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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2582

GENERAL CONSIDERATION OF PROBLEMS IN COMPRESSIBIE
FLOW USING THE HODOGRAPH METHOD

By Chieh-Chien Chang
SUMMARY

The purpose of the present report is to investigate the hodograph
method as it is applied in general to the problem of compressible flow.
First, the hodograph equations are given in various canonical forms
which are convenient for obtaining solutions in the different flow
regimes,

Since the coefficients of the canonical differential equations are
implicit functions, exact solutions are difficult to find. Consequently
different approximations are chosen so that some simpler differential
equations capable of solution can be obtained. For most of the cases,
fundamental or singular solutions are given or indicated.

The detailed development is concentrated on Chaplygin's second
equation. The first-order approximation is well-known as the Tricomi
equation. The second- and third-order approximstions have a rather new
approach. Both approximations follow the exact gas law closely in the
neighborhood of the sonic velocity. The solutions are found to be
Whittaker functions and the associated confluent hypergeometrical
functions. Both approximations can be applied to the incompressible
flow so that Chaplygin's procedure of borrowing the boundary conditions-
can be used if necessary. For the third-order approximation, the corre-
sponding hypothetical gas law is derived and is found to differ very
little from the exact gas law. The transformation relation between the
hodograph plane and the physical plane is also given for the various
solutions considered. '

To make a comparison of the present approximate solution with the
exact Chaplygin solutions, the flow through an aperture, studied by
Chaplygin and Lighthill, is reexamined. There is some difference in
the problem itself, as well as in the method of Chaplygin and Lighthill.
First, the vessel with straight walls inclined at an arbitrary angle is
considered rather than that with the wall at right angles. Second, no
association of the boundary conditions with those for incompressible
flow is made. The problem is treated directly as a boundary-value
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problem. The result calculated with the Whittaker function checks
well with that obtained by Chaplygin and Lighthill.

1 - INTRODUCTION

For the isentropic steady two-dimensional flow of nonviscous com-
pressible fluids, the pair of differential equations in terms of the
stream function V¥ and the potential ¢ are nonlinear, and cannot
be solved analytically except for a few special cases. Chaplygin

(reference 1)l introduced the hodograph method in order to transform
these nonlinear equations to linear ones, so that the available
classical mathematical analysis and the principle of superposition can
be applied. While there is a gain in the linearity of the equations,
some new difficulties arise in the hodograph method. First of all, .
it is difficult, in general, to transfer the physical boundary condi-
tions to the hodograph plane. Second, the flow in the hodograph plane
usually consists of multiple-sheeted Riemann surfaces with a number

of singularities where the analytic continuation of the series solu-
tions becomes very complicated. Third, only one kind of a particular
solution of the stream function - hypergeometrical functions and
trigonometrical functions - has been obtained so far for the equations
in the hodograph plane. By superposition, a series solution is
achieved, but is difficult to apply even if the boundary conditions
are known. Fourth, the transformation between the physical and hodo-
graph planes becomes singular when the Jacobian determinate becomes
zero or infinite. This is likely to happen when the supersonic flow
is imbedded in a subsonic flow region. The existence of the so-called
limiting line (reference T7) causes a breakdown of the entire flow.

In order to obtain some solutions in the case of subsonic flow,
Chaplygin discovered an ingenious method of obtaining usable solutions
for compressible flows by comparison with the corresponding series
solutions of the incompressible-flow patterns as the limiting case in
the hodograph plane. In the case of no circulation around the closed
body, the derived series solutions involve a free constant to be chosen
at pleasure. But fortunately each solution chosen corresponds to a
reasonable flow pattern in the physical plane. As the free-stream
Mach number increases, the body shape deviates from the image body in
the incompressible flow., Thus, in general, the body shape cannot be
preassigned and the compressible flow about it determined at a certain
Mach number. This method has been carried further by Tsien and Kuo
(references 2 and 3), Lighthill (reference 4), and Cherry (reference 5)
on transonic flow up to the occurrence of the limiting line. Some of

1
A classified bibliography is given at the end of the paper.
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their solutions apply to simple closed bodies with circulation. There
are difficulties in the analytic continuation for an arbitrary flow
pattern.

Although Chaplygin and others were pioneers in developing and
adapting the hodograph method to gas dynamics in the early part of this
century, results of the later Russian investigstors were not available
in the English language up to 1940. Since the second World War, the
work of Russians has again assumed prominence in the field, namely,
Frankl (reference 11), Falkovich (reference 34), and Christianovitch
(reference 42). Along the line of formulation by Tricomi, Frankl's
proof of the existence and the uniqueness of the solution of Chaplygin's
equation in the transonic regime is interesting. Frankl and Falkovich
obtained the solution for the channel flow and showed that the stream
function is triple-valued in the hodograph plane of the axially sym~
metrical plane at sonic velocity. These results confirm what has been
achieved by Lighthill (reference 4). Recently, Tomotika and Tamada
(reference 33) have formulated some approximate nonlinear hodograph
equations. A number of interesting particular solutions for the
channel flow have been obtained. Of course, the solutions are not
superimposable., Ehlers (reference 10) and Carrier, slong the line of
Christianovitch, have obtained the fundamental solutions of the Tricomi
equation and the corresponding channel flow to the second order of
approximation.

With the noticon of the correspondence of the incompressible flow
to the compressible, Bergman (reference 6) has developed an integration
method for calculating the subsonic flow. For the supersonic case an
extension of the Riemann method is also made by an iteration process
(reference 41). Bers and Gelbart (reference 55) have similarly developed

a line-integral operator to construct the so~called E -monogenic com-

plex function which satisfies the hodograph equations or the general
Cauchy-Riemann equations in equivalence. All are important contribu-
tions to the solution of the differential equation but offer rather
difficult ways to obtain useful solutions for the flow of compressible
fluids.

In the last few years, Guderley (reference 30) and Yoshihara
(reference 36) have given a number of papers on transonic flows,
particularly with the spplication of the transonic similarity law which
was developed independently by Von Kdrmén (reference 29) and Guderley
(reference 30). They have achieved very important approximate results
in transonic flow.

In the subsonic case, if a linear approximation is used to replace
. . . . Ve rd
the isentropic pressure-density relation, Karman (reference 7) and
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Tsien (reference 14), following another approach of Chaplygin, have
obtained many useful results, particularly the well-known Kfrmén-Tsien
formula (reference T) for pressure corrections. Lin (reference 15) has
discussed the conditions for obtaining closed contours in the physical
plane, if circulation exists. Clauser (reference 2L) recently applied
this method to find the body shepe with preassigned pressure distribu-
tion and this is definitely very useful in high-subsonic laminar-flow
problems., Garrick and Kaplan (reference 20) have another interesting
approach to pressure-correction formulas using Ringleb's solution
(reference 8) of a simple source and vortex.

The present investigation, as the initial step of the research
program of this challenging problem, is mainly interested in the
following three aspects of the problem:

(a) Besides Chaplygin's differential equations (reference 1),
can other useful forms of the differential equations be found system-
atically, particularly. the canonical forms in the different flow regimes?
Of particular interest are the fundamental or singular solutions which
represent the types of singularities encountered in the hodograph plane.
Is there any method of constructing such solutions as shown by Picard,
Hadamard (reference 52), Hilbert, Riemann, and Tricomi (reference 53)?

(b) If such fundamental solutions are too difficult to construct
or too complicated to apply to the flow problem, what other reasonable
approximations, besides the Kérmén-Tsien (reference 7) approach, can
be made so that some useful results can be derived in the different
flow regimes? -

(¢) It is well-known that the boundary conditions of the stream
function V¥ (not the potential @) are well-defined in the hodograph
for polygonal profiles with or without free streamlines up to transonic
flow. As a reasonable preliminary approach, can the compressible flow
around such a given body be found ?

In brief, this paper contains a systematic list of useful forms of
the differential equations. The canonical forms of the exact differential
equations are given for subsonic, supersonic, and transonic regimes.
Unfortunately, one of the coefficients of the equation is an implicit
function of one independent variable. This makes it impossible to con=-
struct fundemental solutions which would be of value for practical
application.

Approximations to the implicit function are chosen in such a way
that the solutions can be found from classical mathematical analysis.
In applying the approximations, three objectives are kept in mind:
First, the differential equation must reduce to the Laplace equation
as M—3 0 or M — M, so that Chaplygin's procedure of utilizing
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the incompressible flow can be followed. Second, in the transonic
range, the transonic similarity law of Kfrmén (reference 29) can be
applied and the simplified boundary conditions can be used. - Third,

the singular solutions and the fundamental solutions in the subsonic
and transonic regime can be found so that the flow can be determined
directly if the boundary conditions in the hodograph plane are assigned.
Or, alternately, the Riemann function in the supersonic regime can be
found, so that an integral solution can be obtained when the initial
value or the Cauchy data along a noncharacteristic line are specified,
Last, the characteristics method can be used,

In the present DPaper, a number of approximstions for the canonical
forms in the subsonic flow are given. The zero-order approximation i1s
actually the same as Von Kirmén's approximation given in reference 7,
equation (63), or reference 13, pages 186 to 188. Both differential
equations of the first-order approximation can be reduced to the
Laplace equation in polar coordinates. The singular and fundamental
solutions have been given.

The second-order approximations to the differential equations can
be reduced to Stratton's equation (reference 70) by means of the
separation of varigbles. The prarticular solutions are indicated.

There are some better approximations which should hold for any
subsonic Mach number. They are shown in section 3, "Solutions to
Canonical Forms of Approximste Differential Equations in Subsonic,
Supersonic, and Transonic Regimes." Similar approximations are obtained
in the supersonic region., Of course, for each epproximation, the
corresponding pressure-density relation must be determined,

If the general class of singular solutions in the hodograph plane
can be obtained, then it should be possible to solve & large number of
problems by a suitable placement of the singularities in the hodograph
Plane to satisfy the desired boundary condition in much the same way
that sources, vortices, doublets, and so forth are used in incompres-
sible flow.

Some investigations on possible approximations to Chaplygin's
second equation are made in section L, "Different Approximations to
Chaplygin's Differential Equation and Their Solutions." This second
equation is more convenient to use 1n flow than the first equation.
The first-order approximation to this differential equation has been
shown by Frankl (reference 11) to be Tricomi's equation. Both the
second~ and third-order approximations are shown to be associated with
Whittaker's equation (reference 61). The third approximstion is suf-
ficiently good that it should give fairly accurate results in all
transonic-flow problems. The corresponding hypothetical gas law is
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shown in section 5, "Hypothetical Gas Law Corresponding to Approximstions

of Chaplygin's Second Equation," and deviates so little from the exact gas

law in transonic range that the exact gas law mey justifiably replace -
it. The transformation relation between the physical and hodograph

planes is also shown for the third approximation.

The polygonal body, either closed or open, is known to give simple
boundary conditions in the hodograph for the stream function V¥ Dbut
not for the potential ¢. The particular solutions obtained by the
principle of separation of varisbles snd the series solutions obtained
by superposition cannot be applied directly without solving systems of
en infinite number of simultaneous equations to determine the infinite
number of coefficients in the series. In this class of bodies with
one or more convex corners; the solution of the incompressible flow
cannot be used because the velocity at such a corner is infinite
according to the theory of incompressible flow. Physically, the flow
passing such a body is always transonic in character, no matter how
low the free-stream velocity is. As shown by Guderley (reference 31)
and Busemann (reference 38) some shock always occurs at such corners.
But with the simplified assumption of the transonic similerity law,
the flow about this group of bodies should be obtainable. In .
section 3, "Solutions to Canonical Forms of Approximate Differential
Equations in Subsonic, Supersonic, and Transonic Regimes," & more gen-
eral simplified equation satisfying the transonic similarity law is .
given and the solutions are shown.

For an open body built with straight-line elements but with no
convex corners the problem can be attacked with the Chaplygin technique
or solved directly as a boundary-value problem. In this case, no free
constants can be chosen, and the solution is uniquely determined.

Owing to the complicated nature of the asymptotic behavior of the
Whittaker function with a very large paranmeter, and similtaneously with
a very large value of the independent variable, the future work will
devote & considerable amount of time to finding the asymptotic solu-
tions corresponding physically to different flow regimes. This is an
important step in solving flow problems with the Whittaker function.
The Whitteker function converges very slowly for a large parameter, and
is quite similar to the Chaplygin function in this respect.

In order to demonstrate the method, the flow through an aperture
ig reexamined in order to check with the results of Chaplygin and
Iighthill., It is found that the third-order epproximation agrees very
well with their work. This is given in the last section of the paper.

