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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL NOTE 2129

METHOD OF CALCULATING THE LATERAL MOTIONS OF AIRCRAFT
BASED ON THE LAPIACE TRANSFORM

By Harry E. Murray and Frederick C. Grant
SUMMARY

The lateral motions of aircraft are obtained by means of the
Laplace transform which gives solutions expressed in terms of elementary
functions for the free and forced motions. These equations permit the
calculation of the free motion of an aircraft following any initial
condition or the forced motion following the application of constant
external forces and moments. These forced motions can be used to obtain
by means of Duhamel's integral the response to any arbitrary forcing
function. All the classical stability concepts can be deduced from
these same solution equations largely by inspection. These equations
for the lateral motion are applied to the calculation of the lateral
stability of a specific airplane and to the calculation of certaln of
its free and forced motions.

INTRODUCTION

The lateral motions of aircraft are represented by three simultaneous
differential equations which are generally assumed to be linear. The
fundamental problem of lateral dynamics involves the solution of these
differential equations in terms of the aerodynamic and mass parameters
of the airplane. The solutions can then be used to obtain numerically
the motion of the airplane as a function of time.

The recent application of the Laplace transform to the solution of
systems of linear differential equations permits a more general analysis
of the problem of airplane motion than that of reference 1, which is
based upon Heaviside's operational calculus. Heaviside's operatlonal
calculus permits a calculation of the forced motion, which is the motion
following the application of external forces and moments. The Laplace
transform permits these same calculations and also permits the direct
calculation of the free motion, which is the motion following finite
initial values of the variables and their first derivatives in the
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absence of externally applied forces and moments. This calculation
cannot be made by use of Heaviside's operational calculus. The Laplace
transform solutions, which include both the free and forced motions, may
be written in a closed form from which all the classical stability con-
cepts can be deduced largely by inspection. The form of the equations
of motions of the airplane is independent of such aerodynamic parameters
as Reynolds number and Mach number, and these parameters enter the equa-
tions only as they effect the values of the aerodynamic constants or
stability derivatives appearing in the equations. The values of the
gtability derivatives must be obtained by actual measurements during
physical tests or from aerodynamic theory before motion calculations can
be attempted.

Investigations of some of the possibilities of applying the Laplace
transform to the study of aircraft motion have been reported in refer-
ences 2 and 3, and in two British reports, one by K. Mitchell, the other
by J. Watham and E. Priestley. The British papers do not give final
equations in a form suitable for calculation purposes. The analysis of
reference 2 closely parallels that of the present paper until the point
of taking the inverse Laplace transform is reached. At this point,
reference 2 indicates that the inverse Laplace transform can be taken
either by means of the relatively simple partial-fraction expansion
‘(used in the present paper) or the more complicated inversion theorem
of the Laplace transform. Neither approach in reference 2 1s carried
to the point of final equations containing only elementary functions and
in a form particularly sulted for computation. A solution similar to
that of the present paper is indicated in reference 3. Only the form
of the analysis is shown in reference 3, however, and all the details
necessary for practical applications have not been carried out.

The present paper presents an analysis based on the representation
of the lateral motion of an aircraft by differential equations. The
results of the analysis are solutions in closed form expressing the free
and forced motions in terms of elementary functions. These equations
permit the calculation of the free motion of an aircraft following any
initial condition or the forced motion following the application of
constant external forces and moments. These forced motions can be used
to obtain, by means of Duhamel's integral, the response to any arbitrary
forcing function as shown in references 4 and 5. The solutions are
readily adaptable to calculation by digital-type calculating machines
and the calculation is an arithlmetical process requiring no knowledge of
the theory of the Laplace transform. The solution equations of motion
have been applied on an automatic calculating machine to the calculation
of the lateral stability of a specific airplane and to the calculation
of certain free and forced motions as illustrative examples.
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COEFFICIENTS AND SYMBOLS

trim 1ift coefficient (W cos 7/gS)
rolling-moment coefficient (L/qSb)
yawing-moment coefficient (N/qSb)
lateral-force coefficient (Y/qS)
airplane weight, pounds

rolling moment.

pitching moment

Qawing moment

lateral force

aileron hinge moment

elevator hinge moment

rudder hinge moment

dynamic pressure (pV2/2)

wing area, square feet

wing span, feet

inclination of flight path to horizontal (p081tive
in climb), degrees

angle of attack, degrees
angle of pitch, degrees
mass density of air, slugs per cubic foot

free-stream velocity, feet per second

 airplane mass, slugs (W/g)

acceleration due to gravity, feet per second per
second
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nondimensional time (tV/b)

time, seconds

inclination of principal longitudinal axis of inertia
(positive for axis above flight path at nose),
degrees

airplane relative-density factor (m/pSb)

t
angle of bank, radians ()f P df>
0

t
angle of yaw or azimuth, radians (jp r d%)
0
rolling velocity about stability X-axis, radlans per
second

yawing velocity about stability Z-axis, radians per
second

angle of sideslip, radians

rolling-moment coefficient of forcing-function couple
in roll

yawing-moment coefficient of forcing-function couple
in yaw

lateral-force coefficient of lateral forcing function
periods of oscillatory modes, seconds

times to damp to half-amplitude of oscillatory modés,
seconds

cycles to damp to half-amplitude of oscillatory modes

alleron deflection, degrees "

rudder deflection, degrees
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e elevator deflection, degrees

Ky nondimensional radius of gyration about stability
X-axis (kaogcosen + Kzoesin2n>

Ky, : nondimensional‘radius of gyration about stability

Z-axis <v%zoecosan + Kxoesin2q>

nondimensional product of inertia between stability

Xz
X- and Z-axes <(KZO2 - Kx02>sin 1| cos n)

Kx A nondimensignal radius of gyration about principal

0 X-axis (kxo/b)
Kz | nondimensional radius of gyration about principal
0 7-ax18 (kz /b)
o)

kXd radius of gyration about principal X-axis, feet

kZO radius of gyration about. principal Z-axis, feet

o | Laplace transform of sy

A stability quartic

)\41,)\.2’)\‘3,)\.4 roots of A=0

Pgs9g . polynomials in o

qﬂ' = (ES_O'

do

An ' ) roots of g; =0

Ry real part of X3 and X)) when X3 and Ay are
complex conJjugates

I, imagingry part of X3 and A) when vX3 and A}
are complex conjugates

Ry’ real part of A and Ao when A and Ap are

complex conjugates




Ay shoshg sy shs,hg
By ,Bp,B3,B),B5,B4
C1,C2,C3,Ch,Cx

Ry
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imaginary part of XAy and A, when Ay and xe

are complex conjugates

coefficients of stability quartic

Routh's discriminant

amplitude coefficients for

amplitude coefficients for
amplitude coefficients for

real part of A3 and A)
complex conjugates

imaginary part of A3 and
are complex conjugates

real part of B3y and By
complex conjugates

imaginary part of B3 and
are complex conjugates

real part of C3 and Cy
complex conjugates

imaginary part of C3 and
are complex conjugates

real part of Ay and Ao
complgx conJjugates

imaginary part of A, and
are complex conjugates

real part of By and B
complex conjugates

imaginary part of By and
are complex conjugates

g

¥
B

when X3 and

Ay wvhen A3
when X3 and

Bh when x3

when X3 and
Ch when x3

when Xl and

A2 when Xl

when Xl and

B2 when Xl

Ay are

and A

Ay are

and xu

AL are

and Xh

.and XQ

Xe are

and Ae
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RCI

I

)

W

real part of Cq and Co when A and Ao are
complex conjugates

imaginary part of C; and Co when A and X
are complex conjugates

amplitude coefficient
sponding to complex

e )

amplitude coefficient
sponding to complex

(2 B2 + IBQ)

amplitude coefficient
sponding to complex

(e Ve? v 1?)

