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Abstract

Parallel computers have not yet had the expected impact on mainstream
computing. Parallelism adds a level of complexity to the programming task that
makes it very error-prone. Moreover, a large variety of very different parallel
architectures exists. Porting an implementation from one machine to another
may require substantial changes.

This thesis addresses some of these problems by developing a formal basis for
the design of parallel programs in form of a refinement calculus. The calculus
allows the stepwise formal derivation of an abstract, low-level implementation
from a trusted, high-level specification. The calculus thus helps structuring and
documenting the development process. Portability is increased, because the
introduction of a machine-dependent feature can be located in the refinement
tree. Development efforts above this point in the tree are independent of that
feature and are thus reusable. Moreover, the discovery of new, possibly more
efficient solutions is facilitated. Last but not least, programs are correct by
construction, which obviates the need for difficult debugging.

Our programming/specification notation supports fair parallelism, shared-
varia-ble and message-passing concurrency, local variables and channels. It
allows the development of reactive systems, that is, possibly non-terminating
programs designed to interact persistently with their environment. Moreover,
the specification of liveness properties such as termination or eventual entry is
supported by our methodology.

The calculus rests on a compositional trace semantics that treats shared-
variable and message-passing concurrency uniformly. The refinement relation
combines a context-sensitive notion of trace inclusion and assumption-commit-
ment reasoning to achieve compositionality. Most refinement rules are syntax-
directed in the sense that each rule corresponds to a specific language construct.
The calculus straddles both concurrency paradigms. A shared-variable program
can be refined into a distributed, message-passing program and vice versa. More-
over, the framework naturally extends to fine-grained levels of concurrency.

A large number of examples illustrate the use of the calculus. A complete
derivation of an n-process mutual exclusion algorithm is given and more efficient
versions are developed. The all-pair, shortest-paths graph problem is used to
show the derivation of a distributed, message-passing program from a shared-
variable parallel version.
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Chapter 1

Introduction

Parallel computers consist of several computing elements connected either by a
shared-memory space or by a communication network. They support the execu-
tion of more than one operation at a given time and thus allow the simultaneous
execution of the activities necessary for solving a problem. Computing elements
cooperate either by reading from or writing to the shared-memory space or by
using the communication network to send and receive messages. Programming
parallel computers is significantly more difficult than programming uniproces-
sor machines. It presents substantial challenges which still seem to impede a
more widespread use of parallel computers. This thesis addresses some of these
challenges. We suggest to structure the programming process by means of a par-
ticular formal methodology. We intend to provide a solid theoretical foundation
for more experimental future work.

1.1 Programming parallel computers is difficult

Compared to sequential computers, parallel machines offer substantial perfor-
mance advantages at a relatively low cost increase. Moreover, tools for par-
allel programming are available and are becoming rapidly more sophisticated:
Graphical user interfaces support program construction by interconnecting pro-
cesses diagrammatically [L+92]. Compilers and profilers determine potential for
parallelism and help with the parallelization of existing code [BFG93, Lev93].
Debuggers use graphical ways to track and display the state of any process or
thread [Pan93]. However, despite their appealing performance-to-cost ratio and
the increasing availability of tools, parallel computers still fail to have the ex-
pected impact on mainstream computing. A close look at the state of the art
in parallel computing suggests at least two reasons:

o Parallel programming is inherently complex. Compared to sequential pro-
gramming the programmer additionally must deal with, for instance, in-
terference, race conditions, process creation and termination, shared re-
sources and consistency, synchronization and deadlock. Successful treat-

1



2 CHAPTER 1. INTRODUCTION

ment of these issues requires knowledge about, for instance, the location,
interconnection, and relative speeds of processors, and the location of and
access to data. Dijkstra has pointed out the competing forces governing
the representation of an algorithm in form of a sequential program:

“On the one hand I knew that programs could have a compelling
and deep logical beauty, on the other hand I was forced to admit
that most programs are presented in a way fit for mechanical
execution but, even if of any beauty at all, totally unfit for
human appreciation.” [Dij76, page xiii]

This tension is magnified in concurrent programming. In parallel pro-
grams, efficiency in terms of explicit, finer-grained parallelism seems to
exclude robustness, maintainability, and verifiability.

o The paradigms and patterns of program execution for various parallel
architectures differ substantially. This lack of commonality makes par-
allel programming very architecture dependent. Consequently, it is hard
to move a program from one architecture to another. Even if the pro-
gramming environment seems similar, the underlying communication and
synchronization mechanisms are often very different. Typically, a pro-
gram must be substantially modified to take full advantage of, or even
to execute on, a different architecture. Moreover, the development of re-
liable, widely-applicable performance models is difficult. The change in
performance caused by porting a program may be very hard to predict. In
short, parallel programs typically are not portable. The loss of portability
in turn limits the expected lifetime of parallel implementations and their
economic viability. '

In short, parallel programming to date still is a complex, difficult endeavour
that results in efficient, yet very specialized and often short-lived programs.

1.2 How this thesis addresses these problems

Traces have been known as a powerful model of concurrency for a long time,
e.g., [Abr79, Par79, Pnu85]. In recent work [Bro96b, Bro97], Stephen Brookes
has taken a particular kind of trace, called transition trace, and shown how
they give rise to a fully abstract model for concurrent computation that is
tractable, supports different levels of granularity, and is reasonably architecture-
independent. Transition traces thus make an excellent candidate for a model for
formal parallel program design. The purpose of this thesis is to equip Brookes’
model with a viable software development methodology. In particular, we propose
a refinement calculus that allows the formal, stepwise development of shared-
variable and distributed, message-passing parallel programs from trusted, ab-
stract specifications.

A refinement calculus consists of a specification and programming notation, a
refinement relation and a set of rules that govern this relation. For a specification

<€)



1.2. HOW THIS THESIS ADDRESSES THESE PROBLEMS 3

and programming notation to provide a useful basis for a calculus it should have
certain properties:

e The notation should allow the expression of all necessary aspects of the
a development process. Thus, it should leave room for abstract, nondeter-
ministic specifications, but also for concrete, executable programs. Such

a language has been called a wide-spectrum language [BBB*85].

o The notation should support fair parallel computation. A large number
of fairness notions exist [Fra86]. We will concentrate on weak fairness.
More precisely, we assume that every process that is enabled continuously,
will eventually be allowed to execute. Weak fairness is a useful minimal
assumption. On the one hand, it can be expected to be met by any
reasonable scheduler. On the other hand, it frees the user from having to
consider concrete scheduling policies and implementations and thus helps
to avoid overly detailed, operational reasoning. Fairness is a good example
of an abstraction that hides unnecessary detail while preserving essential
properties.

e The notation should support shared-variable and message-passing con-
currency. Both are equally important paradigms. We deem a uniform
treatment an important step towards architecture independence.

e The notation should support local variables and channels. In general, it is
good programming style to limit the scope of variables to their places of
usage. This principle is especially true for parallel programs, because scope
and locality can make reasoning about parallel programs substantially
more tractable. Knowing, for instance, that variable z is local, means
that other processes can neither read nor change the value of z. Thus, the
environment cannot invalidate program properties involving &, nor can it
be influenced by changes to z. Local variable declarations thus provide
another useful abstraction tool. On the one hand, they allow abstraction
from parts of the internal workings of the body of the declaration. On
the other hand, they allow abstraction from the possible influence of the
environment on certain program properties.

Moreover, the refinement relation itself also should meet certain minimal re-
quirements.

o The relation should support stepwise, top-down program development and
compositional reasoning. Structured programming and compositionality
are important weapons against the complexity of parallel programming.
To be most effective, refinement should support sequences of small, man-
ageable development steps and thus allow the exploration of different de-
sign decisions and alternative implementations. Note that this requires the
refinement relation to be reflexive and transitive. The soundness proof
of each step should be compositional, that is, refinement between two
composite programs should be derivable by showing refinement between

4




4 CHAPTER 1. INTRODUCTION

corresponding subprograms. The refinement of a large, complex program
should be reducible to the hopefully easier task of finding refinements for
its parts.

o The relation should be context-sensitive. Typically, refinement is carried
out in context. That is, an abstract component C is to be replaced by a
more concrete one C' in a particular context E. Using information about
the specific nature of £ makes this replacement substantially more pow-
erful and may provide information crucial for establishing the soundness
of the refinement step. In other words, C' may refine C only in context
E. In all other contexts, the refinement may fail and replacing C by C’
would be unsound.

o The relation should support the introduction of local variables and chan-
nels. On the specification level, computations are often described in very
abstract terms. During the course of the refinement it may then be nec-
essary to flesh out the implementation details of these abstract computa-
tions. This very often requires the introduction of local variables, which,
for example, step over an array, or compute temporary results. Changes
to local variables should be unobservable outside their scope.

¢ The relation should allow a seamless treatment of both concurrency para-
digms. It should be possible to refine a shared-variable program into a
distributed, message-passing program and vice versa.

o The relation should support the specification and reasoning about live-
ness properties. The initial, top-level specification of the program to be
developed must be able to express liveness properties. In the concurrent
world, liveness properties are important. The user must be able to specify
and prove, for instance, that a request will eventually be acknowledged,
or that a process will eventually be allowed to enter a critical region.

Finally, note that the rules should also have certain properties.

o The set of rules should be expressive, that is, they should allow the devel-
opment of a substantial class of interesting programs.

e The set of rules should be user-friendly, that is, the rules should not be
overly cumbersome or too numerous.

Issues not addressed in this thesis

Data-reification, sometimes also called data-refinement, allows the formal re-
placement of abstract data structures by more concrete and implementable
ones [Hoa72, DH72, dRE99]. Although it is an important part of formal pro-
gram design methodologies [Rey81, Jon90, Spi92], the work in this document
will not attempt to incorporate data-reification into the framework. We regard
data-reification as a largely orthogonal program development technique that
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should easily mesh with our work presented here on procedural or operation
refinement,.

Moreover, no attempt will be made to address performance or complexity
issues. The semantics will concentrate on the sequences of states a program
runs through during execution in parallel environments and will thus be geared
towards correctness. Consequently, if two programs exhibit the same traces they
will be equated in the semantics regardless of their performance or complexity.
While we are guardedly optimistic that the methodology can be equipped with
cost measures, for instance, this aspect is left for future research.

Finally, implementability issues will not be addressed. As mentioned earlier,
a model for concurrent computation should be efficiently implementable on a
variety of architectures. Currently, we do not know to what extent our model
has this property. In fact, this aspect is the least developed in our research
program. A lot of further work is needed here.

1.3 What makes a solution difficult

The above list of requirements for our calculus is fairly large. Some of these
requirements are in tension with each other and a right balance needs to be
found.

Compositionality, for instance, is hard to achieve in the presence of concur-
rency and liveness properties. Assumption-commitment reasoning as proposed
by Jones yields a compositional treatment of concurrency upon which we will
build. Moreover, liveness properties are often very difficult to prove because the
proof requires a global view of the entire system. Since liveness properties are
vital, the challenge is to make their proofs as modular and thus as tractable
as possible. Finally, fairness also needs to be modeled compositionally. Most
treatments of fairness are operational [Fra86, AO83] and a denotational ap-
proach is still widely perceived to be difficult. However, based on early work
by Park [Par79], Brookes and Older have shown that this perception is unjusti-
fied [Bro96b, 01d96].

A suitable wide-spectrum language needs to bridge the two extreme ends
of a spectrum. On the one hand, desired properties have to be expressed in
a high-level, abstract fashion. On the other hand, the low-level, detailed view
of an executable program needs to be supported. Moreover, both safety and
liveness properties need to be expressible.

We face a similar situation when determining the rules of the calculus. A
large number of rules guarantees expressiveness and applicability of the method-
ology in a large variety of settings, but may also lead to confusion and thus
impede user-friendliness.

Moreover, the wealth of paradigms and mechanisms in parallel programming
has given rise to an even more confusing wealth of different models for these
paradigms. For instance, shared-variable concurrency has been modeled using
a variety of state traces and temporal logics. Message-passing concurrency on
the other hand has been modeled using, for instance, synchronization trees
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(CCS, [Mil89]), or failure-divergence traces (CSP, [BHR84]). The refinement
of a shared-variable program into a distributed, message-passing program (and
vice versa), however, requires a uniform semantic model.

Finally, the introduction of parallelism, synchronization and communication
are crucial points in the development. It is not clear how a calculus can best
support them.

1.4 Contributions of this thesis

We define a refinement calculus that satisfies all of the mentioned requirements.

