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NATTONAL ADVISORY COMMITTEE FOR AFRONAUTICS

TECHNICAL NOTE NO. 1620

THE CALCULATION OF DOWNWASH BEHIND SUPERSONIC WINGS
WITH AN APPLICATION TO TRIANGULAR FLAN FORMS

"By Max. A. Heaslet and Harvard Lomax

SUMMARY

A method is developed consistent with the agsumptions of small
perturbation theory, which provides a means of determining the down— -
wash behind a wing In supersonic flow for a known load distribution,
The analysis is based upon the use of supersonic doublets which are
distributed over the plan form end wake of the wing in a manner
determined from the wing loading.

The first application of the method proves the egquivalence in
subsonic and supersonic flow of the downwash at infinity correspond-~
ing to a glven load distribution. The principal application in this
report 1s concerned with the downwash behind a triangular wing with
leading edges swept back of the Mach cone from the vertex. A complete
solution is glven along the center line of the wake and an approxima-
tion provided for points in the vicinity of this line.

INTRODUCTION

The linearization of the partial differentisl equation satisfied
by the velocity potential for compressible flow yields, for subsonic
flight speeds, an elliptic—type equation which is reducible by means -
of an elementary transformation to the basic equation in incompressible
flow. As a consequence of this result, wing theory in the subsonic
realm employs the same concepts and same types of analyses that
belong to classical incompressible theory. At supersonic speeds, the
differential equation for the velocity potential 1s hyperbolic in type
and for wing theory is equivalent mathematically to the two—dimensional
wave equation of physics. In spite of the different character of the
basic differential equation in the two flight regimes, certain formal
equivalencies can be set up which are intultively useful in the solu~
tion of specific problems. In particular, the velocity potentials
of a three—dimensional source and of a doublet each have analogous
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forms in the two cases. The solution of different boundary-value
problems encountered in wing theory has been discussed in reference
1, and it has been shown how suitable distributions of sources and
doublets may be used to determine the flow potential associated
with a given lifting or nonlifting wing.

The calculation of downwash behind & wing, for incompressible
flow, relies almost exclusively on the use of Prandtlt's lifting-line
theory which 1s, in turn, developed from the concept of a single
horseshoe vortex. The conventional approach to the general down—
wash problem is to determine, first, the induced field of the simple
horseshoe vortex by means of the Bilot-SBavart law and, then, from a
knowledge of the spanwlse distribution of loading over the wing, to
calculate finally the induced field produced by a vortex sheet
composed of superimposed vortices of varying span.

When downwash calculations are to be extended to the case of
supersonic wings, it appears at first that the use of vortex sheets
is completely inadmissible since no equivalent to the Biot—Savart
law exlsts. It is, in fact, true that the horseshoe vortex no
longer plays the outstanding role it has at low speeds. However,
when a more detailed investigation is made of the underlying analysis,
it becomes apparent that vortex theory and the Biot—Savart law can
be developed from the initlal use of a constant distribution of
doublets over a given surface. (E.g., gsee references 2 and 3.) These
doublets produce a discontinulty in the velocity potential at the
surface, and, for incompressible theory, the curve which bounds the
gurface can be identified with a vortex curve possessing circulation.
The proof of the Blot—Savart law and the introduction of vortex sheets
are direct consequences of these basgic ideas.

Since, as was shown in reference 1, supersonic boundary-value
problems involving sources, sinks, and doublets can be solved in a
manner analogous to that used in low—speed theory, a method is
therefore provided for an attack on the downwash problem for
supersonic plan forms through the use of doublet distributions.

The present report has two principal aims: First, to outline
in some detall the theoretical approach to the determination of the
veloclty potential of the flow field associated with a supersonic
lifting surface and the subsequent calculation of the downwash; and,
second, to apply the theory to the case of a triangular wing swept
back of the Mach cone and to present the results of the complete
calculations along the center line and in the plane of the wing.
Downwash immediately back of the trailing edge and at an infinite
distance behind the wing will also be derived and is in agreement
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with the previously published results of P.A. Lagerstrom (reference
4). The final portion of the analysis will treat the variation of
downwash near the center line of the triangular wing.

In the theoretical portion of the report, the boundary-value
problem will be introduced and the solutions, obtained from Green's
theorem, will be glven for low—speed and supersonic flow. In the
gection of the report devoted to applications, the theory will be
used first to evaluate the potential function at an infinite
distance downstream from a 1ifting wing. Since the mathematical
problems arising in the physically obvious case of the unswept wing
of Infinite span correspond closely to those for the more general
cage, the theory 1s next applled to- this case. From this applica—
tion, a general procedure 1s developed for treating wings with
supersonic trailing edges. The final application of the report
will be devoted to the triangular wing. In all of these applications,
it will be seen that the analytic expressions which have been obtained
in supersonic theory for the load distributlons over certaln plan
forms afford a means whereby the chordwise dlstribution of pressure
may be introduced into the analysis, and, therefore, such expedients
ag lifting—-line theory are no longer so essential.

