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NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

LAMINAR FLOW OF A SLIGHTLY VISCOUS INCOMPRESSIBLE FLUID
- THAT ISSUES FROM A SLIT AND PASSES OVER A FLAT PLATE

By Neal Tetervin
SUMMARY

.The laminar flow of a slightly viscous incompressible fluid that
‘issues from a slit and passes over a flat plate is investigated in a
region far enough from the slit for the boundary—layer equations to be
valid. By assuming gimilar velocity distributions along the plate, the
partial differential equation for the boundary layer is reduced to a
third—order nonlinear ordinary differentiasl equation. This equation is
integrated by numerical means for the required boundary conditions. The
golution gives the velocities at points in the fluid and the surface
-friction.at points on the plate.

Some of the gpecific results obtalned are that the velocities paral—
lel to the plate vary inversely as the 1/2 power of the distance from
the slit, that the velocities perpendicular to the plate vary inverssly
as the 3/h power of the distance from the slit, that the width of the
disturbed region increases as the 3/h power of the distance from the
slit, that the surface friction is independent of the viscosity of the
fluid and varies inversely as the 5/4 power of the distance from the
slit, that the rate at which momentum parallel to the plate passes
through a plane normal to the plate varies inversely as the 1/U power
of the distance from the slit to the normal plane, and that the quantity
‘of fluid passing through a plane normal to the plate per unit time varies
directly as the 1/4 power of the distance from the slit to the normal plane.

TINTRODUCTTION

The laminar flow of an infinite uniform stream of incompressible
fluld of small viscosity over a flat plate at zero angle of attack was
first investigated analytically by Prandtl (reference 1). By a proper
choice of variables the partial differential equation of the Prandtl
boundary layer was reduced to a nonlinecar ordinary differential equation
of the third order. An accurate solution of the equation that gave the
skin—friction coefflcient for the plate and the velocities in the field
of flow was first obtained by Blasius (reference 2) and later by others.
(For example, see references 3 to 6.) The numerical values obtained by
the different investigators, 21l of whom used elther series or numerical



methods to integrate the nonlinear differential equation, were about the
game.

_ The two—dimensional laminar flow of a slightly viscous incompressible
fluid from a slit into an infinite region of still fluild was.investigated
analytically by Schlichting (reference T) and by Bickley (reference 8).
By introducing new variables into the Prandtl boundary-layer equation
and by using the fact that the rate of flow of momentum through a cross
gection of the Jet is independent of the distance from the slit, the
partial differential equation of the boundary layer was reduced to a
third—order nonlinear ordinary differential equation. Schlichting inte—
grated the equation by the method of series and Bickley later Integrated
the equation in a closed form. The solutions gave the velocities at
points in the field of flow. In addition to the solutions for the flow
over a flat plate and for the flow from a slit, reference 9 also gives
the few other mown solutions of the boundary—layer equations. The solu~—
tions are given for the flows near the stagnation points of plane bodies -
and of bodies of revolution, for the flow along a wall in a converging
channel, and for the flow in a round Jet from which the fluid issues
from a small hole in a wall. Any additional solution of the boundary—
layer equations is then, aside from any practical application, of some
importaence in boundary—layer theory.

The purpose of the present work is to investigate by means of the
Prandtl boundary-layer equations the laminar flow of a slightly viscous
incompressible fluid that issues from a slit and passcs over a flat
plate. The arrangement (fig. 1) may also be interpreted as the laminar
flow into a very large contalner of still fluid from a slit at the
intersection of two of the walls. By use of the Prandtl boundary—layer
equations together with the momentum theorem, a substitution involving
other variables was found for the variables that appear in the Prandtl
boundary—layer equation. The substitutions reduced the boundary—layer
equation from a partial differential equation to a nonlinear ordinary
differential equation of the third order. The equation was Integrated
numerically for the required boundary conditions with the aid of the
general purpose computing system of the Bell Telephone Laboratories in
the Langley Bell computing section.

The reductlon of the boundary-layer partial differential equation
to an ordinary differential equation in the cases of the flat plate, the
Jjet, and the combined flat plateé and Jet flow 1s made by finding sultable
gubstitutions for the variables that appear in the Prandtl boundary—layer
equations. By making these substitutions the velocity distributions in
planes normal to the direction of the main flow are assumed to be similar.
The success of the substitutions in reducing the partial differential
equation of the boundary layer to an ordinary differential equation in
these special cases means that the assumption of similar profiles is
compatible with the equations describing the motion and that the gimilar
. profiles exist wherever the assumptions made in deriving the equations
that describe the motion are valid.




