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1    Introduction 

Many researchers have conjectured that platoons of cooperating mobile robots or autonomous 

vehicles provide significant benefits over single-unit approaches for a variety of tasks. Fur- 

ther, cooperating robots or vehicles need not necessarily be sophisticated or expensive to 

out-perform many advanced independent units for tasks such as material transport, scout- 

ing, etc. Unfortunately, large-scale control systems for platoons of cooperating mobile ro- 

bots or autonomous vehicles are difficult to design for real-world situations. Communication 

requirements, especially with regard to bandwidth limits, are often challenging obstables 

to control system design. In this work, we are interested in the development of a design 

methodology and analysis technique for controlling platoons of autonomous vehicles with 

a focus on understanding communication requirements for such systems. We present a de- 

centralized control framework applicable to platoons of mobile robots or vehicles and, for 

illustration, consider a simplified design example for a platoon of autonomous underwater 

vehicles (AUVs). An underwater example is choosen to highlight the need for control strate- 

gies that address reduced communcations since communication bandwidth is severly limited 

underwater. 

There are two primary schools of thought on methods for controling platoons of coop- 

erating mobile robots and vehicles: the system-theoretic and behavior-based approaches. 

Behavior-based methods (sometimes referred to as reactive control) rely on the use of algo- 

rithmic behavior structures without an explicit mathematical model of the subsystems or 

the environment (see, e.g., [1], [2]). The system-theoretic approach, on the other hand, relies 

strongly on the use of system dynamics and models of the interactions between the vehicles 

themselves, as well as between the vehicles and the environment (e.g., [3], [4]). 

These two approaches to cooperation have fundamentally differing benefits; neither presents 

a universal solution to the problem of designing cooperating platoons of autonomous vehi- 

cles.  The benefits of the system-theoretic approach are that the results are provable and 

predictable and there are analytic solutions to questions regarding performance. The draw- 

back to system-theoretic techniques is that they are encumbered by the need to approximate 
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complex dynamics, models for which are never fully accurate. A benefit of behavior-based 

approaches is that they are motivated by biological systems that have shown great surviv- 

ability and adaptability and can exhibit significant, if hard to quantify, performance and 

robustness. Behavior-based approaches do not, however, readily admit a closed-form design 

process and are sometimes as likely to exhibit unexpected and undesirable behavior as they 

are to perform as desired. Herein, we will focus on systems-theory-based approaches, as we 

wish to develop rigorous design methodologies while addressing issues of limited communi- 

cations bandwidth. 

Fundamental to the problem of cooperation is the question of communication: How, 

what, and when should robots communicate to achieve a given task? In our work, we 

make a distinction between implicit information, such as reaction forces experienced by two 

robots cooperatively handling a rigid structure, and explicit information for which dedicated 

communications bandwidth must be utilized. The effect of communication on cooperative 

behaviors in mobile systems has been studied extensively in the framework of reactive robot 

architectures [5]. 

Control-theoretic methods for cooperating platoons of robots in use today rely on decen- 

tralized control almost exclusively, although not in the formal framework developed in [6] 

(see, e.g., [3], [4]). These systems typically use local measurements and implicit communi- 

cations as feedback for local controllers. Herein we propose that the formal framework of 

decentralized control may offer a more rigorous design procedure for these types of systems 

and, in addition, offer a strategy for determining what types of explicit communication are 

required. 

A strong component of our results is that the design technique and analysis scale to 

arbitrarily large platoons of cooperating vehicles. Indeed, the communication that is required 

among vehicles in the platoon is indepedent of the number of vehicles in the platoon. 

Control objectives for cooperating platoons of robots have typically consisted of gener- 

ating specific formations [7] or global behaviors [3] based on local relationships (e.g., the 

exact location of the nearest neighbor).  These types of objectives have typically required 



high bandwidth communications under the informal decentralized control schemes used. We 

choose to control global functions of a platoon, such as the center (average position) of the 

platoon and the distribution of vehicles about the center. Vehicles are not commanded to be 

in specific positions. Instead, the vehicles autonomously move to locations that satisfy the 

center and distribution commands under a decentralized control law with surprisingly little 

inter-vehicle communication. This removes the requirements, commonly seen in formation 

control problems, that each vehicle observe, measure, or receive (via explicit communica- 

tion) the state of the entire system. Further, we propose that this framework allows a large 

amount of flexibility that is difficult to encode in traditional formation frameworks. 

2    Background and Problem Statement 

We consider a platoon composed of r heterogeneous vehicle subsystems, each described by 

the dynamics 

äi(t) = /i(Xi(t),«i(t)) (1) 

where xt £ Rni, Ui € Emi, and i — 1,... , r. The dynamics of the platoon are completely 

uncoupled and all interaction between subsystems must be in the form of either implicit 

or explicit communication. Each subsystem has a local controller that generates the local 

control signal Ui(t) based on measured signals produced by the subsystem or on signals 

communicated to the subsystem from elsewhere. This is a decentralized control structure, 

and we borrow heavily from the decentralized control literature in the analysis and design 

of the platoon controller. Early work on the existence of decentralized controllers, as in 

[6], [8], and [9], develops essential tools that we use in determining what communication 

is required between subsystems for a decentralized controller to exist. Since our primary 

interest is in examining communications structures, we take a local viewpoint and design 

linear decentralized controllers. Through simulation of a nonlinear platoon model, we find 

that the linear controllers perform well. 



2.1 Regulation of Platoon-Level Functions 

Our objective is to regulate platoon-level functions, such as the average position of the 

vehicles in a platoon or the distribution of the vehicles about the average position. The 

platoon-level function is denoted hc(xi,... , xr) G Wd, a function of the entire platoon state. 

We adopt the working assumption that only a single vehicle has the capability to measure 

the platoon-level function or, equivalently, that the platoon-level function is measured by an 

exogenous system and transmitted to one vehicle in the platoon. Certainly there are practical 

considerations involved with this assumption, including issues related to single-point failure. 