This investigation, conducted at The Johns Hopkins University, was -
sponsored by and conducted with the financial assistance of the National
Advisory Committee. for Aeronautics.
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The author wishes to express his deep appreciation to his former
teacher Professor Th. von K{rmén for a long discussion during his busy
visit in Washington in 1949. He also wishes to express his apprecia-
tion to Professor F. H. Clauser for his frequent discussions and
criticisms, without which the author might never have reached the
present results. Last but not least, he should mention the valusble
assistance from Miss V. O'Brien, Mr. B, T. Chu, and Mr, Y. K. Pien.

2 - CANONICAL AND OTHER FORMS OF DIFFERENTIAL EQUATIONS IN
SUBSONIC, TRANSONIC, AND SUPERSONIC REGIMES
2.1 - General Transformation of Differential Equations in
Hodograeph Plane
The pair of Chaplygin's first-order similtaneous partial differ-

ential equations for the stream function V and the potential »¢ in
the hodograph plane (equations (11.10) and (11.11) in reference 13) is

of  Po 1 - M2V

5" P 4 % (1a)
3 po >
%5 !5 )

where po/p and 1 - M2 are given functions of the independent
variable q.

The above system can be transformed to many other forms which are
more adaptable for analysis if a new independent variable Q is
introduced to replace g, thus:

Q = Q(q) (2)

2A list of symbols is given in appendix A,
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In terms of Q, equation (2) yields

P _ w2
ég-qu_—q__—l M ﬂ (3&)
dq dg p q 0
P
éﬁ ==q dq ov (3b)

b p dq 9Q

Eliminating ¢ and then ¥ from the above, & pair of second-order
partial differential equations is obtained as follows:

. -2 32 '
a¢+l-M2(c1Q) Py, vl (Eeqﬁ) -0 (ha)
2 T W) 2 wmwM

g, 1o afagpe B B, [5_ 1 - MQ(E_@)l] ~o ()
BQ2 q2 dq 32 O dq P g dq

Of course, if Q is chosen equal to ¢, the following palr of equations
is obtained:

2 32 2
Py, 1-MEXY 1+ MW (k)
dg2 2 62 q dq
24 2 N2 2
28 , 1 - M2 3 __Q_Gig 1- p1>§g_= o (4)
qu q2 362 da\p q dq

which have been used by Ringleb (reference 8). Now make some proper
choice of the function Q(q), so that either one or both of the above
equations can be transformed to some simpler form.
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2.2 - Chaplygin's Differential Equations - First Form
- In Chaplygin's differential equations of the first form, he

introduced the algebraic relation between Q and q as

y -1 & (5)

2 @0*)2

where a ¥ 1s the stagnation sound velocity. It is obvious that the

Qlg) =T =

range of T (T has an important physical meaning. It is the ratio
of the kinetic energy of the gas to the total energy or enthalpy) is

from O to 1. Figure 1 shows the relation of T, —g;, and Mach num-
a
0

ber M. Equation (k4a) transforms to his well-known equation

. 3| 2r  dv 1-wmr Py
P i 12 ° (62)
T
(L-1) 21(1 - 7T) 06
where B = 1 ) My = i l, and the relations - = (1 - T)B and
7 -1 Y - 1 po
2 1 - |J.lT . .
1-M are introduced. By means of the principle of the

separation of variables, the particular solutions of this equation are
combinations of hypergeometric and trigonometric functions. The dif-

ferential equation in terms of the potential  +transforms to a much

more complicated form

9 lar(1 - T)B+l ég . (1-7)P 3% =0 (6b)
oT 1 - g7 oT 2T 362

and its solution is difficult to obtain directly, but it can be obtained
by integrating the differentials of V. Actually, there are four sin-
gularities of this equation - three regular ones at T = 0,

=4 - ——A;——, and 7 = 1 and one irregular singularity at T = e.
My 28 + 1

Therefore its solution is not so simple as the other equation.
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2.3 - Chaplygin's Differential Equations - Second Form

To eliminate the last term in equation (4a), choose

Qlg) = o (7)

where o is defined by (cy; 1is & constant)
pO ao (8)
or

p dq
g = — ——
ccfpo 2 (9)

Substituting into equation (ka), the last term drops out and

2 2
BZ+ K28\2|f=0 (10a)
d¢o Cq e
where
p2 o l-ulT
K=(—p—9) (l—M)‘= o (11)

In figure 2, K 1is given as a function of T, Of course, K should
be expressed in terms of o. Unfortunately, it is an implicit func-
tion of o and the differential equation is impossible to solve
exactly. Figure 3 shows the behavior of K as a function of o for

the case c; =-1 and 7 = 1.4 where the upper limit of the integra-

tion is q = a*, the sound velocity. It is of interest to observe the
two asymptotes of the K - ¢ curve: (a) K——>1 as M-—0 or

g —» o and (b) K —> -0 as o —> -0.2513. The function o can
be integrated as follows:
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2
-0.2513 + tanh~1(1 - T)1/2 - - T)l/e[; ! ; T, @ ;-r):]

(12)

where T 1is given in equation (5) and 7 = 1.4 is explicitly intro-
duced, 1In figure 4, o 1is given as a function of . If equation (9)
is substituted into equation (Lb),

P, P8 pa _
do° - o2 o0 do (loge K) =0 (10p)

which is rather more complicated.

2.4 - Another Form of Chaplygin's Second Differential Equation

To eliminate the last term in equation (U4b), introduce

Qlq) =v (13)

where v 1is defined by (c, is a constant)

P q dav

—_ —|=]=c (14)

Po 1 - M2<dq) v

or
a’)('
o] -
Y = —C_v ——2 ——-——l M2 dq (15)

p q

Substituting in equation (4b), the last term drops out and

2 2
k32,32 (16)
ov 36
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where K is the same as defined in equation (11) and cy = -1 1is
chosen., Of course K should be expressed in terms of v, if it were
not an implicit function of v. No detailed investigation will be
given in this report.

Similarly it can be shown that

2 2
Ké-—\£+a—£+é\£i1-(loge K)=O (16a)
e 362 v dv

Tt should he noted that equations (10) or (16) are simpler for only one
of the pair, at the sacrifice of the other.

2.5 - Canonical Forms in Subsonic Flow

Tt is well-known that the fundamental solution may be found when
the differential equation is reduced to the canonical form. Therefore,
the canonical form is worth while to obtain. If the velocity is sub-
sonic everywhere in the domain, the canonical forms of the differential
equations can be found in equation (4) in the subsonic or elliptic
range. Take '

Qlq) = w (17)

such that, for M <1,
_ M2 -2

or

dw

I
1

dq (18a)

( 9)1/2 dq . L
Actually dw = *{1 - M - 7;. Here the minus sign is chosen so that

a¥ can be imposed as an upper limit.) After integration,
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g% 1/2
2
W = —Q—;;L)__ dq (]_8b)
q .

Figure 5 shows ® as a function of T, M,'and 0. In terms of M
or T,

2\1/2 -
W= p 1/2 tanh™t 1-M - tanh”l(l - Mg)l/2
1 Hy

n
-
'_J
p
~
n
ct
5
oy
it
= ]
}_l
1
3
ﬂ
-
~
no
I
d
[oV]
=
D‘l
'—J
-
1
=
_‘
S—”
~
—
'_I
o
@]

7V 3 v 4 1/2

-é-d—)z- + '59—2 + gw— a(lo e K ) o) (193)
2 2

.a_Q_s + a_q - ig .g'_(loge Kl/z) = 0 (l9b)

If V¥ = K_l/uW* and @ = K;/4¢* are introduced, the above equations
can be written as

2 * 1 A\2 "

x| FY* _3_(I_<_>_;§_*=O (19¢)
a2 592 16\K P ¢ :
82¢* 82¢* r 1 /K 2 1 K" * _
Rl v CO R £ (A (194)

which are the canonical forms of the differential equations in subsonic
flow and were first pointed out by Bergman (reference 6).
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X | |
K1 M
= - , (20)
-1y M2)3/2
a(10ge x1/2)

Figure 6 shows ™ as a function of w.

Unfortunately the coefficient of the first derivative is an
implicit function of « and also is singular at M = 1. This prevents
the use of Hilbert's and Hadamard's approach (reference 52) to formulate
the fundamental solution. Bergman (reference 6), Bers (reference 17),
and Gelbart (reference 27) in this country and Eichler (reference 58)
in Germasny have given the integral solution of equation (19) but the
process is very complicated. The present paper will give some solu-
tions of the above differential equations (19) under certain
approximations.

2.6 - Canonical Forms in Supersonic Range

If the velocity q in the flow is entirely supersonic, take

Qa) =0 (21)
where ( 1is defined by
M2 - 1{an)? ‘
—- = = 22
2 (dq) ! (222)

q

or, if the positive sign is chosen,
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After integration,

q (M2 ; l)1/2
q

dq (22b)
a ¥

where Q can be expressed in terms of M or T, each in two ways,

2 1/2 '

Q = ull/2 tan'l<¥;al—}> - tan'l(M2 - 1)1/2

' 1
gt - 1 1/2 HeT - 1 1/2
= ull/g tan_l&%j%rtf;g] - tan'l —%—:f:— (22C)
or
: 1/2
Q= “1/2 COS-l it - cos'l %

M2+ (“l - l)

- +y]1/2 1/2
u11/2 cos-1 b1 - 7) - cos-1l|—L =T (224)
! by -1 (wp - D

Figure 5 also shows § as a function of T. Actually Q is a dis-
torted velocity magnitude such that Q = t6 become two families of
simple straight characteristics inclined at 459, (Refer to p. 215 of
reference 13.) Equation (4) becomes

éfﬂ - éf! ;v a log, (-K)l/%] =

302 %2 M an " (2se)
¢ 326 3
®
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In the hodograph plane, the characteristics are the same as those of
the simple wave equation and are invariant to the behavior of K(Q).

If V¥ = (-K)_l/uw* and ¢ = (-K)l/u¢* are introduced, the following
equations are obtained:

52\1[* 32U* 3 "2 1 K" .« B '
N [1_6_(% TrE O (23¢)

* * '2 7" |
ﬂ?ﬁ_+[l_l6(1<_) +%K_]¢*=o (234)

592 39° K K
dE-Oge (‘K)l/'_z] (ul - l)'“lTe
s (137 - 1)3/2(1 _ /2
by Mt (o)

wy - 1 (M? j 1)3/2

d[lOge (-K) 1/2:\

aQ

function (reference 52) always exists uniquely and the solution of both
equations can be constructed theoretically for a region bounded by
characteristics if the Cauchy data are given along a line that is not

a characteristic. Owing to the implicit nature of the coefficient

é%‘;oge (-K)l/é] as a function of §, the Riemann function and the

as a function of . The Riemann

Figure T gives

solution will be too complicated to construct. Besides for the super-
sonic flow the Cauchy data in the transformed hodograph plane are not
completely known in general. Therefore the Riemann function is not
of much use in the hodograph method.

The present paper will also show some solutions to the differential
equations under certain approximations. It should be noted that
and ® are related by & = iw 1if it is desired to extend the defini-
tion of @ to the supersonic side. Such an extension seems very

obscure as yet in its meaning. Fortunately (dQ)2 always occurs in
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differentiation, and the derivative of the logarithmic term does not
depend on such an extension. Therefore equations (23a) and (23b) are
single-valued.

There is another interesting feature of the canonical form. In
the hyperbolic region, the characteristics are the same as those of the
simple wave equation while in the elliptic region the imaginary char-
acteristics are the same as those of the Laplace equation. They are
invariant to physical conditions. The physical law influences only
the first-derivative term.

2.7 - Canonical Forms in Trensonic Domain

Now choose Q(gq) = ¢ where ¢ is defined by

L2 paene2
1-M qu (Z_Z) - +1(e) (25)

and where f(€) is an arbitrary function. (The upper sign is to be
used for subsonic flow and the lower sign for supersonic flow. ) Then,

| (1 - w2)| V2 |
fl}(eﬂl/g de = f[-( q)] dq (26)

For M< 1 choose

12 _
f(E')<d€ ) -1 e (25a)
dqg q2
Equations (4a) and (4b) can be written as
32y Py N a k /2
f(e! 1 —_— =0 2
56'2 + flet) 592 * de' de’ O8e [;(s'{] (27a)

B, ey TP a {loge E(f(e'i_]l/g} =0 (2M)

Je12 , 362 de!' de'
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where €' is used for ¢ in the subsonic region, For M > 1 choose

'" ae"\2  M° - 1
£(e )('&T) - | (25b)
BQW _ f(€N) aew.+ BW d iog ('K) 1/2 =0 (28&)
(d¢™)? 32 0€" ae" |7 ° [r(e")

8 pem 3B B 2 {}oge [E_K)f(eni]l/é}, w0 (28B)

(3¢™)? 267 Oe” ae”

where ¢€" is used for ¢ 1in the supersonic region.

