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NATTONAL ADVISORY COMMITTEE ¥FGR AERONAUTICS
TECHNICAL NOTE 1953

ON THE THEORY OF OSCILLATING AIRFOILS OF FINITE SPAN
IN SUBSONIC COMPRESSIBLE FLOW

By Eric Reissner
SUMMARY

The problem of the oscillating lifting surface of finite span in
subsonic compressible flow is reduced to an integral equation. The
kernel of the integral equation is approximated by a simpler expres—
sion, on the basis of the assumption of sufficiently large aspect
ratio. With this approximation the double integral occurring in the
formulation of the problem is reduced to two single integrals, one of
which is taken over the chord and the other over the span of the
1ifting surface. On the basis of this reduction the three—dimensionail
problem appears separated into two two—dimensional problems, one of
them being effectively the problem of two—dimensional flow and the
other being the problem of spanwise—circulation distribution. Earlier
results concerning the oscillating 1ifting surface of finite span in
incompressible flow are contained in the present more general results.

INTRODUCTION

The present report is concernsd with the problem of the oscillating
airfoil of finlte span, within the frame of the linearized 1lifting-—
surface theory. The aim of this study is the development of a theory
which incorporates simultaneously the effects of three—dlmensionality
of the flow and of compressibility of the fluid. As an exact solution
of this problem, even within the limitations of the linearized theory,
presents very great difficulties, it is worth while to work toward an
approximate theory which is valid provided the aspect ratio of the
lifting surface 1s not too small.

The author has previously obtained results of this nature for the
‘case of incompressible flow (references 1 and 2). In this earlier
work the known results for the problem of two-dimensional incompressible
flow were contalned as a speclal case. The present work generalizes
these results so as to take account of compressibility in the subsonic
range. Thus the results of this report consist of a system of equations
which contain as special cases both the authorts results for the wing



2 NACA TN 1953

of finite span in incompressible flow and the results of Possio's theory
of two—-dimensional compressible flow (reference 3).

The scope of the present results may briefly be described as
follows. The starting point of the work is an integral-equation
formulation of the problem of the lifting surface of finite span.

The integrals which occur are double iIntegrals and the functions to

be determined are functions of two independent variables. The essential
gstep of the present work is to replace the actual kernel of the integral
equation by an approximate kernel in such a way that the double integrals
are reduced to single integrals over the range of either one of the two
independent variables. In this way the problem is ‘reduced to two
problems which are to be solved separately. The first of these two
problems is of the same nature as the Possio problem of two—dimensional
compressible flow. The second of these problems is of the same nature
as the problem of the Prandtl lifting—line theory for the wing of

finite span in uniform motion.

As in the theory of incompressible flow, this reduction of the
double—integral problem to two single—integral problems depends
crucially on the agsumption of sufficiently large aspect ratio. While
"sufficiently large™ aspect ratios might be thought to be aspect ratios
of about three,'definite gstatements of this nature must be based on
experimental evidence, as long as no exact solutions exist for the
. three—dimensional problem of the 0501llating 1ifting surface in com—
pressible flow.

It is perhaps worth while to state explicitly that the present
problem is quite different from the corresponding problem for supersonic
flow.

It might also be added that there are reasons to believe that it
is not satisfactory, even approximstely, to superimpose aspect—ratio
corrections for incompressible flow and compressibility corrections
for two-dimensional flow in order to obtain corrections for the combined
effect. This latter point is one of the reasons for the present study.

In this first report the work is carried to the point where the
double—integral equation is reduced to an equation containing single
integrals only over the quantities to be determined. Further develop—
ments will be given in a subsequent report. :

This work was conducted at the Massachusetts Institute of Technology
under the sponsorship and with the financial assistance of the National
Advisory Comittee for Aeronautics.
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X,Y,Z

SIMBOLS

Cartesian coordinates

main-gtream velocity in X—-direction

time

defined by equation of lifting surface 2 ='H(X,Y,t)_

components of velocity change caused by presence
of lifting surface

reglon in X,Y-plane occupied by projection of
1lifting surface

density of stream flowing with velocity U

density and pressure changes, reaspectively,
assoclated with veloclity changes wu, v, and w

velocity of sound in main stream (a2 = dp/dpo)

coordinate of tralling edge of Ra

potential of velocity changes wu, v, and w
circular frequency of oscillation

Mach number of main stream (M = U/a)

real part of

a length to be identifled with the semichord
of R, at midspan

reduced—frequency parameter (k = wb/U)
dimensionless coordinates defined by equation (19)

function defined By equation (21)

