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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2699

CALCULATION OF LIFT AND PiTCHING MOMENTS DUE TO ANGLE OF

ATTACK AND STEADY PITCHING VELOCITY AT SUPERSONIC SPEEDS

FOR THIN SWEPTBACK TAPERED WINGS WITH'STREAMWISE IIPS.
AND SUPERSONIC‘LEADING AND TRAILING EDGES |

By John C. Martin, Kenneth Margolis, and Isabella Jeffreys
SUMMARY

On the basis of linearized supersonic-flow theory the stability
‘derivatives Cm, and Cmq (moment coefficients due to‘angle of attack

and steady pitching velocity, respectively) and CLq (1ift coefficient "‘y

due to steady pitching velocity) were derived for a series of thin swept- =
‘back tapered wings with streamwise tips and supersoni¢ leading and )
‘trailing edges. The results are valid for a range of Mach number for

which the Mach lines from the leading edge of the center section cut the
trailing-edges. An additional limitation is that the .foremost Mach llne
from either tip may not 1ntersect the remote half of the wing.

The results of the analysis are presented as a series of design _
charts. Some illustrative variations of the derivatives and of the chord- .
wise center-of-pressure location with the various wing design parameters
are also included. - ‘

To facilitate the transformation of the calculated results to arbi-
trary moment-reference locations, the required data for Cr, have been

selected or computed from the charts and equations in NACA TN 211k and
are also presented in the form of design charts.

INTRODUCTION

The development of the linearized supersonic-flow theory has enabled
the evaluation of stability derivatives for a variety of wing configura-.
tions at supersonic speeds., Fairly complete information is now available
for the theoretical stability derivatives of rectangular, -triangular, and
arrowhead plan forms (references 1 to 6). For the sweptback tapered wing i
with streamwise tips, some of the available stability derivatives are the
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lift-curve elope CL@ (references 7 to lO):and the\damping—in-roll
derivative Czp (references 9 to 12). For this same wing, reference 13
‘treats the longitudinal-stability derivatives Cm,,  and Cmq’ (moment

coefficients due to angle of attack and steady pitching velocity,
respectlvely) and CLq (1ift coeff1c1ent due to steady pitching

velocity) for a range of Mach number for which the leading edge is sub-
sonic and the trailing edge is supersonic. Reference 14 treats the
derivative Cmq for cases where all edges are subsonic.

In the present paper, the range of speeds considered in reference 13
is extended to the Mach number range for which the wing has supersonic
leading and trailing edges. The wing plan forms considered herein. are
the same as those considered in reference 13. These wings have an arbi-
trary taper ratlo, uniformly swept leading and trailing edges (leading
edge swept back, trailing edge either swept back or swept forward), and
wing tips that are not yawed with respect to .the stream direction. The
limiting case of zero leading-edge sweepback is also included. The
analysis is limited to the range of Mach number for which the Mach lines
from the leading edge of the center section cut the trailing edge. An
additional restriction is that the foremost Mach line from either tip
may not intersect the remote half-wing.

The results of the analysis are given in the ferm of generalized
equations for the stability derivatives Cm , CLq, and 'Cmq. Generalized

design curves are also presented from which rapid estimations of the .
derivatives Cpg; CLq, and Cmq can be made for given values of aspect

ratio, taper ratio, Mach number,.and leading-edge sweep angle. Some
illustrative variations of the derivatives with these parameters are also
presented. Although the analysis is limited to the range of Mach number
for which the Mach lines from the center section cut the trailing edges,
the generalized curves for the derivatives are judiciously extended to
include the Mach number range for which the Mach lines from the center
section cut the tips. It is believed that for most combinations of plan-
form parameters and Mach numbers the approximate values taken from these
- extended portions of the curves are quite close to the true values Wthh
would be found by the use of the llnearlzed theory.

The appllcablllty of the calculated results may be broadened con-
- siderably by use of the reversibility theorem as 1nd1cated in refer—
ences 15 and 16.
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SYMBOLS
A aspect ratio
A' = AB
B cotangent of Mach angle <\/M2 -Ig
c local chord in-stream direction
ACP pressure-difference coefficient <;R/%QV‘>
: | : : _ o2
cy section 1ift coefficient (Lift per unit span EpV c
Cp root chord -

ol

2c,. (A2 + 2 1)>

mean aerodynamic chord
b < 3(1 + A)

_ (crA(l + x))
b, wing span |\———F5——

T = AY(L 4+ \)

cot Arg AT(l + A)
cot A AY(L + A) - bmr(1 - )

v T.E. : v

r circulation along span |= ACp dx = 3 cyc

_ : ; 2 2

L.E.: v

M . free-stream Mach number
m slope of leading edge (cot A)
m' = Bm = B cot A
AP local pressure difference between upper and lower surfaces

of airfoil; pecsitive in sense of 1lift

q steady pitching velocity .
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X, ¥y 2
X1, N1

Xas Ya

i

*angle of attack

‘trailing-edge angle of sweep, pos1t1ve for sweepback (see_

T

A
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wing area T ,

areas of_integration

‘1ncremental fllght velocity along X stability axis

/ / T
f /

forces parallel to x, .Y, and Z stablllty axes, respectlvely

Cartesian coordinates (see Tig. 2(a)) “ - : » I

coordinates of a source point in xy—plahe ‘

Cartesian coordinates measured from leading edge of tip section .

