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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 1585

THEORETICAL DISTRIBUTION OF LIFT ON THIN WINGS
AT SUPERSONIC SPEEDS
(AN EXTENSION)

By John C. Evvard

SUMMARY

A derivation is presented of a point-source method based on
the linearized theory for cbtaining the pressure coefficlent on
thin wings at supersonic speeds. The method 1s applied to calcu-
late the 1ift distribution of a thin flat-plate wing having a
straight leading edge and an arbitrarily curved wing tip whose
elements are swept behind the Mach angle. A qualitative basis for
obtaining solutions that satisfy the Kutta-Joukowski condition is
included.

The anelysis is continued to formulate the velocity potentisl
for regions influenced by so-called subsonic trailing edges (that
is, edges where the component of the free-stream veloclty normal
to the trailing edge is subsonic). The derivations include the
golution that satisfies the Kutta-Joukowskl condition or any of
the infinite number of transition solutions involving a disconti-
nuity in the cross velocity (sidewash) in the wake of a subsonic
trailing edge. As an example, the two perturbation-velocity
components in the plane of a trapezoidal wing and the upwash over
the wing tip are evaluated. By means of series expensions, the
mathematical nature of the 1ift distribution In regions influenced
by arbitrary subsonic tralling edges is indicated when the Kutta-
Joukowski or some other condition is applied to make the solution
unique.

INTRODUCTION

The problem of determining the 1lift distribution of arbitrary
thin wings at supersonic speeds has been partly solved by use of
the linearized theory in references 1 and 2. In reference 1, the
point-source method of reference 3 is extended to include the
effective sources generated by the slopes of the streamlines in
the region between the wing boundaries and the foremost Mach waves.
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The velocity potential and hence the aerodynamic coefficients 1in the
vicinity of wing tips at supersonic speeds can then be calculated.
An explicit solution for the slopes of the streamlines in the
region included between the wing boundaries and the foremost Mach
waves is presented in reference 2. This solution allows the methods
of reference 1 to be extended to include the calculation of the
velocity potential at points on the wing influenced by interacting
external flow flelds.

In subsonic aerodynamic theory, an infinite number of solutions
will satisfy the boundary conditions for a given wing. Some
criterion is then required to choose from the manifold of solutions
the one that 1s experienced in practice. A criterion that yilelds
theoretical results in approximate agreement with experiment 1s the
Kutta-Joukowskil condition. This condition requires that the stream-
lines leave the tralling edge of the airfoil smoothly (that is, that
the three components of the perturbation veloclty are continuous
across the trailing-edge boundary).

When the flow is supersonic, the Kutta-Joukowski condition
need not be fulfilled at the trailing edge of the alrfoil. Local-
ized compression and expansion waves equalize the pressures from
the bottom and top surfaces behind the trailing edge. Nevertheless,
because of the close similarity of supersonic and subsonic flow
when the component of the free-stream velocity normal to the
trailing edge is subsonic (the so-called subsonic trailing edge),

a strong opinion among aerodynamicists is that the Kutta-Joukowski
condition will also approximately hold at supersonic speeds.

As indicated in reference 2, the formulations of reference 1
nmay be extended to include solutions that satisfy the Kutta-
Joukowski condition. The extension shows that in supersonic-flow
theory, as in subsonic-flow theory, an infinity of solutions can
exist for a given wing boundary. Some additional criterion is
then required. For subsonic leading edges, the added boundary
condition applied in reference 1 is that the perturbation-velocity
components shall be continuous in the region between the wing
boundary and the foremost Mach waves. The solutions so obtained do
not satisfy the Kutta-Joukowski condition for regions influenced
by subsonic trailing edges. If a discontinuity in the cross-
velocity component (sidewash in the plane of the wing) is per-
mitted (corresponding to the shedding of a vortex sheet), solu-
tions may be obtained that satisfy the Kutta-Joukowskl condition
or any transition solution depending upon the assumed strength of
the discontinuity in the cross velocity. The particular
criterion to be used can be determined only by experiment.
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A derlvation based on linearized theory 1s presented in the
firet part of this report to show that the theoretical pressure dis-
tribution on thin wings at supersonic speeds may be obtained from a
line integral and a surface integral. (A line source was applied in
reference 4 to obtaln the pressure distribution at zero 1ift.) For
thin flat-plate wings or for the 1lift distribution on finite-
thickness wings, only line Integrals are required. As an example,
the 1ift distribution is evaluated for a wing having a straight
leading edge intersected by an arbitrarily shaped curve whose
boundary-line elements are swept behind the Mach line from the
wing-tilp and leading-edge intersection. The second part of the
report formulates the expressions for the velocity potential in
regions influenced by subsonic trailling edges.

Examples of these methods are presented. The solution satis-
fying the Kutta-Joukowskl condition is derived for a swept trap-
ezolidal wing. Sidewash and upwash velocities In the vicinlty of
the wing tip are also calculated. As a further application, by
means of serles expensions, the mathematical form of the 1lift dis-
tribution assoclated with the wake behind a general subsonic
trailing edge is indicated. When this result 1s combined wlth the
line integrals in the first part of the report, expresslons are
obtained for the 1lift distribution of arbitrary-plan-boundary
single wing tips at supersonic speeds. The Kutta-Joukowskl and
other conditions are applied %o formulate feasible solutions for
the various wing areas. The research was conducted at the NACA
Cleveland laboratory during August and September 1947.

ANALYSIS
Point-Source Method for Evaluating
Pressure Coefficient
A convenient approach toward evaluating the pressure coeffi-
cient on thin finite wings at supersonic speeds is to establish
the velocity potential. A point-source integral expression for

the velocity potential at any point on thin wings at supersonic
gpeeds is glven In references 1 and 3 as

o = - U Odﬁd'ﬂ (l)
" )]s Nx-t)2-62(y0)2
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where here
o perturbation-velocity potential on top wing surface
U free-stream velocity considered parallel to x or £t axis

o) slope of streamlines near x,y plane measured in y = constant
planes

¢, n Cartesian variables of integration, x and y directions,
respectively

988

x,y Cartesian coordinates of point where @ 1is evaluated

B = AwZa

M free-gtream Mach number

(A complete list of symbols used in this report 1s presented in .
appendix A.) 1In equation (1), the integration of ¢ is conducted
in the x,y plane for the disturbed flow field S included in the
forward Mach cone from the point (x,Y) For example, the iIntegra-
tion for the wing shown in figure 1(a) is over the area Sy. In
regions influenced by a wing tip, the disturbed flow area between
the wing boundary and the foremost Mach line must also be included.

