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NATIONAL ADVISORY COMMITTEE FOE AERONAUTICS 

TECHNICAL NOTE 2197 

PRESSURE DISTRIBUTION AND DAMPING IN STEADY PITCH 

AT SUPERSONIC MACH NUMBERS OF FLAT SWEPT-BACE 

WINGS HAVING ALL EDGES SUBSONIC 

By Harold J. Walker and Mary B. Ballantyne 

SUMMARY 

A method is presented for calculating the pressure distribution and 
damping in steady pitch at supersonic Mach numbers of thin, flat, swept- 
back wings having all edges straight and subsonic. Although it is adapt- 
able to wings with negative rake at the tips, the method- is applied only 
to wings with streamwise tips. 

The method consists of two steps: first, the calculation of a basic 
pressure distribution, which is identical to that existing on an infinite 
triangular plan form having leading edges that coincide with those of the 
swept-back wing; and second, the correction of this basic distribution to 
account for the effects of the subsonic trailing edges and tips. In cal- 
culating the various corrections, use is made of the principle of the 
superposition of conical flows. The derivative for the damping in pitch 
is calculated in a similar manner. 

In applying the method of analysis to a typical configuration, it 
was found that several of the corrections were small, and, from a practi- 
cal standpoint, could be dropped» By dropping these terms the method is 
shortened to the extent that it closely parallels previously published 
methods for calculating the lift, pitching moment, and damping in roll of 
swept-back wings with subsonic edges. 

A substantial reduction of the pressure in the vicinity of a subsonic 
tip was disclosed in the analysis. This effect was also found earlier for 
the cases of steady lift and steady roll. 

The method is based upon the usual assumptions and limitations of 
the linearized potential theory for supersonic flow. 

INTRODUCTION 

Methods have been developed previously for the calculation of the 
pressure distribution and the damping in steady pitch at supersonic Mach 
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numbers for thin, flat wings of various plan forms, including triangular 
wings (reference l), rectangular wings (reference 2), wings with super- 
sonic leading edges but somewhat arbitrary plan form (reference 3), and 
swept-back wings having all supersonic edges or a combination of subsonic 
leading edges and supersonic trailing edges and tips (references k and 5).1 

An approximate analysis of the damping in pitch of a limited class of 
swept-hack wings having all edges subsonic and straight is reported in 
reference 6. In the present report, a method, which can be applied more 
generally than that of reference 6,  is presented for the analysis of swept- 
back wings with straight subsonic edges. 

The present method of analysis consists essentially in the super- 
position of various conical and quasi-conical2 fields of pressure in such 
a manner that the particular boundary conditions for a swept—back wing in 
steady pitch are fulfilled. In detail, it closely follows the analyses 
given in references 7 and 8 for the case of steady lift and in reference 9 
for the case of steady roll. The analyses for the three cases, in fact, 
differ only in application to the different sets of boundary conditions 
corresponding to lift, roll, and pitch. 

The present analysis and those of references 7 a*id 9 are limited to 
wings having zero or negative rake at the tips; however, wings having 
positive rake can be treated through an adaptation of the method given 
in reference 8. Although the analysis for the type of configuration in 
which the Mach lines from the root of the trailing edge intersect the 
leading edge is not complete, the results given for this case are suffi- 
ciently accurate for many practical purposes. The scope of the method 
in general is limited to the usual idealizations and assumptions of lin- 
earized potential theory. 

To illustrate the application of the method, calculation of the 
damping derivative and of the pressure distribution along several chord- 
wise and spanwise sections of the swept-back wing shown in figure 1(a) 
are included. 

NOTATION 

a slope of any ray through origin divided by slope of Mach 
lines (fig. 1(b))  (ßj) 

xThe terms "subsonic edge" and "supersonic edge" refer to edges having 
normal components of flow which are subsonic and supersonic, 
respectively« 
Che term "quas: 
distributed linearly along rays passing through a fixed point. 

The term "quasi-conical pressure"  designates a press\rre which is 
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H 

m 

^r 

Co 

the ray a intersecting the trailing edge at the point- 
from which the Mach line passing through the tip of the 
leading edge emanates (fig. 1(h)) 

l-i^lna). 1 
ßs 

Coinm-t 
-(1-m) 

the ray a intersecting the trailing edge at the point 
from which the Mach line passing through point P(x,y) 

emanates (fig. 1(h)) ion trailing edge, a0=m^- 
ßy+cc 

on tip, a =- ßs 
ßy+Com-t-x 

°x+ß(y-s) 

slope of ray through the trailing-edge tip divided hy 

slope of Mach lines (fig. 1(h)) (   ^-—   ) 
\  Co + ^ / 

mt 
wing span 

pitching-moment coefficient M 

l_(|pV^Sc0 

r derivative for the damping in pitch 

(in the present report, Cm 

ÖC m 
La(S£o 

\2Vy 

with no subscript represents 

the damping moment ahout the center—of-gravity axis 
resulting from the loading due to steady pitch ahout the 
y axis instead of the center-of-gravity axis. See 
equation (2).) 

root chord of wing 

f i»f o.f <*.f A.f I)1 2>z Q)z 4>J 5 

m 

"»a 

auxiliary functions used in analysis 

slope of leading edge divided hy slope of Mach lines 
(fig. 1(h))  (ß cot A) 

slope of ray passing through point x. ,y.  and tip of lead- 

ing edge divided hy slope of Mach lines (fig. 1(h)) 

f ß(s-yA)" 

1 — Xn -" 
m   A 
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mr 

ms 

slope of ray passing through root of trailing edge and 
tip of leading edge divided by slope of Mach lines 

(fig. 1(b)) (^r-) ^ßs-mc0 J 

slope of tip divided by slope of Mach lines 

"it slope of trailing edge divided by slope of Mach lines 
(fig. 1(b)) 

M pitching moment about the y axis 

M0 free-stream Mach number 

Ap pressure difference between the upper and lower wing sur- 
faces 

T, / Ap F pressure coefficient I *—— 

2P 

AP       - correction to the basic pressure coefficient 

P^ basic pressure coefficient at the root of the trailing 
edge for a wing at constant angle of attack 

Pp basic pressure coefficient at the root of the trailing 
0 edge for a wing in steady pitching motion 

q steady pitching velocity, radians per unit of time 
(positive, if direction of rotation is that of increas- 
ing angle of attack) 

E ^^f- K + —^ E 
• 1 — m     1 — m 

s semispan of wing 

S area of wing 

t slope of any ray passing through the point Xp.}Jp, 
/  x-xA 

divided by slope of Mach lines  ß   
V y-yA 

tQ slope of ray through trailing-edge apex divided by slope 

of Mach lines [ ß -2— ] 
v  x-^0y 
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V free-stream velocity 

x,y,z     Cartesian coordinates in the stream direction, across the 
stream, and in the vertical direction, respectively (fig. 

. !(*>)) 

x streamvise distance from  y axis to the center of pressure 
of an element of wing area 

xg        streamwise coordinate of point where any ray t_ intersects 
tip or leading edge (for the tip, xs = £i + cQ; for the 

-. • j •   J        
com     %        *o     .      ' leading edge, xs = TT
2
— + c ) 

x 
c.i streamwise distance from y axis to center of gravity of 

airplane configuration 

Z force in the vertical direction 

-—.       dimensionless parameter representing steady pitching velocity 

ß JvL^-L 

5 constant factor used in equations (5) and (6) 

p free—stream mass density 

X argument of inverse cosine terms (see text) 

A angle of sweep of leading edge 

Elliptic Integrals 

ko 

K complete elliptic integral of first kind with modulus J 1-^rn2 

E complete elliptic integral of second kind with modulus Vl-m2 

K0        complete elliptic integral of first kind with modulus kQ 

EQ        complete elliptic integral of second kind with modulus kQ 

A/l-m^s 2 

F(fPo^ko)  ' incomplete elliptic integral of first kind with modulus kQ, 
amplitude cp 
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E(cp0,kQ)   incomplete elliptic integral of second kind with modulus kQ, 
amplitude cp0 

. -1 /l - t0
2 

cp0        sin   /- % 
'/ 1 — m^ 

K(k)      complete elliptic integral of first kind with modulus k 

E(k)      complete elliptic integral of second kind with modulus k 

k Am-a0)(l-m) 
J     2m(l+a0) 

k'        J 1 - k2 

F(cp,kf)    incomplete elliptic integral of first kind with modulus k1, 
amplitude cp 

E(cp,k')    incomplete elliptic integral of second kind with modulus k1, 
amplitude cp 

cp sin"1 1  /1+m -ß 
F(\|r,k') incomplete elliptic  integral of first kind with modulus    k', 

amplitude    i|r 

E(i|c,k*) incomplete elliptic integral of second kind with modulus    k1, 
amplitude    \|c 