e
Parameter defined as u = 5

1 -M
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K parameter defined as &k = ,
1-M
v parameter defined as V = L
1M
Rg* region in x,y-plane corresponding to region R,
in X,Y-plane :
Xip coordinste of trailing edge of Ra*
Xy, coordinate of leading edge of Ry *
R * ' region in x,y—plane consisting of the strip to the
right of the trailing edge of Ry *
Rp* entire x,y-plane except for regions Ré* and Ry*
A function defined by equations (36)
g function defined by equation (37)
s variables of integration in accordance with '
equation (40)
T ‘  defined by equation (k1) i
Ho(z),Hl(z) Henkel functions of second kind, and of zeroth and
: first order, respectively
€ auxiliary variable of integration
K | function defined by equation (51)
G ' . function defined by equation (52)
In functions defined by equatic)ns (5’4), (55), and (56)
Opm ’ order of magnitude of
r o function defined by equation (38)

function defined by equations (73) and (83)
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o _ 'auxiliary variable of Integration
T - auxlllary variable of integratlon
Q function defined by equation (76)
8 -ratio‘of semispan to semichord at midspgn
n* ' defined as n* = 1/s\/1 -
b¥* local semichord divided by semichord b at midspan
Xp* a quantity Indicating amount of sweep and defined by
‘ equation (86)
x* dimensionless coordinate defined as x* = (x —-xmf)/b*
k¥, % Q% quantities defined by equation (87)
g¥ A quantities defined as g*(x*,y*) = g(x,y); M (x*,y*) = AM(x,y)
¥ function defined by equation (89) |
SM function defined by equation {90)

THE BOUNDARY-VALUE PROBLEM OF THE

OSCILLATING LIFTING SURFACE

It is assumsd that a nearly plane, lmpenetrable surface is put into
the path of an inviscid flowing fluld which, except for the effect of
this surface, possesses a uniform veloclity U in the direectlon of the
positive X—axis. The impenetrable surface, henceforth called 1ifting
surface, is taken to lle nearly in the X,Y-plans and its equation is
written in the form 2% = H(X,Y,t). When H' =0 no disturbance is
caused. When the 1llfting surface 1s not exactly plane and parallel to
the direction of U +the velocity components (U,0,0) are changed
into (U + u,v,w) where u, v, and w depend on the form of the
function H and on the shape of the region Rg which 1s the projection

of the lifting surface onto the X,Y-plane.

The disturbances caused by the presence of the 1ifting surface
are assumed to be small, in the sense that the differential equations
and boundary conditions of the problem are linearized with respect to
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the disturbance velocity components wu, v, and w and with respect to
the pressure and density changes p and p caused by the presence of
the lifting surface. : ‘

Under these conditions the differential equations of the problem
are the following: '

g% +U %% = _-%§<%%> (3)
p =a2p (5)

The quantity p, in equations (1) to (4) is the density in the fluid

flowing without disturbance and the quantity a in equation (5) is the
velocity of sound in the undisturbed fluid, that is, ac = dp/dpo.

The boundary condition of no relative normal flow at the lifting
surface is satisfied, within the frame of the linearized theory, ingtead
of on the 1lifting surface itself, on the projection of this surface onto
the X,Y-plane,

- _E, & |
X,Y inside Rg, W =g5-+ U'aX (6)

The form of condition (6) (which holds on both sides of the 1irting
surface) indicates that w 'is an even function of Z. From equation (3),
it follows then that p is an odd function of Z and the condition
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that the pressure disturbance p is continuous, except when passing
across the 1lifting surface, means that for Z =0 and

X,Y outside Ry, p =0 : (7)

On the basis of conditions (7) and (6) the problem may be considered
to consist in the determination of wu, v, w, and p in the half
space Z >0 with the boundary Z = O.

In addition to conditions (6) and (7) the following further
conditions are prescribed in order to obtain an unambiguous solution.
At the trailing edge of the lifting surface,

X =Xp(Y), p 1is finiﬁe (8)

Finally, it is postulated as a condition "at infinity" that energy is
traveling outward without reflection, in a manmner to be defined more
precisely in what follows for the case of simple harmonic motion.

VELOCITY-POTENTTAT, FORMULATION OF THE PROBLEM

It can be shown that the problem may be solved as stated in
equations (1) to (8) by means of a velocity potential @, in terms
of which

S
X

_

v (9)
o

o’

Combination of equations (9), (1), (2), and (3) results in the following
expression for the pressure change p:
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Combination of equations (10), (5), (9), and (%) results in the
following differential equation for :

2 24 N2 \2 ’
o°¢ 3¢ . 3 __L<§_+U5_>¢=o (11)
%2 oy oaz@  al\ot oX .