It is interesting to note that the above two sets of equations can
be combined into a single set if f(e¢) 1is an odd function, that is,

2 2
f(e)(§£> M -1 (25¢)
dq q2
Y Ry 4 (-x)]%/2 .
-1 . S = AZD/ =0
3¢ £(e) 362 36 ae | f(s) (29a)

O pe BB E_{loge E—K)f(e)]l/g} -0 (29b)

2
862 892 - Be de

which are valid for both M<1 and M > 1. It should be hoted that
€ >0 for M>1 and ¢< 0 for M< 1.

The canonical form of the mixed differential equation is explained
as follows. If, follgwing Tricomi (reference 52) f£(¢) 1is set equal
to € and -K = (29) (M2 - l) is introduced, equation (29) reduces to

p




NACA TN 2582 : 19

2y 3% 13y a I: —K:| _
862_€392+—2- € de loge(e) =0 (30a)
32¢ 3¢ 13 a ~
e oE 3 aclose (o) -0 (300)

which are valid for the mixed region. They can be obtained directly

b ) 3_(3,\2 | . i 3_(3.)¢
y setting ¢° = (2 Q) in equation (23) if M>1 and -€~ = (2 W
in equation (19) if M < 1. These may be called the canonical forms

of the differential equations in the transonic region. The solution of
the exact differential equation is obviously difficult. Some singular
solutions of the above equation under approximations can be obtained

as will be shown later,

It is well-known that the characteristics are fixed for all linear
hyperbolic differential equations. But there is an interesting feature
in the canonical form such as equations (30a) and (30b), because the
characteristics are fixed and invariant to the function K(e¢) or to
the physical problem from which the differential equation is derived.
The characteristic equations are

(6 - 60)% -

Ol &=
m
H

which represent two families of characteristics of cubic parabolas with
cusps at their points of intersection with the € = 0 axis.

Figure 8 shows € as a function of ® and . Figure 9 shows

1/2
€ 4 loge (:K) / :] as a function of «.
de €

3 - SOLUTIONS TO CANONICAL FORMS OF APPROXIMATE DIFFERENTIAL

EQUATIONS IN SUBSONIC, SUPERSONIC, AND TRANSONIC REGIMES

In the last section, the general derivatives were shown of the
canonical forms of the differential equations in the different regimes,
At the same time, it is found that the coefficlent of the first-
derivative term in any one of the canonical forms is always an implicit
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function of one independent variable, The exact solutions are very
difficult to obtain. It seems justifiable to seek some differential
equations with an approximate coefficient for the first-derivative
term so that solutions are relatively easy to formulate. Of course,
the validity of the solutions thus obtained must be examined and the
limits of the range of application must be defined. In this section,
the solutions of the approximate differential equations will be given
and their applications will be discussed.

3.1 - Subsonic Canonical Forms - Equations (19a)
and (19b)

In the subsonic case three approximations to the canonical form of
the differential equation will be given. Figure 10 shows the exact

2
curve of Kl/2 = %?(1 - Me)l/ against w.

Zero-order approximation of Von Kdrmén.- In reference 7, Von Kérmén
suggests taking

/e 2 Bofy 4) 25 ol - w2) Y2 JES

where p, and M, are the density and Mach number at the free stream.
In figure 10, the horizontal dotted line shows the approximation

Kl/2 . It is apparent that the approximation becomes better as

o0

®w-—>0 or M—» 0, With this approximation, the coefficient of the
first derivative becomes zero in equation (19) and so

2, 32

ﬁwu :—%= 0 (328)
o

24 32

2;% + é—g =0 (32p)
06

which are Laplace equations. These equations are invariant under
translation and rotation. Therefore, ® can be set equal to O at
sonic velocity a* and so defined as




NACA TN 2582 21

a¥ 1/2
w = 9———’5:—2)—-— dq' (33)
q

Of course, Chaplygin's procedure of utilizing the incompressible-flow
pattern to find the corresponding compressible flow can be followed.
There is another possible approach. If the types of singularities and
their locations in the flow of the hodograph plane are known and if,

in addition, the boundary conditions of the stream function are known
under reasonable assumption or under assignment, the solution of the
flow should be obtained uniquely by superposition of the fundamental
solutions corresponding to the types and location of the singularities.
After the solution in the hodograph plane is obtained, the corresponding
flow in the physical plane should be checked to determine if it is pos-
sible or not. To serve such a purpose, the fundamental solutions of ¥

and ¢ due to a source at w, and O, are given as an example.

¢(w,9; wb,eo) = -log, [:w - wb)2 + (9 - 90)%11/2 (34a)
W - W
W(CD;QS Wy O0) = ~tan™1 b—f_—-e—z‘ (3kp)

Of course, with the simple source, there can be built up the potential
and the stream function of higher-order singularities such as doublets

and quadrupoles. Actually, it is more convenient to treat the problems
with functions of complex variables, because V¥ and ¢ are harmonic
functions. ~ '

First-order approximation of the canonical form.- It has been known
for some time that the above approximastion is not very good at high-
subsonic velocity. A higher order of approximation can be made as
follows. Instead of taking the approximation as given in equation (31),

the approximation can be made accurate to the slope of the curve Kl/2
against  at the free-stream condition, that is,

Kl/g ~a+ bw (35a)



if 0= 0y
is shown in figure 10.

Introducing © = w +

. - (Kl/z . @12>Mw
(e

is chosen as the free-stream condition.
Then equation (19) yields:

b X _
32 g2 &+ bw ow
g , 3% b df _
2 362 Y E T 00 o
% into the above equations,
R A -
32 - 0K
0% __ﬁ 1 _,
852 ae % O
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(35b)

(35¢)

This approximation

(36b)

(37a)

(37p)

These are identical to the equations of Stokes and Beltrami for axially

symmetrical flow.

The particular solutions of interest are the well-

known Bessel and trigonometric functions, and are not given here.

These differential equations are invariant under translation in 6.
"Hydrodynamics," the singular solution corresponding to a

From Lamb's

gource at Wy = - = Or O, =

a .
B 0, 65 1s
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\ Blo+ 5,05 - 5.6,) = 1 (38)
‘ b b’ 0o lzd)+ %?>2 . (9 i 90)%]1/2

Recently Weinstein (reference 56) has shown that, for the axially
symmetrical potential, the fundamental solution for a source at

(‘“o + %,90) is

_ -loge[(a) - a)o)2 + (9 - 60)2]1/2
n(wo + %)1/2(w + %)1/2

where the function R(w + %,9) is regular at the point (wo + %,90).

The corresponding singular solution to the stream function is

Vo 205 - 20) - % (40)

(o 55 (e ]

The fundamental solution of the stream function is not given here,
because it is long and involved. The singular solution for more com-
plicated sources can be built up easily. Therefore, if the boundary
conditions and the locations and types of sdéurces are given in the
hodograph plane, the flow in the hodograph plane can bte found with the
classical technique of boundary-value problems. If the boundary con-
ditions are not known, the series solution of the incompressible flow
may be considered and Chaplygin's procedure followed.

Second-order approximations.- Choose the following approximation:

Kl/2 ~ &+ b+ cof (k1a)
where
1/2 21/2
. Kl/Q_wd_K__>+Lw2§_I£_ (1)
. o1 0P : »
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axt/2 g2¢1/2 ‘
b = - 5 (k1c)
dew aw”™ Ja=w,,
2,1/2

o0

This épproximation is also shown in figure 10. Then equation (19) yields

2 2 '
8\V+8\l’ b + 2cw 8\lf=o ()+2a)

Qe 6  a + bw+ cuf oW

°¢ 62¢ b+ 2co  Of
=0 hob
P ¥ d6° ¥ a + bo + cwf oW ( )

These equations can be written in another form by introducing_
w' = 2c w - ll-) (if be > hac).
(b2 - hac)l/2 2c

% + > + (w']. P— )5¢ =0 (43b)

3’2 982 -1 o + 1/ow

The particular solution can be obtained by the principle of separation
of variables, if it is assumed that
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Wor,0) = ¥V (@)Y (e) - 217 32} My ()
flo,0) = 6, (0)g,(V(e) = 81m WL g (V) () (ko)

where wi and ¢l satisfy the ordinary equations °

2
a2y, ., av

5 - 22 = ovA =0 (458)
(do')®  (0')F -1 9
d°g : ag

(@)2 ()2 .1 @

which are special cases of Stratton's equation as shown in reference 70,
The particular series solution can be obtained but it is too long to
give here.

Comments on above three approximations.- If the above three approxi-

mations are plotted in comparison with di(loge Kl/2> against w 1in
. w

figure 6, they are not satisfactory. The zero-order approximation
' a 1/2

d—w-(loge K / ) at

Wy ., M2y not be zero. The first-order approximation becomes roughly the

zero~order approximation to éi(loge Kl/g) at w,, while the second-

maintains a zeroc value, although the true value of

order approximation becomes roughly the first-order one. It is apparent
that the above procedure can be repeated to find all the approximations
to the curve in figure 11, but this kind of approximation is not shown
here. Some other approximations are given to take care of the asymptotic

behavior of c%ﬂ—)(loge Kl/g) as o —3 0 and W —3> .,
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Approximations to singular behavior of g—(s(loge Kl/g).— Figure 11

shows the curve of dil—(loge Kl/2> against . Some simple calcu-
W

lations will show that lim %(mge 1/ 2) = - %- and
®»~—>0
%Eoge %Q(l - M2) 1/2] —>0 as o — oo, Therefore, a simple, but

good, approximation is to assume

-d—(lo Kl/e) =K .2 46a,
- \Lo8 s (Lk6a)
The constant a can be chosen in two ways:

(1) Choose a = - —%‘- if the exact behavior at sonic velocity is
desired. This is shown in figure 1l.

1
(2) Choose a such that & = (K—) , if the flow velocity in
, Do 2K/ j=5

the neighborhood of free-stream velocity is desired. If w, 1is

/
infinitely large, it automatically reduces to Karmén's approximation.
This case is also shown in figure 11.

This approximation is important because the fundamental and sin-
gular solutions can be obtained similarly to equations (38) and (39)

except the one-half power is replaced by the % power,

The next approximation along this line is to assume N
—@—(10 1/ 2) N / 46b
dw Be o(l + bw) ( )

where a and b are two free constants to be chosen.
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A few choices can be made:

(1) Take a = -1 and b to be such that £ = 3
3 2K ww(l + bww)

the interest is in the sonic and free-stream velocities.

(2) Take a and b such that ——=8B—— = (KL and
w(l + bw) 2K/ =0t

1
(E—) are satisfied, for example. This case, shown in the
2K w=0, 50,

graph (fig. 11) checks well with the exact curve. The differential
equations are simplified to

2 2

OV o __a M. (47a)
B¢? 362 (1l + bw) dw

2 2 .
o°p + o + 8 ég =0 (47p)
awg 892 (l)(l + b(J.)) ow

Similarly, it can further be assumed that
K' a(l + bw) (46c)

2K " (1 + co)

where a, b, and c¢ are free constants, One case is shown in the
graph (fig. 11) with a, b, and c determined from the values of %é

at 0.5w,, ® , and 2w, It checks very well with the exact curve.

3.2 - Supersonic Canonical Forms - Equations (23a) and (23b)

Zero-order approximation.- Following the approach of Von Kdrmén in

the subsonic case, there can be chosen in the supersonic case the
approximation

(_K)1/2 _ %Q(Mg ) l)1/2 N EQ(MMQ _ l)1/2 (43a)

o]
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and
(o )i/2 ‘
&= ﬁgg____il___ dq' (43b)
a% 4 .

where q is always supersonic in the domain of the flow pattern. Then,
the coefficient of the first derivative in equation (23) is zero, and

2, N2 <
LA A (L9a)
02 6° - '

24 32

which has the solutions

[

¥(2,6) = Ryl + 0) + Gyla - 6)

#(2,6)

F¢(9 +0) + G¢(n - 0)

which are well-known classical wave functions. The approximation is a
straight line parallel to the Q-axis as shown in figure 12 with Q =Q_.