.  _,    1     /ßy+mx v 1+m 
ijr sm x —   r-±  x   

k1 t/ ßy+x 2m 

*0 [E(k) -K(k)]  F(cp,k«)  + K(k) E(q>,k«) 

tQ '      [E(k)  -K(k)]   F(+,k')  + K(k) E(*,k«) 

Subscripts 

1 terms related to the conical pressures (except as noted) 

2 terms related to the quasi—conical pressures (except as noted) 

* 
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L 

P 

E 

e.g. 

a 

terms evaluated at the point A(xA,yA)  on the wing boundary 

on the trailing edge , x& = z ° 

X
A = ^ yA = s 

H -a 

m+c0 a 
>    7A = —. r-;  on the tip, ßlm^) 

terms corresponding to steady lift 

terms corresponding to steady pitching velocity 

terms corresponding to steady rolling velocity 

terms referring to center-of-gravity axis of airplane 
configuration 

designates "per unit angle of attack" 

Superscripts 

111 

terms related to symmetrical canceling sectors in wake 

terms related to oblique canceling sectors in wake 

terms related to canceling sectors outboard of tip 

METHOD OF ANALYSIS 

The method for calculating the pressure3 and the damping derivative 
for flat swept-back wings in steady pitch is developed in a manner simi- 
lar to that in reference 7 for wings in steady lift and in reference 9 
for wings in steady roll. The present-analysis, therefore, will be 
shortened somewhat by referring frequently to these two reports. The 
analysis is restricted to wings having straight subsonic edges and, 
although it can be adapted easily to wings with negative rake4 at the 
tips, is applied only to cases of zero rake (i.e., streamwise tips). 
A thorough treatment of those cases in which the Mich lines originating 
at the trailing edge intersect the leading edge is not included; however, 
results which are sufficiently accurate for most practical cases of this 
type can be obtained from the method as outlined. 

Throughout the report the terms 
will be used synonymously. 

The rake at the tip is negative if the tip slopes inwardly from the 
leading edge. 

'pressure" and "pressure coefficient" 
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In the coordinate system chosen for the analysis, the origin is 
located at the apex of the leading edge and the x axis coincides with 
the root-chord line of the wing.  (See fig. 1.) The y and z axes 
extend spanwise in the plane of the wing and perpendicular to the plane 
of the wing, respectively. 

The analysis is facilitated by assuming initially that the pitching 
axis coincides with the y axis. Subsequently, the pressure distribution 
due to pitching about an axis passing through the center of gravity of the 
airplane configuration (assumed to lie on the x axis at a distance 
x    downstream from the y axis) can be obtained by superposing on the 
pitching motion about the y axis a vertical translational motion of 
velocity qxc „ . The pressure distribution due to this translational 
motion corresponds to that of a wing at a constant angle of attack of 
-qx_ _ /v.  (See reference k.)    Thus, c. g. 

pp- 
\     V ■; v 

pp - Cc°) \  2V' X (1) 

where P., and PT  have been corrected for the effects of canceling 

the excess basic pressure in the wake and outboard of the tips. The cor- 
responding transfor:nation for the damping derivative is 

(%), ^ 

2 

e.g.  v yi        °    y 

in which (cm )  and fcL   J       are the damping derivative and lift 

y      x   7 
coefficient corresponding to steady pitching motion about the y axis, 
and C and CT are the moment coefficient and lift coefficient per 

unit an^le of attack. In order to simplify the analysis in the present 
report, the terms (Cm )   and  / CL \   are calculated as a single 

\    y 
term Cm  such that 

q 

C 
v2 

X^ rr   _       „ /Xf C ) =Cm    -2^^-Cm_-2 (^E,)     C,        (2) 
V "   mq co  "*        V co <l      ^ 

C.I 
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It should be observed that the term Cm  then represents the damping 

moment about the center-of-gravity axis resulting from the loading due 
to steady pitch about the y axis, and therefore does not, by itself, 
constitute the complete damping derivative (except in the special case 
in which the center of gravity lies at the leading-edge apex). The 
additional terms (Pj^, Cj^, and C« ) required for other locations 

of the center of gravity can be calculated by the method of references 
7 and 8. 

The order of the analysis consists in the derivation of the pressure 
distribution, followed by the calculation of the damping derivative. 

Pressure Distribution 

Following the procedure given in references 7, 8, and 9, the swept-, 
back wing is considered initially to be an integral part of an infinite 
triangular plan form, the leading edges of which coincide with those of 
the swept-back wing. Then it is possible to calculate a basic pressure 
distribution over the swept-back wing by means of the simple expression 
for the triangular wing. The excess basic pressures introduced in the 
wake and outboard of the tips of the swept-back wing in the first step 
are subsequently canceled by superposing over those regions a series of 
conical and quasi-conical pressure fields. At the same time, the Kutta 
requirement of zero pressure along the trailing edges and tips is ful- 
filled. If the trailing edges and tips are supersonic, these exterior 
pressures may be neglected since their influence does not extend onto , 
the plane of the wing. For wings with subsonic edges, several primary 
and secondary corrections representing the effects of canceling the 
excess pressure in the wake and outboard of the tips must be added to the 
basic pressures. 

Basic pressure distribution.- The basic pressure distribution for 
the triangular wing in steady pitch is given in reference k  as 

\ 2V/ 
8 x 2m2-a2 

27/ ßRco f^> 

1-m2     1-m2 

(3) 

The variation of pressure is seen to be quasi conical (i.e., the pressure 
varies linearly in the x direction along a given ray a) and to be 
dependent principally upon the sweep of the leading edge. Equation (3) 
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also can be used directly to calculate the pressure distribution of swept— 
back configurations, except in the vicinity of a subsonic boundary. For 
the configuration considered herein, the regions in which the above 
expression is inadequate are labeled I, II, and III in figure 1(a). 
Region I is influenced by the excess pressure in the wake, region II by 
the excess pressure outboard of the tip, and region III by the pressure 
both in the wake and outboard of the tip. 

Primary corrections due to cancellation of basic pressure in wake.— 

The corrective terms, which in regions I, II, and III correspond to the 
induced effects caused by the cancellation of the excess basic pressure, 
are designated "primary corrections" in the following analysis. They are 
derived by superposing along the subsonic boundaries a series of sectors 
of conical and quasi—conical pressure which, when integrated, completely 
cancel the excess pressure. The function for each sector of canceling 
pressure, in order to fulfill the boundary conditions of the pressure to 
be canceled, must: 

1. Represent a field of pressure consisting of conical and quasi- 
conical portions which conform with the pressure field given 
by equation (3) 

2. Have a dovnwash flow field which does not, in general, extend 
onto the plane of the wing, in order that the flatness of the 
wing be maintained 

3. Satisfy the linearized equation for potential flow 

A function, which fulfills the above requirements with regard to the 
cancellation of the basic pressure in the wake, is composed of two prin- 
cipal parts: the first, represented by a single symmetrical sector of 
pressure, and the second, represented by a series of oblique sectors of 
infinitesimal pressure. The first cancels the relatively large field of 
pressure determined by the basic pressure at the apex of the trailing 
edge (fig. 2(a)), and the second cancels the remaining smaller portion 
of the pressure (fig. 2(b)). 

The first principal part of the function is composed of a conical 
and a quasi-conical component, and can be derived from the symmetrical 
function previously utilized in reference 7 for the lifting case. Thus 
the function5 

5It is understood that the real part of F(q>0,k0) applies. For values 

of sin cp  greater than one, the real part of cp  is equal to Jt/2, 
o o 

and the real part of F(cp0,kQ) is equal to KQ. 
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PL„ 
^L = - ff F(Cpo>ko) 

where 

^  Mo2 

and, where PT  is the lifting pressure at the apex of the trailing 

edge, can he used directly in the pitching case to cancel a field of 
constant pressxire,. equal in magnitude to the pressure (due to pitch) 
at the trailing-edge apex, by rewriting it in the form 

APPi. = _ !!o F(Vko) (I*) 
o 

ko = Vl-^t 

rl-tc
2 

where    Pp      is given by equation (3)  for    a=0    and    x=cQ,    that is, 

cp0 = Bin   /  ~ 
v l-m+. 

P  _f*co\ 16m 

The field of pressure canceled by means of equation (k)  is conical 
(fig. 2(a)), since the canceling pressure is constant along the rays tQ 
originating at the apex of the trailing edge. 

