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SUMMARY 

The present paper derives Von Karman's Fourier integral method in 
supersonic wing theory directly from the basic concepts of the harmonic 
source and doublet. The method is first applied to investigate the 
general solution of the wave drag of a tapered swept wing with a sym- 
metrical diamond airfoil profile. The general solution includes all 
kinds of wing plan forms which may be swept backward or forward, and 
tapered or reversely tapered to any ratio. A number of the limiting 
cases are also investigated. For practical aerodynamic design, two 
families of wing plan forms with the fixed taper ratios 0.2 and 0.5, any 
swept angle, aspect ratio, and Mach number are shown in graphs.  Some 
particular applications are illustrated. 

The reversed-flow theorem on wave drag as shown by Von Karman and 
Hayes checks well with the consequence of the general solution. This 
method shows a certain elegance as no conical-flow assumption is needed 
and the mathematics is powerful enough to obtain a general solution 
covering all possible geometrical arrangements without detailed 
considerations. 

While in recent years the direct problem of finding the lift dis- 
tribution with a given angle of attack of the wing has been well solved 
by the method of conical flow and by other methods, the present treat- 
ment, on the other hand, investigates the inverse problem, that is, to 
find the downwash distribution in the plane of a wing with a preassigned 
pressure distribution. This is particularly favorable with the present 
method. The general solution of the downwash of the tapered swept wings 
is derived for the case where a constant lift distribution on the wing 
is preassigned. Of course, the method may be applied to any lift or 
pressure distribution along the wing chord and span. The corresponding 
angle of attack of the wing and the downwash can be determined everywhere 
in the plane of the wing. To demonstrate the downwash distribution as 
given by the general solution, the downwash of a number of wings, 
including a sweptback tapered wing with supersonic trailing edge and a 
triangular wing, is shown in graphs. 
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The general solution of the direct problem in the present formula- 
tion is a singular integral equation of the Weiner-Hopf type and is 
difficult to obtain. 

INTRODUCTION 

In 1935 Von Karman first showed that the concept of the Fourier 
integral can be adopted to explain the similarity of Prandtl wing theory 
and the theory of planing surfaces (reference l).  In 19^6, Von Karman 
introduced the Fourier integral method to the supersonic wing theory 
(an unpublished report of Northrop Aircraft, Inc.)- The present author 
under Von Karman's guidance investigated this problem to a certain extent; 
some of the results have been published (reference 2) but some, presented 
in 19^8 at the Sixth International Congress for Applied Mechanics, are 
not available in published form.  The present report may be considered 
as an extension of the earlier work.  As some of the literature is 
unavailable at this moment, some of Von Karman's work is repeated. 

As far as the linearized theory on supersonic wings is concerned, 
the conical-flow method was originated by Busemann (reference 3) and 
later reproduced and extended by Lagerstrom (reference h),  Hayes 
(reference 5), Stewart (reference 6), Laporte and Bartels (reference 7), 
and Snow (reference 8). Each of the later investigators approached the 
same method with slightly different techniques but confirmed the essential 
results of Busemann. Before the conical-flow method was known in this 
country, Jones visualized the advantages of the conical flow and showed 
some of the basic physical concepts (reference 9) in 19^5•  Later, in 
19^6, with the concept of conical flow, Jones also showed the invariance 
of the Lorentz transformation and introduced the oblique coordinate in 
the swept-wing problem (reference 10). 

The challenge of supersonic flight has aroused the interest of many 
other investigators.  Puckett showed that ijhe source integration method 
could be applied to study the wave drag problem (reference 11).  Later 
Eward extended this method to solve the lift problem of a finite wing 
of any plan form (references 12 and 13). Heaslet, Lomax, and Jones 
extended Volterra's and Hadamard's method to the supersonic wing problem 
(references Ik  and 15).  Gunn applied the operational calculus to the 
same problem (reference l6). There are many other works, all of which 
cannot be mentioned in this paper. 

On the other hand, the basic concept of the Fourier integral method 
is quite different from the above methods.  Instead of the concept of 
conical flow or simple sources and doublets, the present method considers 
along the direction of flight infinitely long harmonic source (or"doublet) 
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lines, the behavior of which is quite equivalent to the harmonic acoustic 
source (or doublet) in the sequence of time. Each of such source lines 
will send out a divergent cylindrical wave in the radial direction. The 
potential of such a wave can be expressed by the product of the source- 
strength function and the Hankel function of the second kind. For each 
eigenvalue or frequency of the source oscillation, there is a corre- 
sponding eigenvalue in the argument of the Hankel function. By means 
of the principle of superposition, an arbitrary distribution can be 
synthesized with such simple harmonic sources of different frequencies, 
if the frequency spectrum is a continuous one. The most powerful tech- 
nique to serve such a purpose is the Fourier integral method. 

Now in the finite-wing problem, the boundary is considered as a 
source sheet rather than as source lines.  Such a sheet can be built up 
by integrating elements of a source strip which is equivalent to a 
source line in behavior. 

The above simple physical interpretation may help to give some 
insight into the mathematical theory to be discussed later. 

The present paper first tries to give an introduction to Von Karman's 
method in terms of the physical rather than mathematical approach. Then, 
the wave drag of a tapered sweptback wing is treated. This work is not 
a duplication of that of some other concurrent investigators, but rather 
a supplementary contribution. The next step is the lift problem. For a 
given angle of attack, on an arbitrary wing plan form, it is rather 
difficult to solve the integral equation analytically. But for a given 
lift distribution the downwash angle can be evaluated anywhere in the 
plane of the wing.l 

The method has a certain elegance. The complete physical effect 
of the arbitrary wing can be expressed in terms of one integral. The 
finite number of discontinuous points of the Fourier-Bessel integral 
gives exactly the right picture. 

This investigation was conducted at the Department of Aeronautics 
of the Johns Hopkins University under the sponsorship and with the 
financial assistance of the National Advisory Committee for Aeronautics. 
Due appreciation should be given to Misses V. O'Brien and P. Clarken for 
their assistance in carrying out the research. 

1In some recent unpublished Navy reports, J. D. Miles has obtained 
a solution of the direct problem, particularly for the rectangular wing 
tip with constant angle of attack. 
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GENERAL THEORY OF THE FOURIER INTEGRAL METHOD 

Elementary Solutions 

In the three-dimensional, steady supersonic flow of a compressible 
nonviscous fluid, the differential equation of motion in the linearized 
sense is 

0yy + 0ZZ = (M
2-1)0XX Ü 

where the velocity potential 0 is defined by 
grad 0 = q - Ui = ul + vj + wk, the disturbance velocity vector. It 
may be considered as a two-dimensional wave equation if x is conceived 
as time in the sequence of which the future can contribute nothing to 

the present. This can be shown clearly by introducing t = TTT^ 
(M2 - l)1/d 

that is, 

0yy + 0ZZ = 0tt (2) 

with the dimension in the flow direction being equivalent to time t. 
After this transformation, the velocity of propagation in equation (2) is 
unity.  In this sense, equation (2) becomes the potential problem of the 
acoustic source and doublet in the y,z-plane in the sequence of time as 
pointed out by Von Karman (reference 2). After this transformation, the 
wing plan form has to be readjusted so that the Mach waves are inclined 
backward at ^5° from the flow direction.  As an example of transforma- . 
tion, figure 1 gives a sweptback wing in the physical and transformed 
planes. 

For a simple time-dependent harmonic source with strength cos Xt 
(where \/2JT is the frequency of oscillation) located at (T),0) in the 
y,z-plane, the elementary solution of equation (l) as given by Lamb 
(reference 17, P- 297) is 

0o(t,y,z; TJ,0) =Re[- jeiXtH0
(2)Ur)J (3) 

where r = \/(y - T))2 + z2 and H0^2^(Xr)  is the Hankel function of the 
second kind of zero order.  It is easy to show that the solution satisfies 
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both the differential equation (2)  and the given boundary condition 

cos Xt = Re e       .    At very large values of    Xr    equation (3) becomes 

0o(t>r)  ~ 7= cos[\(t  - r)   - fl 
/fro? L kJ /8 

the amplitude of which is inversely proportional to the square root 
of r. Physically, this represents the potential at the point (y,z) at 
time t due to a harmonic source of strength cos Xt    at distance r 
from it. Such a disturbance potential is called a divergent wave. This 
disturbance propagates from the point (TI,0) with a circular or cylin- 
drical symmetry. 

Now if the strength of the source is the real part of F(X)e^'fc 

instead of just e1 , the potential must be also written as 

0o(t,y,z; 11,0) = Re[- | F(X)e1XtH0
(2)(^)] W 

where 

F(X) = F0U) + iFi'U) (5) 

with F0(-X) = F0(X.) being even and F1(-X.) = -F^X) being odd.  It 
is understood that F(X)  is a function representing the strength, 
amplitude, and location of the source line. 

If two such harmonic line sources of equal but opposite strength - 
the negative one located at (r\,-t1/2)  and the positive one at (TI,£/2) - 
approach each other, a harmonic doublet line can be obtained if 
lim F(X)£ = G(x) is considered as a finite quantity: 

0l(t,y,zj TI,0) = lim 0o^t,y,z; T),|J - 0Q^t,y,zj r\,'£) 

t-»0 d^ 

Re -f G(X)eiX-V2)(Xr)fl (6) 
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where the doublet is defined as positive, and 

G(X) = G0(X) + iG1(X) (7) 

with G0(-X)  = G0(X) being even and Gx(-X.) = -G-^X) being odd.  It is 

very interesting to see that this potential of the doublet no longer has 
cylindrical symmetry, but is antisymmetrical with respect to the 
t,y-plane.  The harmonic doublet line will be used for the wing lift 
problem. 

Boundary Conditions in the Supersonic Wing Problem 

Let a flat body or wing occupy a region in the x,y-plane and a+ 

and a_ be the slopes of the upper and lower wing surfaces at (x,y), 
respectively. Both are small in comparison with unity and are zero 
outside the finite region occupied by the wing. Within the approxima- 
tion of the linearized theory, the wing may be considered equivalent to 
the superposition of a symmetrical body and a mean-cambered surface. 
The slope of the symmetrical body is 

IK a.) (8) 

and the slope of the cambered surface is 

ax = |(a+ + a_) (9) 

where a  and a^ are considered at the x,y-plane.  In other words, 

the effect of exact location of aQ and a^ in the z-direction is 

entirely neglected in the future treatment which has been shown by 
Von Karman to be consistent with the linearized theory for the flat body. 
From the above, the required boundary condition of the potential is the 
normal velocity to the wing surface which is zero; that is, 

qn = 0 (10) 

In this case of a flat body, where the vertical velocity component pre- 
dominates, equation (lO) can be approximately expressed by 

- ■ (g). = Ua+ (11) 
z=+0 
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Ua_ (12) 

where w+ and w_ represent vertical velocity components on the top 

and bottom of wing surfaces, respectively. Besides, at a distance far 
away from the wing in the upper stream,  u=v=w=0 if there is no 
other disturbance generated in the upper stream. 

