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Abstract 

Empirical Bayes tests for testing H0:9<90 against Hi : 9 > 90 in the continuous one- 
parameter family with density c(9)exp{9x}h(x), oo < a < x < ß < oo, are considered 
under the linear loss. Using the assumptions that Jn \9\dG{9) < oo and the critical point 
&o of a Bayes test falls in some known interval [Ci, C2], where a < Cx < C2 < ß, we show 
that, for any 0 < e < 1, the empirical Bayes tests can be constructed such that they 
have a convergence rate of order o(n~1+E), which generalizes the result of Liang (1999) 
from the positive (one-parameter) exponential family to any continuous one-parameter 
exponential family. 
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§ 1 Introduction 

Let X denote a random variable from the exponential family having density function 

f(x\9) = c{9)exp{9x}h(x), -oo<a<x<ß< +00, (1.1) 

where h(x) is continuous, positive for x € (a,ß), 9 is the natural parameter, distributed 
according to an unknown prior distribution G on the parameter space Q, = {9 : c(9) > 0}. 

We consider the problem of testing the hypotheses H0 : 6 < 90 verses Hi : 9 > 90, 
where 90 G Q,. 

Let a = i be the action in favor of ifj. For the parameter 9 and action a, we use the 
loss function 

1(9, a) = a(90 - 9)I[6<9o] + (l-a)(9- 00)I[9>9o], (1.2) 

where /[.] is the indicator function, which equals 1 or 0 if the statement inside [ J is true 
or not. Assume that fn \9\dG(9) < 00. Define 

and 

By Fubini Theorem, 

aG(x) = I c(9)e6xdG(9), 
Jo. 

ij)G(x) = f 9c{9)e6xdG{9). 
Ja 

j   h(x)ac(x)dx (1.3) 
Ja 

=    f h(x) f c(9)eexdG(9)dx 
Ja Jn 

=    (( c(9)e9xh(x)dxdG(9) -- 
Jü Ja 

and 

fß h(x)\Mx)\dx (1.4) 
Ja 

<    f h(x) [ \9\c(9)e0xdG(9)dx 
Ja Ja 

=    f \9\ [ c{9)e0xdxdG(9) 
Jü       Ja 

=    f \9\dG(9) < 00. 
Jn 

Let W(x) = 90ao(x) — ij)(x). Then W(x) is a continuous function. By (1.3) and (1.4), 

f  \W(x)\h(x)dx 
Ja 
fß 

<    /   [\90\aG(x) + \ipG(x)\]h(x)dx<oo. (1.5) 
Ja 



A test 6(x) is defined to be a measurable mapping from (et, ß) into [0,1] so that 
8{x) = P{ accepting Hi\X = x}, i.e., 6(x) is the probability of accepting Hi when 
X = x is observed. 

Let R(G, S) denote the Bayes risk of the test S when G is the prior distribution. Then 
Bayes risk R(G, 6) can be expressed as 

R(G,Ö)   =   CG+ f fßö{x){e0-e)c{6)eexh(x)dxdG{6) (1.6) 
Jn Ja 

=   CG + f 6{x)[ [ {90 - 6)c{0)eexdG(e)]h(x)dx 
Ja Jn 

rß 
=   CG+      8{x)[90aG(x) - ipG(x)]h(x)dx 

Ja 

=   CG+ [ 6(x)W{x)h{x)dx 
Ja 

where 

and 

rß 
=   CG+      S(x)[60 - <j)G{x)]aG(x)h(x)dx, 

Ja 

CG= [(9-e0)I[e>eo]dG(8), 

4>G{x) = E[9\X = x] = Mx) 

aG(x)' 
Here, <f>G(x) is the posterior mean of 9 given X = x. <j>G{x) is continuous and increasing 
in x. 

Prom (1.6), we see that a Bayes test 6G is determined by 

x  , .      j 1   if    W(x) < 0 .     , Sc(x) = [ 0   tf    w(x) > o (1-7) 

_ / 1   if    4>G{X) > 90 , 
~ \ 0   if    <!>G{x) < 90. 