Yet this assumption allows for the use of active sensors for the measurement since no crosstalk 

is present to degrade performance. Within our framework, different vehicles are permitted to 

have different dynamics and sensor suites and this certainly includes a single unit possessing 

a single copy of a potentially expensive component. For platoon-level measurements such as 

average vehicle position and distribution, fine-grained measurements (i.e., exact position of 

each vehicle) are unnecessary-only measurements that indicate vehicle position density are 

required. 

Without loss of generality, the platoon-level functions are assumed to be measured by 

subsystem 1. In other words, we assume that hc{x\,... ,xT) is an output of subsystem 1. 

To ensure zero steady-state tracking error, integrators are connected in series to the output 

representing the global functions, yielding a new state variable 

q(t) = hc(xi{t),... ,xr{t)) 

where q(t) € MPd is the integrator state. 

2.2 Platoon 

Again, the platoon is the parallel connection of the r subsystems. Since our control system 

is designed from a local decentralized viewpoint, we linearize the platoon dynamics (1) at 



an equilibrium value of the subsystem states and inputs and write, somewhat loosely, 

where 

F = 

Fx    0 

0    F2 

x(t) = 
0   Hc 

0   F 

Fr 

x(t) + Gi   • • •   G> 

e Rnxn,      Gi 

0 

Gi 

0 

u(t) 

xrrii >    Hc H, 

(2) 

cl     * ' "     ncr Hn 
PdXn 

and 

Fi = -fcftärt) e ^niXn<,    ^ = £;/«(*?,«?) e MniXmi,    ff«, = £^(*?, • • • X) € MPdXni 

The partial derivatives are evaluated at equilibrium values of the state and input, x° and u°, 

and the deviation variables are defined 

x(t) = 

?(*)- -q° 

si(*) - -x°x 

xr(t) - -x°r_ 

eWd+n   and   «(*) = 

«i(*)-«f 

«t(t) - < 

The matrix Gj is partitioned into r + 1 blocks, with dimensions pdXmi,niXmi, ..., nn x m*. 

The first pd x m* submatrix is always zero. The remaining partitioned blocks are all zeros 

except for entries corresponding to Gi (where G\ is the second block, etc.). We also define 

n = m -\ \-nr and m = mi -I + mr. 



2.3    Output Functions 

In the decentralized control framework, a separate controller is designed for each subsystem. 

The signal measured by the controller for subsystem i is denoted yi(t) and partitioned to 

distinguish those components that are generated locally by subsystem i from those that are 

exogenous, such as implicit or explicit communication from another subsystem. The local 

signal might be the subsystem's measured position and velocity, whereas the exogenous 

signal might be the position of another subsystem that must be explicitly communicated. 

The partitions of yi(t) are denoted 

Vi{t) = hi{x{t)) = 
hia(Xi{t)) 

hib(x(t)) 

where hia(xi) G Wia is locally generated and hib(x) G Wbi is exogenous to subsystem i. For 

local analysis, we use the notation 

H|=«*£>6R«»     H^-^g&eW"",    and   ff,=M26P»< 
OX OXi ox 

for i = l,...r. 

3    Decentralized Control 

In the decentralized control structure, each subsystem is regulated by a separate dynamic 

output feedback controller 

zi{t) = Aizi(t) + Biyi(t) 
% = 1,... , r. (3) 

t        Ui{t) = CiZi(t) 

where At e RnkiXTlki and nki is the dimension of the controller state. The output signal y^t) 

of subsystem i is the signal measured by the controller. The controller output Ui(t) is the 

forcing function for subsystem i. There are r such controllers in the platoon-one for each 

subsystem. Note that there is no interaction between the controllers. All interaction is due 



to the subsystem output signal yi(t) that can be a function of the states of other subsystems 

in the platoon. 

The topology of the closed-loop system is shown in Fig. 1. The integrators at the output 

of subsystem 1 are appended to the local controller (3) for that subsystem. Note that Fig. 1 

does not show the implicit and explicit communications that can exist between subsystems. 

The feedback signal to the summing junction is the platoon-level function that is either 

measured by subsystem 1 or communicated by that subsystem from an external source. The 

exogenous signal entering the summing junction is the reference signal for the platoon-level 

function. It is either generated exogenously from the platoon or generated by subsystem 1. 

The existence of decentralized controllers was studied extensively in works including [8] 

and [9]. In [6], the idea of decentralized fixed modes was introduced. Essentially, these 

are modes of the system that cannot be moved by decentralized controllers, as in (3). If a 

system has no decentralized fixed modes, then a stabilizing decentralized controller such as 

(3) can be found. An existence test, suitable for our purposes, was presented in [10] based 

on combining results in [6] and [8]. We adapt that test for the platoon dynamics at hand. 

Lemma 3.1 There exists a decentralized output feedback control system as in (3) that sta- 

bilizes the plant (2) with linearized output functions given by yi == HiX if 

rank 

XI     -Hc 

0    XI-F 
Gh ••• ö<„ 

Hji 

0 

H*> 

> n+pd (4) 

is satisfied for all X Q C and indexes ii,---iß, and ji,--- ,jv, (0<n<r,0<u<r) with 

{*i, ■■•*/*} = {!>•■• ,r}\{jx,--- ,ju} 

where \ is the set subtraction operator. The hypothesis of Lemma 3.1 need only be checked 

for values A that are eigenvalues of Fi and for A = 0. An important benefit of our systems- 

theory approach is that Lemma 3.1 can be used to study the communication structures, both 



implicit and explicit, that are required to stabilize the platoon. In general, one would first 

choose Hi to represent only the implicit communication that is available between subsystems 

and test the hypothesis of Lemma 3.1. If the rank test succeeds, then no explicit communi- 

cation is required between subsystems. If the rank test fails, then Hi is altered to represent 

additional explicit communication channels (e.g., states corresponding to the position of 

subsystem 2 are explicitly transmitted to subsystem 3). The hypothesis of Lemma 3.1 is 

checked again, and this iterative processes continues, increasing the explicit communications 

burden, until the rank test is satisfied. 