. (xa =X - bég; Yo =¥ - g ‘on right half—wing> v : B ['Qj

 distance from wing apex to center of pressure due to angle of "“7¢i

: cC : ‘ .' o ’ .
attack |-c —

distance from wing apex to center of pressure due to steady , o
pltchlng ‘ ‘ ‘ - ) o PR
/ ‘ ‘

distance from wing apex to assumed center-of-gravity position

(note that X - & when expressed as a function of T 1is
defined as static margin) : a

leading—edge angle of sweepback

fig. 1)
taper ratio (ratio of tip chord to root chord)
Mach angle (cot'lB> ' ’ : : o B o

density of air

'
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¢ disturbance-véldcity potential on uppér surface of airfoil
g = 2
ox
By = _@‘Q_S )
. Oz
M! pitching moment
L '~ normal force (approximately equal to lift)
v » free-stream velocity .
Tl ; . L \.
Cr, - 1lift coefficient
' ' 1v%s
20
Cm pitching-moment cqefficient <l 5
. vlss
§p ’c
Cx longitudinal~force coefficient 1 g :
. -2-pV Sc
oC
Cr = L
o 3
» o —>0
<acm
Cp = =
"o O, a—>0
X,
CLq = =
2 & |
. 2V q—>0
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Subscripts:

R refers to reverse of a given wing, obtained by reversing
flow direction : ‘

TE refers to trailing edge

Superséripts:

* - refers to system of’body axes with origin at (i,0,0)
v refers pd system of body aies with origin at (d,0,0)'

" » refers to system of stability axes with origin at (a,0,0)-

SCOPE

\\Q,,m

. The types of wings analyzed in this paper are sketched in figure 1.
'The results of the analysis can; however, be extended to wings with swept-
forward leading edges by the use of certain reversibility theorems., The
orientation of the wing with respect to a body system of coordinate axes
used in the analysis is indicated in figure 2(a). The surface velocity
potentials, the pressure distribution, and the stability derivatives are
derived with respect to this system. Figure 2(b) shows the wing oriented
with respect to the system of stability axes with the origin at an arbi-
trary point rearward of the wing apex. Formulas for transforming the
derivatives from body axes to stability axes are presented %n table I.
. The analysis -is based on the linéarized}supersonic-flow theory, and
the results, theréfore, are subject to the usual limitations and restric-
tions. The derivatives are valid for the range of Mach number for which
the leading and trailing edges are supersonic. A further restriction is .
that the Mach lines from either tip may not intersect the remote half- ' PN
wing. The analysis is limited to the range of Mach number for which the ‘ L
Mach line from the wing apex cuts the trailing edge. The curves of the ‘
design charts, however, are extended (indicated by dashed lines) to the ¢
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points where the leading edge is sonic. Thus,'eétimates of the Vélués

_of the derivatives in this range (where the Mach line from the apex cuts

the tip) can be obtained from the dashed portions of the curves. The
estimates so obtained are believed to be quite close to the true -
linearized-theory values for most combinations of plan-form parameter-
and Mach number. ’

/

ANALYSIS AND BASIC CONSIDERATIONS

The evaluation of the derivatives Cma’ CLq, and Cmq involves

the integration over the wing of the disturbance pressures caused by an
angle of attack o and by a steady pitching velocity g. In the treat-
ment of motions involving small disturbances (such as those considered
in this analysis), the disturbance pressures may be determined from the
well-known relationship: ' ‘

Li- .
=v'{f ¢x . . (l) ‘

The potential function ¢ must satisfy the linearized partial-
differential equation of steady flow and the boundary conditions that
are agssociated with the wing in its prescribed motion. The boundary
condition on a wing which is at a constant angle of attack o is

¢z = -aV (z = 0)

Similarly the boundary condition on a wing which has a constant rate of
pitch is

§,=-=x  (z=0)

(Note that the preceding boundary condition for pitching is independent
of time. In stability calculations, a constant rate of pitch corresponds

'to the wing flying in a circle with a constant velocity.)
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‘Development of Expressions‘forbthe'Surface Velocity
Potential.and Lifting Pressure Distributions

The expressions for the potentials and pressures for the wings at
a constant angle of attack were obtained from tables I and II of refer-
erice 10, This information is presented in tables II and III of the

present paper. - "

The potentials and pressures for the w1ngs performing a steady
‘pitching motion were determined by an application of Evvard's method
(see reference 17). The right half-wing is divided into four regions
.as indicated in figure 3. The expressions for the potentials and pres-
sures are given by different mathematical formulas for each region. The
_ potential or pressure at any point (x,y) in any region can, however, be
obtained by taking the real part of the corresponding formula for the
" potential or pressure for region IV. This procedure is applicable for
many steady motions, as can be seen from the following arguments. Only
the potential will be considered; however, since ‘the pressure is directly
proportional to the x-derivative of the potential the conclusions will
also apply to the pressure. ¥From reference 17, the potential at any
p01nt (x,y) in region IV can be expressed as :

-

s

= ¢Z / " ‘ . ‘r
¢(x,y) = ffsh \/x _X 2 - Bg(y - yl)g dxl dyy | Fe)‘

The area of integration Sy is indicated in figure L. ‘Similarly, the

potential in region III lS given by '

¢<,y>--—ffs3\/ ¢ ‘ .vd;’{ld?f'l (3)

X - Xl - Bg(y - yl)2

The area of integration S3"is indicated in figure 5.

- Figure 6 indicates the effect on thé area of integration 8L when
the point (x,y) is moved from region IV to region III. Note that the
wing area inside the effective forward Mach cone from the point (x,y) is
the same as the area 83. For a point (x,y) in region III, the right

- side of equation'(é) can be written as
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The area Sy - 83 is the portion of 'Su which is outside the forward
Mach cone from the point (x,y). The integral over the area Sy - S3

will be purely imaginary because the radical of the integrand is always
imaginary. Only the integral over the area S3 will contribute to the
real part of equation (L), and the integral over S3 1is, by equation (3),
the potential in region III. Thus, the real'part of the expression for
the potential of region IV will yield the expression for the potential

in region III as the point (x,y) is moved from region IV to region III.
Analogous reasoning can be presented for regions I and II. -The integra-
tiong were performed for the various regions and the resulting potentials

are presented in table IV. Application of equation (1) yielded the
corresponding formulas for the pressures; these are presented in table V.

Some illustrative chordwise and spanwise pressure distributions are
presented in figure 7 for the angle-of-attack case and in figure 8 for
the steady-pitching case. Integration of the chordwise pressure distri- =
bution yields the spanwise loading (also obtainable by use of the pre- ‘ ’
viously derived potentials evaluated at the trailing edge - see, for
example, reference 10, equation (4)). The circulation along the span T,
which is directly related to the spanwise loadlng, is presented, for
1llustrat1ve purposes, in flgures 9 and 10.

