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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2387

THREE-DIMENSTONAL UNSTEADY LIFT PROBLEMS IN HIGH-SPEED
FLIGHT — THE TRIANGULAR WING

By Harvard Lomax, Max. A. Heaslet,
and Franklyn B. Fuller

SUMMARY

The indicial 1ift and pitching-moment coefficients are derived for
flat-plate triangular wings traveling at supersonic speeds. The coeffi—
cients are determined for angle—of-attack distributions corresponding to
sinking wings and to pitching wings. The wing with supersonic edges is
completely analyzed, and the wing with subsonic edges is partially
analyzed, the solution in this case being completed for very narrow
wings by an application of slender wing theory. In the case of the
supersonic edges, a comparison is made with known two-dimensional
results and also with the results for the same triangular wing in
reversed flow.

INTRODUCTION

The wing of triangular plan form has received considerable atten—
tion In the steady-state theory of three—dimensional wings in a super—
sonic stream. The purpose of the present report is to determine the
aerodynamic characteristics of a triangular wing in supersonic unsteady
motion,

There are several simple types of unsteady motion on which the
analysis can be based. The so—called indicial motlon, in which the
velocity undergoes a discontinuous change at t'=0, will be considered
here. (See also references 1 and 2.) It is possible to conceive the
physical situation in two slightly different ways. For one, it can be
supposed that the wing has been traveling at the constant velocity TV,
for an infinitely long time and then, at t'=0, starts suddenly to sink
without pitching motion (or to pitch without ginking) while maintaining
the forward velocity Vgy. On the other hand, the wing may be considered
to be at rest in still air until at +'=0 it starts suddenly either to
sink or to pitch and, at the same instant, attains the forward velocity
Voo The latter physical picture will be used in this report. Problems
of unsteady motion can also be approached with the initisl agsumption
that the velocity potential depends harmonically on the time. (See
reference 3.) These two approaches are quite compatible in that they
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can be related through the use of superposition methods (Duhamel's
integral, Fourier's integral) of the operational calculus.

The question of whether the coordinate system should move with the
wing or remain fixed is also of some importance. (See reference U4 for
a discussion.) The latter alternative, that is, where the wing moves
away from the coordinate system, was chosen for this report because the
velocity potential @ 1in this case satisfles the wave equation

1
CPH+ (Pyy +q)ZZ _8_,3'2_(pt't' =0

vhere x,y,z are Cartesian coordinates, t' is time, and ap 1is the
gpeed of sound in the undisturbed medium. The fact that the equation
has this form is helpful in establishing analogs between steady and
nonsteady motions, and these analogs are of considerable help in the
golution of certain problems.

The boundary conditions to be considered correspond to the problem
of the flat sinking wing (angle-of-attack distribution uvniform over the
plan form) and to the flat pitching wing (angle of attack varies
linearly with chordwise distance) in indicial motion. First, the load—
ing on a flat triangular wing with supersonic edges undergoing an 4
indicial sinking motion is determined. Then a simplified method 1is
developed whereby total 1ift and pitching-moment coefficient for the
wing with supersonic edges may be obtained. These quantities are
determined as functiong of time, for both sinking and pitching wings.

Lastly, the triangular wing with subsonic edges 1s partially
analyzed, and an approximate method for very slender wings 1s used to
complete the determination of loading. The analog method, mentioned
previously, 1is here of great value. Lift and pitching-moment coeffi-—-
cients for the sinking and pitching slender triangular wing are
determined.

LIST OF IMPORTANT SYMBOLS

ao Speed of sound in the free stream

Co root chord of triangular wing
.. 1ift
C1, 1ift coefficient I————jg-

QL indicial 1ift coefficient due to angle—of-attack change (without
a

2 ) "

pitching) <§La =
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CLq' indicigl 1ift coefficlent due to pitching on a wing rotating about

tl

o,
ch d ELa

Yo 40

its leading edge or apex

pitching-moment coefficlent, positive when trailing edge tends to
gink relative to leading edge

indicial pitching-moment coefficient due to angle—of-attack change
(without pitching) measured about the leading edge or apex

oC,, !
Cmy ' = —= >
<m@ X

indicial pitching-moment coefficient due to pitching measured about

L §
the leading edge or apex ﬂlmq' = e

cof
\ a VO é:O

cotangent of sweep angle (cot A)

a=0

v
free—stream Mach number < il
=%e}

loading coefficient (pressure on the lower surface minus pressure
on the upper surface divided by free—stream dynamic pressure)

free—stream dynamic pressure <%DO V02>

c.8
dimensionless rate of pitching (——O—->
Vo

local semispan of wing
wing ares
time -

aot'
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t

u,v,w perturbation velocity components in the x,y,z dilrectionms,
respectively

Vo free—stream velocity
X,y,z Cartesian coordinates

Xc ... distance of center of pressure from wing apex

o angle of attack (angle between flight path and plane of wing),
radians
B 11467
1
Be
m My + 4 1+P
9 wing angle of pitch, relative to initial attitude, positive when

trailing edge lies below leading edge

6 wing rate of pitch, positive when trailing edge 1s sinking
relative to leading edge <dt' >
A angle of sweep of leading edge, positive for sweepback
Po free-stream density
t
4 5
Vot?
To chord lengths traveled S or Moto
o) perturbation velocity potential
X jump in potential across the z=0 plane
+ —
[@(X:yyo ) "‘(P(X:y’o )]
Subscripts
n component taken normal to the leading edge

u positive side of the 2z=0 plane, or upper surface of a wing
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THE PROBLEM AND THE NATURE

OF ITS SOLUTION

Consider a wing situated in still air and a Carteslan coordinate
system with origin on the leading edge at the point of wing symmetry.
At time equal to zero, the wing starts impulsively to move 1n a straight
line with constant veloclity away from the coordinate system which
remains fixed relatlve to the still alr at infinity. The load distri-
bution on a wing undergoing such a motion is called the indicial loading.
Similarly, the forces and moments which are based on this loading are
given the adJective indicial. The partial differential equation that
is satisfled by the velocity potential @ for such a motion can be
written

Pit = Pyx — Pyy —Pgy = O (1)

which 1s the normalized form of the wave equation. In equation (1),
X,y, and z are dlstances: x measured chordwise, y spanwise, and =z
vertlcally, and t 1s equal to agt' where a, 1is the free—stream
speed of sound and t' 1is time.

The boundary conditions to which equation (1) is subject are
dependent on the wing shape and motion. Adopting the assumptions of
thin-airfoil theory, which are consistent with the assumptions already
used in obtaining equation (1), it can be assumed that the slope of the
wing surface, in the direction of motion, at any place and time is
given by the ratio of the vertical velocity component in the 2z=0 plane
to the wing's forward velocity component. For a flat plate, then, the
following conditions are to be satisfied:

1. The vertical velocity ®, 1s a linear function of x,
the coefficients of which depend upon the angle of attack and
rate of pitch, over the portion of the xy plane occupied by
the wing at any given time.

2. No perturbations exlst at infinity.

3. There are no discontinuities in the velocity potential
except over the region occupied by the wing and its vortex wake.