Supersonic Flow about a Flat Symmetrical Body 

If a source line at (T},0) is of any arbitrary strength with finite 
time t the potential can be built up with equation (k)  by means of a 
Fourier integral as 

poo 

0o'(t,y,z) = Re /  oxf"- ^ F(^T1)e
iX'tH0

(2)(Xr)j        (13) 

where U is the free-stream velocity. The insertion of U in the 
source-strength function is purely for future convenience. 

The above integral and its first derivatives exist if the Lebesgue 
integral 

Ooo 

X  |F(\,T))Ho(2)(Xr)| dX. < oo 

The above condition is automatically satisfied, if the source with finite 
strength is in action for a finite time interval. Actually, equation (13) 
can be considered as the potential of a body of revolution. Sometimes, 
in conforming with the convention of the complex Fourier integral, the 
above equation may be conveniently written as 

r»oo 

0o'(t,y,z) = - !* I  dXFU,n)emH0(
2)(Xr) (HO 

U-00 
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with the understanding that the path of integration of A. is slightly- 
above or below the origin in the complex X.-plane so that the singularity 
at X = 0 can be detoured.  It can be verified easily because 

F(-X,TI) = F0U,TI) - IF-^TI) = F(X,TJ) 

where the bar represents the complex conjugate of the original function. 
Now, the above source line may be considered as an elementary strip of 
a source sheet in the t,y-plane of width dr) with the above strength as 
the strength density per unit area.  It is clear then that the potential 
due to a source sheet built up by such strips is 

0o(t,y,z) = .   0O« '.dTi 
J-00 

Poo     Ooo 

= - U*    dTi    dXFU^e^V^Ur)       (15a) 

U-co    J-00 

For the convenience of the later development,  f(A.,T]) = - — F(X,T))  is 

introduced into equation (15a), and then 

Ooo     Ooo 

0o(t,y,z) =^H  dTM dXf(\,n)e±X\^h^r) (15b) 

One thing should be pointed out.  Owing to the structure of the integral, 
the source sheet may be composed of a number of discontinuous portions 
in the y-direction, and the source-strength function f(\,Tl) may be 
different in different discontinuous portions, but it must be the same 
within one continuous portion of the source sheet.  Of course, in that 
case, the integration with respect to r\    has to be broken up accordingly. 
Physically, this integral can give the potential not only due to one wing 
but also to a number of wings or flat bodies in the t,y-plane. There- 
fore, it can be used to study the interaction between wings. 
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The preceding equation will be the disturbance potential of the wing, 
if the relation of the source-strength function Re f (X^e1^ can be 
identified with OQ    or the thickness distribution of the symmetrical 

flat body. ■ This can be obtained from the boundary condition.  Differ- 
entiating equation (15b) with respect to z,   there results 

ro _      Ui ,  , 
Xdlfl^^e^H^'lXr)2-        (16) 

Now as z —*0 the integrand goes to zero except in the neighborhood of 

T) = y.  Let T) = y + z tan 9;   drj = z sec20 do, where 0 = tan-1 ^  ~ V. 
z 

r/0 T z 

Besides,  H^2)^) » 2i/rtXr when Xr or r—>0.  Thus equation (l6) 
becomes 

(w) ■^ 
z=+0 

z=+0 

"V/2 
=    lim      -~   /      dXeiU   j    '     Xf(X,y + z tan 9)   21 z£ Bec20 

z—»+0 I /     , JtX r2 
d9 

U ,iXt 
V/2 

lim      —   I      dXe 
z~>+0 *■/-«, J-«/2 

Xf(X,y + z tan 0)d0 

U ,iXt dXe1AXf(X,y) 

U-c 

\/2 

-n/2 

d0 

= U dXeiUf(X,y) (17) 
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From equation (10), 

Poo 

(*)z=+0 = U(ao)z=+o = U    dXe
lxtf(X,y) 

or 

ao(t,y,+0) = 
J-0 

dXelxtf(X,y) 

= 2 I   t£o(x^y) cos xt + fi(^y)  sln X-tJ-dX ■   (18) 

From the theory of complex Fourier transform, 

100 

fU,y) = ^   a(t,y)e-1U dt (19) 

This means that, if the source distribution f(A.,y)  is chosen to be 
the Fourier transform of the distribution of the angle of attack, the 
potential 0O will represent the flow about the wing automatically. 

Since the angle of attack is zero ahead of the wing, it can be shown 
easily that equation (15b) satisfies the second boundary condition of 
equation (12). 

Supersonic Flow about a Lifting Surface 

By means of the same argument as in the last section, the potential 

can be formulated for a doublet sheet of strength Re eiXtG(\,Ti)  from 
equation (6): 

Poo   noo 

0l(t,y,z) = Re ^    dn    dX X G(X,r1)e
iXtH1(

2)(Xr)^  (20) 
J- 00  Jo 

where a constant, free-stream velocity U is introduced.  In order to 
simplify the later development, further introduce 
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g(x,n) = 1XG<M> = go(x,ti) - igl(x,T)) 
8m (21) 

where, with equation (7), 

XG^X^) 
SnU;1!) =      (even) 

8m' 

gl(>.,Tj) = -^     (odd) 
8m' j 

(22) 

Then equation (20) can he written 

0l(t,y,z) = Re 

1 'oo noo 

-2m'U   /      dij    /      dXg(^Ti)eiXtH1
(2)(Xr)| 

J-00       Jo 
(23) 

The above equation can be written entirely in the complex form 

poo poo 

0l(t,y,z)  = -m'U dt] dXg(^T1)e
iX-tH1(2)(Xr)i (24) 

00 U- 00 

if the path of X    is chosen below X - 0 in the complex X-plane, 
because 

g(-^Tj) = go(^1l) + igi(^Ti) = s(X,r\) 

E^i-Xr)  =  Hl(
2)(xre-i*) = Hl<

2)(Xr)  J 

The path of X    with Re X > 0 cannot be chosen in order to 
detour X  = 0.  In that case, 

(25) 

H^C-Xr) = H1(
2)(3lre1,t) = -H^^Xr) - 2Jl(Xr) / H-^Ur) 

which is impossible to reduce back to the original equation (23), 
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In order to find out whether equation (24) for the doublet sheet 
satisfies all the boundary conditions of the wing or not, first differ- 
entiate it with respect to t. 

—i = m' —i = m'u = -m'Ui   d.r\ X üXg{X,i])e±X'tEMHxT)^        (26) 
öt-    öx      • 

U -00  0-00 

The above equation is identical in form with equation (l6) if 
t 

f(X.,T})  is replaced by — g(X,Tj).  Therefore, with the same technique, 

it can be shown that, as z—^+0, r\—>y. 

^l\              -m'U f °° .. ixt /* \ —    =  .    dXe^g^y) 
^t /z=+o   2 

(27) 

Row in the linearized theory the pressure coefficient on the wing 
surface is 

Thus, with equation (27), 

Poo 

Cp(t,y,+0) = I  a^e^g^y) (29) 

With the Fourier transform, 

g(^y) = ^ I  dte^C^t.y^O) (30) 

Therefore, if the pressure distribution along the wing chord is 
given, the doublet distribution function g(X,y)  of frequency X/2n 
can be obtained with equation (30).  The function g(\,y)  is inde- 
pendent of the pressure distribution of the neighboring chord. Further- 
more, if X—^0    in equation (30)> 
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5(0,y) = ^ I  dtCp(t,y,+0) (3D 

On the right side, I  dtCp(t,y,+0)  is equal to one-half of the lift- 

1^CL\ coefficient  distribution,    — U—1,   at    y.     Thus,     g(0,y)     is equivalent 
2 W 

roCi 
to .fi(^_Jij at y which has a physical meaning. 

Unfortunately, equation (23) of the doublet-sheet potential satisfies 
one of the boundary conditions on the wing, but does not satisfy the other 
required boundary condition that the potential and its derivatives must 
be zero far ahead of the body. In other words, the correct potential 

must be zero as t-—>-°°. 

The potential of the doublet sheet at large ±t is investigated as 
follows.  Introduce v = Xt into equation (23): 

0(t,y,z)  = Re -2m'U an ff ^{iMf^ (32) 

For very large values of    t    there can be written 

Hi 
(2) (vrV   2it 

\t /      Jtvr 

and 

gfpnj a g(o,Tj) 

lim      0-L(t,y,z)  =    lim      Re 
t—>±oo t      ' >±O0 

^1   I     JLdTi6(0,u) 
JLv 

dv 

=    lim 
t—>±oo 

Wü 

!o 

sin V -gd^O,^ 
JO 

dv 

^(loo^z)  = X* = ±2m*U   I      ^ dT]g(0,Ti) (33) 
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where the negative sign corresponds to t =•-» and the positive sign 
corresponds to t = 00. As  X (y,z)  is independent of t, it satisfies 

the Laplace equation 2_JL + "   = 0 and can be added to 0, the 
dx2   äy2 

doublet-sheet potential, without an effect on the pressure distribution. 
It should be noted that the value of the potential function as t—^00 
is 2X*. Hence X* may be interpreted physically as the potential 
function of the downwash in the Trefftz plane. 