Derivation of Formulas for C C and C
ma) Lq) | mq

'

The derivatives | C;, , and C are obtained by integrating

C

To’ g’ !

the lifting pressure or the first moment of the lifting pressure over
the wing area. These derivatives can be expressed as follows:
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"o T asE Mg P - o
3 2
Cp. = _l . k.Adexdy - (6)
T 25 s
2v ‘
. o | | o
C = e X AC, dx dy (7)
2v ’
"
where AC, = §-¢>_<'
As indicated previously, the real part of the expression for %he
pressure-difference coefficient in region IV is also the expression for
the pressure-difference coefficient for all other regions. Equatlons (5),-
(6), and (7) can, therefore, be written as B
. o

%:-RP.;S:I/ AC ‘ dxdy N <) 7/

C; = R.P. 2 jf dx'dy' - - (9)
Mg ac 4 o s

| Oy = -R.P. — ﬂ X(ACP> ax dy (20) o
- . : C gqc se S Iv ‘ ) v o
, o _ 5V C o A

where the’dperator R.P.. indicates that only the Teal part is to be

retained, and ACP)IV denotes the expression for ACP in region IV. - ‘ | f”
Lo

B
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. " The expression for the derivative CLq may be simplified by the following i
| 9 consideration: Since the potential function ¢ is continuous in the
B stream direction and is zero along the leading edge of the wing,
T.E. « y [T.E. N ‘ -
S g [ e b ()
L.E. - VJLE. v
K It follows that equation (9) can be expressed as
| y  [r/2 | o |
ch = R.P. — ¢TE dy (12)
‘ Q€ gyY-p/2 IV \ :
2v '
where the potential is evaluated along the wing trailing edge.
: RESULTS AND DISCUSSION |
"Formulas and Computations for the Derivatives Cma’ CLq, and Cmq

The formulas for the derivatives Cp_, CLq, and Cmq obtained‘by

‘evaluating the integral expressions of equations (8), (10), and (12) are
presented in the appendix. The formulas for these derivatives are also™
given for the case where the leading edge is sonic. :

The results of computations for Cp, are presented in figures 11
to 15, for Cy, in figures 16 to 20, and for Cp in figures 21 to 25.
: q ‘ q

The data are shown for a range of taper ratios from 0 to 1.0 and for a
range of the aspect-ratioc parameter (A' = AB) from 3 to 20. (Curves for
A' = 2 are included for the A = 1.0 cases.) The range of leading-

edge-sweepback angles is included in values of cot™m' from 0° to h5o.
The dashed portions of the curves do not represent actual calculations,
since these regions correspond to the condition where the Mach line from
the wing apex intersects the tip. However, calculations were made

for the sonic-leading-edge condition and the dashed extensions of the
curves to these calculated end points are believed to yleld results quite
close to the true linearized-theory values for most cases.
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The derivatives CLq and Cmq gi#en by these generaliied curves

(figs. 16 to 25) are for the wing pitching about the center of pressure ‘
due to angle of attack. The generalized curves for the derivative- Cmd e

(figs. 11 to 15) are for the w1ng pitching about the wing apex. In all
cases, the moments are measured about the axis of pitch. The derivatives
for wings pitching about an arbitrary origin (with moments measured about
the origin) may be obtained by use of the transformation formulas pre-
sented in table I. The first three columns of table I present the deriva-
tives in a system of body axes with rotation and moments measured about
the points (0,0,0), (X,0,0), and (d4,0,0). The fourth column transfers

the derivatives to the system of stability axes with rotation and moments

- measured about the ‘point (d,0,0). Since the lift-curve slope CL& must

»

be known in order to epply the transformation formulas, design-chart data
for this derivative are presented in figures 26 to 30. These figures were
prepared from the figures and formulas presented in reference 10.

For convenience in locating the desired design-chart data for the
derivatives; an index to figures 11 to 30 is presented in tables VI to’
IX. Inasmuch as the parameter cot- -lm'  is used rather than the usual
m', it is felt worthwhile to present in figure 31 some data show1ng the
correspondence between the parameters.

Some illustrative variations of the derivatives Cma; Cy, », and o
q S

C (in the system of stability axeé) with each of the parameters>-

m

q .
Mach number, aspect ratio, leading-edge sweepback, and taper ratio -~ are ¥
presented in figures 32 to 34,

|

Chordwise Center—of—Pressure Location

The center-ef-pressureylocation for a wing at a constant angle of
attack and for a wing with a constant rate of pitch can be determined

from a knowledge of the derivatives Cp , C; , Cp, , and Cp . The
: oA | q T o
expressions for the chordwise location of the center of pressure are as

follows: For a constant angle of attack,

— — Cp
X C o
S onll vl (13)
j o
where X 'is measuredvfrom the wing apex. For a constant rate of pitch h } -
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with the axis of pitch located at distance d downstream of the wing
apex, : : '

Crtey,

(14)
Cr,

Q
lo
el

S PP

a

where Eq is measured from the wing apex., The derivatives used in equa-
tions (13) and (14) are referred to the system of body axes with its
origin at the wing apex. Some illustrative variations of the center-of-
pressure location with each of the parameters - Mach number, aspect ratio,
leading-edge sweep, and taper ratio - are presented in figures 35 and 36.

Extensions of the Results by the Use of Reversibility Theorems

The results for the derivatives can be extended\by the use of certain ‘
reversibility theorems. (See references 15 and 16.) The derivatives Cp_,

: ch, and Cmq for the reverse wing are given by (referenqe 15, table I)

, 1
(Cma)R - §CLq
° = 20
( Lq)R T, /
c - ¢
( mq>R g

where the subscript R refers to the reversed wing. In these reversi-
‘bility equations, the axis about which the moments are taken and about
which the wing is pitching must be the same for the wing and its reverse,
The axis is fixed in the wing configuration (that is, invariant with the
direction of flow). For éxample, if the axis of pitch and the moment
axis are taken at the leading edge of the root section of a wing in a
forward flow, then the axis of pitch and the moment axis will be at the
trailing edge of the root section of the wing in a reversed flow.
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\ , " CONCLUDING REMARKS