The problem has now been expressed as one of finding, for pre—
scrlbed boundary conditions, a solution to the wave equation. It is
often desirable to express the solution in terms of the loading coeffi-
cient rather than the potential function or veloclty components. This
coefficient can be written in 1ts linearized form as
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Ap 2 A9 (2)
1o VM, ot

The solution of the problem without further restrictions has, in
general, not been obtained, although it can be shown that the boundary
conditions for any wing in unsteady motion can be satisfied by a
suitable superposition of sources and doublets (reference 4). However,
the solution for wings with all supersonic edges can be written as a
double integral of sources having intensities determined by the local
glope of the wing. Hence, for a flat surface at constant angle of
attack and not pitching,

-
o(x,y) = —g; u/ijp %‘dxldY1 (3)
Sa,

where S 1is the outline of the region of sources which can, at a
given time, affect the point x,y at which the potential is being

determined, r equals J(x=x1)% + (y=y1)%, and a is the angle of
attack of the wing. The area Sy has been termed the acoustic plan
form and a discussion of its significance is given in reference b

The solution for the triangular wing with subsonic edges can be
obtained in certain regions, but in others the problem reverts to the
golution of a double integral equation involving time and the two sur—
face dimensions of the wing. If the triangular wing is slender, an
approximate method for finding the pressure over the entire wing can be
used. This method is to neglect the streamwise velocity gradients in
comparison with the gradients in the plane normal to the free stream
and also in comparison with the term @iy. There results for the
partial differential equation governing the flow field (equation (1))
the wave equation of one lower dimension, namely,

Ppp = Pyy = Pyy = 0 (%)

As will be developed later, the boundary conditions become the same as
for a rectangular flat plate of very low aspect ratio inclined at angle
of attack to a free stream with a Mach number equal tos/2. This
analogy with the steady-state lifting-surface problem is useful since
golutions to the latter problem have been obtalned.

The indicial 1ift and pitching-moment coefficients will be deter—
mined for wings with two different vertical velocity distributions.
The first is the case in which the boundary condition 1s A

= ~Voa

W, = @
u zl, 0
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where o 1is the angle of attack, and w; 1s constant over the plar
form. This case is referred to as that of the sinking wing. The other
boundary-velue problem considered is the one corresponding to a flat
wing pitching at a constant rate about its leading edge or apex. The
boundary conditions have the form

Wy = cpzlzzo = -8 (x+Mgt)

where 6 1is the constant rate of pitch and (x + Mot) is the distal;lce
aft the leading edge or apex of the wing. The pitching velocity 8

is considered positive when the trailing edge of the wing sinks relative
to the axis of rotation.

The difference between a Direction of wing motion
and 6 1is 1llustrated in the 3>
sketch, where for clearness the ,
motion is shown to be oscillatory Flight path of
rather than indicial. The angle leading edge ,
of attack a 1is the angle
between the flat wing surface and
the line tangent to the flight
path of the leading edge or apex
of the wing. The angle 6 1is

the angle between the flat wing (a)

surface and the horizontal (see .

part (a) of the sketch). Part (b) - #=8-0
of the sketch shows a wing under- az sinwt

going a sinusoidal angle—of-attack

variation with a zero angle of

pitch throughout the motion.

Part (c) shows a wing undergoing (b)

a sinusoidal angle-of—pitch varia—

tion taken about the lehading edge, )
with the angle of ettack remain— b= sinat
ing zero. a0

Although the 1lift and
pitching-moment coefficients are
given only for the two types of (cd
motion separately, it is possible,
according to the linear theory,
to combine them to simulate an .
arbitrary indicial maneuver consisting of both ginking and pitching
motions. For such a case, the boundary condition becomes

wy = Voa -6 (x + Mot)



8 NACA TN 2387

If, furthermore, the desired maneuver is not indicial, the 1ift and

pitching-moment coefficients may be determined by use of Duhamel's A ¥
integral:
-tf
_ 4 1_ ' tlre_ 1t ? '
o = =k /; [org (5'=7) a(r) + o *(s'=7")a(s )] ar
a
Cp = — Cp ' ("= 7" )l 7') + Cp ' (tT'—1° T')lar!
weger | (Om (6=t )l ) v Gyt rt) g(r0)]
. cof
where o(t') and q(t!) are the arbitrary motions (q = %), CI'OL’ Cma"

CLq', and Cmq' are the indicial serodynamic coefficients, and the primes

on the coefficients indicate that the pitching motion is about, and the
pitching moments are referred to, the leading edge or apex.

The position of the axis of pitching motion, and of the axis to
which pitching—moment coefficient 1s referred, is of importance. In
this report, these axes coincide in an axis normal to the root chord of
the wing and passing through the wing leading edge or apex. However,
it is often deslred to transfer the pitching motion and moment calcula-—
tion to other axes, and the formulas for such a transformation will be d4
glven here. Let the pitching motion refer to an axis lying a distance
acy back of the leading edge or apex, and let the pitching-moment
coefficients refer to an axis bc, aft the leading edge or apex. The
necessary transformation formulas are

Cmalb = Cma' + b CL(I,
CL l = CL ' — g CL
q a q (o ,
— t t v _
cmqla,b = Cp,' + P Cy' —a Cmy' —ab Cp

where a prime on a quantity indicates that the pitching motion is about,
and the pitching moments are measured about, an axis through the leading
edge or apex of the wing. The quantity q 1s the dimensionless rate

of pitching, equal to cg 8/Voa The subscripts a and b mean,
respectively, that the quantity in question refers to a pitching motion
about an axis at a distance ac, aft the leading edge or apex, or that
the pltching moments are measured about an axis bc, aft the leading
edge Or apexX.
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WING WITH SUPERSONIC EDGES
INDICIAL LOADING FOR SINKING WING

Analysis

The seven regions.— The analytic expression for the indicial load~
ing over the triangular wing has a different form in each of seven
regions. These reglons are determined by ths positions of the various
wave fronts relative to the wing plan form (fig. 1). For +<O0 the
wing is motionless, its leading edge lying along lines represented by
the dashed lines in figure 1. At t=0 the wing starts suddenly to
move, and for t>0, travels forward at a constant speed V,. After a
coertain tims t has elapsed, the wing has traveled to a new position,
also shown in the figure. In this same interval of time, pressure
impulses have traveled out in spherical waves from every point of the
region which the wing has occupied. The trace on the wing of the
sphere starting from the wing apex at +=0 forms the external boundary
of region 7. Ths area outside this circle and within the traces of the
cylindrical waves (the envelopes of the spherical waves) generated by
the leading edges at t=0 forms region L. Region 5 is formed by the
overlapping of these oylindrical waves, and the solution for loading
within it can be found by a suitable superposition of the solutions for
regions 3 and 4. Region 1 lles between the cylinder trace on the wing
and the leading-edge position at time t; the loading in this region
cannot be affected by the manner in which the wing started its motion
since 1t lles outside the starting cylindrical waves. . Hence, the
loading in region 1 is the same as that on a swept wing flying at a
steady supersonic speed. The solution in region 2 can also be obtained
from steady-state lifting—surface theory, but, whereas in reglon 1 the
field is two-dimensional (i.e., invariant with distance measured parallel
to the leading edge), in region 2 the field 1s conical. Region 6 is
formed by the overlapping of regions 2 and k. Finally, region 3 is that
area completely unaffected by waves from the wing edges. In the follow—
ing subdivisions the analysis of each of the separate regions will be
discussed.

Region 1: The loading in region 1 of figure 1 is equal to the

loading on a two-dimensional flat plate moving at a constant velocity
given by the component of stream velocity normal to the leading edge
of the triangular wing. Since this component is supersonic, the
loading is of the Ackeret type and is given by

() -%

But since Vp = V, cos A where A 1s the angle of sweep (see fig. 2),
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q, = 4, cos2A
¥
Cp = o Sec A
M, = M, cos A
=Q/M02 cosgA_l
and
< > Lo
/M —secA
Finglly, if ctn A =
<§§{> o lam (5)
Qs /.
0,/4 Bzm? _1
4

where B =+ M02 - 1. _ »

Region 2: The steady—state loading on a triangular wing with
supersonic edges has been given by several authors (see, for conven—
ience, reference 5) so the expression for the loading in region 2 can
be written immediately for the coordinate system shown in figure 2 as

2
T + arc sin B my—(xiMot)

Blm(x+Mot)—=y]

Gy i

B2my+(x+Mst ) (6)
BIM(x+Mot )+y]

arc sin

Region 3: Since region 3 is unaffected by the edges of the wing
the solution for the loading therein can be written as in reference 6

(& ) (1) ,.