Thus, from equations (24) and (33) the complete solution of the 
present problem on supersonic wing lift is 

0(t,y,z) = 0i + X* = m'U |  -^ dTj 
/ 

2g(0,Tj) -    r d\g(\,Ti)e:LX'tH1
(2^Xr) 

(3k) 

In the case where Cp is given, the above equation can be written, 

with equations (30) and (3l)> 

100 

0(t,y,z)   = |^   I      -%dTj    I      dTCp(T,Ti,+0) 
-co   r J-oo 

2  - r äXe±X^-rW2kxr) 
\J-CO 

(35) 
Let    Xr = V;  then 

0(t,y,z) m'U _z_ 
2*      I,     r2 an        dTCp(T,Ti,+o) *M 2-1      dve     v "  ' H]_ 

00 

(2)(V) 

(36) 
With reference 18,  page 4(35,  the bracketed term in equation (36)  can be 
evaluated as 

dve 
1VV * )Hl<2>(v) = <J 

0 t    -   T   <   x 

r 
(37) 

^T1? 
t   -   T > 1 
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Thus, if the vortex of the foremost Mach cone is taken as the origin, 
there can he written 

Poo      Pt-r 
rU, x  2m'Ü    z „       ,,  (*.- T)C (T,n,+0)     (38) 0(t,y,z) = —    -£ dT,      dr 

iL     J-.      *t - T)2 - r2 

which is the equation of the potential in terms of the pressure coeffi- 
cient on the wing. The value of Cp is zero outside the wing. Since 
the radical must be positive, 0 is zero outside the foremost Mach cone, 
as predicated by other theories. 

AERODYNAMIC BEHAVIOR OF SYMMETRICAL FLAT BODIES 

IN SUPERSONIC FLOW 

As the disturbance potential for the symmetrical flat body in 
supersonic flow has been given in equation (15b), with the Fourier 
integral method, the present section will show the expression for the 
pressure coefficient and the wave drag of various types of wing plan 
forms and airfoil sections. 

Derivation of the Expression for the Wave Drag of a Wing 

To the order of approximation of the linearized theory, the incre- 
ment of pressure Ap anywhere within the disturbance area is 

Ö0O    p0U Ö0O 
Ap = p - po = -PUU = -p0U — = - — ^- (39) 

where the relations x = (M2 - l) ' t = m't and u = d0o/dx are used, 
p and p are the local pressure and density, respectively, at the 
point (x,y,±z), and pQ and pQ are the free-stream pressure and 
density, respectively. 

To find ö0o/öt, equation (15b) can be differentiated as 

Joo     poo 

00   J-00 

where ö0o/öt is an even function with respect to z. 
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Substituting equation (UO) into equation (39), 

Ap(x,y,z) = ^! j  dT] I X  dXf(X,ti)eiXtHo(2)(XT)      (M) 

If the pressure increment on the wing surface which is located 
equivalently at z = +0 is desired,  r—» jy - "H | and 

ZSp(t,y,±0) = ^    *i I  \ dXf(^n)eiUHo^2)(^|y - Til)   (^2) 

If it is the wave drag distribution along the span dü/dy which is 
of interest, all the horizontal components of the pressure increment 
along the x- or t-direction on both the top and bottom surfaces over a 
unit span width must be summed up. Mathematically, 

npj. = 2 r°°APa0 ax (43) 

where a0 is the surface' slope of the airfoil along the line of con- 
stant y as given in equation (l8). With the expression for a^t^+O) 
and Ap(t,y,+0)  in equation (42), the drag distribution per unit span 
can be determined as 

|LPoU2 pdT1 pxdxHo^Uly-nOfU^)  P°° dt  f°° dVei(x+r}tfUSy) 
J-00    J-co U-oo    U-00 

(hh) 

where X'  and y correspond to OQ. TO evaluate the last double 
integral, write X' = -X" and the double integral can be written as 
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00        I '00 

«    dVe^'V^y) .    at    t-*-).1^"* f(-x",y) 
-00    U-00 (-•<-oc 

"e^-^ffr^T     (45) 
dt    dA." 

-00      \J-CO 

where 

f(-A.",y) = f0(-*-">y) + "i(-^y) 

= f0U",y) - ifi(X",y) 

= fU",y) 

is introduced because fQ is even and f^ is odd. From the complex 

Fourier integral theorem, 

2nf(X.,y) = /  dt I  dA."ei^-^")tf(X",y) (k6) 

if the Lebesgue integral  /  dA." |f(X.",y) | < 00 exists or if f(X,",y) 
u-00 

is of bounded variation, in the neighborhood X. =  X.".  (See theorem 23, 
reference 19, p. 42.) Substituting equation (k6)   into equation {kk) 
gives• 
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(^)    = 2«PoU2   P°° dr,   r X dX30(2)(A.|y " Ti|)f(^T))f(^y) 

loo n°° 

= 2*Pou2       d-n  I    x d\[H0(2)U|y - nl)fU.n)f(^y) + 

«J-00     j-00 

H0(2)(^ly - nl)f(>-^)f(^y)J 

= 2rtPou2       dT)       x d\./j0(x|y - Tin&o^^cA'y) + 

J-CO ÜO *- " 

fi(\,Ti)f1(\,y.3+ YcAly - ^|)&i(^^)fo(^y) - fo(^)fi(^y)Ij- 

where the relations 

% 
(2)(-x|y - ni) = H0(

2)(x|y - Til) = j0Uly - nl) - iY0(My - *il) 

f(-\,Ti)f(-X,y) = f(\,Ti)f(\,y) 

are used so that the integration limit changes from 0 to  «> instead 
of -» to 00.  The imaginary part automatically cancels out. 

Now, if D, the wave drag of the whole wing system, is desired, 
equation (kj)  can be integrated with respect to y: 

D =    P°° (äDYjy = 2KpoU2    P00 dy    r dTJ   p x OXEQ^HWY - T,l)£(\,T|)f(X,y) 

4 

= W0U2    Pdy   |dTi    /     X d\Jj0(X|y - Ti|)[f0(X.,Ti)fo(X,y)  + 
J-00 J-00 JO L 

^U^f^y)] ■+ Y0(x|y - ni)[fiU^)*b(^y) - fo(^)fi(^y)]] 
m 
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Now, as the wave drag D is independent of y and Ti, it should be 
independent of the order of integration or of the interchange of y 
with T).  In carrying out such an interchange, 

Ooo poo poo 

D'   =  W0U2 dT)   J      dy   I       Xd\Jj0(X|T!  - y|)[f0(^y)f0(^T1)  +. 
J-oo J-oo JO L 

fl(X,y)fl(X,ti)J + Y0(X|TI  - y|)[f1(X,y)f0(^T1)   - f0( X,y)f1( \,T^ 

This  shows that the necessary condition    D = D'     is 

dT)    j      dy   I      X dX.< 

-00 JO 

Y0U|y - Ti|)[fiU>y)fo(M) - fi(M)foU>y)]l = ° 

(^9) 

This is one of the important relations that has been developed by 
Von Karman. 

There is another way of evaluating the wave drag as pointed out by 
Von Karman.  The total momentum transfer through a cylindrical surface 
of very large radius R which contains the wing in the flight direction 
must be equal to the wave drag, by means of Newton's laws.  Thus, 

D.-BOI  at |  R«MM (jo) 

which is the same as equation {k3). Applying equation (^9), equation (48) 
can be written as 

D = Wp0U2 dy di] X dXJ0(\|y - n I) [f0( M)f0< *■>?)  + 
J-oo J-oo Jo 

flU,r,)fiU,y)] (51) 
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In the case of a sweptback wing which is symmetrical with respect 
to the x,z-plane, fo(X,y) and f1(X^y) are even functions with 

respect to y. To take care of this point, write 

Joo     poo     poo 

dy    dr, j  X dXJ0(x|y - r,|)[f0(X,|r,|)f0(X,|y|) + 

00    J-co    UO 

flUjUDfxUjIyl)] 

poo Hoo p 00 f~ 

= W0U2 dy dr,   I      X d\J J0(X|y - r, |) + 

Jo[^(y + 0] [ [fo(M)fo(Myl) + fi(M)fi(My|)] 

poo Ooo 

dy   I     dr,   I       X dxij0(X|y - ij|)  + 
loo noo 

T2 8KP0U' 

Jo JO JO 

J0[x(y + Tj)]l [f0(X,Ti)fo(X,y)-+ fiU^f^y)] (52) 

where the limits of    r,    and    y    change as shown.    Equation (52) will he 
used in the next section very often.     If the  span is finite (say that 
b    is the  semispan)  and the airfoil  sections are  similar everywhere, 
equation (52)   can he written 

Oh Ob poo r 
D = 8*p0U2 dy dr, X dX I J0( X| y - r,|)  + 

Jo&(y + T)0~l[fO(^T-1)fo(^y) + fi(^Ti)fi(X,y)] (53) 
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Wave Drag of a Tapered Sweptback Wing 

If the double-wedge profile is taken as the airfoil section of the 
wing as shown in appendix A, and equation (A8) is introduced into 
equation (53), there results 

D = 8*p0U
2 

°b   Pb   Poo 
dy I  CLTJ I  X d\-{ JoU|y - TJI) + 

0  Jo  Jo ■{• 

1 fa ')2 
JTo[X(y + TÖ\ \      gg   f1 - cos  ^y'K1 - cos  *V)cos  Xß(|y|  -  | T) |) 

•2r« ^2 
8PoU2(a0') 

Pb 
ay f>J>{- JoUly - Til) + 

Jo[>(y + wi1 - cos ^v'H1 - cos *V)COB ^ß(lyl - hl)       (5*0 

By definition, 

V=A.  y. »JL  n'=A-  v'=^ 
aQ 

ay' = a0'(l - v'y*) 

a„» = a0'(l - v'V) 

m' 

^  (55) 

For details of the notation refer to figure 1 and appendix B. 
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The wave drag equation can be written in another form 

r>b» 
«D 

8poU2(ao')
2(a0')2     Jo 

dy' w      ^Jj0[(n>- r)^o\\ 

J0[U*  + y')Moj]  [(- HI - cos Xa0'[2 + ß(T]»   - y')  - 

V(V   + y')]   I - I Jl - cos Xa0'[2 - ßdi'   - y' )   - 

v'U" + y')] i - i[i - cos Xa0'(ß + v'KV - y'O - 

ijl - cos  [Xa'(ß - V')(TI'   - y'f|l  + 

i|l - cos Xa0'jl + ß(V   - y')  - Vy'] 1   + 

lJl - cos  Aa0'[l  - ß(V   - y»)   - Vy'] |   + 

i Jl - cos  Xa0'[l + ß(rj»   - y')   -  vV] i  ■+ 

||l - cos  Xa0'|l - ß(ri'   - r)   - V'VD f   " 

[l - cos  ßXao'U'   - y'O) (56) 
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With the known infinite integrals of Bessel functions as shown in 
appendix C, the integration in equation (56) can be carried out. 