On the basis of the linearized theory for steady‘superéonic'flow,
formulas for the stability derivatives Cpm,, CLq, and Cmq were derived

for. a. series of thin sweptback tapered wings with streamwise. tips and
with supersonic leading and trailing edges. The humerical results are
presented in-a series of design charts which permit estimation of the '
derivatives for various values of aspect ratio, taper ratio, leading-
edge sweepback, and Mach number. Some illustrative variations‘of the
derivatives and center-of-pressure location with these parameters are

also included.

e

Langley Aeronautical Laboratory
. National Advisory Committee for Aeronautics
Langley Field, Va., February 19, 1952
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APPENDIX

SUMMARY OF FORMULAS FOR C AND - Cp

C
Iy’ "Ly’ q

The following formulas for Cm » Cr, , and Cp refer to wings
: a q q

which have an arbitrary taper ratio, leading and trailing edges that
are each uniformly swept at a constant angle (including zero sweep
angle), and wing tips that are not yawed with respect to the free-
stream direction. Note that the trailing edge may be either swept-
forward or sweptback, although the leading edge is restricted to sweep-
back. An additional limitation is that the foremost Mach line from
either tip may not intersect the remote half of the wing, ‘ f
The proper use of the formulas requires that the positive root of
the quantity under a radical sign be taken; thus, if a 1is a positive"
number, ' ' ' 3 :

(t2)% = a

Also, note that

V-a =2 = 1 a.i¢§'= -a

Formulas for Cm.

Sweptback leading edge, m' = 1 (sonic leading edge).-
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~ For arbitrary taper ratio,
o - | 87°k° - [z2(1 - 42) . .
o a[heK? - 120k(k - 1) + I3(k - 1)2J\s3(1 - x2)2
3 2 _ X) | |
32k>(1 + 2k°) Igin_l J(l gi) + 2k - sinl %:I .
J3(1 - x2)2Yx - Wk + 1 \ '
K2k + J - Jk [e(k - 1) u(uk - 1i|
. T I
15(1 - 020k + 1)7/3F o ~
| 2 -
p(1 - 12| TBLr M7, MET - W ry s w) [ -
‘ k2J2 ‘ kJ2- _ o .
¥

(g + 7 - 36) [2(kk - T +Jﬂ3/2

30727 (x . 1)5/2

o2

2k2(8 - 5) - (kT - J - kE) [ (7 + bk - 3kJ)\[2(4k ST+ D)
2k (k + 1) 83T ; 1)3/2

L

2 | | .
(k7 + J + kx) f’_+sin_1uk+J-3kJ (1)
16kJ°(k + 1) 3/ kT + J + ka - »
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For taper ratio of 1,

8 ':14 (30342 + 3508" + T5)/at

—_— -
Mo Bar| L5 T 14k0 »
(A - 5)(A' + 1)2 LA -1 |
cos™ v (A2)
192 - A 4 1 | N
: ' hmrp
Sweptback leading edge; m' > 1 and A' > .-

(L + A)(m' - 1)

For arbitrary taper ratio,

768K2m* 3 | km'(3k2-1) 1
2z

1 k1§3m'\/m'2- 1

COS"l ~ﬁ—'+ - ' -+
3(k2 -1)%(m'®® - 1))tk - W'k + 1 3(k2 - 1) (xPm'@ - 1)

13wt (et o k2 o 1)WnrB o1

[kt - 3 (x - 1)] 2l - b2 4 2mtk — 3k)Vm 1
32 bmVE(k - 1)2(1+ m'k)Vm'k + 1

J(3k +2m'ke +2mtk+ L)V + 1 |
22 (k - 1) (1 +m'k)Vkvm'k + 1
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For taper ratio of 1,

Clew Pt o2 2y et A
> cos'l — - + +
)

C m = - T
a 1
A'B 3pm'@ -1 m'e - 1 LB (m'? -1

+

(m' + 1)Ym'2 -1 T .6(m"2 - l)EVETE - 1 _

Ata'(2m' + 1) 6nt6 - 8n'S - 17m'% + 2m'3 + 5n'2 o
e : — o (Ab)

Unswept leading edge (m' = w).- -

‘For arbitrary taper ratio, -

. oy [52 , - 1)2[-a2 - 8+ 2601 - xﬂ .
Ta (24 a4 1) P2 192[7 - (1 - M)]?

” .x3 1 2[’_5 _'”2(1’->>[| + J o Ell _ 

- A

+ :
12(1 - 2) ,3ET - (1 - 2]]° ’,12\5[_3' - 41 - M)

J‘-h(l—x):] | S o ‘(A5)

For taper ratio of 1,

i - 6A"
Cm@ = W

(a6)
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- ,NM - s : - (1 - £2) it ] - ¢ _ £2) (o7 + 2)
Gm + e Gmorm)(n- ez e | ErD,6- D | o
A Jmhmx Qm\mg +,SW/NQ - T)¢ ﬁmﬁ = Mgl + (T = A)ArLeT - m&wﬂm? + )@ -
‘ =P,

+

Q: + re) (A6 - m.v._ g [ sp=-1r+ M:,\Q ! - ghypet o

fo1qex aadey Lxeryiare I04

-*(s9pe BurpesT OTUCS) T = ;W ¢o%ps BurpesT ¥orA3dOMG
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J(1-k) + 2k
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32(2 - 5K2)

2k

I3k + Wk - 1

)

(3kT + T3 + 48k)(bk + J - &J)

k333

1
- sin'l —
é]

/

15k23°

J(5 = 3k)(k +,i) + bk

l+k+J—,kJ
\’ 5 -

J - 4k + 3kJ
%

16y2k2T

(9% + 5) [

ve(kk - kJ + J) -

KIViT

o) o ‘ o
(k7 + 3+ ) (Sin_l Me+ 3 - 3T .2_> (87) -
ok2F2 bk + J + kJ
, | , ¥
For taper ratio of 1,
16 {EA' OIS S (I ST
CL - : ~ COS - T
1 3B 32 At+el 15
81A'@ + 1Q0A' + LO5)YA'
( 190A" -5)/_i} (a8)
240 : :
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hm')

Sweptback leading edge, m' > 1 and A'> .-
P & ’ L+ M@ -1)

- For arbitrary taper ratio,

L8 | k°m'ym'2 - 1 k5m'6

CL = » - < 2..
q 212 o
Brd (A2 + A + 1)k%m'(m'2 - 1)3/2 fmrk + 1¢m'k 1 | K - 1)

2Kx3m'2(kkm'h + mr2kt - 2 - m'4x2)
(m'2k2 - 1)(1 - x2)2

- : w}

kzm'z[é(m'gkz - 1)(2xm'2 + m'2k3) + |
4 25m(k2 + 3) + mr30t - 10x2 - 15) +?>

L om' 2k (—k* + T2 + 6) - hk(3 - k2i] L1

>t cos8™ - -I;-n;' +
3m2? - 1)°(1 - k2)° J

2k3m' 3(-k2 + 3m1 22 - m'? 4 2)

2 n?