No attempt will be made here to discuss the effect of airfoill
thickness on the downwash distribution, although this effect is
actually simpler to treat mathematically., It suffices to state
that the entire theory is postulated on the assumptions of thin-
airfoil or small-perturbation theory and that, consequently, thick—
ness effects and lifting—plate solutions are additive. For the
results that are glven in the plane of the airfoil, the thickness
effect, which is necessarily symmetrical with respect to this plane,
ig zero,

LIST OF IMPORTANT SYMBOLS

a, velocity of sound in the free stream
b wing span
Co root chord of wing

E,By,E; ,Eo complete elliptic integrals of the second kind with
: moduli k, ky, k3, ko, respectively
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complete elliptic integrals of the first kind with
moduli k, ko, respectively

' v
free—stream Mach number (f)
o}

static pressure
b;=Pu

1 2
dynamic pressure Epovo

(1) 24 (331 ) 2+(z2,) 2

1/(X—X1)2+(y—.'¥'1)2+22

u/(x—xl)2—ﬁ2(y“Y1)2—B2(Z—21)2

J(X-Xl)z—ﬁz(y—)ﬂ)z—ﬁzzz

perturbation velocity components in the direction
of the x—, y—, z—axes, respectively

Up—11]

free—stream velocity

z—component of veloclty Induced by doublet distribution
over plan form

z~component of velocity induced by doublet distribution
over wake

Cartesian coordinates of an arbiltrary point

Cartesian coordinates of source or doublet position
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Subscripts
u

1

L.E,

TCE.

1620

x/cq
By/co
Bz/c,
angle of attack

A/M2-1

gsemivertex angle of triangular wing

By
coeo

B tan
Mach angle (arc sin 1%4)
density in free stream

perturbation velocity potential

o

sign denoting finite part of integral (equations
%ﬁo) and (I1))

conditions on upper portion of surface
conditions on lower portion of surface
conditions at leading edge

conditions at trailing edge

refers to wake

refers to plan form

conditions on discontinuity surface (at z1=0)
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Regions
I,II,IIT integration regions on plan form (fig. 4)

A,B regions in wake of triangular wing (fig. 5)

THECORY
Boundary Conditions

The proposed problem is one of finding the downwash behind a
flat plate which supports a loading consistent with its angle of
attack and plan form, It will be assumed throughout the analysis
that this load distribution is known. Such values were given for
gseveral plan forms in reference 5 and further results can be found
in the literature on supersonic wings.

The load digtribution over the wing may be obtained from a knowl-
edge of the differences In pressures acting on the lower and upper
surfaces. Moreover, in thin-airfoil theory, where boundary conditions
are given in the 2z = O plane (l.e., the plane of the wing), a simple
relation exlsts between local—pressure coefficient and the streamwlse
component of the perturbation velocity. Thus, assuming that the free—
stream direction coincides with the positive x-axis (fig. 1), and
denoting by u the x—component of the perturbation velocity, it
follows that

Ap p,—P 2 2/u
- 1 _ 8 (1)

where the variables are defined in the table of the symbols.
Furthermore, from the definition of the perturbation veloclty poten-—
tial ¢

o:Lxum (2)

where a 1s a point in a region at which the potential is zero.
Combining equations (1) and (2), the Jump in potential in the plane
z=0 can be determined by integrating the Jump in the u induced
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¥ velocity or, what amounts to the same thing, the Jump in load coeffi-—
cient. Thus,
. x v X Op
A@s = f Ausdxl =2 <""> dx; (3)
\ L.E. 2 VL.E, q

where the Integration extends from the leading edge to the point x
and A%y represents the jump in ¢ in the xy-plane. Since load
coefficient A@/q must be zero off the wing and since u 1s an odd
function in 2z, the value of u must be zero for all points off
the wing in the xy—plane. It follows that APy remains constant

at a given span station for all values of x beyond the trailing—
edge pogition.

Figure 1 Indicates an arbitrary lifting surface in the z=0
plane together with the distribution of Adg for given constant
values of y and x. In both subsonic and supersonic theory, the
wing together with the semi-infinite strip extending downstream of
the wing form a discontinuity surface for the velocity potential,
while A®g 1is equal to O throughout the remaining portion of the
xy—plane. These conditions, together with the fact that the vertical
induced velocity w 1is a continuous function at z=0, are sufficient
to determine ¢ throughout space. The values of wu, v, and w can then
v be found from the corresponding partial derlvatives of ¢ with respect
to x, y, and z. The attention in the present report is centered on
w, the downwash function.

o

Sclution to Boundary-Value Procblem

In reference 1, the solutions for boundary—value problems of
the type under ccnsideration were given for both incompressible and
supersonic theory. The basic differential equations satisfled by
the perturbation velocity potential are, for the two cases, respectively,

(4)
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and

52 d% % % o (5)
32 332 322 2

Incompresgible theory.— For boundary conditions prescribed in
the 2z = O plane; the solution of equation (4) is

o (X,¥y,2) = —%ff [%(gg%—aa;:}- —(‘I’u—‘pl)(gi—l %‘)s]dxldy'l (6)

where

r = VQXF11)2+(Y—W1)2+(Z—21)2

and T is the area for which the integrand does not vanish. The

terms L —é— L are equal to the veloclty potential
brirg kst \93z; r/g

at x,y,z of a unit source and doublet situated at the point
X31,¥1,0. The remaining terms in the integrand, which determine the
distribution of source and doublet strengths, must be found from
knmown boundary conditions. If a lifting surface fixes the boundary
conditlons, 1induced vertical velocities on the upper and lower
faces of the surface are equal so that