If the velocity potential is computed at a point (x+dx,y), as
in figure 1(b), the area enclosed by the curve efgc' 1is the same
as the area abdc and the relation of the distances in the denomi-
nator of the integrand is the same as was considered at point (x,y).

The slopes, however, will have the value C + % dx. In addition,

the area a'bd'gfe willl contribute to the velocity potentlal. The
value of @ +then becomes

dx dédn
v} +acP dx = - —~[]ﬁ )
/V(x-ﬁ)z p2(y-n)2

¢, +dx

ﬁlG

Odndﬁ (2)
£, -E)Z-Bz(y-n)2

where ﬁl is the value of £ along the leading edge. Integratlon
yields
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dx a¢adn
‘J(x-g)z B2 (y-n)2

odndx
abd  K(x-£)2-%(y-n)?

(2a)

Aalg

where abd represents the path of integration. Subtraction of
equation (1) from equation (2a) gives

w-1f], 55
N(x-£)2-82(3-n)2

= (3)
abd  (x-t)2-62(y-n)2

ﬁld

AlS

where £ 'and O are evaluated in the line integral as functions
of 1 along the line abd of figure i(a).

The x component of the perturbatlon velocity may then be
computed as the surface integral of the rate of change of the stream-
line slopes with respect to £ plus a line integral along the

foremost boundary of the disturbed flow field included in the

forward Mach cone from the point (x,y). The surface integral, of
course, vanishes In regions where O 1is constant. (Evaluation of

the surface integral along lines of discontinuous 51 results in
additional line integrals.)

For gome problems, the integrations of equation (3) may be
more easily evaluated in a set of oblique coordinates (u,v) whose
axes lie parallel to the Mach lines. The transformation equations
are
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u = %(E-ﬁn) v = %—(h Bn) ) §
¢ = ﬁ-(wu) 7 = ;}I—(v-u)
(4)
Uy = %%(I—By) Vy = z%(ﬂﬁy)
= et 7= gwem) |

Inasmuch as the elemental area in the (u,v) coordinate system
is ﬁgdudv, equation (3) may be written as

ﬂ (a 87 dud v
x = " 2Ba AV(uw-u)(vw-v) )

Y
- zgn [¢) (dv-du) (3&)
abd  N(uy=u) (v-v)
where (uy,V,) corresponds to the point (x,y) eand the evaluation
of the line integral 1s again conducted along the foremost line of
disturbances included in the forward Mach cone.

When only one wing tip is included in the forward Mach cone
from the point, the surface integral over the area Sp (fig. 2(a))
generated by the upwash over the wing tip may be replaced by an
equivalent integration over a portion of the wing. This simplifi-
cation, which follows from the derivations of reference 1,
eliminates the necessity of evaluating the slopes of the streamlines
in the external flow fleld Sp. The velocity potential at point
(uy,vy) on the wing of figure 2(a) is obtained from reference 1 as

U o] Tdudv
P = -2
M
(uy=u) (vyy-v)
Sv,1 N
L 4
U (cpop)dudv
" (s)

. 2 Wuw-u) (vye=v)
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where op and Op are the bottom- and top-surface wing slopes,
respectively.

Because evaluation of @@ from equation (5) requires the applica-
tion of separate sets of wing sé;ees in the respectlve regions Sw,l

-and Sw,g, the calculation of will result in a line integral

along the dividing boundary. The derivation presented in appendix B
then yields equation (6).

0., o0,
( uT +-5-$— dudv

Sy 1 N (ng-12) (viy-v)

3

o(og+op)  O(op+om)

+
- Z%; ou ov dudv
S, 2 ’V(uw-u)(vw-V)
J
U Op{dv-du) U (og+op) (dv-du)
2Bn ~ 2Bn
ab /\/(uw-u) (vy=v) bod 2 N(uw-u)(vw-v)
du,(v..)
2w
v “’T“’B’{l‘ —a——]d
TEEn | (€)
ba 2 N(uw) (vg-v)
dus(vy,)
where 3 is the derivative of the wing-boundary curve u = ua(v)
W

at v = vy.

In order to obtain the 1ift distribution as a function of angle
of attack a, only the solution for a thin flat plate is required.
Because Op = -Op = a, only the two line integrals along the curves
ab and bd remain. The portion of the equation (6) that yilelds the
1ift distribution is then
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%E _ .U -a (dv-du)
* 2b ab V(uw-u)(vw-v)
du2>
U -a ( - a-;; dv -
2P bd N(ug-u) (v, =v)

If the equations of the wing boundaries (fig. 2(b)) on the two
branches separated by the origin are denoted by

v = vi(u) or u = u(v)
and

v = VZ(u) or u = uz(V‘)
equation (7) may be partly evaluated to yield

%_ . Uo (dv-du)
x  2Bn
ap NVagw) (ve=v)
. Uo |, _ dug(vw) Vw'vl(uz(vw)) (72)
pr dvy uy-uz (Vi)

where vy 1s a function of up(vy). The expression for %E?

represented by equation (7a) 1s applied in the second part of this
report to derive solutions for the 1lift distribution that satisfy
the Kutta-Joukowski condition for general-plan-form single-wing-
tip boundaries.

As an illustration of equation (7a), the pressure coefficlent
on the top wing surface as given by the relation

2

Cp=-7

b = (8)

X

will be calculated for the wing shown in figure 3.
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Inasmuch as the leading edge and the wing tip satisfy the equa-

tions v = - kju and u = up(v), the integral of equation (7a)
becomes .
U-Z(Vw)
Ua (1+k;)du Uo (k1+1) can-l k3 [uy-ug (vy)]
- e— = e an
2B Bt etk uo (vyy)
wy K (ugy=u) (v ) Vkl wrElizi
(9)
and

uy-ug (vy)

(10)

UaE__ duz(vw)] va'vl(uz(vw)) _Uo E_ dup (Vwﬂ

Br dvy, ug-up(wy)  Pw dvy, J

The value of Cp is then given as

. .2 {}_dug(vw)]
P B de

wkig(w) k1l i1 [uy-uz (vyr)]
Wy~ (Vir) + an Vtkiuo (Vi)
woH2\ YW Mkl wreRlU2\Vy

(11)

For comparison, equation (11) is also derived in appendix C as equa-
tion (C4) by the method of reference 1.