[L*> 

The minimum Bayes risk is 

R{G, SG) = CG+ f SG(x)W(x)h(x)dx. (1.9) 
Ja 

To exclude trivial cases, we assume that 

lim (j)G(x) <90 < lim (f>G(x). (1-10) 
x->a x-^yß 

From (1.10), we get that (f>G(x) is stictly increasing and there exists the unique point b0 

(critical value) such that (f>G(b0) = 9Q. 4>G{^) < #o for x < b0, and (f)G(x) > 90 for x > b0. 
Therefore, the Bayes test 5G can be represented as 

, .      { 1   if    x > b0 
SG{X)

 = I  0   if    x < b0. 



Furthermore we assume that there exist two known constants Ci, C2, ot < C\ < C2 < ß 
such that 

Ci < b0 < C2. (1.11) 

We will deal with this testing problem via the empirical Bayes approach. The empiri- 
cal Bayes approach was introduced first by Robbins (1956, 1964). Let X±, X2, • • •, Xn de- 
note the observations from n independent past experiences. Denote Xn = {Xi, X2, • • •, Xn). 
Let X be the present observation. An empirical^Bayes test Sn(X,Xn) is defined^to be 
the probability of accepting Hi when X and Xn are observed. Let R{G, 8n\Xn) de- 
note the Bayes risk of Sn conditioning on Xn and R(G,S) — E[R{G, 5\Xn)] the overall 
(unconditional) Bayes risk of 6n. ___ 

Since R(G,Sa) is the minimum Bayes risk, R(G,Sn\Xn) — R(G,6Q) > 0 for all Xn 

and for all n. Thus, the regret R{G, 8G) - R(G, ÖQ) > 0 for all n. The nonnegative regret 
R(G, Sn) — R(G, SQ) is often used as a measure of performence of the empirical Bayes 
test of 8n. 

Johns and Van Ryzin (1972) constructed empirical Bayes tests for the continuous one- 
parameter exponential family and studied the rate of convergence for their associated 
regrets. Van Houwelingen (1976) improved Johns and Van Ryzin's result by using the 
monotonicity of the testing problem and showed that the empirical Bayes tests there have 
a convergence rate of order 0(n~2r^2r+3Hog2(n)), where r > 1 is an integer, associated 
with the moment condition that JQ \6\r+1dG(9) < 00 and the r-times differentiability 
condition on m(x). Under the assumptions Jn \6\r+ldG(9) < 00, (1.11), and a few others, 
Karunamuni and Yang (1995) claimed that the empirical Bayes tests, constructed by 
them, achieve an exact rate of convergence of order 0(n~2r^2r+3^). Note that if r is 
small, these rates are still slow. Recently, Liang (1999) investigated the empirical Bayes 
test for the positive exponential family and much improved the previous results. His 
paper shows that the empirical Bayes tests there have a rate of convergence of order 
0(n~s/(s+3)), where s > 0 is any prespecified number, under the (weaker) condition 
J0°°edG(e) < 00 and (1.11). 

Our research interest on empirical Bayes tests is motivated by Liang (1999). Making 
full use of properties of W(x), with the help of classical result about sum of i.i.d. random 
variables, under the assumption that Jn \O\dG(0) < 00 and (1.11), we show that, for 
any 0 < e < 1, the empirical Bayes tests can be constructed such that they have a 
convergence rate of order o(n~1+£). Thus our result generalizes the result of Liang(1999) 
from the positive (one-parameter) exponential family to any continuous one-parameter 
exponential family. 

The paper is organized as follows: §1 gives the introduction; §2 constructs a empirical 
Bayes test 5n; §3 proves that the empirical Bayes test has a convergence rate of order 
o(n~1+e). §4 proves the lemmas stated in §3. 