Region 4: The solution for loading in region 4 can be obtained

from consideration of a two-dimensional wing starting from rest and »
moving with velocity V, normal to its leading edge. This problem
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has been treated in reference 6 and the solution written there can be
written for the right-hand side of figure 1 as

~, 2— 77_
&Y - Bn T are cos Mnxntt o/ Mn L (-—- + arc sin x?n\ :I
\ A Thn | XMyt My 2 Y.
where the notation, as defined by the sketch, is
Xp = X cos A —ysin A
Jnp =x sin A + y cos A
and since
ctnA=m,s:lnA=_--_—.—:L R A !
1+1P P
m 7 \ A V.
COS A = ——— P n
o L+nf ¥» 4
X, \
Then \ v
x, = T \ | 0
W 1+m? \
\
x+my \ y

Jn = —— n
v Yx \
The equation for loading now becomes, in the coordinate system of
figure 2,
mMo(mx —_|y|) + t(14m?)
V12 (mx — |y | + oMot)

l: arc cos

<9P.> _ o hom
D/ x/pErPa

____.__'Bzma—l <£ + ¢ sin IDX_:—_—_'}"I :l (8)
Mo 2 " ta 1+m2

Region 5: The solutlon for loading in region 5 can be obtained

by superposition of the solutions for regions 3 and 4. If the solu—
tions for the two sides of region 4 (obtained from equation 8) are
added, the result gives a value of wy of twice the required amount
In region 5, as well as undesirable pressures off the wing. However,
subtraction from this sum of the solution for region 3 (equation 7)
reduces the downwash w,; to the proper value, and also cancels the
excess pressures. The resulting expression can be written
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<Ap> ) ham {arc Cosvao(mx—y) + (1+2)t
5 7

a; pRme-1 V1+r? (mx—y + mMgt)

gy (mx+y) + (1+0f) t

arc cos

N 142 (mx + y + mMgt)

[ 2 7
—Bﬁi_lfo:]; Karc gin —%’ﬁ—{ + arc gin %)} (9)

Region 6: The loading in region 6 can also be calculated by
superposition. To find the loading in this case, add the solutions
for regions 2 and 4 (equations (6) and (8)) and subtract the solution
for region 1 (equation (5)). There results

/égz _ ham { 1 BPmy — (x+Mot) o BEmy + (x+Mot)
\qo n peme—1 e s Blm(xMot) —y] are s Blm(x+Mt )+y] ¥

mMo (mx — [y ) + t(1+nf)
(mx — | y| + mMgt )W/ L+m@

______..“BZHMi_l <g + arc sin :;%—-I—_%—l-)} (10)
+

arc cos

Region 7: The solution for the loading in reglon 7 can be

obtained by means of equation (3). The analysis used in finding the
gsolution in thils region is
not difficult but the algebra
is rather involved. It is
useful at this point to
introduce polar coordinates
(see sketch) such that

X—Xj = ¥ cos 6

y¥y1=r s8in 6

dx1dy; = r dr 49 (11)

From equation (11), equa—
tion (3) can be written in
the form

o = % ff drde (12)
2% dsa
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The acoustic plan form for points in region 7 is the region
bounded by three curves as Indicated in the sketch. The arc between
01 and 0o 1s determined by eliminating T between the equations

r? = (t —T)°
(the equation for the inverse sound waves) and the equation for the
left leading edge

y1 = -m(xy + MoT)

The arc between 63 and 63 1is found by determining the acoustic
intersection (eliminating T) of the right leading edge with the
inverse sound wave; and, finally, the arc between 6z and 63 1is
glven by the equation r=t. The equations of these arcs can be
written In polar coordinates as
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ik
X
r = m(x+M0t)+y 300 £ 62 '
m cos 6+mMgp+sin 6 »
r=1t; 02<6<6g
e e 2ty fogo <o,
m cos O+mMy-sin & ° | g,<g <o
Using these expressions, equation (12) reduces to
o Vo8 f"e n{x+Mot )4y
en g, [ cos 6+mMy+sin 6
1
Voo 63
o tdoe +
62
03 '
Zfa \/P m(x+Mot)—y. s ‘
n By m cos 8 +mMo—sin 6
and taking the partial derivative with respect to t (to determine -
the loading according to equation (2)) one finds®
8o 83
Q04 n By m, + m cos 6+sin §  nM, Bo
6
20 m 1 de
fem (13)
93 mM, + m cos 6—sin 6
In evaluating this equation, the following integral is used:
for ~-n <9 <=
de 2 m(Mo—1 )tan (9/2) +1
= arc tan (1k)
f My + mcos 8+sin 6 o BPm2—1 / p2r2_1
1The limits 81, 62, and 63 are all functions of t ‘but in moving »

the partial derivative through the integral sign the terms involving
¥1/0t, 362/dt, and 35/t all cancel one another.
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Since equation (14) is valid only in the interval -n< < wn, care
mst be exercised 1n applying 1t because the angle 6; may be greater
than = (as in the preceding sketch). In case n< 6., it is con—
venient to Introduce the angle 6z' = 6,—2n. The expression for
Ap/qo can then be written in two forms, according as 85 is less
than or greater than m:

for y >0, 65 <

< éB) o lam [ + aro tan g1 Ytan (63/2)1
qo 7 JTVBzm?—l

J pEme—1

m(Mo~1)tan (8,/2)+1 m(Mo—l )tan (62/2)+1 _
arc tan Jm + arc tan Bz =
~1 )t 2)-1 2
arc tan m(Mo 1)5222(3?_/ ) ] + ﬁ% (63 — 82) (15a)

for y 2 0, 1 <8,

[arc tan m(Mg—1)tan (8,/2)-1 _

p2mP—1

<éz> o bam
q-o - LY [321112—-1

m(Mo—1)tan (61/2)+1 m(Mo—1)tan (8z/2)+1
arc t + t -2
¢ tan »/ B2m2-l arc tan JBzmz—l

(65" =62 + 2xt)  (15b)

arc tan m(Mo-1 Jtan (93'/2)_1 :l + 2%

A B2r2-1 ™o

where

arc cos

My 32+ (elot) W (Mgt )P—pRy?

91 2 + (x+Mgt )=

(0 <9y <)

m(y+me) — & (142 )t2 — (y+mx )2
(L+m2)t

B> = arc cos

(0 <8y <n)
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x

_n(y-mx) — & (L2262 — (y-mx)?

65 = arc cos
(1+m2) t

Bs'= 63 — 21 (if n < 65)

The limitation on 65 can be given both an analytic and geometric

interpretation. Thus, equation (15(a)) applies for O < m(x+t)<y
These regions are

and equation (15(b)) applies for O <y < m(x+t).
shown in the accompanying sketch. Because of the geometrical symmetry
about the x axis, equations (15) suffice for the determination of

loading throughout region T.

Discussion of Results

Plots of the load distribution on the sinking triangular wing with
supersonic edges are shown in figure 3, and an isometric drawing of the
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loading on the right panel appears

. in the sketch. The positions of
the spanwise sections were chosen
go that each of the regions 1
through 7 is represented. It is
to be noted that the results for
region 7 show no unusual charac—
teristics, but fit in well with
those for the adjolning regions.
In general, the distribution is
gimilar to the steady—state load—
ing on a triangular wing.

INDICTAL LIFT AND

PITCHING MOMENT

Analysis

Methods of solution.— If a

detailed knowledge of the load

distribution is not required, but only the total values of lift and
moment need be known, analyses much simpler than the one presented in
the previous section can be employed. These methods, however, not only
require the edges of the wing to be supersonic, but also require the
trailing edge to be straight and normal to the free—stream direction.
One such simple msthod has been presented in reference 4. It involves
the integration over the three—dimensional plan form of longitudinal
strips, or elements, which carry the two-dimensional values of loading
as a function of time. The results presented in the present section
can be derived by this method as well as by the method to be developed
next.