Fquation (11) shows that the pressure coefficient assumes the
Ackeret value for a swept wing along the imnermost Mach line from
the origin (v, = 0) and approaches infinity along the subsonic leading
edge of the wing tip. The portion of the solution that gives the
infinity (that is, equation (10)) is generated by the line integral
along the Mach line bd 1in equation (7). This quantity is zero when

1S dup (vy)
the aweep on the wing tip 1is T or —aT = 1. A change in sign
du w
occurs when a;§:> 1 (regions influenced by subsonic trailing edges)

W

in equation (10), which leads to a reversal of sign in the pressure
coefficient over a portion of the top wing surface. This pressure
reversal leads to lost 1ift end, because of tralling-edge suctlon, to
decreased lift-drag ratio as compared with the solution that satisfies
the Kutta-Joukowskl condition.

The pressure coefficilent that satisfies the Kutta-Joukowskl con-
dition along the subsonic trailing edge must match the solution glven
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in equation (11) along the constant-v;; 1line evaluated by the

u
relation 5;3 = 1. The pressure coefficlent must furthermore bhe
W

zero along the subsonic tralling edge. A function that meets both
of these requirements is ,

20, (k1+1) -1 kl[uW'uZ(Vwﬂ
P =" Bx tan Ty tig (V)
A,kl Tyt ugivy

(12)

The wake from the subsonic trailing edge alters the 1ift distribu-
tion over a portion of the wing in such a manner that the discon-
tinuous term in equation (11) is canceled. In the second part of
this report, equation (12) is shown to be the correct solution for
the pressure coefficlent in reglons influenced by subsonic trailing
edges of a wing whose leading edge 1s straight (fig. 3) when the
Kutta-Joukowskl condition is to apply.

Formulation of Veloclty Potential Including Effects
Associated with Wake behind
Subsonic Trailing Edge

In order to clarify the present dlscusslon, a brief review of
the concepts presented in reference 1 is included. The calculation
of the velocity potential at some point on the surface of thin wings
at supersonic speeds requires a knowledge of the streamline slopes
(0 of equation (1)) included in the forward Mach cone from the
point. The slopes of the streamlines over the area Sy(1+2)

(fig. 2(a)) are Just the wing-section slopes. The slopes of the
streamlines in the region Sp must then be calculated, either
impliclitly or explicitly.

The slopes of the streamlines in the region Sp may be evaluated
by assuming that a thin impermeable diaphragm coincides with a stream
sheet in the plane of the wing. This assumptlon does not alter the
flow over the wing. The dlaphragm may then be regarded as an exten-
sion of the wing to isolate the top and bottom surfaces.

The coincidence of the diaphragm with a stream sheet requires
that no pressure difference exist between 1ts top and bottom
surfaces. This condition may be satisfied by requiring elther that
the surface velocity potential be continuous in passing from the top
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to the bottom surface of the diaphragm, as In reference 1, or that
the component of the perturbation velocity along the free-stream
direction (the x component) be continuous.

If the x component of the perturbation velocity (obtained by
differentiating the veloclty potential) is equated on the top and

bottom surfaces of the diaphragm, the defining equation for the
glope A of the stream sheet Sp (fig. 4(a)) is obtained as

. A 2 (op-op)dtan ('13)
X o M(x-g)z-ﬁz()"ﬂ)z x 5, 2 /\/(X-g)z-ﬁz(}"n)z

Integration of equation (13) ylelds

A(E,n)dtan (05-0r) atdn
= G
5o Nx-02-02G-)2 g N (x-8)2-62 (y-n)2

- % £(y)

(14)

If the function f(y) that results from the partial integration is
zero, the equation derived 1n reference 1 for defining A is
obtained.

A calculation of the velocity potential on the top surface of
the diaphragm for any value of the function f(y) may be made.
Again with reference to figure 4(a), the velocity potential becomes

o =- U 18 OTdEdn
"o, N 02852
~r
U Adtdn (15)
"y Nix- 92-p2(5-n)?

Substitution of equation (14) into equation (15) yields

@ =-3 (optog)itin | £(y) (16)
2 N(x-£)2-p2(y-n)?
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A similar calculation of the potential on the bottom surface of the

diaphragm changes only the sign affixed to f(y). The function f£(y) .
thus represents one-half the difference in potential between the top

end bottom surfaces of the dlaphragm. In the case of thin plate

wings, op+op = O and f(y) 1is the potential on the top surface of

the diaphragnm.

Despite a discontinuity In the veloclty potentlal across the
diaphragm, the x and 2z components of the perturbation veloclty
are continuous. This apparently contradictory state of affalrs may
be rationalized by the presence of a vortex sheet in the plane of
the wing. The strength of the vortex sheet may be chosen (by
controlling f(y)) to yield solutions for the velocity potential
that satisfy the Kutta-Joukowskl condition for subsonic tralling
edges.

The function f(y) 1s related to the strength of the vortex
sheet. If no wing nor material obJject is intercepted (for the
values of y under consideration) to generate a wake, the strength -
of f(y) remains unaltered for all values of Xx.

In the equations that follow, two simplifications are introduced: y
(1) all the derivations are conducted in the oblique coordinate
system, and (2) the derivations consider only thin flat-plate wings.
Neither simplification decreases the generality of the solution.
The results for the actual wing at angle of attack may be evaluated
as the sum of the results at zero angle of attack and the solution
at angle of attack for the thin flat plate of the same plan form.

The external flow field may be divided into two parts (as in
fig. 4(b)), separated by the value of y that denotes the junction
between the leading and trailing edge. The foremost Mach line
originating on the leading edge generally represents a line of
infinitesimal disturbance along which f(y) may be set equal to
zero. The function f(y) will remain zero for values of x that
do not intercept the wing. The velocity potential (in the
z = O plane) is thus zero in the field Sp . The field Sp 3, on
the other hand, lies in the wake of the wing. In thls region, f(y)
will generally be other than zero (corresponding to the generation
of a vortex sheet) and may be evaluated along the wing trailing
edge.