Equation (11) is to be solved in the half space Z >0 subject to the
following boundary conditions at Z = O:

. 3 dm, . 0H
X ide R = or 12
,Y inside Rg, Z - >t +TU o~ (12)
| : 3 .. 3¢ S
X d. R _.g =2 =0
,Y outside Ry, S + U " | | (13)
X = Xp(Y), '% +U g% is finite ' ' (14)

and subject to the condition of no.energy reflection "at infinity."

In what follows attention'is regtricted to the case of simple
harmonic motion and the following equation is written:

#(x,7,2,%) = o19%(%,7,2) (15)

with.corresponding expressions for H and p.l

1t is perhaps not entirely superfluous to indicate that this is
meant in the sense that, corresponding to a surface equation Re(eiwtﬁ),

there is a pressure distribution Re(el®p).
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Equation (11) now assumes the form

P g P 3\5
ax2+ax2+az2—25<m+uéf>¢=o (e

Equation (10) becomes
= _po(mi +U gg) | (17)

Now the following dimensionless variables and parameters are
Introduced:

M=
a
(18)
= @b
k U
=X
x =3 \
y = 1—M2% . (19)
=\1L-M2Z
z =\|]1 - M b
e
The differential equation (16) then assumes the form
o= 2 3 2 -
vog - 1 2 OF 1P ¢=0 - (20)
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Equation (20) is reduced further, for the purpose of eliminating
first—derivative terms, by the following substitutlon: '

-¢T = ei“'xllf (21)
Choose
2 ' .
k
1 - M
and obtain as the equation for W,‘
vV 4+ k2 = 0 (23)
where
K = kM (2)"')
1 - M .

Now p and the boundary conditions must be expressed in terms of
the new independent variables X, y, and z and in terms of the new
dependent variable V.

From equations (17) and (19), it follows first that

?=—%§@5+¥> (25)

Combination of equations (25) and (21) gives

5 - - 2ol Buxfluy 4 A)  (28)
A b ox o
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where Vv 18 defined as

' k
v = (27)
1 - M

The boundary condition (12) becomes

x,y inside Rg*, B\V ——U——-e_i“x<ikﬁ+-§ﬁ> (28)

aZ "l - 142 Bx

where R.* 1s the region in the x,y-plane corresponding to R, in
the X,Y-plane. '

The boundary condition (13) becomes

oV

‘ .
x,y outside Rg*, 1v¥ + =— - =0 (29)
. The condition of finlte pressure at the trailing edge 1ls now,
- X = ( oV s
= xp(y), 1v¥ + = - is finite (30)

Finally, the condition of no energy reflection at Infinity is written
in the form

z-3w, ¥ % L(x,y,z)0 KT (31)

where re = x° + y2 + z2 and where f +tends to zero as z tends to

infinity.2

2This ensures that @ & pol(et=KT) a5 2 tends to infinity
and therewlth that waves are traveling away from 'bhe source of the
- disturbance.



12 ' NACA TN 1953

The boundary condition (29) is made more specific in the following
manner. Fram condition (29),

¥(x,5,0) = c(y)e™1VX (32)

For any line y = Constant which does not pass through Rg*, 1t can be

concluded fraom the condition of undisturbed flow at x = —w

that c(y) = 0. The same can be sald for that portion of any

line y = Constant which is situated in front of the leading edge

of the airfoil region. The situation is different for portions of
.l1ines y = Constant which do pass through Ra* and which are to the

rear of the trailing edge of R_¥. The reglon to the rear of the

trailing edge and bounded by lines y = Constant which are tangent
to Rg* 1s called the wake region and is designated by Ry*. The

exterior of the region Ry* and Ry* 1s called the remaining region
and is designated by R.*. Then c(y) =0 in R.* and, In general,

c(y) £ 0 in Ry*. .

Equation (29) is thus seen to be equivalent to the following two
equations:

x,y inside Rp*, V =0 (33a)
X,y  inside Ry*, V = c(y)e—1vx (33Db)

There is now introduced a function A defined by

Aly) = 2¥[xp(5),7,9] (34)

Equation (33b) can then be written in the form

x,y inside Ry¥, %E = —-%g.A(y)eiV(xT”x) | (35)
x : .
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In view of equations (33a), there may also be written

IT
A =2 | 0 o (36)
I, i

where x7(y) 1s the coordinate of the leading edge of the alrfoil
region Rg¥.

