   quadratifc   equation reli 

= 0. i*«t ah 
Z" ■ 

n ** ...„^ 

* JL * Po(* +x) 

The solution of this equation will be 

Z = u4-Z, 
zH*± y^2^4v5?^"w_ 

o/? 
(35) 

'We find the law of motion of the shock front 
h (t) : 

£>„ 
sift        u -\~ e -f Co .„. 2_:zl£~t.e,'^r Ci> 

Po rff 

nere 

D   is the velocity-of the shock wave, 
y 

c0  is the velocity of sound in metal. 

10 



We express the local velocity of sound c by a; 

.H" 5 

ß 
-■■z*. (m 

Thus s   "fc^e  velocity  of   mwrm   a^ will   be   equal   to 

rK ^ z + fiLZiSL. O_ ^.±1 Z%. (38) 
Va 

By means   of   eeruatioB.   C35*   we   eliminate   zt 

JÜL. ~- %JZ£JL .x..„i!s,.i:.lH .4. 

Integrating tfeis equation which when h ~ 0, t - Ö, 
we   find the lav ©f propagation of the shock waves 

h~.fi(t). (40) 

If the body has finite thielmess d, then  when, the 
ware reaches the back side of the solid it will tee reflec- 
ted froffi, the   free surface as & rarefaction (expansion 
/"~Busstars.;, discharge 7)   wv«t moviHg toward, the shack 
rare,  The motion of"'"tbe medi«« In the rarefaction wave 
is determined fey the ftöiier&l solution (22).  The arbit- 
rary fii:n.ctions in ths* general solution are deteratiKed 
primarily from the condition cf ilT.cs connection, between 
the reflected and ineldest »avssj secondarily, by the 
fact that wh-en  t#T; h ~ p6d,ts 0, ^sr<? d is the 
thickness of- the piat«±»  the fir at comdiiicm implies» 
that c-a the llrrn   n 
and C 33)* 

T       j    ,   .• 

takes place according to (25) 

i .A JLJijUxi 
'  «—1 \ z /   J 



If u = 1, the:« «j» = T 2 j — 1-f- ~£-!n /.+/, 

or 

12" ■u, =/«■+■/* f4i: 

wnere f  ~ f  (2g; - 350) and f  = f (-zö), 

s£*H is the integration constant, 

The second condition  provides that when h = p0d 
the condition 

at Ji + ft + tf: —f,)Zd, (42) 

is fulfilled, where 

Thus f by .«nsarss of C4i} and C'i2) the parameter's of 
the reflected wave can be determined.  The found solution 
is complicated for investigation, hence we will find a 
leas precise, although considerably simpler solution of 
the problem»  It is known from detonation theory that 
the pressure on the surface of the plate falls according 
to the law 

/-i-V 
where 

V D 

PH~ 
u; 

10 iß 

(43) 

(A* 

The velocity of the shock wave D  is determined 
y 

by the formula 

12 



y    2     dt    ' 

We take the equation of state is the form 

B^A^-BU     ■ (46) 

where AJ , SEL and k are constants« 

The motion of the shock wave will be determined by special 
solutions of the ays teas of equations (l) written in 
Eulers form: 

-V.™! 

x*&(u + c)t-rF(u). (4g) 

The velocity of the shock wave % is determined 
by the expression 

D¥= i£- *= €& -f *±1K. (49) 
#*r .       4 

Fuactiott F(u) is determined by the condition that 
when x sr 0 the pressure varies according to the law (43) : 

7-i-Y 
A Of ; 

whence follows that 

/   \p I c 

where c»  is the initial speed, of sound ±n  the plate 
where   P - Pw »    • 

By means of (4?) equation (50) assumes the form 

13 



ca-\~ 
k—\     w 

■ V 
D !52) 

When  x  s  0  we   determine   F(u)   according   to   (48) 
and   (52); 

F(U): 
I k -4-1     \ i •■!" I    \ /     ,  * — l    \ 

LsCft 

Equation (48) now has the form 

/ <ra 4- —- u \  , ; 

x«|Ctf+^« ) \   t 
(53) 

D 

When k ~ 3 this expression is written in tie form 

,i -•_ «,Cff -r- £U f    I t   ■ — —~~  r.. ] • (54) 
! ^a 

We convert this expression to the form 

xi>4-c,)y = (Qf2(v) 
/#   , 

// -f- € ?*)-€„]  ,     (55) 

or 

2 _ ir -f «   
- 1 , /> -j—  f _ 

I / / 

z>   (1 

Inasmuch as u«c  , neglecting the term with u t o 
we find that 

14 



r    „x_ v  -  £>        Z>* 

« fW li 
/     v 

/ / _ 

9 ÜL 
(.%) 

Whesi  k  ss   3   ecmaiio»   (%9)   asstttses   the   form 

-'* 
Ca      2 

Dy = -—-=:*-ff« Q J 

i*-3-? 
f ,.- 

2 £«. 
(a 

We   as&KMSiS 
f}# 

 •!■     L *■ H 

2£- 2,0  ^ / 

we   then   get 

ill 

d T Ö      o-        ß . * 
c 

We  will   designate   the   rcJatiosi     "J  »   z,   then 

(58) 

or 

lj2 

d\ 
0 

"i_ JET 

{3 --—2     di 
a m t-:;; 

D    3 /j/c, ■ 1 D' 
/J 

After   intesratioa we   obtain 

15 



t~/l 
\   z-2 %- \ 
I     tJ   I 

ca 

r* C €o) 

where A is the integration constant» 
The constant A is determined from the condition 

that   when  x  --   0, 

or  whea "X ~  1 
D 

2D 

2<> 

f w C, M *-«* 

lJ{2ca — €H} 

The   constant   A   is   eqixal   to 

4 i^- -f i 
(60) 

Equation.   (59)   can now be  written   in  the   form 

<s s= 

Z> 
J faj 

4 ^~ + 1 

U * - 2 &■ 
 O 

( T „... CJL V 
\ ^ / 

(61) 

Let   us   turn   to   the   new variables   according   to 
equation   (ü>8) 

r    V     D / /    \ /-> '   / 

-f^fi- iüL-2 J^V *»0. 
^    V2     D /• / 

(62) 

16 



Frosa this um   determine x » x(t) - the law ©f 
»oil©»* of ifee shook wav&s 

?    /       ~T 'Off," \ 
vr ^ — ~:~~i 2 ..is- — •-•---- A  ] 

2 i      /J I /* 

"smere 
\"7J       i        ' / (63) 

j? =,■ (ik. -~-~^U V-f-4--- i^„ ~. 2 -£a~) F-. m) 
D I \ :>     D I \  SJ 

The obtained relations cast be m$en   te determine 
pressure in the passing wave is« 

To deteonsaiae the pressure in the p&ssisig save at 
a given distance x ~ b, one m'ust äeterssiae tj, according 
to formula. ib3)   when s: ;- h, ths:u according; to (56) deter- 
mine «. * in eecaniencs with which c-, i« deterswlKed with 

& ja 

(V?) «  The pressare is detersaiKsd by irseajis of the equa» 
ticm of state (46)* 
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