A symmetrical function, which cancels the remaining quasi-conical 
portion of the pressure (fig. 2(a)), can be derived by the method of 
superposing infinitesimal conical pressure fields, as outlined in 
reference 9> The derivation consists in the formation of a function for 
a quasi-conical pressure field by integrating the effectB at a point 
P(x,y) on the wing of a series of infinitesimal symmetrical conical sec- 
tors represented by equation (k).    The sectors are distributed in a pyram- 
idal arrangement with the apexes located along the ray t0 = 0. If | is 
the streamwise coordinate of the apex of each sector measured from the apex 
of the trailing edge, and the limit {-0 designates the apex of the rear- 
most sector containing the point P(x,y) within its Mach cone, the 
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derivation leads to the expression 

>6o F(96,k0) 
fx = r.p.  53 

r.p.  &i 
x-cc 

K_ 16 

F(Vko) " "4; 
sin 

-i   /mt2(l~fc0
2) 

/ to2(l-mt2) 

(5) 

in which 

<P| 

;6 

= sin .-l 13 
1-mj 

ßy 
x-^0-6 

and 5;L is a constant. As desired, the real part of equation (5) is 
directly proportional to the distance (x-c0) and varies linearly with 
tQ between the ray tQ = 0 and the trailing edges of the wing as shown 
in figure 2(a). The expression, however, reduces to the value 
61(x-c0) (K0-Jt/2)/K0, instead of zero, along the trailing edges. Hence, 
in order to satisfy the boundary conditions along the trailing edges, it 
is necessary to subtract from equation (5) an additional function which 
has the value 61(x-c0)(Z0

-rt/2)/K0 in the region of the wake. This addi- 
tional function can be derived from the two expressions obtained by super- 
posing the infinitesimal conical sectors represented by equation (k)  along 
the rays t0 = m-fc and t0 = -m-fc, respectively, in a manner similar to 
that for deriving equation (5). In this manner, the two functions 

f2=r.p.B2(x-c0) mt(l^tjF(90,kJ+(t-mt)E(cp0,kJ-p^^y(1_to2)(to2_mt2)^ 

and 
to^nt r ^o-^   1  

f3=r.p.&3(x-K;0)|mt(l+mtt0)F(cp0,k0)-(t0+mt)E(cp0,k0)+ _^ ^ (l_t0
2 ) (t0

2^t2 ) 

are determined.  Since only the real parts of these two functions are to be 
considered, the factors which determine the signs of the radical terms may 
be replaced by t0/ |t0|. The two functions are now added giving the 
resultant function 

f4 = r.p. 64(x^50) [F(<P0,k0) -E(cp0,k0) ] (6) 

'The abbreviation r.p. indicates real part. 
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which"along the trailing edges reduces to the value 5 (i-c0)(Ko~
Eo)- 

If S4 is set equal to &i(K0-*/2)/K0(K0^0), then equation (6) 

hecomes the additional function required to satisfy the boundary condi- 
tions along the trailing edges.7 Except for the determination of the con- 
stant 5X, the expression obtained by combining equations (5) and (6) 
describes the desired field of quasi-conical canceling pressure. This 
function must have the same boundary value along the x axis as that 
given by equation (3) with x replaced by x-c0,    that is, 

x-^o n = ( ^CQ ^ 16m x-c^ ^ ^  x-c^ 

ßE co    Po co 
Ko 2  V 2V )    KR    c0   

PPC 

Thus, &! must be equal to 2Pp K0/«c0, and the corrective term corre- 

sponding to the quasi-conical portion of the pressure becomes 

x-c o 2 
^p2'=-*P0-^t 1'CPO*,)- =4; 

sin 
^2(l-t0

2) 

K0-(«/2) 

Ko_Eo [F(9o,k0) -E(cpo,ko)] } (7) 

Equations (k)  and (7) together comprise the first part of the over- 
all function required to cancel the excess basic pressure in the wake.'" 
The field of pressure represented by these equations is shown in figure 3, 
in which the regions of overlapping (or induced) pressure on the wing are* 
indicated by the dotted lines. 

The second part of the complete pressure-canceling function for the 
basic pressure in the wake (consisting of a series of oblique sectors) 
has been developed in reference 9, but in the form appropriate to a condi- 
tion of steady roll. The expression for a single oblique sector of cancel- 
ing pressure for the right half of a rolling wing is 

7 It is interesting to note that, if the difference between the func- 
tions fx    and f2 is taken, the function 

f5 = r.p. ^y E(cp0,k0) - *£  F(cp0,k0) - -i- y(l-t0
2)(t0

2^) 
po| 

which is directly proportional to y, is obtained. This function 
and f4 have been derived by other methods in reference- 10, and are 
utilized in reference 6 to calculate approximate values for the damping 
in roll and pitch for swept-back wings with subsonic trailing edges. 
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^•--J^^-f^oo^x"- ?A    t mfc-e 

t-a l^t /LT 
t-m^    1-a 

da 

-d^VV -H'V 

(8) 

where 

X>«   = 
(l-a)(t-fflt) - (mt-a)(l-t) 

(!-*(.) (t-a) 

and where    Pg      is the pressure in steady roll at a point    A(xA,yA)    on 

the trailing edge defined "by 

XA = mt-a 

c^a 
yfl = 

mtco- 
' A      ßfm^-a) 

Equation (8) is seen to be made up of two components, the first ( APR '') 

conical, and the second i APp '' J quasi conical [due to the term (y-y.)/y.] . 

Equation (8) defines an oblique sector of infinitesimal pressure to 
be superposed on the basic pressure in the wake. As shown in figure 1(b), 
each sector has an apex at the point A(xA,yA) on the trailing edge, a 
base at an infinite distance downstream, and is bounded on one side by the 
ray a and on the other by the trailing edge. This expression can be 
used to cancel pressures due either to roll or pitch; however, for the 
case of pitch it is necessary to rewrite the equation in terms of x and 
xA rather than y and yA. Thus, by substituting 

x-xA _ a y-yA 
xA   t yA 

and by replacing PR with Pp,  equation (8) is transformed to 

) = _ 1 (^lA)    cos"1 X"da - 1 (^L)   ^ ^±  (cos- X" - 
it \ da / « \ da /  xA mt-a \ 

*yTx~^)da )  (9) 

d(APp»« 

t-a l-m+ 

t-m-t 1-a 

= d(^APPi") +d^ZSPp2") 
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The field of pressure represented by equation (9) is illustrated in fig- 
ure k,  in which the lower portion of the pressure corresponds to the coni- 
cal component and the upper portion to the quasi-conical component. The 
region of the pressure which overlaps the wing is shown by the dotted lines, 

The total effect upon the pressure at a point P(x,y) on the right 
wing of canceling the field of basic pressure in the wake in excess of the 
pressure canceled by equations (k)  and (7) is found by integrating equa- 
tion (9) between the limits a=0 and a=aQ. The upper limit aQ repre- 
sents the rearmost sector, the Mach cone of which passes through the point 
p(x,y) (fig.1(b)), and is defined in reference 7 as     - 

ßy+c0-x 
=4, 0„.„ ^ „ (10) ao = 

ßy+mtco-x 

Also, for xA located on the trailing edge, it can be shown that 

x-*A mt-t  mtxH3y 
XA    "4;- ^tCo 

- 1 

iTrlklZ ITcZT *"""" in regl0n *' the SeC°M *»* 0f «» Prt-^ 

® APp"  =-l   r°(^)    cos"1 x» da 

mtco       y \ t-m,. 
1/Yfä 

da ^vG^) d*   I (11) 

where 
dP- 

da 

qcQ\    8mt    [~  2m4-3m2a2 + a3!^ 

2V/   ßE     L(mt-a)2(m2-a2)3/2 

A graphical method of integration is recommended for solving equation (ll). 
The separate conical and quasi-conical components will be retained through- 
out the remainder of the analysis in order to show their relative magni- 
tudes when applying the method to a typical configuration. 

Equations (k),  (7), and (ll) therefore comprise the complete set of 
primary corrections to be added to the basic pressure in region I adjacent 
to the subsonic trailing edge. They are only partial corrections for 
region III, which is also affected by the cancellation of pressure out- 
board of the tips and by the cancellation of certain secondary pressures 
to be discussed later. 
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Primary corrections due to basic-pressure cancellation outboard of 

tj-ps.- In general, the excess basic pressure outboard of any subsonic 
boundary (except the leading edge or a tip with positive rake) may be 
canceled either wholly or in part by means of equation (9)» This expres- 
sion can be readily modified to conform with the boundary conditions of 
the excess basic pressure outboard of the tips. The section of this 
excess pressure at the tip is shown in figure 2(b). With reference to 
figure 5 and noting that the wing lies in the negative range of t of 
each sector of infinitesimal canceling pressure to be superposed outboard 
of the tips, it is seen that to apply equation (9) to the tip it is neces- 
sary only to substitute -nig, -t, and -a for 114., t, and a, 
respectively. Thus, for a right-hand tip with zero rake (mg=0), 

d(APp»'») =■ 
( 

dP- 

da 

1    v 

-^ J cos-1 X 111 da _ 

1 f^lA^^k t La-1 XM • -J^_Vl-XM.: 

* V da / xA a L t(l+a) 

d (äPP^'M + df£Pp2"M 

da )  (12) 

where X'' reduces to 

X'»1 = a+t+2at 
t-a 

and where 

A  a 

dPT  f 
da  V , 27/ 

A. 2 2  3 
2m -3m a +a mt 

Um^)2^2-*2)3/2- 

The sector of infinitesimal canceling pressure represented by equation (12) 
is shown in figure 5. In this analysis only the tip with zero rake « 
considered; however, the tip with negative rake can be treated in an analo- 
gons manner. The correction for the tip with positive rake along which 
?he pressure is infinite, although not considered herein, can be calculated 
by adapting to the present case the method given in reference 8 for the 
case of steady lift. 