3(1 - x9)

(Equation continued on next page)
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m'3 3|/ 12 o : .

k- /m {5m'2k2 _ k2) _ k@k%ﬂ'u + -
3(m'22 - 1)2(1 - k2) -
- ' kﬁ‘h'k+Jl;k\/'+l !
m'k(1 - 5k%) + 21{]} + [m ( ﬂ o — -2) -, .

| o M1 - x)a'k + 1k |
km' (k + m'2 - 2)[km'(3 + 2m'k - k) - J(1 - k)(l + &+ &n'k]
8(1 - k)(l + m'k)
(" : ; -
[hmik + 3(1 + k + 721.n'kﬂ [hmrie(3 + -
2 w2k +1) | e | 2wk -k) - J(1 -K)(L+k+ o)
q- + ' * -
3 -k ghmk + 1)2 - -
.

(k - l)[m'k + J(l - k:l
61+(m'k + 1)2

g,

rEj(l - k) + Am'g](l‘ - k) E@rk(_6 - hmt 4 5@,2 )

'< 12m'k - '@k + 8m'3k) + J(-6 - hm' + 8m'3k +

5m'2 - Bm'k - 6k + Tm'2k2 + l&m'3k2]
~ S , v J
P

(89)

384(1 + m'k)
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For taper ratio of 1,

v omt2 2(m'2 2)

Cr, =
: A 'B(m'2 - 1)3/2 Vm?2

2(-3m'® + 11m'¥ _ 1602 4 8) 11

3(m'? - 1)2

23

DAt

2(6n'® - kmtS - 1om'* & 1hm'3 & 2612 - lom' - 13) \
 6(mt@ - 1)2 -

om'(2m'2 - m' - 3)

Unswept leading edge, m' = «,-

For arbitrary taper ratio,
B 48 72 EJ 87 + 16(1 - xj
‘B_(x2+x+.1) 192 192J-4(l—>»:]

5] 1 eE_e(l-x:] 7

Cy,

Q

‘].3;/.111'2 -1 )

12(1—’)» 3J_u(1-x:| 12(1->»\/I,-4(1-’:]

(A10)

(A11)
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ik + 7 - ok 0 1) +
bk + J - Jk 2k (16 - w02 + 30Kt - 8KD) 4
Wk + 1) \(1 - 03 + )2 |Ix' o

(16 - B8k - U8K2 + 6k3 + 38Kt + 2kD - 6KkO) 4+

b 6 4 omid 4
72 k | T3xD
3 2
ok 3x5) 4 2L - K2 + k) &:512 - 368k + 32k2 + 8k3)L +
| 35k k>
___( 58k - hOOk + 4k2) + ———( 192 - 102k) - 45 +
Jk2 J2k . 3k

147k + 162k°) + ]'3(-57Ok3 - 237k2 + 208k + 135) + !

(29Ak“ -
J2k Y

1
16k

147Kk3 - 561k2 + 15k + 135) +

5(-126k5 -k - 7R3 -

162K2 - 66k + usg] | | o (413)

For iaper ratio of 1,

, ‘ 2 v 1 1 2 . |
6 - 16 6& . (33A'1 * 66t : 1I7T7)(AY + 1) oL AT =1
q © 3uBAT| 105 1536 At + 1
(2685413 + B8300A12 + 12635A" +_6195)/KT . .(Alh)

- 26880

‘257‘
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Unswept leading edge, m' = co.~

For arbitrary taper ratio,

R - I‘J(J-h) 1 3(l—>»)(J-4)
T A2 s 1)2E— 4(1 - ) 2[ - M1 - x]
'4(1'->;)2(J-u)2_(1-x)3(J_4)3 e L A
[[-na -2 wff-na-a)?[ 6| 7-41-%

3(3 - 1)° N (J-4)3 . | (J-h)u +£ \_‘
2[5 - 81 - 2]]% 5 -u1 - Xﬂ3' g - 21 -'Wﬂu *

gk Jx” ' gk
[-4(1-@” + (1-xEr-u(1-x:]“
I {I+8(1_x 1-x)[:1-x J:I

4-

(1->»\/7E-1»(1->V:|J'1*(1‘>“) [ - 41 -2))°

2(1 - A) 2(1 - M2[22(1 - ) 3@}

J-u(l_x) E'”l-*:P

%2702 - 3300(1 - M)+ b20(1 - x)Ej -

60T - W1 - AT - (L - A)]

(A17)
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TABLE II.- FORMULAS FOR POTENTIAL DISTRIBUTIONS DUE TO ANGLE OF ATTACK

Region

‘(see sketch)

Formula for ¢
(reference 10)

>y )
—————
I . << b
- -~ TN
- -~ : ~ ~
= II
-~
-~
¥x
Y*X

BcotA-EIZl;BAi 4B cot A .
. (L +A)(1 + Bcota)

[BcotA:l;

B°°tA'.EEIi1 ; BA 2

I ?‘;l x2 - B2y2
2 20 (2 (o + 28+ %)
. : Lt A .
N I 3~ Ta
II \
] } > < ‘
N
7 ,
/ AN
Yx
x&
4B cot A B> UBA cot A
(1 +2)(BcotA-1)

EcotAZl;

(1 +2)(1+ Bcot A);

