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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE 2129 

METHOD OF CALCULATING TEE LATERAL MOTIONS OF AIRCRAFT 

BASED ON THE LAPLACE TRANSFORM 

By Harry E. Murray and Frederick C. Grant 

SUMMARY 

The lateral motions of aircraft are obtained by means of the 
Laplace transform which gives solutions expressed in terms of elementary 
functions for the free and forced motions.  These equations permit the 
calculation of the free motion of an aircraft following any initial 
condition or the forced motion following the application of constant 
external forces and moments. These forced motions can be used to obtain 
by means of Duhamel's integral the response to any arbitrary forcing 
function. All the classical stability concepts can be deduced from 
these same solution equations largely by inspection.  These equations 
for the lateral motion are applied to the calculation of the lateral 
stability of a specific airplane and to the calculation of certain of 
its free and forced motions. 

INTRODUCTION 

The lateral motions of aircraft are represented by three simultaneous 
differential equations which are generally assumed to be linear.  The 
fundamental problem of lateral dynamics involves the solution of these 
differential equations in terms of the aerodynamic and mass parameters 
of the airplane.  The solutions can then be used to obtain numerically 
the motion of the airplane as a function of time. 

The recent application of the Laplace transform to the solution of 
systems of linear differential equations permits a more general analysis 
of the problem of airplane motion than that of reference 1, which is 
based upon Heaviside's operational calculus. Heaviside's operational 
calculus permits a calculation of the forced motion, which is the motion 
following the application of external forces and moments.  The Laplace 
transform permits these same calculations and also permits the direct 
calculation of the free motion, which is the motion following finite 
initial values of the variables and their first derivatives in the 
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absence of externally applied forces and moments. This calculation 
cannot be made by use of Heaviside's operational calculus. The Laplace 
transform solutions, which include both the free and forced motions, may 
be written in a closed form from which all the classical stability con- 
cepts can be deduced largely by inspection. The form of the equations 
of motions of the airplane is independent of such aerodynamic parameters 
as Reynolds number and Mach number, and these parameters enter the equa- 
tions only as they effect the values of the aerodynamic constants or 
stability derivatives appearing in the equations. The values of the 
stability derivatives must be obtained by actual measurements during 
physical tests or from aerodynamic theory before motion calculations can 
be attempted. 

Investigations of some of the possibilities of applying the Laplace 
transform to the study of aircraft motion have been reported in refer- 
ences 2 and 3, and in two British reports, one by K. Mitchell, the other 
by J. Watham and E. Priestley. The British papers do not give final 
equations in a form suitable fbr calculation purposes. The analysis of 
reference 2 closely parallels that of the present paper until the point 
of taking the inverse Laplace transform is reached. At this point, 
reference 2 indicates that the inverse Laplace transform can be taken 
either by means of the relatively simple partial-fraction expansion 
(used in the present paper) or the more complicated inversion theorem 
of the Laplace transform. Neither approach in reference 2 is carried 
to the point of final equations containing only elementary functions and 
in a form particularly suited for computation. A solution similar to 
that of the present paper is indicated in reference 3- Only the form 
of the analysis is shown in reference 3, however, and all the details 
necessary for practical applications have not been carried out. 

The present paper presents an analysis based on the representation 
of the lateral motion of an aircraft by differential equations. The 
results of the analysis are solutions in closed form expressing the free 
and forced motions in terms of elementary functions. These equations 
permit the calculation of the free motion of an aircraft following any 
initial condition or the forced motion following the application of 
constant external forces and moments. These forced motions can be used 
to obtain, by means of Duhamel's integral, the response to any arbitrary 
forcing function as shown in references h and 5. The solutions are 
readily adaptable to calculation by digital-type calculating machines 
and the calculation is an arithmetical process requiring no knowledge of 
the theory of the Laplace transform. The solution equations of motion 
have been applied on an automatic calculating machine to the calculation 
of the lateral stability of a specific airplane and to the calculation 
of certain free and forced motions as illustrative examples. 
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COEFFICIENTS AND SYMBOLS 

3 

CL trim lift coefficient (W cos 7/qß) 

Cl rolling-moment coefficient (L/qSb) 

Cn yawing-moment coefficient (N/qSb) 

cY lateral-force coefficient (Y/qS) 

w airplane weight, pounds 

L rolling moment 

M pitching moment 

N yawing moment 

Y lateral force 

Ha aileron hinge moment 

He elevator hinge moment 

Hr rudder hinge moment 

q dynamic pressure (pV2/2) 

S wing area, square feet 

b wing span, feet 

7 inclination of flight path to, horizontal (positive 
in climb), degrees 

a angle of attack, degrees 

0 angle of pitch, degrees 

p mass density of air, slugs per cubic foot 

V free-stream velocity, feet per second 

m airplane mass, slugs (w/g) 

g acceleration due to gravity, feet per second per 
second 
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t 

nondimensional time (tv/b) 

time, seconds 

*■%, 

Mb 

ß 

Cnr 

CYr 

P,P' 

Tl/2>Tl/2 

Nl/2^l/2' 

5a 

5„ 

inclination of principal longitudinal axis of inertia 
(positive for axis above flight path at nose), 
degrees 

airplane relative-density factor (m/pSb) 

angle of bank, radians [ /  p dtj 
'0 

(/: 
angle of yaw or azimuth, radians | /  r dtj 

rolling velocity about stability X-axis, radians per 
second 

yawing velocity about stability Z-axis, radians per 
second 

angle of sideslip, radians 

rolling-moment coefficient of forcing-function couple 
in roll 

yawing-moment coefficient of forcing-function couple 
in yaw 

lateral-force coefficient of lateral forcing function 

periods of oscillatory modes, seconds 

times to damp to half-amplitude of oscillatory modes, 
seconds 

cycles to damp to half-amplitude of oscillatory modes 

aileron deflection, degrees 

rudder deflection, degrees 



NACA TN 2129 

% 

K7 

K. XZ 

K- X, 

% 

% 
a 

A 

^1 > ^2 •> ^3 •» ^ 

^        der 

Xn 

Ri 

elevator deflection, degrees 

nondimensional radius of gyration about stability- 

X-axis  J uKx 
2
COS

2
T] + K2 2sin2T] ] 

nondimensional radius of gyration about stability 

Z-axis  /,/Kry ^cos^q + K 
J0 Xo 

-sin2^ 1 

nondimensional product of inertia between stability 

X- and Z-axes     ((Kzn
2 - Kx 2)sin T\  COS ffe0
2 - Kx0

2jsin Ti  cos r\ J0 A0 

nondimensional radius of gyration about principal 
X-axis (kXß/'bj 

nondimensional radius of gyration about principal 
Z-axis (kZo/b) 

radius of gyration about principal X-axis, feet 

radius of gyration about principal Z-axis, feet 

Laplace transform of s^ 

stability quartic 

roots of A = 0 

polynomials in a 

roots of q^ = 0 

real part of X^    and X^   when Xo    and X\±    are 

complex conjugates 

imaginary part of X3 and X^    when Xo    and X^ 

are complex conjugates 

real part of X±    and X2    when X.-j_ and Xr>    are 

complex conjugates 
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I-L' imaginary part of \±    and X2 when X-]_ and X^ 

are complex conjugates 

A,B,C,D,E coefficients of stability quartic 

R Routh's discriminant 

A1,A2,A3,A1+,A5,Ag  amplitude coefficients for 0 

Bi,B2,B3,Bl|,B5,B6  amplitude coefficients for i|r 

Ci,C2,C3,Cl4.,C5    amplitude coefficients for ß 

R. real part of Ao and Alj. when X3 and A4 are 

complex conjugates 

IA imaginary part of A3 and A]+ when X3 and X^ 

are complex conjugates 

RB real part of B3 and B4 when X3 and X4 are 
complex conjugates 

IB imaginary part of B3 and B^ when X3 and X^ 

are complex conjugates 

Rc real part of C3 and Cl+ when X3 and Xl^ are 

complex conjugates 

Ic imaginary part of C3 and C^ when X3 and X^ 

are complex conjugates 

R ' real part of A^ and A2 when X-j_ and X2 are 

complex conjugates 

I ' imaginary part of A-^    and A2 when X-^ . and ^ 

are complex conjugates 

R • real part of B^^ and B2 when X-L and X2 are 

complex conjugates 

IB' imaginary part of B-L and B2 when X-^ and X2 

are complex conjugates 
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Rc' real Part of cl and C2 when \±    and A.2 
are 

complex conjugates 

Ic' imaginary part of Cx and C2 when X,]_ and A£ 

are complex conjugates 

KA amplitude coefficient for 0 oscillation corre- 
sponding to complex conjugate roots A.3 and A4 