SUMMARY OF THE RESULTANT BOUNDARY-VALUE PROBLEM

Before proceeding with the solution of the problem as reduced 1in
the foregolng section of this report its final formulation is reca-—
pitulated as follows.

Determine the solution of ﬁhe differential equation

vy + 8 = 0 (23)

in the half space 2z >0 subject to the following conditions at z = O:

x,y inside Rg¥, & = o(,7) ~ (28a)
x,y inside R¥, g—i= __iév_A(y)eiv(JﬂI‘—X) (35)
x,y inside R.¥, %{-: | | (32b)
x = xp(y), g%t- is finité | (295)
ané subJect to the followlng condition at infinity:
z->w, § = Lo T (312)

where f = 0(z) eand where 1@ = x2 + y2 + z2,
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Various quantities occurring in these equations are defined as
follows:

Tux — a‘ﬁ l .

aey) = s (0 &) (37)
Xp

AMy) = A(x,y) dx (36a)
A,

Mx,y) = 2 TE3.0) (38)

ox

The parameters &, W, and v are defined by equations (24), (22),
and (27), respectively. The region Ry* follows from the airfoil

reglon Ra by multiplication with a scale factor l/b’ in the

x—direction and by multiplication with a scale factor Vl —-M2/b in
the y—direction. The region Rw* 13 the strip extending from the

trailing edge X = xp to X = o, and the region R.¥ is the
remainder of the x,y—plane.

The solution of the boundary-value problem is to be used to
calculate the pressure-—change amplitude Pa at the lifting surface

in accordance with the relation

= _ _ olnx oV , ‘
7, ‘b ~(M+ax> | O (39)

which follows from equation (26).
The solution of the problém.as sumarized will be approached

through its reduction to an 1ntegral equation for the quantity A as
defined by equatlon (38).
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AN INTEGRAL REPRESENTATION FOR THE VALUES OF oV/dz

In this section it is proposed to derive a formula for the values
of OV¥/dz, for the purpose of setting up the basic integral equation
of the problem under conglderation. To begin, results are taken which
in essence are known and then are transformed in a way designed to
facilitate the subsequent transition from the exact double—integral
equatlon of the problem to the approximate integral equation containing

single Integrals only.

The first formula is a representation of the values of oV/ox in
the interior of the half space z > O in terms of the values of oV/dx
on the boundary 2z = O of the half space, as follows:

v Ef-J(yF Mem-(e i”r) at an (50)

In equation (40) and in all that follows,

2=u—gﬁ+(y—m2+£ (11)

and the quantity A is according to equation (38) glven by
20¥(&,n,0) /Ot. It is noted that this representation of JdV/ox
ensures that the conditions at Infinity as expressed in equations (31)
are satisfied.

From equation (40), i1t follows that

2
ot [Jndtean o

If it is now observed that the quantity r—l e—3kr 1ig a solution of
the differential equation (23) for V, then equation (hE) may be
written in the alternate form

" _ _
axaz J[71 (§,n) + 5;— + n%)(?-;ff> d¢ dn (43)
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In equation (43), it is noted that 32/3y2 = 3°/0n? and the term in
question is integrated by parts with respect to 7. ‘In addition to )
this, by making use of the obvious identity - :

X(E,TI) = x(gJy) + D‘(g:ﬂ) "‘ X(g:y)_-_l

equation {43) is written as follows:
Py A 32 A (e—il?r>
S5z b ff A( E,Y)<§;2' + K = it dn —
. 2 —ikr '
ﬂ? f [A'(g:'l) - X(E:Y)-_-I(-:;é' + K.2>(e - >d_§ an —

L[ BEE) e -

Tn the first integral on the right of equation (4lt) the integration *
with respect to 1n may be carried out explicitly. When the remaining
two integrals are abs‘ent , there is thereby obtained the appropriate form
of the integral relation (L44) which would follow if two—dimensional flow
had been assumed from the beginning. :

The following formula expresses the integral in question in terms
of a Hankel function

o]

e—in\l( x—§)2+(y—'q)2+z2

o V= 02+ (7 = M2 + 2P

an = ingy(2) [n\/(x —e) 4 zg] (45)

The next step is to reduce the second integral on the right of
equation (44) to an integral involving OA/on. To this end, there 1s

written
© » " y = ‘
f [X(E,n) - k(é,y)]-e—_—ll:-f- dn =f +f . (46) .
—c —00 J
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The two integrals on the right of equation (46) are integrated by parts
and the constants of integration are chosen in such a way that the
integrated portions vanish., After some elementary transformations,
"this leads to the following formula:

o~ 16\ (x=£) 24 (yn) 2425

[X(E.,n) —X(E:Y)] dn =
oo Vix — £)2 + (y - 1)2 + 2°
- ~|y=n
Iy - l | é—in(x—g)2+z2+§2’ at| an (u7)
IUCLEE A Y Wix — £)2 + 22 + €2