We present a wide-spectrum language that is general enough to allow the
specification of the desired computation in very abstract terms. However, it can
also encode a standard language with fair, shared-variable parallelism, synchro-
nization, message-passing and local variables and channels.

A crucial step towards a refinement calculus is the definition of a context-
sensitive notion of approrimation. It allows the comparison of the behaviour
of two programs with respect to a particular environment. This capability is
extremely useful not only for the formulation of refinement but also for specifica-
tion and verification purposes. The definition of context-sensitive approximation
requires a slight but crucial change to the semantics by augmenting traces with
labels.

A refinement calculus is presented that supports the stepwise development
of shared-variable and message-passing parallel programs in a context-sensitive
fashion. The rules allow the introduction of local variables and channels, and
the proof of certain liveness properties. Most of the rules are compositional.

A variety of detailed ezamples illustrates the use of the calculus and demon-
strates its expressiveness and relative ease of use. One of these examples deals
with an n-process mutual exclusion algorithm, contains a derivation from a con-
siderably more high-level representation, and reveals several alternative imple-
mentations, some of which exhibit more parallelism than the standard textbook
version.

1.5 Brief overview of related work

While our research builds on a very large body of existing work, it draws mainly
from the following three sources. A more detailed discussion of related work can
be found in Chapter 9.

The choice of the underlying semantics requires a close look at models for
concurrent programming. We have chosen Brookes transition trace semantics,
which in turn was influenced by Park’s work on modeling fairness [Bro96b,
Par79).

Research on compositional proof systems for concurrent programs has suc-
cessfully reconciled concurrency and compositionality using assumption-commit-
ment reasoning [Jon81]. We use a form of assumption-commitment reasoning
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that is due to Stirling [Sti88].

Finally, a number of refinement calculi for sequential programs have been
proposed [Mor87, Mor89, Heh93]. This work provided intuition and clarified
some general questions about program design through stepwise refinement.

1.6 The structure of this thesis

Chapter 2 presents the syntax and semantics of the language we use to express
abstract specifications and executable programs. The semantics is given
in terms of traces. Relevant properties of the semantics are discussed.

Chapter 3 reviews Jones’ original formulation of assumption-commitment rea-
soning [Jon81] as well as Stirling’s reformulation [Sti88]. Then, Stirling’s
approach is adjusted to our setting and properties are presented.

Chapter 4 discusses different ways to compare the behaviour of two programs.
One leads to a context-insensitive notion of approximation that analyzes
the behaviour of a program regardless of the environment in which it is
executing. The deficiencies of this relation lead us to a context-sensitive
notion of approximation. Finally, a way of comparing environments with
respect to their capability for interference is defined.

Chapter 5 takes assumption-commitment reasoning and context-sensitive ap-
proximation and merges them into our refinement relation. Properties and
rules are presented. The program development methodology is given.

Chapter 6 contains the formal derivations of four shared-variable programs.
Section 6.1 contains a simple example to illustrate the basic use of the
calculus. Section 6.2 derives a shared-variable parallel implementation of
the Floyd-Warshall algorithm for computing the shortest paths in a graph.
Section 6.3 derives a shared-variable parallel program to find the maxi-
mum in an array of integers. The derived implementation features nested
parallelism. Alternative derivations are discussed. Section 6.4 treats the
generalization of the maximum search problem: The first element in an
array that satisfies a property is to be found. We derive a shared-variable
parallel program and show how further refinement can lead to more effi-
ciency.

Chapter 7 contains the formal derivations of two distributed, message-passing
programs. Section 7.1 discusses the prefix sum algorithm (a generaliza-
tion of the list ranking algorithm). First, a shared-variable solution is
derived. Then, a distributed, message-passing implementation is obtained-
through further refinement. Section 7.2 addresses the all-pair shortest-
paths problem in a graph. Shared-variable and message-passing programs
are derived. We show that not every shared-variable solution gives rise to
an efficient distributed implementation.
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Chapter 8 discusses an n-process mutual exclusion algorithm called the tie-
breaker algorithm or Peterson’s algorithm [Pet81]. A high-level repre-
sentation is given and verified. The textbook implementation is derived
together with with several other, more parallel implementations.

Chapter 9 discusses related work. We employ a taxonomy that separates se-
quential from parallel approaches, compositional proof systems from pro-
gram transformation systems and refinement calculi.

Chapter 10 presents future work. We distinguish between immediate improve-
ments of the framework, and more long-term extensions. A number of
potential areas of application are discussed.

Chapter 11 concludes.

Appendix A contains the soundness proofs of the refinement rules. Moreover,
the proofs of certain lemmas needed in Chapters 6 and 7 are collected
here.



Chapter 2

Programs, contexts and
traces

One of the hallmarks of refinement calculi is that typically specifications and
programs are expressed within the same formalism, and they are neither syntac-
tically nor semantically distinguished. Programs are specifications that happen
to be executable. Languages that aim at capturing all aspects of the program
development process have also been called wide-spectrum languages or mized
languages [BBB™ 85].

In this section, we present the syntax and semantics of the language we will
use to express both high-level, abstract specifications and low-level, concrete
programs. Throughout this document the term “program” will denote an ele-
ment of this language and thus either be an non-executable specification or a
standard, executable program.

2.1 Syntax of programs and contexts

We start by discussing program variables, and atomic and composite programs.

2.1.1 Program variables

Let Var denote the set of all program variables. Without loss of generality
we assume Var to be finite. Typical examples for program variables used in
this document are z, y, z, mul, and A[1]. Every variable z has a set Domy
associated with it that contains the values that z can take on.

2.1.2 Atomic statements

Our notion of program allows for very abstract descriptions of computations.
The most basic program component specifies a single atomic transition and is
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called an atomic statement. Atomic statements are inspired by Carrol Morgan’s
specification statement [Mor89)] and are of the form

ViPQ)

where V is a finite set of variables, sometimes also called a frame, and P and
@ are predicates. The atomic statement above describes atomic transitions
from initial states satisfying P. More precisely, an initial state satisfying P is
transformed in one step into some final state satisfying @ by only changing the
variables in V. If the initial state does not satisfy P, the statement does not
offer any transitions. ! For instance, a random assignment which may set z to
any natural number is described by

{z}:[tt,z > 0]

which we abbreviate by
z:tt,z > 0].

An idling, or stuttering, step is expressed as
skip = 0:[te, ¢t].

To be able to refer to the value a variable held initially, that is, at the beginning
of the transition, we reserve “hooked” variables T in Q. It is easy to see that
atomic statements subsume simple and multiple assignments. The meaning of
the simple assignment z:=z + 1 and the multiple assignment z,y:=z + 1,0, for
example, are captured by

z:ftt,z =7 +1]

and
{z,y}:tt,z == +1 Ay = (]

respectively.

If a predicate does not contain hooked variables it is called unary. Otherwise
it is called binary. In an atomic statement V:[P,Q], P must be unary, whereas
@ may be unary or binary. Given a set of variables V C Var, the set of all
unary predicates whose free variables are in V' is denoted by Preds(V). Thus,
Preds() denotes the set of all closed predicates, that is, predicates without free
variables. For instance, true and false, abbreviated by ¢t and ff respectively, are
members of Preds(§), as are 3 > 4 and 1 > 0. Moreover, Preds(Var) denotes
the set of all predicates over all variables.

The semantics of atomic statements is conveniently captured by character-
istic formulas.

!Note that our treatment of this case differs from Morgan’s. In [Mor89}, the behaviour of
the specification statement is completely unconstrained if the precondition is not met. See
Section 9.1.1 for more details.
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Definition 2.1 (Atomic statements)
Let ¢ be a metavariable that ranges over program variables. Given an atomic
statement V[P, Q], its characteristic formula cfy.[p g is given by the predicate

cfvipq = PA QAVL € Var\V.u =7

where P abbreviates the substitution of all free variables in P by their hooked
counterpart. We interpret a binary predicate @) over pairs of states (s, s') where s
assigns values to hooked variables and s’ to the unhooked ones. More precisely,
(s,¢') E @ iff replacing the hooked variables in @ by their values in s and
replacing the unhooked variables in @ by their values in s’ makes @ true. O

For instance, the statement z,y:=z + 1,0 has the characteristic formula
foy=ctr0 = =T +1Ay=0AVe € Var\{z,y}.t =7 .

Characteristic formulas allow us to conveniently determine if a transition (s, s’)
conforms with a particular atomic statement V:[P, Q]. More precisely, the ex-
ecution of V:[P, Q] from the initial state s could result in the final state s’ iff
(5,8') = cfvip,g)- In Section 2.2.2, the semantics of an atomic statement will
be defined as the set of transitions that satisfy its characteristic formula.

2.1.3 Composite programs

More complex programs can be built from atomic statements using sequential
and parallel composition, disjunction, iteration, and hiding. Let C and D range
over programs. An important extension to the standard shared-variable parallel
language involves labels. Syntactically, we allow programs to be enclosed in a
pair of angle brackets (_). The following grammar generates programs that
contain zero or more subprograms enclosed in angle brackets.

C = VIP Q] |
C1;Cs |
Ci||Co |
Ci1v(Oy |
c* |
cY |
newz=cinC |
(D)

D = VIPQ] |
Dy; Dy |
Dl Dy |
D* |
DY |
newz=¢c¢in D
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where e ranges over constants and variables. Note that angle brackets cannot
be nested. A program that contains exactly one subprogram enclosed in angle
brackets is called labeled. A program that contains no angle brackets is unlabeled.
To motivation this extension of the language, consider an unlabeled parallel
composition C} ]| C2 and suppose we want to refine C). To this end, it will be
necessary to to distinguish the transitions of C; from those of C,. Labels allow
us to achieve this distinction. As we will see in Section 2.2, the transitions of C
in the labeled program (C}) || C2 cannot be confused with those of C, regardless
of the shape of C; and Cs.

Example 2.1 (Well-formed labeled and unlabeled programs)
Both programs below are well-formed. C} is unlabeled and C; is labeled.

Ci = mul:ftt, mul =mul + Z); ent:[tt, ent =cnt —1]
Co = {z,y}tt,z>0Ay>0];
new cnt = y in
mul:[tt, mul = 0];
(({ent > 0}5C1)" ;5 {ent < 0})

end

sum:[tt, sum =% + Y]

However, neither C3 nor Cy is well-formed.
Cs (z:[tt, z > 0)) || {y:[tt, y > O])
Cy = (tmpiltt,tmp =F];z:ftt, z =] ; (v:[tt, y =tmp]))

a

Definition 2.2 (Abbreviations)
Let C* stand for finite and infinite iteration over C and let C*t denote finite,
non-trivial iteration over C, that is,

C® = C'veY

ct = C;c.

The set of free variables in a program is defined as usual.

Definition 2.3 (Free variables of a program)
Given a program C, the set free variables fu(C) in C is given by:

MVIP.Q) = VURP)UMQ)
fu(C13C2) = fu(C1) U fu(Ca)
f((C)) = f(C)
Ju(Ci Vv C2) = fu(Cy) va(Cz)
f(C*) = f(C)
PlC) = #(C)
f(C1]1C2) = fo(C1) U(C)
fonew z =einC) = fu(C)\{z}U fu(e)
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where fu(P) denotes the set of variables occurring free in predicate P and e is
either a constant or a variable. O

2.1.4 Contexts

Contexts play an important role in our work. They denote the environment
that a program might be executing in. Formally, a contest, ranged over by E|
is an unlabeled program with exactly one hole.

E == [ |
CiE |
E;C |
CVE |
EvC |
CllE |
ElC |
E* |
EY |

newzr=c¢in E

A context E gives rise to a program E[C], formed by replacing the hole in E
by C. E[C] can be defined by straightforward structural induction on E. Note
that placing a context Fj inside another context E9 yields the context E3[E}].
Very often, we will consider a labeled program (C) in some context, that is,
E[{C)] yields the labeled program that is obtained by replacing the hole in E
by (C).

We call a context E parallel, if the hole is in the scope of a parallel compo-
sition. Formally, F is a parallel context if there exist contexts E; and EF5 and
a program C such that E is of the form E1[F2 || C]. The hole in E is inside E,
which is under the scope of a parallel composition. A context is sequential if it
is not parallel.

2.2 Semantics of programs

Before the semantics of labeled and unlabeled programs can be given, we need
to introduce labeled transition traces. These traces will be used in Sections 2.2.2
and 2.2.4 to define a sequence of increasingly coarse-grained semantics for the
language we have just presented. Section 2.3 shows how our programming lan-
guage can be used to encode the standard programming language constructs.
Section 2.4 sketches how the semantics can be extended to model finer-grained,
and thus more realistic, notions of concurrency like non-atomic assignments and
non-atomic expression evaluation.