8p0u2(V)2(a0.)2      J 
ay' av I cosh-i g + ß(i' - y') - v'(i' + y') . i cosh-i g + P(i' - y') - v'dT + y') 

^ V - y' h i' + y* 

h-i g - P(V -y') - v'(n'+ y') _ 1     h.i g - P(i)' - y') - v'tn' + y') 
V - y' n' + y' 

1 coSh-l 
(P+V')("' -y,) - 1 cosh-1 (ß + V) - f cosh"* ((. - v') - * cosh-1 (P-V')(V -y' 

V + y' r,' 4. v' 

1  t.ii* ßdi* - y") - v*y'  1   .it p(i)' - y') - v'y'  1  , _i l - ß(V - y') - v*y' 
— cosh   ■  + TT cosh *■  —  + ^ cosh *   + 

1' - y i)' + y i* + y' 

i cosh-l 
1-P("' -y,) -v'r   ♦ i cosh-1 1 + P("' -y,) -V'"' + i cosh-1 

1 + P("' -y')-v'l' + 
2 n' - y'      2 1' - y'      g 1 + y 

. i cosh.i,I-P(V -y) -w +1 cosh.i I-P(V -y) -v-v . cosh.! ?w -y) . ^ 
v - y T,* + y' n'  + y* 

(57) 

In all cosh-1 (A) terms, A must be positive. In order to carry out 
the integration, a transformation of the coordinate system may be intro- 
duced as follows: Let u* = TJ' + y*, v' = T)' - y*. Then, 

» fln'  =   ^ '^ '    rfn»  *.r'  = i fli,t fl,,t dyr di)' = 
d(u»,v') 

du' dv' = — du* dv' 

yr = 0, T)' =0 —> u1 = 0, vf = 0 

y» = 0, T)' = b —» u1 = b, v1 = b 

y* = b, T)' =0 —> u» = b, v* = -b 

y» = b, T)' = b —> u' = 2b', v = 0 

With this transformation, the square domain in the y1 ,T)' -plane will 
transform to a diamond-shaped domain (of twice the area) in the 
u*,v'-plane. 
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-(b')2[i cosh"1 (p + v') + 1 cosh"1 (ß - v')  + cosh"1 ßj.+ du'   I        dv'l [1 ^cOBh-1 (2 -J'u'  + g)  - 

SPc^M^o')2 

i cos*-1 (1±JH - V)   - t cosh"1 (^ - P) - t —" (H^ - V)   - t »-'-1 i^iXl - 

1 cosh-X (L^V ]+  [. I cosh"1 (2-2VV+VU.   + ß)   . 1 ^ (|^_ . v.)   . 

I cosh.x (a^s^uL . .„) . i „^ (|^ . ,) .i „^ Il^ill. 

i—ii^]*1 [-1 (^+p + T) ♦ —1 C + 'ir*' - i]+ 

cosh"1 (^ - , ♦ £) ♦ cosh"1 ['-"i,;^1   - £] ♦ cosh-1 (i^L ♦ , - VT) + 

cosh"1 fU^JÜ - £] ♦ cos,-1 (*^1 - P - £) + cosh-1 f^|±vJll. . ^ J ♦ 

i ^ («-«*!■■,+ *.■  + „ + ,_) + ^  [4^^1 - ^] ♦ cos,-1 (E-2VV+V.   . , + t) + 

»-1 [Hg^ - T] - -1 (2 - 2vvv'u' -' - T) - -1 N^f1 - r] - 

h. (ijs^i .,.£.) + cos,-, f-(^:::r - g] * (-— ^ - — ^)) 

cosh"' 

(58) 

The details of the integration are too complicated to be given here. 
The result can he summarized in equation (59) which follows, where 

ßQ = ß + v\,  ß-L = ß - v', a  = 1 - v'b', and sin" (A) = (sign A)| 

if I Al > 1. The upper line with 1 - ß should be used, if ß < 1; 
the lower line with ß2 - 1 should be used, if ß > 1; and the signs 

of all cosh-1 terms should be reversed if ß < -1. The above rules 
should be also applied for ß0 and ß±.    Therefore equation (59) covers 

all cases except a few limiting cases:  ß = ±1,  ß0 = ±1,  ßi = ±1, 

v1 = 0, and ß = co (i.e., M —*■ l).  These limiting cases will be shown 
in the next section. 
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"■»       || 2(»o= -1)1/2      I a»° U  b(Bl= -1)1/2      i 2Bl lj   L(7TTP      I 2° IJ 

üaj-i. „„-1 r«. i' - >°>Tl, . t"^)2 , [,,„.!«. • *>■ .^ rB, (i - ».a)viT 
20(1 - Bo2) 

aB'Bo
2 - i)1/2L" 

2B(l  - ».2W2  I 

^(»!2 - l)lA 

(» - 2HV)2 1. 

.»}(l-»2)l/2[ 

L1      2[l-Bb')J 
(■-2»1-')2 

2(»1 • 6)(l - Bl2)l/2 

00! - 2b' 4>-^#i 
1  i1 -»i2)»'ii    («-2»i»')2 r  , i»i - 
r"^rr^IJ*2(Bl.»)(Bl

2-i)'/2r,h" \—' i 
2(B, 

(1 - B2)b'1 I <°*gBb')2 

2(Bl . »)(1 - (2)" 
J sin"1 °B * 2b'       .,„-1  fB +  (l - B2)b 

172 I o * 2ßb' o + 2Bb' 

<°-2Bb')2 L.i-1 [°B - 2b' I . „.„.I  L _  (l-B2)b'|    ,  t°«2Bb')2  
(Bo • B)(B2  - lJ^L |»-2Bb'| I o-2Bb'|J     ,(„> . „)(B2 _ ijl/2 

I""'2"'!;co.h-i |B.('-»g)b 

2V(1 

2v'(l 

.,-> [B„ - JL^lil] . 02 ... [„ . il^h] . t ^ [Bo. (1. ^. _*_ .„, [fc. (1. ^ . ^ ... Boj 

1 L ,ln-l  [, .  (l - B
g)b'l . „2 „„.j   [      (l - B2)t'1 , Jh_ „    ,   r, ,  (,       .2)v]      _!?o_ .   r       , .,    -I >B(Bo - l) j   1 

2»'(!-B2)l/2[ L* 2»        J L° • J * im "'°      L» *  I1 " » "J  - ^TT ■'» l  LB *  (1 - » )bj  .(eo ,  >)(Bi f t)  ...      Bl 

2,'(l 
J_^[.,2 oo.b-!  |B - 1-Jäv j . 02 oo.rl |, - lL^»\. J^ oo.b-.  |, .  (l . B

2)b'|  . -£. ^  |, . (l - ^ V | - ^^ f) ~- l.|| 

where a, b, c,    A,    B,     C,     D,     "&,  and F designate the terms to be 
used in the next section. 

For a given sweptback wing,  ßQ > 1, = 1, or < 1 means the Mach 
line ahead, on, or behind the leading edge, respectively; ß^ > 1,  = 1, 
or < 1 means the Mach line ahead, on, or behind the trailing edge.  With 
a fixed taper ratio, the trailing edge may be swept forward; ß^ = -1 
means the sweptforward trailing edge coincides with the Mach line. 
Similarly,  ß refers to the midchord or the line of the maximum thick- 
ness. At all ß's equal to |l| there occurs a discontinuity of the 
slope of the curve of the wave drag.  In other words, curves for ß = |l| 
are the envelopes of cusps of the Cp/Cj)0 curves at constant ß. 
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To demonstrate the use of these results, the wave drag coefficients 
of two families of sweptback wings have been calculated as shown in 
figures 2 and 3 with taper ratios of 0.2 and 0.5, respectively.  The 
essential parameters are Cp/C^g, A tan A, and ß.  The effect of the 

Mach number is contained in ß = tan A/m'  and C-Q0  = ka.Q  /m' , the two- 

dimensional wave drag coefficient of Ackeret.  To use these curves, first 
fix the sweptback angle A and aspect ratio. Of course, a    will have 
to be chosen as 0.2 or 0.5 in order to use these graphs. Then, with a 
fixed A tan A, read off Op/up-, at various values of ß along the fixed 

abscissa. Replotting Cp/Cp0 against ß, the example shown in figure k, 
actually gives a family of swept wings of fixed A tan A. The curve of Cp 

against Mach number can be plotted from the relation M = l/f J + 1. 

This is not given in this report. 

It is very interesting to note that (CB lcVo) v&x    occurs when the 

Mach line coincides with the leading edge,  ß0 = 1, or the line of maxi- 

mum thickness,  ß = 1.  In figure 2 (cr = 0.2),  (cD/CDo)max occurs at 

ß = 1 for A tan A > 7-5 approximately, and at ßQ = 1 for 

A tan A < 7.5.  In figure 3 (cr = 0.5), (cD/CDo)max 
occurs always 

at ß0 = 1 except for A tan A < 2/3. Also,  Cp^Cp0 increases mono- 

tonically with A tan A at ß0 = 1,  ß = 1, or ß±  = 1, but decreases 

monotonically with A tan A for ßj = -1. 

Figure 5 shows ß corresponding to ß0 = 1 and $j_  = 1 plotted 

against A tan A. This is needed for locating the cusp of the curve 
of Cp/Cp0 against ß, as shown in figure k.    These curves are obtained 

from the relations: 

ßl = ß 1 .   
2(1 " a) 

(l + a)A tan A 

ßo = ß 1 +    
2(1 " a) 

(1 + cr)(A tan A) 
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A few interesting facts can be drawn from figures 2 and 3> although 
the taper ratios are fixed at 0.2 and 0.5, respectively.  First, if 
ß = tan A/m1 = 0, M—^» for A £  0, or A = 0 for M > 1.  For A ^ 0, 
C
D/
C
DO 

= 1 or CD = CDo as indicated.  For A = 0,  0 < CD^CDo ^ 1 

and the exact value of Cp/Cj)0 is indeterminate. As ß increases 

from 0 to 1,  CD/'-'DO rises quickly with A tan A until it meets the 

curves ß0 = 1 and then varies with A tan A very slowly. At ß = 1, 
CJJ/CDO is extremely high.  This means that the closer the Mach line to 

the maximum-thickness line, the higher the drag. As ß increases 
further, from 1—>oo,  Cj)/Cj)0 decreases with increasing ß.  This means 

that the closer the Mach line to the maximum-thickness line, the higher 
the drag also. 