Equations (45) and (47) are introduced into equation (LL4) and the
following relation is obtained:

Py _ x(g,y)<f§ . »@)[% Ho‘g)(n\kx -2+ z2>] a +
ox : ‘

N ||
1 a)v y"’ﬂ(a f l e—in\/(x_g)2+22+g2 it 4

\/('x— £)2 4+ 22 4 t°

5 e—in\/(x—§)2+22+(y—n)2

dE dy L (48)
M|Y(x — £)2 + 22 + (y - 9)2

The final step now consists in integrating equation (48) with
respect to x between the limits -~ and x. The condition of
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O.

X= —o "

undisturbed flow far in fromt of the 1ifting surface makes (d¥/dz)
There is then obtained the relation

Nl e,y g; = Ho(a)[c\](x — 6% ze]} +

oz |
X ‘ .
k2 ;2:5 30(2) [n\/(xt YN za] axt| ae +
1 ajly—-al3 —1?hﬂ' e—inVQx?§)2+22+§2 .
hx MYy —n ox .
n —00 w1—§)2+22+§2
o Nl 2, 2,2
Ig = 3' K2 fr=nl é—i"vzi'—g) 2 | ax
-0 —00 WI'_§)2+22+§2
x 7 > 5
-1 _ .
= K\/(x o) dxt - dt dn (%9)

—o on \kx' - §)2 + 22+ (y - n)2

Bquation (49) expresses the values of o¥/dz for z > 0 in terms
of the values of A(g,n) = 20¥(&,n,0)/0t and is thus the result, the
attainment of which was the alm in the present section.

THE INTEGRAL EQUATION OF THE OSCILLATING LIFTING SURFACE

The integral equation of the problem 1s obtalned by substituting
the information contained in equations (28), (32), and (35) in
equation (49) and by then letting z tend to zero. In so doing the
integrals which contaln infinities in the integrand are to be
interpreted as Cauchy principal values. This latter step has been
discussed in detail for the case of incompressible flow in reference 1.
No additional difficulties in this regard are encountered for the
present problem of compressible subsonic flow and the explicit
Justification for this step is therefore omitted in the present report.
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The integral equation of the oscillating lifting surface in
subsonic compressible flow is thus of the following form:

xp(y)
glx,y) = -= MeE,TIE[(x = £)5 k] a& +
x1,(y)

’ o0

xp(y)
1 oA
e =Gl(x—¢), (y —n); «] at dn -
i Y [(x -8, (v —1); «] 1
, ) .
Tfﬁ %’ﬁ("e Vi)t Gl(x - &), (v - n); & at an
RW*

The kernels K and G are of the:following form:
o |in 2
K = a[? HO( )<|x— §|):| +

x
K2 .ié’l Ho(z)(l xt — gl) dx?

—00

19

(50)

(51)
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Iy _ nl 3 _Iy_ﬂl e_in, ,(X_E)Q_'_CQ " <

pa— Ry V?x = 5)2 = §2 al +

00

X —1y—nl —ind(x’—§)2+§2

K2 ag| axt ~ +

V(x' — )2 + g

X

a3 L e—-in\[(X'—'§)2+(;s'—71)2

dx? | (52)
Lozt - 6)2 4 (7 = 1)

Equation (50) holds when x and y are inside Ry* and is to be

golved for A, in terms of A and g, where A end g eare defined
by equations (36) and (37), respectively.

For the case of two—dimensional flow, OA/On = O and the last two
integrals in equation (50) are absent. The remainder of the present ‘
work has as its object the derivation of a procedure to take account of .
these last two integrals in an approximate manner which permits the
calculation of the effect of three—dimensionality of the flow in a
simpler way than by actually solving the complete equation (50), In -
the derivation of this procedure the integral over the airfoil
region Ra* and the integral over the wake region Rw* are treated

geparately.