If the region Sp 1' is temporarily considered as a portion of
the wing, the method of reference 1 may be applied to evaluate the
potential on the top surface of the diaphragm SD,l or on the wing

surface. The virtual wing tip is then the y = constant 1line .
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denoting the junction between the leading and trailing edges. Inas-
much as f(y) 1s zero in the region SD,Z: the effects of this
disturbed flow field may be evaluated by the methods of reference 1;
equation (5) applied to the virtual wing boundary will result. When
the flow fields are subdlivided and renumbered, as on flgure 4(0),
the contribution to the velocity potential of the disturbed

flelds Sp(2+4+3) end Sy,2 1s glven by equation (5) as

U (op+op)dudv U (Az-Asg)dudv o
i = (o) (i)
2 (uw-u)(vw-v) 2 Uy -u) (viy-v
Sy, 2 IV Sp, 3
because Op = -Op. Only the slopes of the streamlines in the

regions Sle and SD,l need then be considered. The veloclty
potential thus becomes

£(y) = - 1\_}11; i -adudv
=
.U (T Adudv (17)
M:t"U .1 [V(uD-u) (vp-v)

The origin of the coordinates for the wing of figure 4(d) is
placed at the junction of the subsonic leading and trailing edges.
The wing boundaries are defined on the two sides of the origin by
the two setg of equations:

v = vy (u) or u = uy(v)
v = va(u) or u = us(v)
dugp
(It will also be implicitly assumed that —=—= 1.) Insertion of

the limits of integration into equation (17) ylelds

A UD v2(u) vp
f(y) _ f(VD"uD) _ U du -adv + Adv
- M /T Mn lr———- Vv
un-u V=V V=V
VD D Vl(U.) D Vz(ll) D

(18)
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By use of Abel's solution (reference 2, S, or 6), equation (18) may
be 1nverted to yield

Vg(u) D

-adv | Adv M f(y)aup

= -0 —
vy (u) I\’vp-v o(u) Nvp-v v v 4"1-%

The velocity potential at points on the wing influenced by the
subsonic trailing edge (fig. 4(e)) is
ruz(vw) vo(u) v,

du -adv Adv

U
® = - = +
Mﬂjvw A,uw'u vl(u) “’vw-v Vz(u) /\‘Vw'v

ruw Vi
U du -adv
" i o — (20)
Ugr=U Vi~V
up (vy) Y od v () VY
The second member of equation (19) may replace the first member

along lines of constant vy (or vw) that extend across the wing.
Equation (20) then becomes

_ ug (vyr) u f(rD-u%)d
=L du o) XW/ D
18 u
Vg Muw-u v Mu-uD
Uy Vi
U du ~adv

(21)

M
uz(Vw) U=t 1(u) Nl Vi~V

Equation (21) gives the velocity potential on the wing in regions
Influenced by subsonic trailing edges. Inasmuch as

Vp-U
f(y) = f( ?M I) may be arbitrarily chosen, it is apparent that an

infinite number of solutions can satisfy the boundary conditions.
If £ =0, equation (21) reduces to the result that would be
obtained by the methods of reference 1. On the other hand, if the
Kutta-Joukowski condition is to apply, the function £ may be so
chogen that the flow leaves the subsonic trailing edge smoothly.

After the function f has been chosen, the second member of

equation (19) may be evaluated. The slopes of the streamlines A may

(19) -

988
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. then be calculated by use of Abel's equation. These slopes in
general consist of two parts, A =Ag+A,, which satisfy the two
equations :

2(1,1 vD >\de
+ =0 (22)
Mv -V
vl(u) vo(u) D
and -
v u
D A dv M D £ (y)dup
T | T — (23)

Vi~V u-=-u
Vz(ll) u D VD D

va(u)-vy(u)

— (22a)

N

Equation (23) may be solved by Abel's equation (reference 2, 5, or 6)
to give
% (DU
3 f M dup
-~ ———— |d v
N M d ou vy NUu-up D

&~ " Un ov
Vz (U.) M v=vD

In this manner, the slopes of the streamlines in the region

of figure 4(b) may be evaluated. If the region Sp, 1is treated
as a portion of the wing, the slopes of the streamlines in the
region Sp,2 may be evaluated from the equations of reference 2.

(23a)

Examples of Solutiong That Satisfy
Kutta-Joukowski Condition

Swept trapezoidal wing. - As a simple example, the theory of
the trapezolidal wing shown in figure 5 will be outlined. The leading
and trailing edges of the tip are defined by the equations
v =vi(u) = - kju and v = vpu = kpu, where k1> 0 and O0< kp< 1.
Because the wing boundaries are straight lines, conical flow will be
. asgumed .

L ]
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Because conlcal flow has been assumed in the region influenced

by the wing tip, the cross velocity 3— nust be either constant o
df
a function of y/x Becauge f 1is a function only of 1y, 5; dy

is constant In the region SD,1. The function f(y) 1is then of the

form ag + a1y where ag and a7 are constants. Inasmuch as f(y)
nust be zero along the line y = O, ap is zero. Equation (19) then
becomes

—adv M D al(VD‘uD dup 2ap
=~ ﬁ = U u-vp (24)
“kqu AITD-V va-v u-up

Equation (21) then yields the velocity potential as

Vw

Vw/kz
® = - __l du _ __ -adv
V -u /kz Wi “Ku ﬂrvw-v

The two integrations indicated in equation (25) may be evaluated by
formulas 111 and 113 of reference 7 to give

Vw/kz

M =
Ut " w-u

(25)

(26)
and
Uy Vv
o = - L du —av_ _ zua | NFatke Aﬁfzggagj;;j
b Mrt Mn ko w

(27)
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The potential @ = + @, must assume the value a1y along the
curve vy = kpuy. Equation (25) (from equations (26) and (27))
meets this 'requirement. Moreover, g_c_p must be equal to a3 along

the curve vy = kouy 1If the Kutta-Joukowskl condition 1s to be
satisfied. Differentiation of equations (26) and (27) ylelds

op a8y ’\[l-kz Yy vy (1-ko)
==|- kp+l) + 2tan~1 | = 8
dy P ko Kou =V, (kg+1) + 2ten l«fzuw-vW (28)

—
&pb _Ua| (ko+1) T\J k+ko Yy (1-ky) to-1 Ky (kpug-v,,)
Sy n ko kzuw-vW '\I- sz ky+kp )
, (29)
. o a i
Setting E;SIJ = -Yy' + -5; =ay at vy = koy, gives
: kq+k
172
a) = - Uo l-k2 (30)

The cross velocity on the wing is then

ky (kguw-vw) k1+kz vy (1-ko)
vy (K +k3) KoUy=vyy

1-k
%;}?= s ( l) tan~1

R

(31)
In a similar manner,
Y
0P, P (k1+1)
T XE tan~t (32)

2

vhich is in agreement with equation (12) and with the results of
reference 8. W. D. Hayes of North American Aviation, Inc., has
obtained equation (32) from conical-flow relations.