Bcbu _ a@z

le - le

and

o (x,5,2) = l—f fm <a—£> dx1dys (7)
hn J o B\ 0z; r/g

Equations (6) and (7) are well known in potential theory (refer—
ence 3, p. 60), but the derivation usually employs the assumption
that the value of ® 18 zero at all points infinitely distant from
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the wing. This assumption cannot, of course, be made in aercdynanmic
applications where the discontinuity surface T extends to x = w
as in the case of a lifting wing or lifting line with trailing
vortices. These latter problems, with which this report is directly
concerned, are of such a nature, however, that the induced effects

at an infinite distance are confined to the plane x = »., An investi—
gation of the derivation of equation (6) reveals that the conditions
imposed on &, in general, can be relaxed sufficiently to permit a
discontinuity in a strip of finite width along the entire extent of
the x—axis. The mathematical details of the derivation will not be
given here but a statement of the restrictions on ¢ at infinity is

worthwhile. Thus, denoting by gf- the directional derivative of @

L)

taken normal to a prescribed surface, the following conditions
apply:

o0
1. The functions ¢ and — are zero at all points

on

having radius vectors which make finite (nonzero) angles
with the positive x—axis, the points lying on a spherical
surface of infinite radius with center at the wing. (This
preserves the usual potential theory assumptions except
over the portion of the spherical surface which forms the
plane X = w.)

o]
2. The values ¢ and é— are bounded at all points

ox
infinitely distant from the 1lifting surface and at a non—

infinite distance from the positive x—exis. (This condition

o0
places regtrictions on the values of ® and — in the
vlane X = w,) X

Conditions (1) and (2) are satisfied for a 1lifting surface of
finite span, and equation (7) is consequently applicable directly
to the determination of the velocity potential. As an application
of the equation, suppose a sheet of horseshoe vortices is situated
as 1In figure 2 with bound vortices placed on the y-axis, trailing
vortices extending parallel to the positive x—axis, and has a span—
wise distribution of circulation AQ® gymmetrical to the xz—plane

and defined for - % <y < g. Then the velocity potential corre—

spending to this vortex sheet is given by the expression

b
= © dx
o(x,y,2) = —yi-f2 AD dyf - (8)
. '% " [(xx2) 24 (y1) “4251%2
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When AQg = constant, a single horseshoe vortex results.

Supersonic theory.— For supersonic boundary—value problems
associated with plan forms as iniicated in figure 1(a), where the
known conditions are given In the z = O plans, the general solution
of equation (5) is given in reference (1) in the form

o (x,5,2) = — -;—;[[f[ <—I%>s %ll&— 2%)—(% - <I>7,> (BSI ;ES ]dxldyl
(9)

where

re = A/(X-Kl)2—52(y—y1)2—ﬁ2(2—21)zr

and the subscript s on the parentheses indicates that the function
is to be evaluated at z; = 0. The region T 1s that portion of the
X1y1—plane bounded by the leading edge of the wing, the lines parallel
to the x-exis and stemming from the lateral tips of the wing, and the
trace in the z; = O plane of the Mach forecone with vertex at the

point x,y,z. The sign | is to be read "finite part of"
and was introduced by Hadamard (reference 6) as a manipulative
technique with the property that

Xo A(x)dx _ %o A(x) -A(xo) _ 2A(x0)
‘é (xox)%/% Uy (xgx)°/? = (x0-e) " o)

For purposes of calculations, this was modified in reference 1 to

x A * dx

the asterisk indicating that no upper limit 1s to be substituted
into the indefinite integral, the latter belng determined as

F(x)+¢C
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where

C = lim [ Eﬁifﬁl - F(x) J
X > Xg b 4/Xo—x

Equation (9) is the direct analogue of equation (6). The terms

E— L and L —é— x are equal to the velocity potential at
2 \re J 2\ 0z; rg A

X,y,z of a unit supersonic source and doublet situated at the point

" X3,¥1,0, Wwhile the remaining terms in the integrand determine the

distribution of source and doublet strength and are determined by the
known boundary conditions.

When the potential function associated with a lifting surface is
to be evaluated,

o,

—

aZl - aZl

and equation (9) reduces to the form

_ L o 1
e TN G rc>s a0y (12)

In application, the region of integration in equations (7) and (12)

can be divided into areas occupied, respectively, by the plan form
and the wake region. Thus, for equation (12),

o (x,5,2) = =22 ff Adg dx,dy;
Z =
" an [(x—x;)2—82(y-y1)2—-B2z 2]3/2
plan form
zf? AQg dx;dy, (13)
e f‘l;ke [(x—x1)2~p3(y-y1)5-p522]3/2 3
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Equation (13) presents a formal solution for the calculation
of veloclty potential and, subsequently, downwash for a given surface
in terms of A®g. Since AQy was related directly to load distri-
bution in equation (3), it is apperent that the various known
solutions to lifting—surface problems are directly applicable. The
fact that supersonic theory permits the determination of load
distribution in closed analytic form for many simple plan forms
provides a distinct advantage that 1s lacking in subsonic theory
wherein virtually all known results are available only in numerical
form. Thus, theoretical analysis of problems involving supersonic
flight speeds can be carrled further before recourse to numerical
methods is nscessary.