Due to the structure of the platoon dynamics at hand, more specific conclusions about 

inter-vehicle communications can be generated. To state these conclusions precisely, we first 

present some background information. 

Definition 3.2 Subsystem i is locally observable if 

rank 
XI -Fi 

Hin 

rii (5) 

for all AeC. 

Definition 3.3 Subsystem i is locally controllable if 

rank XI-Fi   d Tli (6) 

for all XeC. 

Definition 3.4 Subsystem i does not have tranmission zero at zero relative to the integator 

input if 

rank 
-Ha    0 

—Fi    Gi 
= Ui + min(pd, mi) 

To efficiently state the theoretical results on existance of decentralized controllers, we list 

several assumptions. 
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Assumption 3.5 Each subsystem is locally controllable and locally observable. 

Assumption 3.6 The platoon is free of transmission zeros at zero relative to the integrator 

output. That is, the matrix 

-F 

has full rank. 

Gx G> 

Assumption 3.6 states that an integrator can be placed at the output of the integrated 

function without causing a pole/zero cancellation. 

Assumption 3.7 Every subset of the platoon has no transmission zero at zero relative to 

the integrator input. That is, 

rank 

"  -Fh    •• 0 Gh 

-*i. Gi 

— #cii     * • •   — #«„ 0    '• ••     0 

for each subset 

where 0 < /i < r, 

> nix H hn^i min(np, mh H h miti) 

{*is... ,V>C{1,... ,r} 

Assumption 3.7 states that an integrator can be placed at the output of the integrated 

function for any subset of the platoon without causing a pole/zero cancellation. Of course, 

Assumption 3.6 is satisfied if Assumption 3.7 is satisfied. In addition, Assumption 3.7 re- 

quires that each subsystem individually is free of zeros at zero with respect to the integrated 

function output. 

We now state a general result for existance of decentralized controllers for the platoon 

dynamics at hand. Specializations of this result with hypotheses that are more easily verified 

will be presented in the sequel. 
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Lemma 3.8 There exists a decentralized output feedback control system as in (3) that sta- 

bilizes the platoon (2) if each subsystem is locally observable (Definition 3.2), if the platoon 

satisfies Assumption 3.7, and if 

rank 

H. jibo 

> pd - min(pd, mh 4 hm^J (7) 

-Hjuho. 

for all sets of indexes i\,. . . , i^, and ji,... ,j„, (/x > 0, v > 0) with 

{ii,---fy} = {!,■■■ ,r}\{ju--- ,ju} 

The proof of Lemma 3.8 appears in the Appendix. 

It is possible to examine specific communication strategies that satisfy Lemma 3.1. One 

such communication strategy requires that the integrator states q(t) are broadcast directly to 

each vehicle in the platoon. In our notation, this is equivalent to choosing hib(x(t)) — q(t) for 

alH = 1,... , r. This choice of explicit communication is desirable in that the bandwidth of 

the communication is dependant only on the number of integrator states, not on the number 

of vehicles in the platoon. 

Corollary 3.9 There exists a decentralized output feedback control system as in (3) that 

stabilizes the platoon (2) if each subsystem is locally observable (Definition 3.2), if the platoon 

satisfies Assumption 3.7, and if hn,(x) — q(t) fori — l,...,r. 

The proof of Corollary 3.9 is omitted since it is a direct extension of the proof of Lemma 

3.8. The exact result can also be obtained with hypothesis that is possibly easier to verify. 

,t 
Corollary 3.10  There exists a decentralized output feedback control system as in (3) that 

stabilizes the platoon (2) if Assumptions 3.5 and 3.6 are satisfied and if hn,{x) = q(t) for 

i = l,... ,r. 

Corollary 3.10 is not a direct corollary to Lemma 3.8, rather it can be derived from Lemma 

3.1.   The proof procedes very similarly to that of Lemma 3.8 and is omitted, though we 
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provide a brief outline. Row and column exchanges of (4) are used to display the matrices 

in Assumption 3.5, from which the rank of (4) is determined to be at least n. Depending 

on the selection of {ii, • • • zM} and {ji, • • • , jv}, an additional Pd indpendent rows or columns 

are obtained from either Assumption 3.6 or from the hypothesis of the corollary, hib(x) = q. 

4    Example 

Our decentralized control design method is demonstrated with an example based on control- 

ling a platoon composed of four AUVs. For clarity of presentation, we limit the the example 

to the 2 dimensional plane and choose a simplistic model for the AUV dynamics. Our 

goal is to control the average and variance of the AUV positions with limited inter-vehicle 

communications. The dynamics of each vehicle are written 

(8) 

xx. x2i 

x2i    _   fi cos(öi) - 2x2i 

y2i fi sm(6i) - 2y2i 

where fi represents the force created by the vehicle's thruster, 0j is the angle of the AUV in 

an inertia! frame, and the — 2x2i and — 2y2i terms represent viscous damping. The states X\t 

and yii represent the position of the vehicle within an inertial coordinate frame and x2i and 

y2i are their respective velocities. 

It is well known that dynamics such as (8) are nonholonomic. Linearized at a constant 

operating point, they are not controllable, and thus the vehicles violate the hypothesis of 

Corollary 3.10. However, the linearized AUV dynamics are controllable when they are lin- 

earized about a trajectory. This agrees well with our AUV example, as underwater vehicles 

are often designed to be in motion. 