■ (2^2 + IA
2) 

KB amplitude coefficient for' i|r oscillation corre- 
sponding to complex conjugate roots  "Xo and A4 

(2^B2 + IB2) 

KQ amplitude coefficient for ß oscillation corre- 
sponding to complex conjugate roots A.3 and A4 

(2 vV + Ic
2) 

K^' amplitude coefficient for 0 oscillation corre- 
sponding to complex conjugate roots A.^ and A.2 

KB' amplitude coefficient for \|r oscillation corre- 
sponding to complex conjugate roots A.-j_ and A-2 

(2V^B'
2
 + IB'

2
) 

KQ' amplitude coefficient for ß oscillation corre- 
sponding to complex conjugate roots \±    and A.2 

(2/^-2 + Ic-2) 

% phase angle for 0 oscillation corresponding to 
conjugate complex roots X.3 and A4, radians 

P Ü) 
tüß phase angle for f    oscillation corresponding to 

conjugate complex roots A.3 and A4, radians 

K 8 
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(üQ phase angle for ß oscillation corresponding to 
conjugate complex roots X3 and \l±,  radians 

. K £) 
phase angle for 0 oscillation corresponding to 

conjugate complex roots X]_ and Xg* radians 

an' phase angle for \|r oscillation corresponding to 
conjugate complex roots X]_ and X2, radians 

a)A' 

ÖC I 
r a(l) 

dC7 
C2, 'P f-) \2V/ 

ÖC7 
Ci —    ■ 

"Zß öß 

ÖCn 
^nr a(l) 
n„ 

öcn 
-Op ,/pb (I) 

(tan -1 IHN 

iv,' phase angle for ß oscillation corresponding to 
conjugate complex roots Xj_ and X2, radians 

ftan-1 ^ 
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nß  " äß" 

■'Y  = xr 

CY = 

Yß   dß 

a0>al>a2'a3>alj->a5  coefficients appearing in numerator terms of ampli- 
tude coefficients for 0 

lD0>1:)l>'b2>"b3>1:)lMb5  coefficients appearing in numerator terms of ampli- 
tude coefficients for i|r 

c0>cl>c2>c3>c4     coefficients appearing in numerator terms of ampli- 
tude coefficients for ß 

Subscripts: 

0 initial value 

0 transformed variable 

ANALYSIS 

The linear equations of motion, referred to the axis system shown 
in figure 1 and representing the lateral motion of an airplane are 
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2nbKxV0 - £apM + ^EV** " £CzrV - CZßß " C2C = ° 

2j*bKxzDb
20 - ic^ + 2^Kz

2Db
2^ - ±0^* - Cnßß - C^ = 0 

"T^pM ~  CL^ + 2^bV " CL tan ?* " g^V " CYRß 
+ 

->v 

>(1) 

2 -"-r 

2Ht>Dbß - CYC = ° 

The terms C7 , Cn , and CV  are forcing functions which represent 

disturbances imposed upon the state of motion of the airplane by control 
movement or atmospheric turbulence. These terms, in general, are arbi- 
trary functions of time, but for the purpose of this analysis, they are 
considered to be constants applied at zero time. After a solution has 
been obtained in terms of constant forcing quantities this solution can 
be used to obtain a new solution for an arbitrary forcing function by 
Duhamel's integral as explained in references k  and 5- 

Transformation of Equations 

'When the Laplace transform is applied (reference 6, p. 8), the 
transformed equations become after multiplying through by a 

(2nbKx
2a3 - |cZpa2)0a + (2^^ - ^ir<J2)*a  + (-Clßa)ßa = ^ 

r± =  (2MbKx
2a2 - |cZp(x)0o + (2^

KXZ^2 " ^vK + 

(2^Kx
2a)(Db0)o + (2^x20) (DbMr)0 + CZc 

\ (2a) 
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'(2MbKxz<r3 . lcnpa2)0CT + ^K^ - Jc^cx^ +   (_cnßa) ßff 

r2 =  (2^x202 - |cnpa)iZ(0 +   ^n^V _ 1^) ^ + 

(sMbKxzo) (i>b0)o + (a^^DbtJo + cnc 

r2 

>   (2b) 

(-^cYp
ff2 " CLcr)0a +   (2^a2 - l^a2 - CL tan 7a)*0 

'(2üb(T2 - CYßa)ßa = r3 

3 =   ^_ l.cYpa)0o + (2W - jfYr°)% + (2Hba)ß0 + ^ rq   = 

"> 

V    (2c) 

0a    is 

Solution of Transformed Equations 

After equations  (2)  are solved by determinants,  the expression for 

5 k 3 ? aQCK + a^_a^ + agcP + a?a    + a^a + ae 
0c 

cr2A 
(3) 

where 

A = Aa^ + Bcf3 + CCT
2
 + Da + E CO 
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and the constants are given "by 

a0 = 0O 8nt>3 
Kx      K XZ 

Kxz   Kz2 

»1 = 00 pW 

Kx2 Kxz C>r 

1 

Kxz Kz Cnr - 2^b
2 

C*p KXZ 

% Kz2 
0   1 -2CYß 

(Db0)OK
3 

Kxz   Kz 

a2 = 00K 

%    C2p    Kxz 

Cnp    Cnp    KZ2 

Cy CY 0 

+   'Mb 

% Kx2 CZr 

cnp Kxz Cnr 

CYR      0      Cv 

W 
°np    KXZ 

h 
tp       tr 

Cnp    cnr 

(M)oK 

(Db+)0|2Mb£ 
Clr    Kxz 

-nr    KZ
£ 

+  *HV 
Czr    Kxz 

'nr KZ< 
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a3 = 0QK Cnß 

%2 

ynT 
K XZ 

-2 tan 7C-L       1 

C?„ CT C7 6ß       ip 4r 

cnß 
cnp Cnr 

% % °Yr 

(Db0)n K 

% KX2 C2r 

criß *xz Cnr 

CYp      0      CYr 

- W 
cnß    KXZ 

*0(2Mb   tan 7CL 

cZp    KXZ 

Cnß    Kz
2 

+ (Db*)0k 

C*ß KXZ CV 

cnß Kz cnr 

CYß      o      CYr 

W '2ß    KXZ 

"nß    Kz 
+ ßo -% 

C2„       C7 Iß      tr 

cnß    C^ 
+    2^ 

%   Kxz   c2c 

^np 

CY 

KZ2    C nr 

o       °       CY ß Ic 

^b 
cnr    cnc 
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iJ+ = m-i tan ?CL +  (Db^)n|2Mb   tan 7CL 
%    KX 