Consider again equation (1) and integrate each term with respect
to y between the limits minus and plus infinity.® There results the
equation

"L [ Tgas [ Foy - [T
X 4 d dy - dy = O
i %= v S oo dy~ v S 2% v Jo O3 v

If y=y(x,2,t) and y = y.(x,z,t) are the equations of the Mach
waves streaming back from the leading edges on the left and right sides
of the wing, respectively, then, since ¢ 1s continuous across these

2The basic idea for this solution was given by Prof. P. A. Lagerstrom
in his lectures at the California Institute of Technology.
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18
Y
waves but @, Pys Py, and @t are not,
»
2 ¥ J-
d g 9Fr 9y, T Yo
—— Qdy = — Up — —= ujy + =X dy
ox2 ox ox Ox2
y I
1
where U, and u; are the values of u on the interior faces of the
right and left Mach waves, respsctively, and
I ae@
f -a—y—'z- d.y = Vr —_ VZ
p)
Values of the terms Involving w and @, are similar to those invelv—
ing u so that finally, if
Ir
o - [ ea (16)
I3 4
then
2 ~ -
5o do do _ [ dyr 3y Ty
+ =~ T% ~ =L gy = W — == P — Ty -
= Az ot dx dz dt
" dy dy 3y >
1 1 1
—_— Uy 4 m— Wy o — P — ¥
5 L Sz ¢ 3t ¢ l

The terms enclosed within the brackets in the last equation combine
so that each bracketed quantity is zero. For the case of interest here,
this is not difficult to show. Consider, for example, the right wedge.
Then, since the equation of the wedge i1s

Jp = —zn/Bzm?—l + mx + mMyt

and the value of the potential is the steady—state two—dimensional value
given by the expression

m{x+Mot )—y~z & BEmP—1

© = "‘Wu - "

o BRmE=1




NACA TN 2387 19

the term

3 3z * ¥t

becomes

2, 2
o (mBe s VR - A L)
" < " Tees Y JBEL PP

and this is identically 2610

Finally, therefore, equation (1) has been reduced in terms of equa-—
tion (16) to

O, = Py — 05, =0 (17)

Congider next the boundary conditions for a triangular wing with

©
supersonic edges. In the plane z=0, 3® /dz becomes U/1 wydy where
——0
w, 1is the vertical induced velocity in the plane of the wing. Since
the edges are supersonic, however, w; must be zero off the plan form
of the wing and the integration need extend only over the plan form
itself. Hence

@.@) - oVam (xedgh) (18)
9z / 50
‘for the flat triangular wing at constant angle of attack and
@) = —20m (x+Mot)? (19)
0z /=0

31t is not necessary to perform a direct calculation in order to prove
the -above result for arbitrary plan forms. The bracketed terms
represent the directional derivative of the velocity potential taken
along the so—called "conormal" of the foremost disturbance surface.
Since ¢ 1is constant on the surface, and since the conormal lies
along the surface, the bracketed terms are zero.
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for a flat triangular wing with a constant rate of pitch 6 about its
apex (positive 8 produces a downward motion of the trailing edge
relative to the leading edge).

These boundary conditions are exactly like those studied in steady—
state supersonic wing theory. In fact, the lifting—surface analog
(shown on the sketch) is a wing tip of specified camber in a supersonic
free stream having a Mach number equal to J-E_ The solution for the
potential in the plane of the wing for this problem can therefore be

vritten immediately as
4
)
L =
S dt; dx;
o v (t=t1)% — (X—'Xl)i2

where o 1s the portlon of the area on the shaded surface in the sketch
lying ahead of the forecone traces given by the equation (t—t1)2 =
(x—x,)®. Using equation (2) for the loading coefficient, and introducing
the following notation for the average spanwise loading

A

(Q)Z=O=—

3
M I
Py = 5.5?; Is —q%dy (sinking wing) (20a)
'V' S
Py = ?“_Mg_of 2 gy (pitching wing) (20b)
25 0 “—g Ao
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where
g = m(x+Mt) (21)
it is found that
i X1+Mo'b1) dxidt, (22)
Po < % 5% f f (t=61)2 — (x—=x1)?
P, - b 2 f (xa#thota)” dx Gta (23)
2 ot :/(t-tl)z - (x=x1)? -

Wing with constant angle of attack (sinking wing).— The solution

for the average load on a flat, supersonic-edged, triangular wing
starting from rest at t=0 and flying at a constant speed and angle of
attack is given by equation (22). With the transformations

X—-X1 = X2
t=t; = to

this becomes

_km o ﬁ = X2 — Motz
_‘ ITS at ffdtzdx,z r__._._.___._____- ;;;22

This integral can be evaluated and gives for x<t (region A)

for -t< x<t (region B)

_u[ e <_ _> Mo b+Mox
Py = = [ L 4+ arc cos arc cos T (24b)

and for x < -t (region C)

P, = o (2ke)

where the regions are shown in the preceding sketch. Equations (24) can
also be obtained by integrating the equations for the loading given in
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the preceding section. These integrations were carried out (in some
regions numerically) and the results were found to agree with those of
the present analysis. :

It is now possible to write the equation for the indicial 1ift and
pitching moment for a sinking wing:

2 [ i) By ax (25)
= —=— m{x+
QLa S My Lt Yo °

> Co Mot . ;
Cp ! = ——2 % d 2
m 5o T ‘ZQOt m(x+M t)" Pp dx (26)

where S 1s the wing area (equal to mc ®) and the prime indicates that

the pitching moment is measured about the apex, the positive moment
being one which causes the trailing edge to sink relative to the apex.

Combining equations (24) and (25) one finds for the first interval
shown in the sketch

Interval no.
" x
/

1./
Co Myt 1

tod
\ | co Ml

V7
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(x+M,t) [-x%;.% + arc cos <-- %>+

ykﬁ?- arc cos t+M°XJ dx +

x+Mot

Mot

f Lx+Mot) dx }

t
This equation integrates to give, if tg = t/co,

for 0 <ty < MTll— (first interval)
+

L ( 1 2>
C = — 1 +=1t% 27a
Lo M, > ‘o (27a)
Similarly for 1< to < 1 (second interval)
Mo+l M1
/
Cr, - \l+-l—t02 arc cos hebol |
a M, 2 o
i (Mt 52
5 arc cos (Mg— of<) +
~Mot >
2 320t JrF (1 = uot) (2b)
™Mo
and for T S to (third interval)
_
CL, = 3 (27c)

In the same manner the values for Cp ' in the various intervals can be
determined by combining equations (24) and (26). There results
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for 0 £ t, < F’I'%E (first interval)
Cp ! = — —o- 1+-1-Mot3> (28a)
T 3Mo 270"
for — tg < 1 (second interval)
=
8 1 2 2 2
Cp ' = " [i@ (8M b My toP—2to7) ,/to —(1-Moto)® +

% (2+Mgt03) arc cos MQEQZE + %% arc cos (Mo~B2t,) } (28b)
(o]

and for Mll < t, (third interval)

O

Cug,' =~ 2 (28¢)

Numerical results for a Mach number of 2 will be presented in the dis—
cussion section.

Wing with linear angle—of—attack variation (pitching wing).— The

solution for the average load on a flat, supersonic—edged, triangular
wing flying at a constant speed and pitching at a uniform rate
about its apex is given by equation (23). With the transformation

X-X31 = X2

t—ty = e

this equation becomes

1o — X2
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and the evaluation of this gives (for the reglions defined for the
sinking wing)

for x <t (region A)

P, = b [1 + 1 < x+;040t>2J (29)

for —t £ x <t (region B)

Py = ;:- [l t2+(x+M°t arc cos (—— —>

(x+Mot)
My t+Mx 1 3x+2Mgt z J 5
5 8rc cos v + 2 (o t5—x2 (29p)
and for x < -t (region C)
L)
P - 22 (290)

The equations for 1ift and pitching moment on a pitching wing can
be obtained from the equations

CoM,t
cL' 2 ° 2
— = CL L f II].(X'I‘MOt) Pl dx (30)
cod T ooty
Y
~M t
Cm' 2 fco o 3
=Cpyp ' = —~ m(x+Mat P, dx 1
) T TRy, MO o
Vo

where the primes indicate the wing is pitching about and the moments are
measured about the leading edge.