The fact that the profiles are the similar profiles predicted by
the leminar-boundary-—layer theory has been verified experimentally both
for the flow of a wniform infinite stream over a flat plate (reference 10)
and for the flow in a round Jet (reference 11). The experimental investi-—
gation of the flow from the Jet verified the analysis (reference 9) for
all regions except in the immediate neighborhood of the orifice. The
application of the Prandtl boundary—layer equations to the present case,
an application that implies assumptions similar to those made in analyzing
the flow of a uniform stream over a flat plate and in analyzing the flow
from a round orifice, is therefore expected to lead to results that are
valid for regions not too close to the slit.

<l

SYMBOLS
X nondimensional distance parallel to surface of plate (X/a)
E. distance parallel to surface of plate
y nondimensional distance normal to surface of plate (¥/a)
distance normal to surface of plate
u nondimensional velocity component in x~direction (ﬁ/ﬁa>
u velocity component in x—direction
v nondimensional velocity component in y—direction (V/ﬁé)
v velocity component in y—direction
0 density
v coefficient of viscosity
v kinematic viscosity (H/p)
U, reference velocity
a reference length
Rg reference Reynolds number (ﬁga/v>
f  function of q
-3

B function of =x




) function of x
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... : K = l—- n O =‘-<d G>
Ra 0 2
0

| P static pressure

C c onsta.ﬁt

Cqi, 02 constants of integration
M momentum in x—direction
M, reference momentum in x—direction, one side of plate
¢ n
F = f dn
Y 0
an -
E=—
3
T rae?
E‘L' lower limit of ¢ in (-é-é- de
gL
G =2Z
4

o = ot/3% 2/3
gt/3

g 1/3

a

| o surface friction <u<-ag>>
» . % 1

quantity of flow, one side of plate

~
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Uy maeximum velocity at a section

Ymas distance from surface of plate to point of maximum velocity wup..
Subscripts:

0 conditions at surface of plate

) conditions at infinity

ANALYSIS

After assuming that the flow is incompressible, that no static-
pressure gradient exists in the direction of x—exis (fig. 1), and that
the usual assumptions of the boundary-layer theory (reference 9) apply,

" the equations describing the motion are: The boundary—layer equation of

motion with 9% =0
ox

— — o
FE, 7 T, 2T - (1)
X F

S, T (2)
x dy

and the momentum theorem applied to the x—component of the flow

= (3)
oy A

dx

d f ouCdy
0 _ <aa>
—_— T % —4

In order to -make the equations nondimensional, the velocities are divided
by a reference veloclty and the lengths by a reference length. The
nondimensional velocitles and lengths are :



b~
I
quI

a
v
V = =—=—
Ug
X
X = =
a
Y
y ==
a
Now equation (3) becomes
[o0]
d j\ ueﬁa2a dy _
a2 dx a \9/,
or
o]
d J1 u dy
0 =_L<§u_ (1)
dx Ry \ 07 /g
where

o
o

. The velocity distributions in planes perpendicular to the x—~axis
are now assumed to be similar to one another., Velocity distributions
are said to be similar if all the velocity distributions are given by
one curve when u/uy.. 1s plotted against y/ymax. In order to meke

the assumption of similar profiles, the independent varigbles y and x
are replaced by new independent variables n and x by means of the
following substitutions (reference 12):
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It

where f = f(n) and ¢ = @¢(x), and

=
il
w <

where B = B(x). The expressions for u/u and for yfy = fora

fixed value of x then are

u _ b
Umax ()=
and
g N
max (n)u=umax

All the velocity distributions in planes perpendicular to ths x—axis are
therefore given by one curve of U/uney Dplotted against Y /Ymax and
consequently the foregoing substitutions for ¥ and x mean that gimilar
profiles have been assumed. Whether the assumption of similar profiles

is compatible with equations (1) to (3) which describe the motion is

decided by whether these equations reduce to ordinary differential
equations.