Cnß    KXZ 

+o|" |   tan 7CL 
%   cZr 

Cnß    cnr 

+  (Db+)0(2Hb   tan 7CL 

CZß    KXZ 

Cnp    Kz2 

^np    Cnr    C 

c       T 

c    Cn- 

%    CYC    CYr 

- 2Mb 
cnß    Cnc 

atj = tan yC-^ 
cnp    cnc 

A = 8|ib
3 

KX      KXZ 

KXZ   Kz2 

B = 2^' 

Kx2  Kxz 
Kxz   Kz2 

0 

•I-, 

^nT ■■T 

-2CY( 

- 2\*b' 

CZp    KXZ 

Cnp    KZ2 

C  =  ^ 

%    %    C*r 

0      Kxz    KZ2 

CYß    CYp    CYr 

+ Hb 

0 KX2 Kxz 

cnp cnp 
cnr 

CY CY CY>, iß ip xr 

+ §^ 
Cz     c7 

cnp    cnr 

W 
CZß    KX^ 

CnD    KXZ 
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D =  2|ibCL Criß 

0 

H2 

Kxz 
1 

Kxz 

Kz2 

tan 7 

1 
" 4 S 

Cz     c7 4P    zr 

cnp    Cnr + ^b 

CZ          C7 

cnß    Cnp 

15 

E = -iCL 

CZ, 

-nß ^np  -nr 

1  tan 7 

The expression for ya is 

ir    = 
bQcr5 + bia^ + b2cr3 + b^cr2 + bka + ^a + b^ 

a2A 
(5) 

where the constants are given by 

bo = *b 8^b: 

Kx    Kxz 
Kxz   Kz2 

b! = tc 2Mb£ 

KX2    Kxz      C2l 

KXZ    V 

0 1 

-nT 

-2CY, 

2nb< 
CZp    KXZ 

+  (Db*)0[8Mb3 
KX      KXZ 

%    KZ
2 
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*2 =  (Db0)o "2^2 
cnp   KXZ 

+ *c Mb 

0      Kx2    Kxz 

nß    CnP    Cnr + Mb 

Yß    %    C*r 

Clß % C*r 

0 KxZ Kz
2 

CY Cv CY 
ß P r 

H£ 
CZß    KX

2 

+
 |M* 

%    C*r 

Cnß    KXZ 
Cnp   cnr 

Kv2      Cv       KXZ 

+  tt>b*)o RMb2 
KXZ 'nT KZ< 

1      -2CYß    0 

ß0 "^ 
%   Kx2 

C
nß    KXZ 

■W 
CZC    KX2 

Cnc    KXZ 

b3 = 0o■    ~2MbCL 

K, 

Cnp    KXZ 
(Db0)oK 

% 
ch Kx2 

cnß S Kxz 

% % 
0 

+o K 

'ii 

0 

KXZ 

2 
ß       "P 

"np   KZ 

2CL      1  | 

TLß 'nT 'up 

CYn    CY      Cv *ß      xp        r| 

+ 0>b+)o Mb 

Clß    CZp    Kxz 

2 
Cnß    Cnp KZ 

CY       Cv  ■      0 

ß0  Mb 
'ß P 

Cnß    Cnp 

+    2Hb 

%    C*c    **? 
Cnp    Cnc    Kxz 

cYp   cYc    0 

+ Mb 
Lc        Pi 

Cnc    Cnp. 
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H = jUi cL 
*ß   % 

riß    cnp 
+  (I>b0)o  "2nbCL 

%    KX2 
+ *olh cL 

C*R    C2 

cnß    Cn. 

(Db^)0/-2^CL 

C2ß    KXZ 

Cnp    Kz2 
+ 1 

iß tp 4C 

cnß    Cnp    Cnc 

CYß    %    CYc 

bs = -CT 
c7     c7 

ß       Zc 
cnß    Cnc 

The expression for ßCT is 

ßff = 
c0a + Cjo3 + c a2 + c a + 

3U + ch 

aA 
(6) 

where the constants are given by 

c0 = ßo|8^b3 
Kx^ Kxz 
Kxz Kz2 
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cl = 00 Kb2cL 
KX      KXZ 

KXZ    KZ 

+  (Db0)n 2Mb2Cy 
Kx2   KXZ 

Kxz   Kz2 

i|r0 ^
2tan 7 CL 

V    KXZ 

Kxz   Kz2 
(Db+)0(2^2(cYr " k^b) 

Kx2   KXZ 

Kxz   Kz' 

ßo PV 
Czr    Kx< 

cnr    KXZ 
- 2Mb' 

Gl-n      KXZ 

Cnp    KZ2 
+ H^Y, 

Kr *xz 
KXZ   Kz2 

C2 = 00 KCL 
CZr   Kx2 C*p    KXZ 

-  ^GL 

Cnr    KJJ2 Cnp    Kz2 

+ to>0)o[§Mb 

Kx2   %   c2r 

KXZ    cnp    Cnr 

0       C- Y       ^Y 1p       xr 

2Mb' 

KX      C iv   KXZ 

KXZ    Cn-    KZ2 

0      2CL      1 

+ iM Mb tan 7CL 

czr   Kx2 

cnr    Kxz 

Mb tan 7CL 

CZp    KXZ 

Cnp    KZ 
+  (Db+)o m*b 

K 

K. 

XZ Cz       C7 'p          LT 

z2 Cnp    °nr 

0 Cy      CY 

2V 

/ 

K X 

K XZ 'nT 

KXZ 

Kz2 

1       -2 tan 7CL       0 

+ ßofe^ 
Cz    c7 tp      tr 

-Mb 

\ 

0 KX^ KJE 

cnc 
cnp cnr 

CY„ Cy CY c p r 

Mb 

cz„   C2TI   cZr 

0      KY7    K72 

'c       "p 

VXZ    AZ* 

Cy Cy Cy 
c p        r 

w KX
2    Cy 

KXZ    cnc 

—g 
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:3 = 00 fel 

C*n C*r 

Cnp 
cnr 

(Db0)O KCL 

KX2 CZ   cz 

XZ cnp  Cnr 

0   1  tan 7 

K- 

*0[i tan 7CL 
czp cZr 
cnp 

cnr 

+ (Eb^)0pbCL 

KXZ czp  czr 

KZ2 Cnp  Cnr 

0 tan 7 

Czc c2p cZr 

Cnc Cn  Cnr 

CYP CYT)   CYT 

- 2^bCL 

CZC KX2  Kxz 

Cnc Kxz  KZ
2 

0   1  tan 7 

+ ^ 
Gz., C7 

cnp Cn 

cl+ = ^L Cnc Cnp vnr 

tan 7 

All the determinants given in this paper are expanded in the 
appendix. 

In order to obtain the actual variables $,    \|r, and ß from the 
transformed variables an inverse LaPlace transformation must be applied 
to 0cr> *cr, and ßCT. The expressions for 0CT, ta, and ßCT are of the 

form Va/qa    where pa and qa are polynomials, the degree of q^ 
being higher than that of pa. Reference 6,  page k5,  indicates that the 
inverse transform of a function of this type is (in terms of the variables 
used herein) 

L"1/^ = y~  Pg(x-n) e^nSb 

This equation assumes all the roots Xn of q0 = 0 to be distinct.  All 
roots of % = 0    are distinct for ßa; however, for 0a and t<j, 

% = 0    has double zero roots.  (See equations (3), (5), and (6).) The 
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terms in the equations for 0 and \|r resulting from the two zero roots 
of q^ = 0 are given according to reference 6, page ky,  by 

£2(0) + n(o)sb 
da 

where 

The analysis takes three forms depending upon the character of the 
nonzero roots of qg  = 0 which are the same as the roots of A = 0. 
Four real roots, two real roots plus a pair of conjugate complex roots, 
or two pairs of conjugate complex roots may exist. 