Both the x and y components of the perturbation velocity
are continuous (equations (31) and (32)) across the subsonic trailing
edge, as required by the Kutta-Joukowski condition. The upwash over
the wing tip 1s also continuous. From egquation (22a),
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20 | {un(ky+ke)
- b 13 VD-kzuD

up(ky+ka)

- tan-1
VD-k'zuD

Ap (33)

From equations (24) and (23a),

A, =221 3| Ao
&~ Tx ov F;R;_ D
kzu D

Evaluation of A, and replacement of u and v by up and vp,
regpectively, glves

—_—
AL ( ) 2a lK1tE2 |1 UD(l-kz) L \‘ up-vp
a\up,vp/) = - o~ 1-ko 12 'Ivrok + iog
2 D-¥2uD Mv X
p-kaup + ﬂluD(l-kz)
vp=up
+ % - > (34)

2 Nvp-koup [AJVD-kZuD + MUD(l'kZ ):'

Addition of A, and Ay ylelds

(kl+k2)u ky+ko I\Iu -Vp
2:' tan~t ,V D + 1 log D

vp-kaup 1-k '
D e VVD—kZuD + '\IuD(l-kg)

(35)

Equation (35) is valid only in the region Sp 1 of figure 5. As

v approaches kpu, A from equation (35) approaches -a, as
required by the Kutta~-Joukowskl conditlion. The solution then satis-
fies the Kubtta-Joukowskl condition in all the perturbation-velocity
components even though only one of the components was applied to
evaluate the constant a;.

The x and y components of the perturbation velocity and the
slopes of the streamlines in the region SD,l are plotted as a
function of Py/x in figures 6 to 8 for a wing on which k; = 2
and kp = 0.5. The x and y components (figs. 6 and 7) of the
perturbation velocity decrease as By/x is changed from -1 (inner-
most Mach line) to -1/3 (the wing tip). Both the x and y com-

ponents remain constant in the region - %S EXXS C. The streamline
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slopes (fig. 8) are equal to -0 on the wing. The slopes change

from -oo to +® in the region -~ % = %’Z =< 0, Similar values were

found by Lagerstrom in an investigation for the Douglas Alrcraft Co.
Generalized wing tip. - For this example, a function f(y) that

can be expanded in a power series may be chosen for the region SD 1
of figure 4(b). The function f(y) may then be expressed as

vp-up
(2
a3 (vp-up)  ap(vp-up)?
&O + M + Mz

£(y)

+ e e (36)

Also, from formula 750 of reference 7,

1 [,.1 (VD"’-D) , 13 ("D-Up)?
N 2\ u-vp 2x4 \ u-vp
Mu-uD Mﬁ—VD

3
1x3x5 (VD™D
- 2x4x6(u-vD> e } (37)
The integrand in the second member of equation (19) then becomes
£ () i R
&g + [M 2(u-vD)] (vp-up)

Mu up 'VD

-32 a3 1X3 } 2

+| = - + (vp-up)
LMZ 2M(u-vp) 2><4(u—'\r]3)2

az ao al 1X3 ag

IX3%5
- ao 3] ('V'D-uD)s + o o o ‘(38)
2x4x6 (u-vp)
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Integration of equation (38) with respect to up yields
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! £{y)au Z a a (u-v )E
DD _ g (umvp)? - | 2L - 0 D
04=¥D M T Zu-vp)| 2
u"uD
VD §
I R N - W (u-vp)?
MZ ZM(U-VD) 2X4 (u—vD)z 3

ag 1x3 a)

23
-l== - +
M2 2MB(u-vp)  2x4 M(u-vp)®?

2%4X6 (u~-vp) 4

IX3X5 agp J (u—vD)z
" 3

988

(39)

Equation (39) may be simplified by collecting the coefficients of

the constante agp, a;, as, etc.:
u 1
f(y)duD_a (aev)? (1 4 L, X3 15
v - =0 D 2X2 | 2X&X3 " ZXEX6X4
D D
a 3
1 2(1 1 1X3 1X3X5
w (4-vp) <2 TGt xaxE T xaxexs
a 2 1
a2 2(1 1X3 1X3%5
+ =5 (u-vp) (3 T oxk T 2xaxs * Zxaxexs *
8 I
RN 5 S B < 1X3X5
M3 D7 \4 7 2x5 T 2x4x6 ~ 2X4X6X7
+ . L
Now by formulas 750 and 482 of reference 7,
1
Mlox 111G LGxs
-~ “n " 2(n+l) T 2x4(n+2) ~ 2x4x6{(n+3) o
o . \

()T (%
1

r(n +§)

(40)

(41)
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Fquation (40) then becomes

1 3
f(y)du 5 ‘ >
—_ 2. ag (u-vp)? x £.2 u-vD)2 -
Sy i M Sl
D ‘J D 2 2
S a I
+ = (u-vp)@ x §:§ll - 33: (u-vp)?2 x 73;(2;1 Fewu
XXX
222 222
E“- (1 aﬂgfl T(w+1)T (%) |
= -1 — (u"VD) ————— (42)
M r (m + -g-)
mn=

Partial differentiation of equation (42) with respect to u ylelds

§_ F(y)aup _ ag
u - 1
W' D =
D (u-vp)2
a 1 a 3
S8 lL % \Faa
M(uvD) _1.+M2(uvD) 31
) 2%2
a 2
23 (. 2 3xexX)l.
- ,3 (u VD) éxéx_]; s s
27272
o
a, ____211;-1 T(m+1) I"(%)
= (-1)" Z (u-vp) ? (43)
M8 r (m + =
m=0 2