'amplitude coefficient

sponding to complex

A

amplitude coefficient
sponding to complex

W

amplitude coefficient
sponding to complex

et 20)

for ¢ oscillation corre-
conjugate roots X3 and i)

oscillation corre-
)\3 and X).;_

for
conjugate roots

for B oscillation corre-
conjugate roots

for ¢ oscillation corre-
conjugate roots A} and Ao

for Vv oscillation corre-
conjugate roots A1 and Ao

for B oscillation corre-
conjugate roots A and Xp

phase angle for ¢ osclllation correspénding to
conjugate complex roots A3 and A, radians

tan-1 Eé
Ra

%

phase angle for V¥ oscillation corresponding to

conjugate complex roots

. (*Ean‘l 1—1-3) ,
Rp

A3 and Ay, radians

A3 and A4



phase angle for 8

conjugate complex

tan-1 EQ
Re

phase angle for ¢
conjugate complex

1
tan'l EA—
Ry

phase angle for V¥

conjugate complex

(tan'l E)

Rp

phase angle for
conjugate complex

1
tan‘l EQ_
Rq

p

NACA TN 2129

oscillation corresponding to
roots X3 and AL, radians

oscillation corresponding to
roots A; and Ap, radians

oscillation corresponding to
roots Ay and \p, radians

oscillation corresponding to
roots A} and Xp, radians
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0y
°(&)
£
")

Cy
“p =5

ao,al,a2;a3,au,a5 coefficients appearing in numerator terms of ampli-
tude coefficients for

bo,bl,be,b3,b4,b5  coefficients appearing in numerator terms of ampli-
s tude coefficients for

C0»C15CpsC3,CY coefficients appearing in numerator terms of ampli-
tude coefficients for B

Subscripts:
0 initial value
g transformed variable

ANALYSIS

The linear equations of motion, referred to the axis system shown
in figure 1 and representing the lateral motion of an alrplane are
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I
o

1
21Ky D P - %Czprﬁé + 2iKypDy¥ - 201, DY - Cypf -y =
Pk xzDu2P - £0n Dud + 2upkyPDpPY - 20, DV - CpB - = 0

L 1
_.é-CYPDb¢ - Crf + 2m DV - Cp tan 7V - Ly Do - CygB +

2HpDpB - Cy, = O )

The terms CZC, Cnc, and Cy, are forcing functions which represent

disturbances imposed upon the state of motion of the airplane by control
movement or atmospheric turbulence. These terms, in general, are arbi-
trary functions of time, but for the purpose of this analysis, they are
considered to be constants applied at zero time. After a solution has
been obtained in terms of constant forcing quantities this solution can
be used to obtain a new solution for an arbitrary forcing function by
Duhamel's integral as explained in references 4 and 5.

Transformation of Equations

When the Laplace transform is applied (reference 6, p. 8), the
transformed equations become after multiplying through by o

\
(ewokx®o3 - 219990 + (2rekyzo® - 501,99V, + (-ClBU) By = T

1
ry = (2I.tbKX20'2 - ECZPO') ¢O + (QIJbKXZo'e - %Clrc)‘lfo + > (2a)

(2uskx20) (Duf) o + (2rkyz0) (Do¥)o + Ca,
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' 2 1
(EubKXZ03 - %Cnpce);éc + (EMbKZ 03 - -E-Cnrce)‘lfq + (-CnBc) Bg
ro = (EubKXZUQ - %Cnpc) ¢O + <2ubKZ202 - %Cnrf’) Yo +

(eubezo) (Db¢)o + (2ubKZ2cr)(wa)o * On,

(--é-cche - chr)gzﬁ0 + (2%02 - %chog - Cf, tan 70)\[!0 +
(2U-b0'2 - CYBU) BO' = I‘3

rq = [-Zc c)¢ +.2ubc-l.c c)q; +(2uo)[3 + 0y

3= -=01,0)% 5019 ¥o + (240)Bo + Cy

Solution of Transformed Equations

¢0 is

¢ aoo5 + aloh + a2a3 + a302 + apo + ag
o~ :

02A

where

«A=Acrl‘+Bor3 +'Cc52+Dcr+E

~

11

7 (25)

> (2¢)

After equations (2) are solved by determinants, the expression'for_

(3)

ON
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and the constants are given by

2
ag = ¢0 8Hb3
Kyz, Kz2
Ky Kxz  Ci .
Ci, Kxz Kx©= Kyy
P
a1 = fo[emlB|kgy K72 Cny | - 27 ol (Du8), (B3 e
np Z xz, Ky
0 1 -2Cy
B
Ci, Ci, ¥xz Cy, Ky C3
8s = ¢o Hp CnB CnP Kze| + iy CnB Kxz Cnp.| - hubg . . +
ng Xz
B
: Xx° Kyg Clr
c
L, [ + (Dpf)olem?[Kyz K72 C +
) vPlo|2h” [Kxz Pz n,
Cn, Cny
0 1 -20yg
Cip ¥xz Cig Kz c1. Kxz
r c
(Duy)g 24y, 5 + Bo hube B . + by 2 ,
Cnr Kz, an Ky, Cnc Ky
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c c Ky C;. Ci. C
lg lp X lg “lp Vlr
1
83 = fo( Mo Cng Cny, Kz| - 3[Cng Cnp Cnp| |+
0 -2 tanyc; 1 Cy, Cy, Cyy
C; XKg° C3
B r CZB Kx2
(Dpf)g ko |Cng Kz Cny | - Mi? +
Cna ¥xz
c o ¢ oe
YB Yr
Cig Xxz
¥o(2u, tan 7CL, | > + (Db‘V)O Mo |Cng K2 Cnp | =
CYB 0 Cy,
o c Cig kxz Ci¢
e + Bo-Hp| P *+ [2Hp|Cng Kz2 Cpo |+
Cng ¥z® Cng Cn,
Cy, O Cy
B
Ci. C1
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Ciy C1
|a4-¢o-§tan7CL P P
Cin C1
'4:0 - = tan 7Cr, B t
C C C
. lB lC lr CZ
2|fng Cne Cnp.| - 2k o
ng
Cry Oy, Cy,
Cig C2
as = tan 7Cy, B ¢
2
3|¥x” ¥xz
A = By, 5
2
KX KXZ CZI‘
B = 21 2K 2 -
Hy, Xz KZ CnI‘ 2l-tb
0 1 -20y,
CZB CZP CZr 0
C =il 0 Kyp Kg2 + o [Cng
Cyy Oy, Oy, Cy,

+ (Db¢)o 2y, tan 7Cp,

+ (wa)o Eub tan 7CL

NACA TN 2129
Ky2
+
Kxz.
Kxz.
o +
Ky
2
1. Kx
_ uubE B
Cny, Ky,
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T RS

D = 240 [Cny Kyy  KpP '%CHB Coy Cny

0] 1 » tan ¥ CYB CYP CYr

C C C
ZB Zp lr
= -1

5CL|Cng Cn,  Cny

=
!