Four Real Roots 

The inverse Laplace transform of 0ff is 

,       X-\ S>.       XoSy.       XoS-u       ^ksh 
0 = Axe 

X b + A2e 
d ° + A3e 

5  D + A^e * D + A^ + A6    (?) 

where the constants are 

a0^1 + al ^1  + ap^i^ + a^X-,2 + a^X-, + ac- 

oAX-^ + JBX^ + hCX-^ + 3V\2  + 2EX1 

aQX25 + a.^2^ + a2X-23 + a_X2
2 + a^2 + a.^ 

OAXg5   +   5BX2
1+   +   ^Xg3   +   3DX22   +   2EX2 

Ao    = 
aQXo5 + aj_Xo^ + a2Xo3 + aoXo2 + a^Xo + ac 

6AX35 + 5BX3^ + kCXy> + 3EX3
2
 + 2EX3 
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Ak = a0^ + ^H^ + a2H3 + a3x42 + akXk + ac3 

6AX45 + 5BX4^ + kCXi^ + 3DX^2 + 2EA.4 

A^ = -2 
?       E 

A6 - |(a^ - a^) 

The inverse Laplace transform of Va    is 

t - B^"" + B^ + ,3.^ + B^% + Bs8b + Bg 

where the constants are 

_ hph^ + blxl    + b2Xl3 + b3xl2 + Hxl + bc 

6AX.-L5 + 5BX1
1^ + i*CX1

3 + 3DXX
2 + 2E\± 

Be - ^0^ + blXg1*' + b2X23 + b3X22 + b4X2 + bc 

6AA25 + 5BA2^ + i4CX23 + 3DX22 + 2E^ 

bOX35 + blX3^ + b2X33 + b3X32 + b4X3 + b5 

6A\35 + 5BX3^ + l4CX33 + 3DX3
2 + 2EX3 

Bk = 
= 

bp^^ + b-]^^ + bg^3 + b3X^g + b^ + bc 

6A^5 + 5B^ + Uc\$ + 3DX42 + 2EX4 

(8) 
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BR = -2 p   E 

The inverse Laplace transform of ßa is 

ß = Cle
Xl8* + C^8* + C,eX3Sb + c,eH% + (9) 

where the constants are 

Cl - 
CQX-J_5 + c^X-^ + C2^^3 + Co^2 + c^X-^ 

6AXX
5 + ^BXj^ + i4CXx

3 + 3DXJL2 + 2EX-JL 

CQXO^ 
+ cl^2    + c2^2    + c^2    + CU^2 

6AX25 + 5BX2^ + ^X23 + 3DX2
2 + 2EX2 

CQXO^   +   c-|Xo      +   CpX^J   +   C0X0      +   clAo 

6AX35 + 5B\^ + kcx-^ + 3DX3
2 + 2EX3 

c0X^5 + c^X^ + c2X|^3 + c^X^2 + c^Xj^ 
Clf  —    

Gk\]p + 5BX^ +  1*0X^3 + 3DX^2 + 2EX^ 

5        E 
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The quantity 1^0 can be obtained from equation (7) by differentiation 
as 

Db0 = Al'e
XlBb + A2-e^ + A^e^ + A]^e***b + ^     (l0) 

where the constants are 

A1' = X^! 

A2' = ^2A2 

A^> = X^A^ 

A5« - A5 

The  quantity    D^    can be obtained from equation (8) by differentiation 
as 

Dbi = B!'eXl8b + B^e^* + Bg'e^ + B^e^ + B5' (11) 

where the constants are 

B-i   — n-iB-i 

-Dp   — A,p-Dp 

B3' = X3B3 

B^' = X^B^ 

B51 = B5 
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The quantity D^ß can be obtained from equation (9) by differentiation 
as 

Dbß = Cl'e
XlBb + C2'e^ +  Co'e^ + C^'e^ (12) 

where the constants are 

<v 
c2- 

c3* 

xlcl 

A-pCo 

X3C3 

C^' = X^C^ 

Collecting the equations of motion (equations (7) to (12)) for the case 
of four real roots gives 

0 = A^1^ + A2e
X2Sb + A3e

X3s*> + A^e 4
sb + A^ + Ag 

* = B^1^ + B^28* + B3e
X3sb + Bl/^ + B5St + Bg 

\ (13) 

ß = Cle
XlSb + C2e

X2St + C3e
X3sb + ^H*, + Ct_ 

M - A^e^1^ + A2'e
X2Sb + A3'e

X3Bb + A^'e^ + A^ 

Dbt = Bl'e
XlBb + B^e*"2^ + B3'e

X3sb + Bj,'e
X1*Bb + B5' 

Dbß = Cl'e
XlBb + C^e^* + C3'e

X3S^ + Cj+'e^      ^ 

Two Real Roots and a Pair of Conjugate Complex Roots 

If a pair of conjugate complex roots X.3 and \i±    exists, the 
coefficients of the terms of 0,  V, and ß  (equation (13)) corresponding 
to X.3 and \1). are conjugate complex. The complex number X.3

k can be 
written 

X3
k = Rk + Iki 
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Thus, 

3 = "1 + xl: 

l2 
3   R2 + I2i 

x33 = R3 + -"-S1 

X3^ = R^ + Ik± 

x35 = R5 + i5i 

The coefficients of the terms of 0 resulting from the complex roots 
are 

L3 
_ aQR5 + aiRJ4. + a^ + a3R2 + al<Rl +a-5+ (apl^ + aiI4 + a2l3 + a3l2 + aij.Ii) i 

6AR5 + 5BR14. + i<CR3 + 3DR2 + 2ERX + (6AI5 + 5BI^ + kCT^ + 3DI2 + 2EI-A i 

or after rationalizing 

A3 = RA + V" 

and 

Al, = RA - IAi 

Similarly, the coefficients of the terms of \|r resulting from the 
complex roots are 

B3 = RB + IBi 

and 

B4 = RB " IB1   " 

and the coefficients of the terms of ß resulting from the complex roots 
are 

C3 = Rg + Ici 

and 

C4 = RC - Ici 
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The terms of 0 corresponding to the conjugate complex roots are 

A3e
X33b + AkeXh3h =  KAe

RlSb cos(llSb + o>A) 

where 

KA = 2 ^RA
2 + IA

2 

and 

o)A = tan"
1 ^ 

RA 

Similarly, these terms for i|r are 

B3e
X3sb + B4e^

Sb = KBe
RlSb cos(l1Sb + coB) 

where 

^B - ^\jAT    -1" T~ 

and 

KB = 2NJRB
2+ IB

2 

+     -1 JB O)R = tan x — 
RB 

and for    ß    are 

C3eX3Sb +'c^
Bb - Kce

Rl8b cos(llSb + o^) 

where 

and 

^ 
Kp  = 2\|RC

2 + Ic
2 

-1 XC ^ - tan      g- 
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The final equations corresponding to two real and two conjugate complex 
roots are 

X,-! s- 1%   ,   .   >2sb   , v    Rlsb <f> = Aje + A2e 2 " + KAe -1 ° cosfo&b + a>A\   + A^s^, + Ag 

>lsb j. -n >2sb ^ v    Rlsb ijr = Bje x D + B2e 2 b + Kße x  b  cos/l-^ + a>g\   + B5sb + Bg 

ß = Cie
XlSb + C2eX2St + KceRlSb cos(IlBb + CLA   +C5 

Db0 = A^e^ + A2'e^sb + ^^ + 1±2 ^1%  ^3/^ + % 

-1 Il\ tan x —    + A5 
Rl 

I)*,* = Bi'e^^ + B2«e^ + K^2 + 1^ eRlBb cos ^ + üCto  +■ ü>B 

tan-1 -I+B5 
Rl '       ? 