The total effect on the pressure at a point P(x,y) of canceling 
all the pressure outboard of the tip, as shown in figure 5, is found 
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by integrating equation (12) between the limits a=aQ and a=m, where 
aQ for the tip is given in reference 7 as 

a. = —li- 
° x+ß(y-s) 

It is noted that the term dPp /da becomes infinite at the upper limit 
A 

of integration m; therefore, the integration should be made according 
to the method of reference 7. This method leads to the expression 

coe~xX,t1  1 da - "V J 

A da 
cos-ix« • t _ 

t-a' J l-x» • »2 )  da 
t(l+a) / J 

X~XA t 

. xA 
a  V" ~    t(l+a) 

which, after substituting the expression for Pp  from equation (3), 
reduces to "■       , 

AIV"=-feA-l /ao(s-y)r /^xA (ßy+x)(2mg^2) 
P      ^ 27/ «ßK </ 

.m 

27/ «PR V   s  LJ  c0 (ßy^x),/(m^)(a^Q)(l+a) 

(ßy+x)(2m2-a2) *A 

Co 

a-a0 

J 
ao 

aQ(l+a)   ( 

APPi 
It 1 + APP   " • 

da >(13) 

j 

The first integral represents the conical portion of the canceling pres- 
sure, and the second integral, the quasi-conical portion. Equation (13) 
has been integrated in terms of elliptic functions in Appendix A. This 
equation therefore becomes the primary correction for the basic pressure 
at points contained within the Mach lines from the tip of the leading 
edge (region II, and region III in part). 

In Appendix A, it is interesting to note that along the Mach line 
originating at the tip of the leading edge (corresponding to aQ=m) the 
conical part of the primary correction for the tip does not reduce to 
zero. This correction therefore represents an abrupt drop in pressure 
which, as is shown in the following illustrative example, is sufficiently 
large to cancel nearly all the basic pressure between the Mach line and 
the tip. Similar effects were noted in the cases of steady lift and 
steady roll. 
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Secondary corrections.- Thus far, "by means of equations (k),   (7), 
(11), and (A5)> all "the excess "basic pressure in the wake and outboard of 
the tips has been eliminated. However, since the canceling sectors used 
in the process are also infinite in extent, still further, although much 
smaller, excess pressures are again introduced in certain regions in the 
wake and outboard of the tips. For example, as shown in figure 6 for the 
right half of the wing, excess secondary pressure will be added to the 
shaded region outboard of the tip and, in some cases, forward of the 
leading edge as a result of superposing the symmetrical and oblique can- 
celing sectors along the trailing edges. In a like manner, excess second- 
ary pressure still remains in small regions downstream from the trailing 
edge after canceling the basic pressure outboard of the tips, as shown 
for the left half of the wing in figure 6 (the secondary pressure in 
extreme cases overlapping the opposite wing panel, as shown). A rigorous 
mathematical analysis would require the cancellation of these secondary 
pressures and, in turn, the successively smaller excess pressure introduced 
by canceling the secondary pressures, and so on.  The details of canceling 
these secondary and lesser pressures by numerical methods are discussed in 
references 7 a*id 8; but, since the procedure is rather complicated and 
leads to only minor improvement of the final value, approximate methods 
will be utilized here.8 Thus, if the secondary pressure is neglected, 
the pressure along the portion of the tip and trailing edge affected by 
the secondary pressure will not have been reduced to zero. The magnitude 
of this error becomes evident after calculating the chordwise pressure 
distributions along sections near the tip. The secondary correction for 
the error can then be easily estimated using, as guides, the trends of 
the primary corrections. As shown in figure 1, the regions in which the 
secondary Corrections apply are located between the wing boundaries and 
the Mach lines reflected from the points where the Mach line from the tip 
of the leading edge intersects the trailing edge, and where the Mach line 
from the apex of the trailing edge intersects the tip. The excess second- 
ary pressure adjacent to the leading edge is neglected in cases in which 
the Mach lines from the trailing-edge apex intersect the leading edge. 
This approximate procedure is sufficiently accurate from a practical 
standpoint, as will be shown in the following illustrative case. The 
effect on the pressure distribution of secondary pressure existing upstream 
from the leading edge is not treated here, but is believed, on the basis 
of the results given in reference 8 for the lifting case, to be small 
enough to be neglected. 

Violations of downwash boundary conditions.— Although the equations 
for the sectors of canceling pressure in general do satisfy the boundary 
requirements for the pressure, they do not in every case comply with the 
condition that the downwash flow on the wing be zero in order that the 
wing be flat. As discussed in reference 7, the terms cos-1 X "  and 

8It should be noted also that a detailed analysis of the small secondary 
corrections would not be fully justified in view of the possible signi- 
ficant effects of viscosity, which are not considered in the present 
analys i s.  
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yi_X"2 in the expression for a single oblique canceling sector for the' 
wake (equation (9)) have a real part, which corresponds to pressure, and 
an imaginary part, which corresponds to downwash. For these oblique 
sectors, the real parts are zero only in the range —1 < t < a, and the 
imaginary parts.are zero only in the range m^. < t < 1. It is observed 
that some of the rays (in the negative range of t) from the sectors 
near the apex of the trailing edge of one wing panel (say the right panel 
in fig. l) will pass over the opposite wing panel, thus introducing some 
downwash flow on that panel. The same effects occur on both panels, but 
the regions of the wing and the amount of the downwash flow involved, in 
general, are small. Hence, some inaccuracies in the cancellation proce- 
dure are unavoidable, but they are believed to be insignificant in the 
final result. 

Illustrative application.- To illustrate the application of the fore- 
going analysis, the pressure distributions along chordwise sections A-A 
and B-B and along spanwise sections C-C, D-D, and E-E of the wing in 
figure 1 have been calculated and the results plotted in figure 7.  In 
this example, the y axis is assumed to be the axis of pitch. For com- 
parison of their magnitudes, the conical and quasi-conical terms in the 
trailing-edge and tip corrections are shown individually in parts (a) and 
(b), where it is observed that, in general, the quasi-conical terms are 
small compared to the conical terms. Both for this reason and because they 
involve a considerable portion of the computing time, the quasi-conical 
components probably can be dropped in most practical cases. The procedure 
'for calculating the pressure distribution then becomes essentially the 
same as that outlined in references 7 and 8 for steady lift. 

A close approximation to the pressure distribution in steady pitch, 
therefore, may be calculated by the following steps: 

1. Calculation of the basic pressure distribution for the entire 
wing by means of equation (3) 

2. Correction of the basic pressure between the subsonic trailing 
edge and the Mach line from the apex of the trailing edge 
(regions I and III) by means of equations (h),   (7), and (ll) 

3. Correction of the basic pressure between the subsonic tip and 
the Mach line from the tip of the leading edge (regions II 
and III) by means of equation (A5) 

k.    Estimation of the secondary corrections between the wing boundaries 
and the reflected Mach lines from the trailing edge and tip, 
using as guides the trends of the primary corrections in steps 
2 and 3 - 

5. Addition of the necessary lifting pressure in accordance with 
equation (l) 
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Where less accuracy is required, equation (7) and the quasi-conical terms 
in equations (ll) and (A5) may be omitted. If the region between the wing 
boundaries and the reflected Mach lines is small, then step k may also be 
excluded. 

Derivative for Damping in Pitch 

The derivative for the damping in steady pitch is calculated in the 
same manner as the pressure distribution; that is, the basic uncorrected 
value will first be determined based upon the expressions for the pressure 
distribution of triangular wings, and then primary and secondary correc- 
tive terms resulting from the cancellation of the excess pressure in the 
wake and outboard of the tips will be added. As before, the conical and 
quasi—conical components are developed separately in order to ascertain 
their relative magnitudes. 

If the distribution of pressure is known, as well as the correspond- 
ing moment arm to the center of pressure of any sector of the wing, the 
damping moment in pitch for the basic plan form and for the separate 
regions affected by the cancellation of the exterior pressure can be 
readily calculated about some particular lateral axis. The spanwise axis 
passing through the center of gravity (assumed to lie on the x axis) has 
been chosen in this analysis. However, since the pressure distribution is 
based on a pitching velocity about the y axis, the choice of any axis 
other than the y axis requires a computation of the additional angle- 
of-attack corrections given in equation (2). Hence, the damping deriva- 
tive calculated in the following sections is not, in itself, complete, 
except when the center of gravity lies at the leading-edge apex. 