If the sweptback angle is negative, or if the flow direction is 
reversed, the curve.of Cp/Cj)0 against -A tan | A|  is actually the 
reflection of the present curves with the following changes:  ß —> -ß, 
ß0 = 1 —* ßx = -1,  ßx = 1 —>ß0 = -1, and ß-L = -1—> ßQ = 1 if ß0 

is defined as corresponding to the leading edge, and ß-j_ as corre- 

sponding to the trailing edge.  It will be found that C-QIC-QQ    depends 

only on A tan |A|  and |ß| for the same wing whether it flies forward 
or backward. This confirms the reversed-flow theorem in references 2 
and 5- 

Special Cases of the Wave Drag Equation 

Most of the special cases of the wave drag equation are required in 
calculating the curves shown in figures 2 and 3 and therefore must be 
written down one by one.  These special cases are based upon the taper 
ratio that is between 0 and 1. 

(a) As ß0 —*1, expressions A and D in equation (58) take on the 
following limiting values while the rest of the equation stays the same 
except a = b = c = 0. 
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A = 
(1 - v'b'   + b' )2 /l  - v'b'   - b1 Vl/2 1   -  V'b' Vl/2 

2(V*   - 1) 

(1 - v'b'   + 2b')2 

2(v'   - 2) 

\1  - v'b'   + b'/ \1  - V'b'   + h\ 

/l  - Vb'   - 2b' U/2      /       1  - V'b' 

\^L  - Vb'   + 2b'/ \1  - v'b*   + 2b'; 

,(60) 

D = 
2V 

ff3//2[u - v'b'   + b')1/2 -  (1 - v'b'   + 2b')1//2J  + 

V v)l/2_ 2^^.^)1/2 

V'   - 1 V   - 2 (V   - l)(v'   - 2) 

This case occurs when the right characteristic coincides with the 
leading edge on the right side. 

(b) Similarly, for ßj = 1, expressions B and E become 

M2 

B = 
(1 - v'b'  - b') 

2(V  + 1) 

fl - v'b'   + b'X1/2      /    1 - v'b'       N1/2 

\1 - v'b'   - b'/ \1 - Vb'   - b'/ 

(1 - v'b«   - 2b') ^2 

2(v'   + 2) 

/I - v'b'   + 2b A1/2 

U -  V'b'   - 2b' 
+ /       1  -  V'b'        W2 

\1  -  v'b'   - 2b'/ 

E = 
2v' 

T3/2[l(l  _ v,b,   _ b,)l/2 +  (1  _ v'b«   - 2b')1/2J   _ 

^   +1 (1 + b')1/2 + 
2(V   + 1)   (1 + 2V)1/2 +    £  

V»   + 1 V'   + 2 (v'   +  l)(v'   + 2) 

Here b = 0. All the other terms remain the same as shown in equa- 
tion (59)•  This case occurs when the right characteristic coincides 
with the trailing edge on the right side. 

(61) 
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(c) When    ß = 1, ..the expressions    C    and    F    are 

C = 
(a +, 2b' )2 

2(2  - v*) 

(a - 2b')2 

a - 2b ,\l/2       /      a      \l/2 

Iff + 2b', —): 
+ 2b'/ 

2(2 +  v1) 

+ 2b>\1/2       /       a      \l/2 fa + 2b 

Iff - 2b '/ \ff - 2b'/ 

F = _A_ Ls/2!"-(a + 2b' )l/2 +  (a - 2b' ^l 
2v«   I L J 

M62) 

2(1  - V) J+v'   (1 - 2b- )1/2 + 2(l + V)   (1 + 2b, jl/2  _, 
2  - V 2 + v' (4 _ v,2) 

Here b = c = 0. All the rest remain the same as shown in equation (59)< 

(d) When ß0 = -1,    A and D   become 

A = B in equation (6l),  where ß^ = 1 

D = E in equation (6l) 
(63) 

Here a = 0. The rest of the terms in equation (59) remain the same. 
This case occurs when the left characteristic coincides with the leading 
edge on the right side. This conforms with the reversed-flow theorem, 
ß0 = -l—y ß1 = 1, if the flow direction is reversed. 

(e) When ß^ = -1, B and E become 

B = A in equation (60), where ß0 = 1 

E = D in equation (60) 
(610 

Here a = b = c = 0. The rest of the terms remain the same as given in 
equation (59). 
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(f) When    ß  =  -1,     C    and    F    are the  same as given above for 
ß = 1    with some rearrangement of terms and    a = c = 0. 

(g) When    v'   = 0,   or there  is no taper,     ßQ = ß-j_ = ß    and equa- 

tion (59)  "becomes 

'Tto 
cosh-l \£+-k\ - cosh-1 l-i-l + It cosh-1   l-i-l 

I    2P     I lb' I \2V I 
,(P3-l)l/2 '     2P 

(1 + ßb')2 

2ß (l - p2)l/2 ] 1 + 
sin"1 I" + (1 - ß2H| +  (i + nf)g  L.x £±j*L . sln-i I + ii^kl 

L       2(l+.ßb')J[       2ß(l . p2)l/? 1 l+2ßb' L l + 2ßb'J 

(l+ßb')2             v-l|P+t'l             L.l   L   ,   (l - P2)"'        ,     (1 + 2Pb'>: 
— 7- cosh x       - cosh ^    ß + —, --     + —  
2ß(ß2 - l)X/2t I1 + *V I I 2<1 + fV ' J      2ß(ß2 - l)1. 

,   Iß + 2b'    I , (l - ß2)b' 
-cosh"1    -     + cosh"1    ß + -5 —— 

|l + 2ßb' I I 1 + 2ßb' 

(l - ß2)b' 
2(1 - ßb')_ 

(1 - 2ßb')^     L.   -iß- 2b' 

,     ß - b' 
osh-1         - cosh-1    ß 

|l - ßb' I j 
iL-i^^ 

2(1 - ßb') I 

2ß(l - ß2)l/2 

(1 - 2ßb')2 

1  - 2ßb' [-^1 

B(ß2 - i)l/£ 

.     ß  - 2b' . (l - ß2)b' 
-cosh-1    + cosh-1    ß - ■! -— 

1 - 2ßb' 1 + 2ßb'    J 

2ß( 

 * . sin-1 fß + 
(l - &V     - sln-1 [ß + (l - ß2)b]  + sin-1 [ß - (l ' fV    - sin-1  [ß - (l - ß2)b'] 

1   Iß - ^ - ^)r I + cosh-1   |ß-(l-ß2) 
2ßl :ß2-i)i/2L 

■cosh-1    ß +        " g + cosh"1    ß + (l - ß2)b'     - cosh"- 

(1 - ß2)l/2 

(1 - ß2h sin-1 
(l - ß2)b 

:l cosh-i |ß _ ii_ 
(ß2 -1)1/1 

(l-ß2)l/2 ]     l_(2 + ßb')2-(b')2 

:
)b' I i    I (l - ß2)b' I 
-     -f cosh"-1    ß + -     - 2 cosh 

I I 2 I 

+ 2 sin-1 [ß +  (l - ß2)l/2b]   - 2 sin-1 [ß - (l - ß2)l/2b] 

|ß + (l - ß2)V2b'|   + 2 cosh-1   |p . d . p2)l/2b' 

1/2 1/2 

(ß2 ^J172 J[(2 + ßb') 

-|l/2 

(2  - ßb')2 - (b')2 

-11/2 

1/2 

(1 - ßb-)*1 - (b')' 

1/2 

(2 - ßb')2 - (V)2 

1/2   r 1/2 

(65) 

The above equation is in accord with the results given in reference 2. 
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(h)   If    M —» 1,    ß —y ±°°    as   A    is positive or negative.    By- 
definition,    u = t>/ao>    Vb1   = v\i,    (x> = u tan A,    iaQ '= u tan AQ, and 
ü)Q_ = (i tan A]_. 

-A + x)2L 2 tk^L) . log (gV"-Sl + i/JüJfllfLl^fU ^VL_ + xog -Ü) + 
OioVl) / \1   +   <"   / \        It«)       jj 2\(l)+Ob/\ 0)o /    \ l  +  U)+ttb 1   +   O) +   1^,/ 

l(_»_yiUll^W l-y,     + log     1 + ^   ) + I -A . ^ (10E l^vn . log |x .      1      I) + 
2\u> + uvj\        I)) yy     B 1 + u) + cq. ^l + CB+o^y      2 cq^u)        j   \        1 - 0) I        2(1 - m) \J 

1U-V1 - - - M2Log_L-E_ + log JLi^_) + i J^-f1 -m - ^2(.log  i-v   + log   
1-  ). 

<i^£ L f + _J52_1 _ xog (1 + -J*il ♦ Ü^i^Lg (x + -ÜL_) + xog (x - _£_)] + 2vuiib L      2(1 - VM)J \       1 - Vli/ 2vt»<"      L        *       1 - Vll/ \       1 - vn/_ 

"1      1 / "^    \1 1    \l      vti\        /2 - M    /"> + %- 2vn\ 

Wm      + 
+   <Bl) (">  +   <%) J 

.(!LL*) xog lll°L) ♦ (—LlZü) log (1 + ^ + _^i   1 _ |L^—"I 
\   m     / \2/\o!+iu1/ 

v '      uilo) + aijj        2 Wo) + IDQJ I 

(1 - vn)2 

2VIKBX 

1 

2VMU) 

-log 

—    log (1 - ai) +     2    l0g (x + u,)  . _ 
t + <x>^      I ya) + ü)0y (tu 

1 

2\V<»x 
(66) 

There are a number of other limiting cases such as ß0 + ß = 0 
(A0 = -A) and ß]_ + ß = 0 (Aj = -A) which are also required in cal- 
culation.  If a =  0 and ßi = 0, equation (59) will give the wave 
drag of the triangular wing which checks with Puckett's results.  Owing 
to limited space, they are all omitted. 
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AERODYNAMIC BEHAVIOR OF A WING WITH A 

GIVEN LIFT DISTRIBUTION 

From the section Supersonic Flow about a Lifting Surface, 

gU,y)=i-    dt e-iXtCp(t,y,+0) (30) 

U-co 

Thus, when the pressure-coefficient aistribution Cp(t,y,+0)  is given 

on the wing plan form, g(X,y) can be obtainea with this equation. 

Consiaer a tapered sweptback wing with a constant lift distribution 

Cp(t,y)-= Cpo 

-b ^ y ^ b 

ß0|y| - a0' *t ^ßjyla^ 

where ß0 and ß^_ are defined in figure 1. Thus, at any y within 

the span, 

^i|y|a0' 

IßolyK)' 

= 2n I        CP°e 

iC. 