REDUCTION OF THE DOUBLE INTEGRAL OVER THE

ATRFOIL REGION R, *

Write

:{‘BX G dt dn :[yq oA l%%f—%‘(Il + 12) + Ié] at dn (53)

Rg¥*
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where

M-ly=nl _ Vit) 2262 |
- 5 oK (x—£)“+¢ at ‘ (54)
‘ax \/(x —8)2 4 2

-—00

e R s R
I, = K at| ax* (55)
I N (U

X

- 'Y ()2
I, - 3| e j&V(i £)“+(y—) axt (56

MV - 82 4 (3 - 9)2

When dealing with 1lifting surfaces of sufficiently elongated
form, that is, with surfaces of sufficlently high aspect ratio,
|y - nl >>.|x - gl over the major portion of the surface. When this
latter inequality holds, the terms I, "can, as will be seen, be

written in such a way that a relatively simple dominant term can be
geparated in each of them. These dominant terms will be used for the
approximation to be developed. There remains then the question
concerning the validity of the approximation over that portion of Ry¥

where the inequality |x - §| << \y — nl does not hold. This question

ie answered as follows. It is assumed that OA/On varies sufficiently
slowly with n so that in this portion of the region R, * it is

effectively constant. If this is the case, all that is necessary 1s to
take account of the fact that both the kernel G and the approximation
to G to be obtained are odd functions of y — 7, so that in both
cagses the contribution to the value of the integral coming from this
portion of Ry* can be neglected.

The aforementioned argument is also implicit in the earlier
derivations for the corresponding problem for incompressible flow
(references 1 and 2). There appears to be no reason to believe that
this particular argument should be less applicable to the problem of
gubsonic’ compressible flow than to the problem of incompressible flow.
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Equation (54) is written in the form

=|y-n| e_mm x — & | ( | e)‘
o + Ik(x —
t —00 (x - 5)2 + §2 [m :l

and this implies the following order—of-magnitude relations:

= =| -.’ucICI
) 1
I]_#—(x- g) B §2 6—§—I'+ iK’.) d§
- 1| y—
I, 3—{x- ¢ %(ﬁﬁ'g'-> . omé.'a_'i”_;‘—'> (57)
S ly = n|”, »Iy - ' .

Equation (55) 1s written in the form

'—|Y—Tl|~ I§ s 2 2
Ig'='n2 ' o1k (x' ) + x| at
. . 113)2 + §2

-l}“"ﬂl -—iK‘. (x") +§2
I, = K° i" (2) (g€ ax'| af (58)
2 K HO K I I) J—x")e . g )

In equation (58), note that, when &k 1is not too small and
when |y —n| > |x - ¢,

(2) e—in|C|>
Hy k[€[) = Oy (59)
( | I) | <,[—'R§
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—E
X- e—iK‘ ,(xu)2+c2 - _ —iKIC'
Jo ~V(xtt)2 + §2

Neglect the term in equation (60) compared with the term in
equation (59); then,

, [l @)/ ‘
I,z = Hy (nl@l) ab (61)

—00

Note that this approximation ceases to be correct as K becomes .
smaller and smaller. However, when this is the case the contrilbution
to the total coming from I, becomes negligible because of the

factor nz in front of the integral in In.

Finally, write for I3
‘ 0 : 2 2
Lol x*xé4xWx")-ﬂyﬂ) ytt
37 Bn t8\2 : 2
o 0 /\/(x )<+ (y —n)

x-£ 112, ()2
s %_ %; Hb(E)(Fly "’"l) .\ e—indix )+ (y—) ! (62)
ki o Vx™2+(y-n)?

Now, when nly - nl is sufficiently largs,

g_nEio(E) (n|y - nl):] = %(«ﬁ e-iﬁly—n|> (63)
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and

. ['x—¢ . 2 (v )2 O _ =
5 e—ln\](xn) +(y-n) L = 0 (x — t)o tFI7| .
on (x'1)2 + (y — 1) v - T

(x — &)k ik y—n] _ -
fzap ] o

Neglecting the terms in equation (64) compared with the terms in
equation (63), :

0 &1 56 el - nl)]““”“f—’%‘“’(')”“) (63)

H

~ Comparison of expressions (57), (61), and (65) shows that the
contribution of I; to the total may also be neglected. Introducing

then expressions (61) and (65) into equation (53), the following .
approximation is obtained

| —ly=n|
f oy ~ N . T Y- in o (2)
anGdé an o = Hy (nlCl) at +
Ra* Ra*
el g @ oy —a) atan (66)

Equation (66) containe the fundamental simplification of the kernel G
in the region Ra*.