: Val{mx -
‘/BamZ -1
. : 2 Py
II S Ve mx - y)eos™t EZ B 4 (mx + y)eos~t w
/8% - 1 Blmx - ) Bl + )
, g tya(EBm 1) =TT
I Vo Hmey - ya)cos-l —2 Y8R T 0 o oy, (xg + Bya) (Bn + 1)
1:\'/521112 -1 mXg -~ Ya
; , . b 2 T
Vo J(nxg - ya)[cos~t P22 Ya(zm"————_+ 1) _ eopml et Puly, + p(8%n® - 1T +
. “"52,“2 -1 mXg - Ya . Bu(uxg -~ ya)
IV

o1 Xy + Beny, + %(Beme +1)
Bm(mxa + ¥yg + 2157)

(wra +-22 + ya)eos + 2fmya(xa + Bya)(Bm + 1)
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TABIE III..~ FORMULAS FOR PRESSURE DISTRIBUTIONS DUE TO ANGLE OF ATTACK

) ) ‘ ~_NACA

Region Formula for AC D
(see sketch) (reference 10)
>y
\ << 7,
— &
~
Y
*a
Bcot A =1; B cot A |21 ; BAZ..___.EE_C_OEA_
(1 +2)(1 + B cot A)
B
! B2 - 832
bas ba V-V
B
" a + Xg + 2B
2
>y
I \
>! /III
/
/ <
VX xa
B cot A 2 1; BC°tA’EElzlim—_>- 4B cot A s EA D 4BA cot A
(1 +2)(1 + B cot A) (L+2)(Bcota -1)
I , ol
B2 - 1
ham _1x-132my -_1x+]32my
II cos + cos
,,‘&zmz _ 1[: B(mx - y) B(mx + y)
TIT ham cog-l e+ va(2Bm + 1)
] 822 - 1 | ™ = Ve
b _ g2n? b b, gPn2fy. 4.2 -
|t [ 3ty e BB e e
,mL En(axe - va) Bu(me, + ¥ + -) mg - ¥a

35
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TABLE IV.- FORMULAS FOR POTERTIAL DISTRIBUI‘IONS. DUE TO STEADY PITCHING VELOCITY

Region
(see sketch)

Formula for ¢

4B cot A
(1 +2)(1 + B cot A)

; BA 2

[B cot A = 1;
I

' ‘bqﬁE - B2

I © 3nB
I %%[(5"3 + 4Bg + Bya> ~Bya(xa * Bya + 2Bg):|
: >y .
\. .
\ I
N a
’ >‘/nx
v
e
/ N .
r .
Lo e .
21, |BeotAggZ 1 ma 2 LB cot A > WBA ecob A T
[B ot = 25 [ oot A2 1 B T @+ BookA) (L e N eok A — 1)
i
I — x2(~2m *.BZmB) + 2xy - Boy%m
2(p%? - 1) ot !
el R | w2 ) - oo Wte L x
82n? - 1 2(32m2,_ l)3/2 \ 5" B T By
II
mnglazm2 - 2) + 2yx - Bﬁzm cos-1 x = Bzx_zy '
2(B2m2 - 1)3/2 Bux - By
a J’ﬁmxa - By, - hszxa + 2133yam3 + 5x332m3 + %—(Bzmz - 1) I-—yam(xa + By,) .
3n L . m(32m2 - 1) \' (Bm - 1)
11 : ' . ) S .
3|:2mana - 2nPx,? - By 2n? + Bzmkxaz* Eg(qu - ¥a) (82 - 1)] ccosd mxy + ¥(2Bm + 1)
wx, - ¥,
om(B2m2 - 1)\B%n? - 1 2
QI% mxa ya 52 2 - 1) + 2% My, — 21112xa2 - Bzy 22 + Bzmhx g WXy * ya(ZBm + 1)
a cos - -
" L 2m(l32m2 -41)3/2 . Xy = Ya
. 5 Z
b
cos~ + Baly, + B2 - 1) , (mea + %)\I(;xa +3) - Bl + 5) .
Bu(mx, - ¥,) (522 - 1)
w ' .

2 K 2 -
(me, + B) (2 + $%?) - 2(mxa + DT+ B - 0?2 + 3) el ™ ? By, +

g(Bzm2 + -1)

on(22a? - 1)3/2

Bu(mxg *+ ya + 2h)

S%(Bzmz -1) - bmx, - 82nly, hszx; + 283y w3 + SxaBzm3 ’-yam(xa + Bya)
3m(132m2 -'1) (Bn -'1) : S
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TABLE V.- FORMULAS FOR PRESSURE DISTRIBUTIONS DUE TO STEADY PITCHING VELOCITY

. Region
(see sketc}‘;)

Formula for ALy

i

4B cot A - ]

B cot A =1; |B cot 'Zl'BA?.
[ ° " ot AqpiZ 15 "W F0)({T B oot Ay

16 (2x® - 3%2)
37VB < \[x2 _ 32y2

1T

_.35 ya(15xa + Q%B + llBya)

3nv \/-ZBya(xa + 2%]3' + Byp)

(.,
Lo

Y
[B cot A =1; |B cotA.mlzl;sA

1
e

S 48 cot A . > 4B cot A
T2+ (1 + B cot &) (1 +2)(B cot A - 1)

___3‘3_;)37[3“,:(32,“2 -2)+ ZEI

(8% -

11

2
cos-l X + Bomy . omx(822 - 2) + oy cos-1 X

B2 - 1

E{zm\/x_? - B%2 +,2mx(B2m2 -2) - gy
v

2(2%? - 1)3/27

Bux + By 2(8%n? - 1)3/2°

- B2my
Bax - By

III

1 ™% +(2Bn + 1)y, 2(L + Bm - %)

w 2(s2? - 1)3/2

kg [amna(ﬂame - 2) + 2y, + 2B(p%2 - 1)
~~ - €Oo8

Mg = Va

B2 - 1

Bu - 1

V

Vl-%(& + Bya)J ‘

bq | 2ux, (8% - 2) + 2y, + oB(s%? - 1)

'oé'l mx, +(2Bm + 1)y,

w - 2(p%R - 1)3/2

¢ P
[ nXg ~ ¥a

. ’ 2 2
2(1 + Bn - 8%02) |-mya(xa + Bya) . 2\/(mxa +3) Ben?(y, + 1) .