2.2.1 Labeled transition traces

Throughout this document, s,s’,s; € ¥ denote states, that is, complete map-
pings from the finite set of all program variables Var to values. We will use
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a particular kind of trace, called transition trace?, to model programs. Transi-
tion traces have proven very useful for the definition of compositional models
of shared-variable concurrency [Par79, dBKPR91, Bro96b]. One such trace is a
finite or infinite sequence of the form

(s0,80)(51,51) - --(si,8%) ...

and thus represents a possible “interactive” computation of a command in which
state changes made by the command (from s; to s}) are interleaved with state
changes made by its environment (from s/ to s;4+1). The meaning of a program
is given by a set of transition traces. To describe the meaning of a labeled
program (C}) || C2 we will consider labeled transition traces of the form

(s0,10,50)(51,01,87) - - (si,li,88) ...

where each transition carries a label | from the set A = {p,e}. A transition
labeled with p was caused by a statement inside the angle brackets, that is,
by C1, and is called a program transition. A transition labeled with e is due
to C2 and is called an environment transition. A trace consisting of program
transitions only is called a program trace. Analogous for environment traces.
By describing a labeled program by means of labeled transition traces we thus
regard it as an open system while singling out the transitions made by a specific
part of the program. In other words, (C;) || C2 can be thought of as an open
system whose environment is known to at least comprise Cs.

We now define a few operations on traces and sets of traces. Let T, Ty, and
T> range over sets of labeled transition traces. The concatenation operation
T1; Ty and the infinite iteration operation T% are defined as

;7o = A{afla€eTinBeTr}
™ = H{ag...an...|Vi>0.a; €T}

T* denotes the smallest set containing T' and the empty trace, closed under
concatenation, that is,

T* = UnENTn !
where
T = {¢
™ = T,:7".

Moreover, T+ is like T* except that it does not contain the empty trace, that
is,

T = T;T.

2Sometimes also called potential or partial computations or extended sequences.
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T denotes T* UT™. Fair parallel composition is modeled by fair interleaving
of sets of traces

T = (Joilleslan €Tiney €To}

where o || 8 is the set of all traces built by fairly interleaving o and 5. One way
to define « || 8 formally can be found in [Bro96b].

allp = {y|(a,B,7) € fairmerge}

fairmerge = (L*RR*L)* U(LUR)*A

L = {((s,l,s’),e,(s,l,s’);](s,l,s’)E(ExAxE)%
R = {(e(s,1,8),(s,1,5)) | (s,1,8") € (Z x A x %)
A = {(a,6,0)|ae(ExAxT)®}

U{(6,8,8) | Be(Ex AxX)*}

where concatenation and iteration are extended to sets and triples of traces in
the obvious way: AB = {af | a € AA B € B} and (a1, @2, a3)(f1,52,03) =
(@11, a2Pa, a3fs).

Let v range over values (constants) over some domain. We write [s|z = v]
to denote the state that is like s except that the value of z is updated to v.
Let a = (so,lo,8p)(s1,01,87) ... (si,li, ;) ... be a transition trace. The trace
(z = v)o is like o except that z is initialized to v in the first state and that
the value of z is retained across points of possible interference. More precisely,
(x = v)ar is

([sole = v], 1o, sp)([s1]e = sp ()], 1, 81) - ([ssle = sy (2)], i ) -

The trace a\z on the other hand describes a computation like o except that
it never changes the value of z. That is, a\z is

(50,00, [s5 | £ = so()]) (51,01, [s1 | 2 = s1(2)]) ... (85,04, [s7 | & = si(2)]) . . ..

2.2.2 The fine-grained semantics 7
We are now ready to present the first semantics.
Definition 2.4 (Semantic map 7)

1. Let P(T) denote the set of all subsets of T. The semantic function 7
maps the set of labeled and unlabeled programs to P((X x A x X)*°) and
is defined as 7¢[.] where 7;[] for I € A is given by

TV:PQ = {(s,0,8) | (s,8) = cfvipor}
THC)] = TlC]
Ti[C1;C2] = Ti[Cil; Ti[Co]
Ti[C1v Ce] = T[Ci]uTICY]
TICiL I Co] = TiICi Il TilCs]
TICcl = (TIeh*
el = (niceh”

Ti[new z = e in C] {a\z | first(a) Ee=v A (z = v)a € TI[C]}
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where first(a) denotes the first state of a.

2. A trace (so,l0,50)(51,01,81) ... is interference-free if we have s} = s;4 for
all ¢ > 0. The ezecutions E[C] of a program C are its interference-free
transition traces. Let C be a labeled or unlabeled program. Then,

E[C] = {a€T[C]]| a is interference-free}.

3. The execution corresponding to a program trace

(so,p, 86)(81,17, sll) s
is
(50)p’ 86)00(3111)1 sll)al s

where a; = € if s} = ;41 and a; = (s}, e, s;y1) otherwise for all i > 0.

4. Cl =T Cg and Cl =¢ Cz abbreviate Tl[Cl]] - TECQ]I and 8'[01]] = 8'[02]]
respectively.
a

This definition is inspired by Brookes’ transition trace semantics [Bro96b].
Brookes, however, does not use labels. The semantic mapping handles labels
by using a subscript that indicates whether the argument is inside a label or
not. The subscript e indicates that the argument is not inside a label. The
subscript p indicates that the argument is inside a label. Thus, the denotation
of the overall program is computed using 7. If during the computation of the
semantics a labeled subprogram is encountered, the subscript changes from e to
p. Note that the subscript never changes in the opposite direction, that is, from
p to e. Also, note that 7,[(C)] is not defined. Since labels cannot be nested,
this case cannot occur.

The traces of new z = e in C do not change the value of ¢ and are obtained
by executing C under the assumption that x is set to the value of e initially and
that the environment cannot change the value of z.

Not every program has a non-empty denotation under 7. The program
0:[ff, ff], for instance, has no traces associated with it. Moreover, not every
program that has traces, has executions. The program

z:=0;0:zc=1,2=1]

for instance, has traces, but no executions. The final states of the first assign-
ment and the initial states of the second statement do not overlap. Intuitively,
the control flow “has no place to go”. While programs with no executions or
traces are allowed in our specification language, we typically do not use them.
Because they introduce the possibility of trivial refinements, we will single out
an important subclass of programs that never have an empty set of traces or
executions in Section 2.3.10.

w
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2.2.83 Closure conditions

The semantic map 7 is very fine grained. For instance, it is sensitive to the
number of transitions a program can take. Thus, C' and C ; skip, for example,
are distinguished, as are :=1 and new y = 0 in y:=1; z:=y. We will now
introduce two closure conditions, which make 7 more coarse-grained. These
closure conditions are inspired by the stuttering and mumbling closure condi-
tions proposed by Brookes to achieve full abstraction [Bro96b]. In his setting,
the closure conditions correspond, respectively, to reflexivity and transitivity of
the —* relation in a conventional operational semantics. The addition of labels,
however, forces us to make slight adjustments to Brookes’ definitions. The intu-
ition behind these adjustments is to keep program and environment transitions
distinct, that is, for instance, an unlabeled program C will have environment
transitions only and no program transitions. Also, every trace of Cy ;{C2) ;Cs,
for example, will contain at least one program transition.

Definition 2.5 (Closure conditions)
Let T be a set of traces.

e The s-closure of T', denoted T, is the smallest set which contains 7" and
satisfies:
— Stuttering:

1. Finite case: If a(s,l,s')8 € T' then a(s",l,5")(s,l,s')3 € T!
and af(s,l,s')(s",1,s")8 € T' for all s”, and

2. Infinite case: if
ao(s0,lo, sh)er (s1,11, 84 . .. ai(si, iy 88) ... € TT,

then
aofocrf ... aifi ... € T

where for all ¢ > 0,
ﬂi = (Si’ lil 32)(3;/, li) s;'l)
or
Bi = (57,1, ) (50, i, 87)
for some s'.
o The sm-closure of T', denoted by T%, is the smallest set which contains 7'
and satisfies:
— Stuttering: as before.
— Mumbling;:

1. Finite case: If a(s,1,8')(s',1,s")B € T%, then a(s,l,s")3 € T4,
and
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2. Infinite case: if
GO(SO:IO,SB)(SG»IO» Sg)al(slalhsll)(sllyll)3,1’)02 ... € Ti:

then
ao(s0,lo, 53)a1(s1,01,8))as... € TH
()

The stuttering condition makes the semantics insensitive to finite amounts of
stuttering. A stuttering step with label [ can only be inserted in the neighbour-
hood of an already existing transition with label I. Note that we can stutter
at infinitely many places in an infinite trace. However, stuttering cannot turn
a finite trace into an infinite trace. If two adjacent transitions share the in-
termediate state and have the same label, the mumbling condition allows the
absorption of that state. Thus, mumbling across label boundaries is not per-
mitted. Note that we can mumble at infinitely many places in an infinite trace.
However, mumbling cannot turn an infinite trace into a finite trace.

The fine-grained semantics was given in terms of four operations on sets of
traces. We define closed variants of these operations. The s-closed concatenation
Ty ;' Ty and the sm-closed concatenation T; ;¥ T5 are defined as

Tyt Ty
Ty i+ T

(Th 3 To)!
(T1 ;Tg)t.

{aﬂ|a€T1/\ﬂ€T2}T
{OrﬂlC‘tGTl/\,BETQ}i

The closed infinite iteration operations T¢' and T%* are given by

™' = {ap...Qn...|Vi> 0T} = (T

vt {ag...an...|Vi> 00, €T = (T¥)3

The sets T*' and T** denote the smallest sets containing 7" and the empty
trace, closed under s-closed concatenation and sm-closed concatenation respec-
tively. The s-closed parallel composition 7} || 75 and the sm-closed parallel
composition T ||} Ty are defined as

T T T»
Ty |} T2

(T1]|T2)!
(Th||T2)*

UHarllas lar €TiAaz € TQ}T
Waillaz | @1 € Ty Aag € TR}

i
nn

where the fair merge of two traces a||f is defined as before in Section 2.2.1.

2.2.4 Two more coarse-grained semantics 71 and 7*

We use the closure conditions to define two semantics that are more coarse-
grained and thus more suitable for our purposes than 7. Both definitions differ
from the definition of 7 only in their use of the closure conditions.

Definition 2.6 (Semantic maps 71 and 7%)
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1. Let PT(T) denote the set of all subsets of T that are closed under stut-
tering. The semantic function 71 maps the set of labeled and unlabeled
programs C to P1((Z x A x £)®) and is defined as 7[] where 7,'[] for
l € A is given by

7;1 [V:[P, Q1] {(s,1,8") | (5,8') E CJCV:[P,Q]}T

mn

TIHC)] = T
7;T[[C'1;Cz]] = TT[[C1]] T'7_1[[6’2]]
TCivCy] = ’TT[C&]]U’TT[[Cﬂ]
Tl ca] = Tﬁm It e

7'ey = (et

T'ee1 = (7en”’

7;T[[new t=einC] = {a\z|first(a) Ee=vA(z=v)a€ 7;7[[6']]}

2. Let P*(T') denote the set of all subsets of T' that are closed under stuttering
and mumbling. - The semantic function 7+ maps the set of labeled and
unlabeled programs C to P}((E x A x £)®). It is defined just like 77
except that every occurrence of f is replaced by .

3. The semantic maps &' and £* return the executions of closed sets of traces.
That is,

ENC] = {aeTC]| « interference-free}
and

EHC] = {o € THC]| o interference-free}.
C1 =71 Cq and C; Cq+ Cs abbreviate T1[C1] = T1[C,] and TH[Ci] C T |[C'2]]
respectively. Similarly for 7%, £, and &3

Note that the denotation of a program C under 71 is equivalent to the denota-
tion of C under 7 closed up under stuttering. An analogous property holds for
the denotation of C under 7*. Formally, we have

Ticl = (7Icn’
THCl = (TICD)*.

Also note that under the closure conditions an unlabeled program C' continues
to have environment transitions only, while a labeled program like (C) still has
only program transitions.

Properties of trace equivalence

The following lemma lists a few properties of trace equivalence. The list is
incomplete, but suffices for the purposes of this thesis.
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Lemma 2.1 (Properties of trace equivalence)

1.