Basic value for the damping derivative.- With reference to figure 8, 
it is seen that an increment of damping moment due to the basic pressure, 
which is quasi conically distributed with respect to the y axis on an 
element of area (ds/da)da, is equal to the product of the resultant 
force dZ and the moment arm x", the value of x being (ixA-xc#g<). 

Thus, from equation (3) and taking into account both halves of the wing 

dM = - 2 xdZ 

^ XA Xc.g.y L \^    J 3 V 2Vy ßE c0 J^z   W 
(U0 

In this equation, the resultant force is based on an average pressure 
equal to two-thirds of the pressure at the point xA,yA at the end of the 
sector. The total moment is found by integrating this expression over the 
two ranges, 0 < a < at, for which (from reference 7) 
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XA = 
_ mtco 
mt-a 

2co2 4S = "4;' 
da  2ß(mt-a)

J 

and a-fc < a < m, for which 

_ ßs 
a 

dS _ ßs2 

da  2a2 

Equation.(1*0 has been integrated numerically in Appendix B where it is 
expressed in the form of the damping-in-pitch derivative, that is, 

Gmq " 
ÖC m a r(^)" ^i) 

M 

& "") 

(15) 
Sc, 

°J 

Since the pressure coefficient and the parameter ( ^-^) are directly 
V 2.y/ 

related in the linearized potential theory, the derivative may he written 
as 

'"q 
M 

(3)(i rPV ) Sc 

The tapered (m ^ m^.) and the untapered (m = m^)    swept-back plan forms 
are treated separately. The result in each case represents the basic 
uncorrected value of the damping derivative, to which must be added the 
following primary and secondary corrections due to the cancellation of 
the basic and secondary pressure in the wake and outboard of the tips. 

Primary corrections due to cancellation of basic pressure in wake.- 
If the trailing edges are subsonic, it is necessary to correct the basic 
value of the damping derivative for the effect of canceling the excess 
basic pressure in the wake by use of the oblique and symmetrical sectors 
of pressure. Considering first the portion of the basic pressure canceled 
by the symmetrical sectors, the increment of force on an element of wing 
area (dS/dtQ)dt0 due to the cancellation of the conical component is 

dZn ipV2 
2 f^^'Ut; at. 
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That due to the quasi-conical component is 

«*,.-! 

in which the average pressure is two—thirds of the maximum value at the tip 
(or leading-edge) end of the element of area. As illustrated in figure 9> 
the moment arms of the two respective forces are 

xi' = co + 7 (xs_co) ~ xc.g. 

_ Q 
X2T = C0 + jj- (XS-C0) - Xc.g. 

giving the increments of induced moment 

dM2» = X2» dZ2» 

The total induced moment on the wing is found by integrating these two 
equations "between the limits n^ and 1. If the rays tQ intersect the 
leading edge as well as the tip, the integration must be performed sepa- 
rately over the two ranges m^ < t0 < IIIQ and m0 < tQ < 1, where m0, 
as shown in figure 1(b), designates ühe ray passing through the tip of 
the leading edge (i.e., mo=ßms/(ßs-mc0)). For t0 < mQ 

Bs 
xR = =- + c0 

while for tQ > mQ 

*o 

dS _ßs2 

4to 2t0
2 

xs 
Com 

t0-HB 

dS m2c0
2 

dtQ 2ß(t0-m)
2 
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Based upon these values,  the damping correction,  expressed in derivative 
form,  to be added to the basic derivative, therefore becomes 

AC     '  = ACm     '  + ACm     • 'IE, mqx 
Jm, Q2 

where 

--m, 
Qi v sy R 

,m, o / 

J   I1 
m
t 

,  2    ßs        'e.g. N    1   F(9o?k0) 
3 Vo        co     ./  t0

2        K0 
dtn  + 

/ mc, 

V ßs 
mo 

1 + 2 _m xc.g. ^        1        F(q>o,k0) 
N       3 to^11        co     /   (t0^n)2      K0 

dt. (16) 

ACm,2'   = (^Smßsj    /*V        3    ßs        xc.g\ 

t7§1 F(cPo^ko) 

m. 
sin"1 I^^H _ Ko-(ff/g) F(cp0,k0) -E(cp0,k0) at„ + o 

ßs 

^      / mco\    /,x      ,'i + 3 J£_ _ xcg.\        1 2 

"o 
^^t^--^; (Tt^n^o^o)- 

to sin L A
2(l-t0

2)      K0-(n/2) 
VVd^t2)        K0^o 

F(cp0,k0) -E(cpnJkn) dtf 

(17) 

If    IQQ    is greater than 1,  the second integrals in equations  (l6)  and 
(17)   are not required.    The equations  should be integrated by a graphical 
method. 

The damping correction due to the cancellation of the basic pressure 
in the wake in excess of that canceled by equations (l6) and (17) is 
calculated in a similar manner. The induced moment on the wing due to a 



21». NACA TN 2197 

single oblique canceling sector originating at a point A(xA,yA) on the 
trailing edge is first determined, and then the total moment is found by 
integrating the effects of all the oblique sectors superposed along the 
trailing edge. The two resultant forces, one (dZj") arising from the 
conical portion of the canceling pressure and the other (dZ2

M) from 
the quasi-conical portion, acting on an element of wing area (dS/dt)dt 
are shown in figure 10 for a single oblique sector. Considering first 
the case in which none of the rays from the oblique sectors intersect 
the leading edge, the average quasi-conical pressure is two-thirds the 
maximum value at the tip end of the element (for which x - xA is equal 
to ß(s-yA)/t)> and the two increments of force from equation (9) become 

-1"<K)K^)daco6"lx"(«) dt 

^•=(K)!^>^^~-lx" 
dt 

txA  mt-a 

t=*_ tut J^T* \ (g) 
t-nifc 1-a J  \dty 

The two respective moment arms are seen from figure 10 to be 

- .,       ^2 ft(s-yA)    , 
xi      = XA + 3 —t c-g- 

-\ ß(s-yA) 
k       t 

x2"  = xA + f xc.g< 

The term ds/dt is given in reference 7 as 

dS = V™**2   (H-^Y 
dt  2at2t2 Vn^-a/ 

The two increments of induced moment due to a single oblique sector 
therefore become 

dMi" = Xx" dZi" 

dM2'» = X2»' dZ2" 

The total induced moment due to a single sector is now found by inte-^ 
grating these expressions with respect to t over the range m^ < ,t _^ 1 
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on the wing. A second integration with respect to a over the range 
t < a < at then gives the total moment due to all the sectors super - -a. 

posed along the trailing edges. Therefore the correction, expressed in 
derivative form, for the region adjacent to a subsonic trailing edge ' 
(regions I and III in fig. 1) becomes 

2V 
Scr 

dtda + 

o  114. 

da / * 3 t xA in^-a 
cos x X'» 

t-a i-mt y 1 x,ti 
t-m-t 1-a 

{&)  dtda Vdty (18) 

The results, of the integration of equation (18) with respect to t are 
given in Appendix C (case i); however, a graphical method of integration 
with respect to a is required for the complete solution. 

Configurations, in which the Mach lines from the canceling sectors 
in the lower range of a intersect the leading edge, require additional 
calculations for the range 1% < t < 1, in which t = n^ (n^ < 1)  is 
defined as the ray passing through the points A(xA,yA) and the tip of 
the leading edge (fig. 1(b)), that is, 

"k = ß 
yA 

ßs 
m - xfl 

Thus, the-integration with respect to t must be made over the two 
ranges m-t < t < 1% and 1% < t < 1.  If only the conical pressure 
terms are considered, the area and center of pressure of an incremental 
sector in the range n^ < t < 1 are 

dS _ XA (m 
dt   2ß(t 

a)' 
m): 

= x» + £ m — a \ _ 
3 t m e.g. 
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This range disappears for those sectors which have Mach lines passing 
downstream from the tip of the leading edge, the limiting sector "being 
defined by the ray a7  (fig. 1(h)), where 

a, = 
1 - (ßB/cöm)(l-m) 

1 - (ßs/mtinc0)(l-Bi) 

Hence for a > a7, equation (l8) applies. The damping correction for 
the region 0 < a < a^ is calculated also in Appendix C (case II), 
but only for the conical pressures since the quasi-conical pressures have 
been shown to be negligibly small. 

The complete correction to the damping derivative resulting from 
the cancellation of all the basic pressure in the wake is comprised of 
equations (l6), (17), and (C2) (or (c6) or (C7), as required), in which 
the conical and quasi-conical terms are retained as separate components. 