Equation (43) shows that either member of equation (19) is a function
only of the quantity u-vp.
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The portion of the velocity potential associated with the
function f(y) ies given from equation (21) as

n Ve ~u
2 () f( W D)duD
Pg = = du o) M/ (44)
o "
X w"u u u-uD
Vyw Vw J

where v, has replaced vp Inside the bracket, because only u and
up are varisbles in the masnipulation. From formula 750 of refer-
ence 7,

R S P ;( u"’w) . 1><3( u""w) . 1x3x5( “‘Vw)° .
m m 2 Uyr=Viy 2%4 U=V 2X4X6 Uy~ Vg
(45)

Substituting equetions (43) and (45) into (44), with v, replacing
Vp and up(w,) shortened to up, ylelds

&84
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-
: 1
. 2 80
g, = 2(“2'Vw) 1
(uw'vw)z
3
2 z |2 2%
+ 3 (uz-vw) g-é - l
2(ug-wy)2 M(uy-v,)2
2 2 _1x3 80 x2 & a2 2x1
+ 2 (ug-v, )2 - — +
5 2w o 5 £ 131
(V)2 2(u=vi)2  MP(uy-vy)2 22
7T
. .4 a a
. + 2 (up-7)2 1X3X5 0 _ 1X3%2 21
: 7 2Xx4X6 7 5M
i (uy=vyy )2 24 (U~ v, ) 8
-
1x2x1 ig_ _ 3x2x1 &3 1
§.M2 §x§xl M; l
3 l( )2 2722 (uw_vw)z
ZX-Z- 5 (U= Voy
9 " a
+ & (ugm, )2 [RXBXEXT 0 ___Lxdpoxa %1
9 2" W/ 12x4x6x8 9 s5M "t
(1,1‘\,-v,,,-)2 2><4><6(uw-vw)2
+ e o s (48)
Collecting the coefficients of the constants ap, a;, az . . .
glves
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Do

2
Up=Vy N s 1X3 [“2'Vw)
T&pa - 280 (uw_.v.w) 1 + ZXS\uw_vW + 2x4xs\uw_vw + o o

oz (ug-v,)

V] D BT

1,1 uz=vy L X3 (B2~Vw 2
3 7 XS \uy-Vy/ | 2XeXT\uy-v) T T
(=)
)
2xexy 8z (u2-vy)@

+ S—— —
Sk M2 1
22 (uy=vy)2

L
5

.k (ug-vyy) 1x3 [(U2~Vw 2
ZXT (Vo) | BXAXT\UygmVyy R

7
e R L 2l P L A W T A
1|7 * xS\ T 2XEXS \iy vy s

+ e e . : (46a)

From a comparison of each infinite series of equation (46a) with the
1

geries expansion for (1-x2)- 2 (formula 754 of reference 7), the
following equation may be deduced:
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Py
=
oy = Vg
P, = 2ag ds
1-g2
0
1
(uz-vw)z
2xl &1 Yw=Vw/ g2 g
-5 () —
3 1-8
2 0
P
()
2xaxl. 22 MW/ ot g
31 gz ()
YAy 1-g2
4 0
' 1
(&2‘Vﬁ)2
2x3x2x1 83 3 WVl g6 gg
53 L 3 W o
222 o 1-8
+ > L] L ]
(where s 1is simply an integration variable) or

TPy = 2 N\
P(p+§ M .

n=0

U=y

Mn+1)T (%)an(vw-uw)n ’\uw-vw 620 4

fs?

25

(46b)

(The integrals of equation (46b) may be expressed as incomplete

beta functions.)

Along the boundary uz = uy,

the upper limit of the integra-

tions becomes unity and the wvalues of the integrals are glven by

formula 482 of reference 7 as

' 82l 3g =.,P (n+%)1‘(%—)

2I'(n+1)

1-82
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In this special case, then, ®g reduces to

(-]
Itha =7 E f;'nﬁ (vw'uw)n = ﬂf(y)
n=0

as is required along the curve ug=uy.
The portion of the x component of the perturbation veloclty

asgociated with f(y) may be obtained by partial differentiation
of equation (46b) to glve

Xp, M (%—l) = (-1)7r (n+].)I‘(-;-'-)a,n
ox  2Px m T (n_,%-_)Mn
n=0

The series of equation (47) is a function only of Vy+ Alterations
of the function f(y) for a given plan form cannot change the factor

(.d_uﬁ - 1)
de
/\]uw'uz

When en arbltrary strength of vorticity is allowed, the x component
of the perturbation velocity may be obtalned by additlon of equae-
tions (7a) and (47):

%_p _ Ua dv-du
x  2pn b N(ug-) (v=v)

(ug-w) 2 (47)

(l- g.‘-l—z-) @ (-1)*T(n+1) T ('l')an n-i
Ua. Vw M - 2 2
+ 22 L Mv -vy (up) = (up=vy)
Br MG;:E— woY1V42 2Ua P(P+1>Mn 2= Vw

2 2

n=0 (48)
or ( duz) ( )
- —lg(v,
%Q _ Ua dv-du . Avg /S0 W (48a)
x  2Ppn

" '\j(uw-u) (vy-v) Nw-uz
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where g(wy) represents %% times the braced portion of equation (48).

The function g(v,) depends on the shape of the wing-plan boundaries
(fig. 4(f)). and on the amount of vorticity in the wake of the sub-

du
sonic trailing edge. The quantity ( - E;%)g(vw) is constant along
v,
lines of constant wy.

