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ABSTRACT

In scenarios such as software agents sharing time slots or blocks in differ-
ent physical CPUs or memories, communications agents accessing channels or
bandwidth on shared links or bearers and economic agents trading in com-
modities in financial markets, the agents in question can exchange resources
among themselves for mutual benefit. This report develops a combinatorial
probability model to describe the like-for-like exchange of resources between
multiple unbiased agents. The expected exchange rates are computed for in-
dividual agents, syndicates of agents and the collection of all agents. These
performance benchmarks provide intuition and understanding for the perfor-
mance of real crossing networks. A number of combinatorial identities are also
produced as a consequence of the modelling and analysis.
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Combinatorics of Crossing Networks

EXECUTIVE SUMMARY

In Defence and commercial networks there is a trend toward user agents sharing non-
exclusive access to common distributed resources (e.g. servers, databases, links etc). The
modelling of the exchange of such resources between agents is therefore a problem of
interest.

This report develops a new combinatorial probability model for the exchange of re-
sources between multiple unbiased agents (or users) within an arena which facilitates such
exchange (a crossing network). Once formulated, the model allows the calculation of the
expected exchange rate (the mean number of exchanged resources) when an arbitrary
number of agents meet. For only a few (two or three) agents, many more probabilistic
properties of the exchange rate are derived.

The model uses the discrete probability theory of W. E. Deming (of post-WWII TQM
fame in Japan) and G. J. Glasser from the 1950s to build a model which both further de-
velops the theory and gives relevant insights into modern electronic exchange applications.

The expected exchange rate plots which result provide benchmark performance curves,
indexed by the parameters of the model, for applications such as concurrent processes
sharing memory or CPU resources, communications agents sharing channel or band-width
resources on common links or bearers and economic agents with a shared interest in trading
financial commodities.

Being a mathematical treatment, the report is necessarily, compact, brief and con-
cise. Although motivated by physical applications (as mentioned above), these are better
discussed in separate forums. The implications for these applications are, however, real, -
tangible and of significance to users of the corresponding applied systems.
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1 Introduction

A crossing network is the generic name for a venue or mechanism (real or virtual) where
the current ‘order and disposal’ states of agents are compared and resources exchanged -
resources are ‘crossed’ between agents as compatibilities in required and released resources
are found. Such a situation is typical of exchange between software agents or exchange in
physical markets.

A general statement of the ezchange problem is as follows. Consider L > 2 agents
a1, ... ,ar, who use resources only from their own respective pools P, ... , P,. Each pool
P, consists of a collection 91, ... ,9n, of resource names. Each of these resources is divisible
in the sense that multiple agents aj,...,a; may simultaneously use a different piece of
a resource ¥; if its name appears in the pools Py,... , P,. With each agent a;, there is
associated a current state list: (s191,...,5,,9p,), 5; € {+1, —1}, of length n; with every
?; belonging to P; and occurring at most once. If s; = +1, agent a; requires resource v;,
while if s5; = —1, agent a; releases resource ;. The state list is therefore an ‘order and
disposal’ list representing the current state of required and surplus resources for agent a,.
Such a list is used by any resource controller/allocator serving the agents. A resource
name v; is exchangeable between agents a; and a,, if 9; is in both state lists and s in a;’s
list is of opposing sign to s; in ay,’s list, i.e. 9; is simultaneously surplus to and required by
different agents. Any system of agents would seek maximum exchangeability to maximise
utilisation of the resources available through exchange between agents and thereby avoid
having to either create unavailable resources or waste unrequired resources on offer in the
state lists.

Consider the simultaneous comparison between all agents’ state lists. The ezchange
problem (or crossing problem) is one of performance evaluation which asks for the ezchange
rates given by:

(a) the expected number of resource names exchanged between all L agents;

(b) the expected number of resource names exchanged within the state list of a specific
agent ag; and, more generally,

(c) the expected number of resource names exchanged within the state lists of the specific
agents ap,,...,ap,,2<s<L-1.

Determining these rates requires the calculation of probabilistic expectations as per-
formance benchmarks of crossing networks. Clearly the result is greatly influenced by the
prior distribution assigned to the occurrence of resource names in state lists. The analysis
here makes the unbiased assumption of equal likelihood of all resource names and equal
likelihood of the require/release intention for each resource. This ‘random’ collection of
agents might be called typical of non-cooperative (independent) agents and so provides an
unbiased benchmark for the crossing network’s performance.

This report gives an account of the mathematical detail of the combinatorial probability
model of the exchange of like-for-like resources among many unbiased agents. While
the crossing problem considered here is motivated by a concrete real-world application,
the formulated mathematical and probability model, although an abstraction, provides
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concrete exact results from which intuition on the behaviour of real crossing networks can
be gained.

Under the unbiased assumptions, some analytical results are available for general L.
For L = 2 and 3 the means in (a) and (b) are computed along with some higher moments.
For arbitrary L, only the means are given and it remains open to characterise the higher
moments of the random variable describing the number of exchangeable resource names.
Even so, the derivation of the means and some higher moments produce some interesting
combinatorial identities along the way.

Some specific applications of the crossing network scenario are as follows:

e Each agent q; is a concurrent software process which may request/release time slots
on different CPUSs, memory blocks of different physical memories, or record blocks in
different databases (¥;);

e Each agent a; on a communications network may require /release dedicated channels
or capacity on different physical or logical links or bearers (9:);

* In market exchange, if price discovery is efficient, the agents a; may exchange (trade)
like commodities (¢;) among themselves.

1.1 Notation and definitions

Let 4;---4, 2 < ¢ < L, be the multi-index designator for the (distinct) agents
iy, - -+ ,a;. A multi-index, being a combination from a subset of agents, never has any two
entries equal. Summations with multi-index subscripts are therefore taken over all combi-
nations from a specified agent subset. When considering such a subset Iy = {i1,... ,i,},
write ay, for the corresponding agents and subscript associated quantities with I,. If s = 1,
denote I; = {€} by simply ¢, while if s = L (all agents) we drop the subscript entirely. For
I fixed, the agents a;, are called a syndicate when 2 < s < L.

Let Cj, .., be the number of resource names common to each of the pools P, ..., B,.
To assist in visualising results, it is sometimes useful to collapse these many parameters
through the following functional dependence.

Definition. The L agents ai,... ,ay, are said to have ezponential decay of common in-
terest (EDCI) if Cj,.., = p'C, for all 2 < t < L with C and 0 < p < 1 fixed constants, for
every multi-index z; - - - 4.

If 0 < p < 1, EDCI conveniently diminishes the size of pool overlaps with an increasing
number of agents considered.

Let A; := ny/N; be the fraction of pool P, represented in the state list of agent qy.
A collection of L agents is described by zﬁ (It“) overlap parameters (Cj,..;,), L list sizes
(ru) and L pool sizes (N;) for a total of 2L + L — 1 parameters. Define also the quantity

(i1, ... ) i= Hf:l(m, —k)/(Ni, — k) so that, for example, mo(iy, . .. ,ix) = A, o A

Definition. The resource name 9; is said to be uniquely common to the state lists of
agents a;,, ... ,a;, if it appears in the state lists of these agents and no others.
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Denote by ¢;,...;, the number of names common to the state lists of agents Qipyee Q4
and by d;,...;, the number of names uniquely common to the state lists of agents a;,, ... ,a;.
The utility of the concept of unique commonality is that, since the partition of common
names among state lists into the uniquely common names among state lists is a disjoint one,
cumulative counting of uniquely common names avoids double counting when determining
the number of names common to two or more agents within a specified subset of all agents.

Let J (respectively, Jy, J;,) be the random variable of the number of exchangeable
names within the state lists of all L agents (respectively, agent ag, the syndicate ar,) and

let the mean be p = E[J] (respectively, uy = E[Jy), py, = E[J1,]). Let z (respectively, z,
1,) be the random variable of the number of names within the state lists of all L agents

(respectively, agent ag, the syndicate a7,) which are common to two or more state lists
and let its mean be x = Ef[z] (vespectively, x; = E[z,], x;, = E[z}.]).

Definition. The efficiency of the crossing network (respectively, agent a,, syndicate ar,)
is e := p/x (respectively, es := pue/xe, €1, = pur,/x1,)-

The efficiency, which measures the ratio of the expected number of exchangeable names
to the expected number of common names, gives expected performance as a fraction of
the best expected performance possible.

Let [c]x := c¢(c—1)--- (c—k+1) be the descending factorial and () :==clc+1)--(c+
k —1) the ascending factorial. The factorial moments of a random variable V are denoted

by p) = E[[V]k]. Let [’l“] and {’;} denote, respectively, the Stirling numbers of the first
and second kind [7]. These are defined by the relations

k

Vik = i m vt and VE=3M {];}[V],

with, in particular, {’lc} = Zi(—l)i(é) (I —4)%/1\. Finally, let A, be the forward difference
operator in 7, i.e. A, fr = fryi1 — fr.

Remark. Note our use of £ versus I. When referring to a fixed and specified agent, £ is
used as a designator, but [ is the generic subscript. Hence ¢ should be interpreted as “the
specific fixed agent a,”. '

The following acronyms are used throughout:
LTP - Law of Total Probability ([4]);
CL - Combinatorial Lemma (section B.2);
PL - Probability Lemma (section 2.1);

EDCI - Exponential Decay of Common Interest (section 1.1).

1.2 Assumptions and problem statement

The derivation of the crossing network exchange model is based upon the unbiased
assumption which holds throughout this paper and is comprised of the following two
parts:
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(A1) For every agent a;, each resource name 9; in the pool P is equally likely to appear
in their state list;

(A2) For every resource name, Pr(s; = +1) = Pr(s; = —1) =

=

The unbiased exchange problem is to find the distribution of J (respectively, Jp, Jy,) under
the assumptions (A1) and (A2). This question is not simply answered for arbitrary L so
the focus here is on the simpler question of finding the means, and where possible, the
higher moments. Hence, the following questions are posed and answered:

(a) find p := E[J];
(b) find py := E[Jy]; and
(c) find py, := E[Jy,].

These expected exchange rates measure respectively, the ‘system performance’ which is
of interest for network management, the individual agent’s performance and the perfor-
mance of an arbitrary subset of the agents (a syndicate). They establish expected unbiased
benchmark performances for systems in which like-for-like exchange takes place. In par-
ticular, for applications where exchange is promoted or controlled by system processes,
this benchmark represents the ‘random outcome’ performance level which should always
be exceeded. If such performance is not reached, both agents and system management or
regulators would have cause for concern.
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2 Preliminary results

This section gives some elementary discrete probability results which follow from the
unbiased assumptions above. The first result, called the Probability Lemma (PL), is
pivotal for all that follows in that it facilitates the use of the results of Deming and
Glasser [1]. These results are surveyed in section 2.2.