First-order approximation.- Along the same appfoaéh as the subsonic
case, it is easy to show

Beg _ 822 _ B v -0 | ; (508)
30 36 a' + b'g o :

2 2 .
¢ P, v F (50b)

0 .
302 392 & *+b'e oQ R
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where

a' = (-K)l/2 -0 gi:gli{?]
L oo

bt = E('K)l/g]
a0 lo=q_

Introducing @ = Q + %% into the above equations,

oo}

S22 _ 2P .o (51a)

¢ g 1 ¢
— - —Z+=-L=0 (51b
3 3° [ )

If the following characteristic coordinates are introduced,

A=Q+ 6 (52a)
w=-90+86 (52b)
and then,
3%V A A
% 20 - p)<5i i 55) =0 (532)

¢ 1 ([ a¢>=
M 20 - W\Or ° (530)
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which are Euler-Poisson's equations with B = B' = - %? in ¥ and %

in ¢. The Riemann function corresponding to V¥ can be shown to be -

(ko - )2 - 2)Y°
(n - A)

. 1.1, 4.
F(hoks Aoshg) = 2Fl(— S -5 L o) (54)

-— 1
where A4 (or Qg + 90) and W, correspond to Q. + %T and 60, the

point of interest is the hypergeometrical function, and
J r l

(- %)k - w)
(A = o) (K = o)

g =

It becomes too cumbersome to write the Riemann function in terms o
of the original coordinates Q and 6. This approximation is shown at
Q =Q, in figure 12. Since the Cauchy data are difficult to assign to
the potential the corresponding Riemann function becomes useless. There-
fore, with the above Riemann function ¥ +the stream function ¥ at a
point (Qo,e) can be found by the Riemann method, if the Cauchy data
are sufficiently given. In general, even if the Cauchy data are suf-
ficiently known in the hodograph, the Riemann method is rather difficult
to apply.

Second-order approximation.- Following the same proceduré'as before,
it is not difficult to show that

- + — =
3 26° ol

2 2
32y aw_( 1 1 \ov _ (55a)
Q+ 1

Lol
1

2l
1

O+ 1 o0

32 w°

52g432¢+( 1. 1)-5-}’{=o (55D)
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where
O = 2¢! bt ' - L
" (b')2 - ua,cjl/e(" i 2c') ()25 berer)  (56)
2(_x\1/2
- (57)
an Q=0

The Riemann function of V¥ is under investigation, and is not so
easy to obtain unless a long series solution is adopted. However, the
particular solutions are of Stratton's type, but are not given here.

Some better approximation of the coefficient é% log, (—K)l/%] can

be made, but the solution to the resulting equation will be more diffi-
cult to obtain.

Comments on above approximations.- The above approximations become
worse as {, —> O or M —— 1. Even at very large Mach numbers, they
are not very optimistic approximations.

3.3 - Approximations to Transonic Canonical Forms -
Equations (30a) and (30b)

Take the transonic canonical forms of equations (30a) and (30b)

32y 3 1 4 I: -K] _
S Eseaslon (F) -0 (302)
g %4 138 a ) )
_Qaeg St Eoge ( Keﬂ o (30b)



32 NACA TN 2582

Following Guderley (reference 30) introduce the variable

¢ = (ﬁ) —_—= (supersonic) (58a)
2] 37 2
- () L-2 (ouwsonte) (58)
= {5 ;E = ;E subsonic 5

It is interesting to note that £ >0 in the supersonic side and t <o
in the subsonic side of the hodograph plane. The equation ¢ = 1 corre-
sponds to the pair of characteristics starting at € = O on the sonic
line., The independent variable 6 can be eliminated in equation (30a)
and equation (30b). Since the two equations are equivalent in behavior,
only equation (30a) is treated here. Thus there is obtained

¥ 2, PV 3 o] 1k, et a[ K]
Q(; - 1) — - 3 et gg—gz + 5 525 + SE {}"5 + 3 £ - ¢ Te log. (:;) +

o )€ a -K N -
<18 a;{éége (:;}] =0 (59)

Now examine what conditions must be imposed on ¢ éL log, (%Ki]
€

so that the variables € and ¢ are separable in the above equation.
First, assume

V(e 8) = ¥p(e)vo(t) (60)

Equation (59) yields

a°y ay ay
- 2 1_Jl_2€e "1 _ €4 -K 2 _
-0 — 1z {3 3V de 6 de |:10ge (e )] M A Y

\O |
félm
(SR IS
o | e
@
n] <
'_l
O | -
<| m
'_l
& &
}_l
o
Sle
s
0Q
0}
T
|
)
<
S
!
o
—~~
o\
}__J
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where K = (%?) (l - Me) is a known function of ¢. In general, the

above equation cannot be solved unless the following conditions are
imposed:

1 2 @y e q [ (-Ki]_
3 g@z de 6 de %oge </ ag + Bg . (62a)
and
2 4% &y
1l e 1, 1 ¢ le d -K\| _
9 Y] g2 9¥ de 2 az[ioge (:;)] = ogBs (62b)

where ag and Bg are individual constants to be chosen later. Equa-
tion (61) can then be written as

v, av,
g(l - C) dgg + Eg" (1 + ag + BS)%EE— = Q'SBS\VE =0 (63)

which is a hypergeometric equation. Its singularities are ¢ =0, 1,
and o, The general solution about € = O is

2F1(°“S’Bs5 > g) |
¥a(t) = ]J2$0g|<1) © (6ha)
1,3 g)g

1
zFl(CLS + E’BS + E; 5;

The solution about ¢ =1 is

1
% -ag-B
(1-¢)27% seFl(%_as,%--BS;%-(LS-BS+1§l—;)

¥o(b) = (]1 -t] < 1) (6kv)
L _o-
Cl/g(l - )2 @sPs zFl(l - ag,1 - Bgs % -ag - Bg +1; 1~ §>




3k NACA TN 2582

Following Kummer (reference 61), all the 24 solutions about the
3 singular points § =0, 1, and « can be obtained. The triple-
valued behavior of Vn(f) for ¢ = O can be shown easily. This

agrees with the results of Lighthill, Guderley, and Carrier., ' Under
the imposed condition, it is not difficult to show that

Constant (65)

€3asl:l } CS€3(BS-QS)]

where g # Bg and cg 1is a free constant to be chosen later. Also,

Vp(e) =

=i
be calculated from equations (62a) and (62b):

if by definition zg = £ L|iog. (=X)|, its approximate value %. can
e \ ¢ 5

1+ cse3(Bs_a5)

3(Bs’as)

1 - Cg€

ES =1 - 3(Bs - as) (66)

The exact value of zg can be determined from equation (25a) with

f(e) =¢ and K = (‘:)—0)2(1 - MF).

It is necessary now to choose the approximate variable Es 50 as
to have the same ordinate and slope as zg at € =0 (or M =1) if

the flow at sonic speed is of particular interest. It can be shown
that, at ¢ = 0,

z. =0 (67a)

dzg 4 Je a [j (—KE] ~
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These conditions determine

2cge

?S = - 5 ' (68a)
1 - Cg€ : :
Bs=as+-§— (68b)

where cg x -0.525, With the approximation to equation (30a), the
approximate differential equation becomes

QEE e d%y 2cg QY

- —_— = 0 6
de2 32 1 - cge O¢ (69)
The singular solutions of this equation are
~3ag - 1. 962 |
€ (l - cse) 2Fl(us,as + 3’ X Z;_
¥(e,0) = (70)

S AR R R 1, .95 3 9°
€ (1 cse) 263/2 o 1<15 + 2,a + g o’

where ag should be chosen to avoid the limiting line in the physical
flow pattern. It should be noted that equation (69) and its equivalent
equation of ¢ (not shown here) are one order higher in approximation
than the Tricoml equation. In other words, the Tricomi equation is

equivalent to taking zg = 0 for all values of €. For negative
values of ag, the singularity of V¥ is at € = éLu If ag 1is posi-
S o
tive, there are two singularities of V, one at ¢ = O and other at
1
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4 - DIFFERENT APPROXIMATIONS TO CHAPLYGIN'S SECOND

DIFFERENTIAL EQUATION AND THEIR SOLUTIONS

From equations (10a) and (10b),

—_— + K ——2' =0 | (Yla)
2 2 ‘
% , P -—d-—(loge K)éé =0 (71b)

2
where K = (%?) (l - M2) is an implicit function of o¢. The exact
solutions are difficult to obtain. Chaplygin (reference 1) in his
researches on subsonic gas Jets chose K =1 so that his equations
become Laplace equations. As shown in figure 3 this is a reasonable
approximation if the maximum Mach number in the jet is much less than
unity, because K = 1 is actually the asymptote for the true K - o
curve at M = 0. Kérmin (reference 7) and Tsien (reference 52) extend
the idea to the linear approximation of the pressure-volume relation
corresponding to the free-stream condition, also obtaining a Laplace
equation and achieving many fruitful results of technical importance.

In the transonic flow, of course, such approximations cannot be applied.
Von Kdrmén (reference 29) in 1947 gave the approximate differential equa-
tions which are valid when the flow velocity is in the neighborhood of
sonic velocity and when the body in the flow is thin. He also found the
transonic similarity law which gives a satisfactory prediction of the
wave drag for thin bodies. In the hodograph plane, the approximate
differential equations are of the Tricomi type. The concept of the
similarity law has been further discussed by Kaplan (reference 39) and
Guderley (reference 31) and extended by Tsien to hypersonic flow. The
main contribution of the transonic similarity law to the hodograph
method is: Instead of investigating the flow about a given thin body,
the flow of a body with the same thickness distribution as the given

one but of vanishing thickness ratio can be investigated. Because of

the vanishing thickness ratio, the boundary conditions can be simplified
in the hodograph plane and are shown to be consistent with the approxi-
mation applied to the differential equations. Under these conditiomns,
the problem becomes a boundary-value problem of the type studied by
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Tricomi. It is unnecessary to use associated boundary conditions from
the incompressible flow as done by Chaplygin. After the transonic flow
of the body with vanishing thickness ratio is obtained the transonic
similarity law may be applied to find the aerodynamic behavior of the
given thin body.

The success of the above approximation encourages the author to
seek some higher-order approximations. First take a look at the
K - 0 curve shown in figure 3. It has two asymptotes: One is K = 1
and the other is o = -0,.2513. It is a monotonic increasing function
of o .within the range -0.2513< 0<w; at o =0, K =0, It is
understood that o > O corresponds to M< 1 and o< O to M> 1.
The main interest of the investigation lies in transonic flow. There-
fore, if possible, the approximation should be so chosen as to maintain
the behavior of the exact K - ¢ curve at and near the sonic velocity
(0 = 0) and at the same time preserve the asymptotic behavior of the
exact curve as M —» 0 (0 — ») and M —3 » (0 —3 -0,2513).

Just as important, the approximation equation should possess solu-
tions within the reach of classical mathematical analysis. With these
few criterions in mind, it can be seen that the Taylor series expansion
of K about o =0 is not a favorable choice, although the first
approximation to be shown below is of this nature.

b - First-Order Approximation in Neighborhood of Sonic Speed

Frankl (reference 11) in 1945 obtained the Tricomi equation from
equations (71) by letting K =z Kl = a0 and consequently

+ ag =0 (72a)

—L + a0 —L - =L =0 » (T2b)
362 362 O do
*
dK @
where a = {-— ~ 9.42 and ¢ = £ 1 dq as given in the
ao Jg=0 q Pod

earlier definition, The comparison of the approximation lkl with the

exact value of K 1is shown in figure 3. From the figure the range of



38 | NACA TN 2582

validity of this approximation is very narrow, only in the immediate
neighborhood of the sonic velocity a*,' The solutions of these equa-
tions have been fully investigated by Tricomi in his famous thesis
(reference 53). Carrier and Ehlers (reference 57) and also Weinstein
(reference 40) have further investigated the singular solutions of

these equations; Tomotika and Tamada (reference 33) also made interesting
contributions to the singular and fundamental solutions. Recently
Guderley (reference 31) made an extensive study of the singular solutions
and showed a very important singular solution corresponding to a family
of airfoils at sonic speed. Guderley and Yoshihara (reference 36) gave
the flow over a wedge airfoil at Mach number 1. They employ an elegant
method of attack in solving the problem.

In the early days, Buler and Darboux obtained the fundamental solu-
tions of the same equation in the pure elliptic and in the pure hyper-
bolic domains as pointed out by Tricomi (reference 53). The importance
of Tricomi's work is the recognition of the differential equation in the
mixed domain, that is, partly elliptic and partly hyperbolic, and the
proof of the existence and uniqueness of the solutions in such a mixed
domain., Following the footsteps of Tricomi, Frankl (reference 11) has
shown the existence and uniqueness of the solution of Chaplygin's second
differential equation in the mixed domain, particularly on two problems,
one being the detached shock wave of a wedge and the other being the
supersonic jet from an inclined-walled vessel.