Trace equivalence under 7 implies trace equivalence under 77 and 73,
that is, C; =7 C» implies Cy =7+ C2 and C; =53 Ca. Moreover, trace
equivalence under 7t implies trace equivalence under 73, that is, C; =+
CQ implies Cl =71 Cg.

. Parallel composition is associative and commutative, that is,

[CillCflICs =7 Cill[C2]l C3)
Cil|C: =1 C||Cy

. Both sequential and parallel composition are invariant under the addition

of finite stuttering, that is, if D Cr; @ : [tt,t], then
C;D* =2 D';C =52 C|ID" =72 C.

. Nesting of Kleene-star operations does not add behaviour, that is,

c* =7 (C*)i'

. Parallel composition distributes over disjunction, that is,

[CiVC]|ICs =7 [C1]|C3]VI[C: ]| Cs).

. Adding a declaration for a variable that does not occur free, does not

change the behaviour. Formally, if z ¢ fu(C) then

C =y newz=einC.

(Increasing parallelism) A multiple assignment involving two variables
that do not occur free in the parallel context can be replaced by two
parallel simple assignments, if one of the variables is local. Let E be a
sequential context. If neither z; nor &2 nor any of the variables in e; or
ey are free in C, then

new z; = ¢ in [E[z1,z2:=e1, €2) || C]

=r: new z; = e in [E[z;:=e€; || z2:=e5] || C].

. Being able to choose between two identical alternatives is like having no

choice at all.

C =5 CVvC

. Trace equivalence is a congruence, that is,

Ci =r
implies
E[Ci] =1 E[CY]

for all contexts E.
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Proof: See Section A.1.1 in the appendix. n

Note how an equivalence involving =7 in the above lemma can be weakened
to an equivalence involving =+ or =7 using the fact that trace equivalence
under 7 implies trace equivalence under 71 and 773,

Properties of trace inclusion

Trace inclusion will prove to be a useful reasoning tool. To be able to deal with
declarations in a compositional way, we define trace inclusion modulo a set of
variables.

Definition 2.7 (Trace inclusion modulo V)
A trace set T is included in another trace set 75 modulo a variable z,

Ty CTy (mod )

for short, if for every trace « in T3 such that (z = v)a for some v € Dom,
also is in 77, there exists a trace § in T such that (z = v)g also is in T3 and

o\z = p\z.
Given a set of variables V, let Ty C Ty (mod V) be the obvious generaliza-
tion. Let Cy Cy+ Ca (mod V) stand for TH[C1] C T*[Ca] (mod V). a

We list a few properties in the next lemma. Again, no attempt at complete-
ness is made.

Lemma 2.2 (Properties of trace inclusion)

1. Trace inclusion under 7 implies trace inclusion under 71 and 7%, that
is, C1 C7 (3 implies C1 C7+ Cz and Gy C7: Cy. Similarly, execution
inclusion under &£ implies execution inclusion under £ and &%, that is,
Cl gg CQ implies Cl Q{,‘T Cg and C1 ggz Cz.

2. Trace inclusion implies execution inclusion. If Cy C7 Cs, then C; Cg Co.

3. The behaviour of a program C' is subsumed by the finite iteration C*, that
is, C Cr C*.

4. Trace inclusion between parallel components implies trace inclusion be-
tween the entire parallel compositions, that is, if C; D7 Cf forall 1 < i <
n, then

Il?:lci 27- ”?:lcl/

5. Trace inclusion between two atomic statements coincides with implication
of their characteristic formulas, that is,

ViiP1,@1] C7  Vai[ P, Q2]
iff

chtp,@il = vaipa,Qal
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6. Trace inclusion is a congruence, that is,
G Cr C
implies
E[C] Cr E[Cy).
Note that the congruence property implies Property 4 above.

7. Trace inclusion modulo a set of variables V between two programs C; and
C characterizes trace inclusion between two programs that differ from Cy
and C» only in that the variables in V are declared local. More precisely,

C1 C1 C; (mod {z1, .. .,x,.})
if and only if
new z; =ej,...,tp=¢e, iInC; C7 new z; =e€1,...,2, = €, in Cy
for all e; with values in Dom,,, the domain of z;, and 1 < i< n.

8. (Decreasing parallelism) If C} is finite, the behaviour of C;C’ is subsumed

by C1 || Ca.
(a) If C; has only finite traces, then

Ci]|Cy 27 Ci5Cn.

(b) If Cy through Cj,— have only finite traces and 7 is not free in Cy, .. ., Cp,
then

|7-:C; D7 fori=1tondo(;.
Proof: See Section A.1.2 in the appendix. -

Note how an inclusion involving C+ in the above lemma can be weakened
to an inclusion involving Cy+ or C7: using the fact that trace inclusion under
T implies trace inclusion under 7t and 73.

Robust programs

Due to interference on shared-variables, the parallel execution of processes often
leads to unexpected results. The behaviour of some programs, however, is un-
affected by parallelism. The program z:=1; z:=1 is equivalent to the program
z:=1]||z:=1. The notion of robustness generalizes this property. Informally, the
semantics of an n-fold parallel composition of a robust program is equivalent to
its n-fold sequential composition. Robustness will play an important role in our
calculus, because it facilitates the introduction of parallelism.
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Lemma 2.1

1. If 01 =7 Cz, then Cl =71 Cg and Cl =71 Cg. If Cl =7t Cg, then
Cl =T Cg.

(GG | Cs =7+ CL || [C2 || C3] and Cy || C2 =71 C2 || Cy.

. If D Cpt O:ftt, 1), then C 3 D* =4 D* ;C =7+ C || D* =7+ C.
. C* =1 (C*)".

CLV ) Cs =7 [Ci || 3]V [Ca || Cs].

M z ¢ fo(C), then C =7 new z = ¢ in C.

N O Ot s W N

. If E is a sequential context and neither #; nor z, nor any of the variables
in e; or ey are free in C, then

new i =€ in E'[l»‘l, $23=€1>€2] ” C]
=7: new &1 = e in [F[z;:=¢; || za:=ea] || C]-

8. C=rCVvC.
9. If Cy =7 Cy, then E[Cy] =1 E[C,] for all E.
Lemma 2.2

1. If ¢y C7 Cy, then C; Cqt Cy and C; Cry Co. If €y Cg Co, then
C1 Cgt Cq and Cy Cgr Ch.

. If Cy C7 Cs, then Cy Ce Cs.

Nela¥ed

I C; D C for all 1 < i < n, then ||, Ci D7 |7, CL.
- Vii[Pr, Q1] C Va:[Pe, Q2] iff cfv,(p, ,0.] = cfvups,Qa)
. If C1 Cr Cs, then E[Cy] Cr E[Cs] for all E.

b =2 T ) B N VLR )

. C1 g'rx Cz (mod {.’li‘l,...,l'n}) iff
new iy =eiy,...,n =€, in C; Crnew 23 =e1,...,&, = e, in Cy

for all e; with values in Dom,, and 1 < i< n.

8. (a) If C; has only finite traces, then Ci || Cy D7 Cy;Cs.
(b) If Cy through C,,_; have only finite traces, then

||ie1C; D7 for i = 1 to n do C;.

Figure 2.1: Properties of trace equivalence and inclusion
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Definition 2.8 (Robust programs)
A program C is called robust if

¢ 27+ C" =r |I"C

for all n > 1 where C™ and ||"C denote the n-fold sequential composition and
the n-fold parallel composition respectively, that is, C! = C and C**! = C;C"
and [!C=Cand |"HC=C| [|I* C]. O

Besides z:=1, the programs z:=z + 1 and 2:=z + 1 ; z:=z + 1 are also robust.
The program z:=1;2:=z + 1, however, is not. Robustness depends on the level
of granularity. Atomic statements and finite loops over them are always robust.

Proposition 2.1 (Sufficient conditions for robustness)
1. Atomic statements V:[P, @] are robust.
2. If C is robust, then C™ is also robust for all m > 0.
3. If C is robust, then C* is also robust.

Proof: 1) Let A = V:[P, Q] be an atomic statement. We show the proposition
by induction over n. Base: n = 1. Trivial. Step: n’ = n 4+ 1. Suppose that
A" =1 ||*A. We have

A*
27 Antl def
=Tt A ; A" def
=T A H [ ”n A] Induction hypothesis, Lemma 2.1
=71 A ” [ ”n A] Lemma 2.1
=r: ||I"HA. def

2) Let C be robust. We have to show C* D7; (C™)" =43 ||, C™ for all
n > 1. We have

C*
=T (Cm)* def
27 (Cm)n def
=7+ C™T Lemma 2.1
=T ”n‘mc C robust
=T ”n[ "m C] Lemma 2.1

”ncm . C robust, Lemma 2.1

3) The robustness of C* follows from the robustness of C™ forallm>1. W
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2.3 Embedding a standard parallel programming
language

The standard shared-variable parallel programming language that was used
in [OG76a], for instance, is embedded into our setting through the following
abbreviations. The embeddings for conditionals, while loops, and the await
synchronization statement are directly taken from Brookes [Bro96b].

2.3.1 Idling

Let B be a boolean expression. An idling, or stuttering, step satisfying B will
be abbreviated by {B}. That is,

(B} = #[B,B]

Recall that variables not mentioned in V' remain unchanged by in the atomic
statement V:[P, @]. Consequently, if V is empty, the initial and the final state
must be identical. Note that this implies

0:[B, B] =7+ 0:[tt, B] =5+ 0:[B,tt].
The embedding of the skip statement thus is straightforward.
skip = {it}
2.3.2 Assignments
Assignment to a simple variable z is encoded as follows:
zi=e = xz:[tt,x =¢].

An array A with indices from 1 to n stands for a set of variables A[1] through
A[n]. An array assignment A[e’]:=e is captured as follows.

Ale'l:=e = {A[1],...,A[n]}:[1 <€ <n,Q)
where @ is

< s 5
Q = Vi<i<ndl] =4 & ifi=e
Al7], otherwise.

Note that the above assignment has no traces if the array index e’ evaluates to
a value outside the array bounds. While the examples in the later chapters of
this document make ample use of arrays, the array index in these examples will
always be a constant ¢. In this case, the above encoding simplifies to

Alili=e = A[i][1 <i< n,Ali] =¢].
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2.3.3 Conditionals

A conditional is characterized by two cases each corresponding to the execution
of one the branches. Before the then-branch is executed, execution exhibits a
stuttering step in which the test evaluates to true. Analogously for the else-
branch.

if B then C; else Co = ({B};C1)V ({—B};Cs)

2.3.4 Case statements
A case statement abbreviates nested conditionals, that is,

case ¢ of
€ : Cll
es : Col

€n-1: Cn-—ll
else: C,
end

stands for
if z = e; then C;

else if £ = e5 then C,

elseif z = e,_; then C,_,
else C,,.
2.3.5 Loops

A while loop also is characterized by two cases: One in which the iteration
terminates in a state falsifying the loop condition and one in which the iteration
does not terminate.

while Bdo C = (({B};C)*;{~B}) Vv ({B};C)*

Let C be a program in which i is an integer variable that is only read and never
assigned to. Also, let n be a constant. Then, a for loop can be defined as

fori=ltondoC = C[1/i];...;C[n/i]

where C[j/i] denotes the program that is obtained from C by replacing all free
occurrences of ¢ by j. Also, let

fori=ndowntoldoC = C[n/i];...;C[1/i].

Sometimes the loop body only is to be executed when a certain predicate P
is satisfied. Let

fori=ltondoCstP = fori=1tondoif P then C.
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2.83.6 Declarations

As defined in Section 2.1.3, a local variable  can only be initialized by a constant
or a variable. Initialization of # with an arbitrary expression e is defined in terms
of an assignment.

newz=c¢inC = newzr=vinz:=e;(C

where ¢ is an arbitrary expression over the domain of &, and v is some value in
the domain of z.
The declaration and initialization of an array A[l..n] can be abbreviated by

new A[l.n]=ein C = new A[l]=e,...,Aln]=¢in C.

We assume that the array variables A[1] through A[n] have the same domain
associated with them.