2.1 A Probability Lemma

The equi-probable assumption (A2) implies a useful anonymity when dealing with state
lists. The results here use this assumption to relate the number of exchangeable names
between state lists to the number of common names among those state lists. Given (A2),
the link is a simple counting exercise. '

Let U, (respectively, Us) be the random variable of the number of names common to
the ¢ (respectively, s) given state lists of agents a;;, - ,a;, (respectively, Ghyy o 5 Qh,)
and let J; (respectively, Js) be the random variable of the number of exchangeable names
among these U, (respectively, U;) common ones. The abbreviations P(Gi|ue) = Pr(Jy =
3t|lUs = wt), P(us) = Pr(U; = u;), etc are used to simplify the notation.

Probability Lemma (PL). Under (A2), the following hold:

(i) If a given t state lists have u, names in common, then

P(jt|ut) = (2t“1 — 1)1e2—(t—1)u, (?t>;
t

(1) The generating functions Jy(z) = Eje P(j;)2% and Uy(z) := You, Plug)2™ are re-
lated by :

Ji(z) = U (271 + (1 - 217Y)2)

7

so that

E[[JJk] = (1 =2 E[[U], k=0,1,2,...,
E[J] = (1 -2""YE[U3],
E[Jf] = (1-2""2E[U7] + 21741 - 214 E[U});

(tit) For iy---4y # hy---hs as combinations, the covariance of Ji and Js satisfies

E[J.Js] = (1 - 2'7Y(1 - 2'=%)E[U,U,).

Proof. The proofs of (ii) and (iii) rely on (i) which is proved first. Suppose that # lists have
u names in common, then under the equi-probable assumption (A2), P(j;|u;) is just the
number of signed configurations of the ¢ lists with u; common names for which J¢ names
are exchangeable divided by the total number of possible signed configurations of the lists.
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We need only consider the configurations among the common names in computing this
ratio. Let 9y,... ,9,, be the common names and consider the configurations of the lists:

My, 5B,

(sPvy,... sBu,.).

There are 2"t such possible configurations for s() € {+1,-1}. Suppose there are 7
exchangeable names. There are exactly (“‘) ways of choosing the exchangeable names each
of which has 27t possible ways of choosing the s;’s for these j; names and 2% ~J¢ possible
ways of choosing the s;’s for the remaining u; — j; non-exchangeable names. Hence,
Qut—Jt (“‘)27‘ is the number of possible configurations of one list with j; exchangeable
names. Now fix a configuration of the first list and consider the remaining ¢ — 1 lists.
For each of the j; names, 9; say, that are exchangeable, there are 2~ — 1 configurations
of the other ¢ — 1 lists in which that name has at least one list with an opposing sign
sl(»l) in some list, i.e. 2~ possible configurations less the one configuration where ¥; has
the same sign in all the remaining ¢ — 1 lists. Hence there -are (28=1 — 1)7t possible
‘configurations in which j; names are exchangeable with the first list fixed. The number
of possible configurations with j, exchangeable names among the u; common names is
therefore vj, := (271 — 1)%#2% (%), and since > Vi = 2™, then P(j;|u) is the ratio of
these two numbers as required by (i).

To derive (ii), apply the LTP to write the generating function for J; as

Ju(2) =Y 27 P(jilur) P(uy).

Jt,ut

Now use the explicit form in (i) to write > 2 P(jylug) = (2178 + (1 — 217%)2)™ so0 that

= Plug)(@ 7t + (1 - 2170 2)% = U, (21 + (1 - 217Y)2). |

Since Ji(1 + z) generates the factorial moments of J;, and Jy(1 + 2) = Up(1+ (1 —217Y)2),
then the factorial moments are related by scaling with powers of 1 —2!~t. The cases k = 1
and k = 2 then imply the given relations between the first and second moments.

To prove (iii), again apply the LTP and Bayes’ rule to get

P(jt]3s) ZP(JtIUt )P (ug)js) = Z P(ge|ue) P(ue|us) P(us|js)

Ut,Us
Z P utaus) (]slus)P(us)
g ks P(uy) P(35)

and so

P(ji,js) = Y Plitlus) P(jslus) Plus, us).

Ut,Us
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Now taking the required expectation gives

Z Z]tp Jtlut )isP ]sIus (Utyus

Ut,Us Jt,Js
= (1 - 21*t)(1 - 21——5) Z utusp(uhus)’
Ut,Us
where again, the expression in (i) has been used to evaluate the j-sums. O

Observe that the conditional probability in (i) of the PL is in fact a Binomial distribution
on u; trials with the trial success probability p = 1 — 21t and the trial failure probability
1—p=2"1%

2.2 The Deming-Glasser distribution

Before the advent of modern computing resources for record keeping and manipula-
tion, sampling methods to assist with counting problems were a topical issue of research.
For example, the works of Deming and Glasser [1] and Goodman [2] were motivated by
the problem of comparing large lists of names to determine the size of common member-
ship through the comparison of small random samples taken from those large lists. Two
particular motivating applications for this work were:

* determining the number of names common to different lists of social welfare recipi-
ents;

¢ determining the number of books common to different library catalogues.

In their day, these posed significant problems because of the lack of ease of comparing
large collections of paper records. This section gives a brief summary of those of Deming
and Glasser’s results from [1] which are used below in the crossing network model.

Consider t overlapping pools of names Pj,..., P, of respective sizes Ny,... ,N; with
C names in common (see Figure 1). For ¢ independent respective random samples of
sizes ny, ... ,n taken from these pools, Deming and Glasser [1} showed that the random
variable ¢ of the number of names common to the ¢ samples has the distribution

P(C;c) = i(_l)k—c <lz) (i) ﬁ %)5, c=0,1,... ,mlin(m,C)

k=c =1 \k

which is called the DG-distribution. Some simple rearranging of terms shows that the
generating function Py(z) := ) Pi(C;c)2° is

Pt(z) = t+1Ft(_C; —ny,... 7—nt;-—N17"' 7NNl; 1- Z),

where  Fy is the generalised hypergeometric function [5]. This identifies the DG-distribution »
as a generalised hypergeometric factorial moment distribution (GHFD) [3]. Since P;(1 + 2)
generates the factorial moments ,ufk] := E[[c]i], then immediately,

t
g = kH[[*] k=0,1,... »min(ny, C).

=1
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Alternatively, since l‘f/c] = k!E[(,‘;)], the factorial moments can be identified by applying
the Lemma of section B.2 with by, = piy/k! and p, = P,(C;r). The derivation of P;(C;c) is
a straight forward application of the LTP (cf. section 3.1). Consequently, P,(C;c) satisfies
a recursion which is now discussed.

If an additional (¢ + 1)-st independent random sample of size ny41 is taken from a pool

Pyyy of size Nyyq, still with C names in common with the pools Py,... , P, then, by the
LTP,
A (] G
4 n —C .
Pii1(Csc) = Z —ﬁ— P(C;k), ¢=0,1,... ,mlm(m,C'). (1)
k=0 41
Moreover, for each r = 0,... ,¢, the recursion

c
FPi1(Cie) = Z Pry1(k;c) P (Cs k)
k=0
follows from the implied repeated sum representation of P,11(C;¢) derived by iterating
(1). Tn this recursion, Py(C; k) = dpc and Py(C;k) = () (T25)/(%"). More explicitly,

nl—k

augmenting the notation to include all of the omitted parameters,
C; nmy, -, myl )
P ? bl ) P —
(% e
P 3 g+1, ) §73 ) .P ( ) 1> E] q >
; pq< Nq+1, T NPI c ! Nl’ o qu k

0 < g < p, shows this last recursion in detail. The main property of the DG-distribution
required here is its mean:

t
Eld = pfy = C] P]\Tl, )
=1

2.3 A special exchange problem

This section considers a more restrictive version of the resource exchange problem in
order to illustrate the use of the DG-distribution in obtaining explicit results for the number
of exchangeable names among agents. The special problem solved here is to determine
the distribution of the number of exchangeable names only within those names common
to all of a given set of resource pools.

Let J; be the random variable of the number of exchangeable names in the state lists of
agents ay,...,at, 2 <t < L, among those C (drop the indexing notation C)...; of section
1.1) names common to the pools P, ... , P; and let ¢ be the random variable of the number
of names common to all ¢ state lists. Then by the LTP and the PL,

Pr(Ji = j) = Y P(jle)P(C;c)

C
=@ -1 )] (?)2-“—1)63(0;(:),

c=0 J
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Figure 1: A schematic for t = 3 showing three samples of sizes n; taken from overlapping
pools of size Ny - dark shading is the random variable ¢ while light shading indicates C.

where P,(C;c) is the DG-distribution with the parameters for agents a,, ... ,a,. Foiming
the sum Zj zIPr(J;y = j), and evaluating the j-sum, it follows that the generating function
for jt is

jt(Z) = é+1Ft(—C; et (2 PRSI (e —Nl, ey —Nt; %(1 - Z))

and the central moments ji;, of J;, derived from the factorial moment generating function
Jy(1+ 2) [4, 3], are

t

fik = i(l -2 1 {[]71,11}]2 S {k 1— l} <I;> (-a), k=23,

1=0 =1 =0

with, in particular, the mean and variance being given by

t
no— _21—t ﬂ
p=(1 )Cll:[lNl,

t

52 = i = Al — i+ (1 — 211\ ((r — n -1
6% =fip =l — fi+( )(C I)EN[~1]‘

Thus, the distribution and the moments of the number of exchangeable names in those
names common to all pools of a given set of agents can be written down explicitly using
the DG-distribution. The difficulty in determining the total number of exchangeable names
overall lies in not double counting these names when they lie in multiple overlaps of the
pools of many agents (cf. Figure 1). '
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10

Finally, it follows from the expressions for fi and 52 that for an observation j of J;, the
estimator €' := j(1 —2'7*)"' [T, ;! is an unbiased estimator of C with standard error

A c(1 _21_t)—1 _ n; —1
var € = —W[H(c—nu _ot t)Hﬁ] _c2.

l

and an unbiased estimator of this standard error is:

v :___é[(1_21—t)—1H2:l:11 _1] +C«2[1_HA,‘2?:11]
; !

(cf. [4]). Clearly, the agents ai,- - ,a; can be replaced by any subset a;,,...,a;, of the L
agents and the above results still hold with the replacements A\, — A;, and C — C, .,
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3 A few agents

We begin a study of the unbiased exchange problem by considering the two cases L = 2
and L = 3. Apart from introducing and illustrating the techniques used in the general
case, these cases are more easily solved to reveal more moments of the exchange random
variables J and Jy. In particular, the basic case L = 2 is completely solvable through the
characterisation of the exchange distribution for J, while for the L = 3 case, only certain
common name joint distributions and the first and second moments are calculated.

3.1 The 2 agent case

The two agent case is fundamental to exchange in many agent scenarios: any exchange
ultimately takes place between pairs of agents as they are compared or meet in a network.
This case, therefore, forms an intuitive building block of more complicated situations. For
L = 2, the questions (a), (b) and (c) of section 1.2 collapse to the one question since every
exchangeable name in one list is in the other (i.e. J = J;). Since there is only one overlap
of resource pools, the solution of the exchange problem for this case has already been given
in section 2.3 (set £ = 2). However, a separate derivation is instructive. After computing
the exchange distribution and all of its moments, the questions of small mean behaviour
and the estimation of the number of names common to the two resource pools are briefly
considered.