0 1 tan y

The expression for V¥, is

v - bocr5 + blch + b203 + b302 + blo + by

15

o

oA
where the consténts are given by
2

Kx® Kyg

Xxz Xz

Kx? Kxz Ci,
by = ¥ 2L1‘b2 Xx7 KZQ‘ Cnr' - 2lJ-b2 P

Cn, Kg
0 1 -QCYB

(5)

2
Kx* Kyg
xz. Kz
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2
- Kx2 0] KX KXZ CzB CZP Clr
by = (Dof)q(-2H2 P + ¥k |Cng Cnp Cnp| + Mo 0 Xxz Kg°| -
Crp TR Cy. Cy_ C cy Cy C
g Cvp “Yr Yo Y, Y
Cla Ky c,  C x5 Cp Ko
p "X 1 l Iy
hubz o x + Sip . P . + (Do¥)g [-2Hp° [Kxz Cnyp Kgzo| | +
n XZ n
P p 1 -2y, O
B
Cy, Ky° Cy. Kx2
8o iy 2 B + [-mm2] C
c,. C1. Ky°
Cy X2 ZB 7'P X
by = o | -2HuCL, P + (DpB) oMo Cng Cnp LA I
| up x Cy. C 0
Yg “Tp
¢,  Cy;. K c, €3 C Cia C1o K
15 C1p Tx g Clp Clr 1p Cip ¥xz
ol 1 2
Vo [Ho an Cnp Kz°| - M Cnﬂ cnp Cnpl |+ (Dp¥) o (Mo Cng Cny Kz |+
o 2c; 1 Cy C C )
c, Cy. Kx?
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Cin Cy C1a Kx°
by = ¢, % oL P P}« (Do) (-2mpCr, [ P + ¥y
C,. Cy. C
| K s "l Cl
V) [-2mc. | B +ile,. o ¢
(Dy ol="tL c k.2 o8 “np “nc
ez Cy, Cy C

bs = -C,| P
Cng Cp,

The expression for By 1s

] cooh + Cl°3 + c202 + c30 + )
o

(07AN

- where the constants are given by

2
[ 5| e
Kyy Ky

17
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2 2
Ky~ Kyy Ky2 Kxz
c1 = o pr’c‘cL o)t (Dvd), 2pb20Yp o] ‘
Ky; K Ky, K
xz Xz xz Xz

Kx° Kxz ) Kx® Ky

+ (Dp¥)g 2%2<Cyr - Ly,

Kyz, Kp°

KXZ K22

Ky, Cry K2 Kyz Kz°

2
Cy. Kx2 €1 Kyy Kx~ Kyy
Bo(2m?| o + bpBey
Cny.

Kx2 Ci1. O3
Cy. Xx2 C1, Kyy P
co = folmop| T cr] F + (Dp@)o| Ly [Kxz, Cn, ©
2 o [HoCr, - KL, 5 DboE**bXZ np, Cnp| -
nr Kxz Cnp, Kz
P r
2
Kg? Ci, Kyg . .
o C1. Xx
2ub2 Kxz. Cnp Ko, + Vo | #p ten 7CL * -
Cnr KXZ
0 2¢; 1
Ky, C3. C
X7, 1 1
C1, K N r .
My tan 7Cr, . + (Dp¥)o[5H Kz2 Cp. Cn.| +
Cn, Ky P
0 C
YP CYr
2
Kx C1p Kxz.
2 €1, C1p
21,2 [Kyy, Cn, Kz2| |+ By +
. Cn Cnr
1 -2+4an7yC, O L
2
0 Kx© Kggz Czc CZP Czr w2 G .
X~ Ci.
- [Cne Cnp Cnpf - M| O Kyg Kz2| - b |
Cy Cy C Cy Cy C . One -
T, %y, Gy, Y. %y, Oy, ‘
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! Ky C1, C1
c3 = @o ECL + (Db¢)o HpCr, [Kxz, Cnp  Cnp +

P 0 1 tan ¥

Cy C1 .
Vo[L tan yor| T + (Do¥ ) [MbCr [Kz2 Cnp Cn,. +
0 1 tan 7
»
C1. Cip Ciy C1. kx® Ky .
1 ) ZP le
'E Cnc Cnp Cnr - EHbCL CnC KXZ KZ + My
Cnp C
) P Do
CYe CYP CYy 0 1 tan 7
) ¢, ¢, ¢
e G Cn
X" chy = %CL Cnc Cl’lp Cnr

0 1 tan 7

All the determinants given in this paper are expanded in the
appendix, .

In order to obtain the actual variables ¢, Vv, and B from the
transformed variables an inverse LaPlace transformation must be applied
to ¢0, ¥y, and Bg. The expressions for ¢g, Vs, and By are of the
form pc/q0 where py and qg are polynomials, the degree of dg

being higher than that of Dg- Reference 6, page 45, indicates that the
inverse transform of a function of this type is (in terms of the variables
used herein)

L‘1<EQ> _ 2 pg(tn) eXnSb
dg, n=1 qg'(xn)

. This equation assumes all the roots Ap of gz = O to be distinct. All
roots of gq; = O are distinct for Bg; however, for @; and Vo,
dg = O has double zero roots. (See equations (3), (5), and (6).) The




20 NACA TN 2129

terms in the equations for ¢ and V¥ resulting from the two zero roots
of gy =0 are given according to reference 6, page 49, by

%—2(0) + Q(0)sp

where
o = Y042
dg

The analysis takes three forms depending upon the character of the
nonzero roots of g5 = O which are the same as the roots of A = 0.
Four real roots, two real roots plus a pair of conjugate complex roots,
or two pairs of conjugate complex roots may exist.