B -1 Be - 1

B2 - 1

Bafmwe, - y,)

o1 -mx‘*‘ + B%,,aya * %(Bémz - l)] -

oucy(8%2 - 2) - oy # SB{%R 8) o me, 4 BaPy, ot B{oeP 4 1)}
coB N

2(B%2, - 1)3/2

) Bm(mxa +yg + 2%’)
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- TABLE VI.- INDEX TO DESIGN CHARTS FOR cha

Eitching and moments measured about (0,0 ,Ol]

- T - | 4 . .
A [A? cczge;n; m' Figure| Page || » [A! C?ge:;l m’ Figure Pagé'
0 3|18.% to 45| 3 to 1 |1l(a) 49 [lo.50] 3| 0 to 12 o to 4.7].13(c) | 57
bl Otoh5 | wtol by ' _ ‘
51 . ~ 5
6 \L 6
8 8
1 8 , 11(b) 50 12 :
12 | : \Ir 200 to 11.6|w to 4.87 /- v
20 Y v \l/ ‘ .
: 0.75| 3] 0 to L5 w to 1 | 14(a) 58
bt 0 to 12 wto k.7 |11(c) 51 . i : l g
5 : - 5
6 6 '
8 810 to 38.2| wto 1.27| YV /
12 8] 0 to b5 wto 1 | 1k(b 59
20 [0 to 10.8 | ® to 5.2 v 12 ‘ .
_ : ’ 20 \ \l/ \L
0.25| 3{3.81 to 45/15.06 to 1 12(a) 52 :
4] 0 to b5 o to 1 )?, 0to12'| wto k.7 {1lh(c) | 60
5
6 ’ 5
6 12(b) | 53 - 6
8 8
12 \L \L 12 \ :
20 ' 120 [0 to 10.4| @ to 5.45
313.81 to 12|15.06 to kTf12(c) | 5+ ||1.0 | 2] 0 to 45 o to X 15(a) | 61
b1 0tol1l2 |wto b7 ‘ 4 37 -
5 k
12| 0to9 |wto 6.31 6 15(p) | 62
20| 0 to 5.3 |~ to 10.78 8 ~
. 12
0.50 i 0 to 45 wto 1 [13(a) 55 {20 N
5 5] 0to 6.| oto 9.% [15(c) 63
6 3
8 4
8 13(b) | 56 5
12 6
/|20 J ! 8
20 / \

U NACA
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TABLE VII.- INDEX TO DESIGN CHARTS FOR BCL ¥
E’itching and moments measured about (SE,O,QZ,
- t - ] .
x |ar Cc(’ge;‘ n Figure |Page[l A |aAt ,cc(’ge;‘ m' | Figure |Page
O [ 3]18.% to b5/ 3 to 1 [16(a) | 64 |[0.50] 3] 0 to 45 ©to 1l |18(a) | TO
4 0 to ks w to 1 - 4 \l/ \J/
5 . 5 \
6 l J, 2 18(m) | T
8 :
8| 16(b) | 65 8 \l/ \L
12 8 18(c) | 72
20 ‘1’ \l/ 12 1
' V | 20 \ v N}
Lo to3h | «to 1.8 |16(c) | 65 ‘
5 ¥ 0.75] 3]0 to b5 19(a) T3
6]0 to 33.7 o to 1.5 4 \L
8/ 0to27 | eto 1.9 5 \
12f 0 to 18 | w to 3.08 610 to 32.6 | ®to 1.56
20|0 to 11.2 | w to 5.14 \ \ ‘80 to 29.2°] ® to 1.79
120 to 27,1 | w to 1.95 .
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"TABLE VIII.- INDEX TO DESIGN CHARTS FOR BCmq*

Eitching and moments measured about (E,0,0ﬂ

=1yt ! . ' “lnt |
A At C(()ge:; m? Figure |Page|| A |A! c?geg? m? Figure|Page
o | 3[18:% to 45| 3101 ‘j21(a) | 77 |{[0.75] 3] 0 to 45 | @ to 1 2k(a) 8l
hi O to' k5 o to° 1 1 L '

5 ‘ 5

6 _ \ 6

8|0 to 37.2 = to 1.36 18
12} 0 to 26 |« to 2.05 12 ,

2010 to 15.4 |= to 3.63 120]0 t0 35.6]® to 1.k /

8| 26 to 45 12.05 to 1 [21(b) 78 1 3] 0to 1k | wtod |24(b) §85:
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12[0 to 18.6 |= to 2.97 o v |V
2010 to 11.2 |» to 5.05 | W N :

- Co. 1.0 | 2| 0to 45 | wto 1 {25(a) | 87

5| 32 to 45 | 1.6 to 1.{22(b) 80 3 \L \L

6] 26 to 45 |2.05 to'1 4

8| 20 to 45 |2.75 to 1 510 to 38.4]e to 1.26
12| 1k to 45 [4.01 to 1 610 to 33.3{x to 1.52

V |20] 8to k5 |T.12to 1l | V v 8[0 to 24.5 = to 2.19
, 12 |0 to 16.8 = to 3.31
0.50| 3] 0 to 45 o to 1 l23(a) 81 2010 to 9.2 |[» to 6.17

L ' ' , v
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TABLE IX.- INDEX TO DESIGN CHARTS FOR BCLa

cot=1m?* . cot=Im? :
A A (deg) m! Figure [Page||[ A [A? (deg) m' ‘F‘i‘gure Page
O | 3{18.4 to 45 3 to 1 [26(a) | 89 ||0.50] 3]0 to h5m£o 1 28 |93
4| 0 to 45 w to 1 L
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6 6.
8 8 ,
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5 4 '
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8 ' 6
12 ‘ 8
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- = ——=Moach /lines .
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(a) Sweptback frailihg edge. o

N\
/

/

V2N ’ -ﬁ |

| negative /\_'TE
|

(b) Sweptforward trailinngdge.

Figure 1.- Types of wings analyzed.
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(a) Notation and body axes used in anslysis.

|

" (p) Stability axes (pfincipal body axes dashed for comparison).

Figure 2.- Systems of axes and associated data.
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Figure 4.- Area of integration used to evalﬁate the potentials in
‘ region IV. - ’
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Figure 5.- Area of integration used to evaluate the potentials in
region IIT.
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Forward Mach lines
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Figure 9.- _Circula.tion along the span for anglé of attack. A = 35 :
A =18,5% A= 0.75; M =Y\2. S
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Figure 10.~ Circulation <a,lbng the "span for steady pitching VelOCity. .