Primary corrections due to cancellation of basic pressure outboard 

of tips.- The primary correction for a subsonic tip with zero rake can 
be calculated in a manner similar to that for a subsonic trailing edge. 
The forces dZ1

,,t and dZ2
,,f  on an element of wing area at the tip 

due to the conical and quasi-conical components of the canceling pressure, 
together with the respective moment arms, are shown in figure 11. The 
force äZs

,%t    corresponds to an average pressure equal to two-thirds of 
the maximum pressure at the point of intersection of the ray t and the 
trailing edge, for which 

x - x« imt 
t - mt 

i_i) 
a      a-t/ 

az1
,M 

dZa»"  = 

From equation   (12), 

(s) 

dt 

da2^t_A       iV 
3t-mtV

a      at/a cos x X 

t~a v /l-X»»
,£ 

t(l+a) 

in which 

dS 
dt 

ßmt
2s2 

at  ay (mt - t)< 
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The respective moment arms are 

Xi"« = ßs I + 2  mt  / 1 _ _1_ 
a  3 t - mt \ a  at/ j e.g. 

x2 t > 1 ßs 1 +3 "4: 
=4; Va   aty _ e.g. 

Therefore, the primary correction to the "basic damping derivative for 
regions II and III at the tip "becomes 

mq      mqi      mq2 

° ^"CSr) ;cos~ \cLV 
dtda + 

m  o 

a+ —1 

£2". (^A 12 ^t/l _l_\t 
\ da / ä 3 t-mt \a  at y a _ cos 

1 X''' 

*-*    </I^--2 
t(l+a) 

11»' (&)   dtda Vdty (19) 

An analytical integration of equation (19) with respect to t in the 
range -1 < t < 0 is given in Appendix D. A suitable graphical method 
for integrating the resultant expression with respect to a (as outlined 
in reference 7) is also included.  The tapered and untapered cases are 
Considered separately. 

Secondary corrections.- As discussed previously with regard to the 
pressure distribution, the calculation of the damping derivative, to 
be complete, should include corrections for the secondary and smaller 
pressures. This is most simply accomplished by estimating the magnitude 
of the excess loading at the tip between the secondary (reflected) Mach 
lines and the edges of the wing (see diagrams of the pressure distribu- 
tion) and the distance from the pitching axis to the center of loading. 
For practical purposes, the excess pressure on the wing may be assumed 
to vary linearly from the maximum value along the wing boundary to zero 
along the Mach line. The excess pressure along the tip is equal in magni- 
tude to the correction due to the cancellation of basic pressure in the 
wake; and that along the trailing edge, to the correction due to the 
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cancellation of basic pressure outboard of the tips. The excess pressure 
upstream from the leading edges may, in general, "be neglected. This 
approximate method has been used in the following illustrative example. 

Illustrative example.- The derivative for the damping in pitch of 
the configuration shown in figure 1 has been calculated using equations 
(B*0, (C2), (D3), (16), and (17) and the procedure given in the pre- 
ceding paragraph for calculating the secondary correction. For this 
example the center of gravity is assumed to be located at the apex of the 
leading edge. The results are presented in table I, in which the conical 
and quasi-conical components are shown individually. 

It is apparent that the contribution to the total correction of the 
quasi-conical terms is only a small portion of the final value of the 
damping derivative and therefore may be dropped in many practical cases. 
The estimated secondary correction in some cases may also be insignifi- 
cant, particularly those in which the wing is considerably tapered.  If 
such approximations are warranted, then possibly the simpler method of 
reference 6 for canceling the excess pressure in the wake may be used. 

The calculation of the damping derivative therefore can be accom- 
plished in the following steps: 

1. Computation of the basic value for the over-all plan form by 
means of equation (B3) (or (B1*-)) 

2. Correction of the basic value for the effect of a subsonic 
trailing edge by means of equations (l6), (17), and (C2) 
(or (c6) or (C7), as required), dropping the quasi-conical 
terms where feasible 

3. Correction of the basic value for the effect of a subsonic tip 
by means of equation (D3), dropping the quasi-conical terms 
where feasible 

k.    Estimation of the secondary correction for the excess secondary 
pressures as outlined, if required 

5. Addition of the angle-of-attack corrections in accordance with 
equation (2) 

This procedure follows closely those procedures given in reference 7 for 
the lifting case and in reference 9 for the rolling case. 

CONCLUDING REMARKS 

Through use of the method of the superposition of conical flows, the 
calculation of the pressure distribution and the derivative for the damping 



NACA TN 2197      ' 29 

in steady pitch has "been extended to include swept-back wings having all 
edges subsonic (provided they are also straight). The method presented 
is rigorous if carried out in detail, but for most practical purposes it 
can be shortened considerably by neglecting certain less significant 
terms in the final results. The method resulting from such simplifica- 
tion parallels closely those methods presented for swept-back wings in 
reference 7 for the case of lift and in reference 9 for the case of roll. 

Although this analysis does not include wings having positive or 
negative rake at the tips, it can be easily adapted to wings having nega- 
tive rake. The analysis is not complete for configurations in which the 
Mach lines originating at the trailing edge intersect the leading edge; 
.however, the results given for such cases are believed to be sufficiently 
accurate for most applications. ,    • 

The analysis has shown that abrupt changes in pressure should occur 
along the various primary and reflected Mach lines on the wing, especially 
those originating at the tips of the leading edge. Such effects have 
been found previously for wings at constant angle of attack and in steady 
roll» It should be noted, however, that such discontinuities in pressure 
are not compatible with the flow that would be found on wing surfaces in 
a viscous fluid. There is evidence that, because of the presence of a 
boundary layer on the wing surfaces, the pressure changes are much more 
gradual than those given by the foregoing theory. In particular, it is* 
believed that a rigorous numerical analysis of the secondary corrections 
for the pressure and damping derivative (for region III in fig. 1(a)), 
because of the moderating effect of the viscosity, would not be justified 
from a practical standpoint. For this reason, approximate methods for 
calculating the secondary corrections were utilized in the present report. 

Ames Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Moffett Field, Calif., May 12, 1950. 
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APPENDIX A 

INTEGRATION OF PRESSURE CORRECTION DUE TO CANCELLATION OF 
BASIC PRESSURE OUTBOARD OF TIP 

The equation for the correction for the basic pressure in the vici- 
nity of a streamwise tip due to the cancellation of basic pressure out- 
board of the tip (equation (13)), namely, 

P \2Y / ÄßR V        s 

JO- 

*A 2m2-a£ 

a (ßy-ax)V (m2-a2)(a-a0)(l+a) 
•da + 

f($ a-a. 

a0(l+a)_ 
2m2-a2 

da (Al) 
(ßy-ax)V(m2-a2)(a-aj(l4a) 

can be integrated in terms of elliptic integrals in the following manner: 
*A = §s_ 
cO  coa 

Substituting — = E£- gives 
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ao(1+a) a(ßy-ax) ,/(m2-a2)(a-a0)(l+a) 
da (A2) 
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Equation (A2) may be expressed in terms of elliptic integrals by substi- 
"tuting 

snu = 

k = 

'(a0+l)(m-a) 

(a+l)(m-a0) 

/(m-a0)(l-m) 

2m(l+a0) 

\ (A3) 

Thus, 
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du + 

(h-f)g-gb(l+m)(h+kg)      /       du 
h(h+b) 

K 

l+hsn2u 

(b+f)g
+2b(l+m)fb-kg1l      pK   du 

b(h+*) J    l-bsngu 
o 

in(l+m)   L bh J 

(h-f)2-gb(l-H,)(h+k2)    rK l-sn2u    du + 

h(h+b) J      l+hsn2u 
o 

2,    ~K 
(b+f)g+2b(l+m)(b-k )    P    l-ex^u 

b(h+b) l^bsnni 
du (A*) 

where 

m-a_ 
f =  9. 

l+a_ 

h = ßy+x      ° 
ßy-mx 1+a 

b = 
m-a o 

m(l+a0) 
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The solution to equation (AU) reduces to the final form 

lco\   16   s 
p \2V /   rtR c 

l-2m 
Ws-y) 

L V 2m(l+a0) 
K(k) 

1_    (2m X "P y   > f + 2m(ßy+x) 

ßy  ,/(mx+ßy)(mxH3y)      ° ßy /¥•<>]- 

\ 2T /   KB c„   1 *        s a (l-m2) 
(A5) 

1+a, ^o   /ao(s-y) K(k) 

a0ßy(ßy+x) *        s «/2m(l+a0) 

(2m2x2^2y2)(ßy-a0^) 
aQßy(x+ßy) ^(mx+ßy)(mx-ßy) ßy 

[2m2(x+ßy)2-(2m2x2H32y2)] 

*    _ 2m(ßy+x)    fi^f $     X 
0 ßv       V    s      o  J 

ÄE>    »»»  + AP,,  »»• 
rx r2 

where 

*    = [B(k) -K(k)] P(<P,k») + K(k) E(cp,kf) 

-/ 

*    =  [E(k) -K(k)] F(+,k»)  + K(k) E(+,k') 

cp    = sin 

i   = sin ■"• 

1 7 l+m 

TF J    2 

JJ~^  *J ßy+x 2m 
ßy+mx      l+m 

k 
■/ 

(m-a0)(l-m) 

2m(l+a0) 

;l    =   j/l-h 
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The first bracketed term in equation (A5) represents the part of the 
correction due to the conical component of the sectors of canceling 
pressure; the second bracketed term, that due to the quasi—conical com- 
ponent. 