Determination of Relations for @, B, and u

The functions @ and B are to be determined by using equations (1)
to (3). If the values

=St

and




*
.4

‘." are substituted in equation (4), the result is
. !
eses ' o
oot ﬂ, dE-e- £2an |
$~ Jo --LLa
* dx Ry, $B \dn/,
o0
or, since fgdn 1s independent of x
0
(&)
1ap_23¢ 1 o g
B adx ¢ dx R, [ 2
a f 24 B
0
*
Now let

then

o
o

__ | (5)

E15
!

w |+
S| o
o7
]
™
o

Equation (5) can be solved by using equation (1) to provide a relation,
which does not involve x, between $ and PB. After equation (1) is
made nondimensional, the result is

9 . du du 1 % (6)
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Equation (6) is to be rewritten in terms of f, @, B, and n. From
the relation

= |+

it follows that

and
ar ap
n_ (e r oo
ox Bg 2 dx
From equation (2)
y J n
f doa o [Ty [T
o oy 0 ox o ox
where
dy:Bd_'q
or
ap ng
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By partial integration

then, the result for v 1is

n
R | (-
~Jo ¢
. 2
If values for u, v, éE, éE, and é—E are substituted in equa-—
ox Oy dy°

tion (6), the result is

ar

N | ) 1
e\_ngdp,r ) g, |, (B 8B
@ B¢d_x¢2dx $ ax o

dB>l ar 1 1 a°f (1)

The left—hand and right—hand sides of equation (7) are multiplied
by @#°, and the factor @/B2 which then appears on the right-hand side

of the equation is replaced by the value of ¢/b2 from equation (5).
After further simplification, equation (7) can be written as

n )

1 g ar o g _ A 3%
1ag - ar [ > a°f
B dx —f° 4 = £fdp — — <2
d'q O RaK d.ng

The variables x and 17 ere independent. Consequently, a change in =z
does not change. the right-hand side of equation (8) and therefore does
not change the left—hand side either. A change in g likewise does not
change the left—hand side of equation (8) and thus does not change the
right—hand side either. Both the left-hand and right-hand sides of equa—
tion (8) are therefore equal to a constant C. Then
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s

n
Q

w]|
E1&
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i

or, by integrating
C
§ =Cyp

When equation (9) is substituted in equation (5), the result is

®
glc a8 _ _ *
\ : dx 1 -2C
R . 1
or, after integrating <%or C # 5 and C # 2)
L
= X + 2 -
P 2C -1 2
and
| <
(KC]_ ( ) 2-C
= C X + C 2 ~-C
P03 2
Then
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The expression for wu contains two arbitrary constants C, and Cg.
The constant €y 1is a scale factor; the constant Co 1is a translation.
factor that determines the location of the slit along the x—axis. There—

fore, the constant C; can be made unity and the coastant Cor can be
made zero without affecting the generality of the solution in any way

other than fixing the origin of the slit at x = 0. The expressions
for B, @, and u therefore become

1
2
B—Lffl@—cﬂ
L
and
w = = £ J
C_ 1

Kx v 2-C Kx —_23
LC—l(e_Cﬂ LC—l(E_Cﬂ

The constant C can be evaluated by use of the expression for the
momsntum in the x—direction:

or
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or

“oc [
M -_-[ﬂle(e—c) £2dn (10)

anea

Tne arbitrary length a 1s intorpreted as the distance along the
x—axis from the origin to the point where the simllar profile has boeun
established. At this distance a from the origin the rate of momontum

flow is equated to QUAQE; thus, ths reference velocity ﬁé ig defined.

en x=a or x=1, M=M, and, consequently, equation (10) at

5

X = a becomes

1-2C
[o o]
K 2-C o2 |
1l = |00 (2 ~C £ea 11)
[éc -1 ( : ﬂ " (
0
oo
The expressilon fedq is a constant.
0
Let
f7dn =1
O;

The function f to be found must satisfy this condition. Then equa—
tion (11) becomes