3.1.1 The exchange distribution and its moments

To aid in simplification, the notation here departs slightly from that in section 1.1.
Consider two agents a; and ap with state lists of length n and m respectively consisting of
respective samples of resource names from the pools P, and P, which are of respective sizes
N and M. The quantities m;(1,2) are written simply as 7; and \; = n/N and Ay = m/M.

Let j be the number of exchangeable names and suppose that P, and P» have C names

in common. Write p; = Pr(J = j). In this special case, a complete characterisation of p;
is readily available. In fact, we show that for two agents,

m C (c\(M—-c\ (C\(N-C
p; = ZQ—IC (k) Z (k) (Acln—k) (c) (1\7}—6)7 ] — 07 . ,min(m,n,C).

k=0 J c=0 (m) (n)

The proof of the formula for p; is an application of the LTP. Define the events:

B. = n-list contains c of the C common names, 0 < ¢ < C;

Ay = m-list has k common names with the n-list, 0 < k < m;

I

Dj = j exchanges occur between the n-list and m-list, 0 < 7 <m.

C11




DSTO-RR-0176

12

Then using

C
Pr(4r) = 3 Pr(A¢|B.)Pr(By),

c=0

Pr(D;) = > Pr(D;|Ax)Pr(Ay),

k=0

with Pr(Be) = (o) (325)/ (7). Pr(Ax|B.) = () (4=6)/(3) and Pr(D;|4¢) = 27 () (k
successful probability ; Bernoulli trials, cf. ¢ = 2 in the PL), gives the expression for
pj. The hypergeometrlc probabilities appear as a reflection of the (equally likely) selection
without replacement of resource names from the pool. The distribution P, (C; k) := Pr(Ag),
which gives the number of common names between the two lists, is just the DG-distribution

for two lists (see section 2.2).

The distribution {p;} is a generalised hypergeometric factorial moment distribution
(GHFD) [3] and is a (probability 1) Bernoulli generalisation of the common name distri-
bution P(C;k) in [1]. Note the symmetry under simultaneous interchange of m with n
and M with N. The distribution’s propertles are summarised through considering the
generating function P(z) := 37 p;27. Let py := E[(J — 1)*] be the central moments with
w = E[J] the mean and o2 the variance. The generating function is

P(z) = 3F5(~C, —n,—m; —N, - M; 1(1 - 2)),

and the central moments py are given by

= 3o IO SR (0 (k-0 g

In particular, the mean (u), variance (02) and (Fisher) skewness (v := p3/o?) are given
by

H = %Al)\QCa
o = p(l - p+ 3(C - Im), 3)
_ L [1-3p+2u% + 3(1 - p)(C — I)my + L(C ~ 1)(C — 2)ms)]
Vi [1—p+3(C - 1)m]3/2 '

Although seemingly complicated, these expressions for the moments follow easily from the
generating function. Since P(1 + z) generates the factorial moments then identifying the
coefficients of z* in P(1+ z) shows that sy = E[[J)k]) = 27 ¥ [m][n]x[Cls/ ([Mx[N]}) from
which standard moment relationships [3, 4] give the expressions for the central moments
K-

Observe that all the results here display the symmetry identified earlier expressing the
freedom to re-label the agents. The distribution {p;} also has a number of reductions
which can be identified from the corresponding P(z) - these are:

o IfC = M, then P(z) = 2F1(—n, —m; —N; 1(1 — z)) which characterises the hyperge-
ometric distribution (with parameters n, m and N) generalised by the (probability
1) Bernoulli distribution (similarly for ¢ = N )i
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e If n =N, then P(z) = 2F1(~C, —m; —M; 1(1 — 2)) which is the hypergeometric dis-
tribution (with parameters C, m and M) generalised by the (probability 1) Bernoulli
distribution (similarly for m = M);

e Ifn= N and m = M, then P(z) = 1 Fo(—C; 1(1—2)) which is a binomial distribution
on C trials with success probability 1;

e Ifm = M and C = N, then P(z) = 1 Fy(—n; {(1—2)) which is a binomial distribution
on n trials with success probability ! (similarly for n = N and C = M ).

25
.25 20
0.2 3:
15 ]
[§)
?-\
10
0.1
.05 5
0 Ol—
0 10 20 30 40 50 0 20 40 60 80 100
Vi n
(a) (b)

Figure 2: For the parameter choices m = n, N = M = 100 and C = 50, (a) plots the

distributions {p;} for the three values n = 30, 50, 100 (left to right) while (b) plots the
moments j1, 0% and v as functions of n.

Figure 2 shows example distributions {p;} in (a) and the first three moments in (b).
By fixing all but one of the size parameters (n), one-dimensional plots result. In thesc
examples, the two agents are similar in that m = n and M = N. Figure 2(a) illustrates
the transition to the binomial distribution as n increases, while (b) shows the quadratic
(in n) mean, an inflection in the variance and the rapidly decaying skewness.

3.1.2 Small mean behaviour

The mean and variance approximately agree for small p. This is seen by writing

(L=m=1)(1 —n"Y)
(1-M-1H(1-N"1

02=u+u2[ (1—0_1)—1],
which also illustrates that, for p small (i.e. if any of n/N, m/M or C are small), the level

curves mn = const of ;1 also approximately preserve the variance. The degree of agreement
of the two curves is shown in Figure 2(b).

The exchange distribution exhibits a favourable positive skewness which increases for
decreasing mean 4 (see Figure 2(b)). For the skewness, |
1

7=ﬁ[1+0(u)], as p—=0.

13
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Hence, the exchange distribution {p;} is highly positively skewed only for small mean and
variance. As 1 increases, y decreases with in fact v = 0, when, according to the reductions
above, either both state lists are of maximum size (n/N = m/M = 1) or there is maximal
resource pool commonality and one list is of maximum size (e.g. n/N = 1if C = M). This
shows that as state list size increases, favourably skewed exchange outcomes gradually
disappear. The rapid rate of this decrease is illustrated in Figure 2(b).

3.1.3 Estimation of common names

Estimating the number of common names (C) to the resource pools from exchange
outcomes is of interest. If jp, k = 1,--- | K, are K independent exchange outcomes for
fixed parameters, then

. 2 X
C=— '
Kno ij,
k=1
(recall mp = A1 )2) is an unbiased estimator of C and, using (3), has a standard error

(C——1)7r1] _22_.

.2
=2
var C[H 3 K

’II‘()K

Moreover, an unbiased estimator of this standard error is

(2—7T1) 59 K
V.= - -
0(K+71'1/71’0—1)+C (1 K—1+7I'1/71'0)

| o

3

| o

~ K(2/7T0 - 1) if 71‘1/7'('0 ~ 1.
These results area a K-sample version of the ¢ = 2 estimators in section 2.3. Estimates of

other parameters can be made similarly.

3.2 The 3 agent case

Consider three agents a;, a2, a3 whose resource pools P;, P,, P3, are described by
overlap parameters Cj,, for pairs /[, m, and have C names in common to all three pools.
The indices I, m and q are used to denote different agents. The L = 3 case, being more
complex than L = 2, serves as an introduction to the method used for the general L
case in section 4, however, more is explicitly calculable than for the general case. In
particular, some joint common name distributions can be derived which in turn allow the
easy computation of the variances of the exchange random variables J and J;.

3.2.1 Common name distributions
We begin by deriving the joint distribution of the number of common names between

two and three state lists. Let ¢;,,, be the random variable of the number of names common
to the state lists of a; and a,,,, ¢ the number of names common to all three state lists and

14
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dim = ¢y — ¢ the number of names uniquely common to the state lists of a; and a,,. Let
7 be the number of names among the C names common to all pools which are common to
the lists of @ and a,, then random choice without replacement implies that

(Clm) (Clm_clm

() (Pasp) )
r ot ~r and so P(r, Clm) = _T_CI:L_ Py(Cip; Cim)-
(%) (&)
Consequently, application of the LTP in the form P(c|c,) = 32 P(c|r)P(r|cim) gives that

dm (D) (3020) (o) (Cmzem)

P(r|cym) =

P(cle,) = )
telem) = 2 Ty )
cm (MY (Na=T) (cim) (Cim—Cim
P(c,aim) = (C)((;:)_C) G )((Clmc)_r )Pz(Clm;Clm).
r=0 ng C

To check that P(c, ¢ ) has the correct reductions, 3°, P(c, ¢im) = Po(Cim; cim) is obvious,
however, summing over ¢, requires the identity (for C < Cj,,)

cim\ (Clm—Cim
¥ (_T)T(Cl_f)—r_)Pz(sz; ¢tm) = Po(C;r)
C

Cim

to hold. This is just an application of the DG recursion (1) in which the parameter C,,
cancels and reduces the order from t = 3 to t = 2. The remaining sum over r then produces
P3(C;c) as per (1) so that -, P(c,cim) = P3(C;c). From P(c,cpy,), we compute that
Elccim] = A(C/Cim) Elc2, )], and hence,

Elceim] = MAmAL[L + (Chpp — i (1,m)] (4)

follows since E[c2,] = NAmCimll + (Cp — 1), (I,m)] is the second moment of the DG-
distribution Pp(Cjm; cim) (see section 2.2).

