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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL NOTE NO. 1678

THEORETICAL WAVE DRAG AND LIFT OF THIN
SUPERSONIC RING AIRFOILS

By Harold Mirels

SUMMARY

An approximate linearized solution is presented for the wave
drag and 1ift of an airfoil generated by rotating a thin supersonic
profile about an axis parallel, or nearly parallel, to its chord.
The aerodynamic coefficients are obtained from a surface distribu-
tion of sources, of strengths proportional to the local airfoil
slopes, about a cylinder whose radivs and chord equal those of the
original ring airfoil. This source distribution satisfies the
boundary conditions when the part of the wing within the forward
Mach cone from a point on the wing surface departs only slightly
from a plane. The solution is therefore accurate for ring airfoils
having chords that are swall in comparison to the radius of rotation.

The 1lift coefficient of thin supersonic ring airfolls, based
on the airfoil-surface area, is one-half the Ackeret velue for a
two-dlmensional wing of infinite span. The drag coefficient is
equal to the sum of the Ackeret value for the given profile (with
the ring airfoll at zerc angle of attack) and the induced drag
coefficient, These coefficients are probably within 5 percent of
the correct linearized values for ring airfoils whose chord-radius
paremeter (chord divided by the product of the radius and the
cotangent of the Mach angle) is within the renge from O to 0.20.

INTRODUCTICN

The linearized solution for the aerodynamic coefficients of =
thin supersonic airfoil whose chord elements form a flat surface is
currently in an advanced stage. Conical superposition has been
extensively used to determine performance when the plan form is
bounded by straight-line segments. Surface source distributions
have been used to develop analytical and numerical methods of solu-
tion (references 1 and 2) for an arbitrarily shaped plan-form
boundary. However, airfoils whose chord surface is not flat have
been comraratively neglected.
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Wave drag and lift are evaluated herein for the supersonic
ring airfoll generated by rotating a thin sharp-edged profile
gection about an axis parallel, or nearly parallel, to ite chord.
The chord-radius ratio of the ring airfoil 1s assumed to be emall,
A surface source distribution, as originally proposed in refer-
ence 3 for essentially flat alrfoils, 1s used as the baeis for the
analysis, The limiting chord-radius ratios for which this source
distribution gives a valid linearized golution are estimated by
comparing the results for the external surface of the ring airfoil
to those obtained by the mumerical method of reference 4, The
ring airfoil in subsonic flight is considered in reference 5.

The investigation, conducted at the NACA Cleveland laboratory,
was completed during December, 1947.

SIMBOLS

The followlng symbols are used in this report:

Cp drag coefficient based on wing surface, ( 1 D >

\-z-pU2 2nre
Ce gkin-friction drag coefficient based on wing-surface area,
friction drag )
% pU2 2nrc
c 1ift coefficient based on wing-surface area L
L ) 1 _
-z-pUz 2nre
Cp pressure coefficient, (mcremen‘;al pressure>
SoU°
c wing choxd
D drag
L lift
M free-stream Mach number
q local source strength per unit area
r mean radius of airfoil
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8 area of integration

t maximm profile thickness

t/c  thickness ratio

U free-stream velocity, taken in positive x direction

W perturbation velocity normal to source surface

x,t)

¥ B Cartesian coordinate system

Z -

X Q

r ? cylindrical coordinate system

8, w]

a angle of attack, radians

) angle between chord of profile section and axis of ring
alrfoll, radians

B cotangent of Mach angle, ( M2-1)

A local slope of wing surface with respect to direction of
free-stream velocity

o) free-gtream density

c local slope of wing surface with respect to chord

V9] perturbation-velocity potential

Subscripts:

e external surface of ring airfolil

i internal surface of ring airfoil
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METHOD OF ANALYSIS

The linearized equation for the perturbation-velocity potential
of an irrotational, compressible fluid is glven by

(l-ﬂ)%§+%yz%+g—i%=0 (1)

A general solution of equation (1) can be obtained from a surface
distribution of sources. The potential at & point in the flow fileld
is the sum of the contributions of the elemental sources in the
forwvard Mach cone from that point. If the source surface is in the
X,y plane, the potential at a point in the x,y plane 1is given by

P=- addn (2)
_/8 Vi - 0F - 82 (7 - 02

where q 1s the function defining the source-strength distribution.
The coordinate system anﬂ. the limits of integration are illustrated

in figure 1(a).