The AUV dynamics are linearized about a constant velocity given by xXi = x2i — \ and 

Vh = 2/2i = 0. Inputs corresponding to this trajectory are fi = l and 6i = 0. Selecting a 

change of variables, 
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xu xu - \t 

x2i 
= 

x2i-\ 

yii 

) 
fi 

A 
= 

fi-l 

6i 

ß2i. 2/2i 

where t is time, and then linearizing yields the linear time-invariant system 

xu 

x2i 

V2i 

0    1    0 0 xu 0   0 

0-2   0 

0    0    0 

0 

1 

x2i + 
1   0 

0   0 

fi 

9i 

0    0    0 -2 ß2i. 0   1 

(9) 

Our goal is to regulate the average position of the vehicles and the distribution of the 

vehicles about the average position in these new coordinates. The average is computed in 

two dimensions 

vx = {xu + xi2 + xu + xu) IA 

vv = (yii + yi2 + yi3+£i4)/4 

(10) 

(11) 

and the sample variance, which gives the distribution of the vehicles, is also computed in 

two dimensions 
4 

wx = Y^ (*U ~ v*)2 /3 (I2) 
i=l 

4 

wy = Z) (yi*" vy>2 /3- (13) 
i=l 

The global (platoon-level) functions (10)—(13) are entries of the vector function hc(x) = 

[vx,Vy,wx,Wy]T and are integrated to ensure zero steady-state error. Measurement and in- 

tegration of the global variables is accomplished by subsystem 1, which we consider the 

mothership AUV. Subsystem 1 may have the capability to directly measure the global vari- 

ables, or to indirectly measure the global variables by measuring the position of every other 
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vehicle in the platoon and computing (10) - (13). Importantly, subsystem 1 is the only 

subsystem with this capability. 

To partially satisfy the hypothesis of Corollary 3.10, the integrated global variables are 

broadcast to the platoon. This is equivalent to setting hib(x(t)) = q(t), i = 2,3,4. In 

addition, we assume that each vehicle can measure its own position so that each subsystem 

is locally observable. The platoon is linearized at (XIDJ/IJ = (1.1,2), (xi2,2/i2) = (2,1.5), 

(xi3,yi3) — (0.7,1.1), and (xu,yu) = (1.5,0.7). Inspection of the linearized subsystem 

dynamics (9) shows that each subsystem is locally controllable and that the platoon is 

free of zeros at zero. Thus Assumptions 3.5 and 3.6 are satisfied, which implies that the 

hypothesis of Corollary 3.10 is satisfied and a controller (3) for each subsystem exists such 

that the platoon as a whole is stable and is able to track global function commands. The 

requirements for such a decentralized control system are that one vehicle can measure and 

integrate the global variables and that the integrated global variables are broadcast to the 

the other vehicles in the platoon. The only communication that is required is the broadcast 

of the integrated global variables. 

4.1    Synthesis of Decentralized Controllers 

Prom Corollary 3.10, a decentralized controller exists for the platoon operating near the 

stated equilibrium point. In general, however, designing such a controller is a difficult task. 

For the system at hand, we note that the output of each system, y^t) = Hix(t) is not ob- 

servable. Thus a number of design methods reported in the literature are not applicable. 

Instead, we adapt a synthesis technique recently reported in [11] to design a decentralized 

controller for the platoon at hand. Our focus here is on existence of decentralized controllers 

with attention to communication requirements. Thus we refer the reader to [11], and refer- 

ences therein, for a detailed discussion of decentralized controller synthesis and present only 

a brief summary of the procedure here. 

Let the decentralized controller (3) coefficient matrices be described by A, B, C, where 
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A = 

Ax    0    •••    0 

0    A2 
eRnkXnk, 

0 AT 

ftfc = ftfci H H «fcr, and B and C axe described similarly. We also define the matrices 

FP = 

Hc 

F 
0 

0 lnk 

Cx\   • • •   G> 

'Tlfc 

Hn = 

Hi 

0 

0 •'n/t 

and 

K = 
0   C 

S   A 

Note that the coefficient matrix for the closed-loop state dynamics (zero input) is Fp + 

GpKHp. A decentralized controller is found by solving the linear matrix inequality (LMI) 

eQ-R        (eFp + GpKHpf 

eFp + GpKHp -W 
<0 (14) 

with the constraint 

W = R -l (15) 

Where K = Ke has game structure as K. The free variables are the matrix K, symmetric 

positive definite matrices R, W, and positive constant e. The symmetric positive-definite 

matrix Q is selected as a design parameter and is constant in (14). 

Synthesis problems where structural constraints have been imposed on the controller, such 

as fixed order control or decentralized control, do not have desirable convexity properties 

to aid in computing a solution.   Indeed, (14) is convex in the unknown variables but the 
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constraint (15) is not. Nonetheless, an algorithm composed of alternating projections is 

described in [11] to obtain solutions that satisfy (14) and (15) simultaneously. Though 

the global convergence of the alternating projection algorithm cannot be obtained, local 

convergence can. The algorithm proceeds as follows: K, R, W, e are found that satisfy 

the LMI (14), then projected onto the space of matrices for which W = R'1. The new 

projected values of R and W are then projected onto the space of matrices that solve (14). 

This process continues until (14) and (15) are simultaneously satisfied. Numerical methods 

for this algorithm are found in [11]. 

We found the four subsystem controllers with controller state dimension Uk\ = • • • = 

77*4 = 15, positive constant e, and symmetric positive-definite matrices R and W that si- 

multaneously satisfy (14) and (15) when Q — I. These controllers are able to stabilize the 

closed-loop system in the neighborhood of where the system was linearized with adequate 

performance. The controller matrix coefficents Aki, • ■ ■ A^, Bfci, • • • Bk4, and Cjti, • • • Cki are 

listed in the second Appendix. The algorithm is numerically intensive which causes the con- 

troller design process to be prohibitively time consuming. Though we have proved existence 

of decentralized controllers for the vehicle platoon, efficient methods of control synthesis 

remain an open issue. 

4.2    Simulation 

The AUV platoon was simulated using nonlinear global (platoon-level) variable functions, 

nonlinear dynamics, and linear decentralized controllers. Commanded and actual trajectories 

for the average and variance along the x- and t/-axis are shown in Fig. 2 and 3, respectively. 

Along the x-axis, the data is shown with respect to the transformed state variables xit, for 
,» 

convenience. The trajectories of the vehicles are shown in Fig. 4 and close-up snapshots of 

the vehicles over time are shown in Fig. 5. 

Note that the vehicle spacing about the mean position is not regular or specified. There 

are an infinite number of possible full system states that satisfy the required regulation of the 

global variables. This allows for much more flexible system behavior than that of a platoon 
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under rigid formation control while still guaranteeing that the desired objectives are met. 