The joint distribution of ¢, and ¢4 can also be found by the application of the LTP
and Bayes’ rule. These details are relegated to an Appendix (section B.1), however, the
result is:

() Gy ) (o) o) () (o) (Com) (Mo Gim)

P N _ . Clm/ \Mm —Crm, ”l‘k s n;—s
(eam ) = 2 =5 () ™ )
() () (&S (B _ o
() (W) OO

This distribution too satisfies the appropriate reductions such as > e, Plcim, cig) = Pa(Clgs cig),
and, when C = 0, it factors as P, (Cpy; cim) P2(Cig; cig) to reflect the resulting independence

of cim and ¢jg. The only need for P(cym,cy) is in the computation of Elcimeq] which is
required below. Evaluation of this expectation requires the two sums Tim(r) and Tyy(r)
where

() (MGmy (B (BR
Tim(r) ==Y kP ' rior
mr) =2

(a0) (@)

p=1,B=Cpy.
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The Appendix (section A.1) gives a method for evaluating this sum for p an arbitrary
non-negative integer and arbitrary B > C. The result for p = 1 and B = C},, (see section
A2) is:

C\ (N -C
T (r) = Cim = C)%t (% = Cumr (r)((]%_r) '

n

This result is-the key part of the computation of E[cimeiq) which then turns out to be:
Elcimer] = A,Aqu{cu +(C = 1)my (1)] + Cr1.(1)(Cipm + Clg — 2€)

+(Cim = C)(Cyy - €) [T”U) " 1_1;—17%_(01)} } 0

Since the joint distribution P(c, ¢;,,) is known, the distribution for the number of uniquely
common names to two state lists; namely, dy,,, := ¢, — ¢, can be written as

4 . d (r+c) (N——r—c) (c+d) (C,m—c—d)
Pr(dim = d) = Y Py(Cim; c + d) gt e S e o
pur = &) (&)

with the corresponding generating function

Cim—C+c (r) (N—r)

C
D (2) := Zz_c z ~E——= Pin(r;2), where
c=0 r=c (n)

Cim—C+c (d) (sz-d)
Pin(r;2) = Y Py(Cim;d) -T2 24
d=r ( C )

3.2.2 Combinatorial identities

Before leaving the common name joint distributions, it is interesting to note some
combinatorial identities which follow from the LTP written in the forms

P(Clclq) = Z P(Clclm)P(clm Iclq) (7)
and
P(cim|aq) = ZP(clmlc)P(c]clq). (8)

When Ci, = Ciy = C, P(cim, ¢1q) and P(c, ¢, ) respectively reduce to

- - k Ng—k
& (Czkm) (n]::,icll:n) (i) (ITY;——IS (Clq)("qq“clq)

P(cim, cq) = Z

par S ) () ()
and
imY (Ng—cim
P(C,C[m) = ( - )((N:)q—c ) PQ(C;Clm).
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For this special case, application of the forms (7) and (8) produce, respectively,
-~ - —Cy (k - —r - _
5 (©Grmd O Grzh) @G G @ 5 (B Gz G (=f)
m N - m q
7 GG Oy 640 I ) I )

Mg

Nm

and

OO 1 @OC 5 062 OCD 06
Ny ; Ney - N N,
() PG (Om) (ar) (n) (n2)

where Py(C;r) := P2(C;ny,nm; Niy Nim; ) and Po(C;s) := Py(C;ny,ng; Niy Ng; s). Revert-

and

ing to the general case Cimm # Cjy # C, then applying (8) using the last identity above
to replace the summation over ¢ produces

Py(C;7)Po(Cs5) )

C

k

P(cim; cig) = P2(Cimj; cim) Pa(Clg; ciq)
XZ(C’T’")(C’?Zf”") (7) G ) () (Cazey () (3¥) (i)(gf:/f).

o () REnGEn () R (M)

n

It remains to investigate the novelty of these identities in terms of their place within
existing frameworks [6, 7] .

3.2.3 The exchange problem

If § (respectively, j¢) is the number of exchangeable names among the state lists of all
three agents (respectively, in the state list of agent ay), write

§= dim+ jr2s,

Im
Je = Jem + Jeg + J123,
where jj,, is the number of exchangeable names among the dj,, names uniquely common
to the state lists of agents a; and a,, and 553 is the number of exchangeable names among
those names common to all three state lists. The decomposition into exchange among

uniquely common names conveniently separates common names into disjoint classes of

maximum overlap among lists. The same principle is used later in the general case. From
(ii) of the PL,

Elj]l=(1-2"Y)" Eldim] + (1 - 272 E[],
I,m

Elje] = (1 = 27)Edun] + (1 - 27Y) E[dy,) + (1 — 272) E[q).
Since dimm = ¢ — ¢ and Elcim] = MAmCim, Elc] = M A2)3C, then the means u = E[j] and
we = Elj,] follow as

B=1D MAnCim — 2AdeAsC

Im

tie = 32 AmCom + §2eXqCoq — 1A A2 AsC.

17
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Comparing these means with (3), the expected outcome is a sum of two-agent means less
a correction for mutual overlap.

To find the corresponding variances 0% and o7, E[j2] and E[j?] are computed using
the common name joint distributions from section 3.2.1. Expanding the corresponding
expressions gives

ijm +2 Z JimJig + 27123 Z Jim + 323,

l#m,q

Jt = jim + Jbg  2emitq + 291235em + 251235eg + o3

from which, by taking expectations, it follows from (ii) of the PL that

E[j] = (1 =271 ZE[d?mJ +271 1 =27 Y Bldim) + 200 -27)(1 - 27Y) Y Eldmdy)

l,m l¢m7q
+2(1-2")1 -2 Z Eledyn] + (1 = 272)2E[?] + 27%(1 — 2 2)E[(]

and

Blifl= (-2 VB, I 2711 — 27) Bldpn] + (1 - 2'1)2E[d%q] £27l(1 - 27 Bldy)
+2(1 =271 (1 — 27 Eldgndeg] + 2(1 — 272)(1 — 27) Ecdn]
+2(1-2"H(1 -27HE [Cdgq] (1-2"22E[c*] +272(1 — 272)E[(].

As with the calculation of the mean, writing dj,, = c;m — ¢ expresses E[j2] and E[j?] in
terms of only the expectations involving ¢;,,, and ¢ computed in section 3.2.1. Substitution
of the expectations (4) and (6) then gives

E[?) = 3 3MAnC[l + 3(Cim — )mi (1, m)] + A dodsC(C — 1) S mi (1)

i,m
— A3l Z(Clm — D1, m) + A heA3C(C — 1)m(1,2,3) — 2AAaAsC
I,m
+32200020{C 3 M) (Cl + Cly = 20) + 3 (Cim — €)(Crg — O (1) + (l—m(l))]}
FNALINAZ2A3 g 1 Im lg £ im g (Nl *C)
ma mq

and

E[j7] = $XAmCem[2 + (Com — 1)1 (€, m)] + 1A Crgl2 + (Cog — 1 (£, 9)]
= 1M 22A3C[(Com — 1)m1(8,m) + (Coq — 1)m1(4, )]
+ T%A1/\2>\3C(C — 1)71'1(1,2,3) — A1 A2A3C + %)\1/\2/\36(6’ - 1)71’1([)

(1_7f1(f))]}'

+ Ao {Cma () Cam + Ctg = 20) + (Com — €)(Cag = Oma(8) + £ 75

Finally, the variances o2 and o? follow by subtracting the squares of the respective means
poand pg.

18
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3.2.4 Two special cases

If C = 0, the random variables j,,, are independent and the means and variances
simplify accordingly. Writing pym = 1\ A Clyy and orfm for the variance of j,,,, then

| = D0k = 3 mll = ptm + 27 (i — )y (1)
- Im

Im
and

2

of = afm + afq = pem[l — pom + 27 H(Cop — L)y (¢, m)]

+ /‘L(fq[l = Mg + 2_‘I(C'lq - 1)7T1 (f, (1)]

‘C:O

which expresses the variances as the sum of two agent variances (cf. (3)).

Another interesting case is when Cj,, = C, for all pairs | and m, so that all agents
share a common ‘core’ of C resource names among their pools. In this case, the means
and variances simplify somewhat with the means reducing to symmetric polynomials in
the fractions A; (see also section 4.5). A graphical comparison with the 2-agent case can
be made through further setting n; = ny = ng =n and N = N, = N3 = N so that all
A are of equal value. This describes three like agents. Then, using ) for the value of each
A;, the means above become the cubic polynomials

p=3CA(1—A/2) and pp=CAX(1 — \/4).

By further fixing the values for C and NV, these means and the variances o2 and o2, as well
as the corresponding ones for the L = 2 case (see (3)), all become polynomials in A. Both
o? and o} above are of degree six while the L = 2 variance is of degree four.

Figure 3(a) plots p./C where p, is each of the I = 2 mean (AX%C) and p and py
above. As expected, the single agent mean (u,) exceeds the 2-agent mean but falls short
of the mean p of all three agents taken together. .The inflection in the curve of un/C
demonstrates the onset of a characteristic “S-shape” for the system mean which becomes
more pronounced with an increasing number of agents. Section 4.5 gives a more complete
illustration of this behaviour. :

Figure 3(b) plots 02/C where 02 is each of the L = 2 variance (in (3)), o? and 0.
While for small A each variance is an increasing function of both A and the number of
agents, the 3-agent variances exhibit a maximum and then decrease for A approaching one.
This implies that for more than two agents, there are ranges of state list size in which the
exchange rate experiences a greater variance and therefore larger deviations from the mean
are more probable. From the agent’s viewpoint, it is desirable to operate in the reduced
variance regions where smaller deviations in the exchange outcome are predicted. The
extent and location of the variance’s maximum can be altered by changing the parameters

N and C.

19
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Figure 3: For the values N = 100 and C = 50, (a) plots the three means p/C, ue/C and
5A2 (L = 2) (top to bottom) while (b) plots the variances 02/C and 02/C as the curves
ezhibiting mazima (02 > o) and the variance from (3) for L = 2, all as functions of the
state list fraction X =n/N (see the text).

4 The general case

This section derives the mean of the number of exchangeable names for an arbitrary
number L of agents. The results also include the mean for an arbitrary sub-collection
(syndicate) of agents from the total of L agents. In particular, the case of all L agents
considered together (the system result) and the case of a single agent (the individual
result) are special cases of interest. A system administrator or resource controller would
be interested in the expected exchange rate for all L agents together, while each of the
independent agents is more concerned with their own personal exchange rate as a way of
quickly gaining or disposing of resources. In applications, crossing network regulators and
user agents are interested in achieving maximal exchange rates. The results derived here
set minimum performance benchmarks for these applications.

In the next three sub-sections, all agents (section 4.1), a single agent (section 4.2) and
an arbitrary subset of s of the L agents (section 4.3) are considered. Although the results
in section 4.3 can be specialised to produce the single and all agents cases, the derivation
in section 4.1 is important in establishing both the general method and a repeatedly used
expression for the number of uniquely common names to an arbitrary collection of state
lists (see (12)).

4.1 All agents

Consider now the problem of finding . = E[J] for the whole collection of L agents.
By considering all agents, evaluating p answers the question of a system performance
benchmark for the crossing network. The notation here follows that of section 1.1.

We will show that the expected number of exchangeable names y among L unbiased

, 0.25
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.4 i
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agents is
L

p=EJ] =) (-1)(1 -2 > Ciyihy - i (9)

t=2 i1t
The basic idea of the derivation is to partition the common names among state lists
into disjoint sets of uniquely common names to k-cohorts of lists and then apply the PL.
¢ This avoids double counting the common names which lie in multiple state lists. The
total number of exchangeable names is then simply the sum of the exchangeable uniquely
common names (cf. section 3.2.3).
Let zy := Zilmik d;,...i, denote the number of names uniquely common to all combi-
nations of k state lists. We first show that

e = EL:(—I)“’“ (;) 3 G (10)

t=k iyt

and so, by (2),

L ¢
Elz] =) (-1)"* (k) > Ciyeiehiy - N (11)

t=k 1100t

Since the number of names uniquely common to the state lists of the agents a;y,... ;s
is the number of common names minus the number of uniquely common names to these
and all other state lists, then

L—k
dil.i.ik =Cjyip — E E dil"'ikjl"'jt'
t=1 jl"'jt_?f
1,k

Summing over all combinations i - - - iy, from the L agents then gives the recursion

L—k
§ : t+k
Tk = Z Ciyodp — ( k )xt+k1
i1tk t=1

where the identity (a) from the CL has been used. By (i) of the Lemma (section B.2), the
solution of the recursion is just (10).