If solutions that satisfy the Kutta-Joukowskl condition are
desired, the constants of equation (48) may be evaluated. Along the
subsonic trailing edge, the x component of the perturbation velocity
must be zero. The integral of equation (48) 1s zero along the boundary
because the limits of integration then coincide. The Kutta-Joukowski
condition can then be satisfied only if

., = (-1)n(ne1)D(: 1
'z‘gf' Nv-v1(vz () = P(n%) (2) nia‘% (ug-vy) 2 (49)
n=0

Equation (49) allows all the coefficients a8, 1o be chosen. Because
the first wember 1s finite when up = vy, &g = 0. The evaluation of

of the other coefficients may be simplified by setting p = MHZ‘VW°
Equation (49) then becomes

(-1 (@) 0(E) o
P(n+l) MH

22 Wi (ap(w)) = pa=l  (49a)

n=1 2

Equation (49a) is & power series in p, whose nth coefficient ap
may be evaluated in terms of the (2n-1)th derivative about p = O.
Differentiation of the first member of equation (4%9a) may be
accomplished by successive applications of the relation

a 2 Mug(vw)—vw a

T - [duz(Vw) - 1] T (50)

Ay
By application of equation (50) and L'Hospital's rule to equa-

tion (4%a), the coefficients a] and ap, for example, have been
evaluated.

lim up—vy—0 (51)
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and
1 -3 22
. MUa dvy dup 2 dzuz dusp 2 EEE 2 3 duso
2 =72 qug AVy) dvy? [\&Vw dvy TB\dvy
-1 1
waf 4v dup 2|a2v, du2)2 dvy d%up| |fauy 1)2
1 .
du 2 dv, du
2 3 1 2
- (de - > g(l— a—l—z- a—;;) 1im ug—-)vw—)O. (52)

The other coefficilents may be similarly evaluated. Once the coeffl-
cients aj, &z, . . . a, have been determined, all the perturbation-
velocity components in the plane of the wing may be derived by means
of the equations previously presented.

A special case of equation (51) gives equation (30). The solu-
tion for the swept trapezoidal wing may thus be obtalned from the
general equations that have been derived without the a priori assump-
tion that the flow 1is conlcal.

If only functions derivable from the x component of the pertur-
bation velocity are required (such as pressure, lift, and drag coeffl-
cients), equation (3), (8), (7), or (48) may be directly applied. The
solution for the wing of figure 4(f) that satisfies the Kutta-
Joukowskl condition may be obtalned by substituting equation (49) in
equation (48) to yleld

o Ua dv-du
= (53)
Ef 2Pn . M(a%_u)(vw_v)

For the special case of a wing with a straight leading edge (fig. 3),
equations (53) and (8) give equation (12), which was previously
obtained by Iintuition.

RECAPITULATION

A recapitulation of the formulas for the x component of the
perturbation-velocity potentlal of a single thin flat-plate wing tip

886
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with arbitrary plan boundaries 1s given herein. The lift-distribution
coefficient Cp,L of thin wing tips may be obtained from these
formulas by -the relation

4
CP)L = (-ZCP) ] %‘!Xi

(a) In regions not influenced by the wing tip,

%Q _ Ua dv-du
x  2Px

abd M(uw-u)(vw-v)

(from equation 3(a) and fig. 1(a)).

(b) In regions influenced by subsonic leading or trailing edges

when no vortex sheet exists directly behind the subsonic trailing
edge,

%@ _ Jo dv-du.
X 2Bn Y
o N (uge) (v=v)

Ua dug(ve) | | ve=va(uz(vy))
* Bx te dvy w-u2 (V)

(from equation (7a) or (48) and fig. 2(b)).

(c) In regions influenced by subsonic trailing edges when an
undetermined amount of vorticity is allowed in the vortex sheet
behind the trailing edge, .

[ duz(vw)
] - ——

V,
g_q)# Ua dv-du + dvy _Jg( w)
>4

apn b M(uw-u) (vyy=v) ’\] Uyr-ua (V)

(from equation (48a) and fig. 4(f)).
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(d) In reglons influenced by subsonic trailling edges when the
Kutta-Joukowski condition 1s satisfied at the trailing edge,

? _ Ua dv-du
2
x En oy NCum) (vy=v)

(from equation (53) and fig. 4(f)).

Flight Propulsion Research Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, January 12, 1948.

988
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APPENDIX A
SYMBOLS
The following symbols are used in this repor%:

ag, 81, 8p » « » 8y coefflcients of power-series expansion of -
£(y) = ag + a15" + azy® + . .

Cy pressure coefficient on top wing surface
Cp,L lift-distribution coefficient ( -2 Cyp)
£(y) perturbation-veloclty potential on top surface

of diaphragm in wake of so-called subsonic
trailing edge

g(vy) undetermined function of vy
k4 constant greater than O
ko constant whose value lies between O and 1
M free-gtream Mach number
m, n integer summation indices
by = Nllz-vw
S plan-form area
U free-gtream velocity
M
u = gg(g-ﬁﬂ) |
oblique coordinates whose axes lie parallel to
M N
v =‘§§(§+Bﬂ) Mach lines
Xy, ¥, 2
Cartesian coordinates
E)v "]J §
o " angle of attack

cotangent of free-stream Mach angle ( M2-l>

T gamma functlon
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P

Subsgcripts:
1, 2, 3, « « &«
a

b

T
w

Examples:

oT
AL

®D

Sw(1+2)
Vi
T'(n+l)

€1

RACA TN No. 1585

slope of streamlines near z = 0 plane measured
in y = constant plenes (diaphragm-surface
glopes)

slope of streamline (on wing slopes) with respect
to z = 0 plane measured in y = constant
planes

perturbation-velocity potential on top wing
surface or diaphragm

numbered areas or curves

portion associated with f(y)
portion not associated with f£(y)
bottom (wing or diaphragm surface)
diaphragn

top (wing or diaphragm surface)

wing

slope on top wing surface
slope of diaphragm in plan-area 1

perturbation-velocity potential on top surface
of diaphragnm

wing area 1 plus wing area 2
curve v = vi(u)
1]

.

portion of perturbation-velocity potential on
wing surface associated with function £(y)

portion of diaphragm slope assocliated with
function f(y)

value of f along leading-edge boundary curve 1
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APPENDIX B
DERIVATION OF EQUATION (6)
The velocity potential at point (x,y) for the wing tip of

figure 2(a) is given by equation (5) (written in Cartesian coordi-
nates) as

L EJJ o paf an U J‘ (Op+0p)dban
U, Na-pZ-eam? T , 2 NG)Z-e2 (P

(81)

In terms of the areas bounded by the lettered points in figure 2(c),
equation (B1l) becomes