5    Concluding Remarks 

In this article a decentralized control design methodology for regulating global functions of 

cooperating mobile systems has been presented. Application of relatively standard system- 

theoretic tools, such as decentralized control, leads to a novel broadcast-only communication 

structure (single-source, unidirectional). The feedback mechanism between vehicles is the 

measurement of the global variables (by a single unit) and broadcast of their integrated 

values. More generally, methods presented here allow the designer to determine what explicit 

communication strategies are sufficient for a stabilizing decentralized control to exist. 

Using a simplified model, we have shown that it is indeed possible to regulate global 

variables of a platoon of autonomous underwater vehicles: in particular, the center of the 

platoon and the distribution of the vehicles about the center. Significant features of the 

developed system are that a relatively small amount of explicit communication is required 

between vehicles and that no vehicle must regulate its actual position. Further, the approach 

presented is scalable to any number of cooperating vehicles without the need for additional 

communication, although there is a practical limit on the size of the platoon. 

This work has application in a variety of domains other than AUV platoons; limitation 

of active bandwidth is desirable in cases of reconnaissance, limited power applications, and 

very-large-scale platoons. A number of open research areas remain, including analysis of the 

performance of the system under disturbances, failure of a subsystem, and efficient methods 

for synthesizing decentralized controllers. 
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Figure 1: Block diagram of closed-loop system. Subsystems and local controllers are de- 
noted E and A, respectively. The dashed box signifies that the controller for subsystem 1 
incorporates the integrators. 
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6    Appendix - Proofs 

Proof of Lemma 3.8: 

Our proof is based on the hypothesis of Lemma 1. Define 

Q = 

XI     -Hc 0    • ••    0 

0    XI-F GJ!   • ••   Gi 

Hh 

0 

.Hi» 

(16) 

Our goal is to shows that under the hypothesis of Lemma 2, rankQ > n + pd, the platoon 

state dimension. The entries of Q are expanded to display 

Q = 

XI —Hci — Ha- 0     • ■■    0 

0 XI -Fi   • 0 Gix 

0 XI-FT Gir 

0 Hjia 0 

Hjibo Hjibi Hjlbr 

0 

0 ... 3      Hjva 

_ Hjvb0 Hjvbi Hj.br 

(17) 
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and then rows and columns are exchanged, yielding 

Q 

XI -Hcii -Ha,,. licji ■ •     -HCjv 0    • ••     0 

0 XI-Fh 0 Gil 

0 A/ - Fiß 0 Gi 

0 0 XI - Fh 0 

0 0 A/ - Fjv 0 

Hjxb0 Hjibit • -        H3lbip 
Hhbh     • ■ ■        Hhbiv 

0 

Hj»b0 
Hivbn 

HJ»biß 
HJ"bh 

Hi»K 0 

0 0 H-jia 0 

0 0 Hjua 0 

Futher exchanging rows and columns yields, 

Q = 

XI Hcii 0     ••• Hdv 0 -"cji Hcj„ 

0 XI-Fh Giv 0 

0 XI-Fiu Gi 0 

0 0 

'"• 

XI - Fh 

A/ - Fiv 

0 0 Hjva 

Hjibo Hiih 0     ••• Hhbit, 0 Hjibo • ■        E3»biv 

. H3»b0 Hi^h 0     ■•• Hiv.biv 0 Hjvbo • •        Hv»bi„ 
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Of course row and column exchanges do not alter matrix rank, so 

rank Q = rank Q = rank Q 

Assumption 3.7 implies that the first the first block partitioned row of Q has rank greater than 

or equall to n^ H \-nilt +min(np, mil-\ \-miy). By the subsystem observability condition 

(5), the second block partitioned row has rank njl -\ Yrijv. And by the structure of Q, it can 

be seen that the first and second block paritioned rows of Q are linearly independent. Thus 

the first and second block partitioned rows have rank rii H \-nr + min(np, mix -\ \-miy). 

If A ^ 0, then the first block paritioned row in fact has rank Pd + rii^ 1- niv, and the 

proof is complete. For A = 0, we note that the (3,1) partition of Q is linearly indepent from 

the first two block partitioned rows. Thus 

rank Q > rank 

H. jibo 

H. ji>bo 

+ ni H nr + ram(pd, mh-\ V mju) 

and by hypothesis, 

rank 

Hjlbo 

H jvbo 

>pd- min(pd, mh-\ 1- miv) (18) 

Thus rank Q > rii + • • • + nr + pd = n + pd and decentralized output feedback controller 

exists. 
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7    Appendix - Controller matrix coefficients 

Ak! = 

-1.0874 -0.5699 -0.3583 -0.1502 -0.2465 -0.7191 -0.4427 -0.0976 -0.0101 -0.3640 -0.4205 -0.0416  0.0070 -0.0771 -0.0865 

-1.2646 -1.4790 -0.3914 0.4453 0.3415 0.4448 -0.0781 -0.0303 0.0315 0.2285  0.0865 -0.1090 -0.1019 0.2252 -0.0696 

0.1633 0.9085 -1.0076 -0.2136 0.6534 0.4345 -0.2953 0.1169 0.4783 0.1961  0.1260 0.1378 -0.0935 -0.1473 -0.0005 

0.0430 0.0417 0.5654 -2.1293 0.0369 0.2845 -0.1317 -0.0798 0.3475 -0.0652  0.1052 -0.0282 -0.1806 -0.2470 0.2603 

-0.2238 -0.2171 0.0591 -0.7110 -0.9275 0.0651 0.0392 0.2987 -0.3053 0.0197  0.1266 0.3043  0.6329 0.4582 -0.2918 

0.3182 0.3086 -0.0840 0.0317 -0.2384 -1.0643 -0.2429 0.0910 0.4523 -0.2470 -0.2285 -0.1970 -0.4746 0.2039 0.5781 

0.3445 0.3341 -0.0910 0.0343 0.4169 -0.0378 -1.4139 -0.1016 -0.4081 -0.4484  0.3220 0.1844  0.1756 0.6717 0.2178 