APPLICATIONS
Value of Potentlal Function at x = o

It 1s possible to show, from equations (7) and (12), that the
potential functlons corresponding to a wing with fixed load distri-
bution are idential at x = » for incompressible and supersonic
flow. Assuming A0y known, the values of o (x,y,z) for the two
cases are given, respectively, by the equations

_z Mg dxidy)
®(xy,2) = 52 f f [(x—x1)2+ (371 )2+2) 2

plan form

+ Z_f/‘ A@s dxldyl
b [(x—x1 P+(y-y1)2+22 192

wake
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) : and
o(x,7.2) = —B2z L/’1/n Ay dxydya
e o [ (x—x1)2-p?(y-y,) >-p=22]8/2
plan form
B2z | N~ A0g dx3dy)
2 wjake [(x—x1)2B2(y—y1)2-p222]3/2

Since, however, Abgy 1s finite, it follows immediately that for
Tixed values of y and =z +the integrals over the plan form in both
equations approach =zero as x Increases indefinitely. Thus,

denoting b b'd the value of x; at the trailing edge of the
y Xr.E,

wing, the potential functions at x = w are given by the expressions

a( 2) = 1im 2 /B AD (x )a f i e
v PV S b p T TESY [(x=x1)24(3-y1)2+22]3/2  ~
2 Lr.E
‘ and
b
2
—z. B2 * dx,
o(mys2) = Ln = [ (g vy, [ -
T wme e Lp ORI (g )23y ) 22212

X7, E

These relations can be Integrated once to give for the subsonic case

b
_ :E z (X—Xl) ) "
“or2) < 1n o, p e E I ey o ot e v
XT.E.

b
=.E_k/m5' 28 (xp,g ,7,)4, (1ka)
anJ p (y—y1)2+22
L ~z .
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The point of principal interest in this development is the
jump in the induced vertical velocity w iIn passing from a point
Jjust ahead of the tralling-edge wave to a polnt immediately behind
the wave. A study of equationa (17) and (19) shows that this jump
is the result of the discontinuity in the contribution to the down—
wash of the term containing the single Integral. Ahead of the
trailing-edge wave, this term ylelded the result that

w=—-Va
o)

wheresas behind the wave, the contribution of the term to w was
Zero.

The method of attack used in the study of the unswept wing can
be generalized to apply to arbitrary plan forms. A discussion of
this case follows, '

Arbitrary plan forms.— As will be shown later, for any plan
form with supersonic trailing edge, the Jump in the value of w
in the plane of the wing at the tralling edge can be calculated
directly by means of simple momentum methods., At this point, how—
ever, 1t is of more interest to consider in a genral manner the
nature of the integrations 1lnvolved when the point x,y,z 1s either
ahead of or behind the trailing-edge wave. Figures 4(a) and L4(b)
show a plan form with a straight tralllng edge with areas of integration
indicated for the point P 1in each of the two positions. (The
stralght tralling edge 1s not a necessary restriction and 1s only
introduced for convenience of notation.) The regions of integration
are divlided under the agsumption that the first Integration on the
plan form in equation (13) will be made with respect to yi;. When
the point P 1s ahead of the tralllngedge wave, therefore, the
contribution of the wake 1is zero and the integration over the plan
form 1s made to conform with regions I and II. When the polnt is
behind the traillng-edge wave, three integrals are evaluated
corresponding to regions I, II, and III. In the case of the infinite
agspect ratio, unswept wing reglon I was, of course, nonexlstent and,
In general, no essentlal difficulty In regard to the limits of
integration is introduced by this reglon regardless of where P 1s
situated. In region II, however, the problem must be treated in
more detall.

Congider first the case when P 1s ahead of the wave and denote
by @11a the contribution of one side of region II to the total

potentlal. Then
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dx

) = 1im
He X ' +€[(x—x1)2-]32(y—y1)2—5222] 8/2

€>0 271

)
2 pxH W e2+z 11 A0y (x1,¥1)dy2
(21a)

where

Y =y + %‘VKX?xl)Z—BEZE

Similarly, when P 1s behind the wave and the same subscript
notation is used to refer to one side of region II, the value of

®115 1is

2 Co 'Y
d;
®1Tq = lim o Zf dxlf s ixl’yl)aylg . (21b)
€>0 2x X y+€[(X—X1) _B (y—Y1) _'B 2 ]3/2

where Y3 1is as defined above.

The contributions of the other gide of region II to the pétential
will not be considered separately as the behavior is identical. When
P lies ahead of the wave, € appears In the limits for integration
with respect to both y; and x3. This corresponds to the situation
in equations (16) and (17) and, as for that problem, the limiting
process is carried out after the integration 1s completed. When P
is behind the wave, it is not necessary to defer the limiting process,
gince

QII& 2xn x €=0

—52i/n°o ;/“Yl A%y (x1,y1)dy:
gre [(x22)5B3(5—y1 ) 8222137

and if {-}- represents the integrand, then

Y,

foddeo o [ Ao e
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But since
My (x1,¥1) <u
(1) 2p2(y—y,) 2pZ22]3/2 ©
for c¢q £ X1 < xo (i.e., i, is bounded for all values of xj in the
Interval of the first integration); and further, since

+ €
lim Mﬁ dy, = 1im Me = O
€-=>0 v € >0

therefore, for P situated behind the trailing-edge wave, the
contribution of region IIa is given by

Y
—BZZK/PCO \/P 1 A% (x1,y1)dy:
0] = dx o e 22
Ha en Jy * y [(x—x1) 5p3(y—y1) Bp=22]3/2 (22)

Equation (22) will be applied directly in the determination of
downwssh behind the triangular wing. The significance of the result
is that, when the point P at x,y,z is behind the Mach wave from
a supersonic trdiling edge, the limiting process associated with
region IT need not be congsidered. When P is ahead of the Mach wave,
the term € must be retained in the analysis and the limiting process
uged. As was previously noted, the general analysis developed in
this report places no restriction on the orientation of the trailing
edge; however, 1t should be pointed out that region II exists only
for the case in which the trailing edge 1s supersonic. Therefore,
the Jump in downwash, obtained from the integration over region II,
is asgociated only with supersonic trailing edges; whereag both the
downwash and loading are continuous across a subsonic trailing edge.