Therefore



1k

’.O.
o Then
.E.. K+2
LI B = X 3 (12)
2K+1
=x7 | (13)
and
we=——2_p/Y (14)
2K+1 X+2
X 3 X 3A
where now
®
(%)
w d'q O
K== (15)
o .
and
x21
It can now be shown that the requirement that C # 2 and that C # %,
which was stipulated In determining B as a function of x by using
equations (5) and (9), is satisfied. The expression that was previously
obtained for C 1is
C = 2K + 1
K+2
!. From physical considerations O < <%£> <o and O0< R, <. There-
n"o
fore, O <« K <», Thus, because K > O, the expression for C gives
L]

c >

ol




Because K < =,

C<o2
Therefore,
C#2
and
1
Cc £ =
g 2

In order to show that the flow appears to come from a slit, the
edge of the reglon in which the velocity u is other than zero can be

arbitrarily defined by choosing a fixed value of 17 that corresponds to

a small fixed value of wu. Thus, let the edge of the Jet region be
given by

1 = Nedge = Constant
Then
Yedge
n = = Constant
edge K+2
X3
or
K+2

yedge = X 3 X Constant

The flow therefore does appear to come from a slit located at
(x =0, y =0). The slit can be placed at a position of x that is
not zero by choosing a value for C, that is not zero. When the flat

plate is removed, <§£> =0 or K =0; and then from equation (1k)
0

dn
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A 2
Ve f‘<x2/3> (16)

which is similar to the relation for U in reference 8,

Derivation of the Differential Equation for G

The first step in determining the differential equation for G is
to substitute equations (12) and (13) in equation (7). The equation of
motion, therefore, becomes

— (17)
il

aer
2 .

]
bd't—J

3 a

oY)

The assumption of similar profiles has reduced the partial differential
" equation of the boundary layer to an ordinary differential equation;
‘thus, an indication is given that the assumption of similar profiles is
consistent with equations (1) to (3) which describe the motion. Now,
let _

n
fdn=F
0
where F = F(n). Then, because
.
dn
i _ &%F
d 2
M dn
and
d°f _ a3F
2 3




equation (17) becomes

s

3 s _ % 2 2
%~ CF 1-K_d g LK+ <%£> -0 (28)
aand 3 an 3 N
Now, let ‘
=
£°3
=
Y R,
and
F = 4G
where G = G(t). Thus,
aF _ oy 4G
dn 3 dt
a°F _ oy 4%
an? 9 ge?
and
By _ o3y ads
a3 2T a3
Equétion (18) then becomes
3 24 2
ey, (1 - K)& 9—5 + (1 + 2K) <%%> =0 (z3)

ae3 at
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whers
()
w0 By a6\ | a3 [a%
Rg, Pe \dt® )y 9Re2 \at?/q
Now, let

Then, equation (19) becomes

: ) »
2N 2 p) 2
. l_<9.g> o L5, 1+2<d_g. (gﬁ) _ o (20)
at)o| ag® | ag” o |\ ,

The conditions to be satisfied by G are, at & = O,

33

%l
wliq2

£

G=0

),
€ /y

and, at & = 0,

G = Constant

Integration of the Differential Equation for G

The differential equation for G, equation (20), is integrated
numerically by use of the method of reference 13, The numerical inte—
‘ 2 3
gration was started by computing the values of G, 99, 9—9, and ac
dg dge dt 3
for the first five intervals of ¢ by means of a Taylor's series. The
Taylor's series that . is valid for small values of ¢ is
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From the nature of the problem each term of the equation is continuous
in the interval from O to «; the equation may therefore be integrated
directly term by term. Then . '

[oe]

3 2 , 2 2 ® 2
, gé.f{dg+ 1_<1_g_> G2-d—gd§+ 1+2<C—l—g-> f G<g§> de=0 (21)
o at’ \ag®/ 1o a at® )| Jo %

o0
3 .
Integrating f G 4¢ d¢ by parts gives
0

ag

¢ &8 qr &8 _ | GG, | GG,
o de3 ag2

o0
2
4G & d€ by parts glves

Integrating
o at? ot

* 51® * 2 *® 2
f fgzng:(z@.ﬂ _f w0, __ [ aew,,
0 ag® 4t at/ Jo  Jo 4t at? o ag® at

Therefore

® P
o 4t

and thus
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E..obo
.....: oG
L] L ] - 2 dEG
Now, integrating G d€ Dby parts gives
oo0e O dgg
.. .:
’ 2 ac]” ’ dG B dG\?
ng_.gag_gag}— &EEGE_iE"_ 2G<?> at
0 g o Jo ‘ 0 £/
Then equation (21) becomes
2 ® 2 2 * a\2
P I G<%E> dt + 1+2<i—2-> G<-d-‘1\, & =0
- \ae? ol Jo £ 2 /ol Jo £/
orx
[y
© 2
. h<9—2—(2} 1 f G@(.;.’.) at = 0 (22)
, \at% ) o

The'quaﬁtity G 1s always positive, except on the piate where it

2
is zero; therefore, equation (22) cannot be true unless <é;§> =1

at? ), *
o 32
Consequently, (QE%) = is taken as the starting value of 3-9 in

the numerical integration of equation (20).