0.2234 0.2167 -0.0590 0.0223 0.2703 -0.1992 1.0513 -2.0775 0.4775 -0.3483  0.5507 -0.1435  0.2732 0.1327 -0.1793 

-0.2462 -0.2388 0.0650 -0.0245 -0.2980 0.2195 0.3561 -0.9160 -1.4319 -0.0586  0.3847 -0.0039 -0.7203 -0.3762 0.1081 

0.2226 0.2160 -0.0588 0.0222 0.2694 -0.1985 -0.3220 -0.1008 -0.2854 -0.8585 -0.1026 0.6194 -0.0385 -0.8426 -0.6091 

0.0770 0.0747 -0.0203 0.0077 0.0932 -0.0686 -0.1113 -0.0348 0.0865 0.3470 -1.1686 -0.4992  0.2421 -0.5115 -0.2286 

0.0169 0.0164 -0.0045 0.0017 0.0205 -0.0151 -0.0245 -0.0077 0.0190 -0.0174  0.3465 -1.6882  0.3018 -0.4887 0.0184 

0.0078 0.0075 -0.0021 0.0008 0.0095 -0.0070 -0.0113 -0.0036 0.0088 -0.0081  0.0025 0.6283 -1.4259 0.0510 -0.1521 

0.0021 0.0020 -0.0005 0.0002 0.0025 -0.0018 -0.0030 -0.0009 0.0023 -0.0021  0.0007 -0.0015  0.2255 -0.9198 0.0222 

0.0000 0.0000 -0.0001 -0.0000 0.0001 -0.0001 -0.0001 -0.0001 0.0001 -0.0001 -0.0000 -0.0000 -0.0000 0.0859 -1.0491 
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ifc2 

-1.7171 -0.7896  -0.0086  0.0772 -0.0247 -0.0431 -0.13S4  0.2373 -0.0150 -0.2735 -0.5332  0.1931  0.0033  0.2121  0.7672 

-0.0098 -1.5755   0.2993  0.0375  0.0404 -0.0100 -0.0023  0.0218 -0.0581  0.0596  0.0172 -0.0600  0.0258  0.0758  0.2916 

0.4242 -0.7744  -1.2703 -0.2526  0.1091  0.0809  0.0298 -0.1229  0.1726 -0.3040 -0.1333  0.3143 -0.0911  0.4173 -0.9307 

-0.0631 -0.2358  -0.1828 -1.5647  0.6090 ■ 0.0079  0.0378 -0.1194  0.0652  0.2241  0.4412 -0.1617 -0.0091 -0.3256 -0.7155 

0.1976  0.0607   0.0327  0.7019 -1.0395  0.3414 -0.1952  0.2567  0.0924 -0.1870 -0.3060  0.1408 -0.0159  0.0097  0.2188 

0.0897 -0.0258   0.0029  0.1803 -0.3601 -1.6413  0.9893  0.2769  0.1088 -0.0685 -0.0834  0.0682 -0.0138  0.0659 -0.0567 

0.0291  0.1221   0.1623 -0.2089  0.0183 -0.5616 -2.0914 -0.4716  0.1133 -0.0869 -0.1921  0.0684 -0.0020  0.0067  0.2356 

0.1257 -0.1613   0.0165  0.5545  0.6824 -0.1837 -0.3232 -1.1821  0.1375 -0.0764 -0.0179  0.0559 -0.0036  0.3427 -0.0153 

0.1587 -0.0865  -0.0004 -0.4520 -0.4762  0.2059  0.0056 -0.4844 -1.2374  0.0439 -0.0657  0.1302 -0.0182  0.5698 -0.1322 

-0.4832 -0.0378   0.2108  0.1061 -0.0293 -0.0735  0.3322 -0.1972 -0.1950 -1.3514  0.2255 -0.2816  0.0675  0.3061  0.2012 

-0.7056  0.0449  -0.0435  0.4092  0.7438  0.1407 -0.0202 -0.1688 -0.1338  0.1230 -0.7493 -0.2518  0.1024  0.1734  0.2202 

0.5281 -0.1038  -0.0502  0.0829  0.4201 -0.1144 -0.3296  0.3601  0.1531 -0.9494  0.0832 -1.4590  0.0433 -0.1954 -0.2983 

-0.1307  0.0970   0.2822 -0.3473 -0.0751 -0.2920 -0.3857 -0.4097 -0.0869 -0.7491  0.1585 -0.8790 -1.3383  0.1585  0.1087 

0.2860  0.0110   0.2097  0.6164  0.0570  0.0519  0.2293 -0.6001 -0.1885  0.0489  0.0945  0.0811  0.0027 -0.2128 -0.0379 

-0.7106  0.1239  -0.0429 -0.0977 -0.1206  0.0365 -0.0162 -0.0303  0.0878 -0.2737 -0.2889  0.2369 -0.0279 -0.1514 -1.3984 
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Ak3 = 

-0.9105 -0.2563 0.0057 -0.0534 -0.1463  0.2496  0.0805 -0.2868  0.8434 0.8237  0.4871 0.1814 -0.2238 0.0380 -0.2194 

-0.8017 -1.7919 -0.5188 -0.4718  0.2395  0.1128  0.3361 -0.0196 -0.3226 -0.2341 -0.1348 -0.1529  0.1925 0.2854  0.2569 

0.0122  0.7669 -1.1826 -0.0555 -0.4111 -0.3321  0.3741 0.0278 -0.1851 -0.0948  0.0699 0.1139 -0.4690 0.7205 -0.0552 

-0.0046 -0.0567 -0.4850 -2.0307  0.0393  0.4830 -0.1613 -0.0375  0.1601 0.0784 -0.1332 -0.1742  0.4124 -0.3091 -0.2517 

0.0048  0.0599 -0.0151 -0.8874 -1.1645  0.0748 -0.1107 0.1123  0.0608 0.0242  0.2273 0.3092 -0.6239 0.1473  0.4118 

0.0073  0.0908 -0.0230  0.0051 -0.5958 -0.9641  0.0670 -0.1211 -0.0699 0.1243 -0.2418 -0.3630  0.6387 0.2145 -0.8157 