Triangular Wing
Consider a triangular wing (fig. 5) with leading edges swept

back of the Mach cone from the vertex. The loading over the wing
is known to be (references 7 and 5)
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Ap 3 ll-@ OZCLXJ_

= 23
q EoB ¥/602%;°—B2y, 2 (23)

where E, 1is the complete elliptic integral of the second kind with

modulus ko = #1-6,2 and 6o = B tan ®, ® being the semivertex
angle of the triangle. From equation (3)

Ay = H 4/602x,2p2y,2 (ek)
where
2aV
H=—"2 (25)
EOB

Sufficient Information i1s now at hand to permit the use of equa—
tion (13). Setting, for convenience, o = op+ O the velocity
potential at x,y,z 1s given by the sum of the two expressions

2 5. o >
o = — zHB U/i/q Vbo x12-B%y1 2 dxy 4y (26)
Y

an lan form [(x—%3)5—p5(y—y.)5-B52%]1%/2

zHBZ [ p Vbochz_Bzylz dx; dya
by = — —— E/L/q ‘ 2 a2 2 a2 213/2 (27)
ox wake [(x—=x1) ®pZ(y—y1) *pZ2®]%/%

Equation (26) represents the contribution to the velocity potential
furnished by the doublets distributed over the plan form,while
equation (27) represents the contribution furnished by the doublats
within the wake. The latter equation is the mathematical equivalent
in supsrsonic flow of the subsonic velocity potential of a sheet of
horseshoe vortices corresponding to an elliptic span load distri-—
bution. Equations (1ka) and (14b) showed that the expression for
by at x = » 1is identical to the velocity potential of the
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subsonic vortex sheet. However, in the vicinity of the x = cg
line, the behavior is entirely different.

In the present report, equations (26) and (27) will be applied
only to the determination of downwash along the center line in the
wake of the airfoll. Further extensions are limited only by
difficulty of integration. It will appear 1n the development that
recourse to numerical methods 1is probably necessary in general.

Downwash induced by doublets in the wake.— Setting y = 0 in
equation (27) and integrating with respect to x;, it follows that

o, - zH(x—co)L/“Yl Vbozcoz—ﬁ2112 dyi (28)

2n ¥, (712+2®) o (x—co) 2—p2y,2Pp222

where the limlts on the integral are not yet specifiled, since they
differ in the regions A and B indicated in figure 5. In eilther
cage, however, the limits are seen to be the roots of one of the two
radicals in the Integrand.

In order to derive an expression for downwash in the plane of
the airfoil, it is convenient to express equation (28) in a different
form. Integrating by parts

Y
oy Y6570 5—p%y, 2 y1(x—g) } 1
— = arc tan
H en -z f(x—o)2BPy 2pZ2 ~Y,
B2 11 Ya yilx—y)
+ — J/\ arc tan = Z —— dy,
en “y, ¥80%co°>—B2y1 2 z 4 (x—co) *B3y12B%2
. R W
This form of the equation is easier to treat when lim — 18 %o
z ~> 00z

be considered. In both regions A and B, 1t can be shown that wy,
the contribution to the downwash made by the doublets in the wake,
is given by the expression
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Y
2 1 2 na. 2
W o HB . (x—co) ®BZy. & (29)
w 2. 2 a2, 2 1
en(x—o) Ly, B0 co B Y1
. 8oCo
In region B, Y; = . Using the fact that the integrand is
an even function and intreducing the notation
X
Xo = — 7 - B (30)
Co cobo
1t follows that
1-—
1 X —1 .
Setting ki = 2% and noting that k; < 1 in the reglon, the
X.O—l
expression for wy; in region B 1s
wi= -2 8 (31)

where K3 1sg the complete elliptic integral of the second kind and
the subscript denotes that the modulus is kj.

In region A
X~C
Y, = —2
B

By means of the transformations

X o
X = e q:_'—-—-—
c
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the integral is transformed to the form

HB o fo 2__ o b
Xo—l N
. Xo—1 1 R
Setting ko = . = o noting that ko< 1 1In region A, and
o} 1
introducing Jacobian elliptic functions in the transformation
N = 8n u, we have

Wwﬂ KZ‘ (l—kgz)Kg_Ez
NLARSEEN
HP 2 f

crfudu = (32)

o} ko

where Ko and E, are complete elliptic integrals of the first and
gecond kind with modulus ks.

The values of the downwash given by equations (31) and (32) can
be presented in terms of wgy, the downwash on the wing, where from

-,
equation (25) and from the boundary condition, a = 17'—9’
o
WoT x (33)
—_— e ——E
P 5 o 33
Thus,
W, Ex(1-%k22)Kp
X _o- (region A)
wo 1Eoko
W'w 2E1
e = = ( region B)

W
Figure 6 shows this variation in ;E plotted as a function of x,

[0]
for values of 6, equal to 0.2, 0.4, 0.6, and 0.8.