\
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Noting that the factor of OA/dn in equation (66) does not
depend on ¢, +there is written further

xp(n) [ xp(n)
M 4r _ D dxr
gadé_-é;]- xdé—(x)mdn
xL(ﬂ) JCL(1'l)

Take for,‘()\,)XL its value zero immediately in front of the leading
edge and for (X.)X.T its value —ivA which follows from equations (35)
and (38). Therewith, and with equations (36), equation (67) becomes

(1) _
B N g¢ - e—iVxT(n) d (A —ivxT) (68)
on an v e
XL(T]) :

By introducing equation (68) into equation (66), the following equation
is obtained:

g
O\ _ —ivxyp d ivap) 1Y = 0| .2 Cin 4 (2)
e dkdn=¢ e ———dn(Ae )———y —" = B (nlél) ag +

L —00

R *

}—gf- Hl(g) <|c|y - 'ql) dn (69)‘

Equation (69) represents the final result of the present section.

REDUCTION OF THE DOUBLE INTEGRAL OVER

- THE WAKE REGION - R_*

In reducing the double integral over the airfoil region Ra* to
a simpler approximate form, use has been made of the fact that the span
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of Rg* 1s appréciably larger than the chord of Ry¥. Evidently this
is not the situation for the wake region Ry¥* and thus additional
considerations are necessary for the integral extended over R,.

Proceed as follows., Write thé last integral on the right of
equation (50) in the form

| © - ['xz(a) .
dE dq = ag — ) aé| dn (70)
| | : x x ' ;
RW*

The second of the two immer integrals on the right of equation (70)
may be treated exactly like the integral over R *. The first of the

integrals has the property, as will be seen, that it 1s dependent
on X 1in a simple explicit form.

Teking the second integral first, there results, in analogy to
equation (56), ‘

‘ xip(n)
4 (peTVI) o Ve at) an »
dn N ,
g—(AeivqulgL::—nL
dn y—1

—

s 2 5, ®) (|3 - n)) (1)

J

The!remaining integral with respect to £ 1in expression (71)'will be
introduced in evaluated form ip the final collscted form of the results.
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Next the remaining integral in equation (70) is transformed as
follows ‘

%E(Aeimr) iVE'G(JC —t, y—1) dt} dy

X

4| ( Aeivxr) ” ’e—iv(x+c)

2 G(~0, y — 1) do| dn

—1v3 i
eivx %T—Iéxe VXT)FM(y —q) dy (72)

It may be noted that the functlion Fy reduces to the function F

- first introduced by Cicala when M = O, +that 1§, when the fluid 18

incompressible (references 4 and 5). Combination of equations (72)
and (52) results in the following form of Fyps

Fy = o V0(—c, y — n; &) do
—|y—n| in\jcz+§2
_y_;_n_L oo > [ 1 i) ata+
y= o2 + 2 W2 + gé ‘
o —0 —Iy—ﬂl in\}'r2+§
K T— +

- iK\,"r +(y-n)2
[y = ale L + in] arl as  (73)
e Pr-n2 By -n? |
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Now equations (71) and (72) are combined in-accordance with
equation (70) in order to obtain the following approximation to the
double integral over Ry*:

%:——(Aeivml‘)e_ing & dn
n

o—ivx %—T—](Aeivxl‘) Fmly — ) dn +

__1\1)011 vx ( ivxT) \y - Tll
dn. y—1
”ly"’ll

2 Z 5B (x]e]) €+

¢ 2@ ey — )| en | (74)
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THE APPROXIMATE INTEGRAL EQUATION OF THE PROBLEM

Equations (74) and (69) are substituted into equation (50) and
the following approximate integral equation is obtained:

Xip
g(x,y) = - AME,y)K(x — &; k) A€ +

21
X1,
v Aly)e VT o 1VEk(x — &5 &) at +
xr
=[y-n|

e~ IVX | g ¢, iVxp) |y —m|| 2 in o (2)
— dn(/\e )——-——y_n " 8B (] t]) at

\J—

n_-é’l Hl( )(rcly ~ nl) dn —%e x d—n(Ae T)Ey an  (75)

Equation (75) represénts in preliminary form the result to be
obtained in this report. This result is reduced to a somewhat simpler
form as follows.

Set
1vxp
. he = Q (76)

and introduce a new dimensionless spanwise coordinate y* defined by

J

sdl — M@

y¥* = (77)
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If b represents the semichord at midspan and sb the semispan,
then it follows from the definitions of x and y in equation (19)
that the coordinate y* assumes values in the interval (-1,1) only.

Further, set

Cxp(y) = xp*(*), wp(y) = wpr(r*) (78)

and note that x*(0) = -1, %;(0) = 1. For a rectangular lifting
gsurface, -—xp* = xp¥ =1 throughout.

From equations (51) and (65), there follows for the first integral
on the right of equation (75), .