The equation was integrated by use of the "fourth epprozimation” of
refersnce 13 for an increment in &, At = 0.10; the numerical integration
began at. &£ = 0,50. In order to determine whether the increment in
£, At = 0.10, was sufficiently small, the equation was also integrated
for an *ncrement in &, At = 0.05; the numerical integration began
at ¢ = 0.50. Some of the results from the integration with At = 0.05,
the mors accurate integration, are given in table I. A compariscn of
soms of the values of G and its derivetives obtained by integrating
with At = 0.05 and with At = 0,10 1is given in table II; the values

L at! t = 0.60 computed by the Taylor's series are also included for
comparison with those computed by Falkner's method (referencze 13).
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The resuits of the two integrations agree to five significant

figures up to t = 8.50 at which value %% ig legs then 1 percent of

its maximum vaiuve. From £ = 8.50 to ¢ = 13.10, at which value the
computation for At = 0.10 was stopped, the agreement between the
computations for the two different increments in ¢ becomes poorer.

The values of G, however, are the same to five significent figures for
both computations. At ¢ = 13.00, G has already attained its asymptotic
value, a value that is nscessary for the computation of v at § = o,
(See table I.) - :

As a further check on the accuracy of the numerical integration,
the following condition was used:

f7dny = 1

which is the same as
® aG 2 | 1 |
=%\ 3t = = )
f <d§> ¢ -2 (23)

2

The valuss of <§%> at obtained by using Weddle's rule (reference 1)
' 0

with At = 0.05 are given in table ITI. It is seen that the foregoing

condition (equation (23)) is confirmed to five significant figures. In

[o0]

2
order to determine whether the integral (%%> dt 1is approximated
0
12.30
aG\?
with sufficient accuracy by the integral <EE> dé, the assumption
0

was made that for large values of ¢ the curve of %% plotted against ¢

could be approximated by the function



i oL

i » . The constants A and B were evaluated in the range of & from & = G.U45
et to ¢t = 14.95. The constant B was observed to increase slowly. For
L ]
.:..
(XX ]
*%e o -(—19- = Ae_Bg
Dt at
the Integral from E; to o« is
(),
o de
G\ b
=\ 4t = -
£ ag 2B
I
_(0.00009145710)°2
2(0.9452)
a4
- 0.4k25 x 10670
where
£, = 12.30
G = 0.00009145710
at
and
B = 0.9452
Becausge a6 decreases as &7 1ncreases and because B increases
® raa\e |
as gL increases, the integral <EE> d¢ 1s given accurately to
12.30
dG\?
& five gignificant figures by the integral <E€> de.
0
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o0

In order to determine whether the integral <%%> d¢ is approxzi—
0
1k.95
mated with sufficient accuracy by the integral (%%) d€¢, the same
0

function for %% for large values of ¢ was assumed; that is, for

QL B
_0.000007433791
- 0.950682
= 0,00000782
where
§L=ll¥.95
%% = 0.000007433791
and
]
B = 0.950682




dG
egsoer Because — decreases as ¢, 1Increases and because B Increases

ag
* o0
oo as & increases, adding G dt to the value of G at t = 14,95
ee L d
s g
* does not change its value to flve significant figures.
The last value in table III for <§2> dt and the asymptotic

value of G are therefore both unchanged by extension of the curves
to E = o, The results of the computation for At = 0.05 are conse-—
quently taken as correct to five significant figures for O:§ 3 §.8.50
and the agsymptotic value of G 1g takéen as 1.2599, The curve of %E

4
plotted against & 1s shown in figure 2.

Determination of Final Expressions

2 3
Now that the values of G, 99, Q_E’ and 2;9 have been tabulated,
deg”  g¢2 ae3
the completion of the solutlion of the problem requires that expressions

for u, u, v, V, Qu Tos M, and £t Ybe determined.