2.3.7 N-ary parallel compositions

In this thesis we will often consider parallel compositions with an arbitrary but
finite number n of components. For notational convenience we introduce the
following abbreviations.

e
Iy

cill... N Cy
Cill... /I Cn

i

2.3.8 Synchronization statements

Two parallel processes can synchronize using the await statement. The exe-
cution of await B then C blocks the process until B becomes true and then
executes C atomically. To ensure termination, C is typically restricted to a se-
quence of assignments to distinct variables. We will adopt the same restriction.

await B then z1:=e1;...;2p:1=¢p, end = {z1,...,2,}[B,Q]V {-B}*

where
Q = zi=¢1A...ANz, =€,
and all z; are distinct. An important special case arises when C' is skip.
await B = await B then skip
{B}v{-B}*

Note how the await statement is implemented using busy waiting. As in most
of the literature, e.g., [OG76a, Jon81, Sti88], the evaluation of expressions and
the execution of assignments is assumed here to be atomic. In Section 2.4 we
will sketch how the theory can be extended to non-atomic assignments and
eXpressions.
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2.3.9 Message-passing constructs

In most of the literature on concurrency theory, shared-variable and message-
passing concurrency are given sometimes very different semantic models, e.g.,
[BHR84, Bro86, dBKPR91, UK93b, Bro96b]. Since we want to be able to
move freely between the two paradigms, we need a uniform model that cap-
tures shared-variable and message-passing concurrency in the same semantic
framework. Consider the two standard message-passing primitives ¢z and cle
where ¢ is a channel. The input statement ¢?x reads the next item off ¢ and as-
signs it to . If ¢ is empty, the statement blocks until ¢ is non-empty. Thus, if ¢
remains empty forever, the statement also blocks forever. The output statement
cle evaluates the expression e and appends the resulting value at the end of ¢. It
never blocks. The two primitives thus receive an asynchronous communication
semantics.

We naturally fit these two constructs in our language by modeling a channel
¢ as variable ranging over queues. More precisely,

c?z
cle

await ¢ # € then z:=hd(c) ; c:=tl(c) end
c:=enqueue(c, )

where c is a variable ranging over queues, hd(c) and t/(c) return the head and
tail of ¢ respectively and enqueue(c, ) returns a queue that is like ¢ except that
the value of e is appended at the end.

2.3.10 Properties of embedded programs

Every program over the constructs presented as abbreviations in this section
not only has a non-empty set of transition traces but also a non-empty set of
executions.

Proposition 2.2 (Programs with non-empty denotations)

If C consists of assignments, sequential and parallel compositions, while and for
loops, await statements, local variable declarations, and the message-passing
primitives only, then

1. C has a non-empty denotation under 7, that is,
TICI#9,
2. C has a non-empty denotation under &£, that is,
E[C] # 6.
Note that the above two properties also imply non-empty denotations under 7,
T4, €T, and &

Proof: We say a program C is complete if for every natural number n, and for
every sequence of states sg, si, ..., Sn, there exists a transition trace in T[C]
of the form

(s0,55)(51,87) - - (sn,85)e.

'Y
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We can prove by structural induction that every program of the form described
above is complete. The first property then is an easy corollary. Repeated
applications of the completeness property then show that for every complete
program C' and every initial state sg, C has an execution starting in that state.
The second proposition follows. [ |

The notion of program defined in this section allows for the expression of pos-
sibly non-terminating programs that use the standard constructs over a simple,
imperative language, fair parallelism and local variables and channels. Means of
synchronization and communication are shared-variables, message-passing and
the await statement.

2.4 Modeling fine-grained concurrency

So far, assignments and expression evaluation have been considered atomic.
While this rather high level of granularity can be achieved in realistic paral-
lel implementations through the use of more low-level atomic statements, the
loss of efficiency typically is prohibitive. Moreover, coarse-grained parallelism
may represent poor use of resources. In this section, we will relax the atom-
icity constraint and achieve a finer-grained, more realistic level of concurrency.
For instance, we might allow interruption of an assignment z:=e during the
evaluation of e, and interruption of a conditional or a while loop during the
evaluation of its test. Note that the introduction of non-atomic expressions has
significant and sometimes surprising consequences. For instance, the evaluation
of done V =done or x = z may now return ff, because the values of variables
done or  may be altered concurrently. Similarly, the evaluation of  + « where
z is an integer variable may yield an odd integer. Laws of programming that
are usually taken for granted, cease to hold. Finer levels of granularity further
increase the complexity of parallel programming.

Expression traces. Brookes has shown how the transition trace semantics can
be adapted straightforwardly to model fine-grained parallelism [Bro96b]. The
key idea is to extend the semantics such that expressions denote sets of traces
of the form

((so, s0)(s1,81) - .- (Sn, $n), v)

where each of the s; is a state and v is a value. The intuitive meaning of such a
trace is that the evaluation of e is started in state sg, interrupted n times, where
the ith interruption changes the state from s;_ to s;, and finally results in value
v. For simplicity we will assume that the evaluation of expressions always ter-
minates. This idea can readily be extended to labeled transition traces. To
illustrate the basic approach, we restrict attention to boolean expressions over
the constants ¢ and ff, variables, negation, and conjunction. Analogous defi-
nitions can be made for other boolean connectives and arithmetic expressions.
First, the closure operations must be extended to labeled boolean expression
traces. This is straightforward and omitted. Let P#((Z x A x )t x {tt, ff}) be
the set of closed sets of boolean expression traces.
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Extending the semantics. We then extend the semantic map 7¢ such that
it maps boolean expressions B to P((Z x A x £)* x {tt, ff}). Because we will
later illustrate and compare the impact of different evaluation strategies on the
program development process, we introduce four different kinds of conjunctions.
B; A B, stands for standard, atomic conjunction. B; A;r Bs evaluates its argu-
ments from left to right, B; A,y By evaluates its arguments from right to left,
and B; A, B evaluates its arguments in parallel. Let ’T1 for I € A be defined
as follows.

Tl = {((s,0,9),1t) | s € TP
T = {((s,0,5),0)|sesP
THzl = {((s,1,5),0) | s(z) = v}}
T'-Bl = {(e,~v) | ( av)eT‘IIB]l}‘
THBiAB:] = {((s,1,8), ) | ((s,1,5), ) € T}BJU T B}

U{((s,1, 8),1t) | ((s,1,5),11) € T’[{Blﬂn'r*ﬂBz]]}i
THB1 A B2l = {(e,f) | (o, f) € 7;*[[8111}*
U{(aB,v) | (o tt) € T[BIl A (B, v) € TH[Ba]}
THBi A B2l = {(ef) | (o, f) € T}B:]}
U{(aB,v) | (a,tt) € T[B2D A (B,v) € TH[BiJ}
THB1A, Bil = {(v,v1 Av2) | (a,v1) € TF[B1] A (B, v2) € T [Ba]
Ay € a8}

Intuitively, 7#[B] records which finite stuttering sequences cause expression B
to be evaluated to which value. For instance, the trace set for the boolean
expression z Aj, - contains traces of the form

((z,1h, z)(~z,ly, ~z), 1),

where z and —z stand for states in which the value of z is t¢ and ff, respectively.
In other words, in an environment that resets = between evaluation of the first
and second conjuncts xA;-—x can evaluate to true. As another example, consider
the boolean expression z Ay, y. It has the trace

((z A=y, 1,2 A-y)(mz Ay, la, -z Ay), i),

that is, the evaluation of & A;r y can yield true without ever passing through
a state in which both z and y are true simultaneously. Note that left-to-right
evaluation is equivalent to right-to-left evaluation on commuted arguments, that
is,

BiNy Ba =13+ By Au By
for all boolean expressions B; and B.
Extending the syntax. To extend our framework appropriately we need to

give the user a way to use these evaluation traces for specification purposes. To
this end, we augment our language with the statement {B |} v} where B is a
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boolean expression and v is a boolean value. Formally, we extend the definition
of labeled and unlabeled programs C and D in Section 2.1.3 by the clauses

C = {Blv}
D == {BJ{wv}

where v € {it,ff}. We will leave the scope of labels and the set of contexts
unchanged. Note, however, that the framework could easily be extended to
allow labeled expressions, contexts with their hole in the place of an expression,
and thus for refinement of expressions. {B | v} stands for all finite stuttering
sequences that cause B to be evaluated to v, that is,

THBUv] = {a](ev) € THBI}.

Adapting the embedding. The encoding of assignments to boolean variables,
conditionals and while loops can be rephrased as follows:

z:=B {B{tt}sa:fit,e] V{B | ff};e:[tt,~z]
if B then C; else C; {BYtt};C)v({B I fF};Cq)
while Bdo C = (({B{tt};C)* ;{BUfF})V({Bytt};C).

-

Now, the execution of assignments may be interrupted during the evaluation of
the right-hand expression. The execution of conditionals and while loops may
be interrupted during the evaluation of the test. In Section 4.1.1 we will see
how evaluation strategies can be compared using trace inclusion.

The following lemma collects a few properties of fine-grained boolean ex-
pressions that we will need later.

Lemma 2.3 (Properties of fine-grained boolean expressions)

1. An expression trace evaluates a negation =B to value v if and only if it
also evaluates B to —w, that is,

{=Blv} =7+ {BY-w}
for all boolean expressions B and values v € {¢t, ff’}.

2. The DeMorgan laws also hold for fine-grained boolean expressions. We
only list the laws we will later need.

--B =71 B
=(B1 Air B2) =7: —Bi1Vy B

Proof: Directly from the definitions. ' [ |
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Discussion

This concludes our presentation of the syntax and semantics of our language.
We conclude that the language supports

[

fair parallel computation,
shared-variable and message-passing concurrency,
local variables and channels,

the expression of reactive systems.

Moreover, the transition trace semantics 7%

is easy to work with, because it is compositional. The semantics of a
composite program is determined solely in terms of the semantics of its
constituent programs. Moreover, the treatment of the standard program-
ming constructs is reminiscent of extended regular expressions and thus
rather intuitive and mnemonic.

is robust. Finer levels of granularity or other language constructs can be
modeled rather straightforwardly.

validates standard laws of concurrent programming (Lemmas 2.1 and 2.2).

is fully abstract for standard, shared-variable parallel programs. In other
words, it is at the right level of abstraction compared to the standard
notion of operational behaviour [Bro96b). It thus avoids unnecessary dis-
tinctions between programs like C and C ; skip, for instance.

does not allow reasoning about complexity. For instance, all finite amounts
of stuttering are equated, so that, skip =7+ skip®.

Due to these properties, 7+ and £} will be used as our semantic modeling
tools in this thesis. The term “closed” will stand for “sm-closed” unless noted
otherwise. The use of 7 and 7 will mostly be confined to proofs.



Chapter 3

Assumption-commitment
reasoning

Few programs execute in complete isolation. Typically, programs interact with,
for example, other programs, users, devices, or sensors. Moreover, a program
usually 1s not expected to accomplish its purpose in completely arbitrary en-
vironments. A server will grant eventual exclusive access to a shared resource
only if other users always eventually release that resource. In its most general
form, assumption-commitment reasoning — sometimes also called assumption-
guarantee or rely-guarantee reasoning — allows the verification of a program
under the assumption that its environment behaves a certain way. In the con-
current setting, assumption-commitment reasoning paves the way towards a
compositional treatment of concurrent composition.

Historically, the search for a compositional treatment of concurrency began
with Owicki and Gries’ seminal work. In [OGT76a], they attempt to extend
Hoare-logic to a shared-variable parallel language. More precisely, Hoare-triples
are generalized to proof outlines. A proof outline is an annotated program in
which any two adjacent statements are separated by a predicate describing the
properties that hold at that point. Two proof outlines can be put in parallel,
if they are interference-free, that is, none of the predicates of one program are
invalidated by the atomic statements of the other. In other words, the predicates
in the proof outline serve as assumptions that the program implicitly places on
the environment it is going to be executed in. The premises of the rule for
parallel composition require the user to identify these assumptions, and show
that each program respects the assumptions of the other. This non-interference
check ensures soundness, but also makes the rule non-compositional and thus
unsuitable for program development. In [Jon81], Jones addresses this problem
by using rely- and guarantee-conditions to state explicitly the assumptions and
the guarantees of a program. Formulas are of the form

CkE (P,R,G,Q)

33
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where C is a program and (P, R, G, Q) is a specification consisting of four pred-
icates P, R, G and Q. The precondition P and the rely-condition R constitute
the assumptions that C' can make about its environment. In return C must
satisfy the post-condition @ and the guarantee-condition G. Note that R and
G are binary in the sense of Section 2.1.2 to allow for the description of pairs
of states. Program C satisfies the rely-guarantee tuple (P, R, G, Q) if C termi-
nates in a state satisfying @ and all program transitions satisfy G, whenever the
initial state satisfies P and all environment transitions satisfy R. This notion
naturally extends Hoare-triples {P} C {Q} for total correctness from sequen-
tial programming. Rather than placing assumptions on the initial state only,
we also come up with assumptions for the environment. Moreover, rather than
specifying the final state only, we also specify the intermediate behaviour of C.
The book-keeping of assumptions and guarantees pays off when formulating the
rule for parallel programs.