A combination of equations (29) and (30) gives for the 1ift coeffi~
cient

1

for 0 < to S
Mo+l

(first interval)
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G ' = 8 <1 + .g_ to2 — Mot03> (32a)

for 1 o<y <1 (second interval)

Mo+l M1

8 1.5 1,, 8.1 ) Mobo-1
t e i [ — -— e —
CLq = [(2 to 3Moto + 3 arc cos To +

™,
Mo 2 1
35 &xc cos (Mg—B%tg) + <-9- t,2 + 3 M 2t o— -i% Moty +

%) WVt B—(1Mgto ) ] (32b)

< to (third interval)

oLy' = 8/38 (320)

Similarly a combination of equations (29) and (31) yields, for the

pitching moment about the apex, the results

for 0 £ ty < 1 (first interval)
Mo+l
Cmy' = = 54'2; .[1 + tos — %8 bt (1+MM7) } (33a)
for e < tg < L (second interval)
Mg+l — © T M ©
Cmq' = - ?t}ﬁg { 2(1+t5°) — ]I-E tor (L+hM 7 )J arc cos Mozz—l +
—2-14—% arc cos (Mg—pZto) +
= [h2—22Moto+(2Moz+3)t02+(2M02+13)Mot§J JoE=(16t0)° } (33b)
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and for < to (third interval)
M1

o' = —§ (33¢)

Numerical results for a Mach number of 2 are presented 1n the
next section.

Discussion of Results

Figure U4t shows the variation of cLa’ Cma', and the location of

Xc.p., With 7., the number of chord lengths traveled ( v, = Vot'/cy =
Mot/co = Myt,) for a free—stream Mach number M, equal to 2. The
values of CLG and Cp ' are in agreement with those given In refer—
ences 1 and 2. For the purpose of comparison, similar curves are shown
for a two-dimensional wing having a chord Co equal to the root chord
of the triangular wing, and for the triangular wing in reversed flow.
The material necessary for the calculation of the latter curves was
presented in reference 6. Several interesting conclusions can be drawn
from these results.

First, notice that the total indicial 1ift on the triangular sink—
Ing wing is the same at every instant as that on the same wing in
reversed flow (both wings of course having started with the same velo—
city at the same time), and that the value of this 1ift is the Same 88
the total indiclal 1ift on the two—dimensional wing only at the begin—
ning of the motion and again when the steady state has been attained
(fig. 4(a)). Such a result for reversed flow is not true for the
pitching moment (fig. 4(b)) and center of pressure, and it can be shown
that 1t is true for the total 1ift only when the wing is a flat lifting
surface with supersonic edges?

Second, notice that, since all of the characteristics for the
triangular wings are independent of the angle of sweep, they are valid
for any unyawed triangular wing flying at a Mach number equal to 2
and having supersonic leading edges.

Third, it 1is apparent from figure L(a) that the transition of the
total Indicial 1ift from its initial to its final value is less abrupt
than that transition for the two-dimensional wing, and finally the
movement of the center of pressure on the sinking wing of all types is
seen from figure U4(c) to be smalil.

4R. T+ Jones has shown, in an unpublished work, that the build—up of
total indicial drag on symmetrical nonlifting wings is the same for
all types of plan forms in forward and reversed flow.
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Finally, it can be seen from equations (272) and (27c) that
the initial and final values of Cp depend on 1/My, and 1/B, respec—

tively. As the Mach number M, is increased, therefore, the variation
dies out since B and My become nearly equal. The same remark
applies to all the other coefficients.

Figure 5 presents the values of CLq', Cmq', and xc.p./co for

wings pitching about the foremost oxtremity of their plan form (1.e.,
leading edge or apex). Again the results are presented In terms of
chord lengths traveled T, for a free—stream Mach number equal to 2.

For these wings it 1s apparent that the reverse—flow theorem does
not apply even to total lift. The results for the triangular wing are
st111 independent of the angle of sweep, however, and the movement of
the center of pressure is again slight.

WING WITH SUBSONIC EDGES
INDICIAL LOADING FOR SINKING WING

Analysis

The six regions.— As in the study of supersonic—edged triangular

wings, there are also in the case of triangular wings with subsonic
leading edges various regions in which the analytical form of the load—
ing equation is different. Figure 6 shows the regions into which the
subsonic—edged triangular wing can be most conveniently divided. Most
of these regions have counterparts on the supersonic-edged wing shown
in figure 1.

To begin with, region 6 lies within the spherical wave which
started at t=0 from the wing apex. Region 1 is within the cylindrical
wave which was started at t=0 by one edge of the wing, but outside
the wave started by the other edge. Region 4 is the area formed by the
overlapping of the two cylindrical waves from the opposite edges, but
outside the region influenced by the reflection of one of these waves
on the opposite edge (secondary wave fronts shown in the figure).
Region 5 is the area between regions 4 and 6 where the flow is influ—
enced by secondary (and higher—order) wave reflections. Finally,
regions 2 and 3 are similar to regions 2 and 3 in the supsrsonic—edged
case; region 2 being that uninfluenced by the starting phenomena and
therefore having a loading already at its steady—state value, and
region 3 being that which is unaffected by the disturbances emanating
from the edges.
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Region 1: The solution for the load distribution in region 1

is the same as that for a two—-dlmensional wing starting suddenly from
rest and moving with a steady subsonic velocity Vy. A solution to
the latter problem for the initial part of the motion is presented in
reference 7. In terms of the normal components of velocity and dis—
tance, therefore, the loading coefficient for the right-hand side of
figure 6 can be written immediately:

(@3:— 8o My / = + arc tan /Mnt+xn>
dn 4 WMy K1+Mn Mpt+xn t—xn

The equations which relate the normal components to those in the
free—stream direction have already been given in the sectlion on
region 4 of the supersonic-edged wing. Use of these relations leads
to the following expression for loading in region 1 (in the coordinate
gystem of fig. 7)

< ) /t l+m2+|y|-—mx+
mMO+J-]._-+_ m Mot — |yl + mx
' arc tan ot — lyl + me (34)
to L+ 4 ly|-

Region 2: The loading on region 2, being the steady-state

loading on a triangular wing with subsonic edges, is well known. The
golution for region 2 of figure 7 is therefore given by (see, for
convenience, reference 5)

<é2> ) bonf (x+Mgt)
/2 ~/m2(x+Mot 2—° E (35)

where E 1s the complete elliptic integral of the second kind with

modulus & l—Bzmz

Region 3: The loading in region 3 follows from reference 6 and
is

(36)

N b,
&qiazM_o
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Region 4: The loading in region 4 of figure 7 is calculated by

superposition, Just as the solution for region 5 of the wing with
supersonic edges was obtained. The solution in region 4 is the sum
of the solutions for the right and left halves of region 1, minus the
result for region 3. Thus

<A_p> _ 8a [ mM ( [t 1Py
9/a HMO oMo+ 4/l+52 mMot+y+mX

~//>t' Ltnf+y—mx + arc tan oty
o t—y+mx t & 1+mP—y—mx
T =
arc tan/ o yr —-215 ] (37)
t/14m® + y — mx

Regions 5 and 6: In these

regions the exact solution for
_ the loading has not been deter—
Region in which solution /7 mined. As was shown in refer—
ence 4, such solutions would
///// require the solution of a three—
dimengional elliptic—type partial
differential equation. In this
report a later section will con-
tain an approximate solution for
these reglons.

=S

Discussion of Results

An lsometric drawing of the
load distribution, for the
regions in which it is known, is
shown in the sketch. Comparing
the results for the loading on
this wing to the one with super—
gonic edges (fig. 3), it is
apparent that the principal difference in the two distributions is in
the pehavior around the leading edges; the loading being finite at the
supersonic edge, whereas it becomes infinite at the subsonic edge. In
view of the known steady—state results this difference was to be
expected. Elsewhere the loadings are quite similar.




NACA TN 2387 4 31

The results presented in equations (34) through (37) will next be
examined in a different light. Choose a given spanwise section on the
wing and watch this section as time progresses from +t=0. This amounts
to fixing the axis on the body and can be accomplished simply by using
the quantity s introduced in equation (21),

s = m(x + Mgt)

It is clear that s 1s the semispan of a given spanwise section, and
that if equations (34) through (37) are written in terms of s, y, and
t, for a fixed s they represent the variation of loading on a given
sectlon as time progresses.