4,2 - Second-Order Approximation

From the comparison of the first-order approximation and the exact
curve in figure 3 it is immediately apparent that some improved approxi-
mation should have a wider range of validity than that given by the
linear approximation. The usual technique of taking higher-order terms
in the Taylor series would not be particularly helpful because they
would not improve the asymptotic behavior for large negative values
of K and for large values of o. Therefore, choose

ao

]
—
-3
w
A

K(U) =k2(0') ;—-—&.—‘

O and c¢ can be chosen in

dK
where a = (__2) = il(:—) = 9,42 at o
do do

any one of three ways:
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a°K, a°k
(1) = at o = 0, favorable for transonic range
do? do2

(2) ¢ =a so that EE =K —»>1 exactly as ¢ —> w, favorable

for transonic and subsonic range

(3) ¢ =-1/0.2513 so that ﬁé = K — -» exactly as ¢ —» -0.2513,

favorable for transonic and supersonic range

It is interesting to note that, in equation (73), ié ——9—%, a

finite value, as 0—3 », and ﬁé —>0© as ¢ ——e-—%. Thus, for any

one of the three choices, fé always has two desirable asymptotes.

Therefore, the approximation should be fairiy good in the subsonic range
and supersonic range. Of course, if Chaplygin's procedure of using
boundary conditions similar to those for an incompressible flow is
followed, the second choice is a favorable one. Cases (1) and (2) are
shown in the figure. Both seem good in the transonic range. Case (3)
is not shown. The only known second-order approximation is given by
Loewner (reference T73). It is also shown in figure 3 for comparison.

With the above approximation equations (7la) and (71lb) become

%Y , _8ac 2y
502 1l + co 892

-0 (Tha)

d2¢ ag %% . 1 op _

Jg2 * 1+ coyg2 ol + co) S0 © (Tho)

Equation (74a) can be solved as follows:

Assume the variables in V¥(0,0) separable and let

¥(9,8) =v; ™ (o, ™ 0)
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where the positive integer n 1is introduced to characterize the nature
of the solution

- c39 + ¢y (n = 0)
n
Wg (9) = .
cos
cip (028) (n #0)
where the positive constant A is so chosen that sin (nM8) is

cos
periodic for any fixed interval of 6. For n % 0, Wl(n)(o) satisfies

the equation

dEWl(n) n°)%a0 (n)

do? "1+ co V1 =0 ' (1)

1/2 ’
Introduce a new independent variable 2z = EnX(g) QI+ %). Obviously,
in the range —% € 0 € », the corresponding range for z is 0< 2 <€ .

Equation (75) yields

2y (n)
asv (z)
Sl G U N A PARC TP R (76)
- ao? boo®
which is a particular case of the Whittaker equation with m? = % (for

1/2
a reason to be shown later). Here k = %LGE) > 0.
c\c

Before the choice of the solution is made from the known results
of classical mathematics, a clear understanding of the nature of the
desired solution when ¢ — » or when the flow becomes incompressible

is necessary. As 0 —»®, 2z —> o and wl(n)(z) must behave
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+Z
like e 2 from the limiting case of equation (76). Furthermore
(n) sin nA8
Wl (z) will be just a single term of the convergent infinite
cOS nAf A

(n)(z)

series which represents W(U,G), to be shown later. The term ¥q

-2
should remsin finite when ¢ —» ». Therefore, wl(n)(z) ~ e 2 as

0 —> ® 1is necessary.

(n)(z)

With the desirable asymptotic behavior of 12} at large
values of o 1n mind, the only choice is '
n n
0P =W o)
2
whose integral representation (see reference 61) is
-Z (0+)
2 .k k-1
W) (2) = Ik + 1)e * 2 (-t)'k"l(l ¥ ;j-) etat  (77)
k,-5 2ni
. 00

where the path of integration is a contour in the complex t-plane
starting from o Jjust above the real axis, encircling the origin in

the positive direction (counterclockwise), and returning to the starting
point just below the real axis. In general, for k > 0O there are two

branch points, one at t = O and the other at t = ~z, a point on the
negative real axis (since 2z > 0). Thus the path of integration must

be chosen so that it will not encircle the branch point t = -z.

The asymptotic expansion for large values of o (not simultaneously
of large values of n) is

w(n) (z) ~e-% k l+i %— (k—%)ﬂ&--(k-g)éj ’ Eﬁ—‘(k_ S+%)2] ("(8)
st .

s=1 lz




k2 NACA TN 2582

For the case of large values of n, the asymptotic expansion of

W(n)

1 (2) is much more complicated owing to the fact that both k
"2

3

and 2z, being proportional to o, become large simultaneously. Very
l1ittle information on such expansions is available.

For numerical calculation, the corresponding series solution is
desirable. Jeffreys (reference Tl) condenses early developments of
Whittaker, Goldstein, and Stoneley and puts into compact form the
relation between the Whittaker function and the confluent hypergeometric
function. The following discussion closely parallels his work except
for some changes in notation. For 2m = (b is a positive integer),
the Whittaker function can be represented by a combination of Kummer's
series when the limiting value is taken. Thus,

r'(-2m) r(em)
W (z) = 1lim (z) + (z)
k,+u 2m—>tu F(% -m - k) Mk’m P(% + m - k) Mk,—m

where

1 +m - 1
-Z tm+s p(eom+ 1) o \E k*’2+s)

a
1+
=]
—~
N
g
I}
(]
N
N

1 r(zo2m + 1 + s) s}
P(i'm -k + E) 5=0
-2 +m+.l.
- 2, 2 - 1+ .
e z lFl(tm k + 2,_2m + 1; z)

lFl(a,y; z) being the confluent hypergeometric function.

(a =m- k + %, y = -2m + 1 according to Jeffreys' notation-)

-2 p+d

W (z) = 1lim e ©z 2 yf-m - x + L,-2m + 1; z)
k,tu 2
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where
U(—m -k + %—,—Em + 1; z) = I'(-2m) lFl(m -k + -]22,2m + 1; z) +
I"(—m -k + l)
2
F(Em)zem

T 1F1<-m - k + i,-Em + 1; z)
F<m -k + é) 2

He gives the solution of the limiting case 2m —> *u. For the present
case if m is chosen equal to —% (y = 2 in his notation), there can

be written

Z
Wk,—% (z) =e 2 z[ﬁl(z) + Ug(zil (79a)
where
Uy(z) = —2— 271 (79v)
I'(1 - k) .
Us(z) = 1F1(1 - k,2,;5 z)[log, z - F(1) - F(0) + F(—kﬂ + Ug (79¢)

r(-k)

The function F(f{) is called the digamma function and is generally
represented by V(¢ + 1) (reference Th).

F(¢) = Lhog, I+ 1ﬂ

o
_ . _ 1 _ 1 _ 1 _ 1
= niﬁiw éoge n £+1 T+2 €53 [+ n) (80)

(F(0) = Euler constant (-7) = -0.57722.)
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For the present case, *

& s (1-xE-K ... (s-k) (& 1
U3(z) = 2;; r'(-k) si(s + 1)! EZ: r -k

Ir=

s=1 r=1

= r(r+ s - k) 2 =
N e T SR
r(-x)f'(1 - k) r -k - s + 1

(k # integer) (81)

Then, the series solution of equation (76) is “

V¥(o,8) = (clc + 02)(C36 + cy) . zft AnWi?fl (z) sin (nxe + “n) (82)
n=1 2 ' ‘

where Cys Cos c3, ) An, and «, are constants to be determined

from the given boundary conditions or from the boundary conditions
associated with an incompressible flow as in Chaplygin's method, if
necessary. Of course, the convergence of the series must be established

for the particular problem in order to be sure the above representation
is correct.

4,3 - Third-Order Approximation

The K - o relation can be approximated more closely by assuming
an analytic function of o 1in the range -% < g <® of the form

K = %, = ao(l + bo)

K3 (83)

(1 + cc)2
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such that
. (1) X3=K=0 at o=0

aK ‘

(2) =2 -%K_, at g=0
do do
Ry 42k

(3) ——Ei === at o=0
do do

(4) Kz(o) also possesses two asymptotes, one of which can be
3 b
made to coincide with an exact asymptote of K(o).

The conditions (3) and (4) determine the constants b and c. The

above approximation with §3 ~—a~§g =1 as 0 —3» o 1is shown in fig-

c
ure 13. It checks very well with the exact value of K for the range
from subsonic through transonic up to supersonic regimes. The other
asymptote, ¢ = -0.2583 as K3 = -, does not differ greatly from

- 0 = -0.2513 for the exact value of K. There is another important
advantage of this choice, because the boundary conditions of incompres-
sible flows can be borrowed as in the Chaplygin procedure.

Introducing equation (83) into equations (7la) and (T1v),

d2y . ao(l + bo) 32y =0

= (8L4a)
o2 (1 + co)2 202

and

¢, a0(1+b0) PP _(2b-c)or1 ¥ _,

8L4b
dc° (1 + co)2 32 o(l + bo)(1l + co) do ( )

To solve equation (8La), assume that the variables are separable and

(n) (n)

V) (o), " (8)

(0,8) = vy
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where the superscript (n) is used to show each solution is related
to n, a positive integer,

ST (me)  (nf0)
.M (0) - (85)
c38 + ¢y (n = 0)
and wi(n)(c) satisfies
aty, (») _ 12%a0(1 + bo) y,® =0 (86)
ao? (1 + cc)2

With the introduction of a new independent varieble z = 2ni %—E(l + cag),
C

equation (86) can be transformed to the well-known Whittaker equation

1 2
dz\,l/ (n) — - m
L P . S VRS e - (87)
do? bz 22
where
k = -n S 2P 2«0 (c > 2b) (88a)
202 b
2,2
(imaginary ip DM a(i -b) o %)
1 1%%a(c - 1) c
m = PR a i (88b)
¢ n“x2a(c - b)

real if
c

1
5 <H> | )
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The fundamental system of solutions of equation (86) is

(n) . (m)
o) ank,m (z) + an—k,m (-z) (n £ 0)
¥ Y (z) = (89)
c10 + cp (n = 0)
where Cn and D, are constants to be determined.

The Whittaker functions can be expressed in terms of the confluent

hypergeometric functions and Kummer's functions if m # t-;— as follows:

. (n) ) - I'(-2m) (n) ) I'(2m) (n)
Wk’m ) I‘(—m -k + l) o e P(m + k + .-1-.) Mk"m (=) (50)
2] >
and
E}r;)m (-z) £{-2n) Eﬁzm (-z) + I(2m) MEE)_m (-z)
’ P(—m+k+;2L-) I‘(m-k+%) ’
(Iarg(—Z)I < % ﬂ) (90b)

where the Kummer's series are

-Z g4+ i o . 1 ) s
M](gn) (Z)=e2z-m+2 I'(+2m + 1) ZF(-m k+2+sz
2 tm+ ‘
= e 2 z 2 lFl(i-m - k + %,iaﬂ + l; Z)
z 1 " 1
(n) 3 ‘tm+§ r(+2m + 1) F(‘-’Zm +k+ 5+ s) (-2)®
My l4m (-2) = e= 2
P(tm + k + %) S=1 1"(1'2111 + 1 + S) S:

z
= e2 g 1Fl(‘.fm + k + —é—,’:Em + 1; -z)
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Equation (92a) gives an exponentially demping function of 2z and equa-
tion (92b) is an exponentially increasing function of 2z which is
divergent as o0 —>w. Therefore, the only choice is D, = 0. Thus,

there can be written
= (
¥(0,8) = (clo + 02)(039 + cl‘_) + Z l}nwkr,lm (z) cos nA\@ +

B W(ni (z) sin nké] - (93)

where Kh, ﬁh, and A are determined from the

l) 2’ 3) C)-l-,
given boundary conditions or from the boundary conditions of incompres-
sible flow, if necessary. If A cos a, and B sin a, are introduced,

there can be written

v(0,8) = (élo + c2)( 0 + ch + Ef: AW i ; (z) sin (nxe + an) ©(9k)

n=1

It is interesting to note that, when m = i%: equation (87) reduces to

equation (76). Thus the second-order approximation is just one par-
ticular case of the third-order approximation with Db = c¢. Of course,
when the choice is made that b = ¢ = 0, both cases reduce to the first-
order approximation, equation (72a).