The induced normal perturbation velocity at a point om, or an
infinitesimal distance from, a plane contalning sources 1s simply
a function of the local source strength and equals qx. (See
reference 3.) Thus, if a planar distribution of sources 1s to
represent the flow about the top or bottom surface of a thin super-
gonic airfoil whose chord surface is flat, the boundary conditions
are satisfied by setting

g=¥X=2
4

nl=

where A = w/U 1s the local slope of the wing surface in the free-

gstream direction. If the sources are assumed to be in the X,y plane,

the equation for the velocity potential becomes

Adtdn
(4)
[f VMix - £)2 - 8% (7 - 0)°
8

alg

P =-

[o"2q¢]
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The following sign convention for A will be used: When the surface
normal projecting into the stream has a component in the positive

X direction, the slope 1s considered negative; when the surface
normal has a component in the negative x direction, the slope is con-
sidered positive. For a flat plate at angle of attack a, the slopes
for the upper and lower surfaces are constant and have the values

A= - and A= a, respectively.

The potential flow about a thin-ring airfoil can be found from
a source distribution about a circular cylinder whose axis is par-
allel to the free-stream direction and whose radius and chord equal
those of the original alrfoll; however, the function defining the
source~strength distribution remains to be determined. 1In the
limiting case of a thin-ring alrfoil having a small chord-radius
ratio, the wing section in the forwerd Mach cone from & point on the
wing departs only slightly from a plane. From the previous dis-
cugsion, & source distribution defined by the local wing slope
a = AU/n adequately satisfies the boundary conditions, This rep-
resentation 1s directly analogous to the solution of an essentially
flat wing in that allowance 1s made for variations of wing slope,
but the departure of the wing surface from a plane is considered
negligible, The velocity potential for points on a ring airfoil of
small chord, expressed in cylindrical coordinates, is then

®=-= ngd“’ (5)
=
s r

where Tdw, WY, and 6T have replaced dy, 10, and y of equa-
tion (4). The coordinate system is illustrated in figure 1(b).

The normel perturbation velocity at a point on a three-
dimensional source surface is not a simple function of the local
source strength., Equation (3), and consequently eguation (5),
therefore do not satisfy the boundary conditions when the chord-
radius ratio of a ring airfoil i1s sufficlently large that the
deviation from a plane of the chord surface in the forward Mach
cone i3 no longer negligible.

WAVE DRAG AND LIFT OF CYLINDRICAL-RING ATRFOIL

A cyl\indrical-ri.ng alrfoll is a ring airfoll of zero profile
thickness, camber, and flare (ap = 0). The velocity potential
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of such an airfoll may be found if the function defining A at all
points is known. For amall angles of attack and a small chord,
this function is shown in appendix A to be

A - a s8in w (6)

©

AN =asin (6a)

The expression for the veloclty potential of the oxternal surface
of a cylindrical-ring airfoll resultes from the substitution of
equation (6) into equation (5):

me=-g[f (- sin ®) dfdw
X -E% 2 (o - )2
8 ,\/<?>2 p% (0 - w)

X
U gin wdw
x -tV | 22 (g - )2
0 /\/< T ) B2 (0 - w)

O—=

It is desirable to solve equation (7) directly for JPe/ox. In
appendix B, this solution shows that

Zemeehoyafg@f ] o

The pressure coefficient for a point on the external surface, based
on the linearized Bernoulll equation, is then

p

3

=__%M[1-%<§§>z+g;(ﬁ£¥>"-...] (9)

(]

CP;e ="

qleo

®

969
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The pressure coefficlient for the internal surface is the negative
of that for the extermal surface,

The 1lift and drag coefficients, referred to the alrfoll-surface

area, may be obtained from the respective summations of the effec-
tive 1ift and drag forces acting on each element of area:

c x -
zf dxfz [(cp,i - Cp,e) 8in e] a6

CL = (10)

{ o

fa oola
|
2

7
c —
2 ax | 2 (C. q Af 4+ C. . A.) TdO
o X p,i M1 p,© e

o = (11)
c X
2[ dxfz Tdo
0 X
2

The results for the lift and drag coeffliclents show that

cL-é‘;[l-ilé(éf»fs_;o(é)"-...] (12)

|

and

-5 (2 @] (13)

The series in equations (9), (12), and (13) converge very
rapidly for velues of x/(fF) and c/(B¥) that are sufficiently small
to Justify the use of a source distribution defined by the local
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wing slopes. No appreciable error will beé introduced by assuming
these series to equal 1. The pressure coefficient then becomes
simply the Ackeret value corresponding to the local slope:

Cp,e = £ (-a stn 0) | (14)

D€

This result indicates that the spanwise variation of slope in the
forward Mach cone, due to chord-surface curvature, may be neglected
vhen calculating the pressure coefficient at points on an airfoil
by means of a source distribution defined by q = AU/x. Therefore
equation (14) could bave been obtained directly from equation (7)
by using the mean value sin 0 instead of sin w.

Similarly, the 1ift and drag coefficients become

Cp = %"-‘ : (15)
and
2
op = &2 (16)

Both coefficients are one-half the Ackeret values for a flat-plate
airfoil of infinite span.