In order to obtaln the expressions for u and WU, use
ar ay dG dG

£_ G _3 aE_9P3 13 At (24)
g /e 3 % A/

The expression for R, 1s

therefore, u may now be written as

. « 2/3 (M= 1/6 &
[ / : u = —93—<—> & (25)

OV2
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is

o

The expression for

e
o o
'
.
.
.e
c1
It
joy
|
\O
w | o
~
W
N
©
2 |
| ]
\,/}_4
~
O\
o
-
~
no
&
o | =
2ild

or

1/3 1/6
92/3 M,2 / a / aG

at
5 \B) PR

<1
1

(26)

The U component of the velocity therefore varies inversely as the
1/2 power of the distance from the slit.

9 |
The expression for v 1s
fn a k a 1 d’ ‘
vE EE'EE'* £ dn EE ¢x"5'55
0 ¢
where
aG
F=
3 dt
-7
TR
x»3
Kt2
B=x3
2K+1
» ¢=X3
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and

Then

v = L .IS_L"__EEQE+K—1G
3 ag 3

or

- 91/3 1 1 4G
TR ma /6 3/4 <3§ at G>
<ov2>

The expression for v is

= 93 1 @B/ a
ol <Ma-a->l/6 _3/)+ <3 E‘g‘-G)

Bh

or

= _ 93 <b_4a_v>l/3 %l; <3§ . G>

X
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The magnitude of the vertical velocity v thus varies inversely as the
3/4 power of the distance from the slit. Whether the vertical velocity

is away from or toward the plate depends on the sign of the term 3¢ %g -G

in equation (28).

When &-—®, it can be shown that ¢ %%-—90 because G —> Constdnt

as tE-— o, Therefore,

SR (Mav>l/ 3 g/

voo = )+ S —3/)4‘ G'oov
X
or
= _ _ (1.2599)01/3 <Mav 1/3 /12 .
[+ )+ - ij/h

The flow from the slit thus induces a velocity towards the plate at
sufficiently large distances above or below the plate.

The quantity of fluid passing through an imaginary plane normal to
the plate and extending to infinity in one direction is given as

0o [s]
Qw=f T4y = U,E u dy
0 . U0

and, after the appropriate substitutions for ﬁ;, u, and y have been
‘made, '

— 1/3 00
o = ot/3:1/k (Mﬁ> A3 |8 g,
o 0 dae

or, finally,

1/3
Q, = 91/3;{1/1* <b.4.a_v.> / El/lecb (30)

p




30

where

Gy, = 1.2599

The quantity of fluld passing through a plane normal to the plate per
unit time thus varies directly as the l/h power of the distance from
the glit to the normal plane.

The expression for the surface friction T

and, after the appropriate

have been made,
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_1/k /4
T =uM_3a____.J;=l\£§?_'___ (31)
o Vo _5/)4- 4 ' b Fc_5/)-(-

X

The surface friction is thus independent of the viscosity of the fluid
and varies inversely as the 5/ power of the distance from the slit.

The shearing stress is independent of the viscosity of the fluid
not only at the surface but also between any two adjacent layers in the
flow. For the flow from a slit without the presence of the plate (refer—
ence 8), the shearing stress between any two adjacent layers of fluid is
also noted to be independent of the viscosity of the fluid. The shearing
stresses between adjacent layers are independent of the viscosity in both
the problem presented herein and in the flow from the slit without the

plate, because in both cases the veloclty derivative é% is inversely

oy
proportional to the viscosity u of the fluid.

The ratio of the rate of flow of momentum parallel to the plate at
distance X from the slit to the rate of momentum flow at the reference
distance & from the slit can be obtained from equation (10) as

Lot Cal (32)~
plg 8 ¥ &

o

The rate at which momentum parallel to the plate passes through a plane
normal to the plate therefore varies inversely as the 1/4 power of the
distance from the slit to the normal plane.

The expression for ¢ can be obtained as follows:

an _ PR3 5 g1/3ay 3
3 308 3 \2,) B3

or

, L L (33)
3\ 23/ a.'L/ 30,2 i3/h

. 93 <€Ma>l/3 F 193 <Ma >1/3 /12 3
0
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The width of the disturbed region, given by J for E =t thus

‘ edge’
increases as the 3/4 power of the distance from the slit.
Validity of Solution

A restriction on the reglon in which the solutlon is velid can be
obtalned by noting that for the boundary—layer equations to be valid the

value of ; must be small, By use of equations (26) and (28) the ratio
T
becomes
gl/3 (VN3 /e
3E — -
- L P 3/b at
Y. X
T 1/3
2
92/3 Mg 31/6 feled
3 02v 3:"1/2 at
or