I>bß = Cl'e
XlBb + Cg-e^ + vKC\|Rl2 + Xl2 eRlSb cos(Ilsb + ^ + 

(1 

tan" Er y 
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Two Pairs of Conjugate Complex Roots 

If two pairs of conjugate complex roots, \±,    \2>  an^ ^3> ~^k 
exist, another cosine term is introduced into equations (ih)  in place 
of the exponentials so that 

0 = KA'e 
1  Sb cos^I1'sb + o>A') + KAe 

1&b COS (ijs^ + taA  + k^s^  + Ag 

i = KB'e
Rl Sb cosfl^s^ +003')+ KBe

RlSb cos/I-^ + CD^ + B5eb + Bg 

ß = Kc'e -1- b cos^I^'S"!-, +o^') + Kce 
1 b cos/'l1s-b + caA   +  C5 

sb + a>A' + tan  —I + Db0 =KA'\/R1'
2
 + i1'2e

Rl'sb coiI;L. 

K
A\/

R
1
2
 
+ II2 eRlSb cosfc^ + ^A + tan"1 ~) + 

Db* = Kß«^!'2 + I-^2 e X Sb coBJl!»^ +(03'+ tan-x ^ ) + ,-1 !l- 
Ri 

K- ■B 
\yRj_2 + I-L2 eRls^ cos [I-L&j, + o>ß + tan"1 Ü J + Bc 

Dbß  = ^'yR-L'2 + I-^2 e -1  Sb  cosfl-L'Sb + o^'   + tan-1  -i-) + 
Rn 

Kc\/Kl2 + II2 eRlSb cosfllBb 
+ CÜQ + tan"    — 

>(15) 

_y 
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DISCUSSION 

The lateral motions of aircraft have been obtained by means of the 
Laplace transform.  This analysis resulted in equations from which the 
free lateral motion of an aircraft can be calculated for any initial 
condition, or the forced motion can be calculated for any constant lateral 
force or moment applied at zero time. In general, the lateral forces and 
moments applied to the airplane by control movement or atmospheric tur- 
bulence are not constant but are arbitrary functions of time. After a 
solution has been obtained in terms of constant disturbing forces and 
moments, however, the solution for the arbitrary forces and moments can 
be obtained by Duhamel's integral as explained in references k  and 5. 

The nature of the motion indicated by equations (13) to (15)'depends 
upon the form of the roots of the polynomial 

A = 0  * 

which is commonly referred to as the stability quartic. The roots of the 
quartic can take three forms - first, all four roots real; second, two 
real roots and a pair of conjugate complex roots; and third, two pairs of 
conjugate complex roots. In the case of the lateral motions of airplanes 
the first form almost never occurs; the second form is very common; and 
the third form occurs under rather rare conditions. The actual motions 
indicated by equations (13). to (15) can be seen to be composed, in general 
of the sums of terms which are the amplitude coefficients (the A's, B's,  ' 
C's, and K's of equations (13) to (15)) modulated by exponential and cosine 
factors. 

All the classical stability concepts can be obtained from equations 
(13) to (15). Because stability is concerned only with the free motion 
(motion due to initial conditions) the forcing or disturbing quantities 
CZC> 

cnc> and Cvc can be set equal to zero so that the amplitude coef- 

ficients Atj, Bcj, and C5 vanish. The variation of the amplitude of the 

motion with time, which determines the stability, is now dependent entirely 

upon the damping coefficients ellD, e2b, e^. e J+&b, e 1&b, 
R ' Sv 

and e 1 ^°.    The motion diminishes with time (stable) if X.]_, X,2, A.3, 

\kt    Rl>  and Rl'  are all negative.  Thus, these criteria for stability 
are that all real roots of A =0 and the real parts of all complex 
roots be negative. These criteria have been expressed in reference 7 in 
terms of the signs of the coefficients of the quartic A = 0 and the 
sign of Routh's discriminant which is written as 

R = BCD - AD2 - EB2 (16) 
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These criteria in the present case can he expressed as follows: The 
necessary and sufficient conditions for the real roots and the real parts 
of the complex roots to he negative are that every coefficient of the 
quartic and R should he positive. 

If the motions contain oscillations, the periods of the oscillations 
in seconds are from equations (lU) and (15) 

P = 2 rib 

*1V 

P' = 
2ffh 

^V 

> (17) 

and the times to damp to half-amplitude in seconds are 

Tl/2 

T 1/2 

*> loge2 
R-LV 

,   ,h loge2 

R-L'V 

-\ 

\ (18) 

J 
and the cycles to damp to half-amplitude are 

N 1/2 
_Tl/2 = 

Tl lQge2 

N 1/2 

2rtRx 

, = Ti/2_ = ll' l°ge
2 

P'      2^' 

^> 

> (19) 

APPLICATION 

The equations for the motion of an aircraft resulting from the 
analysis were used to calculate illustrative examples of certain free 
and forced motions of an experimental swept-wing airplane, a three-view 
drawing of which is shown in figure 2.  The calculations were made "by 
use of the Bell Telephone Laboratories X-667M+ relay computer available 
at the Langley Laboratory. The calculations were based upon stability 
derivatives measured on a model of the experimental airplane in the 
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Langley stability tunnel and presented in reference 8. Motions were cal- 
culated for true airspeeds of l40 and 200 miles per hour under standard 
conditions. The stability derivatives, other related aerodynamic quan- 
tities, and the mass characteristics of the experimental airplane as used 
in the calculations are shown in table I. The coefficients of the sta- 
bility quartic (equation (4)) and value of Routh's discriminant (equa- 
tion (16)) were calculated as 

CL 
True 

airspeed 
(mph) 

A B C D E R 

0.693 

• 340 

i4o 

200 

26.19791 

26.20030 

10.18804 

9.818377 

3.O2IO74 

2.504971 

0.6312249 

.4623735 

0.00235618 

.00014875 

5.8 

8.7 

The positive signs of all these quantities indicate complete stability 
of the lateral motion for both airspeeds. The coefficients of the quartic 
are such as to give two real roots and a pair of conjugate complex roots 
which are 

cL 
True 

airspeed 
(mph) 

M. X2 »1 ± ill 

0.693 

.340 

140 

200 

-O.2802853 

-.2649690 

-O.OO3603IOO 

-.0003222716 

-O.O5249952 ± 0.2859079i 

-.05472583 ± 0.2519754i 

Discussions of methods of obtaining the roots of the quartic can be found 
in references 9 to 12. 

The first or second powers of er multiplied by A in the denomi- 
nators of equations (3),- (5), and (6) introduce one or two zero roots, 
respectively, in addition to the roots given in the preceding table. 
These zero roots lead to the terms containing the amplitude coefficients 
A5, Ag, B5, Bg, and C5 of equations (l4). For the experimental air- 

plane, the motion can be thought of as composed of three modes - the 
oscillatory mode resulting from the pair of conjugate complex roots, the 
rolling-subsidence mode resulting from the large negative real root \-\ 
and the spiral mode resulting from the small negative real root and the 
zero roots. Stability of the free spiral motion is indicated by the 
negative sign of the small real root X2- 
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The period, time to damp to half-amplitude, and cycles to damp to 
half-amplitude of the oscillatory motion were calculated by use of equa- 
tions (17) to (19) from the imaginary and real parts of the conjugate 
complex roots as 

cL 
True airspeed 

(mph) 
P 

(sec) 
Tl/2 
(sec) Nl/2 

0.693 

.3 to 

ito 

200 

3.60 

2.86 

2.16 

I.45 

0.60 

• 51 

The motions calculated fell into two categories which may be termed 
free and forced motions. 