)

S A=3;A=185% A=0.75 M=\2.
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. Figure 11.- Continued.
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(c) A =0.25; A' = 3 to 20; m' = to 4.7.

. Figure 12.- Concluded.
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Figure 13.- Variation of BCp, with cot-lm' for various values of A',

System of body axes with origin at (0,0,0). (See text, p. 11, for
Significance of dashed portions of curves.)
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" Figure 13.-. Continued.
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(a) A =0.75; A' =3 to8; m' = to 1.

Figure 1l4.- Variation of BCm,, with cot~lm' for various values of A'.

System of body axes with origin at (0,0,0). (See text, p. 11, for
significance of dashed portions of curves.)
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(b) A =0.75; A' =8 to 20; m' = o to 1,

Figure 14.- Continued.
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Figure 1.~ Concluded.
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Figure 15.- Veriation of BCp, with cot-lm' for various values of A'.

System of body axes with origin at (0,0,0)., (See text, p. 11, for
significance of dashed portions of curves, )
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(b) M =1.0; A' = 6 to 20; m' =  to 1.

Figure 15.- Continued.




’

NACA TN 2699

63

-46.
42
/\)
-38 20 /|
3. ///
<
S
§-30 // ?,
® P =
/////
-2 ] 8 =
) e —
ea | A 1 | 2
/ - — — | //
N
—— = —‘éz"’,,,
A S By T

cot ~'m’, aeg

(c) X=1.0; A" =210 20; m' = o to 9.k

Figure 15.- Concluded.




% .Aononmv 1B UIZTJI0 YJITM soxe £poq JO Wa1sLg
Y *\V JO senfeA SnoTieA IOF Wr.300 UITs *G_Hom JO uoT3BTIBA -°QT SINSTH
&
Mn.v *T 03 © = W Mm o3 m =,V mo =¥ Amv
= _
P bop Jut ;- 400 .
Sy vy oy o = g v oc 9/ 2/ g v QV.N»
\ o5
\ or-

v
9//
©
b

/
| o) o/
/
/




NACA TN 2699

9D

"PINUTIUOY -*9T SanBTg

‘T 03 ® = .E‘mON, 03 g =,V qO = .K. Apv

L’\% . mwo..\k\\- xou -
& vy or Q_m.. R &2 re oc o/ c/ & ) .QV /
, T ‘ e
/ /-
-
/ o
04 o .LW.
N © .
N\ E
b
M\
/mu// // /// a3
M T
— — = 0
4
124




66 o B : . NACA TN 2699

/
/’f————\‘\.
E— IR
6 24
cot - m’ kg
to 2.24

e )

8
(c)

Figure 16.- Concluded.

iz

c) A =0; A' =k to 20; m' =w to 2.2k, .
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(a) A =0.25; A' =3 %0 8; m' == to 1.

Figure 17.- Variation of BCLq* with cot™lm' for various values of AT,

System of body axes with origin at (%,0,0). (See text, p. 11, for
significance of dashed portions of curves.) :
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Figure 17.- Continued.
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Figure 18.- Continued.
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Figure 19.- Concluded.
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Figure 20.~ Variation of BCLq* with cot™lm' for various values of A'.

- System of body axes with origin at (X%,0,0). (See text, p. 11, for
significance of dashed portions of curves.)
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Figure 22.- Concluded. .
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(a) A =0.50; A' = 3 t0 20; m' = ® to 1.

Figure 23.- Variation of BCmq* with cot™lm' for various values of A'.

System of body axes with origin at (%,0,0). (See text, p. 11, for
significance of dashed portions of curves.) . ‘
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(c) X =0.50; A" = 3 to 20; m' = w to L.

Figure 23.- Concluded.
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(b) X =0.79; A® = 3 to 205 m' = w to b,

Figure 24,- Continued.
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(c) k»=v0.75; A' =8 to 20; m' =.1.8 to 1. -

‘Figure 24,- Concluded.
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Figure 27.- Variation of BCr, Wwith cdt"lm' for various valués of A'.

'System of body axes.
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System of body axes; A = 0.50.




ok - _ : ~ NACA TN 2699

7.8 /
' 7.4 /
7 /
~ 0. ¥ /
62 ‘ A
: 20
Voo 7
8 /
54 12
50 el
8
p _
e 6+
Ry
e e 2 I+
{ et [ | et
. Bl B
o4 8 7216 20 24 28 %2 36 40 __44 48
cot~'m’, deg . ‘ TRNAG

Figure 29 - Variation of BCLa with cot- 1m' for various values of A'
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(a) Variation with Mach number.

Figure 32.- Some illustrative variations of the stablllty derlvatlve ‘Cmaﬁ

‘with Mach number, aspect ratio, . sweepback, and taper ratlo. System of
stablllty axes; static margln, O 05c ’
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(b) Variation with aspect ratio.

Figure 32.- Continued.
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(a) Variation with Mach number.

Figure 33.~ Some illustrative variations of the stébiiity derivatife CLq"

with Mach numbef,-aspect ratio, sweepbéck, and taper-raﬁio. System of -
stability axes; static margin, 0.05C. ‘
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(b) Variation with aspecf ratio.

Figure 33.- Continued.
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(a) Variation with Mach number.

Figure 3k4.- Some 1llustrat1ve variations of the stability derivative Cmq'

with Mach number, aspect ratlo, sweepback, and taper ratlo.  System of
stability axes; static margin, 0.05c. ‘
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(b) Variation with aspect ratio.

Figure 3k4.- Continued. -
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(a) Variation with Mach number,

Figure 35.- Some illustrative ?arlatlons of the center of pressure due to
angle of attack with Mach number, aspect ratio, sweepback, and taper
ratio, System of body axes.
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Figure 35.- Continued.
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(a) Vériation with Mach number,

Figure 36.- Some illustrative variations of the center of pressure due to
steady pitching velocity with Mach number, aspect ratio, sweepback,
and taper ratio. System of body axes; static margin, 0.05c.
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