Large values of ME_ glve small values of Z, and so the region in
oY u
which the solution is valid is enlarged when EEE i1s increased.

pv

By use of the complete equations of motlon instead of the boundary—
layer equations the difference between the static Pressure on the plate
and the gtatic pressure very far above the plate is glven approximately
at a given value of X by

2
<Ap > < 210 1 <pv2>/3
- 2 1/6 1/2\M
pUmax - a / X / é

SR
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and the pressure gradient in the direction of x 1s given approximately
by

<1 §13>< 5 1 <pv2>2/3
S ] al/6 23/2 My

When 1t 1s noted that v 1s a small quantity, the approximation
that the static pressure 1s constant throughout the entire field which
was made in equations (1) and (3) is justified by the solution. All the
terms neglected 1n the boundary—layer approximations can likewlse be
shown to be truly negligable on the basis of the obtained solution. All

. M,
the approximations become more accurate as X increases and as —EE
pV
increases.

The constant & seems to appear in a rather arbitrary manner but,
Exl 1/k : - -
becauge ——=|— where 4; 1s an arbltrary value of & and May
- 1 \a : :
is the momentum corresponding to the distance Ei from the slit, it can
be shown that a change in & does not change U, Vv, &, or T, pro-

vided that X and § are kept fixed.

When the plate 1s removed, the flow becomes the same as the flow
in a two—dimensional laminar Jet. This problem has been treated in
references 7 and 8. The removal of the plate in the present problem

2

makes <é§é> = K = 0. Equation (20) then becomes
dg 0

2 " o\dt

3 2 2
de , &% <w3> .
at3 at

When the conditiong that

G=0
2 .

%6 Lo
2




at ¢ = O and that

[s o]

2
| (-
o 4

are used, the solution, which in this case 1s obtalned in closed form,
is

G = tanh % (3h)

Because the momentum M, 1s the momentum for one side of the plate in
contrast to the momentum used by Bickley Mp (reference 8) which was

the total momentum flow from the slit and therefore equal to twice Mg,
the result ¢ = 2§B is obtained., When this relation between the value

-of ¢ of the present analysis and the value of &g in reference 8 is

used together with equation (34), exactly the same relations are obtained
for all the quantitles of interest as were obtained by Bickley
(reference 8).

CONCLUSIONS

The laminar flow of a slightly viscous Incompressible fluild that
issues from a slit and passes over a flat plate is investigated in a
region far enough from the slit for the boundary-layer equations to be
valid. The results obtained are that the velocities parallel to the
plate vary inversely as the 1/2 power of the distance from the slit,
that the velocities perpendicular to the plate vary inversely as the
3/& power of the distance from the slit, that the width of the disturbed
region Increases as the 3/h power of the distance from the glit, that
the surface friction is Independent of the viscosity of the fluid and
varies inversely as the S/M power of the distance from the slit, that
the rate at which momentum parallel to the plate passes through a plane
normal to the plate varies inversely as the l/h power of the distance
from the slit to the normal plane, and that the quantity of fluid
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passing through a plane normal to the plate per unit time varies directly
as the l/h power of the distance from the slit to the normal plane.
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VALUES OF INTEGRAL <d—§> d¢ OBTAINED BY USE

0]

OF WEDDLE'S RULE FOR, At = 0.05

. ) : 2

£ ‘ 4G 4G

f (dé) % S <dg at
0 0

o} 0 : 6.30 0.3329781
.30 .0005619072 6.60 .3331301
.60 .00LL62288 6.90 .3332176
.90 .01L76L75 7.20 .3332678
1.20 .03369614 7.50 .3332965
1.50 .06194261 7.80 3333129
1.80 .09818613 8.10 .3333222
2.10 .1392639 8.40 .3333275
2.40 .18103k49 8.70 .3333305
2.70 .2195948 9.00 .3333322
3.00 .2522585 9.30 .3333332
3.30 2779223 9.60 .3333338
3.60 .2968261 9.90 3333341
3.90 .3100159 10.20 .3333343
k.20 .3188173 10.50 .33333k4k
4,50 .324L8p2 10.80 3333345
4.80 .32802L9 11.10 3333345
5.10 .3301909 11.40 .3333345
5.0 | .3314920 11.70 .33333L45
5.70 .3322630 12.00 3333345
6.00 .3327151 12.30 3333345
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