If the notation is further simplified by introducing the parameter
Bg where

1

B T —
© Mg+ o 14+ (38)

equations (34) through (37) can be written in the following way:

’Ap> ( t/Bg — s + |y] 8 — |y )
mMOBe/ :_ lyl + arc tan ’/;/Be—s+ IYI

(39)
Op lmr.ms .
qo> TTE—= (40)
&) _ka
%2 - (41)

% - e
< ) <mMoBe /Bes+_yy s+mMoBe//Bes +yy s,

a.rctan/ £-J + arc tan S+ 7 —-£> (42)
t/Be+y—s t/Be_y"'s 2

The load distribution across any section is given by equatioms (39),
(11), end (k2) from the time t/Bg = O to (t/Bg)1, where the term

(t/Bg), 18 equal to 2s or s/m(Mg+l)B,, whichever is smaller.
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(At t/Bs = 2s the spanwise section has Jjust reached the secondary

waves shown in figure 6, and at t/By = s/mBy(Mo+l) the spanwise section

has Just reached the spherical wave which started from the apex.) From

(t/Bs), to (t/Re), = s/mBg(Mg—1), the loading has not been determined,
and from t/Bs = (t/8s), to t=e
the loading is the steady—state
value given by equation (40).

4r - The sketch ghows this initial and
final load variation plotted as a
function of the parameter t/Bg.

y At the beginning of the motion
////' the loading is constant across
k:: the span, but this type of dis—
tribution is quickly modified and

the shape of the curve tends
toward the "inverted elliptic"
loading given by equation (L4O)
< and shown in the sketch as the
\ distribution at t/Bg = (t/Bg),.

(_L In fact, when the span has

v traveled a distance such that

<::: t/By=2s, the expression for the "

4

(%)

loading given by equation (42)
becomes

éE) _ 16 mes )0y
/5 _ o5 nu/Py?

Be
which differs from the value given by equation (40) only by a constant
of proportionality. Both before and after the time t/Be=2s the shape
of the loading curve varies from the simple type represented by equa—
tion (43), but the trend, and to a certain exstent the rapidity of the
trend, is clearly established.

~

The average spanwise loading P,, introduced by equation (20a), can
now be determined for certain regions. Hence, 1f the notation

T=1t/s
8 (h4)
Mo Ap
P =—= —=dy
° 2sa, 28 qO
is adopted, there results for the early part of the motion, that is, for .
0< 7T/Be < ( T/Bg)1

Py = 2(2 _BT§>+ bmB My, ( T/Bg) (&5) -
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Equation (45) was derived by integrating equations (39), (41), and (L2).

For values of T /By > 1/Bem(Mo—l) =<,—3T-> equation (40) is valid.
e /2
Hence

o)
Y By “\Be /2

The sketch Indicates the
magnitude of this average load
for both large and small valuses
of T/B,. Notice that for small 4
values of T/B, 1t 1s suffi- ,
clent for the establishment of - mM,f, = 1/8
the curve to specify the paramster
mMoB,, but for large values an Io’
additional parameter must be given
(such as My 1n the sketch). 2
Notice, further, that in spite of i M

the large variation in the distri— 0'2
bution of the loading, as shown in Mo: 4 —
!
|

the previous sketch, the average —
value P, varies linearly through—

out the intervals considered. This 0
result is similar to the one o 4 4 2 /6
obtalned for triangular wings with ,/ﬂ.

supersonic edges and is given in

equations (24).

INDICTAL LOADING ON VERY SLENDER TRIANGULAR WINGS
Analysis

In the first section of this report entitled "The Problem and the
Nature of its Solution," it was pointed out that if the wing is slender
(i.ee, has a small ratio of span to chordwise length) the basic partial
differential equation (1) can be approximated by the equation which was
previously introduced as equation (4), thus:

(Pt't _chy _CPZZ =0

The boundary conditions appropriate to this problem will now be examined
in some detail.
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Just as in the previous sections of this report, consider a triangu—
lar wing which is at rest for t < 0, starts suddenly to move at a for—
ward velocity equal to Vg at t=0, and continues at this same velocity .
for t > 0. It should be emphasized that in this case, Vo may be elther
subsonic or supersonic. A section in the spanwise direction, as for
instance section AA in the sketch,
J projects into the yt plane as a
arc tan m narrow rectangular strip along the t
axls. Since equation (&) has been
A— — —)—=\N— — —A4 derived on the assumption that the
velocity gradients in the 7y, z, and
| t directions are independent of the
I gradient in the x direction, the
boundary conditions along the strip
| shown in the sketch are independent
I
I

|
l
I
| # s=mx of those on other strips projected

X from spanwise sections along the wing.
| Hence, the problem is to find a solu—
| = S y tion to equation (4) which will make

- P, constant over the strip and at the
game time will satisfy the other con—
ditione listed under equation (1).
In the lifting-surface analog this s
corresponds to the problem of finding :
the velocity potential over a flat
t

rectangular wing of low aspect ratio
gituated in a free stream moving at a
Mach number equal to « 2. Solutions
to the latter problem can be obtained
by various techniques, and so the pro-—
cedure will be first, to find the potential for the steady—state, flat,
rectangular wing, and then, by analogy, to convert this to the solution
for the very slender triangular wing in unsteady motion.

The steady—state, 1lifting—surface problem.— Lifting—-surface sclu-

tions for the loading on a rectangular wing traveling at supersonic
speeds have been developed for regions 1, 2, and 3 of figure 8 (by
Busemann and others), and by means of these solutions the load distri-
bution on a spanwise section of the triangular wing can be determined
to a time necessary for sound to travel that span length. For t > 2s,
however, the solution becomes considerably complicated by the increasing
number of reflections from the edges. Reference 8 gives solutions for
the loading on a rectangular wing 1n region 4 and indicates methods for
extending the solution to regions farther along the wing. Already in
region 4, however, the expression is cumbersome and in higher-numbered
regions the expressions become difficult to manipulate. These mthods,
therefore, will be discarded in favor of a more approximate but simpler

analysis. .

If % is the distance along the chord, ¥ the distance along the
span, and s the semispan, then the solution for regions 1, 2, and 3 of
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figure 8 can be written (for convenience, see reference 5):

Region 1
& _ )y (47a)
9
Reglon 2
A_E = .8_(_1'. arc tan _._Sl_:_'y_l_ (h?b)
do 7 v x -8+ |y|
Region 3

&p G s+y s-y _n
gl <%rc tan / = + arc tan / rare il (47¢c)

As x increases (i.e., for higher-numbered regions in figure 8)
it 1s reasonable to assume that the spanwise variation of loading is
relatively unimportant — except that it be "smooth" and fall to zero at
the side edges — and the chordwise variation of loading is dominant.
Assume, therefore, that the loading is given by the relation

2ot <§> J1- (g)a (18)
ap

A
-s s
s y
) s >
/ \
4 AN
/7 \
‘Mach
~“—1— forecone

trace
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Spanwise, this has the variation shown in the preceding sketch; chord-
wise it is as yet arbitrary. To fix the chordwise distribution the
value of f(x/s) will be determined so that the vertical induced velo—
city along the center line is constant and equal to —Vpde

The solution to thils somewhat artificial problem approaches the
exact solution to the steady—state lifting—surface problem for a flat
rectangular wing along sections far behind the leading edge; closer to
the leading edge it only approximates the exact solution; and, of course,
in the vicinity of the leading edge it will be least representative.

But, on the other hand, the exact solution is known in the vicinity of
the leading edge and it turns out that the solution of the problem posed
above forms a reasonable continuation over the remalinder of the wing.