2n\ 
por-iX(ßi|y|a0') _ e-iKßo|y|-a0')|       (6?) 
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As X —> 0, g(0,y) can be evaluated as 

g(0,y) = — [a0' n 
Po-Pl 

|y| (68) 

Substituting the above equation in equation (2^), there results 

Pb 

v(t,y,+0)  = -m'U 

(y-n)2 

-poi ßo - ßl 
jt V ° M  + 

|y -^1 I « ^2_ L-iX(ßliyi+ao') 
2nXi [•-" 

-iX(ßo|y|-a0«j]   itt     (2) . 
- ■ i|e    %   (My - nl) 

-m' UC po 
2n 

Pb 
*L__ 

(y-n)' 

ßo - ßl 
h ■) 

U-00 

^(ßi|y|+a0«) 

-IX (ßo|y|-a0')^   i^t     (2)/ v 
(69) 
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and 
With the aid of appendix C}  the infinite integrals can be evaluated 

w(t,y,+0) = 
-CLjn'U W'U 4, 

2*       I     / N2 Cy - n) 

/ ßo - ßi   ,\ 

jy - nj 

ti - ßihl 

|y -nl 
+ o,   tx - ßxhl S |y - n| 

*i-ßih     2^ (*i ~ ßil ^ l)   -<y-n)2    +     all>1       , _± Ü-L + —1L- —-j ,   tx , ßx|n| ^  y - Til 

|y-n| 

t0 - Poll I 
|y-nl 

;    t0 - ßo|Tv| £ |y - ill 

t0 - Pohl    g\|(t0 - ßohl)2 - (y - n)2 

|y - nl        |y - nl 
; t0 - ßo|nl ^ |y - nl 

(70) 

where t0 = t + a0',  t^ = t - a0' .  Only one of the two expressions 

holds for the range specified in the bracket. 
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If the integration of    r\    is written from    0    to    b    only, 

w(t,y,+0)  = 
-Cpom-U 

4« 
d.r\ 

[2ao'   -  (ßo  - ßi)n   |   2a0'   -   (ßQ  - ß1)1 

Jo (y - T))' (y + TI)' 

2a0'   - (ßo - ßjn       2a0'   - (ßQ - ßi) T] 

(y-n)2 (y + r,)2 

^(^ - ß0n): (y-r,)^     2 
^o - Po*»)' - (y + n)2 

(y -T])2 (y + n)2 

2 \|(t!  - ßm)2  -  (y - T))2   |   2 \J(tx  -  ß^)2  -  (y + n)
2 

(y - T)2 (y + T])2 j] 
*>b r 

2it 

\|(tp  -  ßpT])2   -   (y  - T])2 

(y - n)2 

\|(tl  - ßjTl)2  -  (y - n)2   |   \/(t0  - ß0r,)2  -  (y +^)2 

(y - n)2 (y + Ti)2 

\(*i - M   - (y + n)2 

(y + n)2 (71) 

where t0 - tj = 2a0'  is used so that the first terms cancel out. 
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Now, carrying out the integration with respect to TJ, 

C-poin'U r -, 
w(t,y,+0)  = -^     -(A  - B)  +  (C  - D)J 

where 

(72) 

\|(t0 - ßon)2 - (y - n)2   , 
A = dt] —     (see table I) 

(y-n)2 
(73) 

Pb 

B 

Ü0 

dT[ -i-i_± _i     (see footnote,   table I) 
(y -n)2 

(74) 

pb 

C = -dl» 

Ü0 

^((to - ßo^)2 - (y + n)J 

(y'+ T])2 

(see table II)      (75) 

D = 

Pb 

-dT] 

\J(t! - ßlT1)
2 - (y + TQ' 

(y + n)2 
(see footnote, table II)  (76) 

The present treatment is equivalent to considering two hypothetical 
wings.  The first one is of constant positive lift distribution (Cpo is 
an assigned constant) starting at the leading edge and extending down- 
stream to infinity with semispan b. The second wing is of constant 
negative lift distribution (Cpo is an assigned negative constant) 
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starting at the trailing edge and also extending downstream to infinity 
with semispan b. The superposition of both hypothetical wings gives 
the aerodynamical behavior of the actual wing. 

Integral A, equation (73), gives the contribution of downwash due 
to the right-side area of the first hypothetical wing in the forward 
Mach cone of the point P(t,y).  Similarly, integral C, equation (75), 
gives the contribution for the area on the left side. 

On the other hand, integral B, equation (74), gives the contri- 
bution of the right side of the second hypothetical wing. Similarly, 
integral D, equation (76), gives the left-side contribution. 

As far as the limits of the integrals are concerned, each holds 
for within the limit 0 to b, whenever the integrand is a positive 
real quantity. However, for many locations of P(t,y), the integrand 
is positive only in a much narrower range of r\    than the interval (0,b). 
In order to determine the valid range of the integrals and their respec- 
tive values for all possible locations of P, tables I and II are given. 
The corresponding values of the integrals for the different cases are 
given in the right-hand columns of the tables. 

Take table I as an example.  If the leading edge is subsonic 
(ß0 >l), the lower limit of T]     is always zero because the forward 

Mach cone at P always intersects the wing center line within the wing 
area. When ß0 > 1 the upper limit of r\     is given in the upper half 
of table I. Condition 1 concerns the location of the point P, which may 
be ahead of, on, or behind the leading edge, while conditions concerns 
the right intersection of the forward Mach cone of P with the leading 
edge, or side edge. Under both conditions 1 and 2, there are six 
possible cases. The upper limit of r\    is given in each case, and the 
value of the integral A is also given accordingly. 

If the leading edge is supersonic (ß0 < l), the integral A exists 
only when the point P is behind the leading edge.  In particular, 
both the upper and the lower limit may vary within the interval (0,b). 
The condition for the lower limit depends on the intersection of the 
left side of the forward Mach cone of P.  It is zero when and only 
when the intersection is on the center line of the wing in the wing 
area.  If the intersection is on the right-side leading edge, the lower 

y - tQ 
limit is — as indicated. The condition for the upper limit 

1 ~ ßo 
depends on the right-hand intersection of the forward Mach cone of P. 
If the right side of the forward Mach cone cuts the leading edge within 

"to + y 
the span, the upper limit is  ; otherwise, the upper limit of t\ 

is b. 
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The tables for the other three integrals can be explained similarly. 
Figure 6 shows four typical cases concerning the integral limits. Fig- 
ure 6(a) shows the forward Mach cone of a point P(t,y) that lies only 
in the right-side area of the wing. Therefore only integral A exists 
and all the other three integrals are zero. Since the leading edge is 

/     \                          "t0 + y 
supersonic (ß0<l), the upper integral limit is  .  It belongs 

V 1 + ßo 
to integral A-9 as indicated, according to table I. Figure 6(b) shows 
the forward Mach cone covering both the left- and right-side areas of 
the wing. Thus, only integrals A and C exist. The integrals are indi- 
cated. Figures 6(c) and 6(d) can be similarly explained. 

Although the lift distribution of the wing with supersonic trailing 
edge is well-known, the downwash may be interesting to explore. Fig- 
ure 7 shows three infinite half-wings with trailing edges at 15°, 30°, 
and 4-5° from the leading edge which is normal to the direction of flight. 
This is shown in the t,y-plane, or the x,y-plane with a Mach number equal 
to ^2.    A negative infinite downwash always occurs at the tip. The 
curves are plotted as 2jtw( y/t)/m'CpoU against y/t. As is known, 

Cpo = 20,1/111', where aj_ is the angle of attack of the wing; therefore, 

jrw/a-|U can be plotted against y/t.  Between the tip cone and the wing 

the downwash is constant but increases with increasing trailing-edge 
angle.  Owing to the conical flow, the downwash is identically the same 
along the radial lines expressed in the conical coordinate y/t.  The 
above curves were calculated with equation (72) and the tables for 
integrals A and B by setting ß0 = 0; ß-j_ = tan 15°, tan 30°, and tan ^5°; 
and aQ' = 0.  (Here t = t0 = t-j_.) 

Figure 8 shows a wing tip of unit chord with a raked angle of 30° 
for three values of t. At t = 0.5> it behaves exactly the same as 
the 30° case of figure 7(b), but at t =1.5, it is quite different.' 
Two infinite downwashes occur, one at the center of the leading-edge 
tip cone, and the other at the center of the trailing-edge tip cone. 
The former remains negative, the latter positive. Outside the two tip 
Mach cones, the downwash is identically zero as predicted by the two- 
dimensional theory.  The above calculations can be made from equation (72) 
and the tables for integrals A, B, and C by letting ß0 = ßj = tan 30° 

and a0' = 0.5-  (Here t = t0 - 0.5 = tx + 0.5.) 

As another interesting example, the downwash distribution near the 
nose of an infinite constant-chord sweptback wing is calculated (fig. 9). 
The leading edge is swept back at 30° but is still supersonic. The 
downwash at different locations on the span is plotted along t.  In 
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this case, the curves are plotted with -J —— ->   '^' 
0^     U 

against t 

2a, 
at different values of y where Cp0 =  __£L___ is introduced. 

m'\jl - ß0
£ 

At y = 0, the downwash angle reaches the maximum value (O.8165) 
at a single nose point and remains zero along the chord up to the 
trailing edge. There the downwash angle is negative and equal to the 
maximum value in magnitude and recovers to zero downwash downstream. 
For instance, at y = 0.4, the downwash angle is constant in the super- 
sonic region, and drops down under the influence of the nose Mach cone. 
At the trailing edge, the downwash angle drops to a negative value 
abruptly and continues to decrease until the trailing Mach cone is 
reached. The drop of downwash at the trailing edge is exactly equal to 
the downwash angle at the supersonic leading edge. Further along t, 
the downwash angle rises again and becomes asymptotic to 0 as t —> 00. 
The same can be applied at any value of y until the nose Mach cone is 
off the trailing edge. 

Of course, it is very difficult to build a wing with the angle of 
attack as required by the constant pressure distribution. But by the 
present method it is so simple to calculate the downwash distribution 
anywhere in the plane of the wing that it will surely afford many 
applications if the trailing edge is supersonic. With a given pressure 
distribution, it is easy to calculate the sidewash; however, the details 
are omitted here. 