Downwash induced by doublets on the plan form.— Along the center
line, the contribution to the potential function due to the distribution
of doublets on the plan form is given by equation (26), where the value
of y is zero. Just as in the case of the wake distribution, it is
gseen that the nature of the solution changes in passing from region A
to region B so that the derivations for these regions will be given
independently.
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In region B, no singularities occur in equation (26) so the
finite part sign can be disregarded. Since, moreover, the integrand
is an even function of Y1, the expression for velocity potential

" becomes

foXx1

CO / 2.2 55
(o] = - d ) 4 90 X3 _B y1
¥ " b/; o P [(X—Xl)2_B2ylLBQZ2 13/2 dya (3)-1-)

After changing variables by the transformations

Byl. 90X1

k =
Goxl
A/(X-Xl)e—ﬁzzz

§=

equation (34) becomes

op - ZHB [0 KO ot W1 ae
P = T ¥/: Oox1 T . (l—k2§2)372

Substituting &=sn u and noting that sn K=1, sn 0=0 where K is
the complete elliptic integral with modulus k, we have

Co .3 Co o
<I>P = - EIEE K Xm ﬁ cdeudu = — Eggf (K E)Xm
0 0

T Jo foxa o (x=x1)2-p2z2

The dgﬁnwash wp In the z=0 plane can now bs found by considering

lim -—~, This leads to the result

z= 0 dz
c
o)
CRES EE) 4xy
hid XX
o)

where the modulus reduces to
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x = 2o%1
X—=X3

Rewriting the equation so that k 1s the varlable of integration
8o
Xo—1

and kl =

ki

Ve K-E
ST —L/q kedg dk (35)

Ag is to be expected, the value of Wp is seen to approach

Zero as Xg becomes Infinitely large. The upstream boundary of
region B lies at xp=1+6p and, as will be seen, wp 1is continuous

at this point.

Consider now region A. In this case, the traces of the Mach
forecone of the point (x,0,z) cut across the plan form. For ease
of calculation, the area within the wing leading and trailing edges
and the traces of the forecone wlll be divided into two parts. Thus,
makling use agaln of the symmetry with respect to the x,-axls,
and also the results discussed in connection with equation (22), 1t
follows from equation (26) that

2] X3
X o [ 2.2 2 =2
—ZHBZfldllf B B0 X1 —B y1
o

e n ayi
© [(x—x1)%-p%y,5-p%2%1°/2
z 2_g2,2
- Xm\/pEVQ;:kl) o ¥6o2x13—p2y,2 dy: (36)
" X1 o [(x—x,)2-p2y,2-p2z2]3/2
where

x— pf0o2x2+p222(1-6,2)
1-6,2

X; =

The reduction of the first double integral in equation (36) can be
carried out by methods exactly equivalent to those used in reducing
equation (34) to (35). As a result of this calculation, the contribu—
tion made to Yp in the plane 2=0 by the flrst double integral is
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Hp /' K&
k14 o k+9O

dk (37)

In the second double integral of equation (36) the following
- substitution is made

By1 K - ka—xl)2—£2z2

£ = .
e Lo -

V2. a2, 2
i
o [ (x—x,)5—p%y,5-$p%25]%/2

I can be written

1 1 //l—kzgz

I = ———s —_—
BOox k™ A (1% %/%

ag

The integration can best be completed here through the use of equa—
tion (14) where

1 327 2
Ale) = 1k%2
(14¢)372

and the auxiliary transformation ¢ = sn u 1s used. As a result of
this calculation

1

I = e
O X1 kZ

(E-E)

so that the second double integral of equation (36) is equal to

Co gR-E

6 Ox1k2

zHB

)8

X
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Using methods similar to those employed 1n the derivation of equa—
tion (35), the contribution to wp 1s found to be

P
2
Eﬁf — K ax (38)
n s k2 (14,k)
Xo—1
where kp = . Equations (37) and (38) may now be combined to
9

give the total downwash in region A induced by the doublets on the
plan form. Thus,

k2 1
WpT K-E K-E
Fo —  _ dk — dk (39)
HB -/1 K2 (1+6k) fo k49,

The integration of equation (39) requires numerical methods. A
slight simplification can, however, be introduced by using the known
value of the downwash w; Just behind the tralling edge. As will
be shown In the next section,

WL

3 7

= =X (E 9
HB 2(00)

Equation (39) must, of course, yleld this result for x, on the
trailing edge, that is, for x,=1 and kz=0. Using thils relation
together with equation (39) it follows that

WPII kg

- _X K-E
5 =~ & (Bo6o) + dk (40)

k2(1+0k)

Values given by equations (35) and (40) are consistent at the
point kj=ks=1, that 1s, at the point where the Mach cones from the
two tralling—edge tips intersect on the x—axls. By means of these
equations, the contrlbution to the downwash of the doublets distri-
buted over the plan form 1s determined.
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In summary, these relations are

Wp  E -0, . ka -
L2 _2070 _ 2 __ KL dk (region A)
Vg Egq Eod k2(1+6k)

k
vp_ 2 1 K=&
V_I; = ﬁ—;l m; dk (region B)
. W
Figure 7 shows the results of the integrations, the function —
o

being plotted as a function of x, for various values of Og-

Conditions at the trailing edge.— The value of the vertical
induced velocity immediately ahead of and behind the trailing—edge
wave must, of course, be determinable directly from equations (21)
and (22), respectively, by setting Xx=cy5 * zfB. If, however, the
discussion is restricted to the z=0 plane, a much simpler method
exists for finding w at these points. The approach taken here
follows essentially that given by Lagerstrom in reference L.