Cl }= (P; RlyGlle) 02 ": (P: R27G27Q2) Gz = Rl Gl = R2
Ci||C2 E(P,RiARy,G1VGs,Q1 ANQ2)

The assumptions of one program have to be implied by the guarantees of the
other and vice versa. Informally, the two programs running in paralle] have to
be shown to respect each other’s needs.

Using Jones’ idea of explicitly stating the assumptions and the commitments
of each program, Stirling generalized Owicki and Gries’ logic [Sti88]. In his
setting, the formula

[AT] C (@ 4]

expresses that if the initial state satisfies P and the parallel environment pre-
serves all the predicates in I', then C will terminate in a state satisfying ¢ while
also preserving the predicates in A. The parallel rule then takes on the following
shape.

[P,Ty] Cy [@1,A4] [P,T3] Cy [Q2,A2] ' C A I, caA
[P,TiUTy] C1]|Cy [@1AQ2,A1NAY]

Compared to Owicki and Gries approach, Stirling’s formulation is compositional
and more general. The following definition will adapt Stirling’s compositional
formulation of assumption-commitment reasoning to our setting.

Definition 3.1 (Assumption-commitment formulas)

1. Let s and s’ be two states, ! be a label, P a unary predicate and I" be a
set of unary predicates. We say that (s,{,s’) preserves P,

(s,1,s') = pre P,

for short, if
(s,1,8") EP = P.
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We say that (s,[,s’) preserves T,

(s,1,5") = pre T,
for short, if
(s,1,8") k= pre P,
for all P € T'. pre P and pre I" should thus viewed as a binary predicates.

2. Let o = (s0,l0,50)(s1,{1,8}) ... be a labeled transition trace

e Let P be a unary predicate. We say that o satisfies the assumptions
PandT,
o | assump(P,T),
for short, iff the first state satisfies P and T is preserved across all
gaps along a, that is,
— 5o = P and
— (8,si41) E pre T for all 0 < ¢ < length(a)

where length(a) stands for the number of pairs in o minus 1. Re-
member that o may be infinite.

e Let @ be a unary predicate and let A be a set of unary predicates.
We say that « satisfies the guarantees Q and A,

a | guar(Q, A),

for short, iff the last state in o (if it exists) satisfies @ and A is
preserved across all transitions along «, that is,

— last(er) E @, if « is finite and

— (s4,8}) = pre A for all 0 <7 < length(a)

where last(a) denotes the last state of «, if « is finite.

3. We say that « guarantees Q and A under assumptions P and T,
[PT] o [Q.4]
for short, iff
a = assump(P,T)
implies

a | guar(Q, A).

4. Let T be a set of transition traces. T' guarantees @ and A under assump-
tions P and T,
[P,T] T [Q,4]

for short, iff
[PT] o [@ 4]
foralla € T.
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5. Let C be a program. C guarantees Q and A under assumptions P and I,
[P.T] C [@ 4]

for short, iff
[p,T] TC] [@,A]

6. We will call [P,T] C [Q, A] an assumption-commitment formulaor assump-
tion-commitment specification. ]

Example 3.1 (Assumption-commitment formulas)
Let C be the following program to multiply two numbers stored in z and y by
repeated addition. The result is to be stored in mul.

C = mul:=0;
new cnt = y in
while cnt > 0 do
mul :=mul + z;
ent:=cent — 1
od
end

We assume that z and y are initialized with two natural numbers m and n
respectively. Clearly, C' only computes n - m if certain restrictions are placed
on the way the parallel environment treats mul. The assumptions {mul = v |
v € Dompu A0 < v} would preserve all predicates mul = v with 0 < v.
Consequently, the environment could not change the value of mul at all and
correctness of C' would follow. Interestingly, however, it suffices to assume that
the environment only preserves the value of mul if it is a multiple of m between
0 and n - m.

[m:mAy:n,{x:mAy:n}UI‘muz]
c
[mul = n-m Az =mAy=n, Preds(Var\{mul})].

where
T = {mul=v|v€ Dommu AO<v<n-mAv mod m=0}.

Under these assumptions C will leave the desired result in mul. Moreover, since
C only changes mul, it will leave all other variables unchanged. Consequently,
C will preserve all predicates with free variables in Var\{mul}, that is, all
predicates in Preds( Var\{mul}). Note that if there is an upper bound for mm and
n, that is, both values are known to be below a certain maximal value maz, then
the set of assumptions T4 becomes finite and will contain precisely. maz/n
predicates. Also note that C preserves more than just the predicates in which
mul does not occur free. In other words, the set Preds( Var\{mul}) of preserved
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predicates is not complete for C. For instance, the predicates mul mod z = 0
and £ > 0 = mul > 0 are also preserved by C. This example thus points
us to a fundamental weakness of assumption-commitment formulas. A finite
representation of the set of all predicates preserved by a program is typically
impossible. Instead, only those predicates whose preservation is essential will
be mentioned. O

3.1 Properties of assumption-commitment for-
mulas

We list a few useful properties of assumption-commitment formulas.
The first allows the addition and removal of closed predicates, because they
are always preserved.

Lemma 3.1 (Assumption-commitment and equivalent and closed pred-

icates)
We have
[P T] C [Q, 4]
iff
[P,TU Preds(0)] C [Q,AU Preds(0)]
where

{P'|PETAP &P}
{P'|PEANP & P}

>l o=

Proof: It follows directly from the definitions that every transition preserves
all closed predicates. n

Due to the above lemma, equivalent and closed predicates will not be ex-
plicitly mentioned in the set of assumptions and guarantees of a assumption-
commitment formula.

The next lemma allows for weakening using trace inclusion.

Lemma 3.2 (Weaken assumption-commitment formulas)
If C; D71 Cy and
[Pa F] Cl [Q:A]’

then
[PT] C: [Q,A]

Proof: Follows directly from the definition. [ |

Thus, equivalent programs satisfy the same assumption-commitment formu-
las.
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Corollary 3.1 (Trace equivalence and assumption-commitment)
Let C1 =7+ Co. We have
[AT] C1 [Q,4]

if and only if
(A, T] C: [Q,A]

O

The next lemma enables us to ignore the traces that arise from the mumbling
closure condition when proving an assumption-commitment formula. More pre-
cisely, if 71 is set of traces that is closed under stuttering and that guarantees
Q and A under assumptions P and T, then T* will also guarantee Q@ and A
under assumptions P and I'. Intuitively, this is because mumbling can neither
change the final state nor introduce a transition that does not preserve A.

Lemma 3.3 (Closure and assumption-commitment formulas)
If
[P,T] T'[C] [Q,A]

then
[P,T] THCY [Q, 4]
and thus
[PT] C [@ A]
Proof: Let a € T1[C]. We show that
[P.T] o [Q 4]
implies

P1] o Q4]
for all o' that arise from o through finite mumbling. The case for infinite
mumbling is similar. Let

ai(so,l,81)(s1,0,82) ... (Sn=2,0,8n-1)(Sn-1,1,8n) 2
al(soal) Sn)02

@
al

and let o' |= assump(P,T). We need to show that o/ | guar(@Q,A). We also
have a |= assump(P,T). By assumption, o = guar(@, A). Consequently,

(s0,1,51)(s1,0,82) ... (8n-2,1,8n-1)(8n-1,1, 8n) |E guar(tt,A)
which implies (so, sn) = guar(tt,A). Thus, o’ | guar(tt,A). Moreover, o is

infinite iff « is infinite; last(a’) = last(a) if « is finite. Thus, o' |= guar(Q, A).
n

Note that the lemma cannot be strengthened to T, that is, after the addition
of stuttering the trace may violate the assumption-commitment formula even if
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the original did not. To see this, consider the trace (s,!l, [s|z = 0]) of program
z:=0. The trace satisfies

[tt, Preds(B)] (s,1,[slz =0]) [z =0, Preds(Var\{z})].

However, addition of the stuttering step ([s|z = 1],{,[s|z = 1]) at the end, for
instance, destroys this property.

The remainder of this section identifies conditions that are sufficient for
establishing assumption-commitment formulas. Definition 3.1 defined pre P as
a binary predicate that is satisfied by a transition if and only if the transition
preserves the validity of P. We will abuse notation and now also define pre P to
be the most general atomic statement whose transitions preserve P. Similarily
for pre T.

Definition 3.2 Given a predicate P and a set of predicates I' C Preds(Var),
we define

pre P = Variit, P = P)
prel = Vartt,YP€T. P = P)]
pre® T = (pre)™.

We say that program C preserves T' in all contexts if
C Cgyi+ preel.
O

Note that a transition satisfies the binary predicate pre P if and only if it is a
trace of the atomic statement pre P. Since pre P is the most general atomic
transition that preserves P, pre™ T is the most general program that preserves
all predicates in T'.

Lemma 3.4.1 below makes use of the fact that a program preserves a set of
predicates in all contexts. Lemma 3.4.2 expresses that given an atomic state-
ment A, the formula

[P,T] A [Q,A]

is true if the precondition P and the characteristic formula of 4 imply the
postcondition, and both P and @ are preserved by the environment, and A
only contains predicates that are preserved by A in initial states satisfying P.

Lemma 3.4 (Sufficient conditions for assumption-commitment)

1. If C is known to preserve a set of predicates in all contexts, then it will
also preserve them in a specific context. Formally,

[P,T] C [tt,A]
if every transition of every transition trace of C satisfies pre A, that is,

C Cq: pre®A.



40 CHAPTER 3. ASSUMPTION-COMMITMENT REASONING

2. Let A be an atomic statement. If
e {P,Q} CT, and
o (P Acfs) = @, and
« AC{QI(PAQAs= Q)
then
[PT] A [@A]
Proof:
1. Straightforward from the definitions.

2. Let a € TT[A]. a is of the form & = a1(s, s')a where o and a3 are pos-
sibly empty, finite sequences of stuttering steps. Let o |= assump(P,T).
The only non-stuttering transition along « is (s, s’). Thus, to show that
all transitions along o preserve A, we only need to argue that (s, s’) pre-
serves A. Since P € T, P is preserved by the environment and thus
not only the first state of a but also the state right before execution of
A also satisfies P, that is, s | P. With the first premise, this implies
(s,8') E guar(Q,A). Since Q@ € T, Q is preserved by the environment
and thus the last state of o (if it exists) also satisfies . Consequently,

[PT] « [Q,A]

Lemma 3.3 implies the desired result. ]



Chapter 4

Notions of approximation

This chapter presents different ways of comparing the behaviour of one program
with that of another. The semantics presented in the previous section gives rise
to a natural, powerful, but context-insensitive notion of approximation. It allows
us to compare the behaviour of two programs regardless of the environment that
they are executed in.

However, as described in the introduction, our requirements on a suitable
refinement relation force the development of a context-sensitive notion of ap-
proximation in Section 4.2. It expresses that the behaviour of a program is
approximated by the behaviour of another program in a particular context.
While both notions are useful, it is the second that will form the basis of our
refinement calculus.

Finally, a relation on contexts is defined in Section 4.3 that distinguishes
contexts with respect to their “capabilities” or “discriminating power”. This
relation will help us to express that environment assumptions expressed in a
given context are stronger than those of some other context.

4.1 Context-insensitive approximation

A very natural notion of program approximation arises through transition trace
inclusion C1 D7t Ca. The compositionality of the semantics lends a lot of power
to this notion. The notation pre P expresses that predicate P remains true if
it is true initially. No conclusions can be made if P is false initially. Very often
there is a need to express that the value of a variable, predicate, or expression
does not change regardless of the initial state. To express this, we introduce the
inv notation.

Definition 4.1 Given an expression e, let inv e and inv™e stand for

inve = Var:tt,e=F¢]
nv™ e = (inve)™.

41
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Thus, inv e denotes the most general atomic transition that leaves the value
of the expression e invariant, that is, unchanged. The program inv™ z, for
instance, is the most general program that never changes the value of z.
Given a predicate P, inv P comprises all atomic transitions that do not
change the value of P. Note that invariance implies preservation, that is, »

mmv P Cq: preP,

but not vice versa.

Compositionality makes trace inclusion C; Cy s Cs a powerful reasoning aid.
For instance, a program C always leaves the value of z invariant in all contexts iff
C C7: inv™ z. Similarly, C always preserves the invariant J = mul = (y—cnt)-z
in all contexts iff C Cr: pre™ I.