_ e -

M) at = *xuﬂ)—%—x EAUCIEE) R
X1, X1,
) k(x—8)
ime | B3)(e]) atf at (79)

The second integral on the right of equation (75) tecomes

w0 > ]

~1vE _ vt _imk |x — &} 5 (2) | ‘
e K d.g = e 2 -—x—-:—g—Hl (K:IX-— gl) +
Xip xr* B
. n(Xﬁi) |
L 5, (3(J¢|) at] as (80)
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The third integral on the right of equation (75) becomes,

- : with k from equation (24),
—ly—nl
cumizale [ e o

K %; Hl(2)<n|y - nl) g =

1 - et Jy*n¥
Vi
ag 1v* = n*[| 1M 1M HHO(Q)(Igl> it 4
dn* y* —n* |1 _ M2 2
-1 —c0
. 1 -—M2 2 Vi — M2

Finally, there is written for the fourth infegral on the right of
equation (75),

%(Aeiv’“@FM(y —7) dn =

1

an sk t ‘ .
F puopnav \ - * d. * 82
. dn* M[yi gy y*¥ -0 ﬂ n (82)

|
M i Hl(2)< kM n*D an | (81)
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where the function Fy, as defined by equation (73), may be written
in the followlng alternate form:

~|x| 5 _

|3C| " —ig o’e_iM oC+L? 1 :
FM(X) == e 5 5 S = + 1M> at +
' o= + £ o=+ ¢

—00 00

— + iM\ dr| do (83)
T2 + X2 . T2 + xe '
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Now collect equations (82), (81), (80), and (79) and substitute
the result in equation (75). This gives

.' o o
aln,y®) = —= f Me,y) 25t [—'—;: 3 7, (2) (elx - 1) +

JCL*

—k{x—¢)
) f HO(2) (‘-CD at| a& +

—~ivE |x — & _ (2)
21tn(y)f o - 1R TR (Ix—‘§|>+

—(x—t)
Ho(a)(lﬁl) at dg +

1
aq ksM 1:(

g, @) |
i o)
a1 — M2 |, 4T 1--14122 <1—M2' -

keM
V 2
L[—‘oé o HO(Q)(”") afl -

e—ivx

Lk [ (% - ) o (k)
Vi [ —wu |
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Finally, there are introduced dimensionless coordinates ' x*
and §£* as follows: '

o Zo(ora) (8

Xp = X1,

so that the interval Xy < x < xmp goes over into the
interval -1 x*< 1., Further,

xT—xL=2b*

8
. N (86)
20T * 1) =

where b* 1s the ratio of local semichord to semichord b at midspan.
Finally, the followlng quantitles are introduced:

= _b¥g
V¢ = b¥ ' .
Y (87)
o = g/

Note that, for the rectangular plan form, b¥* =1, Xg* = O and, for
the elliptical plan form, b* = \1 — y*2, x * = 0.
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Equation (84) then -assumes the following form:

gx(xb,y%) = = f x(ex, ) oo [or(ex — )] apx
| -1
| %%i 9*(Y*)e—iv*xh? & IVHEY o r*(x* — é*i] ag* +

l .
o1V (x*+x¥) ag* [ ks

M-
basVL - M2 | anr ThT e

{y* — n*)] dn* (88)

Comparison of equations (88) and (84) gives for the kernels N
and Sy the followlng expressions:

_aalixl o (2) * (@) |
N(x) = ~2EZL 5 (1)) - B ([¢]) at (89)

00

M| x|

Su(x) = 4 X 1315 ()

)¢ ¢l -
2 E B B (I 1) a

i ___l{_&_ FM(X) (90)
1 - M2 : .

The task from here on is the following. Equation (88) must be
solved for A¥, in terms of g* and O%. This part of the problem
is exactly as in the two—dimensional theory. The function 0O* is
then to be determined by an integrodifferential equation which is
obtained by expressing 0¥ in terms of A¥* in accordance with the
definition of ¥. This part of the problem is similar to the earlier
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work on incompreseible flow of references 1, 2, and 6. Finally the
golution of the integral equation for % must be used to obtain
expressions for the pressure distribution at the airfoil, as affected
by the three—dimensionality of the flow about a wing of finite span.

‘The results, as expressed by equations (88), (89), (90), and (83),
include the special case of two—dimensional flow for which dQ*/dn* = 0,
and the special case of incompressible flow for which M = 0. They
also include essentially known results on compressible steady flow for
which k = O. -

Massachusetts Institute of Technology
Cambridge, Mess., May 18, 1948
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