Let conditions Just ahead of the trailing-edge wave be denoted
by the subscript 2 and conditions Just behind the wave by -the
subscript 3. Figure 8 shows a section of a given wing in the plane
y=constant. The Mach waves at the leading and trailing edge make the

1

angle H=arc gin M with the 2=0 plane, and the wing is presumed

to be at angle of attack «. Assuming the trailing edge to be
normal to the free—stream direction, the variation in the x—component

- in velocity when passing through the trailing—edge wave can be treated

as a two—dimensional problem with the condition imposed that wua=0

in the 2=0 plane. It is known that continuity of flow together with
balance of tangential momentum across the wave lead to the result

that the component of velocity tangential to the wave is continuous.
The tangential components of velocity immediately ahead of and behind
the wave are given, respectively, by the expressions

(Vt)2 (Votug) cos p + wp sin u

(Vt)a

Vo cos p + wga 8in W
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Equating these relations, it follows that

Wg = Wo + us cot

-~ Vou + B2 (41)
b \a

For the two plan forms which have been considered, equation (41)
gives the following results

(2) Unswept wing of infinite span

In this case
(%) -2
a4 B
and
L
Wy = = Voo + YEE ?? =0 (k2)

Equation (20) showed that this result actually applies to all points
behind the Mach wave,

(b) Triangular wing

From equation (23)

(A@ heozaco

04 Eop 46o2copy;2

from which it follows that

1 il ) (43)
Wao = W -
& e < Eo 1/60%co2—B3y12
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Setting y1=0 and introducing H from equation (25)
o=0o) (44)

which is the expression used in equation (40). These results are
equivalent to those given by Lagerstrom in reference k4.

Values of downwash near center line of wake.~ The values of

downwash, which were obtained on the center line of the wake, were
worked out 1n exact detall and subjected to no restrictions other
than those originally lmposed by the use of the linearized equations
of flow. It is possible, moreover, to get an indicatlion of the
variation in the downwash function in a portion of the wake for
points near the center line through the use of a generalized Taylor's
expanslion in the vicinity of the line y=z=0. The next higher terms
in the expansion can be found without toc much difficulty for the
region bounded as follows

=

1
—-—=Dp < <_ b
(a) 5 y <3

(b) Both y and 2z 1lying within the Mach cones from the
tralling—edge tips

The problem resolves itself Into one of finding the first
nonvanishing coefficlients of y, and 1z, 1in the series

W
o AO+A1ZO£B1yo+A2z02+ngoyo+Bgy02+... (45)

The valve of Ay has, of course, already been computed and 1g
known from equations (31) and (35) to be

ky |
Ao = = (1 + EE gx (46)
By k+6,
O

6o

where k; = N
Xo—l
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The coefficient By 1in the expansion is known to be equal to

ow
g—i> The evaluation of this term follows a devlopment similar
Jo

yo=o

to that used for equations (29) and (34) except that y 1s retained
in the analysis, The derivation yields the relation

6
W 1 L/p ° 4/(xo_l)2—(YO‘ﬂ)2 an
HB 2(:X:o_]-) —60 Yo' 902—"12

an

1 €60 2 2_qn2
“%fdéf 46,262
o

Voo, [(xg)2~AygmnF 172

Carrying out the differentiation, with proper regard for the singu—
larity in the first integral, it follows that By = 0. Similarly,

it can be shown that Co = 0, while the coefficient Bs = 1 Bzw‘>

2
1s given by the expression 2 ayO

o=

1 2k, %
Bg = <2Kl band E]_)

T(Eoeoe l—klz
(47)
ky
1 1+k2 1
" XE.0-2x 2f (k+65) [E (1x2)2 K 1—1:2}31{
oY 0 (6] (o]

o
xo-1"

where again k; =

In order to calculate the variation with z,
0%
zo2

it 1s necessary

to evaluate A; = <8

ZOéO
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- where

8oCo

o TP v y1(x—o)

— =B arc tan dya

/602 oB3y, 2 z f(x—co)2B3y,2p%22
Goxl
1/60%x, 282y, 2
- 2P 2,2]3/2 dya

o o [(x—x1) 5%y, %6"2"]

The double integral contributes nothing to the coefficlent, and the
remaining portion of the expression can be evaluated without
integrating by differentiating twice and using Cauchy's integral

theorem
j{ f(y1)dya < >
o2
(32-iz¥ y=iz
Thus ,
(48)
1 z
Ay = — —— 2
- * Eobo |2

The coefficient As will not be evaluated, since the first
higher order term in 2z has been found. Thus, to the first order

in y, and 2z,, the downwash function %L is
0

ky
w 2 T K-H zZ zZ
— = — E1+/ dk>— = — (49)
Vo TEg o k8, Ef, |z}

DISCUSSION

- .
The variation of ;ﬂ, the downwash due to the doublets in the
o}

wake in terms of the downwash on the triangular wing, was given in
figure 6 as a function of Xy for various values of 6,. This

distribution of downwash along the center line of the wake can be
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Vi xo—-1
presented as a single curve if — E, 1is expressed in terms of .
o}

Vo
A graph of this function is shown in figure 9.