As another example, the downwash of a finite triangular wing with 
a 60° sweptback angle is calculated. Figure 10 shows the downwash dis- 
tributions at different values of y.  Figure 11 shows the downwash 
distribution of a tapered sweptback wing. The taper ratio is l/6. 
Figure 12 shows the downwash of the same sweptback wing far downstream. 
It is very interesting to examine the effect of different Mach cones 
on the downwash. One important feature of the subsonic leading edge is 
the infinite downwash angle. As before, the above curves are calculated 
with equation (72) and the tables for integrals A, B, C, and D. 

The present approach to calculating downwash of a wing with constant 
lift distribution cannot be applied to wings with subsonic trailing 
edges, because the Joukowski-Kutta condition must be satisfied at such 
trailing edges.  In order to investigate the case with a subsonic 
trailing edge, it is necessary to assume the distribution of the pressure 
coefficient drops to zero at the trailing edge. 
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The preceding discussion just gives some cases with simple pres- 
sure distribution along the chord to demonstrate the application of 
the method. Of course the method is not limited to these cases alone. 

The Johns Hopkins University 
Baltimore, Md., November k,  19^9 
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APPENDIX A 

FOURIER TRANSFORM OF THE SLOPE DISTRIBUTION ON AN AIRFOIL 

As an example of the slope distribution on an airfoil, the Fourier 
transform of the slope on a double-wedge airfoil is calculated. 

2 
i 

n 

-ao' 

|^-\f  "L^-" 
k—a' —> 

« 10  > 

L—a' 

a" 

0 

A 
_i 
ao' I     „ 

<       a1      > 

T -<V t 

r            n * t 
t -          -. L>0                -> 

m' 

The accompanying figure shows the shape and slope of a double-wedge 
airfoil on a sweptback wing at a distance y from the center of the 
wing span. The slope distribution is as follows: 

a(t,y) = 0, t <t0(y) - a'(y) 

a(t,y) = a0'(y), t0(y) - a'(y) < t < tQ 

a(t,y) = -ao'(y), t0 < t <tQ(y) + a'(y) 

a(t,y) = 0, t >tQ(y) + a'(y) 

(Al) 
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where a, a0',  tQ and a'  are functions of y in general.  Sub- 

stituting equation (Al) into equation (19)/ it yields 

f(\,y)  = f0(X,y)  + if^y) 

±-   I     a(t,y)e -iXt dt 

2rt 

-iXt   ,, e dt 
Or 

Uo+a" 

ft0-a' 
2rt 

e dt 

a, no 
:° e-ixt0| 
2* 

Pa' 
e-iXT dr 

-a' 

e-iXT dT (A2) 

where t = tn + T is used in substitution.  It is easy to show that 

f(X,y)  =^-e"iU°  (1 -  cos Xa') 
iitX 

(A3) 

rt    ' 
fo(^y)  = -^~ sin xto(l - cos  Aa' )     (evem with respect to    X)       (A*0 

jtX 

f-i(X,y) = -^ cos ^o(1 " cos Xa' )    (odd with resPect to    x^        (A5) 1 itX 
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For a rectangular wing with constant airfoil section, where a0', 
t0, and a'  are independent of y in the span, equations (A4) and (A5) 
reduce to 

f0(^y) = 0 

a,. 
x       jtX. 

if t0 is chosen equal to zero. 

For the case of a straight tapered sweptback wing, as shown in 
figure 1, 

a'(y) = 
ao -' v|y| 

m5 

t0(y) = ß|y| 

a-o'Cy) = a0'  independent of y 

For the details of the definitions of the different parameters, refer 
to the figure. Then, 

foU>y) = -~ sin Uß|y|)(l - cos Aay') 

a, 
fl(^y) = ~ cos (Xß|y|)(l - cos Xay') 

«X, 

(A6) 
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Now, 

fU,y)f(M)   = 
-OQ

1
     -i\ß|y| 
  e \1 - cos Xay'J 

QCQ
1
     -iXß|Ti 
  e II - cos Xa  'i i 

o-o2      -±A.ß(ly| -h|) 

«2X2 
y'Hl - cos Xa^'J 1 - cos Xa-u-'Hl - cos 

= ^°'  (l - cos Xay')(l - cos Xarj«) [cos Xß(|y|   - hl) 
A2 

i  sin Xß (|y| - hi)] 

= [fo(^y)fo(M) +-fiU,y)fi(M)J +   i[fi(x'y)fo(M) - 

f0(X,y)f1(X,Ti)] (A7) 

Therefore, separating the real and imaginary parts,' 

f0U,y)f0(M) + fiU,y)fi(M) = . 

fei_(i _ cos  Aay')(l  - cos  Xaq«)   cos  \ß(|y|  —  |n |) (A8) 
«2x2 

-fjU^foU^) + f0(>.,y)fi(M) = 

«2X2 
■ (l - cos Xay')(l - cos   Xajj1 ) sin Xß(|y|  - | n |) (A9) 
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APPENDIX B 

SYMBOLS 

a velocity of sound 

a0 half root chord 

aQ' = a0/m' 

a^ half tip chord 

at' = at/m' 

a half chord at    y    (a0 - v|y|) 

ay'   = ay/m' 

aspect rat 

half span 

- MM Vao + at/ 

(*ao2/m') 

b.   = -^ = L±-° A tan A 
a0' 2ß 

Cp wave drag coeffigient 

CTJ0 two-dimensional wave drag coefficient 

CL lift coefficient 

Cp pressure coefficient 

C two-dimensional pressure coefficient or assigned pressure 
coefficient 

D drag 
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F(A.,TI)     distribution function of the harmonic source (complex); 
see equation (5) 

f(X,T]) = - 1F(X,TI) 

G( \,T\ )     doublet distribution function (complex); see equation (7) 

g(M) 
iX,G(A,,T)) 

8m' 

Ho(l)( 

H0 
(2)( 

nMh 

HX(2)( 

H 1(2)( 

Hankel function of the first kind of zero order 

Hankel function of the second kind of zero order 

Hankel function of the first kind of first order 

Hankel function of the second kind of first order 

conjugate of H-^2^ ) (jx( ) + iYx( )) 

J0( ) 

Jl( ) 

M 

Bessel function of zero order 

Bessel function of first order 

Mach number 

m' 

n 

P 

Po 

-If M^ - 1 

unit vector normal to solid surface 

pressure 

free-stream static pressure 

velocity vector 
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r =\/(y - r\)2 +  z2 

longitudinal coordinate in transformed plane (equivalent 
to time in supersonic case) (x/m') 

t0 - t + aQ 

t-j_ = t - a0' 

U free-stream velocity 

u velocity component in x- (or t-) direction 

v velocity component in y-direction 

w velocity component in z-direction 

x longitudinal axis 

y spanwise axis 

y1 = y/a 1 
o 

YQ( )      Bessel function of the second kind of zero order 

Y^( )     Bessel function of the second kind of first order 

z vertical axis 

a angle of attack 

<x+        angle of attack of upper surface of airfoil 

<x_        angle of attack of lower surface of airfoil 

a0        slope of upper surface on symmetrical airfoil 

a-, angle of attack of cambered wing 

tan A 
ß =   = tan A' 

m' 

ßo = ß + V 
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ßl = ß - V' 

A angle between midchord and y-axis (x,y-plane) 

A' angle between midchord and y-axis (t,y-plane) 

A0 leading-edge sweepback angle (x,y-plane) 

A^ trailing-edge sweepback angle (x,y-plane) 

t, source location along z-axis 

T\ source location along y-axis 

6 =  tan"1 3-JLZ 
z 

X oscillation frequency of continuous spectrum 

[i  = b/a0 

aQ - 
at 

v _ 1 - a 
v = m' b1 

I source location along x-axis (t-axis) 

p density 

p free-stream density 

a taper ratio (a-t/ao) 

T = |/m' , 

0 velocity potential 

X potential in Trefftz plane 

(D = \x  tan A 

(JDQ = n tan AQ 

CUT = [i  tan A"L 
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APPENDIX C 

INTEGRALS FOR USE IN TEXT 

The following integrals are those which are used often in the text 
and many of which are not available in the ordinary handbook.  In the 
first 13 formulas, the upper line corresponds to ß < 1, and the lower 
line to ß > 1. 

du sin"1 (£ + ß)  - u sin"1 (5 ? ß) 

Ir-^I7icoSh-l[ßi(l-ß)^] 

(^^^t^2-^] 

du Ein"1 (ß % Ij = u sin"1 (ß  + |) - 

cosh-1 

-^Oin-^.X)-,] 
(ß 

du cosh"1 /S + ßJ = u cosh"1 (I + ß) 

J 

(T^-^H1-^] 
+K 

(ß2 - l)1/2 
[ß , (ß2  - 0)j] 

du cosh-1 (ß + I) = u cosh"1 (ß + -) ■ 

irrfiTi^MH 

+K 

(ßS . x)l/2 
cosh" [d»a-^*ß] 
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u du sin"* (5 ; P) = ^ aln-1 g ? ß) 

K2 

2(1 - ß2)3/2 

< 

K2 

2(ß2 -1)3/2 

ß  cosh-1  [ß  ± (l  - ß2)|] + J|ß ±   (l  - ß2)|]S 

-ß  sin' -1 [ß * (ß2 - OS] - f -[ß'^-OsJ 

u du sin-1 (ß ? 5) = £ Bln-1 (ß ¥ *) 

2(1 - ß2)3/2 

ß cosh" 

+   < 

j-ß Bln-1 

u du cosh-1 (* * ß)   = Y coBh-1 1^ + ßj 

[(l - ß2)* ± ß]  *  ^l-ß2)|±ß|2-l 

2(ß2.l)3/2L—      [(--^^f-^^i-il8] 

-ß   sln-i  [ß  ±  (l - ß2)|]  -    Jl  -  [ß ±  (l - ß2)|2 

-ß ccBh-i [ß r (ß2 - i)f] + Jjß ? (1 - ß2)||2 - 1 

« 

K2 

2(1 -ß2)3/2 

K2 

_2(ß2 - 1)3/2 

u du cosh"1 (ß  + ^) = %" cosh"1 (ß f 5j 

K2 

2(1 -ß2)3/2 

2(ß2 - I)3/2 

Jß  Bln-1  [(1 - ß2)| ± ß] ±    |l-   [(l-ß2)£tß]2 

[(ß2-l)^ß]^[(ß2-l)l,ß]£ 
-ß  cosh" 

r 
du \ju2 -  (K + ßu)2 

+K* 

2(1 - ß2)3/2 

«C2 

[ß  ±  (l - ß2)|] \|[ß *  (1  - ß2)|j2 - 1 - c°Bh-l  [ß *   (l - ß2)|] 