§ 2 Construction of Empirical Bayes Tests 

We use the kernel method to construct the empirical Bayes tests. The idea here is 
similar to that of Stijnen (1985) and Liang (1999). 

For any 0 < e < 1, take integer m such that me > 4. Suppose [a, b] is a finite 
closed interval inside {a,ß). For each i = 0,1, let Ki(y) be a Borel-measurable, bounded 
function vanishing outside the interal [a, b] and for K0(y) 

f Ja 
W)*,={j* j:^,...,™..!,   («) 

and for K\(y) 

L v*to)*={; i ^2A-'m-   (2.2) 
We may let B2 be a positive constant such that |i^i(y)| < B2 for all y e [a, b] and i = 0 
or 1. 

Let u = u(n) = n~<. Then u ->■ 0 as n -*■ oo. For any a: G (a,/?), define 

«nW = -tKo(^i^)/h(Xj), (2.3) 

and 

^w4t^i(V)» (2-4) nM s     u 

Let Wn(a;) = ö0o;n(a;) — i/)n(x). We shall show later that Wn{x) ia an asymptotically 
unbiased and consistent estimators of W(x) (Lemma 3.2). Recalling that the critical 
value b0 is inside [Ci,C2], then an empirical Bayes test 6n(x, Xn) can be proposed by 

f 1   if    (x > C2) or (Cx < x < C2 and Wn{x) < 0), .     . 
dn ~ \ 0   if    (x < d) or (Ci < a; < C2 and Wn(x) > 0). l     j 

The conditional Bayes risk of the empirical Bayes test Sn is: 

R(G,Sn\Xn) = CG+ fß 8n(x)W(x)h(x)dx. (2.6) 
./a 

Note that W(x) < 0 if x E [Ci,b0]; W(x) > 0 if x e [b0,C2]. Then the conditional regret 
can be expressed as 

R{G,5n\Xn)-R{G,5)   =    fß(5n-S)W(x)h{x)dx (2.7) 
Ja 

/•fco 
=    /    I[wn(x)<Q]W(x)h(x)dx 

>Ci 

+ 
lb0 

\     I[wn(x)>o}\W(x)\h(x)dx 
Jbn 



and the unconditional regret becomes 

R(G, Sn) - R(G, 6)   =    I ° P{Wn{x) < 0)W(x)h(x)dx (2.8) 

[ 2 P(Wn(x) > 0)\W(x)\h(x)dx. 
Jbn 

(■C2 

§3 Asymptotic Optimality of Sn(x) 

In this section, we shall prove that R(G, 5n) — R(G, 5Q) = o(n~1+£). The convergence 
rate of R(G,8n) — R(G,8a) depends on the properties of W(x) and Wn(x). The more 
information about W(x) and Wn(x) (inlcuding h(x)) is used, the more accurate rate 
we will get. So firstly, we dig out a few properties of W(x) and Wn(x). That is a few 
lemmas, whose proofs are left to §4. Then we state two well-known facts. Following 
that, a desired convergence rate of R(G, 6n) — R(G, 5Q) is given as a theorem. 

The first lemma is concerned about W{x), which gives us a solution to deal with the 
case that W(x) is small, but not small enough. 

Lemma 3.1 For any r\ > 0, define l{rj) = fcf I[\w(x)\<rj\dx, the Lebesgue measure of 
{x : \W(x)\ < r)} n [Ci,C2]. Then there exists an r]0 > 0 and some positive constant 
E>z > 0 such that, for any r\ < rjo, 

Kv) < B3ri. (3.1) 

Next we consider Wn(x). We have two lemmas, which are direct results of computa- 
tions. Note that 

Wn(x) = 60an(x) - ^n{x) = - E V(XJ, xi n)i (3-2) 
n 3=1 

where 

V{A„x,n)-uX     h{x^ u2x     h{x^    . (3.3) 

Let W(x,n) = E[V(Xj,x,n)] and Zjn = V(Xj,x,n) — W(x,n). Then we have 

Lemma 3.2 W(x, n) can be expressed as 

W(x, n) = W(x) + umW{x, n), 

where W(x, n) is some function such that \W(x, n)\ < B4 for all x € [Ci, C2] and n > iV1; 

and where B4 is some positive number and Ni is some integer. 