The velocity potential for the problem which has been set can be
readily expressed in terms of an integration of elementary horsgeshoe
vortices over the plan form. Since the Mach number equals ~ﬂ§, then
according to reference 9,

° = Voz d/‘ U/‘ (x=x1) (&p/ay) dxadya
b J g (y22+22) o (xx1)% 31222 .
where A 1s the area on the wing within the forecone from the point

P(x,y,z), at which @ is to be determined (the shaded area in the
sketch).

The simplification of the last expression is given in reference 9.
The result is the Integral equation

1
1=1(y) +2 /; £(n,) ¢ (n=n_)dn, (49)

where n=x/s and G 1is given by

rd

By 1< 9
Exo—(1-4% Ko '
2-_ ]
G(n-n1) = -
<
i -, s 1
{
1

The modulus of E, is ki and the modulus of K, and E, 1is ko
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The solution of equation (49) for f£(n) 1s not difficult when
numerical methods are used. For intervals of n, equal to 0.2, the
result 1is given in tabular form in appendix A, and also 1n the sketch.

ﬂ? ) From equation (47)
From equation 49)

This result can be improved in the interval 0 <1 <2 by means of the
correct solution in that intervel given by equations (47). Comparison
of the spanwise average of the loading given by equation (48) with that
which can be derived from equatioms (L47) gives an equivalent f(7n) in
the interval which, when used in equation (48), will give the correct
value of the average span loading. The sketch also shows a curve for
this equivalent f£(7n) which start. at U/x and falls linearly to zero
at n=2.

By using the sketch, or the results listed in appendix A, the
loading over a low-aspect-ratio rectangular wing flying at a Mach number
equal to vr§ can be estimated. Of particular interest is the damped
oscillatory nature of the load, falling to zero at one span length
behind the leading edge and taking alternately negative and positive
values beyond this point.® A somewhat different approach to this
problem (reference 11) has recently led to a solutlon very like the one
given here.

The unsteady analog, sinking wing.— The first step in deriving the
unsteady—flow results for the sinking wing from the steady solution is
to replace x with t. In equation (49) this corresponds to replacing
n with T where T 1s equal to t/s (equation (44). The second step
is to rederive the expression for loading coefficient since In the
time-varying problem it is expressed in a somewhat different manner than
in the steady-state analog. In the unsteady case, as the triangular
wing moves through a fixed reference plane the local span intersecting

5
A discussion of this aspect of these results is contained in refer—
ence 10,
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this plane grows as a function of time and equation (2), which repre—
sents the partial derivative with respect to time with x fixed, must

be expanded to the form
bp _ _2 [m} __2 ([.a_a_@] + [e]
Qo VMg Loty VoM, \[ ot ]g4 ds |, Ot

where l:%%_ﬂ and { %ﬁDJ indicate derivatives taken at constant s
298 Jg '

and t, respectively. Since s 1s equal to m(x +Myt), Js/dt equals
mM,, and there results
> (50)
JE

&p _ _2 AP oY)
6 VoMo <[BtJS + mlo [as

In the steady—state problems an analog to the term involving %Aﬁ]
t

]
is missing, and the loading coefficient is given entirely by an oOpera—

tion equivalent to [%%?

further on the solution given for the loading in the steady-state
problem to obtain the solution for the loading in the unsteady problem.

But
@J _2 [_8_49] .
[Bs S el

} .« It is necessary, therefore, to operate
g

so that if the notation

.- @

is adopted (where < > represents the loading in the analogous
steady-state problem), then the expression for the unsteady loading can

’
be giren in terms of (%E) by the equation
8

___K +mMoas < ) dtlJ (51)
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By the application of equation (51) to equations (47), the loading
for the various regions of the unsteady wing can be found. For region 2

there results

which becomes
@:.@L [mMo E__s_i_lz.!..{.arc tan _i__lz.!_. ]
4o ™™g v  s— |y N t-s+ ly] -

The loading coefficient can be similarly derived in the other regions so
that finally

Region 1
Py ha
2.2 (52a)
b Mo
Region 2
A t—g+ y
: + arc tan 2b
" 7o <£M°./ s— |¥| N t—s+ |y|‘> (52v)
Region 3

A@ /t—s+y [t—a—y
:rMo < o o, S+y

-—-————-—+arcta.n _ﬂ_.—l{>
t—s+y t—s—y 2

(52¢)

arc tan
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For the interval t >2s equation (48) must be considered. By means
of equation (51), the expression for the loading coefficient can be
written

%:M}—O E&af('r) /1—(%) +mMosa-§£tl+af C%) /l—<§> d-tl:,

which becomes

& _ b [(l—mMo'r) - (-;Z)g () + s fT f(m)dm

o Mo s/ o <Z>2 o ]

where f(71) is the solution to equation (49). Notice that for large T
(when the loading has reached its steady state), f(r) is zero and

~

‘/P £(Ty)dT; is unity. (See appendix A.) Hence, the loading is given
o

(53)

by the equation

]
&p _  hams
do ,/sz_yz -

which is the steady-state value for a slender triangular wing (equa—
tion (40) when E = 1).

It is now possible to derive the average span loading P, as
defined by equation (20a), thus

- Mo_ ségd_y

P. =
" osa )
-8

Placing equations (52) and (53) in this expression, it is found that

for 0 <71<2

Po = 2(2—7) + hmMoT (5ka)
and for T 2>2
v .
Py = n(1-aM T )f(T)+2 mMofrf £(Ty) dTy (54p)
o

Since the values of P, given by equations (5ha) and (54b) were
derived using different methods, their magnitudes at Tt=2 are not
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oqual. The final curve for Po must be comstructed by fairing the solu—
tion for T £ 2 into that for T >2. The accompanying sketch shows
these results together with the flinal curve chosen (solid line).

Eq.(54(a))
£q.(54(b))

The unsteady analog, pltching wing.— When the wing 1is pltching at a
steady rate about 1ts apex, the equation for the vertical induced veloc—
ity on the plan form is

wu = —(X + Mot)é

so that the o 1n the steady—state equations (47) and (48) must be
replaced by es/mVo. Since the loading coefficient is still given by
equation (51), there results for the conversion of equation (48) the

expression
t/s

% = E'Mh—z_fgl:vsz_yz £(7) + mMp -a-ag XY sz—fA £(T1) dTa )

and this can be reduced to the form
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% mMiéo (1-mMoT) W 82-y2 £(T) +

8 (222 \ M gy a
To NfEEZ?%>JC (1) dma (55)

As in the discussion of equation (53), it can be seen that equation (55)
becomes for the steady state (T large)

fp Lo 28252
% Vo ~/52—y2
and this can be shown to agree with the steady—state slender-wing results

given in reference 12.

It is now possible to derive the average span loadlng P, as
defined by equation (20b)

\j S .
Pl=mM__O___O_f .—gdy

2828 Y %o

Using equation (55), one finds for T >2

T

B = 7 (1—M,, T) £(r) + 3mMoﬂ\/P' (1) 4Ty (56a)
: o
and a similar analysis based on eguation (47) yields

for 0< 72

Py = %"‘1 (2~T+hnMy T~ % M, 72) (56b)

As in the case for P,, the two equations for P do not Join at T=2
and the final curve must be constructed by fairing the solution for T2 .
into that for T 2 2.
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Discussion of Results

It is now possible to
assess the accuracy of the
gsolution for very slender 4
wings in the interval 0<T<L2
by comparing equations (52)
and (5ha) with equations (41),
(39), (42), and (L5), the
exact solutions for this region
derived in the preceding ssc— 2
tion. It is apparent that the
approximate solution differs
from the exact only by a
stretching factor in the t
direction. Hence, 1f T 18

Eq.(56 (b))

AL

£Eq.(56(a))

replaced by T/B, and m (7] v v
(note m 1is proportional to 0 2 ¢ & 8
y/t) by mB,, where B, is r

given by equation (38), then

equations (52a), (b), and (c)

are ldentical with equa-—

tions (41), (39), and (42), respectively, and, of course, equation (5ha)
corresponds to equation (45).