Knowing z; permits the derivation of an important formula for d;,...i; which is used
repeatedly below. For unknown coeflicients «;, write

L—k
dijiy = D, 0 ) Cirigude
t=0

¢ = J1ege?
i1,k

Summing over iy - - - i shows that zx = Zf:k Oy_k (I‘C) D iy it Comparing this with
zx in (10) then gives oy = (—1)%, and consequently,

L—k
diyeip = D (=D" Y Ciriggioee (12)
t=0

Jrje#
1tk
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This formula, which expresses the number of uniquely common names in terms of the
number of common names, is the main tool in many of the derivations which follow.

Let j;,..;, be the number of exchangeable names in the d;,...;, names uniquely common

to the state lists of a;,, ... ,a;,. Then the total number of exchangeable names is
L
EDIPIFIE
k=211

Since, by (ii) of the PL, E[j;,..s,] = (1 — 21-kYE[d;, .., ), then D ireiy Bliiig) = (1=
21-k)E[z;] and so, by (11),

L L
. - _kft
p=Elj=Y 1-2""% (-)F (k) D Cipihiy -+ Ny
k=2 t=k it
Reversing the order of the ¢t and k summations finally gives the result in (9).

The expression for x can be partitioned to illustrate the marginal increase by adding
one extra agent. If (L) temporarily denotes the mean for L agents, then (9) implies that
the marginal increase in the expected exchange rate of all agents in going from L—1 agents
to L agents through the addition of agent ar is:

L
;J.(L) — /L(L - 1) = AL Z(_l)t(l - 21_t) Z Ci1'~it-1L)‘i1 co /\i:_r (13)
t=2

11t —1

The expressions (9) and (13) are studied further in section 4.5 below.

It is also possible to derive p via a similar argument but based upon counting the
number of exchangeable names among those uniquely common to resource pools rather
than state lists. This alternative derivation is given in section B.3.

4.2 A single agent

This section solves the problem of evaluating pe = E[Jy] for the specific agent a,. We
show that the expected number of exchangeable names p; in the state list of agent ay is

L—-1
pe = ElJ] = A Y _(-1)"*127 > Cligeichiy - A (14)
t=1 BRETE 1A

The idea of the derivation of j is the same as for y except that the single index £ is frozen
during the process. If zg; = Zir--ik_l dgi,..i,_, denotes the number of names uniquely

common to k state lists which include the list of a,, we first show that

L-1
Top = Z (_l)t—k+1 (k i 1) Z Cliy iy (15)

t=k—1 13t
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and so, by (2),

L-1
2
Blrg) =he 3 (04 (L E ) S Cida e (16

t=k-—1 i1t

By fixing one index as £ in (12),

t § . L

; dlilv--ik_l = (—1) Cliy-ig_1J1+4¢
t=0 J1eie ¥
Zﬂl:"'ﬂk—l

so that summing over i) --- 4, with the use of (a) of the CL produces (15). Note that
since Ef:z Zgk, is the number of names in the state list of agent a; in common with some
other state list and therefore cannot exceed the state list’s size, then

L-1

L
Zwe,k = 2:(~1)t+1 Z Cliy iy < T
k=2

t=1 i1t

always holds.

Let jei;...i,_, be the number of exchangeable names in the dg;,...;,_, names uniquely
common to the state lists of as, a;,,... ,a;,_,. Then the total number of exchangeable
names in the state list of a, is

L
TED DI D T

k=241 3¢

Again by (ii) of the PL, E[jg,...,_,] = (1 — 21=%)E[dy;, .,_,] so that summing over the
combinations gives 3 Eljsi,.i_,] = (1 — 217¥)E[z,,]. Hence, by (16),

11 lp -]
L L -1
pe=Blid =30 =20 (FT]) S Caan e
k=2 t=k 1111 3¢

Reversing the order of the ¢ and k¥ summations gives the result in (14).

As with all agents, the marginal increase in the mean p; can be similarly deduced from

(14). If pe(L) denotes the mean (14) for L agents present, then the marginal increase in

‘ the expected exchange rate for agent a, in going from L — 1 agents to L agents through
the addition of agent ay, is:

L1
pe(L) — pe(L — 1) = AgAp Z(—l)t+12_t Z CrLiy-ipy Ny Aig_y - (17)
t=1 i1t FE,L

Again, both expressions (14) and (17) are studied in further detail in section 4.5.

23
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4.3 A syndicate of agents

Consider now the (interpolating) problem of finding the expected number of exchange-
able names within the state lists of a specified syndicate aj, = ag,,..- ,8¢,,2 <8< L-1,
of the L agents. By re-numbering the indices, it can be assumed that £1,... ,¢; are the
first s agents. Let [s := {t1,... ,£s} be these indices and I\I; be the remaining indices.
As in section 1.1, let Jj, be the random variable of the number of exchangeable names

within the state lists of the agents ay, and let py, = E[J1,] be its mean.

The number j;, of exchangeable names can be written in two parts as:

s L—-s

s
sz = Z Z j"'l"""p + § : E : § E : j1‘1-'-7‘pi1--~ika
p=2T1"Tp p=1 k=17T1"Tp G-tk
€l €ls e\,

= A+ B

which reflects a decomposition into the exchangeable names in p-cohorts taken only from
I, (i.e. A) and those in (k + p)-cohorts containing at least one agent from I and one agent
from I\I; (i.e. B). To find pr,, both E[A] and E[B] must be computed. Consider A first.

Since by (ii) of the PL, E[4] = > op=a(l— 21P) 3, Eldy,..s,), the rewriting of the sum

L-p
t,
dr1-~rp: E (—1) E Cry--Tpj1--Jg
t'= Jr gy
;Tl,"',Tp
as
s—p L—s
— +t
= (—1)4 E E Cry-rply +lgd1--jt
g=0 t=0 Iy g1t

1
€I \{r1,-,p} EI\Is

splits the summation over the jy into two disjoint pieces, one within I, and one within

I\I;. Summing over the rp’s and taking the expectation now gives

s s—p L-s
BlA]=(1- 21-7) 3N (-1 S0 30 Elen-npi-dgnil
p:2 q:D t=0 T1Tp l]...lq jl"'jt
s s L-s q
= Z(l — 277 Z Z(_l)t+q~p (p) Z Z E[cryrgjiie)
p=2 g=p t=0 T1-Tq J1o gt

where the CL and a shift of p in the g-summation have been used. Next, switching the
order of the p and ¢ summations and using a1l — 21=P)(-1)? (;’)) =1-— 2179 gives

L—s s
E4] =YY (-1 - 2179) 37 N7 CrprgiicAr A A i
t=0 p:2 T1-Tq ’Llll

€l, e€l\Is
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Now consider B. As for A, again write

L-p—k
— § t § o
dTl"'Tpil"'ik = ("1) Cry--rpiyigjr-Jy
t'=0 j]"'jtr'
Friye ik
s—pL—s—k
t .
E Q+ E : E: Cry-rpiy-igli-lgji-jt
g=0 t=0 Uyl ‘?1 ]t.

Fr1 e ,Tp Bl iik

to split the j-summation over Iy and I\I;. Since by (a) of the CL,

E Z Z Z c7'1"'Tpil"'ikll“'lqjl"'jt =

riery el drede gieede
Fri,e.,Tp Fi1,e ik

g+p\ /[t + k
Z Z Cry-rgypit-ir4t

p T1oTptq 11 Tkt
substitution of the expectation of dy, ..., i,..4, into E[B] gives
s L-s s L-s
23027 E 0 (1) () 55 e
p=1k=1 q=p t=k Ty1Tg 1ot

where the ¢ and ¢ summations have been shifted by p and k respectively. Interchanging
the p and ¢ summations and k and ¢ summations then produces

if(—l)t“[g—w(z) kD D (H)a-2) XX Bl

q:l t=1 Ty Tq'll it

Evaluating the sum in the inner bracket as 1 — 2(1 — 27*)(1 — 279) then gives

s L-s
Z Z t+q (1 — 2_t)(1 — 2—q)] Z Z Crl.l.rqil...it)\rl cee ’\rq)‘il R ¥
q= 1 t=1 1" Tq il'“it

Finally, combining the results for E[A] and E[B] produces the result

s L—s
ur, = (D)L =279 D N Crporgiric e A A A
g=2 t=0 T1Tq 41-dy
€ls 61\15
s L-s
+ Z Z(_I)HQU -2(1- 2_t)(1 —-277)] Z Z C"l""qil"'it/\rl ’ ")‘7'q Aiy oo Ay
q=1 t=1 T1Tq 4y--14

€l EI\IS
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or, equivalently,

S

pr, = (=191 —2'79) 37 Crprghr A

T1Tq

q=2
€ls

s L-s

+3 N (-t - 27 ST CrrrginieAr - A iy A (18)
2

T1Tq 4y

g=1 t=1
el EI\Is i

Written in this way, gz, is the sum of the exchange rate for the agents ay, considered in

isolation (cf. 9) plus a correction term accounting for the interactions with the remaining .
agents not indexed by I;. If the agents ay, form a cooperative syndicate in the sense that

they share minimal interest in common resources, i.e. Cry..r, = 0 for all combinations

ry---1p € I, then py, in (18) consists only of the second interaction term.

As a final check on the above results, we verify the means computed in the previous
two sections. First, for the single agent a; (I; = {£}), set s = 1. In this case E[A] must
be dropped from p¢ and by setting ¢ = 1, its only possible value in E[B], gives

L-1
He = Z(—_l)t+12—t Z C[i]-"it)\l)‘il e Ait,

t=1 310t

2t

which is exactly the previous result for a single agent in (14). Next, for all L agents, set
s =L (ie. I, = {1,...,L}). In this case E[B] must be dropped from p (no interaction)

and setting ¢t = 0 in E[A] produces

L
p=3 (=171 =27 D Crirghry Ay

q=2 T1°Tq |

which is the same as derived previously for the system mean (9). Hence, the general result
for p;, encapsulates the two previous cases (s =1 and s = L). J

4.4 The number of common names

A similar analysis to the previous section applies for the number of common names
to the state lists of the agents indexed by I;. Let zj, be the random variable of the
number of names in the state lists of agents a;, common to two or more state lists and let

x1, := E[z;,] be its mean, then

s s L—s
) SL RS 3) 3 D DY e »
p=271"Tp p=1k=1T1"Tp iy-ig
€ls €ls [SAVA

=:a+b.