Also, we have 

Lemma 3.3 For any fixed n, Zjn are i.i.d. and 

EZjn = 0, EZ)n = ^D2{x,n), E\Zjn\3 = —Dz{x,n), 

where D2(x,n) and Dz(x,n) are some functions such that D2{x,n) < B&, D3(x,n) < B5, 
„3ix'n\ < B5 for all x E \C\, C2] and n> Nx, and where B5 is some positive number and 
Ni is same as in Lemma 3.2. 

From Lemma 3.3, we see that 

P(Wn(x) > 0) = P(-=L=£zin > -^/nuW2
1{x,n)W(x,n)), (3.4) 

y/nEZ]n i=i 

and   

P(Wn(x) < 0) = P{   J—- £ Zjn < -^/nuW2
1(x,n)W(x, n)). (3.5) 

^/nEZjn i=i 

Comparing W(x) and W(x,n), we get the following useful result: 

Lemma 3.4 There exists an integer N2(> 7VX) such that, for any n> N2 and x E 
[CuC2], 

W(x) > - => W(x, n) > 0 and —/ \ < 2, (3.6) 
n W{x,n) 

and , , 

W(x) <--=> W(x, n) < 0 and !_/ ' A < 2. (3.7) 
n W(x,n) 

Lemma 3.4 allows us to replace W(x,n) with W(x) in (3.4) and (3.5). That makes 
things a little easier since W(x) does not depend on n and has a few good properties. 

Next we state two general well-known results. One is about the non-uniform estimate 
of the distance between the distribution of a sum of i.i.d. random variables and the 
normal distribution; the other is about the normal quantile bounds. 

Result A Let Xi,X2, ■ ■ ■, Xn be i.i.d random variables, EXX = 0, EX2 = a2 > 0, 
ElXil3 < oo.  Then for all x 

!*<*>-*<*>l^7ii(lW (38) 



Here $(x) is the c.d.f. of N(0,1), Fn(x) and p are given by 

Remark Result A can be found in Petrov (1975, ppl25 Theorem 14) or Michel 
(1981). Here A is independent of n. Michel proved A < 30.54. 

Result B Let $(x) be the c.d.f. of iV(0,1). Then for some constant Be > 0, 

r»    1        x2 .        BR     x
2 r°°   i       x2 t>(\    x2 

x>0=>l-y(x)=        -y=e~^dx < — e", (3.9) 

/x 1 x2 Be,       x2 

—=e-~dx < r^e—r. (3.10) 
-oo Jim ~ \x\ v       ; 

and 
rx 

x < 0 =*• ty(x) = I 
'2lT 

Combining (3.8), (3.9) and (3.10), we see that, for any fixed n, 
if x > 0, 

P(J_ £*,.>*) (3.11) 

=   1-Fn(x) 

<   1 - ty(x) +A 
v^(l + |:r|)3 

B6 _xl Ap 
<     -r—xZ    2   + |x| ,/n\x\(l + \x\) 2

: 

if x < 0, 

n-r\=i:xi<x)       (3-12) 

=   Fn(x) 

<   $(x) + A 
vfo{i + \x\y 

B6    x2 Ap 
2' \X\ y/H\x\(l+\x\) 

Now, we prove our main result: 

Theorem 3.5 Let 5n be the empirical Bayes test constructed in Section 2.  Then we 
have, as n —>• oo, 

nl-e[R{G,5n)-R{G,6)]-*0. 