This rather remarkable result can be enlarged upon from another
viewpoint. Suppose that in the steady—state analog problem the wing had
been flying at some Mach number other than /2, say Mge The solution
to such a new problem could be obtalned from the o0ld one merely by
applying the Prandti-Glauert correction, that is, by stretching all dis-
tances in the x direction by the factor 1/B, where Bgo= [1-M,2].
Such a procedure would convert, for example, equation (5l4a) to the form

PoBy = 2(2~T/Bs) + LmBeMo T/Bg
Finally, if Py is adjusted so that Po=k at 7 =0, there results
Po = 2(2— T/B,) + bmMyT

which is exactly the answer given by equation (45). It is possible to
simplify the statement of this procedure by simply remarking: The exact
results for Ap/qy, or P, in the interval 0L T/B, < 2 can be
obtained from the approximate results for a very slender wing by making
an effective Mach numbsr correction to the right—hand side of equa—
tions (52) or (54a), respectively.



I \ NACA TN 2387

Tt is interesting to pursue this concept even further. Consider a
spanwise section of a triangular wing as time increases from the starting

impulse. The primary

wave fronts emanating

Actual trace of from either side pass
across the section

primary wave front forming the Mach lines

in the steady—state

rectangular—wing
- analogy. TFor very
y/s slender wings these
lines meke a 45° angle
with the trace of the
side edge and are used
to divide the plan
form into regions as
in the sketch. Now
find the actual posi-
tion of these primary
wave fronts as they
form a trace on the

. section in the y7

. I plane. A straight—

Trace of primary \ forward calculation
wave front obtained shows that these lines

actually make an angle

— -
from slender-wing oqual to arc tan 1/B
theory with the trace of the
side edges. Hence the
T effective Mach number

which is used to

correct the slender—

wing results in the
interval O £ T £ 2By 1s that which makes the Mach lines of the steady-
state analogy coincide with the actual trace of the primary wave fronts.

INDICIAL LIFT AND PITCHING MOMENT ON
VERY SLENDER TRIANGULAR WINGS

Analysis

The 1ift coefficient for the sinking wing 1s given in the notation
introduced in equation (2la) by the equation

Co 5
- 28
O = gz /c: & Podx
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where P, has been determined in the last section as a function of
T=t/s. Consider the situation at a certain fixed time and let the =x
coordinate in the above formula be fixed in the wing. Then set

=X = _8_
I (57)
and as before
Toz—M-g—z-=mM0§T (58)

where T, 1is the number of wing—chord lengths traveled. In this way
the equation for 1ift coefficient becomes

MoCp, = 2[19 Po<m;2g> at (59)

and by a slmilar analysis the pitching-moment coefficient taken about
the apex can be written

1

' _ 2 T
Moy, ' = =2 fi Po<mMZ€ at (60)

(o}

The equation for the 1ift and pitching-moment coefficients (where
agaln the pitching moment i1s taken about the apex) on a pitching wing
are

MoCLq'=—-C_M§—CL_é) =2 /: ¢ p, <m;—-& at (61)
=)
and
Mocmq'=(—-ii;——_§>—=—eofl e 7, (;@) a (62)
(o)

Discussion of Results

The values of P, and P, were taken from curves similar to the
sketches in the last section (using the faired curves in the vicinity of
T=2) and the results for the indicial 1ift and pltching moment in terms
of Tp, the number of chord lengths traveled, are shown in figures (9)
and (10) for a value of mMy equal to 1/8. The results are all




46 NACA TN 2387

qualitatively alike; in each case the curve falls from its high initial
value at T,=0 to a minimum at about To=1/3 and then recovers and .
practically attains 1its ‘
asymptotic value at T,=l.
This behavior is similar
M =.8 to that for a two—
o - dimensional wing flying
.8 at subsonic speeds. For
the purpose of such a
/9C2¢ comparison the first part
of the curve of indicial
2r 1ift coefficient versus
chord lengths traveled on
.61 a two-dimensional wing
flying at a Mach number
equal to 0.8 (see refer—
ence 7) is shown in the
sketch. Notice again the
rapid fall from the
4 v 3 initial peak (Cr_=4/M,)
0 4 r 8 to a minimum around
o To=1/2, and then a smooth
recovery to the asympto—
tic value (cLa=2n/[3).

Ames Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Moffett Field, Calif., Mar. 26, 1951.
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APPENDIX A

SOLUTION OF AN INTEGRAL EQUATION

For convenience in applying equations (54b) and (56a) of the text,
a table of values of the function £(7n), obtained by numerical solution
of equation (49), is given here. The values of the integral,

n
[ £(n1)dny, are also listed.

n £(n) L?f(nl)dnl y £(n) L?f(nl)dnl
0.0 | 1.0000 0.0000 4.0 {-0.1307 1.0124
.2 .9899 .1990 4,2 |—-.1008 .9893
A4 | .9597 -3940 L4 | —.0716 .9720
.6 .9087 .5808 4.6 | —.04L6 .9604
.8 .8356 . 7552 4.8 [—.0207 .9539
1.0 7339 .9122 5.0 | —.0008 L9517
1.2 .6032 1.0459 5.2 ] 0149 .9531
1.4 L4597 1.1522 5.4 | .0265 .9573
1.6 .3188 1.2300 5.6 1 .0340 .9633
1.8 .1880 1.2807 5.8 1 .0379 .9705
2.0 L0724 1.3067 6.0 | .0388 .9782
2.2 | —.0245 1.3115 6.2 ] .0373 .9858
2.4 | -.1008 1.2990 6.4 | .0338 -9929
2.6 | -.1562 1.2733 6.6 | .0292 .9992
2.8 |1-.1919 1.2385 6.8 1 .0237 1.0045
3,0 | —.2098 1.1983 7.0 1 .0180 1.0087
3.2 [ —.2126 1.1561 7.2 | 0124 1.0117
3.4 [ —.2031 1.1145 7.4 { .0072 1.0137
3.6 | —.1843 1.0758 7.6 1 .0026 1.0146
3.8 [-.1593 1.041Y 7.8 |—=.0012 1.0148
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2.5 |

/.9 ]
o ) 1.0 1.5 2.0 2.5
Chord lengths traveled, z,
fa) Lift?t.

Figure 4.- |ndicial aerodynamic characteristics of
sinking wings with supersonic leading edges. My=2.
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(b) Pitching moment about
leading edge or apex.

Figure 4. — Continued.
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/.0

|
0 4 .8 lL.2 1.6 2.0
Chord lengths traveled, z,

(c) Location of center of pressure
with reference to the leading
edge or apex.

Figure 4.— Concluded.
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Figure 5.— Indicial aerodynamic characteristics of

wings with supersonic edges pitching about lead-
ing edge or apex. Mo= 2.
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Figure 5.- Continved. »




NACA TN 2387

) HEREE

|

0o 4 .8 L2 1.6 20
Chord lengths traveled, r,
(c) Location of center of pressure
with reference to the leading
edge or apex.

Figure 5.— Concluded.
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A Starting spherical
wave from apex
\ Leading edge
Secondary wave trace
reflections :

Leading edge
.l.... —.4"5’” ar t= 0

/ Starting
/ cylindrical
/ wave from
/ right edge
/ \
\
/
/ 7 \
\

Figure 6.— The six regions used in the analysis of the
triangular wing with subsonic leading edges.
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y=(x+Mot)/ 8

y=mix+ Myt)
, ‘\ y% x2= 12 My

/
ya=(x+M,yt)/8 \

ys—mix+M,t)

m=ctnd

,8"‘ Mo—=1/

\ y

g e
y=mx+tY/+m€

A y==-mx+tY¥/+m€

ye=mx-t VamZ | y=mx—tYi+m?

X
Y

Figure 7.— Equations of lines pertinent to the analysis
of the triangular wing with subsonic leading edges.
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Figure 8.— Regions used in the discussion of the /low-
aspect—ratio recfangular wing.
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Figure 9— [ndicial aerodynamic characteristics of sinking
triangular wings with slender plan forms. mMe= 1/8.
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Figure 10.~ Indicial aerodynamic characteristics of tri— )

angular wings with slender plan forms pitching about

apex. mMo= 1/8.
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