Since z, is a count of the number of names appearing in the state lists of agents a;, which
are common to two or more state lists, it tallies the number of names in which exchange
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is possible. To find the expected value xy,, the computation of E[a] and E[b] is required.
A very similar derivation to that of py, above, but one that does not use the PL, shows

that

s L-s
E[a'] = (_1)t+q(q - 1) Z Z CT1~-'Tqi1“~itA71 e )‘rq/\il e )\iu
g=2 t=0 T1°Tq 4144
€l G[\Is
s L-s
EB] =YY (-1t SN Crrrginii Ay A i A
g=1 t=1 T1Tq 4114
€l GI\Ig

Consequently, the expected number of names in the state lists of agents aj, which are
common to two or more state lists is

s

Xt, = D (=1)%g=1) > Crivr Ay A,

g=2 71 Tq
el
s L-—s
+ 33 a0 ST ST CrirginicAn e A A (19)
g=1 t=1 TiTq 411
€l GI\IS

Again, this expression is split as the sum of the expected number of common names among
the agents aj, as if in isolation plus a correction term to account for the interactions with
the agents not indexed by I;.

One use of the expression for x;, is to obtain upper bounds on the possible realisations
of the random variables J, Jp and Jj,. This is done by taking all of the state lists of
maximum size in which case each is equal to the corresponding resource pool. For s = L,
the term E[b] must be dropped to obtain an expression for the expected number of common
names among all state lists (x). Setting ¢ = 0 in E[a] and every A;, = 1 to give maximal
state list size produces

L

Xmax = 9 _(=1)%(q—1) D Cryor,.

q=2

Xmax 18 the number of names common to two or more resource pools and as such is the
maximum possible number of exchangeable names among all L state lists. In other words,
any realisation j of J must satisfy § < Xmax-

For s = 1, the term Efa] must be dropped from the expression for x¢. Setting ¢ = 1
in E[b] and every \;, =1 to give maximum state list size produces

L-1
Xemax = 9 (1) D" Coiyiy:
=1 i1 FE

X¢,max is the number of names in the pool P which are common to two or more resource
pools and is therefore the maximum possible number of exchangeable names that can
ever appear in the state list of agent a,. That is, any realisation j; of Jp must satisfy

Je < X¢,max-

27
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For the intermediate values, 2 < s < L — 1, and with Iy = {¢1,--- ,4}, putting every
A, = 1in (19) produces

XIs,max = Z(_l)q(q - 1) Z Crl---rq
q=2

T1Tq
€l
s L-s
t+
+3 3 a=D Y D o
g=1 t=1 T1Tg 413 ¢
€l el\I,

as the number of names in the pools Py, which are common to two or more pools. X1, max <

is therefore an upper bound for any realisation j7, of Jy, in that jr, < x1,,max must always
hold.

4.5 Reductions under EDCI

To easily visualise the behaviour of the mean with the number of agents L, the relative
state list size and the number of the selected agents aj,, it is necessary to sufficiently
collapse the high dimensional dependence in the parameters Cy,..;, and A;,. This is done
using the EDCI assumption (section 1.1) which, by giving a diminishing common resource ;
interest with increasing numbers of agents, also allows closed form evaluations of the
multi-index sums involved and a subsequent reduction to one-dimensional polynomials.

The EDCI substitution C;,..;, = p'C, 0 < p < 1, reduces the expressions for yy, in (18)
and x;, in (19) to simple (symmetric) polynomials in the variables pA;. For a given index

set I, define the quantities

x=1- T @=pn), X, =1-[Ja-pn),

lel\Is lel,
vy=1- [[ @-pn/2), Yo=1-]](1-pN/2),
lel\Is lel,

Zo=Y_ on [ (1=prm)

lels mels\{l}

First consider the mean p,. Substitution for Cj,..; into (18) and evaluating the
resulting sums shows that
3

pr = C[(1 - XY - X) + XX, =2(Y = X)(Y, = X,)], 1Ss<L,

where, although derived only for 2 < s < L—1, the expression remains valid for 1 < s < L.
Now consider the expected number of common names xz,. Substitution for Cj,..;, into

(19) produces

X1, =c[xs+(x-1)zs}, 1<s<L.
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This expression is also valid for the full range of values of s. Observe that the sizes of the
corresponding pool overlaps, as computed in section 4.4, are obtained by letting N— 1
for all [, and produces

Xmax = [1 — (1 = p)~1 = pL(1 = p)*71C,
X¢,max = p[l - (1 - p)L—l]ca
X1,max = [1 = (1= p)° = sp(1 - p)*IC.
As expected, each of these satisfies lim,_,1 x.,max = C for the case of a ‘core’ of C common
resources and lim,_,g x.,max = 0 for the case of no common resources.

The efficiency ey, := uy,/x1, defined earlier in section 1.1 can now be written as

_ (1 —X)(QY; - Xs) +XX5 - 2(Y _X)(YS _Xs)
L = X, + (X - 1)Z, :

To produce one-dimensional plots, consider like agents for whom A; = A, for all [, so that

X=1__(1_p/\)L—s’ Xs=1-(1-pN)°
Y=1-(1-pr/2)F,  Yi=1-(1-p)/2),
Zs = spA(1 — pA)*~ 1,

are all polynomials in pA.

For s = L, It = {1,...,L} designates all agents and the values X =Y = 0 should be
used in the above expressions. Hence, u = (2Yz — X1)C and x = (X1 — Z,)C. If, as in
section 4.1, (L — 1) denotes the mean number of exchangeable names for L — 1 agents in
isolation, then the relative marginal increase by adding agent ay, is

App(L —1) Xp-1-Yr1

pw(L-1) PAL oY, 1 — Xi

For the further reduction A; = A, for all [, Figure 4(a) plots the mean y/C while Figure
4(b) plots the relative margin Apu(L — 1)/p(L — 1), both as functions of pA for various
values of L. Whereas the mean increases, the relative margin decreases as a function of
both pA and L. Figure 5(a) plots the efficiency e = (2Yy — X1)/(Xr — Z.) for various
values of L as a function of pA. Figure 5(b) plots efficiency contours in pA-L space. These
are generated by, for each efficiency level ¢, solving e(p)) = € for pX for each fixed L. Note
that certain high levels of efficiency are not attained without sufficiently many agents as
is indicated by the failure of the corresponding curves in Figure 5(a) to ever reach those
efficiency values.

For s = 1, I = {£} designates the single agent a; and Z, = X; = 2Y; = p),. In this
case, the mean is pg = pA;YC and the expected number of common names is xz = pAeXC.
If, as in section 4.2, p¢(L — 1) denotes the mean for agent a; among L — 1 agents in
isolation, then the relative marginal increase through adding one more agent ay, is

AppeL=1) _, , 1-Y(L-1)
w(@-1 Yo

[
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Figure J: (a) A plot of p/C for L = 2,...,10 (bottom to top); (b) plot of the relative
margin App(L —1)/p(L — 1) versus pA for L=3,...,11 (top to bottom).
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Figure 5: (a) A plot of the efficiency e(pA) for L=3,...,10 (bottom to top); (b) efficiency
contours in L-p) space for € = 0.95,0.90,... ,0.55 (top to bottom). ‘

where Y (L — 1) denotes Y defined only over the agents ai,...,az—1. Figure 6(a) plots
the ratio ue/(preC) and Figure 6(b) plots the relative margin Appg(L —1)/pe(L — 1), for
various values of L, as functions of pA under the further reduction A, = A, for all m # £.
Again the mean increases and the relative margin decreases as functions of both pA and
L. The efficiency e, = Y/X is very similar in shape to e as a function of both pA and L.
However, e; > e, and if A, = A¢ = A for all m, then the peak difference remains bounded

according to 0.02 < max;, max,(e; — €) < 0.06 as illustrated in Figure 7.

Next consider the convergence of pj, to p and ej, to e as s increases from 1 to L.
Again by putting A, = A, for all I, Figure 8 shows plots of the mean py, in (a) and the
efficiency e;, in (b) for L = 10 and s = 1,...,10. Observe that while py, increases from
the individual mean p to the system mean p with increasing s, ey, decreases with s from
the individual efficiency eg to its system value e for all L agents. Hence, when considered
as a group, any syndicate of s agents enjoys a higher efficiency but a lower mean than the
whole collection with monotone convergence to the L-agent system values as s increases.
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Figure 6: (a) A plot of ue/(p eC) (bottom to top); (b) the single agent relative margin
Appe(L — 1)/ pe(L — 1) as functions of pA for L =3,...,10 (top to bottom).

Figure 7: A plot of the efficiency difference e, — e as a function of pX for the values
L=3,...,10.

Figures 4, 5, 7 and 8 are indicative performance curves for networks of like agents. Of
course, if the many parameters are known, the exact formulae from section 4 can be used,
however, the simple one-dimensional plots here provide intuition as to how performance
should change with both the number of agents present and the fractions of their pools
represented within state lists.

Apg/pe
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Figure 8: Plots of the means py, in (a) and the efficiencies er, in (b) as functions of pA
for the values s = 1,...,10 with L = 10.

5 Conclusion

This report has developed a combinatorial probability model for the expected exchange
rate of resources when L > 2 unbiased agents meet in a crossing network. The unbiased
assumption has allowed the derivation of explicit formulae for, in simple cases (L =2,3),
the exchange distribution and certain higher moments of the distribution. In particular,
for L = 2 this distribution is favourably (positively) skewed, but only significantly so for
small values of the mean and variance, a property which rapidly diminishes as state list

size increases.

For general L, the mean of this distribution (i.e. the exchange rate), has been found
for all of the agents, a single agent and an arbitrary syndicate of agents. Through a
suitable reduction of the number of defining parameters (EDCI), reasonable intuition can be
gained for the behaviour of crossing networks through the development of one-dimensional
expected outcome plots as were detailed in section 4.5. For example, while the means u
and g are increasing functions of L and state list size, the relative margins Aru/p and
Appe/pe are both decreasing functions. The individual efficiency e, exceeds the system
efficiency e, however, both are increasing functions of relative state list size. Such intuition
(see Figures 4 - 8) is useful for administrators, regulators and users of crossing networks
for both the prior prediction (the participation decision) and post evaluation (the re-use

decision) of exchange outcomes.

For the general case, much remains to be done. Having here only derived the mean
exchange rate, the question of higher moments remains open. For example, computation
of the variance, useful in identifying outlying events, requires an appropriate method to
compute the covariances of the common name variables ¢, ..;, defined in section 1.1. As
was seen with the case L = 3, this seems not to be a simple task if first finding the joint
distributions is required. This hints that perhaps an alternative approach to the derivation

of the second and higher moments is required.

A second major open problem is the dropping of the unbiased assumption itself. The
uniform prior distribution on both appearance of resource names in state lists and the

€
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require/release intention for each resource is the ‘easy’ case to consider and may rarely
hold in reality. A model therefore needs to be developed for given (non-uniform) discrete
distributions for these quantities. While in this case, simulation provides an alternative,
the dimensionality of the parameter space describing L agents is likely to be too large
to gain a simple picture of the relevant moments of the exchange variables as has been
gained here in the unbiased case. An analytical result with simple reductions, as was done
in section 4.5, would thus be more useful.