8 



Proof. For convinience, let B7 = maxc1<x<c2 H
x) and ^8 = fc? h{x)dx < oo. From 

(2.8), 

R(G,Sn)-R(G,5)   =    [b°Pn(Wn(x)<0)W(x)h(x)I[0<w{x)<i]dx (3.13) 
'C, 

rc2 
+ J   ' Pn(Wn(x) > 0)\W(x)\h(x)I{_^<w{x)<Q]dx 

+  I"" Pn(Wn(x)  < 0)W{x)h{x)I[w(x)>l.]dx 

+ p Pn(Wn{x) > 0)\W(x)\h{x)Imx)<_L]dx 
'bo 

=   I + II + III + IV. 

Part I and Part II are trivial. Since we have \W(x)\ < \ in both, 

I <- f° h(x)dx<-B8 (3.14) 
n Jci n 

and 

II <- f 2 h{x)dx< -Bs. (3.15) 
n 7öo w 

Part III and Part IV are a little more complicated. We treat Part III first. Using (3.6) 
and (3.12), we have 

III < f° P{^== £ Zin < -^nuW2
1(x,n)W(x, n))I[w{x)>x]W{x)h(x)dx 

JCi      y/nEZjn j=i 

< [b° P(   J_ J2 ZJn < -\yJnuW2\x,n)W{x))I[w{x)>,_]W{x)h{x)dx 
JCi      yJnEZjnj=i z 

rb° 2B6e~nu3D21{x'n)w2{x)/8 

JCi   ^nu3D2
1(x,n)W(x) " 

rbo 2Au~5D3(x, n)W(x)h(x)I[W^>L]dx 

b [u-3D2(x,n)YI2^nJnu*D2\x,n)W(x)[l + \^nuzD^\x,n)W{x)f 

f*>o 2B6e-
nu3D21{x'n)w2(x)/8 

-        C     /       3H-1/ N V(*)>^)^ Jci        Jnu6D2  {x, n) 

fbo                       2AD3{x,n) 
+ /     ,  Lw{x)>i]h{x)dx 

Jcx nuW2{x,n)[l + ynuW2(x,n)W(x)}2 l   (>  J 

< 
rb° 2B6e~nu:iDz1(x>n)w2(x)/8 

/      _      = Ish(x)dx 
Jc*        Jnu3D2

l(x,n) 



+ 

+ 

2ßß 

I 
Cl Jnu3D2

1(x,n) 
b° 2ADs(x,n 

Isch(x)dx 

d nu2D2(x,n) 
V + VI + VII, 

h{x)dx 

where S = {x : e-™3^W)w2(*)/8 < _y and s
c = {x : e-nu3D-^x,n)w^x)/s > _^j 

Obviously, 
2 A   rbo D3{x,n 

nw2 VII <~ I    -°r'~[h(x)dx < —B5B8. nu2 Jcx D2(x,n) nv2 

By our definition of S, 

(3.16) 

V < —±= [ ° jD2(x,n)h{x)dx < —=JlhBsB%. 
n.\/u3 JCi n\/u6 n\/u3 JCi 

As for Part VI, we have firstly that 

-nu3D-1(x,n)W2(x)/8 > 

(3.17) 

n 
W2(x) < 

W2(x) < 

AD2(x,n) logn 
nuö 

4ß5 log n 
nu° 

\W(x)\ < 
(4^5 logn 

n«° 

So /s< < V(*)l<^]> where n = y^P.   Note that y/^^1 ^ 0 as n -» 00 since 

« = n~4. Let N3 > N2(> Ni) be an integer and such that for n > Nz, \j
AB^°ln < Vo- 

From Lemma 3.1, when n > N3, 

2Bf 
VI   < 

< 

\/nu3 

2B6 

y/nu3 

B5B7 f ° IScdx (3.18) 

'B5B7B3] 
!4B5\ogn 

nua 

<   ^4BAB,Bl. 
nu° 

Combining (3.16), (3.17) and (3.18), we get that when n > N3, 

III < ^B5BS + -^=JB~5B6B8 + ^^AB3B5B6B7. 
nu* nVuä ' nu° 

Now we deal with IV. Using (3.7) and (3.11), we get 

(3.19) 