WAVE DRAG AND LIFT OF RING ATRFOIL OF GENERAL PROFILE

In the general case, a ring-airfoil profile section has camber
and thickness and its chord makes a finite angle with the axis of
the airfoil. The local airfoil slopes are then given by the
expressions

A

o = Og - (ag + a sin 6) (17)

A =01 + (ag + a 8in 6) | (17a)

For a small chord, the pressure coefficient has been shown to equal
approximately the Ackeret value corresponding to the local slope.

Cp,e = 2[06 - (ag + o sin 6)] (18)
Cp,1 = %[oi + (ag + a sin 6)] (18a)
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The 1lift coefficient obtained by substltuting these pressure
coefficients in equation (10) equals that of the cylindrical-ring

airfoll, Thus the 1lift coefficient of a ring alrfoll is independent
of 1te profile slope.

The drag coefficient is

2
_2a? 4% 2

-—B— +T +-ﬁ—6 0 (O'ez+0'12)dx (19)

The first term of equation (19) defines the induced drag due to
1ift and is one-half the Ackeret value for induced drag coefficient.
The last two terms represent the drag of the ring airfolil at zero

angle of attack and equal the drag coefficient of an Ackeret airfoil
(having the given profile section) at angle of attack ay.

LIFT-DRAG RATIOS OF RING AIRFOIL

A calculation can be made to illustrate the order of magnitude
of lift-drag ratios obtainable from a ring-type alrfoil. For a

symetrical diamond profile, no flare, and a skin-friction drag
coefficient Cp, the lift-drag ratio is glven by

2a

i B
2t e

For small values of t/c and Cp, the L/D performence approaches
that of an Ackeret alrfoil. With increasing t/c, the L/D

approaches one-half the value for the corresponding Ackeret airfoil,
Equation (20) can be maximized to give the angle of attack at which
(L/D)payx occurs for a given t/c and BCp. The result shows

@ = 1./2(-2)2 +Bce | (21)

and the corresponding value of (L/D)max is

it

(20)
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Gl —— @ ‘

2 ‘/2(92 +Bog

Equation (22) is plotted in figure 2. The values of airfoil 1lift
coefficient at which (L/D)y,, occurs are cross-plotted in this

figure. As shown by equations (15), (21), and (22), this 1lift
coefficient is the reciprocal of (L/D)pay.

Little information 1s available on the value of friction dreg
coefficlents at supersonic speeds. The mean value Cf = 0,006 1is

sometimes used for thin supersonic ailrfoils, If Cf is agsumed
independent of Mach number, figure 2 indicates that (L/D)mx
decreases with increased flight speed, but this effect becames
less pronounced with larger values of t%/c.

Becauge the flare was considered zero and a diamond profile
has the lowest possible wave drag for a given thickness ratio, the
values for (L )max presented in figure 2 are the largest values

theoretically obtainable from a ring-type airfoil.

VALUES OF c¢/(BF) FOR WHICH AERODYNAMIC
COEFFICIENTS ARE ACCURATE

The values of chord-radius ratio beyond which equations (15)
and (19) are no longer valid can be estimated by comparing the
external 1lift and drag coefficients as indicated by these equations
to the values found from the numerical method of reference 4, which
is an extension of the solution for slender, pointed-nose bodies of
revolution presented in references 6 and 7. A line distribution of
sources and doublets is placed along the axis of an open-nosed body
of revolution, and the strength distribution is so adjusted that
the flow and cross-flow components of the free-stream velocity
follow the extermal contour of the body. The resulting values for
external wave drag and 1lift may be considered the correct linearized
solution. The intermal flow, however, is not properly described.

By use of the line-doublet distribution of reference 4, the
1ift coefficient for the extermal surface of a cylindrical-ring
alrfoil, expressed in the form 501,,3/&, wes found to be solely a
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function of the airfoil parameter c/(pPT). The relation is shown
in figure 3. The decrease in lift with increase in chord indicates
that the downstream sections of the cylindrical-ring airfoll have
progressively lower external 1lift. Equation (15), based on the
surface source distributlon, yields a constant walue for BCL,eﬁm,
but the discrepancy between the two methods 1s less than S percent
for values of c¢/(BT) wp to 0.20.

Computations for the extermal lift and dreag of finlte-thickness
ring airfoils indicate that the effect of thickness ratio on the
discrepancy between the two methods is small for the magnitudes of
thickness ratio permitted by the linearized theory. These discrep-
ancies depend primarily on the value of c¢/(BT). This result is to
be expected ,as chord-plane curvature, and not thickness ratio, is
the source of the difference. If the discrepancy for the internal
surface 1s assumed to be of the same order as that for the external
surface, the generalization may be made that the coefficlents
expressed in equations (15) and (19) are correct to within 5 per-
cent for values of c/(ﬁ?) up to 0.20, The degree of error may be
estimated by the plot of figure 3.