A number of combinatorial identities (cf. sections 3.2.2 and A.1) have resulted from
the analysis of the exchange model - particularly from the case L = 3. It remains to be
seen if these are in fact new or can be recast as known identities, perhaps as generalised
convolutions, and therefore fit into an existing framework [6]. This remains a topic for
further investigation.
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Appendix A: Some Computational Details

This appendix contains quite a bit of gory detail. It provides the more computationally
intensive part of section 3.2.1 (L = 3) by deriving an expression for Tim(r) - this result
appears in section A.2. The results and formulae derived here are more general than are
required for this task but are of interest in their own right as giving methods of computation
and identities for certain sums in terms of the DG-distribution P (C;7) discussed in section
2.2. Once these general results are established, it is an easy matter to specialise them to

recover the value of Ty, (7).

A.1 General identities

We begin by considering sums which involve the same terms as the DG-distribution
P,(C;r) but summed against powers of the index. Simple versions of these sums arise in
taking the expectation E[cimciq] of common name variables in section 3.2.1.

Proposition 1. For n; < N, C < B, A< Bands=0,1,2,..., the identities
(D20 () ()

k G @

_ Eo (;nl)_ [{173,]] Zo enp(A)(=Ar 1) Po(Csmy =, 45 Ny =, Bir) (A1)
n= p=

S (Al S (8 U

=SB D (g)eu(-a ) G m AN - B (02

hold, where

A\ (N;=AY (k\ (B—k
Py(Cimu, ANy, Byr) =) (’“)(13,"’“) (T)(ﬁ”)
7 () (c)
is the DG-distribution, A, is the forward difference operator in r and cnp(A) and g are

expansion coefficients.

Before proceeding with the proof, two points should be noted.

Remark. The degenerate case B = A = Cy, (and s = 1) is the one of interest for the
calculation of T, (r) in section 3.2.1. When B = A, the DG-distribution reduces to the

hypergeometric distribution:
(2) (ni=r)
- (A3)
()

Py(C;my, A; Ny, Asr) = He (Cimy, V) =

for which the results (A1) and (A2) remain valid.
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Remark. By defining the nonnegative quantities py := (’2) (17\2 f)/(Nl’) X (k) (g_f)/(?) S0

that Py(C;r) = 3, Pk, the defining sum for S,(r) in the proposition can be regarded as a
multiple of the s-th ordinary moment of the discrete (in k) distribution px/P2(C;r).

Proof of Proposition 1. The required results are derived by a qtraight forward application
of the “snake oil” method [7]. Defining the generating function Ss(z) := 3_, Ss(r)z", then
- since the hypergeometric terms (¥) (}g—f) / (}g ) are generated by 2F1( C, —k;— B 1 z),

T

}:ks (0) Gizt) 5~ (=) (1=

) 4 B #

. (*‘) (07%) (=C)(=1)t (1 — 2)*
= S S wmet e G O

A N
B (x) Guk) (=C)(=1)! (1 — 2)!
= ;;an s zk: t4n m) (—B), 0
Y, [ulesn (=C)e(=1)" (1 - 2)"
_;ZO R 1 P ) P
M) o (S0l = ne(=A): (1 — 2)*
Z[Nz]nz ()14 =t [an] B, @

C)elrn — nfe(=A)e (1 — 2)'

_ 5 (5Dl
—Z n'[Nl]n ZZ ,p [Nl—n]( B)t t!

n=0 t p=0
I o et 733 d \P 5 (=C)ln — u)i(—A): (1 — 2)°
nz:% I[N} I; "’P(A)((z - ”a) Zt: (n — N)i(-B) t!

= Z nllfN[lnl]n Z p(A) ((z — l)ad;)ngg(—C;n —ny,—A;n— N, —B;1 —2).
p=0

Since the operator (z— 1)d/dz on generating functions corresponds to the operator —A,-r

on coefficients, and 3Fy(—C, —m,—n; —M,—N;1 —2) = 3. P(C;m,n; M,N;r)2", the

last identity produces the required result. A similar chain of identities but with the split
| [Alt4n = [4 — n]t[A]n produces the equality

! Ss(z) = Z Aty Z ( ) < )zi%)s_q 3Fy(—C,—my +p,—A+p; =B, =Ny +p;1 - 2)

' p=0 p! Nl]p 9=p

which is the second form of the sum in (A2).

To make use of either of the forms (A1) or (A2) requires expressions for the coeflicients
cnp(A) and o . The terms a, +(t) are defined through k°[k]; = 3., _o @n,s(t)[K]i4n, While
the terms (—1)"c, ,(A)/n! are the coefficients of #” in a, s(t)[A — t],. The degree s —n
polynomials a, s(t) satisfying the recursion

aos(t) =tags—1(t), n=0,
ans(t) = an-15-1(t +1) + t ans1(t), n>0.
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36

Consequently, ag s(£) = t°, a1,5(t) = (148)° =%, a,s(¢) = S5 tU[(2+8)* 971 —(1+2)*7971]
and generally,

s§—n
an,s(t) = than—l,s—l—q(l + 1),
=0

from which there follows the closed form expression

1 & ]
) s+ _
an, s 'ﬂl z ( ) t + q) - n! Z Qq <q) t° q7 where

g=n

Qg = (zgd;)j(x 1) = ((%)q(et - 1"

Here, the introduction of the coefficients oy is achieved by expanding the (¢ + ¢)° term.
To finally obtain ¢, p, use the exphc1t form of an s(t) to expand a, s(t)[A — t], to get

Cnp = Z ,Bm')’p—m, p=0,.

m=0
" [n l
_E: _A)-m —
ﬁm-l:m l:l]( A) (m)a m 07"'5”‘7
S
'Yqzas—q(q)’ q=07""8_na

with o as above and [}] the first kind Stirling number [7]. Observe that the two forms
(A1) and (A2) originate from the alternative splits [Alpsn = [Aln[A—n] = [A}[A—t],. O

For reference, we compute and list a few of the coefficients ¢y p(A) as (s+1)x(s+1)
matrices with row index n and column index p, both beginning at zero and ending at s.
Of course, for s = 0, the only nonzero coefficient is co,0(A) = 1. Below are the matrices of

coefficients for s =1, ... ,4:

0 1
s=1: (—-A 1)

1 0 0 1
s=2: ol —A -(2A-1) 2
"\24(4-1) -2(24-1) 2
0 0 0 1
s=3: 1 —A -(34-1) -3(A4-1) 3
T3 6A(A-1) 6 (A2 -3A+1) ~124 6
6A(A-1)(A-2) 6(3A2—-6A+2) —18(A-1) 6
/ 0 0 0 0 1
1 -A -(44-1) ~2(3A-2) -2(24-3) 22
s=4: T 14A(A-1) 2 (12 A2-26 A+7) 2(8A2-30A+19) —12(24-3) 23
"l —364(A-1)(A-2) —12(2A-3)(A2-6A4+2) 12(6A2-21A+13) -36(2A-3) 2°3
24 [A]4 -48(2A-3) (A2-3A+1) 24(6A2-18A+11) -48(2A4-3) 2°3
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Whereas Sg(r) gives the ordinary moments of pi/P2(C;7) (see the Remark above), the
factorial moments can also be considered by defining

Cyr) =% (i) (0) Gime) (D (E7)

p G ©

The defining relations
S S
s] s
(k]s = Z [zJ kK and k°= Z {i}[k]i
=0 =0
for the first and second kind Stirling numbers [7] imply the corresponding identities
1 o~ [s L s
Colr) = 5 Z Hsi(r) and  Sy(r) = Zz! {@} Ci(r).
=0 1=0
These in turn lead to a companion result to (Al); namely,

Cs(r) = (1" []Tf,’}]: Zoan,,,(A) (—AT : r)pPg(C; n, —n, A; Ny —n, B;r),
o

n! |

where the coefficients (—1)"&, ,(A)/n! are now the coefficients of ¥ in an,s(t)[A —t], with

1SN [s 1 Sagfd)
a:n,s(t) = ; Z:: [T] an,r(t) = S_'n—'; _‘}'1 (E) [t]s

and the same ay, ,(t) as above. The first few sets of coefficients énp(A) are, fors=1,... ,4&
0o -1
s=1: (—A 1 )
1 0 -1 1
S = 2 : g O —2A 2
"\2A4-1)A -2(24-1) 2
0 2 -3 1
s—3. L 0 34 -3 (A+1) 3
T 0 6(A—1) A —6(24-1) 2-3
—-6(A—-2)(A-1)A 6(3A2-6A4+2) —-18(4-1) 2-3
0 —6 11 -6 1
1 0 -8A 4(3A+2) —4(A+3) 22
s=4: 4 0 ~12(A-1) A 12 (A%+A-1) —24 A 223
) 0 —24(A-2)(A-1)A 24 (3A2-6A+2)  —72(A-1) 23
24[A]s ~48(2A-3) (A2-3A4+1) 24 (6 A2—18 A+11) —48(2A-3) 233

A.1.1 Recursive evaluation of (Al)

One alternative for the evaluation of the RHS of (A1) is to use the identity (for integer
n > 0)

H,(A,n —n,N,—n) = %%%HT(A, ny, Ny) (A4)
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directly in the hypergeometric term in P2(C;ny — n, A; Ny — n, B; 7") By then using the

expansion [k—1], = (=1)" $o(=1)'0n-ik", where o; := oy(l, 141, -+ ,14n—1),0 <1 < m,

are the elementary symmetric functions in{, {41, ---, l+n—1, produces the equality

Py(C;ny —n,A; Ny —n, B;r) =

n

_(—]_V%—]\g)iﬁPQ(C;nl’A;Nl’B;T) ( (Nl Z Un l ) (A5)
i=1

When used in (A1), (A5) expresses Ss(r) in terms of Sj(r), 1 <i<s,and so leads to a
five step procedure for the recursive evaluation of Ss(r):

1. Use (A5) to write P»(C;n; — n, A; Ny —n, B;r) in terms of Py(C;ny, A; Ny, B;r) and
Si(r), 1 <i<s;

2. Substitute for P(C;n; — n, A;_Nl — n,B;r) in (Al) of the Proposition to obtain
an order s difference equation for Ss(r) involving P(C;ny, A; Ny, B;r) and Si(r),
1<i<s—1;

3. Using the correspondence (1 — 2)d/dz <+ A, - v between generating functions and
coefficients, convert the difference equation to an order s ODE for the generating

function Ss(z);

4. Solve this ODE for S(z) modulo L(3F>(1 — 2)) = 0, where L is the hypergeometric
oDo for the generating function of Py(C;ny, A; N, B;r);

5. Pass from the generating function Ss(2) to obtain the coefficients S;(r) in terms of
the Sj(r), 1 <j<s—-1, and Py(C;ny, A; Ny, B; ).
To illustrate, these steps are implemented for s = 1. Performing steps 1 and 2 gives the
first order difference equation

A{rS) (r)} + N Si(r)y=(A+n; — NZ)AT{TPQ(T)} + ni AP (r),

where the abbreviation Py(r) = P2(C;ny, A; Ny, B; r) has been made. Step 3 then gives the
first order ODE

(1 —2)8,(2) + NiS1(z) = (A +m — N)(1 = 2)Py(2) + mAP(2).
Applying an integrating factor, this is the same as

(1 -2 M81(2)Y = {(1 - 2) "M [aPy(2) + (Bo + Br2) P3(2) + v2(1 = ) P (9)] }'
— (1 = 2)"MTIL(Py(2)),

where
o= mA _ -1
=N -C TENZC
A+m—B-1 1—A—mn
S il e e 1T
Bo L — pr=1+ N—C
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and L is the ordinary differential operator given by

Lu)=z(01-2)"-(1-2)1-N-B-3-C—-—n—A)(1- 2)|u"”
+[NB—-(1-C—nj— A+nC+nA+AC)(1 - 2)lu’ — nCAu.