IV <    I 2 PH=i==X>in > -y/nu3D2
1{x,n)W(x,n))I[w(x)<_1]\W(x)\h{x)dx 

Jbo yJnEZjn j=i 

10 



< /C2P(^=L= J2Zjn > ynuW^(x,n)\W(x)\)I[w{x)<_1]\W(x)\h(x)dx Jb°        ^JnEZjnj=i * 
fC2 oncp-nu3D2

1(x,n)W2(x)/8 
<       / , ,  I[w{x)<_l]\W(x)\h(x)dx 

,   fc> 2AD3(x,n)\W(x)\h(x)  
Jbo   nu2D2(x,n)\W(x)\[l + ynu:iD^{x,n)\W{x)\}2      '       "J 

<    /      .  I$h{x)dx 
•*b° \JnuzD2l{x,n) 

fC2 2B6 hf ., 
+ /        . Isch{x)ax 

^o   \JnuzD21{x,n) 

+ /-2A£^) 

=   VIII + IX + X. 

Recalling S = {x : e-n«3^-1^«)^)/« < J_} and 5c = ^ . e-nu*D?{**)w*{x)is > ^ 

obviously, 

K//J < -^= /     jD2(x,n)h(x)dx < —ß=JßbB&. (3.20) 
nVw3 •'bo rjy«3 

Similarly to (3.16), 

x <
2

A r #£%*)* < ~^.      (3.2i) nu2 Jbo   D2(x,n) nul 

As for Part IX, similarly to Part VI, we have 

c-n«»Da-»(«,n)^(*)/8 > J_     ^     ^2 4D2(x,n)lQgn 

rar 

ITI7/  M       /4S5logn 
I^OOI < V     ,.,s     ■ nr 

When n > N3, V4j!i^g" < ^ and jSc < /       ^^^^^_    prom Lemma 3.1, 
[\W(x)\<: 

IX   <   -^JB^B-j /     IScdx (3.22) 
\/nu3 Jbo \/nu3 Jbo 

vW v i n«J 

yiog w 
rm3 <    —4B3B5BGB7. 

11 



Combining (3.20), (3.21) and (3.22), we get that when n > N3, 

IV < 
2A 

tBsBßBs H ^B5B8 + 
VIogn 

From (3.14), (3.15) (3.19) and (3.23), we get 

nu° 
4B3B5BQB7. 

R{G, Sn) - R(G, 6) < -^=JlhB6B8 + ^B5B8 + ^^SB3B5B6B7}. 

As n —>• oo, 

nyu 

,!-£_!_ _ „Is L 

nwz nu° 

ni_c—T=^ = ni_Q—rfäjTg = n_5e/8 ->■ 0; 

nx-£-\ = n1-£—br = n-£/2 -» 0; 

^-£^P = ^^r = n-/4,/!^ -► 0. nn-3<r/4 

We get that nl-£[R(G, Sn) - R(G, 6)] -* 0. 
The proof is completed. 

(3.23) 

(3.24) 

§ 4 Proofs of Lemmas 

Proof of Lemma 3.1 Since a(x) < oo for all x, a^(x) exists for all x and all I > 1. 
Then W^(x) exists for all re and alH > 1, since ^(z) = a'(x). These will be used in the 
proof of Lemma 3.2. Now, we need that 

W'(x) =e0 f 9c(9)eexdG(9) - f 92c(9)e6xdG(9). 
Jn Jn 

First, we prove that 
W'(b0) < 0. 

If ^G(60) = 0, then W'(b0) = - Jn 9
2c{9)eeb°dG(9) < 0. If ^G(&0) > 0, then 

V>G(M = Iü9
2c(8)e^dG(8)      Jn9c(9)eeb°dG(9) _ 

lMfc>)      fnOc(6)e0»dG(6)       Jnc(9)e^dG(9)       °" 

Thus W'(b0) = Mbo)[90 - gg] < 0. If VG(M < 0, then 

V>G(M      /n0
2c(0)^G(0) ^ Jn9c(9)e^dG(9) 

< 
Vta(M       In 9c(9)e^dG(9)       Jn c(9)e^dG(9) 

Thus W'(b0) = iPG(bo)[9o ~ fj^g] < 0. Then (4.2) is proved. 