Along this line of thought, if there is imposed k =0 or 2b = c,
equation (82) becomes

ac(L+ &
= ;Ll(l—:ci—;) (95)

The differential equation becomes the normal form of the Bessel equation

m2
A, ¢ ) R (96)

¢rh~

dEWl(n) . l
dz2 ) h

N
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where
z = 21/2 nxq%-(% + o) | (97&) )
1 ngkea
m = - nr= 97b
L 2c3 ( )

Its solution can be written as

,

Wl(n)(z) = Wén) (z) = Esec mﬁKm(n) (g)

where Km(n)ﬁg) is the modified Bessel function of the second kind with

complex order m. The function Km(n)(%) and no others satisfy the "

requirement of boundedness in value as 0 -—» «. This can be shown
by the asymptotic expansion -

o)tk 3 I G- @7 [=- -9

2 S=1 s!z®

(98)

There is another interesting feature of this approximation if the
following conditions are chosen: a = %E at 0-—>»0 and c¢ such that

, o
c=-% or K—>1 as o —> ». Then,
-ao(l+-%c)
K= — (99)

a 2
2 )
( (s
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and
7z = nx<§ + 0) (100a)
a
NG
S . (100b)
14- 8,2 .

The advantage of this is that the boundary conditions can still be
brought from the incompressible flow.

The accuracy and usefulness of this third-order approximstion is
discussed in the last section of the paper.

5 - HYPOTHETICAL GAS LAW CORRESPONDING TO APPROXIMATIONS

OF CHAPLYGIN'S SECOND EQUATION

In equation (T7la), if ¥ = wl(o)wg(e) is introduced, the principle
of separation of variables yields:

dgwl 2,2
- D\ K(c)\yl =0 (101)
d02
where
2
p 1 - uqT
K=—Q——(1—M2) I S (102)
p2 (1 - T)“l

o = -0.2513 - (1 - T)l/z[g -1 ; L€ ; T)é] + tannl (1 - 1)/

(103)

do = -2 1 ' » (104)
q



52 . : NACA TN 2582

Since K(o) is an implicit function of 0, some approximations of
different orders have been made in the preceding section to obtain
useful solutions of Wl. It is natural to ask what kind of hypo- -

thetical gas laws will correspond to the different approximations.

It is understood that o 1is just another way of expressing the
velocity magnitude; consequently it is defined once and for all time
by the exact gas behavior as shown in equation (103). The variable o
is independent of the hypothetical gas law for each approximation
shown in the preceding section. The problem now is to find the func-
tional relations of p and p/po in terms of o as the independent

variable. First of all, by definition,

dp _ /_«\2 ~
= - (a*) (105)

and the differential form of Bernoulli's equation gives

d
=2 - -Pq
dq -
If equation (104) is rewritten
_E. = ..d_(log q'l) (106)
Po do €
it can easily be shown that
M2 = 4 (P (107)
do Po/ -

Consequently, if M2  is expressed in terms of q'l and its derivatives
with respect to o0, equations (106) and (107) yield

q-1 d2 q' )

M2 = | (108a)

B




NACA TN 2582 . 53

On the other hand, equations (102) and (106) give an alternate expres-
sion for M2 1in terms of q‘l and its derivatives

M2 = 1 - (ﬂ-)ex(a) =1 - [:i(loge q"l):] X(o) | (108b)

Po do

Equating the above two equations, a differential equation is
obtained of q~1 with respect to o,

a2(a1)

5 - Kot =o - (209)

which is the same equation as equation (101), if q-1 is placed for v
and nA . is set equal to 1. If the solutions of equation (101) are
known, the solutions of q can similarly be obtained explicitly in
terms of o. :

If now the solution of equation (109) is substituted into equa-
tion (106), the density ratio is obtained as a function of o. Dif-
ferentiating this expression with respect to o as given in
equation (107), the Mach number is obtained in terms of o. The
derivatives above involve only differentiation but p(o) has to be
obtained by the integration

p = f pod” do (110)

Of course, if equation (109) can be solved exactly, the relations
of’ p/pO and p with respect to o will coincide with those already

obtained from the exact gas law,

Now, introduce different orders of approximation to K(o) in order
to solve equation (109). Then, obtain the corresponding approximate
solution of q-1 in terms of ¢ called T (o). With the term T 1(0),
p(c)/pO can be obtained from equation (104%) and p(c) from equa-

tion (110). Then, the approximations can be compared with the exact
values, both in terms of o.
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In the preceding section, the best approximation to K(o) is the
third approximation

K3 = Eﬂii;i;?gl (111)

(1 + co

where a, b, and c¢ are constants already chosen according to certain
considerations. Substituting into equation (109), there results the

differential equation of E‘l' corresponding to the approximation

of q_l:
dg2 (1 + co)?
The proper choice of the solution is
N_l _
Q- =M (2) « M (2) (113)

where

2

N
]

JEE
(1L + co) >0
02

1]

K ___..C'Qb\E<o . (11k)

The terms M, m(z) and M, _m(z) are Kummer's confluent hypergeometric
2 )

series (reference 61) as shown in equations (90a) and (90b) and E
and F are arbitrary constants to be determined from the following
boundary conditions: ‘




8H NACA TN 2582 55

(a) At 0=0, §=gq-=a*

(b) At o = 0, "

alyl) _aql _ (59) - L 1)8
do do pa 9=0 2

In addition, g™ must go to w as o —> o (M ~q = 0).

The above are the correct boundary conditions because it is’
intended to choose the hypothetical gas law to agree with the exact
one at sonic velocity (¢ = 0) to the highest possible order of approxi-
mation and to preserve the asymptotic behavior as ¢ — o,

If there is introduced 1z = 2g =

) E = _}—(Z—TEOM];’_HI(ZO) - (7 ; l>‘3 %Mk,—m(z"):l (115)

F = 1(20) Ky ; 1)3 'cl'Mk,m(ZO) - zOMI:{’m(zoil | (116)

*
a zOW

where W(zo) = Mk,m(ZO)Mi,—m(ZO) - M -m(ZO)M£ m(zo) is the Wronskian.
J 2 .

From equation (104), the approximate density ratio is

Ei 1 EMk,m(z) + FMk,-m(Z) (117)
0

2%° BM o(2) + Py o (z)

which is plotted in figure 14, It differs very little from the exact
curve, From equations (108a) and (108b), the approximate Mach number is

- Mo - E:Mk,m(_z) * FMk,-—m(z)] EEM]:,m(Z) * FM}Z,-m(zﬂ

- , (118)
EN&,m(z) + FMk’_m(z)
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which is shown to compare reasonebly well with the exact curve in
figure 15.

The values of %2 = (E*)e and p agaeinst o can be calculated
T
from

4,00 « 7o, o)+ 0]

- , (119)
B+ P (9] [+ (7] - [ 7 _G]]
and
p = f po'ciz do
_ Do dz .- | (120)

Since the hypothetical gas law differs so little from the exact
value, it seems justifiable to use the exact gas law to replace the
hypothetical gas law if necessary, particularly in the neighborhood
of the sonic velocity.

To the author's knowledge, the only available high-order approxi-
mation is Loewners' approximation (reference 73). It is the basis of
Carrier and Ehlers' investigation on channel flow (reference 32). For
comparison, his approximation in gas behavior is given in figures 14
and 15. His approximation is correct at the sonic velocity to the
second derivative of the K - o curve, )

For the present second approximatioh b=c¢c or m= -%% is -

chosen. When 2m is an integer only one of the series solutions is
 valid, neamely, Mk,—m(z)' If the solution Mk,—m(z) is retained then

the second independent solution can be obtained by using the limiting
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i It is quite similar to the develop-

value of Mk,_m(z) as m —>- 3
ment of the preceding section. No further details are necessary.

Similar solutions can be obtained

For the case 2b =c¢, k = 0.
with slightly different boundary conditions.

6 - TRANSFORMATION BETWEEN HODOGRAPH PLANE AND PHYSICAL PLANE

P
With the introduction of do = - —2 da the differential equations

P g
for ¥ and ¢ from equations (10) and (16) become

P k(o) X a

Y (o) v _ (121a)
ég = _jik (121b)
oLz, 6

p~\2
where K(o) = (—9) (l - ME). As shown before, the differential equation
P

in ¢ is
2y 2
OV | k(o) & o (122)
Y 36°

with the exact value of K(o) approximated by

(o) = ao(l + bo)
3 T Ay o

Introducing ¥(0,8) = ¥;(0)¥,(6),

o
i nzxz“f{(c)wl =0 (123)

do2
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where n is an integer and A 1is positive and real; A 1is introduced >
here in order to make Wg(nke) = yo(nro + 2x) periodic. For simplicity
A = 1 1is chosen in the later treatment. With the introduction of .

z = gg yab(1 + co) (not to be confused with Z to be introduced
o ;
presently), the general solution of eguation (122) has been found to

be

n
¥(0,0) = A (o + o,)(6 + 65) + § Anwﬁ,m (z) cos nb +
=]
o0}
n .
§ ané}m (z) sin né (124)
=1
where AO, An, Bn’ 0> and 90 are to be evaluated from the given -

boundary conditions for a particular prcblem at hand, or from the
solution of the corresponding incompressible flow, The superscript (n)
is applied to the Whittaker's function in order to show its relation
to n. Suppose that all these constants are known and the right-hand
side of equation (124) is assumed’ convergent and represents V(o,6);

it remains to transform the results obtained in the hodograph plane to
the physical plane so that the problem is solved in the physical plane.
'The procedure of carrying out such a transformation is given here.

First introduce q and 6, the inclination of the velocity
vector, as

u=4q cos 6
v =9 sin 6
3  Po oV . .
where = = — = ig the local velocity component along the X-axis
oX P oY
and v = g% = - BQ %% is the local velocity component along the Y-axis,
o]

Then the total differentials of @, V are
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Or, in short,

where Z = X + iY

The derivatives of §

ag = 3 ax + of ay
)¢ oY

= gq(cos 6 dX + sin 6 dY)

av = o ax + o ay
oX oY

= gL q(-sin 6 dX + cos 6 dY)
o

i6 P )
e o
iz = =——|a | ——
3 ( ¢ + i S A

is a complex variable in the physical plane.
o, 6 as independent variables in the physical plane,

oo o6
dv = éi do + éi de
do 9

59

(125a)

(125b)

(125¢)

With

(1262)

(126b)

can be eliminated entirely if the relations

given in equations (12la) and (121b) are introduced in equation (126a)

o v
dp = K = dg - =X 38
§ = K(o) 5 a0 - =

(127)
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Substituting equations (126b) and (127) into equation (125c¢),
equation (125¢) can be rewritten as the exact differential

4z = ég do + éﬁ deé

do 36

_ el6 ov . Po oV oy fg oV
= = [%(0) S0 + 1~7; —%] do + <L Sz + 1 > 89> ae (128a)

q o
or
g.i. - .e.;_e X(o) .g_‘;. b1 %2 %] (128b)
§§=§1_9<_ﬂ+ i&zé‘l&) (128¢)
% q\ oo  p oo

The above relations are conformal and uniquely exist as long as the
Jacobian determinate

o(X,¥) £0 or w - (129)
d(o,6) :
o(X,Y) . . .
In the case of —=2=L = 0 at (X,Y) some singularity may occur in
o(c,8)
s B(X)Y) ! . ‘ R .
the physical plane. If gz——-y = o some singularity may occur in the
o,0

hodograph plane as shown in reference 48,

Before carrying out the calculation, a few symbols are introduced
to make the presentation a little clearer. Let

W(O) = (o + a5)(6 + 6,) | W
, Wc(n) = Wﬁ?ﬁ (z) cos nb = W(n) cos nb > (130)
Vs(n) = Wﬁni (z) sin nb = w(?) sin né
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Also represent 7Z = Z(O) corresponding to W(O) and Z = Z(n) to

w(n)(z). For future use, rewrite equation (106) as

a Po

._..q.'.=.-q— (1318‘)
do p
1dp Po.o
= =M b
el (131b)

and

d [Po K

—(=}=2 131c
o)k (1310)

To carry out the evalustion of Z in terms of o and 6 is
rather too long for the space available in this report. The basic
method of calculation is rather simple. Since in equation (128a)
dZ = éz do + ég d6 is an exact differential, éé (or ég) can be

do 06 6 da

integrated to obtain Z except for an unknown function F(o) (or
F(6)) to be determined. The unknown function F(o) (or F(6)) can

be evaluated from the remaining relation Qé (or QZ). Of course, in

da 06
tge operation, repeated use has been made of the differentisl equation
d“¥p (o) 2 , .
—e . - KWE(G) = 0 or Whittaker's equation. For further details

do2
the following section may be consulted,

n = 0,~ In this case,

7(0) _ 4(o)

E%E E%%(c + co) - %] - i(e + 60) + ZO(O) (132)

where z.(0) - XO(O) + iYO(O) is the constant of integration.
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n=1.- For n =1, the function F(1)(¢) 1is an integral as

(1)
(1) _1 Po dwW K ..(1)
F (o) =5 E—Z——dg -3 ] dg (133)

The term Zc(l) can be expressed by

7 (1) -z (1) 16219 Ew(l) + f&w(l):l - G_EJ_(_%.)_ _Po W(lgl .