2(ß2 - l)3/2 
[ß T (ß2 -1)|] ji- [ß? (ß2-^]2+'t*-1 p * (e2 - ^äj 

L\JU
2

   -   (ßu  +  K)2  =    < 

2(1 - ß2)3/2 

[(1 - ß2)| t ß] ^[(l-ß2)|tß]2-l  - cosh-1   [(l  - ß2)| ± ß] 

2(ß2 " l); 

*S. [(ß2 - l)gT ß] f^2 - 1)^ ß]2 * Bln-1 [(Pa . l)H, p] 
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i\J(K + ßu)2 - u2 =   - 

2(1 - ß2)3/2 
[p ±  (1 - ß2)|]Jl-   [M  (l -ß2)|2 ♦ Bin-1 ft(l- ß2)|j I 

^ ft * ^2 - ^E^'8-^]2-1-coeh'1 f? (p2 - *i 

du «(ßu T K)2 - u2 =   < 

2(ß2 - I)3/2 
[(ß2 - l)| * ß] J[(ß2-l)|+-ß]2.l - cosh-l  [(ß2 - ])* * ß]| 

(K , £)u cosh-l (| ; ß) +   < 

2C -^•i""1f,(1-^J'^7ivif-[,1(1-,2,l: 

*K2 

2(ß2 - l)l/2 "h^-^^^ITi^^2-^]2-1 

Jo(at)(l - cos bt) 

ät Jx(at)  sin bt =    - 

sin"1 - (a   >b) 

qosh-1 -        (b > a) a 

(a > b) 

b2 - a2 

  (b  >a) 

ä| J^atMl - cos bt)  = 

Jo 

(a >b) 

cosh-l 1 + |_ (y . yb2 . a2 ) (b  >a) 

dt Y0(at)   sin bt =    . 
0 (a  >b) 

-cosh-1 ^ (b > a) 
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dt j- Y0(at)(l - cos bt) =   • 

i('*-' if (a ^ b) 

(th) 

dt Y^at)  cos bt =   - 

$ ,2 _ «2 

(a >b) 

(b >a) 

• Yi(at)  sin bt 

i(W b2 - a2 - a2 cosh-1 ±] 

(a > b) 

(b >a) 

3(a2 - z2) 
1/2 (gs - l)U2s+2      » 

dz =  
ks(e + l)!(s - 1): 2 

^ Y-^atKl - cos bt) =   < 
Jb^ - a^ 

(a > b) 

(b > a) 

I dri 
\|(tx - PXTI)

2
 - (y -n) 

(y-T,)2 

>JH .     ^F Pin 
dt)  = — + ßj,  cosh-l — — +     < 

/2     '        v y -1 

.(—3  . (ßi2 - 1)1 + y - ß!tj_ 
Uß-,2 - 1 cosh"1 -i-^ '- — 
I    X t,      -    B-ITT ■I - ßiy 

^7^-2 „^ (ßx2 - ^ + y - ßxtx 
x tx - ßiy 

an 
\|(*i - M)2 - (y+ n)£ 

(y + n)2 

JN1 JN 

,.2 

*1  -  ßll 
du = - -^ ß,   cosh"1  +     < 

1 y + 1 

'^Tl cosb-l  ("lg - ^-  - (^ ßl*l) 
tx + ßxy 

.^ sln-i d2-*■-(*+»*) 
ti + ßiy 

In the last two formulas, use upper line if ßi  > 1,  lower line if ß-^ < 1, 
Similar integrals for ßQ are obtained by substituting tD for ti, 
ßo for ß1# 
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TABLE I 

INTEGRATION LIMITS OF    T)    AND CORRESPONDING VALUES OF THE INTEGRAL A1 

ß0 > 1    (The lower limit is always zero.) 

Condition 1 

t0 >f>oy 

Condition 2 

t0 - y 

ßo " 1 
<b 

Upper 
limit 

t0 - y 

ßo " 1 

Integral A 

J  + ß0 cosh 
y y 

li£+    OTl coah-l y ' ßot° 
y '  ° tn - Boy to - ßoy 

£EZ+ y - ß0t0 

t0 > ß0y 
to - y 

ßo^T 
£b 

y(t0 - ßpb)2 - (y - b)g 

ß0 cosh-1 y +  \/ßp2 "I cosh-1 —_ goy 

to - ßo*3      ./„ 2 

y - * 
ßo cosh-1 ^^ - Jß^TT cosh-1 

y - b       I  ° 

(ßo2 - l)b + y - ß0t0 

t0 - ß0y 

t0 - ß0y y <b 

t0 = ßpy y >b 

t0 < ß0y 
to + y to + y 

Po + 1 

\|t0
2 - y2 „   ^.i t0 ./-"a—:  . _i y - ßoto 

J-^ — + ßo cosh"-1 — + \| ßo - 1 cosh A — 
■o - ßoy 

|t0
2 - y2 „  ,__! t0  ,17-5:  . _i y - ßot0 J-ii — +  ßo cosh x — + M ßD - 1 cosh ■■• — 
v      ° v   ' ° to - 3oY t0 - ß0y 

t0 < ßQy 
t0 + y 

^(tp - ßpb)g - (y - b)2 

y - b 
ßo cosh" 

ßob 

y - b 
fo 

h_! (ßo
2 - l)b + y - ß0tp 

t0 - ßDy 

ßo < 1 (The integral exists only when t0 > ß0y.) 

Lower 
limit 

Condition Upper 
limit 

Integral A 

y - t0 £o t0 + y t0 + y 

i + ßo 
^n? t MZE + ßo cosh-i i° + ^n? .m-1 f- ßoto 

ßDy 

y - t, 

1 - ßo 
2.<o 

1 + ßo 
?b 

y 

ßo cosh-1 

+ ßo cosh"1 — + \l - ßo2 sin 
.! y-ßotp      ^(tp - ß0b)g - (y - b)2 

t0 - ß0y " y - b 

to - ßob     ^n7 sin-l 
y - b 

-b(l - ßpg) +. y - ßptp 

t0 - ß0y 

y - t0 

l - ßo 

y - t0 t0 + y tp + y 

l + ßo 
: V1 - ßo2 

i fn? - EI^E^^f. ß0 cpsh-i * ßpb 

y - b 

y - tp 

i - ßo 
>o 

y - t0 t0 + y 
>b 

^1 - ßo2 sin- 
.1 -b(i - ßo2) + y - ßptp 

t0 - ß0y 

■"•A table for integral B may be obtained from table I by substituting ßx for ß0 and t1 for t0. 
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TABLE II 

UfTEGKATIOH LIMITS OF i\    AMD COEEESPOHDIHG VALUES OF THE INTEGRAL C1 

ßo > 1 (The integral exists only when t0 > y;  the lover limit is.always zero.) 

Condition 

to - y 

1 + ßo 
<* 

*o - y >, 
1 + ßo 

Upper 
limit 

to - y 

1 + ßo 

Integral C 

"    + ßo cosh-1 -°- - Jß0
2 - 1 cosh-1 

y y      1      ■ 

■(y + ßoto) 

t0 + ß0y 

£°!ZZ + Po cosh-i to . ^JTl cosh-i -(y + ßoto) 
t0 + ß0y 

#0 - ßo*)2 - (y + *)2 to - ß0b     p-g  (Po2 . Jb . /y + p t) 
 ß0 cosh"1 \fe0

2 - 1 cosh"1 i-2 i il F0 °> 
y + * y + b    ' ° t0 + ß0y 

ß0 <1 (The integral exists only when tQ > y; the lower limit is always zero.) 

Condition 

*o -y 

1 + ßo 
<b 

tp - y 

1 + ßo 
2-b 

Upper 
limit Integral C 

^-y   «v(T~T2.Vto2 -y2 

1 + B„ 2 N1 " p° + ß0 cosh-i h . v/TTß7 sln-i y + e°t0 
y ' ° tn +  B„y t0 + ß0y 

Eüü + ßo cosh-i *a - ifi—ß7 sln-i y * ß°to. 
y y     '      ° t„ + ß„y 

fr, - ß0b)
2 - (y + ,)2 _ ßQ ^ ^^ +  ,_ ^ h(l-ß0

2).(y+ß0t0) 

y + * y + b   M t„ + ß„y t0 + ßQy 

^■A table for integral D may be obtained from table II by substituting ß, for ß  and 
t, for tn. 
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U(M > 1) 

y,^ 

x = m't 
I = m'T 

(a)   In physical plane (x,y). 

Figure 1.-   Sweptback wing in physical and transformed planes. 

PARAMETER RELATIONS BETWEEN PHYSICAL PLANE (x,y) 
AND TRANSFORMED PLANE (t,y) 

a     half root chord V = ao/m' 
a.    half tip chord V = at/m' 
b     half span b'-    b   - ^V    A tan A 

V      2ß 

tan A 
tan A 

ao " *t 
b 

v,       v       1 - 0           2ß      l-o 
m'         b1        AtanAl+a 

ay = a0 - v|y| a' = a^/m' 

a = at/ao a = 1  - vtb' 

2b «           2b' 
a0 + aj. m'(l + a) 

ßx  =   ß -  V- m' = ]/lA2 - 1 

a    surface slope 
0 ß0 = ß+ v                 "^Sä^ 



58 NACA TN 2317 

y,n 

(b)   In transformed plane (t,y).   Mach line at 45°. 

Figure 1.-   Concluded. 
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Figure 2.-   Wave drag coefficients for the family of sweptback wings with taper 
ratio of 0.2. 
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Figure 3.-   Wave drag coefficients for the family of sweptback wings with taper 
ratio of 0.5. 
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nw/a^U 
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(a)    Trailing edge at 15° from leading edge which is normal to direction 
of flight. 

Figure 7.-   Downwash distribution for three infinite half-wings. 
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(b)   Trailing edge at 30° from leading edge which is normal to direction 
of flight. 

Figure 7.-   Continued. 
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(c)   Trailing edge at 45u from leading edge which is normal to direction 
of flight. 

Figure 7.-   Concluded. 
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Figure 8.-   Downwash distribution over a wing tip of unit chord with a raked 
angle of 30° for three values of   t. 
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