Proposition 4.1 (Invariance and preservation)

1. A program C can only change the variables that occur free in it, that is,
all variables that do not occur free in C will be unchanged. Formally,

C Cqy:  in™®(Var\fv(C))

for all C. Note that this invariance trivially implies preservation of all
properties over variables not free in C, that is,

C Cgi pre™ Preds(Var\fu(C)).

2. An atomic statement A preserves A in all contexts if

cfsa = forallPeA.p=P.

3. If C preserves A in all contexts, then C* does, too.
Proof: Directly from the definitions. n

Lemma 3.4 in the previous chapter examined sufficient conditions for assump-
tion~-commitment formulas. The corollary below combines this information with
the lemma above.

Corollary 4.1 (Sufficient condition for assumption-commitment)
A program always preserves all predicates over variables that do not occur free

in it. Formally,
[P,T] C [tt, Preds(Var\fo(C))]. -

Proof: Using Proposition 4.1 and Lemma 3.4. n
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B Ap By

Bi A By

Figure 4.1: Lattice of evaluation strategies for conjunction

4.1.1 Fine-grained concurrency

Recall the definitions of the three boolean operations By Ay By, By Ari B2, and
By Ap By of Section 2.4. The first two compute the conjunction by evaluat-
ing their arguments from left-to-right and right-to-left respectively. The last
evaluates both arguments in parallel. We can use trace inclusion to compare
evaluation strategies. Intuitively, By A, By is the most general and ordinary,
atomic conjunction By A Bj is the most restrictive. Indeed, as shown in Fig-
ure 4.1, the four operations form a lattice under trace inclusion. It is instructive
to see that these inclusions are proper.

((—w ANy, mz Ay)(z Ay, 2 A-y), tt)
is a trace of By A, Bs, but not of By A;r By. Moreover,
((m Aoy e A-y)(-z Ay, e Ay), tt)

is a trace of By Aj» By, but not of By A By, that is, under non-atomic, left-to-
right evaluation the conjunction can hold, that is, be evaluated to true, even
if the evaluation did not contain a state in which both arguments were true
simultaneously. In Section 5.6 we will revisit non-atomic boolean expressions
and examine the interplay between evaluation strategies and refinement.

4.2 Context-sensitive approximation

Given the pleasant metatheory of the trace semantics, it seems natural to use
it also directly for refinement. However, the very properties that make the se-
mantics so well-suited for determining the meaning of a parallel program, also
render it unsuitable as a basis for refinement. To see why, suppose we considered
O a refinement of C; iff the denotation of Cy under 77 is contained in that
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of C; under 7%, that is, if C; D7+ Cs. Full abstraction as proved in [Bro96b)
means that we have C; Dy C» iff in all possible contexts the executions of
C) are contained in those of C; in the same context. Thus, whenever we want
to do refinement in a specific context, trace set inclusion will typically be too
strong, because it does not incorporate information about that particular con-
text. In other words, the suggested notion is not context-sensitive. Consider,
for instance, the programs C; = z:=1 and Cy = z:=z + 1. Clearly, the trace
set of these programs are incomparable, that is, C; €y: C2 and C; €71 Ci.
However, if executed in initial states with = 0 and in parallel contexts that do
not change the value of z if it is 0, then every transition of C; can be matched
by C> and vice versa.

The notion of approximation introduced below is context-sensitive. It allows
us, for instance, to capture the intended relationship between C; and Cj above.
It will form the basis of our refinement relation to be introduced in the next
section. As we will see, it generalizes trace inclusion. We will need the following
notation.

Definition 4.2 (Execution inclusion modulo V)
Let V be a set of variables.

1. Two executions

(80,10,31)(81,11,32) “e
(to,do,t1)(t1,01,t2) . ..

Q
il

@
I

are equal modulo V|

a=f (modV)
for short, if so = 1o and s; = t; (mod V) for all i > 1 where s =t (mod V)
abbreviates Ve € Var\V.s(z) = t(z). Note that o and S must have
matching labels and identical initial states.

2. A set of executions T} contains another set of executions T> modulo a

variable z,
T1 Der To (mod z)

for short, if for every execution « in 77 there exists an execution £ in T
such that a = 8 (mod {z}).

Given a set of variables, let T} Dg: T (mod V') be the obvious general-

ization. Also, let
Ci Dgt Co (mod V)

stand for £[C,] D £[Ca] (mod V). o

In Section 4.2.1 the above definition will be used to capture when two programs
involving a local variable declaration have the same executions. The asymmetric
treatment of the initial state is necessary to achieve this result.
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Definition 4.3 (Context-sensitive approximation)
Let Cy and C be unlabeled programs and E be a context and V be a set of
variables. Cy approzimates Cy with respect to E and modulo V,

Cl ZE CQ (mod V)
for short, iff
E[(C1)] 2¢1 E[(C5)] (mod V).

C1 =g Cy (mod V) abbreviates C; > Cs (mod V) and C >g Cy (mod V) so

that C1 =g C3 (mod V) iff E[(C1)] =¢+ E[(C2)] (mod V). Also, Cy >g Cs and

C1 =g Cy abbreviate C; >g Cy (mod 0) and Cy =g C3 (mod 0) respectively.
O

Intuitively, C1 >g Cs (mod V) if E causes Cy to exhibit only transitions that
can be matched by Cy modulo V. In other words, E cannot force Cs to go
beyond what C; can do.

Example 4.1 (Context-sensitive approximation)

1. Consider the following three contexts.

Er = {z=0};[0] inv°z]
Ey; = {z=0};[0] inv™(z=0)]
Ez = {z=0};[0] pre>(z=0)]

Clearly, in initial states with 2 = 0 and parallel environments which do not
change the value of z, the assignments z:=1 and z:=z + 1 have matching
transitions. That is,

z:=1 =g, zw=z+1.

However, the assumptions embodied in E; are stronger than necessary.
Context E», for instance, allows for = to change arbitrarily as long as
the value of the predicate = 0 is unchanged. Thus, an environment
transition can neither assign a non-zero value to x if its current value is
0, nor can it assign 0 to  if its current value is not 0. That is,

z:=1 =g, zw=z+1.

However, Ej is still unnecessarily strong. It suffices to require that z is
unchanged if it is 0. In other words, the predicate ¢ = 0 must be preserved.
This requirement is expressed in E3. We have

zi=l=pg, x:=x+1.

Context E3 allows z to be changed arbitrarily as long as its value is not
0. In that case, it must continue to be 0. In contrast to FE,, the value of
z can thus change from non-zero to 0.
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2. Let B4 = {y > 0};[[1]] 2:=0]. Then,
etz >x] >p, z:=z+y,
but
zi=z+y PFg, =tz >T]

The first approximation holds, because the assignment z:=z + y on the
right hand side will always increase z since y is known to be greater than
0. The second approximation fails, because z:[tt,z >Z] can increase z by
any value not only by the value of y. For example, let y = 1 and ¢ = v
in the initial state, then 2:[tt,z >Z] has a transition to a final state with
z = v+ 2 that £:=2 + y cannot match.

3. Let Es = {y > 0};[[] || y:=0]. Then,
z:tt,z >%) Fp, z:=z+Y,
because in a state with y = 0, z:=z + y has transitions that cannot be
matched by z:[tt,z >Z]. ]

4.2.1 Properties of context-sensitive approximation

The next lemma states a few helpful properties. First, context-sensitive approx-
imation is transitive. Second, context-insensitive approximation Cy Cr: C2 can
be viewed as a special case of context-sensitive approximation Cy <g Cy where
the environment E is maximally general and unrestricted.

Lemma 4.1 (Properties of context-sensitive approximation)
1. C; >g Cy (mod V) and C; > C3 (mod V) implies C1 2g C3 (mod V).
2. Cy D7t Ca iff Cy >E C; where E = [1 || Var:[tt, tt]>.
3. C;1 Dy: C; iff Cy > O, for all contexts E.

Proof:

1. E[(C1)] Ces E[(C2)] (mod V) and E[(C2)] Ce+ E[{C3)] (mod V) clearly
imply E[(C1)] Ces E[(Cs)] (mod V).

2. The context [1 || Var:[tt,tt]* has an important property. The program
Var:[tt, 1] has the capability to change any variable arbitrarily. It can
thus always realize any state change from s to s;41 across a boundary.
Consequently, there is a one-to-one correspondence between the transition
traces of (C) and the executions of (C) || Var:[tt,#t]. That is, for every
transition trace

(sﬂ;pa 36)(31717’ sll) s
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of a program (C), there is an execution

(SO)p’SG)(SBa €, 81)(51)171 Sll) e

of E[(C)] and vice versa.

==>: This direction follows from the congruence property. <=: Let o be
a trace of C; and let o' be the corresponding execution of E[(C};)] using
the property above. By assumption, o’ also is an execution of E[(Cs)].
Again, by the above property, a also is a trace of Cs.

3. =: By congruence. <=: We show the contrapositive. Let o be a trace
of Cy but not of Cz. Then, E[(C1)] has an execution that E[(C3)] does
not, where £ = [1 ]| Var:[tt,{t]*. Using the above property, the execution
corresponding to « is in E[(C})] but not in E[(Cs)]. [

The above lemma allows us to weaken context-sensitive approximation by
using trace inclusion and by enlarging the set of “modulo” variables.

Corollary 4.2 (Weakening context-sensitive approximation)
Suppose Cy >g Cs (mod V).

1. If C1 D7+ Cy, then Cy 2 Cs (mod V).
2. If C3 D71 C4, then Cy > Cy (mod V).

3. f V C V', then Cy > Cs (mod V).
O

The presence of labels in traces gives rise to a finer grained notion of equiv-
alence. If a labeled program is equivalent to another labeled program, then the
corresponding unlabeled versions are also equivalent, whereas the converse is
not necessarily true.

Lemma 4.2 (Labeled trace inclusion implies unlabeled)
For all contexts F,

1. E[(Cl>] 27‘& E[(CQ>] implies E[Cl] 27'1 E[Cg]
2. E{(C’lﬂ _D_g: E[(Cz)] implies E[Cl] 251 E[Cz]

Proof: Both propositions follow from the fact that if two labeled transition
traces are equal, their unlabeled counterparts will also be equal. [ ]

To see why the reverse direction does not hold, consider the following coun-
terexample. The unlabeled program

await B ||new 2 = 0 in while ¢t do z:=z + 1
is equivalent to

{B} || new 2 = 0 in while t¢ do z:=z + 1.
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The right-hand program exhibits infinite stuttering so that the absence of the
infinitely stuttering disjunct {—B}* on the left-hand side is not noticed. If,
however, the left program is labeled, the equivalence fails, that is,

(await B) || new z = 0 in while t{ do z:=z + 1
is not equivalent to
({B}) || new z = 0 in while tt do z:=z + 1.

More precisely, the first program contains the trace

(s,e,8)(s,p,s)(s,e,5)(s,p, 8)(s,€,5)(s,p,8) ...
where s is a state that .falsifies B, whereas the second does not.

Lemma 4.3 (Execution inclusion modulo V and declarations)
We have
C1 Cet Cz (mod {z1,...,2,})

if and only if
new z; =e€ij,...,tp =€, InNC; Cgt new 3y =e€1,...,Z, =€y, in Cy
where e; is a constant or a variable for all 1 <7 < n.

Proof: We show the case n = 1. The general case follows.

=>: Let a be an execution of new z = e in C; where z has value vy initially.
Also, we define the update of a trace o = (so,lo, 55)(s1,01,51) ... by

[alz=v] = ([solz =],l0,[splz = v])([s1]lz = v], L, [si|z="])....

Let v be the value of e in sp. By definition, C; has an execution a’ where
z is v initially and o = [@'|z = vo]. By assumption, Cs has an execution
B’ such that o/ = ' (mod {z}). Thus, the initial state of ' also satisfies
z = v. Thus by definition, [8'|z = vo] is an execution of new z = v in Cs.
Moreover, a = [@'|z = vo] = [#|z = vo].

<=: Let (z = v)a be an execution of C; where e = v and z = vp in first(a).
Then, [@|z = vo] is an execution of new z = e in C; and by assumption
also of new z = e in Cy. By definition of new, C5 has an execution (x =
v)0 such that e = v and ¢ = v in first(3) and [B|z = vo] = [e|z = vo).
Thus, a = 8 (mod {z}). ]
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4.2.2 The power of context-sensitive approximation

While Example 4.1 above clarifies Definition 4.3, it does not demonstrate the full
power of context-sensitive approximation. To this end, consider the following
scenario. Let C be a distributed system. Suppose C contains a server component
S that receives commands from its environment via some channel ¢md to update
a data structure. More precisely, let C be of the form E[S] where

S = new ¢ =no.op,done=ff in
while —done do
cmd?c;
case ¢ of
cmd1 . Cl|
emd, : Cy,
end
od
end.