<V 

(4.1) 

(4.2) 

12 



From (4.1), we see that W'(x) is continuous. Then we can find b'0 > 0 such that, for 
any x G [b0 - b'0,b0 + b'0] C [CUC2], 

-W'(x) > \[-W'(bo)] = 2B?. (4.3) 

Note that W(x) > 0 for x G [Ci,M; W{x) < 0 for x G (b0,C2]. Then 

Vo = L  mm „, W(x)] A [     min     W{x)} > 0, 
CI<I<6O-6Q bo+b0<x<C2 

where a Ab — min{a,b}. For 77 < 770, let 

77L = {a::M/(2;)-r?,C1<rr<C2}, 

and 
7?Ä = {x:^(x) = -r?,C1<a:<C2}. 

Since r] < r)o, r)L and 77^ are unique, and 

[VL,VR] C [&O -fc|)A + 6|)]- 

Recall W'(x) < 0 for a; G [60 - &o, ^0 + b'0}. Then /(T?) = r)R-r\L. Using the slope formula 
and (4.3), we have 

-^t^L > 2B-i. 

Thus 
/(r?) < B3V. (4-4) 

Proof of Lemma 3.2 Using Taylor's Theorem, (2.1) and (2.2), a straight-forword 
computation shows that 

£[^§3) (4-5) 

= f f^^-<wm^BW Ja Ja      uh{y) 

=   e0 f f K0{t)c(6)eexe6utdtdG(e) 
Ja Ja 

=   eQ f c(9)e6x[fbK0{t)e
9utdt]dG{9) 

Ja Ja 

=   60 f c(6)e6x[l + ^em [bKo(t)t
meeut'dt}dG(0) 

Ja m\     Ja 

=   e0 f c{9)e6xdG(6)+um f eQe
mc{e)e6x[—y [b K0(t)t

me6ut*dt]dG{6), 
Jet Ja TW. Ja 

13 



where \t*\ < max{|a|, |6|} = c. Also, 

TV-    I Xj -X \ 

=   - / fb' K1(t)c(9)e9xe9utdtdG(9) 
U Ja Ja 

=   - f c(9)e9x [ fb Kx (t)e9utdt]dG{9) 
u Ja Ja 
1     r j,m+l fb 

=   - / c(9)e9x[u9 + -r=- -9m+1 /  Kx{t)t
m+l e9ut  dt]dG{9) 

uJaKl (m + 1)! Ja J 

=    / 9c{9)e9xdG{9) + um f 9m+1c(9)e9x[      1       I K1(t)t
m+1e6utttdt]dG(9), 

Ja Ja (rn + 1J! Ja 

where \t**\ < max{|a|, |6|} = c. From (4.5) and (4.6), we get that 

E[V{Xj, x, n)] = W(x) + umW{x, n), 

where 

W(x,n)   =   90 [ 9mc(9)e9x[— t K0(t)t
meeut'dt]dG(9) 

JQ, Tft. Ja 

- f 9m+1c(9)e9x[,    l   N, f
bKl(t)t

m+1eeut**dt]dG(9). 
Ja {m + 1)! Ja 

Choose C > 0 such that a < Cx — ( < C2 + ( < ß- Then, we can find an iVi such that 
for n > Ni, 

uc < (. (4.7) 

Then 

\W(x,n)\   <   B2\90\cm(b - a) [ \9\mc(9)e9x(e9< + e~e<:)dG(9) 
Ja 

+B2c
m+1(b-a) f \9\m+lc(9)e9x(e^ + e~9c)dG(9). 