-0.0374 -0.4651 0.1177 -0.0260  0.2662  0.6043 -1.0590 -0.2316  0.0655 -0.3699  0.0039 0.1199 -0.3668 0.9929 -0.6523 

0.0300  0.3731 -0.0944  0.0208 -0.2135 -0.1679 -0.3058 -1.9320  0.7928 -0.9375 -0.6360 -0.1214 -0.2732 -0.2348  0.1522 

-0.0513 -0.6381 0.1615 -0.0356  0.3652  0.2871 -0.2302 -0.4551 -1.3740 0.1192 -0.0090 -0.0379 -0.2743 -0.1509  0.0765 

-0.0410 -0.5106 0.1292 -0.0285  0.2923  0.2297 -0.1842 0.2255  0.7190 -1.6842 -0.1975 0.4060  0.0578 -0.0347  0.0867 

-0.0210 -0.2607 0.0660 -0.0146  0.1492  0.1173 -0.0940 0.1151 -0.2013 0.4258 -1.0882 -0.5723 -0.3127 -0.0646  0.0931 

-0.0050 -0.0627 0.0159 -0.0035  0.0359  0.0282 -0.0226 0.0277 -0.0484 -0.0394  0.3996 -1.8865 -0.3577 -0.0944  0.0513 

0.0032  0.0393 -0.0099  0.0022 -0.0225 -0.0177  0.0141 -0.0173  0.0302 0.0246  0.0056 -0.7655 -1.2264 -0.0370 -0.1348 

-0.0014 -0.0179 0.0045 -0.0010  0.0102  0.0081 -0.0065 0.0079 -0.0139 -0.0113 -0.0026 0.0051 -0.3754 -0.8237  0.0099 

0.0002  0.0027 -0.0006  0.0001 -0.0015 -0.0012  0.0009 -0.0011  0.0019 0.0016  0.0003 -0.0008  0.0016 -0.1264 -0.9702 
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Ak4 = 

-1.6158 0.7019 0.0236 -0.0886  0.0575 -0.0390 -0.0961  0.1011 0.0286 -0.0961  0.0350 -0.1659 -0.3826 0.3785 0.2096 

0.3856 -0.7928 0.3508 -0.0211 -0.0064 -0.0305 -0.0548  0.0343 0.0075 -0.0213 -0.0142 -0.0014 -0.1894 0.0555 -0.1830 

0.4092 -0.6513 -1.6856 -0.7982 -0.0199 -0.0923 -0.1471  0.1329 0.0315 -0.0637  0.0415 -0.1344 -0.1953 0.3465 0.2686 

0.4652 0.1228 -0.2471 -1.1896 -0.2294  0.1063  0.1030 -0.0145 -0.0198 -0.1204  0.0589 -0.1915 -0.5154 0.7393 0.1085 

0.5135 0.4796 -0.0811  0.0697 -1.2852  0.2072 -0.2502  0.1674 0.0629 -0.0682 -0.0301 -0.0702 -0.4166 -0.0805 -0.0979 

-0.3277 -0.4398 -0.0857  0.0284 -0.8860 -1.6910  1.1527  0.2368 0.0710 -0.0191 -0.0108-0.0351 -0.0997 -0.0864 0.0631 

0.0616 -0.1034 -0.3639  0.5828  0.0918  0.1320 -1.4844 -0.6008 0.0903 -0.0802 -0.0071 -0.1178 -0.4071 0.0694 0.0653 

0.3472 0.4165 0.1031 -0.1450 -0.0747 -0.4560  0.2271 -1.3913 0.2516 -0.0194  0.0080 -0.0125 -0.1287 0.2036 -0.1150 

0.1285 0.2384 -0.2758  0.7719 -0.3086  0.3826  0.5213 -0.2187 -1.2364  0.1203  0.0141 -0.0562 -0.2959 0.3814 -0.1378 

0.0304 0.0307 -0.3653  0.2764  0.5737  0.1363 -0.0604 -0.0309 -0.4386 -1.9970 -0.9017  0.0296  0.2349 0.2560 0.0497 

0.2146 0.4918 0.1874 -0.2680  0.2052 -0.5072  0.0428  0.5441 -0.2531  0.0835 -1.4919 -0.1728 -0.2477 -0.1582 -0.1142 

0.2745 0.3443 -0.0440 -0.1661 -0.1647 -0.3422  0.2594 -0.0867 0.1175  0.1984  0.0855 -1.1733  0.0382 0.1002 0.2040 

-0.3949 -0.1526 0.2620 -0.5824  0.3802  0.1240  0.2283 -0.0190 -0.0050  0.1165  0.2703 -0.0497 -1.1250 1.0262 -0.0044 

0.1250  0.2418 0.0777 -0.2534  0.2322  0.2212  0.5231 -0.3780 -0.1404  0.1152  0.0432  0.2311  0.4460 -0.6716 -0.5291 

-0.7093 -0.3022 -0.0130 -0.1629  0.0828 -0.1329 -0.3035  0.1708 0.0745 -0.2175 -0.0531 -0.1991 -0.9868 0.3949 -1.3133 
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-0.5379  0.1284   0.1909 -0.3909  0.6741 -0.0613 

0.4538 -0.1068  -0.1292  0.4210 -0.1290 -0.0909 

1.0584 -0.1306   0.1099  0.4186  0.7198 -0.1393 

0.3407  0.2512  -0.0572  0.1386  0.0377  0.0282 

-0.3761 -0.8547  -0.0882 -0.1598  0.1486 -0.0806 

-0.9366  0.7001  -0.1831  0.1204  0.1534 -0.3335 

-0.2538 -0.5205  -0.4143  0.2871  0.1375  0.6287 

■ßfcl   = -0.2251   -0.3458     -0.2376     0.2489     0.1921      0.0741 

0.0535      0.6031 0.2188   -0.0314      0.0943      0.4561 

0.1932   -0.1535        0.6238   -1.0852   -0.0662   -0.1201 

0.1516  0.4098   0.3048 -0.5291  0.0478  0.5369 

0.1722  0.4762  -0.4000 -0.1682  0.1486  0.1595 

0.2570  0.7209  -0.2612 -0.0570  0.0964  0.0217 

0.2000  0.1060   0.6521 -0.3042 -0.1054 -0.2754 

0.3019 -0.3387  -0.4854 -0.7357  0.1788 -0.2075 
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-0.2909  0.0073   0.1903  0.0084  0.2058 -0.0123 