Four Real Roots

The inverse Laplace transform of ¢c is

A S AnsS AaS A8
¢=Alelb+A282b+A3e3b+Ahehb

where the constants are

i
Al _ aoxl5 + alkl + a2kl3 + a3
6arD + 5BA M + boag3 + 3DA2 42BN

2
)\'l_ + ah)\l + a5

L 2
np = aox25 + a4 a2X23 + a2+ al, + oag
6000 + 5BALM + beag3 + 3002 + 2EN,
A3 _ ao)\.35 + al)»32* + 8.2)\.33 j a3k32 + auk3 + 8.5

EAdgY + 5Bx3’*L + Ueag3 + 30052 + 2B
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aoxﬁ + alxul* + aohy3 + a3)»42 + aphy + ag

A) = _
6any? + 5Bht + beny3 + 3002 4 2E )\,
a5
A5 = E
Ag = %(au - a5%>

The inverse Laplace transform of \VU is

Xlsb AnS Aas ALSw ¢
¥ = Bye +B2e2b+B3e3b+Bhel‘b+B5sb+B6

where the constants are

4 2

6ar2 + 5BI 4 Uong3 + 302 4 2EN,

bory? + blxgl* + A3 + bars2 + Dy, + by

By =
ANy + SBAY + heag3 + 3002 + 2E,

5, box35 + blx31‘ + b2x33 + b3x32 + DAy + by

) 6Ax35 + 5B)»3h + hcx33 + 3DX32 + 2EAg

DM + Biht + 503 4 b3l 4 by + bg

B)
6an,> + 5Bt + bony3 + 3002 + 2EAy

21

(8)
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e od)

The inverse Laplace transform of B, 1is

B = Cle)vlsb +

where the constants are

NACA TN 2129

Cgexesb + C3ex3sb + Che)"hsb + C5 (9)

Cl _ Coxls + Cl)\.lh’ + C2Xl3 + C3X12 + cu)»l
6ar,2 + SBA * + bong3 + 3002 42BN
Co = cox25 + Clxzh + c2x23 + c3x22 + cuxe
6ars7 + SBAoY + boas3 + 3DA2 + 2B,
s - coxi? + clx3“ + c2x33 + c3x32 + ey
6aN30 + 5Bx31* + 4Cr33 + 3DA32 + 2EAg
oy = coxh5 + clkuh + c2Xu3 + C3Xh2 + chku
an,2 + 5BA Yt + hony3 + 3002 4 2B,
C5 = C-_h,



NACA TN 2129

The quantity Dp@ can be obtained
as

23

from equation (7) by differentiation

\ .
D = Ay'e’1%0 4 Ag'ekeSb + A3'e)»3Sb + Ah'eMLSb + As' (10)

where the constants are

The quantity Dp¥ can be obtained
as

M8 2y

Dp¥ = By'e + Bo'e

where the constants are

MAY

= AphAp

Mhs3

I

AyAY
...A5

from equation (8) by differentiation

A A
3% + B)'e 4o + Bs' (11)

+ B3'e

MBy

AoBo

A3B3

XuBu
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The quantity DpB can be obtaingdd from equation (9) by differentiation
as

A8 Ang A8 ALS
DpB = Cq'e 10 4 gt @D 4 ggre” 3D 4 gy re WD (12)

where the constants are

Cl' = XlCl
02' = )\202
Cy' = MCy

Collecting the equations of motion (equations (7) to (12)) for the case
of four real roots gives

A s AnS A3s ALS

¢ = Aje 1% Ane 2%b 4 A3e 3"b 4 Aye 4p + A5sb + Ag
X .

¥ = Bje 1% Bgexesb + B3e)”3sb + BueMLSb + Bgsy, + Bg

0. &M15Db A2Sp A38p Mysp
B =Cye + Cpe + 036 3P 4 Cpe + Cg

> (13)

A18p A28h A38p ALsp
D@ = Ai'e + Ax'e + Aj'e +A)'e + Ag'

Dp¥ = Bl'exlsb + 132'e>”esb + B3'ex3sb + Bu'exhsb + Bs'

A A A28 A8
Dpp = Cy'e 1% Cr'e 2% C3'e 3% 4 oyte 45

Two Real Roots and a Pair of Conjugate Complex Roots

If a pair of conjugate complex roots A3 and Xy exists, the
coefficients of the terms of @, V¥, and B (equation (13)) corresponding
to A3 and AL are conjugate complex. The complex number X3k can be
written

A3 = Ri + Il
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Thus,

)\.3 = Rl + Ili

M2 = Ry + Tpt

A33 = Ry + Iai

3 -3 3

Mt = Ry + It

r3? = Rg + Isi
The coefficients of the terms of ¢ resulting from the complex roots
are '
A aOR5-kathgka2R3-+a3R2-FauR1+-a54-(aoI5-kalIu4-agI3-Fa3Ig-+auIl)i
3:

6ARs + SBR), + 4CR3 + 30Rp + 2ER; + (6ATLs + 5BI), + kT3 + 3D, + 28T; )1

or after rationalizing

RA + IAi

- l A.3
and

Similarly, the coefficients of the terms of resulting from the
complex roots are '

B3 = RB + IBi

and
Bu = RB - IBi

and the coefficients of the terms of B resulting from the complex roots

are ' .
C3 = Ro + Ipi

- and _
. Cy = Rp - Ipi
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The terms df ¢ corresponding to the conjugate complex roots are

A2s ALS Rys '
Age 3% 4 Aje 4 _ Kye 170 cos(Iysy + wp)
where
Ky = 2 JRAE + Ip°
and
wp = ‘taLn'l EA
Rp
Similarly, these terms for  are
Azs Aus R
B3e 3%b 4 Bye 4o _ Kpe 1%b cos(I1sp + wg)
where
KB = Q\IRBE + IB2
and
I
wg = tan'l B
Rp
and for B are
A28y ALB Ry8
Cge 370 + Cpe Yo Koe 1%b cos(Iysy + ap)
where
Ko = 2\’RC2 + Ig2
and
-1 Lo
= tan —
O Ro
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The final equations corresponding to two real and two conjugate complex
. roots are '

Ay S Aos Rqs
¢ = Aje 1%, Ase 2%b Kpe 1%b cos(Ilsb + “)A) + Agsy, + Ag
. N ’
v = B 1% 4 B 2% g 15D

cos(Ilsb + “)B) + By, + B6‘ |

A
B =Cie 1% Cge)‘esb + KCeRlBb cos(Ilsb + ‘“C) + Cs

Do = Al'e)”1Sb + Ag'e)‘gsb + KA\{;{le + 1,7 R og Tysy + @y +
I
tan~! 2 & A (1
R, >
. s l 5 2 Rys
v Db\|f=Bl'elb+B2'e2b+KB 1 +Il eleOSIle'l'(.l)B“l'»
I
tan"l —:L + B5
Ry
A1 S AnS Rys
Dpp = Cy'e 1%, Co'e 2" +\KC\E12 + 112 e 1P cog Iy +ap +
fan"l I—l | /
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Two Pairs of Conjugate Complex Roots

NACA TN 2

If two pairs of conjugate complex roots, A1, A2, and A3, AL
exist, another cosine term is introduced into equations (14) in place

of the exponentials so that

¢ = KA’eR]—'Sb cos(Il'sb + “’A') + KAeR;st cos (Ilsb + ‘DA)

<
|

1]
= I{B'eRl b cos(Il'sb + u)B'> + KBe]Rlsb cos(Ilsb + “’B)

' R
B = Kg'e'L ®b 18b

cos(Il'sb + cnc‘) + Kcpe
Jr. 12 2 Ri'sy 10
' ' -
KA' Rl‘ + Il' e co Il Sb + (DA + tan ;
1l
2 2 Risp -1 4
KA Rl + Il e cos Ile + U)A + tan ﬁ— + A5
1

cos (Ilsb + ‘DC)

Dy

i

DV

I
Kp 12 + I12 ef1% cog <Ilsb + wp + tan-1 ﬁl> + By

DpP

Rys I
KC\/R12 + 112, e 1°b cos <Ilsb + W + tan"l 1%)

ol R |s I 1
KB'\/Rl'2 + Il'2 e 1% cos(Il'sb + a)B' + tan'l 1%

Ry's I
KC'\/RI'Q + Il‘2 e 1% cos(Il'sb + a>C‘ + tzan"l L

~

+ A5Bb + Ag

+ B5Sb + B6

+C5

129
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DISCUSSION

The lateral motions of aircraft have been obtained by means of the
Laplace transform. This analysis resulted in equations from which the
free lateral motion of an aircraft can be calculated for any initial
condition, or the forced motion can be calculated for any constant lateral
force or moment applied at zero time. In general, the lateral forces and
moments applied to the airplane by control movement or atmospheric tur-
bulence are not constant but are arbitrary functions of time. After g
solution has been obtained in terms of constant disturbing forces and
moments, however, the solution for the arbitrary forces and moments can
be obtained by Duhamel's integral as explained in references 4 and 5.