Ja 

Let m0 be an even number such that m + 1 < m0. Then 

/ \9\mc(9)e9x(eec + e~ec)dG(0) 
Ja 

< f c(9)e0x(e9^ + e~e<;)dG(9) + f 9m°c{9)e9x(e9<; + e-
ec)dG(9) 

Ja[\e\<i] Ja[\e\>i] 

< [ c{9)e9x(e9(; + e'9<:)dG(9) + / 9m°c(9)e9x(ee<: + e"^)dG(0) 
Ja Ja 

=   aG(x + 0 + aG(x - C) + o$°\x + C) + a{p\x - Q. 

14 



Similarly 

/ \e\m+1c(9)eex(e^ + e-<*)dG(e) < aG{x + Q + aG(x -Q + a{™°\x + 0 + 4™°^ ~ 0- 
Jn 

Since aG is continuous, it follows that 

Ba =       max       cta(x) < o°> 
Ci-c<x<c2+c     v 

and 
R0 =       max       ar    (x) < oo. 

Ci-C<x<C2+C 

Thus 

|W(z,n)| < B2\00\c
m{b - a) x 2(£9 + B10) + B2c

m+1(b - a) x 2{B9 + Bw) = B4 < oo. 

Proof of Lemma 3.3 Obviously, Zjn are i.i.d.   for fixed n.   A few computations 
show that 

u3 Jn Ja h(x + ut) 

=   -öD2(X,U), 
uä 

where 

D2(x,u)   =    [ ffouKo^-K^t) _u2W{xn)Yc{dyxeeuth{x + ut)dtdG{9) 
JnJa h(x + ut) 

Also, 

=    1   i   r» e0uK0(t) -K^t) _u2W{xn)^c{e)eeXeeuth{x + ut)dtdG{6) 

u5 Jn Ja h[x + ut) 

—D3(x,u), 
u5 

where 

D3(x,u)   =    f [b\e°uKf)     K^ - uW(x, n)\3c(9)ee*eeuth(x + ut)dtdG{9). 
JnJa h(x + ut) 
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When n > Nu for any x e [Ci,C2] and t G [a,b], x + tu e [Ci -(,C2 + C] and 

W(x,n)   =   W{x)+umW{x,n) 

< max   W(x) + umB4 
"     Ci<x<C2 

< max   W(x) + B4 
~~     Ci<x<C2 

Let B12 = maxxetd-cca+c] sfe < °° and ßl3 = max*€[Ci-<,ca+c] M^) < °°- Then> for 

any n > Ni and any £ € [Ci, C2], 

fouKoit) - K^t) _ u2 ^   (\0o\uB2 + B2)B12 + u2Bn 

h(x + ut) 
<   (\90\ + l)B2Bl2 + Bn 

=   Bu, 

and 

Therefore 

/ [b c(9)eexe8uth(x + ut)dtdG(6) 
Jfl Ja 

< B13(b - a) [ c(<VVC + e-e<^)dG{e) 
Jn 

< 2Bu(b — a)       max       OLG{X) 

=      Bl R . 

02(*> n) < 5^5, D3(a;, n) < B^S«, ^7^4 ^ B"- 
^2\X, n) 

Letting B5 = max.{Bu, Bf4Bi5, Bf4Bi5} < 00, completes the proof. 

£771 — 4 

Proof of Lemma 3.4 Noting that u — n * and me > 4, num — n 4 —>- 0 as 
n ->■ 00. Since VT(a;,n) < JB4 for all x e [Ci,C2] if n > JVl5 there exists an JV2(> JVi) 
such that |nu"W(z,n)| < § for all re e [Ci,C2]- If W(x) > £, 

nW(x, n) = n[W(x) + umW(x, n)} = nW(x) + numW (x, n)>l-- = ->0 

and 

W{x)     _ nW(x) 
W(x,n)    ~   nW(x) + numW(x,n) 

nW{x) -1 + 1 
-   nW{x)-l + \ 
<   2. 
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Then (3.6) is proved. (3.7) can be proved in a similar way. 
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