0.0805 -0.0078  -0.5242  0.2839  0.0117  0.0378 

-0.0062  0.0026  -1.0379  0.8958 -0.2814  0.1817 

-0.1327 -0.0369   0.5580 -0.1763 -0.1191 -0.1984 

-0.4544 -0.1188  -0.4400  0.3242  0.1701  0.1421 

-0.1994  -0.4418     -0.2826  -0.1656  -0.0453  -0.5776 

-0.5704  -0.1832     -0.2058     0.0147  -0.0231   -0.3001 

B, fc2 1.1469      0.1252     -0.1883      0.4370      0.2481   -0.2379 

0.3164   -1.1987     -0.6632   -0.7297   -0.1308      0.0141 

0.3416 -0.3368   0.2187  0.3422 -0.0315 -0.3992 

0.5252  0.6319  -0.2209 -0.7778 -0.2569  0.1987 

-0.1911  0.8272  -0.6375 -0.3375 -0.0166 -0.0223 

0.0344 -0.5583   0.3345  0.1205  0.0534  0.6368 

0.7842 -0.0530  -0.1212  0.0793  0.3532  0.0304 

-0.1597  0.0191  -0.0839 -0.4120  0.8788  0.0253 
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0.6552 -0.0054  -0.8726  0.3643 -0.5112  0.0153 

-0.4078 -0.0710   0.1845 -0.2122 -0.0633 -0.0289 

-1.3601 -0.0567  -0.0766 -0.1446 -0.5907 -0.0390 

0.4605 -0.2895   0.3048 -0.1611 -0.0514  0.0408 

-0.3243  0.6441  -0.3600  0.4180  0.6141  0.0469 

-0.0349 -1.1244   0.1712 -0.6085  0.2598  0.1103 

-0.3859 -0.7037  -1.0784  0.5244  0.2742  0.0467 

Bkz = 0.1252  0.0445   0.3457 -0.1209 -0.1637  0.3802 

-0.2085  0.2996  -0.0908 -0.1798  0.0589  0.6537 

-0.1357  0.2537   0.0762 -0.2373  0.0539 -0.2104 

0.0977 -0.1584   0.1861  0.1187  0.0599 -0.7033 

0.0897 -0.2004   0.2695  0.1205 -0.0458  0.0231 

-0.1905  0.3074  -0.4844 -0.0883  0.1067 -0.1470 

0.3362  0.5740  -0.1024 -0.4192  0.0439  0.1410 

0.1889   -0.4359     -0.4948   -0.6071      0.1144   -0.0158 
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0.0525  0.0170   0.0534 -0.0410 -0.0143 -0.0754 

0.1176  0.0306  -0.1188  0.1378  0.1784 -0.1642 

0.1742 -0.0118  -0.2564  0.5309 -0.2681 -0.2630 

-0.6412  0.0732   0.3290 -0.2807 -0.0632  0.2887 

0.5304 -0.1225   0.6373 -0.9498 -0.1060  0.5963 

0.7030 -0.4348  -0.1298  0.3775  0.0586 -0.1475 

0.7997 -0.1025   0.2524 -0.2841  0.0802 -0.2595 

B, ki -0.5719 -0.5199   0.3961 -0.3436 -0.1595 -0.4754 

-0.0543 -1.4304   0.1311 -0.4135 -0.0424 -0.1838 

-0.1310 -0.2114  -0.3112 -0.1828  0.1264  0.2672 

-0.0671  0.6981   0.9114 -0.2930 -0.0829 -0.4076 

-0.1609  0.2528  -0.8392 -1.0804  0.2796 -0.2420 

-0.5765 -0.2115   0.1948  0.2573  0.3006  0.0617 

-0.7573 -0.0433  -0.1656  0.0543 -0.5216  0.0397 

0.2588  0.0946  -0.4482 -0.2142 -0.7473  0.0092 
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Cki = 
0.7396  0.2995   0.6316 -0.1767  0.0704  0.1805 0.1500  0.2008 0.1113  0.0077 0.1040 0.1110  0.0592 -0.0842  0.1361 

-0.0615 -0.0431  -0.0526  0.0669 -0.0823 -0.1573 0.8049 -0.3515 0.5074 -0.1004 0.3799 0.0137 -0.0608 -0.1739 -0.1492 

a kl 

-0.0596 -0.0605  -0.0114  0.1545 0.0704 -0.0434 -0.0657  0.1467 -0.1613  0.0880 -0.1342 -0.1017 0.0653 0.2722 1.0390 

0.0031  0.0009   0.1616 -0.1672 0.3112 -0.6263 -0.5153 -0.2603  0.0762 -0.4500  0.1576 -0.1987 0.2828 0.0009 0.0166 

Cfc3  = 
-0.4916   -0.4995     -0.4794   -0.2173  0.5268  0.3399      0.2128   -0.1526  0.0924      0.1077      0.0865   -0.0352      0.0748  0.0602  0.0881 

-0.0111   -0.0261     -0.0397      0.0021   0.0574  0.0570   -0.0424      0.1918  0.7449   -0.5332   -0.5499      0.1448   -0.1388  0.0510  0.0032 

Cki  = 
0.1145 0.1341  -0.0726 0.1653 -0.1230  0.0444  0.1149 -0.1391 -0.0430  0.1370 -0.0966  0.2809 0.4040 -0.7081 -0.5853 

0.0113 0.0116  -0.2330 0.3201  0.6736 -0.0083 -0.5086 -0.4356 -0.1654 -0.0248 -0.4083 -0.1443 0.0250 -0.0003  0.0076 
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