Free Motions 

Free motions are those which exist following an initial condition 
and in the absence of any forcing function. The five possible initial 
conditions are 0Q, \|r0, 3Q> 

ro>  and Po* Every free  motion that the 

airplane is capable of executing can be obtained by superposition of the 
motions following these initial conditions taken separately. Figures 3 
to 6 show the calculated free motion following the initial conditions 0Q, 

ßo, TQ,  and PQ for the experimental airplane in level flight according 
to equations (lk).    No airplane response to ^Q occurs when the angle of 
climb is zero.  Table II gives the values of the amplitude coefficients 
(see equations (lk))  corresponding to the motions of figures 3 to 6. These 
figures show the total airplane motion and show the separate contributions 
to the motion by the rolling-subsidence and spiral modes when the motion 
resulting from these modes is appreciable. Figures 3 to 6 indicate that 
in the case of the experimental airplane the initial condition PQ pre- 
dominately excites the oscillatory mode of motion, rg excites both the 
'oscillatory and spiral modes, and 0Q 

an(i PO predominately excite the 
spiral mode. The rolling-subsidence mode appears for a very short period 
of time in the initial phases of any motion involving appreciable rolling 
velocity. The principal effects upon the motions of figures 3 to 6 of 
increasing the airspeed from 1^*0 to 200 miles per hour is to reduce the 
period as well as the time and cycles to damp to half-amplitude. 

Forced Motions 

Forced motions are those which exist during the action of forcing 
functions upon the airplane. Any forced motion of an airplane can be 

■j 
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built up by proper superposition (Duhamel*s integral, reference U) of the 
motions following the application at zero time of constant values of the 
forcing functions Cz , Cn , and Cy . Figures 7 and 8 show the cal- 

C « 
culated response according to equations (Ik)  of the experimental airplane 
to the constant value 0.02 for Cz  and CL  applied at zero time. The 

c       c 
response to a value of 0.02 for Cyc was also calculated but during a 
time period of 8 seconds was negligible compared with responses resulting 
from C2C and Cnc. For the experimental airplane, the value Cj =0.02 

corresponds to a total aileron deflection of 21.0°, the value of Cn = 0.02 
corresponds to a rudder deflection of 13.7°, and the value Cy =0.02 
corresponds to a rudder deflection of 7.5°. The response to Cj  is pre- 

dominately in the spiral mode of motion; whereas the response to Cv,  is 
G 

predominately in the spiral and oscillatory modes. 

A large number of forced motions calculated for the experimental air- 
plane corresponding to various flight conditions are presented in refer- 
ence 8. These motions were built up by superposition of motions such as 
those^of figures 7 and 8 following the application of the constant forcing 
functions C2c and Cn . A large number of comparisons are made in 

reference 8 between calculations and flight tests for a large variety of 
flight conditions. The agreement between calculated and flight motions 
is good and indicates the practicability of analyzing the dynamic lateral 
flying qualities of aircraft by use of the theory of lateral dynamics such 
as that herein developed if experimentally determined values 'of the aero- 
dynamic and mass parameters of the airplane are available. Reference 8 
also indicates rather insignificant effects upon the calculated motions 
that result from a consideration of slight nonlinearities which occur in 
certain aerodynamic parameters of the experimental airplane. 

CONCLUDING REMARKS 

The lateral motions of aircraft were determined by means of the 
Laplace transform which gave solutions expressed in terms of elementary 
functions for the free and forced motions. These equations permit the 
calculation of the free motion of an aircraft following any Initial con- 
dition or the forced motion following the application of constant external 
forces and moments. These forced motions can be used to obtain the 
response to any arbitrary forcing function by means of Duhamel's integral. 
All the classical stability concepts can be deduced from these same 
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solutions largely by inspection.  These equations for the lateral motion 
were applied to the calculation of the lateral stability of a specific 
airplane and to the calculation of certain of its free and forced motions, 

Langley Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Langley Air Force Base, Va., April 3,  1950 
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APPENDIX 

EXPANSION OF THE COEFFICIENT DETERMINANTS 

The stability quartic coefficients are 

A = 8^3(KX%Z
2
 - Kxz

2) 

B = W^ffTL2 ~ *xV)   + Kx?i(clr + Cnp)  - Kx2Cnr  - K/C^J 

C  = V(Kx
2Cnß  " KxzC^)   + ^Kx

2|bnrCYß  - CnßCYr)   + ^Kz
2(cZpCYß 

CZßCYpj   +   MbKXZ  (cZßCYr  - CzrCYß  + CrißCYp  - CnpCYß) + 

|^b(cipCnr  - CZrCnp) 

D  = 2^CL[ten 7^x2-0^  - K^)   + (K^  - Kz2cZß **b (%s 
C*PCnß). + i(C^rCnpCYß + CZpCnßCYr + CZßCnrCYp  - CZßCnpCYr  - 

%%%  ■ CVCnß
CYp) 

E = ^an 7(cZpCnß  - C2ßCnp)   + ClßCnr  --C^ 
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The coefficients appearing in the numerator of amplitude coeffi- 
cients for 0 are 

ao - 48^3(KX2KZ2 ■ Kxz2l 

ai = 0O[
2^2KXz(C2r 

+ Cnp) + ^2cYß(
KXZ2 " HW)   " 2^b2(KX2cnr 

+ 

Kz2%)] + (^)o ^3(Kx%z2 - Kxz2)] 

a2 = 0C ^bKx
2(cnrCYß  - CnßCYr)   + ^2(KX

2Cnß  - KxzCzp)   +  ^Kz
2(cZpCYß- 

CZßCYp\   + HbKxz(CnßCYp  - CnpCYß + CZßCYr- CZrCYß)  + |nb(cipCnr  - 

C2rCnp)     +(Db0)o   ^2CYß(KxZ2  - Kx^Kz2)   + 2nb2(KxzCzr  - KX2Cnr)l   + 

(Db*)0 2nb
2(Kz2Czr  - KxzCnr)     + ßO [W^KZ^Zß  - KxzCnß)     + 

W^Z^lc  -KXZCnc) 

—M 
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a3 = 0o 2^b   tan 7CL (KxzCzß - KX
2Cnß)   + Mto(czßCnp ^ CzpCnß)   + 

l(c1 C„ CY    + C7 Cn CY    + C, Cn CY    - cz cn CY    - cz cn CY    - 4\  Lr np *ß 4p nß 1r iß nr .p ''ß ap 1r cv ur ^ß 

CzrCnßCyp)|   + (l>b0)o^2(KX2cnß  " 
KXZ%) + ^KX2 (Cnr%  " 

CnßCyr) 
+ ^*Xz(%cYr " C2r%)]   + *0 ^ ' tan 7CL (K^C^  - 

KxzCnß)]   + M)o[^KZ2(CZß
CYr " ^lT%) + V(K?Z%  " %*%) 

^XZ^ß  ' %%)]   + ßo[^fVnß- C^)]   + 

2^KZ2 (cZßCYc   - CZcCYß)  + 2^Kxz(GncCYß - C^J + 

^(CzrCnc  - C2cCnr) 
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ik = <f>Q |  tan 7CL (c2pCnß  - C^C^)     + (l>b0)o [2^   tan 7CL (K^C^- 

KX
2Cnß)    + *o[| tan 7 CL(cZrCnß  - CZßCnr)j   + 

(l>b+)o[2^   tan ^L(Kz2C2ß  - %ZCnp)]   +   [2^(CZc
Cnß  - 

CZß
Cnc) 

lCIc(cnrCYß  - CnßCYr) + \ Cnc(cißCyr - C2rCYß)   + 

I CYc(czrCnß  - CzßCnr)J 

*5 =   tan 7CL (cZßCnc  - C^C^ 

The coefficients appearing in the numerator of amplitude coefficients 
for    i   are 

b0 = % 

bx = % 

8^3 (KX%Z
2
  - Kxz2)] 