The nature of the motion indicated by equations (13) to (15) depends
upon the form of the roots of the polynomial

A=0

which is commonly referred to as the stability quartic. The roots of the

- quartic can take three forms - first, all four roots real; second, two
real roots and a pair of conjugate complex roots; and third, two pairs of
conjugate complex roots. In the case of the lateral motions of airplanes
the first form almost never occurs; the second form is very common; and

the third form occurs under rather rare conditions. The actual motions
indicated by equations (13) to (15) can be seen to be composed, in general,
of the sums of terms which are the amplitude coefficients (the A's, B's,
C's, and K's of equations (13) to (15)) modulated by exponential and cosine
factors.

All the classical stability concepts can be obtained from equations
(13) to (15). Because stability is concerned only with the free motion
(motion due to initial conditions) the forcing or disturbing quantities
CZC’ Cnes» and Cy. can be set equal to zero so that the amplitude coef-
ficients As, Bs, and Cs vanish. The variation of the amplitude of the
motion with time, which determines the stability, is now dependent entirely

Ay S AnS Ao 8 ALS Rqs
upon the damping coefficients e 1 b, e b, e 3 b, e W b, et b,
1 : .

and eRl sb. The motion diminishes with time (stable) if Ay Ao, A3,
Ay, R1, and Ry' are all negative. Thus, these criteria for stability
are that all real roots of A = 0 and the real parts of all complex
roots be negative. These criteria have been expressed in reference 7 in
terms of the signs of the coefficients of the quartic A = 0 and the
sign of Routh's discriminant which is written as

"R = BCD - AD® - EB2 (16)
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These criteria in the present case can be expressed as follows: The
necessary and sufficient conditions for the real roots and the real parts
of the complex roots to be negative are that every coefficient of the
quartic and R should be positive. .

If the motions contain oscillations, the periods of the oscillations
in seconds are from equations (1L4) and (15)

b 20 )
IlV
3 ()
pr _ _2m
IL,'V w

and the times to damp to half-amplitude in seconds are

\
b loge?2
T Dt =i
/2 = 5y |
5 (18)
T = . e
1/2 R,V
-
and the cycles to damp to half-amplitude are
o Tye T loa? N
1/2 P 21R1
| > (19)
. v Tl/2 _ I;' logeg2
/2 = 21R, '
-/
APPLICATION

The equations for the motion of an aircraft resulting from the
analysis were used to calculate illustrative examples of certain free
and forced motions of an experimental swept-wing airplane, a three-view
drawing of which is shown in figure 2. The calculations were made by
use of the Bell Telephone Laboratories X-66Thk relay computer available
at the Langley Lsboratory. The calculations were based upon stability
derivatives measured on a model of the experimental airplane in the
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Langley stability tunnel and presented in reference 8. Motions were cal-
culated for true airspeeds of 140 and 200 miles per hour under standard
conditions. The stability derivatives, other related aerodynamic quan-
tities, and the mass characteristics of the experimental airplane as used
in the calculations are shown in table I. The coefficients of the sta-
bility quartic (equation (4)) and value of Routh's discriminant (equa-
tion (16)) were calculated as

True ,
C;, |airspeed A B C D E R
(mph)

0.693} 1ko 26.19791|10.1880%4 [3.021074]0.6312249 0.00235618(5.8

.3%0 200 26.20030| 9.818377|2.504971 4623735 .00014875(8.7

The positive signs of all these quantities indicate complete stability

of the lateral motion for both airspeeds. The coefficients of the quartic
are such as to give two real roots and a pair of conjugate complex roots
which are

True
Ci;, |airspeed | A1 Ao : Ry + iI;
(mph) - ‘
0.693 140 -0.2802853 | -0.003603100 |-0.05249952 + 0.28590791
.3Lo 200 -.2649690 | -.0003222716 | -.05472583 + 0.25197541

Discussions of methods of obtaining the roots of the quartic can be found
in references 9 to 12.

- The first or second powers of ¢ multiplied by A in the denomi-
nators of equations (3), (5), and (8) introduce one or two zero roots,
respectively, in addition to the roots given in the preceding table.
These zero roots lead to the terms containing the amplitude coefficients
As, Ag, Bs, Bg, and C5 of equations (14). For the experimental air-
plane, the motion can be thought of as composed of three modes - the
oscillatory mode resulting from the rair of conjugate complex roots, the
rolling-subsidence mode resulting from the large negative real root Xl)
and the spiral mode resulting from the small negative real root and the
zero roots. Stability of the free spiral motion is indicated by the
negative sign of the small real root Ap.
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The period, time to damp to half-amplitude, and cycles to damp to
half-amplitude of the oscillatory motion were calculated by use of equa-
tions. (17) to (19) from the imaginary and real parts of the conjugate
complex roots as

True airspeed P T1/2
1, (mph) (sec) (sec) Ni/2
0.693 140 3.60 2.16 0.60
.3L0 200 2.86 1.45 51

The motions calculated fell into two categories which may be termed
free and forced motions.

Free Motions

Tree motions are those which exist following an initial condition
and in the absence of any forcing function. The five possible initial
conditions are ¢O, Vos Bgs Tps and pg. Every free motion that the

alrplane is capable of executing can be obtained by superposition of the
motions following these initial conditions taken separately. Figures 3

to 6 show the calculated free motion following the initial conditions ¢o,
Bos, Tro, and pg for the experimental airplane in level flight according
to equations (14). No airplane response to V¥ occurs when the angle of
climb is zero. Table II gives the values of the amplitude coefficients
(see equations (14)) corresponding to the motions of figures 3 to 6. These
figures show the total airplane motion and show the separate contributions
to the motion by the rolling-subsidence and spiral modes when the motion
resulting from these modes is appreciable. Figures 3 to 6 indicate that
in the case of the experimental airplane the initial condition By pre-
dominately excites the oscillatory mode of motion, rp excites both the
‘oscillatory and spiral modes, and ¢O and po predominately excite the
gpiral mode. The rolling-subsidence mode appears for a very short period
of time in the initial phases of any motion involving appreciable rolling
velocity. The principal effects upon the motions of figures 3 to 6 of
increasing the airspeed from 140 to 200 miles per hour is to reduce the
period as well as the time and cycles to damp to half-amplitude.