¢ co hq do P

(1)
.i_filif._—_o W Kw(lﬂ do (13k4a)
2 q p do

2 (D) g (1) iiEEW“) . EC_’w(lﬂ ] Eﬁ[i_w(l) i °_ow<1ﬂ .
S So hq do o 2q|_ do o

where Zco(l) and Zso(l) are the integration constants.

and

n # 1 or 0.- For the cases n #£ 1 or O, the function F(n)(c) is
found to be a constant

L (m) g (m) iei(n+l)9l—:1w(n) _ mPg W(nﬂ .

o o 2(n + 1)q| do p
ie_i(n-l)GEw(n) _ Dpo W(n)] (135a) N
2(n - 1)g do - ’
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and

(n) ) ci(n+l)6 -aw(n) . np, W(

; (n) )
z 2(n + 1)q|_ do o _j ¥

s - Zso

'e—i(n—l)e[;w(n) _ I win) (135b)
2(n - 1)q|_ do p -

From the earlier definition,

00 —

z = 8,209+ a7, (W 5 (D Ez:j[; z.(®) 4 p g (0

n-c

(136a)

n=2

and the constant term is

Zo = AoZo() + ayz, () 4 Bz, (1) 4 jg: [E;Zco(n) * anso(nZ} (136b)

n=2

Substituting equations (132), (134%a), (134b), (135a), and
(135b) into the above equation,

A e10 P iA +‘ By e216 dW(l)
Z -2y = ° [%?(0 + Uo) -1 - i(e + eoi] + ( = Tq ) P +

(137a)
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In more detail, the expression is

i6 | 2ie (1)
Z - Zy = Aozl [%Q-(cr + oo) -1- i(e + 90)] +‘(lAl ! Bl) e, m () +

o] (1) (Al + 1B1)6 dW P (1)
_pgwk:m( Zl i 2q P ?Owk:m (Zi_ v
A, + B o atl) (z

_ Lo 1“;10 - k(o)W (2)| ao +

o . 1(n+1)0 () .
:E:: (1An + Bn)el n+ n (z) npg W(n ()] +

- 2(n + 1)q do o Fom
_iA, + B -i(n-1)6 dW(n) (z) .
S E(nn?el)q - . nzo WD (2) | (1370)

2n
where z = ZE qab(l + co).

The above result is also true for the cases of the second approxi-

mation b = ¢ (m = - %), or of the approximation b = 2c (k = 0).

7 - FLOW OF COMPRESSIBLE FLUID THROUGH AN APERTURE OF A TWO-

DIMENSIONAL INCLINED-WALIED, STRAIGHT-EDGED NOZZLE

To apply a critical test to the present investigation it seems
reasonable to compare the present approximation with a well- known flow
pattern which has been studied by early explorers using the exact method.
For instance, Chaplygin gave an appllcatlon of his investigation to the
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efflux of a gas from an infinite vessel. Later Lighthill, following his
approach, repeated the example, Both considered the particular case
with the walls normal to the jet and both brought the boundary condi-
tions from the incompressible flow and treated the maximum jet velocity
up to the sound velocity.

The present application gives a more general type of such flow -
flow through an aperture of an inclined-walled, straight-edged nozzle,
Besides, the problem is treated directly as a boundary-value problem,

The question of the maximum velocity in the jet depends on the
value of the ratio of the pressure P, surrounding the jet to the stag-
Y

Poo

) i y + 1) 7-1
nation pressure p, in the vessel. As long as T 2 5 , the
o]

maximum velocity can never exceed the sound velocity. The boundary
value of the stream function V¥ 1is clearly defined; therefore it is a

7
Pp Yy + 1 71
direct boundary-value problem. For the case R < S the
o]

velocity of the jet will be supersonic and this problem is as yet
unsolved. :

The approximate differential equation used is (given in equa-

tion (8L4a))

2 2
=Y R ag(l + bo) 07V _ o (138)
3¢ (1 + co)? 362

and its general solution has been found to be

= - (n)

V(o,8) = (clo + 02)(036 + cu) + Ez:-(An cos nid + ﬁh sin nxe)wk,m (z)
n=1
= (clc + c2)(036 + Ch) + }?j AnW£?g (z) sin (nX9 + aﬁ) (i39)

=1
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where €15 C€p €35 Cly An, Bn’ and A are constants; A, sin a, = Kn e
and A, cos oy = By are obvious; z = gg& qgg(l + ca) 2 0, -
c
2
k = :ELLE———gEl J§:< O, and m = 1. (nh)7alc - b); and n 1is a posi-
2c? b b ch

tive integer. It represents the required solution if the series
converges. '

The constants Cp) c3, Cyy A, @ s and A are determined

c
1’ n
from the boundary conditions which are shown as follows.

6, arbitrary.- The flow in the physical plane is shown in fig-

ure 16(a) and in the hodograph planes in figures 16(b) and 16(c). Since
it is known that the discharge @ from the aperture is finite, the
stream function V¥ is bounded. Moreover, the flow is symmetrical with
respect to the center line. If the rate of total discharge is introduced
as Q, then for inside the vessel there can be written

-
v=-2 at 6 =6 |
Y =0 at 6 =0 > (1k0)

v = % at 8 = -84

Thus it is obvious that ¢ is an odd function of 6. Corresponding to
a constant p,, g and O oOn the outer surface of the Jet are constant

from consideration of Bernoulli's equation. Thus ¢ = —~é§ at
0 = 0, = Constant. 7]
and L (141)
<
0 <86 %6, )
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First of all, since ¥ =0 at 6 = 0,

o =0
(1k2)
cy = 0
Thus equation (139) becomes
V(0,8) = (clo + 02) c3f + EZ?.Anwﬁ?g (z) sin nX@ (143)
n=1

which is an odd function of 6 as required. Next, the stream function
is defined in the interval -6, € 6 < 6, or the period 26,. Thus

(wvhen n is an integer) sin nX(G + 290) = sin nM@ or 2nM\, = 2nx.

A= L (1h4k)
eO
Substituting equation (144) into equation (143),
= (n) . n
V¥(o,8) = (clc + c2)c39 + EE: Aan,m (z) 51g 55 0 (145)

n=1 °©

Now, since V¥ 1is bounded everywhere, particularly when o0 — oo
or M-—> 0, c; must be equal to 0. Thus equation (145) yields

V¥(0,08) = AD + }E: AHW§?i (z) sin gﬂ 6 (146)
n=1 °
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At 6 = 6, \y:_%,
-_g. = A8, )
i (147)
= .2
fo = 26,
Thus
Wo,o) = - L v apl) () st e (118)
o n=1 (o]

Finally the constants A, can be determined from the boundary condi-

\ _ Q _ _ _ 2nm -
tion V= oy at 0=05 Or 2z =25 = 5 o2 \,ab(l + ccro) for 0 <6 £6,.
() .
0
__Q_ _496°¢ (n) . nnf '
V= 2 "5, + n§=1 AW o (zo) sin 5 (llFQ)
, or
00
] E (n) nxé
- -2-(1 - —) = Anwk n (ZO) sin e—-—
o] n=1 o}
Now the left-hand side of the equation is a known function 6/9O and the
right-hand side is the Fourier series of % 1 - éL) if the series con-
‘ o

verges. It is easy to determine the coefficient as N

AP (2 =

I
1
o
o~
i
o |m
~—
wn
H.
B
—
=
=)
ébkb
S’
=
SDFD
—

o

(150)
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or
SR OR
nig n
Ve m (zo)
Substituting into equation (148),
o] (n)
W (z) 0
V(0,0) = -|9 2.8 _km 2 sin [nn — (151)
26, = (n) A
n=1 ™ m Zo

First, it is necessary to show that equation (151) is valid for an
incompressible flow which can be considered as the limiting case of
a¥ — 3 . From the definition,

*

a
g = _p..g‘._q.
q Po d

there results, for incompressible flow,

a*
0; = lim o= lim log, — (152)
a¥ 300 a¥—>c0 q

and, from the definition of 2z for very large values of g,
& )

C

since

2nkc[; v o(c—lﬂ

From equation (87) the asymptotic expansion of W&né (z) for large
J

values of o is
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=
‘e
Sv
N
i
o,
IS ENS
N
R
e
+
(@]
T
=
I~}

- efnx"(znxa)k[i * o(%ﬂ

Then the ratio of the two Whittaker functions in equation (151) at very
large values of o 1is

k,m \70

Now, for an incompressible flow with equation (152),

o o 11 G. g% _ 10 aO*)
. - O = im og., — - g. ——
* * a¥=a e € a ©
*x
= 1im (éoge a_ . loge 2
a¥=a ¥ —w ao* o)
q
= -lo —
€e a4
and
G log e¥ - loge q
S 3"— = 1lim < N |
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Introducing the above results into equation (153),

Yéi%.&fl_ - 1im wﬁf& (2) (5L>nk ) (<1)22
LG, st ) ) e

i

% nx
. _|e 8 EZEiQO : AR
vy = 2 +n n(q) sin (nare> (154)

which reduces to Chaplygin's case if 6, 1is set equal to n/2.

The convergence of the series is easily proved, because

?,m <1 for z2 Zg and Wﬁ?& (z) > 0 is a monotonically

n)
wk,m (Zo)
decreasing function of 2z 1in the subsonic range (see appendix B).

Compare the nth term of equation (151) with % sin nx & which is a

o
term of a convergent series, and each corresponding term is smaller.
Therefore, equation (151) is convergent.

The main interest of this problem has bgen the minimum width of
the jet which occurs at X =». Therefore the solution must be trans-
formed back to the physical plane.

With the differential relation from equations (la) and (1b), the
following equations can be derived:

o _ ]
do L)
> (155)
of |
o0 do
J
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and, rewriting equation (128a),

dZ = dX + 1 &Y

¥, Po¥ oV . Po oY
& <K s aor)dcf+ ( YR ae)de] (156)

Differentiating equation (151) with respect to ¢ and 6 and remem-
-4z _ 2nn \7p = 280 [gince \ab - )’

berin z
& %07 %o RS 6, c

N W
do dz do
X W'(n)( )
=; Z ig i sin (nﬂ 'b;')
‘= 0 W](Knm ( o) o
w' (n) () ‘
_2a N w1 (gﬁ) (157a)
(@]

- _Bl -9 + L km cos 34 (157p)
% 26, 6 &7 y(n) (z,) 0,
k,m \ ©
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Substituting the above equations into equation (156),

. © . (n)
e1b Q1 Wi m (z) nn6
—dZ"—'—q— e—-é-—i- ( COSe +
o n
n=1 wk,m (ZO) ©

1 5 S sin 5 do +
PCo n o
n=1 wk,m (ZO)
~
"(n)
[+.¢]
q 6 (n) 6
° n=1 wk,m (ZO) ©
[ = (n)
ip. Q W, (z)
60 % + —%ﬁﬁL————— cos gﬂg de (158)
PP =1 n 0
= " wk,m (ZO)

which is the conformal relation of any elementary length in the hodo-
graph plane to the corresponding element in the Physical plane as long

as the Jacobian determinate %%ELZ% # 0. This condition is automatically
0,0

fulfilled in the subsonic region up to sonic velocity as has been shown

by Tsien (reference 45) and Craggs (reference 48), Since 47 is an

exact differential, there can be introduced,

(159a)
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and
08 q 0o 4=7 w(n) (z ) 8,
k,m
. @ (n)
0oL . ZE:: . (=) cos 2% (159D)
POy |2 Wéni (z ) o

The value of Z can be determined by integrating %5, leaving a func-

tion of o to be determined, and, consequently,

. '(n) %5 cos 2 g - i sin nn 51
’ - Qele 2Wk n (z) {9 85 9o .
6-~a — ( 2
(e} =1 nwx
= em (o) ) -2
16 ® w(n) (z) |3 ot oin 2% 9 - cos an é— i
Qpoe § k,m 0 o o N QP e + Fo)
6,P4 (n) nn\2 26,.p
0 q
T ¥e,m (%) (5’) o )
O p—

(160)

where F(o) is to be determined. This can be done by differentiating

equation (160)

nxd
. 2 cos =— "
___B_Z____ Qelez 0o [ wk(m) (z) - le(i) (z):\ +

30 600 L \'(_zﬂf ) ]wlgr;; (o)
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where zg = EEE, and equations (131a) and (131b) are used. Equating

o
equations (159a) and (161),

6 cos ""_' u 2.2
Flo -§el on (2) - T R (o) o=t — -
’ n
ol n=1 - ] b6 Wk’m (Zo)
10 nn 1 nne )
iQe i awu n
9.9 T3 nn [:; \
wk m
2.2
ol (zil -0 | (162)

The expressions in the brackets of the right-hand side of equation (162)
are identically equal to the differential equation, equation (78) if

2 n2n2
= and consequently are zero as shown.