Since the generating function P(z) = 3F3(—C; —ny, —A; —N;, —B; 1 — 2) lies in the kernel
of L [5], then integrating gives the relation (step 4)

S1(z) = aPy(2) + (Bo + B12) Py(2) +v2(1 — 2) Py (2).
Finally, returning to the generating function’s coefficients (step 5) gives the relation

(i —r)(A=T)
N -C
This expresses S (r) as a simple quadratic (in r) combination of P,(C;r) with index shifts

of 0 and 1.

1-A-m+B+r
N, —-C

Si(r) = [r+ Po(r) — (r + 1)[1 + |Po(r+1). (AS6)

A.2 Evaluation of Tj,(r)

This section gives two derivations of the value of T (r) corresponding to the two
techniques above for the evaluation of S;(r). The case of interest is B = A and hence, as
noted in (A3), the reduction P»(C; A, ny; Nj, A;r) = H.(C,ny, N;) holds.

A.2.1 Method 1

For s = 1, the coefficients cop =0, co1 =1, ¢10 = —Aand ¢1;) =1 from above can be
substituted into (A1) to give

Si(r) = =A, - TH,(C,ny, N}) + (—1)%{—A + (=4, -T)}HT(C,W -1,N—1). (A7)

Now the hypergeometric probabilities H, satisfy (put n =1 in (A4))

ny ny—r
—LH —~ ~1) = H,(C,ny, N,
Nl T(Cvnl 17Nl 1) Nl —_C 7‘( ny l)

and

(N —k+1)r—(ny—k)C
N—-C+r—m+1

for k =0,1,..., which, with k = 1 simplifies (A7) to

HT(C7nl - kal - k)a

—A,-T'HT(C,’HI - kaNl —_ k) —

n—r TN —nC
S =J4 + H Ny).
1(r) { N —C N —C } +(C,nu, Ni)

Setting A = Cy,,, finally gives the required result

Gl =) +rN —nc ()
- N-C ™y

n

Ty (r)
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A.2.2 Method 2

From the expression (A6) for Si(r) derived by the ODE method, we need only set
B = A = C,, and substitute H, for Py(r). Since H, satisfies the recursion
(C—r)(rm—r)
(r+1)(N—C—m+r+1)

Hr+1(CanlaM) = HT(C7nl7Nl):

then substitution into the RHS of (A6) produces the same result for Tj,(r).
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Appendix B: Derivations and Identities

After deriving the three-agent common name distribution in section B.1, section B.2 of
this appendix lists some elementary but useful combinatorial identities, including what is
called the Combinatorial Lemma (CL). Finally, in section B.3, an alternative derivation
of the mean exchange rate for all agents is given.

B.1 Derivation of P(cy,cy,) for L =3

In this section the LTP and Bayes’ rule are applied to derive the joint distribution
P(cim, c14) of common names as stated in section 3.2.1. Define the notation P(k of Cpy in )
to be the probability that & of the Cy,,, names common to pools P; and P, are in the state
list of agent a;, etc. By the LTP,

P(eimlelg) = Pleimlk of Cim in 1) P(k of Cim in l|cyg),
k

where the first probability in this sum is ( k )( Nom —k )/(2’7’:) Considering the second

Clm/ \Nbm —Cim
term in the sum and applying Bayes’ rule gives

P(k of Cyp in l|eq of Cig inl and q) =
P(k of Gy in 1)

B1
P(ciq of Cjq inl and q) (B1)

P(ciq of Ciq in I and glk of Cypy, in 1) X

where the ratio of the two terms on the RHS is just:

) (55

P(k‘ of Clm in l) k n—k

P(ciq of Cig in I and q) (fl/l’)Pg(ng; clq)

Now consider the first term on the RHS of (B1) and again apply the LTP (twice) to get

P(ciy of Clg in I and ¢k of Cppp, in ) =
> " P(cyq of Cig in I and glr of C in 1) P(r of C in l|k of Cim in 1)
T

=" P(cig of Cig in | and g|s of Cig in [)P(s of Cig in l|r of C in )
7,8

x P(r of C in l|k of Cp, in l).

The first term on the RHS is () )(Ne=)/(Ne) while applying Bayes’ rule to the second
q

. Nq=—Clq Ng
gives

P(s of Ciginl)

fC in l|s of C, in l). B2
P(rofC’inl)P(TO in l|s of Cjq in 1) (B2)

P(sof Ciginljrof Cinl) =
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Now the numerator of the ratio in the RHS of (B2) is (Czq) (N;l:fs‘q)/(lrlr:) while the denom-

inator is (f) (Zf:rc )/ (17\1/;) The remaining terms in the product are simply
. 8) (Cig—s
P(r of C in I|s of Cly in 1) = %l
()
and
() "
P(r of C in l|k of Cj, inl) = "T—'(C,c__)r'
C

Finally, putting all of these terms together and multiplying through by the probability
density P(cq of Cjg inl and ¢) = Py(Clq; c1q) gives the desired expression for P(cim, ciq)

in (5).

B.2 Elementary identities

The derivation of the means in section 4 relies on simple identities involving multi-
indexed summations. Although only ever using part (a) in section 4, the results below
are listed for reference. Parts (b) and (c) have applications in the following section and in

reductions of the means as in section 4.5.

Combinatorial Lemma (CL). For any multi-indezed quantities Qs,..4,, 2 <1 < L, the
following identities hold:

(a) For0<r+k<1L,

> Z;Qil...ikjl__.jr = (r;’;k) D Qi

910k ]1],- 11 dfgor
215005tk

(b) If s(\g),7) is the r-th symmetric polynomial in variables X;,, ..., X, then for r <
k<Land0<t<L-—k,

k+t—r
> > Qireingidi S()\[k]ﬂ”)=( . ) Z Qiyig sS4+ T)5

iye-ig J1e-ge d 1o lpgt
115 5k
(c) If s(Ag), t) is the t-th symmetric polynomial in variables A, ... , Xiy, then
L—t
Z S(A[k]at) = (k—t) s()‘[L]7t)7 t:()a 7k'
1100 iK€
{1, L}

The proofs of these facts follow by simple counting arguments on the possible number
of combinations. The following elementary result is also noted.
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Lemma. For the finite sequence py, ... ,pn, then the identities
Z /r
=3 (7)o
r=0
- k
- _q\k—T
=r

hold. Additionally, for any positive integer s and with by defined as above, then

kSby = Z <’:) (—=A, - 7)°py
r=0

oy =30 ()

k=r

where A, is the forward difference operator.

This Lemma follows from an application of the ‘snake oil’ method [7]. When the
sequence {p,} is a probability density, then k!by = ,ufk] are the factorial moments and
hence p, is written in terms of these moments. This gives another easy way of recognising
the factorial moments of the DG-distribution from the expression for P;(C;c) in section
2.2.

B.3 Alternative derivation for all agents

An alternative derivation for the expression for p in section 4.1 which is based upon
a consideration of the overlaps of resource pools rather than state lists is detailed here.
Although this approach is a little more involved, it is included as a matter of side interest
since, historically, it provided the first derivation. Some slight notational differences to
the main body of the paper are used. ‘

Let j;,..;, denote the number of exchangeable names in the state lists of agents a;,, ... , @i,
among those names uniquely common to the pools P, , ... , P;,. Then the total number of
exchangeable names is

L

=30 dide (B3)

t=2 4144

The idea here then is to add up the number of exchangeable names in the uniquely common
names to all pools rather than state lists. By an argument analogous to the derivation of

(12), the number Cg---ik of names uniquely common to pools F;, ..., F;, is just
k
C’f{...ik = Z(_l)t Z Ciy iy e (B4)
t=0 J1ged

11y 52k
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which also gives the upper bound on j;..;,. From this expression, for each fixed £ =
1,...,L, if C{ denotes the number of names in pool P, common to all other pools, then
since the total overlap of pool P, with all other pools cannot exceed its size, the inequalities

L1 L-1

U U k

V=3 > Chi, = (=)D Criyiy SN,
k=1 1)-1% k=1 iyt

must hold for each £ =1,... , L. This provides a consistency check on the specification of

the overlap parameters Cj,...;;, -
To derive p = El[j], first requires E[js...;,] To this end, we first show that

k
Eljiy i) = CF iy 3 (=11 =215\, 0) (B5)
t=2

where s(\), t) is the t-th symmetric polynomial in A, ... , A;,. To minimise the subscript
notation, it suffices to prove this for k¥ = L (which can be replaced by any smaller subset

of the L agents). Among the CY , = C names uniquely common to pools P, ..., Pp, let

c;1 i be the number of these names common to, and dzl iy the number of these names

unlquely common to, the state lists of agents a,,... ,a;,, and let j; ., be the number
of exchangeable names among the dj . ; uniquely common ones. Then by (ii) of the PL,

E[j;, . zk] = (1 —2'"F)E[d] iy i) Now, since

— _ 4
ity 11 Tk Z Z dll Tkj1eeJt

d/
t=1 j1--je ¥
21y sik

then, through an argument the same as in section 4, and using (c) of the CL, x} :=
Eilmlk E[d; i ] is given by

L
X =0 S0 ) s
r=k
Now, writing the decomposition
L
JleL =y, > by
k=241-ik

gives Eji..1] = Z,€=2(1 — 217k)x}. Substitution for xj from above, and switching the
summations, then gives the required result in (B5) for k£ = L.

Substitution of (B4) into (B5) and the result into the expectation of (B3) gives

L k L-k
uzzz 1—21 -t Z( Z Z Cn ApgreegeS ( [k])t)
r=0

iy 1k]1 Jr ¥
Tl sk

L
= S (=11 -2 HT()
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where, having used (b) of the CL,

L T -
T(t) =Y (-1)" Y Ciys, s t) D (-1 (:— /tc>

r=t i1ty k=t

Now, since 3 5_,(~1)%("7f) = (—1)!6,¢, only the r = ¢ term survives in T (t) and so

T(t) = Z Cil"‘iLAil s A,

11424

where the substitution s(Ay,t) = Aiy -+ Ay, has been made. This then reproduces the

expression (9) from section 4.1.
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