Forced Motions

Forced motions are those which exist during the action of forcing
functions upon the airplane. Any forced motion of an airplane can be
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built up by proper superposition (Duhamel's integral, reference 4) of the
motions following the application at zero time of constant values of the
forcing functions CZC, Cnc, and CYC. Figures 7 and 8 show the cal-

. &
culated response according to equations (14) of the experimental airplane
to the constant value 0.02 for C; and C, applied at zero time. The

c c

response to a value of 0.02 for Cy, was also calculated but during a

time period of 8 seconds was negligible compared with responses resulting
from C. and Cn.- For the experimental airplane, the value Czc_= 0.02

corresponds to a total aileron deflection of 21.0°, the value of Cpe = 0.02
corresponds to a rudder deflection of 13.7°, and the value CYC = 0.02
corresponds to a rudder deflection of 7.5°. The response to CZC is pre-

dominately in the spiral mode of motion; whereas the response to CnG is
predominately in the spiral and oscillatory modes.

A large number of forced motions calculated for the experimental air-
plane corresponding to various flight conditions are presented in refer-
ence 8. These motions were built up by superposition of motions such as
those of figures 7 and 8 following the application of the constant forcing
functions CZC and Cnc. A large number of comparisons are made in

reference 8 between calculations and flight tests for a large variety of
flight conditions. The agreement between calculated and flight motions

is good and indicates the practicability of analyzing the dynamic lateral
flying qualities of aircraft by use of the theory of lateral dynamics such
as that herein developed if experimentally determined values of the aero-
dynamic and mass parameters of the airplane are available. Reference 8
also indicates rather insignificant effects upon the calculated motions
that result from a consideration of slight nonlinearities which occur in
certain aerodynamic parameters of the experimental airplane.

CONCLUDING REMARKS

The lateral motions of aircraft were determined by means of the
Laplace transform which gave solutions expressed in terms of elementary
functions for the free and forced motions. These equations permit the
calculation of the free motion of an aircraft following any initial con-
dition or the forced motion following the application of constant external
forces and moments. These forced motions can be used to obtain the
response to any arbitrary forcing function by means of Duhamel's integral.
All the classical stability concepts can be deduced from these same
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solutioné‘largely by inspection. These equations for the lateral motion
were applied to the calculation of the lateral stability of a specific
airplane and to the calculation of certain of its free and forced motions.

¢
Langley Aeronautical Laboratory

National Advisory Committee for Aeronautics
Langley Air Force Base, Va., April 3, 1950
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APPENDIX
EXPANSION OF THE COEFFICIENT DETERMINANTS

The stability quartic coefficients are

= 8,3 (KXEKZ2 - KXZ2>

b=
1

os)
I

2 2 2) | x 2 2
zuba[ecYB(KXZ - Ky°Ky ) + sz(clr + cnp> - Ky"Cp - Ky CZI]

- 2 (k.2 2 2 -
C = )-I-H‘b (KX CnB - KXZCZB) + IerKX (CanYﬁ - CnBCYI‘> + lvaKZ (CZPCYB
Cy,.C + HpK: C1,.C - C + Cn,C - Cp C +
i YP> bEXZ ( 160, 1% + Onglyy, - Cny YB)
1 .
2Ho (Clpcnr - Clrcnp)
1 ' :
CzanB), " E(CernPCYB * Cy lngCyy + C1plnrCyp - C1pCnpCyy -

Cy C, C -Cy C,C
anrYB zrnBYp)

1 l I
= =Cr |t - + -
E I an 7(02 Cn[3 CZBCH ) CZBCH CZ CnB

.
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The coefficients appearing in the numerator of amplitude coeffi-
cients for ¢ are

a0 = ¢0E3¥*b3(Kx2Kze - KXZEE'

a1 = g [Q“bQsz(Czr + cnp> + by 2ey B(KXZ2 - KXE‘KZE) - 22 (Kxecnr +
Kzeczpﬂ + ‘(Db¢>o E“‘bB(KXQKZQ - szgﬂ
ag = fo [“bKX2<CanYB - CnBCYr> + Wbe(KXQCnB - szCzB) + kg2 (CZPCYB'

CZBCYP) + wpKxz (ancYp - CngCyp + C1aCY¥y- CerYB> + i (clpcnr -

+ (Db¢)o E*’%QCYB(szz - KXQKZQ) + 2ub2(szCzr - Kxecnr)] +

~

Cernp

(oot fpo? (k22Cay - szcnr)] + Bo E*“be(KZQCZB - KXZCnB):l +

2
b2 (Kz Cic - szcnc)
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: | a3 = ¢Q [Eub tan 7C, (KXZCZB - KX2CnB) + %(CZBCnp - ClPCnB) +
L 1¢,C.Cy -CyCpCy -
E(CernPCYB *+ €1 fnglry * Can Oy = CogOn By = Bt by
Ccy; C, C + (Db¢) E%Q(KXEC o Ky7Cy ) + “’bee (Cn Cy. -
. | .
CnBCYI‘) + “bxxz(clchr - CZI'CYB):] + WO [EU’b tan 7CL (KZ CZB
( V) K2(C1,Cy, - 1.0 + b2 (RopC - %520y ) +
KXZC“B)] # ooV o2 O, - ©2,0x,) \"%z"ng B

boKx, (CanYB - CnBCYr)] + Bo [“b (CernB- CzBCnrﬂ +

' - +
21 K72 (clﬁcYc - ClCCYB) + E“bez(CnCCYB anCYC)

o (Cernc -C chnr>
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a), = ¢o[% tan 7CL (CzanB - CZBCn_p>:I ¥ (Db¢)o l:eub tan 7CL, <KXZCZB-
szan)J + \yo[-gl- tar 7 CL(chan - cchnr)] "
(Db‘“)o {:g“b tan 7CL (KZECZB - KXZCnB):] * ‘}%(Czccnﬁ - CZBCnC) *
%CZC(CanYB - CnBCYr> + % Cnc(CzBCYr - CerYB) +
% CYc<Cerﬁ;3 - czacnr):l

a5 = tan 7CL (czﬁcnc - ClchB)

The coefficients appearing in the numerator of amplitude coefficients
for V¥ are

o’
o
]

Yo @%3 <Kx2Kz2 - KXZQ>]

o2
[ee}
1

wo[EHberz (Cnp + Czr) - ”%QCYB(KXQKZE - sze) - E%E(KZQCzp +

KXQCnr)] + (DbW)O[Bub?’(KJ(éKZ2 - KXZE)]
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by = (Db¢)0[2.“b2(KXQCnP -V,szczp)] + Yo l:“beg(CanYB' CnBCQr) +
HbKZ2 (CZPCYB - CZBCYP) + uprz (CnBC-YP - CnPCYB + Cil‘BCY‘r - CllﬁYB) +
“%E(Kxecng - KXZCZB) + L (Clpcnr- Clrcnp>:| 4
(DbW)OlizubQ(KXchp - KZQCZP) - uubacYB(KXEKZE - K}Q?ﬂ ;
Bo E‘%E(szcnﬁ - KXZCZB)] + g (szcnc - szczc)

b3 =P [eubCL(KXECnB - szCiB)] + (%¢)O[ube2(CnBWp - CnPCYB) +
i (01,005 - Org0ty)] * Vo [P Caglnp - Cugf) - 2er{farg -
YKXchB> + %I(?lrcanYB + C1Cngr, + C160n, 0¥, - CCnCY,, -