2^b2Kxz(cnp + Czr)  -  ^2CYß(KX
2KZ

2  - Kxz2) - 2^2(KZ
2CZp + 

%2Cnr)]   + (Db+JoföMb^X^Z2  " KXZ2)] 

^at 
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=   M)o^b2(%2% -WIpj   + *o[^x2(CnrCYß- 
Cnß

CYr) + 

^Kz2(cZpCYß  - CZßCYp)  + ftKxz(cnßCYp - CnpCYß + CzßCYr  - CzrCYß)  + 

^2(KX
2Cnß  " Kxz%) + \ ^(cipCnr- CzrCnp)J   + 

(Dbt)0^
2(Wnp - Kz2Czp)  -  ^b2CYß(Kx2Kz2 - «XZ2]]   + 

ßo[^2(KX
2Cnß  " KXZ%)]    + ^2(KX

2Cnc  - KXZC*C) 

= 0o[2^L(Kx2Cnß  " KxzClß)]    + (^)0[^X2(cnßCYp - CnpCYß) + 

^Kxz(' %CYß  - %%)]   + *0 ^(Clß% " %%)   " 2^(KZ% 

KxzCnß)  + i(°lrS% + W*? + «V^P ' %%CYr 

CZpCn.CYß  - CzrCnßCYp)]   + Mo[^2(C'p%  - ClßCyp) + 

h^XZ (Cn! ß-Ip " Cnp
CYß 3)]+ ß°M C,  Cn    - C, -C_ 

ß ^ LV "ß )] 
^(CZC% - CzpCnc)   + 2^Kxz(clcCYß  - ClßCYc) 

2^bKx2(cnßCYc  - CncCYß) 
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H = tfoyblYc-ZßCnp - CzpCnßj     + (Db0)Q kubCL^Cnp  - KxzClßj] 

t0[iCL(cZßCnr  - CzrCnßj     + (^ ^pWl^KxzCnß  - KZ
2CZßJ] 

|cZc(CnßCYp - CnpCYß)   + |Cnc(cZpCYß  - C^)    + 

iCYc(
CZßCnp " %Cnß) 

b5 = CL(czcCnß  - C2ßCnc] 

The coefficients appearing in the numerator of amplitude coeffi- 
cients for    ß    are 

co = ßo 8nb3(Kx%z
2  - Kxz2)] 

ci = 00 H2
CL(KX

2
KZ

2
  " KXZ

2
)J   +  (Db0)o 2^b2CYl 

ifHb2    tan 7CL (Kx2Kz2  - Kxz2)     + (»A 

i 

Kxz2)]   + ß0[2^2(KXZCzr  - KX
2Cnr)  + 2^b2^KXzCnp - KZ2Czp)j 

^h2Cyc(
KX2KZ2  - KXZ2) 
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c2 = 0, ^bCL(KxzCZr  - Kx2Cnr)   + MbCL^KxzC^  - KZ
2C2J 1  + 

(Db0)o[|^KX
2 (cnpCYr  - CnrCYp)  + 2nb2KX2(2Kz

2CL - Crlp) 

2^2%z(%  - 2KECL)   + ^Kxz(czrCYp - C^j]   + 

+0[*,   tan 7CL (KxzCZr - C^Kx2) + nb  tan 7CL fec^ - Kz
2C2p)]   + 

Mo^izfnpOr, - vg + |^Kz^c,rcYp - c2pcYr) + 

H2   tan 7CL (KX
2KZ

2  - K^2)  + 2^Kz
2CZp  - K^C^J + 

ßo^^ZpCn,  - CZrCnJ]   4   lmb2(KXZCic  - KX
2Cnc) + ^KZ

2(cz 

%<*c) + W^n^  - CnrCYc) +  M^C^  - CncCYp) + 

c -"-p 

^Kxz(CzrCYc  - CZcCYr^ 
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3 = ^^(CZpC^  - CzrCnp)]   +  (D4[yL tan 1^^ - KxzClp)   + 

MbCL(KxzCzr " KX
2Cnr)j   + *o|  tan ?CL (C*pCnr " C*rCnP)]   + 

(V)0[^CL(Kz2Czr - KxzCnr)  + ^ tan ?CL (%Z% " KZ2%)]    + 

^(%Cnc  " %%) + 2^L (KZ
2CZC  - KxzCnc) 

+ 

2^   tan 7CL (Kx
2Cnc  - KECIc) + t^C^ + C^C^ + 

CzrCnccYp - Czrcnpcyc - %cnccYr - cZccnrcYp) 

>k = K(V«c ~ V"r)  + ?   *" 7°L (CZcCnp " ClpCnc) 
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TABLE I 

AERODYNAMIC AND MASS CHARACTERISTICS OF AN 

EXPERIMENTAL SWEPT-WING AIRPLANE 

ly ito 200 

W 8700 8700 

S 250 250 

m 270.2 270.2 

P 0.00238 0.00238 

7 0 0 

* 33-6 33-6 

cL 0.693 0.3^ 

a 10.6 k.8 

n 11.05 5.25 

Mb 13.51 13.51 

V/b 6.111 8.730 

Kx2 0.02329 0.02219 

*Z
2 0.05932 0.060U2 

Kxz 0.007316 0.0035^+ 

°>l> 
-0.0659 -0.0275 

cnp 
0.100 0.0975 

% 
-0.739 -0.722 

% 
-O.325 -0.31 

s -0.1 -0.06 

CY 
o.kk 0.3 

0.12 0.07 

nr 
-O.28O -0.280 

cY O.36 0.1+0 

-"-Miles-per-hoiir units, 
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AMPLITUDE COEFFICIENTS OF FREE AND FORCED MOTIONS OF EXPERIMENTAL SWEPT-WING AIRPLANE 

(a)    V = ito miles per hour. 

Initial conditions 
and. forcing 
functions 

Variables RollIntt-tmDsidence 
mode Oscillatory mode Spiral mode 

0 Al 0.04073926 % 0.05404332 A2 
0.4374647 A5 

0 A6 0 

* Bl -.00222650 KB .04009448 B2 -3.038911 B5 
0 B6 3.029296 

00 0 

p 

r 

"1 

Al' 

Bl' 

-.00131258 

-.06978088 

.OO38I366 

*c .04330260 

.09600416 

.07122481 

C2 

V 

.01392006 

-.00963249 

.06691349 

c5 

V 
B5' 

0 

0 

0 

KA\/Rl2 + Il2 

ltB\/Rl2 + Il2 

0 Al -.01808626 KA 
.2450096 A2 -.02458282 A5 0 A6 0 

+ Bl .00973284 KB 
.18177064 B2 .17076788 B5 0 B6 0 

»0 ß 

P 

°1 

Ai' 

.00573756 

.30503482 

Kc .19631484 

.43524085 

C2 

A2 

.00078222 

.00054129 

c5 

A5' 

0 

0 K
A\K

2
 *H2 

r Bl' -.01667089 KB\jR12 +1]2 .3229020 V -.00376012 E5' 0 

0 Al -.27132714 ■     % ..02412880 A2 
28175964 A5 0' A6 0 

t Bl .01482880 % .01790107 B2 -1.9572863 B5 0 B6 I.9260299 

PO ß 

P 

Ol 

Al' 

.00874177 

.46473072 

KC .01933340 

.04286193 

C2 .00896556 

-.00620389 

°5 
A5' 

0 

0 KA\K
e-Hl2 

r El' -.02539885 KgjRi2+ II2 .03179911 B2' .04309623 B5' 0 

0 Al -.21275154 KA .35205361 A2 .46209967 A5 0 A6 0 

+ Bl .01162773 KB .26118594 B2 -3.2100413 B5 0 B6 3.1796150 

r0 ß 

P 

Cl 

Al' 