U oqpdfdn U (og+op)atan
®=-z > 5w 2_p2 2
N(x-£)2-p2(y-n) 2 N(x-£)2-%(y-n)
abdc bod
(Bla)
The velocity potential at point (x+dx,y) may be written
Om + x)didn
P + % dx = %J‘ (T gfd
phtate! X-E)Z-Bz(:v"n)z
v (°s+0T) Jﬁ‘%%'l)dx]didn 52)
Uhioar 2 fx- 02 (gn)2

The area -a'b'd'c' may be subdivided into the areas fgkc', a'egf,
and eb'd'k. The area fgkc' 18 the same as the area abcd and
the relation of the distances in the denominator is the same for

corresponding points. The first Integral of equation (B2) may there-
fore be written
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OT + %CET-dx)dgdn u (OT + %Gg-dx)dﬁdx
ST x

- Y - -
i a'b'd'c! E)Z"Bz(y'ﬂ)z abde V(X'E)Z“BZ (.'Y-Tl)z
'![ QT * de ik oy OT + *gg'dX>d§dn
" a'egf M x-t 2-p%( (y- n " eb'd 'k X-E) 2_p2(y-q)°
(B3)

On the other hand, the area b'od' may be expressed as the
area ghk plus the area eod'khg minus the area eb'd'k. The area
ghk 1s the same as the area bod and the relation of the distances
in the denominator is the same for corresponding points. The second
integral of equation (B2) may therefore be written
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886

dt = 2(dx-dxp)

- 25X
= 2B (dx)z dxo

dy
_ ZB<dX)2 ax

1+ B(%%)z

where (%%) is the slope of the wing-boundary curve in the
2

vicinity of the point d. Integration of the fifth integral of
equation (BS) with respect to f removes one integral sign and
replaces df with the fourth member of equation (B6). Equa-
tion (B5) thus becomes

(B6)
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k)
. .. QT ( at dn gﬂ . ~—5¢ — dfan
U NxpERGmE 2 V(x-@z B2 (y-n)2

)

Ry i Opdn U (©p+op)an
"), Ne0Z@em? ") 2 N2

886

©Or-3) B(3Z), an
1 [1 + B( )] N(x-£)2-p2(5-n)?

If equation (B7) is rewritten in oblique coordinates, equation (6)

(B7)

g ﬂ;d

i ' resultg:
. ?} UJF (%01 -E—-)dudv
X 2BT( JSW X M(uw—u)(vw—v)
(7 o el
4BnJsz ; M(uw-u)(vw-v)
v [ oplav-au)
2Bxn

Jon M (uyr=u) (vr=v)

[ (0g+0q) (dv-du)

2B“J bod 2 N (uy=u) (vy=v)

du2
) U,(J (GrfoB)(l - -de)dv 31
bd
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APPENDIX C
. CALCULATION OF PRESSURE COEFFICIENT FOR WING
OF FIGURE 3 BY METHOD OF REFERENCE 1

When Op = -Op = o, equation (5) glves for the velocity potential
on the top surface of the wing shown in figure 3

Uy Vw
P = Ua du dv
Mx
(uge=nu) qv -v
uz (vyy) v -kju v

= %% M [uw-ug(vw)] [vw+k1u2(vw)]

L antwy) ky [u-ugp (v,)]

3 virtkiuz (vyy)

Now

%EWM_B(%?*%D) (c2)

Substitution of equation (Cl) into equation (C2) yields

S Ua duz (vy)
gECP:Et_ 1- dvyy

vytkiuz (vy) . (ky1+1) can-1 ky [uw-ug (Vw)]
uy-u2 (vy) ”kl vyt+kiug (vyr)

_‘2

(c3)

886
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’

The pregsure cosfficient on the top wing surface is then

l.

oa dus(vy) | (|wetkiuz(vy)  ky+l N kl[uw-uz(vwﬂ
=" o 1 - 3 + tan
Vir ugy-tin (vyy) I3} wetkius (vy)
(c4)
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() '

Figure 2, - Filelds of integration for ecquations (5) to (7).
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(e)

Pigure 2, = Concluded, Fields of integration for equations
(5) to (7).

Figure 3, - Boundary limits for equations (9) to (11),

1585
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‘ Filgure 4., = Integratlion boundaries for evaluating veloclty

potential in regions influenced by subsonic trailing
edges.
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(c)

(a) :
Figure 4. = Continued. Integration boundaries for evaluating
velocity potentlal in regions influenced by subsonic trailing
edges.
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(o)

(£)
Integration boundaries for evaluating
veloclity potential iIn regions influenced by subsonic trailing

edges,

Flgure 4, = Concluded,
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Figure 5., =« Notation for swept trapezoldal wing.

§8¢



47

1585

NACA TN No.

*Bulm TepTozZedsay qdems Jo
d1g aseu Suym Jo oeusTd uyp £3700Tea uofisqaniJged Jo jueucduwod ¥ JO UOTIBEIBA ~ °9 oandg

X
P
0 3~ Fe - 9~ g~ 0T~
]
NN |
1y
N
//
T
[0 7} \\\ xong
S xwz P A N | e
ey <% /
/// O\NAao \\o w // g°
<< e
.L/A 1T o V RN
A ——] N
/.// //V M // o
1 .///// P ) ////
//:/l \\& //
S0z v I~ o




1585

NACA TN No.

48

*Buta Twpjozedsay jdeas Jo
d33 aveu Butm Jo eusld uy £37007eA uopyvqanited Jo jueuodmod £ JG UOT3BTIBA — ° SanBTd

X
19
0 <l ) At 9°¢- 8~ Q°T~-
T v°g-
P
/
// w..ﬁ.l
//
\An
51

AN

2°1- oel

/
/
N
(4]

\

AN
/

~ 8*~

//
B //\
N
i

/
/

/

LY
ow
L I ]
Qo
o
]
\
e




§84

NACA TN No.

1585

49

3
™~ b/a = 2,0;
~ cﬁ = 0.5 /
L\\
2 ~ J/
2 - — ~T v
~N N /
} \%’7 el /
> 0/// % © \\/
ﬁr;\} A "
' 2 %‘3}1’/ N7/ }: //
A 1 - /'“/ ‘;> =
a r\& \
///
e
0 //////
( ~wa |
-1 [
-.4 ".3 "02 -.1 O
By
b3

Figure 8, - Varlation of slopes of streamlines in plane of wing
near tip of swept trapezoidsl wing,