Of particular interest are the corrections for points on the Mach 
line originating at the tip of the leading edge. Along this line the 
terms aQ and k in equation (A5) reduce, respectively, to m and zero; 
and, as a result, the second integral in equatiqn (Al), corresponding to 
the quasi-conical component of pressure, vanishes (since a-a0 -> 0). 
On the other hand, the conical component is finite along the Mach line 
and equation (A5) reduces to 

APPi." f??o\  8 _s_    /iüm" 
V 2V J E c0 J    2m 1+m / 

l-2m   /m( s—y) + 2m(ßy+x) f 
ßy  V 

m( s-y) 
s 

0 2 2 „2 2 2m x -ß y 

ßy */(x+ßy)(mxH3y) 
(A6) 

Thus equation (A6) expresses an abrupt drop in pressure along the Mach 
line. 
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APPENDIX B 

BASIC VALUE OF DERIVATIVE FOE DAMPING IN PITCH 

From equations (ik)  and (15) the basic value of the derivative for 
the damping in pitch may be written 

-2 
m„ 

T?X^fc 
/  xdZ + /  xdZ 

o   at      o 

(Bl) 

After substitution of the respective expressions for x and dZ, equa- 
tion (Bl) reduces to 

m„ --/* 
2\/ 

K*A W* IUa 
2m2-^2 da + (Vo Y A   2m2^2     da' 
4 rs—s" a «/m -a ßs / J        (mt-^)Vm

2-^2- 

3 V mtc0 / L V ßs / J 
-,m  2 2 2m -a 
aVm2-a2 

da + 

mtco 

ßs 

4  nH 2m2-a2 

(mj.-a)3Vm; 
da 

2-a2 
(B2) 

The final expressions for the two cases m^m^ (in which m^ > m) and 
m=m^, after integration of equation (B2), are as follows: 

m^mt- ( 

m_ 
ö f JLY si < (2mg+at

2)«/m2-at
2 

2 o 
3m at 

+ 

=£)4{ ^m2^2     r^2-2*2 mt(iat2+^2) 

ßs /    I 3(mt
2^n2)(mfc-at) Kmt-at)2    2(mt2^n2)(mt^t) 

2m4+12m2mt
e+mt* 

2_^^2 SdH2-^2) 
m3 (4m4-12mt

gmg+23mt
4) 

6m£ (m,.2-^2)3 
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mtme(2m2+3mt
2) 

^(m^-m2)3*/^2-*? 
cos -1 

m -«VH 
—  COS m 

m(m-tr-at) ^ 

3 Wc0 / I \   ßs / at2 

mtco 
ßs 

4     r 
(2m4—5mt2ms+mt

Qat+2m2mt.at) */ms-a.^s 

2(mt
2-^2)2(mt^t)2 

m3(2m2-5mt
2) Sun2!* 2„2 

2mt
2(mt

2-m2)2      2 (mt2-m2)2»/ mt2-«2   \ m(mt-at) 
=   ( cos x 
2   \ 

_,  m —m+a. '-»tH 

cos **)]} 
m = ^ 

"q        Vs 
'*) (*)' E 

(?)* ßs '      105ma(m-at)4 

(B3) 

(2m2-mt
2)*/m2-at

2 

3m2at
a . 

(64m -46m at-innat
24at ) Vm2-at2 — 64(m-at) 

3 \ mc0 / I   \ ßs   /       at
2 

/mc 

f) \ßs /    5m(m-at)
! 

o o        /   o o «■ 

(4m -2atm-a^-  ) vm -at    — 4 (mr-a^Y (Bh) 

If the term   xc „      is zero in the above equations, then the angle—of— 
attack correction given by equation (2)  is not required. 
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APPENDIX C 

CORRECTIONS FOB DAMPING DDE TO OBLIQUE 
CANCELING SECTORS IN WAKE 

The corrections for the damping derivative due to cancellation of 
the basic pressure in the wake by means of the ohlique sectors are given 
separately for the two cases n^ > 1 (i.e., Mach lines from trailing 
edge intersect tip) and n^ < 1 (i.e., Mach lines from trailing edge 
intersect leading edge). 

Case I (n^ > 1) 

The correction for this case is given by equation (l8), which, upon 
substituting the expressions for x'' and dS/dt, becomes 

AC™ •* = AC™  '• + ACm  '• 

2 Jßmt
2s2      nat   /at^\2   /dPpA 

mt-a ■; i da XA-Xc.g.+ 
mt 

2 ß(s-yA) 
3 t 

Jt cos- X..dt da + ä Pfüi!j!   A*i^fs- 
t2 3    2rtät

2    J      (mt-aj3  x 
-7A   (^Ek) 
:A     \ da / 

™t 

xA-xc.g.+ i —i— ^   (cos^x" -^^ 
t3     \ t-mt i"6- 

</^~2) dt da 

(Cl) 

Integrating equation (Cl) with respect to    t    gives 

(?) AT       It   -      x b ' 
ß/^Y^tdPpA  (at^) 

\2V 
t/ J da    a(mt-a)2 

f    AA £t& 
\ "t 

! (*f) (^)♦ [ (^) 
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£) ., •.. V   A OP, 

/ 

(mt-a)(l-a) 
da + 

l°n\,6 

2Y 

a+ / da 

FA fe-^A)(   at~a 

"f -a co     / 

% -a 

2a2 
'*t 

2mt-a(l+mt)      /(mt-a)(l-a) 

Ua2m (1-a) "t 

+ ß-(B-yA 
8\c„ 

(mt-a)(2mt+a) 

a X2 

8mt
2-a2(3+rnt2)-4amt

2   /(int-a)(l-a) 
3    2 

*ta m.   (1-a) *t 

da (C2) 

where 

dPx 

da 
^ = Aco 

\2V PR 

_ 4  _ 2 2   3 
2m —3m a +a m^ 

(mt-a)   (m -a  ) 
(C3) 

x.   = = 
mtco 
mt-a 

'A 
mtcoa 

ß(mt-a) 

Equation (C2) should he integrated graphically. Since the integrand of 
this equation is indeterminate for a = 0, the following expression should 
be used for the point a = 0: 

d(£Cm  " 
AA   m(l-mt) 
I 

9   /a=0 xS'      6Em
t 

12mt ( !- -TT^J   + 7T  [ 5+31H ]   ! + Pi 
c„ 

\  S/ 24Ec0mt
4 

ßsm co xc 

/ co 
6(1+1^) (l-m^)' 

3(l-mt)(5+3mt)  + 1211^(1+11^)  - 5(l+mt)
3 + 16       1        (cU) 
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Case II (n^ < 1) 

The correction for this case is composed of two parts, one for the 
range a^ < a < at and the other for the range 0 < a < a,. Thus, 

<J    \ . 9 /a> az   \ -q /a< az 

The first part for a >aj is given by equation (C2). The second part 
has to be evaluated separately over the two ranges m. < t < m  and 
Ba <t <1, that is, -t -  - ~a 

Ov •)    ■ Ac N /i A q (/!/*«•' *flSl m") 
a < a2 [yrj {^) Sc0      o     mt o      ^ 

If only the conical component of the canceling pressure is considered, 
the correction for the range 0 < a < a j becomes 

a<az    \wr°   ° "t 

J V da ) * 2a+
2t2 UV 3 t 
t 

x •A 
-o     " A 

ma 

(^  _ X°-g-  + 2 m-a \ 
\ XA 3 *-m ) 

(^)^C08~1XT'|!(^)2    dt4a} (C5) 

When integrated with respect to t, this expression for a tapered wing 
(m^mj.) reduces to 
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APPENDIX D 

DAMPING C (ERECTION DUE TO CANCELLATION 
OF BASIC PRESSURE OUTBOARD OF TIPS 

The correction for the damping derivative from equation (19), after 

substituting the expressions for    xVS    xV",    and 
with respect to    t,    "becomes 

dS 
dt 

and integrating 

AC„   *•• 
q 

£Cm    '»»  + £Cm    »»» mn Din 

_0s) 
(1) 

ß2mt2  s 

'o    a. Ja      \ da   /   \ a      a+ / 
1 _xc.gT 
a        ßs .mt 

n^-a L   V 114.(1+1)4.) J J        3        \a      at/    I114. 