Figure 10 presents the resultant downwash on the center line
induced by the doublets distributed over the wake and over the plan
form. This 1s the complete value of downwash on the xy,—axis and

shows that, following the discontinuity in downwash at the trailing

edge, the magnitude of éﬂ builds up to its asymptotic value and

o
achieves an almost constant value within approximately one chord
length aft of the trailing edge for values of 6, less than 0.8.

The table glven on the figure relates 6, to free—stream Mach number
M and to B for the particular case of a triangular wing with lead—
ing edges swept back 45°,

It has been shown that at x = » the downwash has the same form
for both incompressible and supersonic flow, provided the span load
distributions are equal. An exact solution for the downwash on the
center line of the triangular wing has been developed and extended
to include a region near the center line of the wake by means of an
approximation (equation (45)). A measure of the exactness of the
approximation may be obtained by comparing these results with the
exact results for the incompressible case for an elliptic gpan load
distribution, as obtained from reference 8, page 151, Figure 11
shows the exact values of %L for incompressible theory for

o}
0« gg <0.3 and 0< 22 < 0.3. Also included are the linear approxi—

o} o]
mations in supersonic theory to %;-EO for the same range of the

geometric variables. The span loag distributions for both wings are
elliptical, but, in order that the same value of 1ift 1s maintained
for the low— and high-speed cases, the angle of attack must be
modified. This accounts for the use of the factor E, 1in one sgt

of ordinates. It is apparent from the comparison that, at a large
distance behind the wing, the approximation of equation (49) yields
results within 4 percent of the exact value for the region congidered.

In application, it is desirable to know not only the order of
the variables retained in the analysis, but also the magnitudes of
the neglected terms. In this respect, equation (49) does not supply
as much information as might be desired, since no estimation is
furnished of further coefficients in the series. It appears, however
from the nature of the agreement obtained in figure 11 for conditions
at a large distance from the wing together with observations as to
the asymptotic behavior apparent in figure 10, that equation (L49)

3
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furnishes a reasonable estimate of downwash in region B, provided
that the point of calculation is not in the immediate vicinity of

the tip Mach cones. For values in region A, no conclusions can be
drawn from this investigation about the variation of downwash with
respect to z. The spanwise variation indicated by equation (49)
agrees with the value given by equation (43) at the trailing edge;
that is, to the first order in y, the downwash is a constant.

Thus, in the xy-plane, equation (49) can be expected to give a
reagonably close estimate to the downwash near the center line and
away from the tip Mach cones for all points behind the trailing edge.
For variation in the z—direction, however, the validity of equation (L49)
ig restricted to points in region B,

The behavior of the downwash in the vicinity of the trailing
edge Indicates that in this region an important difference exists
between lifting-line theory in supersonic and in subsonic flow.
Figure 6 shows the variation of downwash along the center line of
a doublet sheet (1lifting-line theory in incompressible flow) with an
elliptic span load distribution. The error introduced by not using
the chordwise distribution of load is given in figure T and is
sizeable for about one chord length back of the wing.

The methods of analysis presented here were shown in the first
application to lead immediately to the valus of the potential
function at x = w, and thus provide a ready method for the deter—
mination of vortex drag of a supersonic wing.

A more detailed study of downwash behind the wing will necessarily
involve considerable labor. The methods given in the report are,
however, general and are directly applicable.

Ames Aeronautical Laboratory,

National Advisory Committee for Aeronautics,
Moffett Fileld, Calif.
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(a) Plan form
aé, a4,
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(b) Sections showing distribution of 44,

Figure |.- Skefch showing arbitrary lifting surface together
with distribution of Ags, the jump in perturbation velocity
potential in the plane of the surface.
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Figure 2.-Vorfex sheet with bound vortices on y-axis and

distribution of circulation equal to A#s-

oP{X,’,Z)

Y

X

(a)Point P ahead of trailing edge (b) Point P behind trailing edge

Figure 3.- Areas of integration for infinite span wing.




NACA TN No. 1620

(a)Point P ahead of trailing edge (b) Point P behind trailing edge

«Plx,y,z)

Figure 4.- Areas of integration for arbitrary plan form with

supersonic trailing edge.

Yo

Xp= X/C,

Yo = Y%,

|

Region A

I

Y

Region 8

Figure 5. - Triangular wing swept behind Mach cone

showing location of regions A and B,

39




4o NACA TN No. 1620

1.0 14 18 22 2.6 3.0

X, ,Distance in chords

Figure 6.~ Variation of the part of downwash on x-axis
induced by doublets in wake with distance downstream

in chord lengths, x,= x/c,. Triangular wing.

1.0

90 4 /6 rra 26 30

X, , Distance in chords

Filgure 7 -Variation of the part of downwash on x-axis induced

by doublets on the plan form with distance downstream in

chord lengths, x,= x/c,. Triangular wing.
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Figure & -Sketch of velocity vectors of the air before reaching,

on, and after leaving supersonic airfoil.
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Figure 9. -Downwash Ffactor induced by doublets in wake,w,E,/w,,
plotted against factor representing distance downstream

from trailing edge, (x,- 1)/ 8,. Triangular wing.
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exact —_—
approximate — — -
, 2,76,
1.0 0
9 — ——— = — — /
\
w )
wo Subsonic

or 8= ——==—---- .2

L .
“w, £o Supersonic

o N 2 .3
' Yo/bp S

Figure |l.-Dowmwvash at a large distance behind a wing with
elliptical span loading in either subsonic or supersonic

flight compared with first order éxpansion determined
from equation (44)