CZPCanYB - CernBCYp)] + (%W)O[%KZQ (C 'LPCYB - CzBCYp) +

oKz (O Cr, - C%CYB)] ' BO[“"(CZBC“P ) Czﬁcnﬁ)] 4

(02 Cnp = Cryfng) * 2Kz (CZCCYB - CZBCYC) ¥

’ 2
E%KX (CnBCYC - CnCCYB)
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by = ¢o[%CL(CzBCnp - CzanB)] + (ouf ), [Q%CL(KXECnB - KXZCY,B)] +
\lfo [%CL(CZBCnr - CernBﬂ + (Db‘l’)O,}ubCL(szCnB - KZECZB)] +
!"CZ(CnCY - CnoCyg) + Zcn (cy Cy - C, C +
27 te\"Ig¥ip p 1B 270\ "1,V 1Yy
Loy (c,.0, - cyC
27 c\"ipg np lp ng

b5 = CL(CZCCHB - CZBCnC>

The coefficients appearing in the numerator of amplitude coeffi-
cients for B are

co = Bo [8“b3(KX2KZE - KXZQEI

c1 = §g l}*“bQCL(KXQKZE -'szg>] + (ouf)o [eubECYP(KXEKZg - szg):l *
‘Jfo b tan 7Cr, (Kx2K22 - sze)] + (Dbllf\)o[el.rbe (CYr - lmb) (KX2K22 -

sze)] + B E%Q(szmr - Kxgcnr) + 2%2(szcnp - KZECIP)] +

2g 2 2
hubQCYC(KX K72 - Kyz, )




NACA TN 2129 ' L1

cp =B ’}bCL (szclr - Kxecnr) + ub'CL(szCnp - KZECZP)J +
1
(Db¢)o[§HbKX2 (CnPCYr - CanYP) + E“beKXE(EKZECL - Cnp) +
22KC-2KC+1K(CC—CC +
"o xz(zp Xz°L) * 2tz P10y, - Ol
\lfo[ub tan 7Cy, (KXZCZI. - CnTKxe) + My tan 7Cy, (szCnp - KZECZP)] +
(Do¥) Ky (Cp Cy - C Cy ) + Zmk,2(c, c -cé +
0 np Yy T Vnpt¥p ) F2MR2(C1 0y - Ol
2 2 2 2 2
b2 tan ycp, (Kx Kz2 - Ky ) + 2ub2(KZ 0 - szcnp):] +

BO[%“b(CZanr - czrcnpﬂ + hub’é’(xxzcz . - Kxecnc) + usze(czCCYp -

2
C; C + bpKg“(Ch Cy -C, C + K -
1y Yc) oKx ( n CY, - Cn, Yc) Mo XZ(CanYC CnCCYp) *

MoKy (CZrCYc - cZCch>
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€3 = ¢OEL:;CL(CZPC11T - Clrcnpﬂ + (Dbg% [HbCL tan 7(KX2Cnp - KXZCZP> +
ubCL<szCzr - KXECnI.):] + WO& tan 7Cy, (Czpcnr - czrcnp>:| +
(DbW)o[}bCL(Kz2czr - szcnr> + I, tan 7Cr, (szcnp - KZEC1P>] +
u?(bzpcnc ) Clccnp) * 2“’bCL(Kzeczc - szcnc) +

2 1
Q“b tan 7C1, (Kx CnC - KXZC?’C) + -)I(CZCCHPCYI' + ClanrCYC +

€100y - C1CnpCYc = C1pOncCYy - CzCCanYp)

1 1 -
cy = 'éCL(CernC - CZCCnr) 5 tan 7C, (Clccnp Czpcnc)
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TABLE I

AERODYNAMIC AND MASS CHARACTERISTICS OF AN

EXPERIMENTAL SWEPT-WING ATRPLANE

NACA TN 2129

1y 140 200
W 8700 8700
S 250 250
m 270.2 270.2
P 0.00238 0.00238
Y 0 o |
b 33.6 33.6
Cy, 0.693 0.34%
a 10.6 4.8
1 11.05 5.25
Hp 13.51 13.51
v/b 6.111 8.730
Ky? 0.02329 0.02219
K2 0.05932 0.06042
Ky, 0.007316 0.00354k4
CZB -0.0659 -0.0275
.Cng 0.100 0.0975
Cyg -0.739 -0.722
Cy -0.325 -0.31
P
cnp -0.1 -0.06
CYP 0.44 0.3
) 0.12 0.07
r
Cry -0.280 -0.280
Cy.. 0.36 0.4

lMiles-per—hour

units.
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TABLE IX

AMPLITUDE COEFFICIENTS OF FREE AND FORCED MOTIONS OF EXPERIMENTAL SWEPT-WING AIRPLANE

(a) V = 140 miles per hour.

k5

Initial conditions
mf:n i‘:li-glil:g Variables R“““*:;gzﬂiﬂeme Oscillatory mode Spiral mode

[} A1 ]0.04073926 Xa 0.05404332 | Ap 0.43THENT | As Ag 4]
¥ By |-.00220650 Kp .0kOO9ULS | By | -3.038911 [B5 Bg 3.029296

o B €y |[-.00131258 X 04330260 | Cp .01392006 | Cs I
P Ay' |-.06978088 KA\/W 09600116 | Ay' -.009632%9 | A5' [
r By’ | .00381366 | ¥pR1Z+112 | .omieau8l | By 06691349 | Bg! - R
¢ Ap |-.01808626 Kp .2150096 | An -.02458282 | Ag Ag 0
¥ By .609’(3281; Kp 1817706k | By .17076788 | B Bg 0

Bo B Cy | .00573756 Ko .1963148% | cp .00078222 | Cs RO RS
P A" | .30503482 KA\/§I2_+—112 43524085 [Ap .00054129 | As' [T
r Byt |-.01667089 | Kp(RZ+T1? | .3229020 [Bp' | -.00376012 | Bs' SR O
[} A1 {-.27132714 Ky 02412880 [Ap 2817596k | A5 Ag o)
¥ By .01482880 Xp 01790107 By -1.9572863 Bs Bg 1.9260299

Po B C1 00874177 Ke 01933340 | Cp -00896556 | Cs RO S,
P Ay’ | .46bT3072 KA\leTﬁ? .0k286193 [Ap' | -.00620389 | As' S T
r By' |-.02539885 Kg(R12+ 112 | .03179911 | Bp' 04309623 | Bs' [ P
¢ Ay |-.21275154 Ky .35205361 | Ap . 16209967 | A5 ag | o
¥ By | .01162773 Kp .2611859L By | -3.2100413 |[Bs Bg 3.1796150