602

Thus, choose

F(o) = Constant = Z_ (163)

Now equation (160) can be rewritten in a more suitable form

w ' ifBx 1)6
it | o v le e (e o (5
= elt 4+ +
20649 — (n)
n=1 Wk,m (zo) %f + 1
p ..'(n) _ifBT _
2 o= We,m (2) -wl(c?m(z) el(o 1)‘9
) - (16ka)
W ,m (zo) g -1
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Specifically,
. p .'(n) (n)
-0.Q © |2 Bo Wk,m (z) + Wk,m (z) cos 5, + 1)6
X = cos 6 + ( +
2p6,4q — n n
n=1 e m (zo) o " 1

Po ’m( £ (164p)
n ng
W ,m (%) 6, 1
w0 p ..'(n) (n) nx
o | Z 2 2w n) (2) + Wy (2) sin (90+ 1)9
Y = sin 6 + -
S Wiow (o) Bl
’ o
2 B%-WLEQ) (z) - Wﬁ?& (z) sin (%1 - )9
) ﬁo (16kc)
n
Wk’m ZO) 5‘(—)' -1

The convergence of the above two series must be established. First, at
g =0, Or z = zy, equation (164b) does not converge for 6 = O, because -

the velocity vector of q =g, at 6 =0 1is located at X = oo,

At very large values of n,

z = 2—2& \Fﬁ)(l + cco) = 2%)”(l + coo) (since — l)
Cc

c - 2b [a 1 1
k = -ni \Jt = -nk(—— - -—)
2c2 Db 2b c

= \E_ Eﬁ;_'_ﬂ= Ez& mE+ o(%)] =1:—)”(§- 1)1/2E+ o(%] +(165)

Bi
|
=]
PO}
T
ol
+
S
[
~
N
=
+
=
(2}
Q
o
+
[®]
Pt
1=
—

2

=l
I
~ | b
1
=
Elo
-
~—
'_I

o2 ]
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(n)

With the above notations the asymptotic expansion of Wk m (z) for
large values of n can be introduced as follows:

WL 2@ o) e B ] o]

(166)

at sonic velocity (o = 0). For the subsonic velocity (o > 0), a similar
expression should be given; the case o = 0 is more critical. Further-
more from reference 61, page 352, example 3,

WI,EEIIIII) (2) ¢ 1 Eﬂ2 - ( - %)2:] Wl (7

=%_2._ 2 (167)
wl(::i (z) 2 2 2 Wx(s?i -

Now it is necessary to show that, for large values of n, the value of
(n)()

——L—————— does not depend on n to the first order. Substituting

W) (2)

equation (166) into equation (167),

w'(ﬁ) (z)=.E_;_En2’(k"Jé-’)2:l P(k'%’m) _umEJro(lE]
O
S E)e'uﬁE+ o(%)] (168)

which is a constant independent of l/n to the first order for large
values of n, Therefore the coefficients involving Whittaker's function
for large values of n can be written as

'(n) -
2DM+ ~_2_Q~_£+(ﬁ'+_];)e—]+l (1698)
Po W(n) 2 ) Po 2

k,m
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W Z - _
2p km (O) 1~@E-l+(m+k) J‘{I-l (169b)
Po W(n (2o Po 2
k,m )
. ) T k1 7
both of which are bounded. For the case 6, = e e g (s 1s

o~ r >

2° 37
an integer) the series in equation (164c) is convergent.
shown at the surface of the jet. The equation

This can be

] poo ! (n)
5P, | . 2 5 Mk,m (ZO) sin (sn + 1)6
Y = - o sin 6 + ( ] + 1 T -
TP 9, — n 2 sn +
n=1 k, ( )
2 == p°°
wk m (Zo) sin (sn - 1)6
( ) -1 (170)
n sn - 1
wk,m (ZO)
o | 5P,Q == sin n|9| =~ sin n|9|
is dominated by ——|1 + E E:: , Where E
21{ OOq'OO
n=1 n=1
' (Il
s P wk m (ZO)
and F are positive numbers such that E 2 |2 5— 1 and

(Zo)

e =222 —__ 1| for all large values of n.

Actually fewer terms occur in equation (170) than in the dominate

00
) sin n|l8} g |0 .
series ———— =5 - —5 Therefore equations (170) and conse-
n=1 ’

quently equation (16kic) are convergent for o = O. Similarly, the

convergence for ¢ >0 can be shown,
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r 6o = %.- This is the case which has been treated by Chaplygin and

Lighthill. The condition 6 = 685 occurs at the mouth of the aperture,
Let h/2 be the half width of the mouth. Then,

y=2
2
"(n)
Q : P, (%)
- 0 l+EZ(_l)n(2]_+l 211>00}(§11;1(O+
n n - n
ﬂ’pwqm n=1 OWk m (ZO)
2
Z” (-1)® ¢ (-u)m
2n + 1 2n - 1
n=1 n=1
'(I’l
- p_Q _1\R p W z
=2 |14 8 (-1) a 7w ?’? ( O) +
np _ n
= t-1 * -1
Z e ) it (171)
nf=p 2n' -1 n=1 en - 1

If, at X =, the width of the jet is h_, then, by definition,

poo qoo

Q = hy, (172)

Substituting this value into equation (171),

'(n)
[+) ] - (2] -
L_o2h.sy (-1)%n P Me,m Z°)+ S (-1)nl+é\j(-1)~ml
h 7 2 _4pP 2n - 1 2n - 1
) o =i Mn 1 Po wﬁ?& (Zo) =5 2n £ 2n

(173)
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Making use of the result of the well-known Leibniz series
p .

Z ( 1)n-1 _x .
= equation (173) can be written

k,m (Zo)

16 Po © (-1)%n w2 ()
=1+72242 - ()

° =1 n-- Wk,m (zo)

Just as a check for the case of incompressible flow, the limiting case
of 8% —» o oOr o —» x may be considered.

First, considering equation (167) as o Dbecomes very large and n
is finite,

Hn ()

. - 1
—_——e = K - = =
(n) 2 z -2
ie,m (2) o2k

=E-%_ﬁ2+(i-§)ﬂ (175)

The sbove equation tends to —% when o —» w, owing to the fact that

¥ and T both become zero as O —>w (z —> ). Substituting the
sbove equation into equation (1T7h),
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o0
ho_ .8y (p™t
h°° s =1 )-I-ng - 1
h n-1 n'-1
—l+gz("l) +§-E (-1) + 1
1t on - 1 7 2n' - 1
n= n'=1 -
= l + g (1768')
n
Or, inversely,
h
e - 0.6110 ~ (176b)
h 2+ r

which checks with the well-known result of Kirchoff.

For the case o, = O (M_ = 1) the width ratio h_[h has been

calculated from equation (174)., It is found to be 0.746 by summing
terms up to n = 10, It is expected that the error is of the
order -0.002. Consequently, it checks reasonably well with the Lighthill

result (hmlh = O.7h47) which is based on the exact Chaplygin function.

The Johns Hopkins University .
Baltimore, Md., April 3, 1951



APPENDIX A
SYMBOLS
a¥% velocity of sound
ao* stagnation velocity of sound
a,b,c,d constants
A,B,C,D constants
1F1(a,B;5 2) confluent hypergeometric function

2Fl(a,b,c; z) hypergeometric function

h width of jet
h width of jet at X = w
2f -
= {— - M
<= ()0
’Izl = ao
iy ao
K2 = 1+ co
§3 _ ac(l + bo)

(1 + 00)2

k = -ni(c - 2b) [& _ v(g _.l) ¢ 82 _ 4

2c? b c b c?
k=X
z
M local Mach number
Mo free-stream Mach number

NACA TN 2582
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M m (z) Kummer function
m2 = X n°\?a(c - b) =1 XE 2 _ 1\ ir 8 -3
)4' C)+ l" ce \C C2

— _ I
m = -Z—
n positive integer
p pressure
Py stagnation pressure, pressure 1ln vessel
D, free-stream pressure, pressure surrounding jet
Q arbitrary function of q (Q(q))
Q rate of total discharge

q local velocity
u X component of velocity
v Y component of velocity
W (5) Whittaker function

k,m '

(n)

l(n) dem (Z)
W (z) = 2

k,m dz
XY coordinates in physical plane
Z complex varisble (X + 1Y)
z = 28k ab(l + co) = end (1 + co) if & _ 3

c2 .C c2
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a,B constants
- 1 >
B > -1
7 = Cp[Cy = 1.k
, 2 1- M
€ = Q(q) <defined by e(@&) = - -——————)
dgq qE
2 p2 2
£ = (2) e (supersonic)
2 e3 02 _
2 g2 2
¢ = (§> A (subsonic)
2 3 o
6 } inclination of velocity vector ’
0o coordinate of source location, hodograph plane ‘ o~
65 slope of nozzle wall
y characteristic coordinate (% + 6)
) = L
. )
xo,po codrdinates of source location in hodograph plane
m characteristic coordinate (-7J + )
y + 1
p.:
1 y -1
*
v ¢ Po }—:—ME a
p—q
q .

v positive constant dependent on boundary conditions (nX)
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o] ' local denéity
Py stagnation density
o, free-stream density
a*
g = _pp£ .d_q
q q
7y - 1f{a)\?
T = o———
2 aq*
¢ potential function
¥ stream function

q 1/2
Q =j K—Mz——q—l)-— dq (supersonic)
8.*

- a'
Q=Q+ —
'bl
ax 1/2
_ (1- M) / .

w = —_———dg (subsonic)

q. q
Wy coordinate of source location in hodograph plane
w . ® 1in free stream
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APPENDIX B

PROPERTIES OF WHITTAKER FUNCTIONS

Here are presented a few important properties of the Whittaker
function which are useful in the present investigation. Some of the
properties are given by Sharma in reference 539, He shows that:

Theorem I:

The functions Wy p (z) and Wi mel (z) cannot have
a common zero (root). All roots of Wi m (z) are simple;
Wk,m (z) and Wy 1,m (z) cannot have a common root.
Between any two consecutive zeros of Wy p (z) 1lies one

and only one zero of Wy q p (z).

The proof is rather simple. See the reference. , -

Next, consider the Whittsker equation:

. 2 1

2 o= -1
U-}. -*.].:+-1-§--————1£W=O . (B1)
422 Yy oz 72

n
where W = Wi,; (z), the Whittaker function. 1In the present case,

oal/2
z = onnf22 (-]-'-+c>>0 (a>c>b>o),-33=1, (B2)
2 c -2 ,

where n 1is a positive integer and M 1is a positive constant.

k = n)\.(g - l) <0 (B3) -
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In this case m2 - % < 0; the powerful Wintner theorem (refer-

ence T4) which requires” k <0 and m° - % >0 to make

(-1)nw=>o (0 Sz

dzn

A

©) cannot be applied. Actually,

Wi?% (z) may oscillate in the range -% < o0 < 0. But the monotonic

positive nature of Wﬁ?& (z) for @ 20 can be proved as follows:

Theorem II1:
For nA >0 and 0 So0<wo (12M>0), then

wl({?m (z) >o.

The proof is as follows:

2
If equation (Bl) is multiplied by <%5> = hnzxg(ig>, there can be
o c
written

a°w _ n?kgac(l + bo)

- W=20
d02 ' (1 + co)?

or, more properly,

dewv_= n2x2ao(1 + bo)

— el (35)
ag

(1L + co
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By the given conditions, as long as o Z O,

nzxzac(l + bo) > :
5 = 0 (B6)
(1 + co)
dew : (n .
Therefore —5 and W have the same sign. But W =W n (z) is
do
' -g— k -nx(—l- +c) 1 nk(—g+%)
asymptotic to e <z = e ¢ 2nx(€ + 0 ¢ >0 for large
values of o and tends to O as o —> 0. Hence Win; (z) curves
J
-1 d@°w
downward as o —> » and so must continue to do so while W 3 > 0.
do

This proves the theorem,

There is another interesting feature of the Whittaker equation.
As long as m© 1is real and the function representing the boundary con-

dition is resal, Wﬁ?& (z) is always real, no matter whether m 1is
imaginary or not. For the present investigation, m is imaginary, but
Wﬁ?& (z) 1is real (0 < z < w). This question has puzzled the author

for some time.
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Nal

See equations
M=1,

2

w =0

M =1,

(b) As functions of M,

Figure 5.~ Continued.
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