SUMMARY OF RESULTS

An approximate linearized solution for the aerodynamic coef-
ficilents of ring airfoils having small chord-radius retios indicates
that the lift coefficient, based on the wing-surface area, is inde-
pendent of the profile shape and equals one-half the Ackeret value
for a two-dimensional wing of infinite span. The drag coefficlent
equals the Ackeret value for the given profile (with the ring air-
foil at zero angle of attack) plus the induced dreg coefficient.
These coefficients are probably within 5 percent of the correct
linearized solution for values of chord-radius ratio from O to 0.20.

Flight Propulsion Research Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, April 30, 1948.
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APPENDIX A

FUNCTION DEFINING LOCAL SLOFES ON CYLINDRICAL RING ATRFOIL

A cylindrical ring airfoil of small chord and at a small angle
of attack is assumed,

A,y -,

Av

[e2{e]

for which

Av vertical displacement between corresponding points on leading
and tralling edges

Ar radial distance between corresponding points on leading and
trailing edges

Then
Av = ¢c sin a
Ar = Av sin W
=c¢ 8ln a sin ®
But
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Inasmuch as o 1is small
A=as8in w

and with the proper sign convention

A

6 -¢ sin w

and

A

o sin @

13




APPENDIX B

[oT«]

SOLUTION FOR ? FROM VELOCITY-POTENTIAL EQUATION
X

From equation (7)

o Xt
Bgr
L J % dg gin wdw (Bl)

e
- x - tY a2 (o - )2
0 9%4(?)‘3(9“’)

Because sin ® is independent of £, the order of integration
of equation (Bl) can be reversed and the equation integrated with
respect to {. The resulting expression for ®, can then be dif-
ferentiated with respect to x to yield a line integral equation
for J,/ox. Reference 1 shows that the result is equivalent to a
line integration along the leading edge £=0 of the airfoil.

X

Therefore, .
+x/(BT)
a_ie_ - Ua sin wdw .
ox n 2
x\" g2 (6 - w)?
6-x/(BF) '\/(?)
6+x/(BT)
Ua gin 0w
2 2 X
6-x/(F) \[*" MR-
Integrating by parts glves
3p 6+x/(BT)
_© 0%y gin 6 cos X + cos ® sin~t [£ 9 |aw b (B3)
o B pT x/(pT)

6-x/(BT)
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Let
8- _.,
x /(%)
Then
6+x/(BT) Y
cos o sin~! -9——'—-_& dw = - = cos <6 - 3:> in~L zaz
x/(pT) BT . r
6-x/(BT) 1
-1
R 1 I <cos 6 cos 2_5. + 8in 6 sin _z_:> sin~1l zdz
fr Jy pr pr
(B4)

And by sine and cosine series expansions

-1
=-2%X cos @ f - _1; 22 2
Bi: 1 23 B'I'. 4! ﬂr
-1 3
-2 gin 6 j <‘Z—f-)- -1—,<-z-§) e o o sin™l zaz (B5)
BT 1 BT 31\ pr

But
-1

j\ z0 gin-l zdz =
1

for n equal to a positive even lnteger or zero, and
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-1 Tt n n-2_n-.4 1
f 20 gin~l zdz = (-1+ X X . >
1 n+1l n+1 n-1

for n equal to & positive odd integer. Therefore

e+x/(BT)

ool «x o .
- cos @ sin L‘/(B?)de T TP sin 6 BT (5) <-1 ¥ 5)
J6-x/(Br)

o1 /xNVaf, 3x1), 2/ xVx(, 5x3x1)_
31\ pr/ 4 4 X2 5!\ pr/ 6 6X 4Xx2
2 4
. b4 X 1 1 X 1 3 X 1
zegngin6|cog —-1l+(—=) 55 X5 ~-[— ) 77X
5x3x1 _
+<Br> TxIxE " :l (B6)
Substituting equation (B6) in equation (B3) gives
P
_9___1_12 nsmecos—é-nsinecosi__
dx " P fr BT

- Uo .__ V¥, 1 xM, 1 _
__Esine[l <E>XZ+<B_T'>XEZ ...] (B87)
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(a) Source distribution in x,y plane.

x-£

BE

g

(b) Source distribution about circular cylinder
(first quadrant shown).

Figure 1. - Coordinate systems and limits of integration
for surface source distributions.
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//f———Surﬂace source| distiribution

1.00 ~— ] -
--~-‘_~~<<:———Lime-doublet distributijon
‘.\
\
. ‘\
\
.92 —

0 .04 .08 .12 «16 .20 .24
Chord-radius ratio, c/(BT)

Figure 3. - External 1lift coefficlents of cylindrical~ring
airfoils as indicated by line-doublet distribution of
reference 4 and by surface source distribution.