1        +..J- a(l+a) 

(mt-a)a      mf-a V m^H-mfc) 

3 

■2mt(l+mt)      mf 

S/ 

da + 

R2™   s m   / dPx 

(2) 
6     c0 da 

I _ _1 
a      a+ 

1      xcg 
a        ßs ){ 2mt 

m-^-ßa 

2(mfc-a)J 

/a(l+a)    _ -,_ 

V m 114.(1+114.) 

1+2H4; / a(l+a) 
•Ml+mt)(mt-a)   /114.(1+114.) 

Ail+a]_| +3_     A_ n/ 
Vm. ri+m. U        4    Ha      HJ \ UIT4.( I+114. )(l+a)    **mt(

1+m
t)J        ^ 

1     _    3a-^4- 

6114.2      6(n4--a)£ 

A a(l+a) 
114.(1+114.) 

1+21,4. m-t+a+1          3a-mt 
8mt(mt-a)(l+mt)        6(mt-a)2(l+mt)      6(mt-a)J 



h2 

1+2*t ;^a(l+a) 
m
t(

1+m
t) 

da 

5LB2-2 

m Y(i!")H(a)da + 
a
t 

2mt 
/.(^)j(a)ta; 
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(Dl) 

(D2) 

where 

H ^=a-a^){(^-%-)[i-H-K^-i)[i-H} 
j(a) B,ifi-i) {fi_fc^^ri_ + h(a) _i / 

2 \a      aty     L\a        ßs    /  Lnifc 2mt(l+mt)(l+a) Vm 
a(1+a) 

h    \a      at. 
1+2114. 

- -i- + j(a)  + - #   
3nH.2 2mt2(i+mt)2(i+a)'/mt(l+mt)   J 

)(l+a) Vmt(l+mt) 

/a (1+a)     1 1 
)*/ Ttu.(l+-m+)   J J 

and 

g(a) _      1 
mt-a 

P(a) _    1 
"t-a 

h(a) _     1 
m-t-a 

J(a) _    1 

!(*} 1 

/a(l+a)t  _ -L 
vm mtCl+m,.) 

g(a)  + „-^t      /^±3 
v m 2mt(l+mt)Vmt(l+mt) 

(m -a)  g(a) - ^_>   M
1^ 

vm-t 2(l+mtWmt(l+mt) 

2(a) - 
1+21^ 

^(1+1^)2 ,/irLt(l+-mt) y^ 
a(l+a) 

3(mt-a) 
(3a-mt)  g(a) + m*'*e,+ 

l+m+ 

y/a(l+a) 

mt(l+mt) 
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Since the term 
dPp 'A 
da 

becomes infinite as    a    approaches    m,     it is 

necessary to transform equation (D2), according to the procedure outlined 
in reference 7, to the following more suitable form for numerical integra- 
tion, where the two cases    m ^ m^  (mt > m)    and    m = m-^    require separate 
solutions as noted: 

Z£ m, ....   fä   !£V^_     {H.(m) »2„ . 2 
2m log 

z^m+v nr-a^ 

k a4 ) 

I m2-at2 
m 

B'(a) -H'(m)   (zms? 

at 
/     2      2 

V m -a 
a -W 

^{j-w 2m log 
/m+Vm2-at

2 \     -   . 
m2-at

2 

.m J'(a) - Jt(m)    f2m2-ag 

*/~2      2 
v m -a 0 a 

da 

H»(a) 

(D3) 

Case I, m ^ m^. 

*.,w-Ki-^)S{(i-^a')[,,,(a)- itemt(l+mfc) (l+a)2 «/mt(l+mt)_ 
/a(l4a)   1 1 

VmWl+nuJJ J 

1_^1 _ if    L(a)  + 3 m J(a)  +  24^ _■ /a(l+a) 
a2 \a      at/      L t 2KL (1+nL)2(l+a) « m^ll-BL. 2a2 

-3_ 
2a2 a      at/    t   \a        ßs    / 

Lt(l+mt)2(i+a) Vmj.fl-n^.)  _ 

i- + h(a) - 

2mt(l+mt)(l+a) v m.(l+m, )_ 
Aafl+a)   11 + 3mt A _ 1_\ 

v i, (1+mjJj        8    \a      a7 
J'(a)  + 
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1+2mt 

4amts(l+mt)
2(l+a)2 Vmt(l+mt) J V m 

a(l+a) 

in which ,g(a), p(a), h(a), j(a), and 2(a) have "been previously defined, 
and 

g.(a) = _L_ 
114.-a 

g(a)  + 2a+1 

2*/amt(l+a)(l+mt) 

p.(a)  *-L 
114.- 

p(a)  + g'(a)  + 
(l+2mt)(l+2a) 

^114.(1+114.) vamt(l+nLt)(l+a) 

h«(a) _    1 

114, -a 
(mt-2a)  g»(a) - 2g(a)  + h(a) (l+2mt)(l+2a) 

4 (I+114.) */amt (1+a) (1+mt) 

J*(a).= 
114 -a 

j(a)  +  Z'(a) - 
(l+2mt)(l+2a) 

8n4-(l+mt)
2   (/amt(l+a)(l+mt) 

Z'(a)  =-i 
3(n4--a)    L 

32(a)  + 3g(a)  +  (3a-mt)g«(a)  + -i-       A(l+a)     + 
1+mt   '/mt(1+mt) 

(l+2a)(mt+a+l) 

2(l+m^)    «/amt(l+mt)(l+a) 

H'(m) 

2 

m     at /   L 

Case II, m = m+ 

1 
m2 

£ + g(m) m 
,/l      "e.g. 
\m        ßs 

)g'(m)-^=L-i)p'(m) + 

1 ri + p(n)i i-^^i.jL^ri.g^)] (i-^*} 
m |_ m JJ      me \ m     at/|_m J\m        ßs/ 
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J»(m)  =1   (l _ I. f JYl _ ^c^ 
2   \m     at /    L \m       ßs h'(m) -—g-^ g- 

W*(l+m)3 

2m     V*      at /      L Pmn+m 2m(l+m)v 

_1_ 
2m2 Ci-i-Yj f i _ f-£,yr i+h(m) _ __i ii 

3m/ 1 _ 1_N 
8 V m     at / 

j'(m) +      1+2m  
W^l+m)4 

where 

g(m)  = _ ^±1_ 
2m(l+m) g'(m)  = -^i- 

8ni (l+m) 

p(m)  = _3+8m+8m 
8m2(l+m)2 p'(m)  = l+2m 

8m3(l+m)3 

h(m)  = - I +  1 
m      8m(l+m)2 h'(m) 

8m2(l+m)3 

2  o   3 
j(m)  = ^+1^m+2^ +8m0 

2W2(l+m)3 
y(m)  = 3±8m  

64m3(l+m)4 

2(m)  = 2m+l 
Z«(m) =- l+3m+12m2+8m3 

2/,       ,3 2lkn (1+m) 
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TABLE I.- CALCULATED DAMPING DERIVATIVE FOE WING SHOWN IN FIGURE 1 

Quantity Magnitude Percent 
of total 

C  (uncorrected) 
q 

-12.174 179.3 

ACm " (T.E., conical) 1.063 -15-7 

AC_,  *•* (T.E., quasi conical) 
V.2 

.046 -•7 

ACm * (symmetrical, conical) 
mqi 

1.883 -27.6 

ACm * (symmetrical, quasi eonical) 
32 

.129 -1.9 

ACm »" (tip, conical) 
qi 

2A3I -35.8 

AC   * *' (tip, quasi conical) 
luq2 

.231 -3.4 

Estimated secondary corrections -.400 5-9 

C™ (corrected) 
1 q -6.79I 100.0 
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(a) Illustrative wing plan form. 

Figure I.- Wing plan form, coordinate system, and prin- 
cipal symbols used in analysis. 
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Conical portion 

Quasi-conical portion 

(a) Pressure  field canceled by symmetrical sector. 

Canceled by oblique sectors 

pressure at tip 

(b) Pressure field canceled by oblique sectors. 

Figure 2. - Field of pressure in the wake to be canceled. 
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P(*,y) 

Figure 3. - Symmetrical pressure canceling sector in the wake. 
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Secondary pressure 

Figure 6. - Regions of secondary pressure in the 
wake and outboard of the tips and the leading 
edges. 



56 NACA TW 2197 

14 

12 

2 

0 

-2 

-4 

-6\ 

-8 

Basic pressure 

conical correction 

Quasi-conical correction (TE.) 
Conical correction (TE.) 
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Figure 71- Pressure distributions along various sections of the illustra- 
tive plan form in steady pitch. 
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Figure 7.-Continued. 
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