E) B C1 00685435 Ko .28208436 | Cp 01470395 | C5 [ R,
? Ay | .36uko206 | KgfR2+ 112 | L625381m Ap' | -.01017468 Ag' [ IS
r By' [-.01991605 | KpfR2+T12 | 46396553 |By' | .OTO67965 | Bs' S I,
¢ Ay | .353k235 Ky 07815380 A [-25.21385  |As Ag | 2b.93682
v By |-.01931556 Kp 05798158 | By [175.1489 Bs | .6199628 ‘Bs -175.1797

C1. 8 cy [-.01138685 Ko .06262090 | Cp -.8020885 [C5 | .86TOMTY | —n |emoooiceooee
) Ayt |-.60536100 | K0RZHTIR | a38e3e9 [apr | .s5mU7RTR A5 S RO,
r By’ | .03308u6k | Ke\R1Z+ T2 | 1020990 |Bp' | -3.8569875 |Bs' | 3.78865K7 | -- |oe--eeeoonen
9; A .07219731 Ka 1935925 [Ap  |-16.45365 As Ag _16.22009
¥ By |-.00394581 KB 1436248 |By [1k.2976 By | .4085555 [Bg |-11.1513

Cng B c1 [-.00232607 Ko 11551168 | Cp -.5235526 [Cs | .3TAOTTT | - fomoeeceeimee-
] Ap' |-.12366306 KA\/R12+112 234390240 | An' .36229131 | Ag? RO O -
r By' | .00675858 KBW .25513879 |Bp' [ -2.5167086 |Bs' |2.4967235 | -- feemomeonoeoan
¢ Ay | .00235150 Ky 00311940 | Ay .02525049 | A5 Ag -.0288600k
¥ By |-.00012851 Kp 00231425 | By -.1754060 | Bg Bg .1748510

Cy, B Cy |-.00007576 Ko 00249943 | cp .00080347 | C5, [N O,
p~ A1 |-.00402776 KAW 00554138 (A" -.00055599 [As' [ S,
r By' | .00022013 KB\IRI_Q:—IF .00k11110 |By' .00386225 Bs' e
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TABLE II
. -
AMPLITUDE COEFFICTENTS OF FREE AND TORCED MOTIONS OF EXPERIMENTAL SWEPT-WING ATRPLANE - Concluded
(b) V = 200 miles per hour.
Ini:xixglfg::ﬁ;mm Varisbles R““““;g‘;:"me“ce Oscillatory mode Spiral mode
functions
¢ A1 | 0.01197011 Ka 0.01640000 | An 0.4807800 |A5 | © A6 0
v By | -.00027474 Kp .02347936 | Bp -18.21875 |Bs | O Bg 18.21k29
%o B ¢y | -.0003213 Ko 02426556 | Cp .0083529 [c5 | © P SO,
P Ay' | -.02769022 | ga(R12+ 112 | 03693084 | Ap' -.00139277 [a5' | © O
*r By' .000L96Th KB\{W .05285335 | By’ 05126683 Bg'| O . .-; .......... -
4 Ap | -.10082626 Ka 13447276 | Ap -.00492530 [A5 | O Ag 0
v By .00180874 Xp 19245072 | By 18665748 (B | O Bg 0
Bo 8 Cy -00270588 Xc -19889500 | €2 -.00008558 (5 | O B -
P Ay .23323073 xA\jifz»,_Il'é .30270574 | Ay’ .00001386 |Ag'| © [ R
r By' | -.00418398 Xnm . 43321690 | Bp' -.00052525 [B5' | © D
@ Al -.2093808 K .00718425 | Ap .2112909 |A5 | O Ag (o]
¥ By .00375619 KB .01028182 | B, ~8.006691 Bs 0 Bg 7.995698 R
Py B Ccy .00561934 Ko .01062610 | ¢ .00367088 | Cs 0 R
P Ayt | LMBU33BEL | KzRiZHTI2 | 01617213 | Ay’ -.00059456 Ag' | © [ S
r By' | -.00868879 xg\]rTfETIF 02315494 | By' .02253050 |Bs'| O RO R cem——- »
¢ Ay - .07670895 Kp .1518581 |[Ap .1869734 jAg | O A5‘ 0
v By .00137619 Xp .2173312 | By -7.085196 |Bs | O Bg 7.097827
ry B Cy -00205853 Ko .2246084 | Cp 003248k | c5 | O B T TT Ty
P Ay | et KAW .34184086 | A’ -.0005261k | A5'| O S S,
r B)' | -.00318338 | kp\RiZ+1,2 | 48922468 | By’ .01993745 | B5*| © P SO,
8 Ay . k547069 Ka .03147098 | Ap | ~365.6037 A5 | O A6 365.1805
¥ By | -.00815719 Kp 04503932 | B,  |13855.46 By | .45TL3| Bg |-13855.50
Clc 8 Cy ~.01220331 Ko .0k65UT52 | Cp -6.351295 Cs 6.400000| -« f-memceacacaoand
P Ar' |-1.0518225 KAW .07084298 | Ay’ 1.0286136 [As'| O~ [ .
r By' | .01886912 | kpfRj2+1,2 | .10138614| Bp' | -38.981861 |[Bs'| 38.911304| - [-----eooeooeee
¢ Ay .03526760 Ka J1276446 | Ap | -102,7051 A5 | O Ag 102.5640
v By | -.00063272 Kp 1826785 | By | 3892.267 Bs | 1.257143| Bg | -3892.093
Cne B €y | --00094653 Ko .1887956 | Cp -1.784201 | C5 | 1.600000 =s J-m-me-ecme-one-
P Ay' | -.08158060 KAW .28733535 | A, .28895732 [ A5'| © SR PR
r B | 00146360 | KpfRi2+ 12| .unr2igug| Bp' | -10.950758 | Bs'| 10.974098M| -« |-ceciocoiooin
¢ Ay 00140829 Ky .00193011 | Ap 05655717 |As | © A6 -.05882356
¥ By | -.00002526 KB 00276228 | Bp -2.143383 | B o Bg 2.142857
C!C 8 Cy -.00003779 Ko .00285477 | Ca .00098269 | €5 o] e fommmmmmm—n——-
p A | -.00325766 KAW .00U34479 | A -.00015915 | A5'| © O R
r Bt | 0000584k | xpfr®+1,2 | 00621801 By .00603139 | B5'| 0 S d
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Figure 1.— Stability axis system. Positive values of forces, moments,
and angles are Indicated by arrows.
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f experimental swept—wing airplane.

Figure 2.— Three—view drawing ©
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Figure 3.— Response of experimental swept—wing airplane to an initial
angle of bank. @, = 0.5 radian; y = 0°.
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Figure L4.— Response of experimental swept—wing airplage to an Initial
sideslip angle. Bg = 0.2 radian; 7 = O".
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Figure 5.— Response of éxperimental swept—wing airplane to an initial
rolling velocity. pg = 0.5 radian per second; y = 0°.
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Figure 6.— Response of experimental swept—wing airplane to %n initial
yawing velocity. rg = 0.5 radian per second; ¥y = 0.
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Figure 7.— Response of experimental swept—wing airplane to the application
at zero time of a constant rolling-moment coefficient. Cic = 0.02;
y = 09,
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Figure 8.— Response of experimental swept—wing airplane to the applicatior
at zero time of a constant yawing-moment coefficient. CnC = 0.02;
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