.00685435 

.36440206   - 

Kc .28208436 

.625381*1 

C2 

Ag' 

.01470395 

-.01017468 
°5 

A
5' 

0 

0 KAN/*I
2
 
+
 II

2 

r Bl' -.01991605 K
BV

B
I
2

 
+
 
I
I
2 

.46396553 B2' .07067985 B5' 0 

0 Al .3534235 KA 
.07815380 A2 -25.21345 A5. 0 A6 24.93682 

* Bl . -.01931556 KB .05798158 B2 175.1489 B5 .6199628 B6 -175.1797 

Cj= ß 

P 

Cl 

Al' 

-.01138685 

-.60536104 

KC 
.06262090 

;13883429 

02 

A2' 

-.8022885 

.55517272 

c5 

A5' 

.8679479 

0 KA\Al2 + Il2 

r Bl' .03308464 KB\JR12 + Ij2 .1029990 B2' -3.8565875 B5' 3.7886547 

0 Al .07219731 KA .1935925 A2 
-16.45365 A5 0 A6 16.22009 

+ Bl -.O03945B1 KB .1436248 B2 
114.2976 B5 .4085555 B6 -114.1513 

Cnc ß 

p 

Cl 

*l' 

-.00238607 ' 

-.12366306 

Kc .1551168 

.34390240 

C2 

V 

-.5235526 

.   .36229131 

c5 

A5' 

■3719777 

0 KA\'Kl2 + Il2 

r Bl' .00675858 KBfl
S + Il2 .25513879 B2' -2.5167086 B5' 2.4967235 

0 Al .00235150 KA .00311940 A2 
.02525049 A5 0 Afi -.02886004 

+ Bl -.00012851 KB .00231425 B2 
-.1754060 B5 0 H .1748510 

Cyc ß 

p 

Cl 

Al' 

-.00007576 

-.00402776 

KC .00249943 

.00554138 

c2 .00080347 

-.00055599 

c5 

A5' 

0 

0 KA^i2^i2 

r Bl' .00022013 KBlk2 + Ii2 .00411110 B2' .00386225 B5' 0 
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TABLE II 

AMPLITUDE COEFFICIENTS OF FREE AM) I0RCED MOTIONS OF EXPERIMENTAL SWEPT^WING AIRPLANE  - Concluded 

(b)    V = 200 miles per hour. 

Initial conditions 
and forcing 
functions 

Variables Rolling-subsidence 
mode Oscillatory mode Spiral mode 

0 Al 0.01197011 *A 0.0l6l*f.j00 A2 0.1*807800 A5 
0 A6 0 

* Bl -. 000271*7^ KB 
.0231*7936 Bg -I8.2I875 B5 0 B6 18.211*29 

00 

p 

Cl 

*l' 

-.0003213 

-.02769022 

*c .021*26556 

. 03693081* 

Cg 

A2' 

.0083529 

-.OOI35277 

c5 

V 

0 

0 KA\jRi2 + U2 

•r »I' .000l*9671' KB\/H12+ 1^ .05285335 B2' .05126683 B5' 
0 

0 Al -.10082626 KA 
.13"*i*7276 A2 -.001*92530 A5 0 A6 0 

* =1 .00180871* KB .1921*5072 Bg .1866571*8 B5 
0 B6 0 

Po ß 

P 

Cl 

*l' 

.00270588 

.23323073 

*c .19889500 

. 30270571* 

C2 

A2' 

-.00008558 

.00001386 

c5 

V 

0 

0 

--  - 
K^Z+l!» 

r Bl' -.001118398 
KB\MI

2
 + Jl2 . 1*3321690 Bg' -.OOO52525 V 0 

0 Al -.2093808 H .007181*25 A2 .2112909 A5 0 A6 0 

* Bl .00375619 KB .01028182 Bg -8.OO669I B5 0 B6 7.995698 

% ß 

p 

Cl 

Al' 

.00561931* 

.1481*33861 

KC 
.01062610 

.01617213 

Cg .OO367O88 

-.OOO59I156 

c5 

A5' 

0 

0 KAVBI2 + II2 

r Bl' -.00868879 KBJRI
2
 + n2 

.0231W91* Bg' .02253050 B5' 0 

0 Al -.07670895 KA 
.1518581 A2 

.I86973I* A5 
0 A6 0 

* »1 .00137619 KB 
.2173312 Bg -7.O85I96 B5 0 B6 7.097827 

r0 ß 

p 

Cl 

Al' 

.00205853 

.1T7W277 

Kc .221*6081* 

.31*181*086 

Cg 

A2' 

.00321*81*2 

-.00052611* 

c5 

A5' 

0 

0 KA\fRl2 + Il2 

r V -.00318338 KB\^12 + Il2 .1*89221*68 Bg' .0199371*5 B5' 0 

0 Al . 1*51*7069 KA 
.0311*7098 Ag -365.6037 A5 0 A6 365.1805 

* »1 -.00815719 KB .01*503932 Bg 13855.1*6 
=5 1*. 1*5711*3 B6 -13855.50 

C*c e 
p 

Cl 

Al' 

-.01220331 

-1.0518225 

Kc .oi*65!*752 

.07081*298 

Cg 

Ag' 

-6.351295 

I.O286136 

c5 

A5' 

6.1*00000 

0- KA\h
2 + Il2 

r V .01886912 
Ka/Ri2-^!2 .10138611* Bg' -38.98I86I B5' 38.911301* 

0 Al .03526760 KA .12761*1*6 A2 
-IO2.705I A5 0 A6 102.561*0 

* Bl -.00063272 KB .1826785 Bg 3892.267 B5 1.25711*3 B6 -3892.093 

c„c ß 

p 

Cl -.0009!*653 

-.08158060 

Kc .1887956 

.28733535 

Cg 

Ag' 

-1.781*201 

.28895732 

c5 

A5' 

1.600000 

0 KA\/RI
2
 
+
 
I
I

2 

r Bl' .0011*6360 KB/"I
2
+II

2 .1*11219>*9 Bg' -IO.950758 B5' 10.971*9811 - 

0 Al .0011*0829 KA 
.00193011 A2 .05655717 A5 0 A6 -.05882356 

* Bl -.00002526 KB .00276228 B2 -2.11*3383 *5 
0 B6 2.11*2857 

C*= ß 

P 

Cl 

Al' 

-.00003779 

-.00325766 

Kc . 00285 !*77 

.001*31*1*79 

C2 

Ag' 

.OOO98269 

-.00015915 

c5 

A5' 

0 

0 KA^12 + I12 

r Bl' .0000581*1* KB^12+Il2 .00621801 B2' .OO603I39 B5' 
0 
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Relative wind 

Horizontal line 

Fuselage reference line 

Vertical 

Figure 1. Stability axis system.    Positive values of forces,, moments, 
and angles are indicated "by arrows. 
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Figure 2.- Three—view drawing of experimental swept-wing airplane. 
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Figure 3.- Response of experimental swept-^wing airplane to an initial 
angle of bank. 0Q  = 0.5 radian; 7=0°. 
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Figure k.- Response of experimental swept-wing airplane to an initial 
sideslip angle. ß0 = 0.2 radian; 7=0. 
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Figure 5.- Response of experimental swept-wing airplane to an initial 
rolling velocity. p0 = 0.5 radian per second; 7=0°. 
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Figure 6.— Response of experimental swept-wing airplane to an initial 
yawing velocity. rQ = 0.5 radian per second; 7=0. 
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Figure 7.- Response of experimental swept^wlng airplane to the application 
at zero time of a constant rolling-moment coefficient. C7 = 0.02- 
7 = 0°. 
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