If the environment E does not issue certain commands, the server can be sim-
plified. For instance, if E never outputs commands emd;y; through emd, to
channel emd with ¢ < n, S can safely be replaced by

S’ = new ¢ =no.op,done=ff in
while ~done do
emd?c;
case ¢ of
emd; : C|

cemd; : C;
end
od
end

that is, we have
S =g S

which implies
C = E[S] =5+ E[5]

with Lemma 4.2. The point is that context E can be arbitrarily complex. It can
place the server S in the scope of loops, declarations, parallel compositions, or
after synchronization statements. Of course, the more complex E is, the harder
it probably will be to ascertain that E does not issue ¢md; through emd,.
Moreover, context-sensitive approximation can also serve as a specification
tool that allows for the concise expression of complex program properties. Sup-
pose we want to formalize that the server behaviour in the given environment
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always has a certain property. Let S’ be a program that captures this property.
The behaviour of S in E meets the specification S’, if and only if S’ >g S. Note
that the full power of trace sets is available to express S'.

For another, more concrete example, let await B be an await statement
in some program C|, that is, C = E[await B] for some context E. Recall that
blocking is defined as infinite stuttering, that is, await B = {B} Vv {-B}“.
Control always eventually gets past await B in C, if and only if the disjunct
that models infinite blocking can be removed without changing the behaviour,
that is, if and only if await B =g {B}. This idea will be crucial in Chapter 8 to
formalize that a mutual exclusion algorithm has the eventual entry property, that
is, that every process that has started the entry protocol, will always eventually
be allowed to enter the critical region.

4.3 Context-approximation

It seems natural to introduce a pre-order on contexts that orders contexts with
respect to their “discriminating power”. For CCS, for instance, this was carried
out by Larsen in [Lar87]. In [Din96], we define E; C E5 to mean that context
E, is at least as discriminating as context E;. We do the same here.

Definition 4.4 (Context approximation)
E, is at least as discriminating as E1, E1 C E, for short, if for all programs C}
and Cz, 01 SE2 C2 implies Cl SEl Cz. O

Example 4.2 (Context approximation) We revisit the contexts

E1 = {z=0};[0] inv°z]
E; = {z=0};[00[ ine®(z =0)]
Es = {z=0};[00] pre>(z =0)]

from Example 4.1. Moreover, let

Ey

{z = 0};[01 || while tt do y:=y + 1]

E, {z = 0};[01]] Var:tt, t2]™].

1. Context E3 can only do those transitions that preserve the value of the
predicate = 0, whereas context F4 can do any transition at any time.
Every approximation that holds with respect to F4 will also hold with
respect to F3, whereas the converse is not true. FE4 is more general and
thus has more discriminating power. Consequently, E3 C Ejy.

2. Context E; can only do those transitions that leave = invariant. Context
Es5, however, can change the value of z as long as the predicate z = 0 is
left invariant and thus is more discriminating. Context E3 in turn is more
discriminating than E;, because Ej3 is allowed to change z arbitrarily, if
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z = 0 is false, whereas E5 has to leave the value of # = 0 unchanged.
More precisely, Ej is able to change the value of x = 0 from false to true,
whereas FEs is not. Consequently, E1 C Fy C Fjs.

3. Finally, context Eg is the least discriminating, because it is the most
specific. More precisely, Ey C Ey, because the parallel program in context
Ey never changes the value of z.

Consequently, we have

Eoc C By C E; C E3 C Ey

4.3.1 Properties of context-approximation

Context approximation formalizes assumption-commitment reasoning and thus
allows for modular proofs of approximations like C; >g C3. To see this, sup-
pose we want to show C; >g Cs. Furthermore, suppose that inspection of
the two programs reveals that the most general context in which the approxi-
mation holds is E’. Then, the proof of C; >g Cs can be reduced to showing
E C E'. Context-approximation thus is a convenient reasoning tool. The
following lemma collects a few sufficient conditions for establishing when one
context approximates another. Enlarging the set of transition traces of a paral-
lel component of a context increases that context’s discriminating power; that
is, the resulting context will be as least as discriminating. Moreover, weakening
a predicate also gives the context more behaviour and thus more discriminat-
ing power. Finally, adding local variables decreases the discriminating power.
Informally, local variables around a context act as an “equalizer”. Consider, at
the most extreme end, the context new z; = ey,...,z, = €, in E where z;
through z, are all the free variables of Cy and C,. If C; and C have finite (or
infinite) traces only, this context will equate both programs regardless of their
behaviour, that is, C; =g Cy. This is because fu(C) C {z1,...,2,} implies

new ry = e€j,...,&n, = e, in C =53 skip
if C has only finite traces, and
new zj; =ej,...,&p =€, in C =73 while t{ do skip
if C has only infinite traces.

Lemma 4.4 (Properties of context-approximation)
For all contexts FE,

1. It C; Cy+ Cs then E[[1 | C1] C E[[1 || Cal.
2. If P, = P, then E[{Pl} H E’] cC E[{Pz} ;El].
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3. newz=vin ECE.

Proof:

1. Let C; C7: Co and C >g()i¢,] C' for some C and C'. We need to show
C >gmyc,) C'- Let o € EY[E[(C') || C1]]- Suppose o ¢ EX[E[(C) || C1]].
Case: There exists a longest prefix o’ of o that can be extended to an ex-
ecution in both sets. Then, o' is followed by a program transition (s, p, s)
of C' that C cannot match. Since Cy Cys Cq, o' (s,p, §') is also the prefix
of some execution of E[{(C’) || C2] but not of E[(C) || C2] which contradicts
C’ >Eqjcs) C. Case: There is no such longest prefix o’ of @, that is, every
prefix of o can be extended to executions of E[{C")||Cy] and E[(C)||Ci].
Consequently, « is infinite. Moreover, there are infinitely many program
transitions by (C’) along a. Together, these program transitions form
a trace (8 that cannot be matched by (C) in the same context. Since
C1 Cri Ca, (C') still has § in context E[[1]|C2]. However, due to the sep-
aration between program and environment steps (C) still cannot exhibit
B in context E[[1]|Cs]. Consequently, a is an execution of E[(C")||C-] but
not of E[(C)||C2], which contradicts C' >gyc,) C’-

2. The premise P; = P, implies {P;} C7: {P2}. The remainder of the
argument is similar to the one in the previous case.

3. Let C >g C' and let o\z be an execution of new z = e in E[(C")] such
that e = v in first(a). We need to show that a\z also is an execution
of new z = e in E[(C)]. By definition, (z = v)a is an execution of
E[{C")]. By assumption, (z = v)a also is an execution of E[(C)]. Thus,
by definition, a\z also is an execution of new z = e in E[(C)]. |

Informally, a context E can be viewed as a function that when applied to a
program C returns the program E[C]. It is tempting to try to define approx-
imation between two contexts as a pointwise ordering between the functions
represented by the contexts, that is, Ey C E; if and only if E1[C] Cy: E2[C]
for all programs C. While Lemma 4.4.1 and 4.4.2 would still be valid under this
definition, Lemma 4.4.3 would not. For instance, the empty context [] would
cease to be as discriminating as the context new z = 0 in [], because the traces
of C and new z = 0 in C are not comparable in general.

4.3.2 Game-theoretic interpretation

In previous work [Din97] we use the simple syntactic structure of UNITY to in-
terpret context-sensitive approximation as a game-playing activity. Intuitively,
the game-theoretic interpretation of C; >g C; is as follows. Suppose that the
adversary makes moves in both the environment E and program C; while the
player controls Cy. In [Din97], we prove that Cy >g Cj iff there is there is no
sequence of moves, alternating between player and adversary, which ends in a
state in which the adversary can find a transition of C; for which the player



4.3. CONTEXT-APPROXIMATION 53

cannot find a matching transition of Cy. In the light of this game-theoretic
characterization, the context pre-order E; E Ej can be interpreted as com-
paring the “repertoire” of moves that E; and Ej offer. For example, a game
involving By = [1 || Var:[tt,tt]* is easier for the adversary to win than a game
involving F; = [1 || inv*z, because Es offers a larger repertoire of moves for the
adversary. The context pre-order mentioned above can then be interpreted as
ordering contexts with respect to the size of their “repertoire” of moves. The
work in [Din97] thus gives a very intuitive game-theoretic interpretation of the
refinement process and the notions involved.
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Chapter 5

Refinement

We now have the right tools to define a notion of refinement that meets the
requirements stated in the introduction. Before we present the definition of the
refinement relation that our calculus is based on in Section 5.2, we sharpen our
intuition by first considering a plausible, though ultimately unsuitable candi-
date.

5.1 Using assumption-commitment only

In Morris’ and Morgan’s refinement calculi a sequential program C”’ refines an-
other sequential program C iff for all postconditions @}, the weakest precondition
of C with respect to @ implies the weakest precondition of C’ with respect to
Q [Mor87, Mor94]. Formally,

wp(C, Q) = wp(C’, Q)
for all Q. Given that the Hoare-triple

{P} C {@}

holds iff P = wp(C, @), refinement between C and C’ thus means that every
Hoare-triple satisfied by C will also be satisfied by C’. This is consistent with
our intuition that refinement typically means a decrease in nondeterminism.

It is well-known that, in the presence of concurrency, Hoare-triples are no
longer adequate, e.g., [OG76a]. At the end of previous section, we have pre-
sented assumption-commitment formulas

[P,T] C [Q,A]

A natural first attempt to define a refinement relation for concurrent programs
would therefore be to use these assumption-commitment formulas in the same
way as Hoare-triples have been used for the definition of refinement for sequential
programs. More precisely, suppose we define that C is refined by C’ iff every
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assumption-commitment formula satisfied by C also holds for C’, that is, for all
P, T,Q,and A

[PT] C [Q,A]
implies

[p,T] C' [@Q,A]
As straightforward and intuitive as this definition is, there is a serious problem
with it that renders it unsuitable for our purposes.

5.1.1 A problem with context-sensitivity

The notion of refinement suggested above suffers from the same drawback as
trace inclusion. It is not context-sensitive. For all preconditions and parallel
contexts, the behaviour of the refining program C’ is a subset of the behaviour
of the refined program C. The quantification over all preconditions and paral-
lel contexts prevents the refinement notion from making use of the particular
environment assumptions embodied in the given context and thus kills context-
sensitivity.

To illustrate this point, suppose we want to replace a complex, high-level
computation with a sequence of simpler, lower-level ones. For instance, the
abstract program to compute the maximum of two variables y and z,

C = {z}:tt,z = maz(y,z)]
can be implemented by a conditional statement
C' = ify>zthenr:=yelse z:=z.

The problem is that C cannot be replaced by C’ in all contexts. Consequently,
there is an assumption-commitment formula satisfied by the first program but
not by the second. To show that C correctly sets z to the maximum of y and z
it is sufficient to assume the preservation of z = maz(y, z), that is, we have

[tt, {z = maz(y,2)}] {z}:tt,z = maz(y,2)] [z =maz(y,z),0].

In contrast, to show that C’ correctly sets z to the maximum of y and z, addi-
tional assumptions are necessary, that is, the following assumption-commitment
formula

[tt, {z = maz(y, z)}] ify >z thenz:=yelse z:=2 [:z: = maz(y, z),@]

is not valid, because the parallel environment can change y or z right after
evaluation of the condition y > z. Thus, the second program is not a refinement
of the first in the sense above. The problem is that refinement as suggested
above thus does not allow us to express that C’ is a refinement of C only in
certain contexts and thus under certain environment assumptions.
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Another example arises in a setting with finer-grained parallelism. Consider
z:[tt, & even] and z:=z + x. If the evaluation of z + z is not atomic, we have

[tt,{z even}] a:[tt,z even] [z even, Preds(D)]
but not
[tt, {z even}] z:=z+z [z even, Preds(D)],

because if # i1s odd initially and then changed to even halfway through the
evaluation of # + &, then the result will be odd. However, there clearly are
contexts in which it is safe to replace the atomic program by its non-atomic
counterpart. As in the above example, the notion of refinement based solely on
assumption-commitment formulas does not allow us to formulate this situation.
We therefore find this notion not suitable for our purposes.

5.2 Combining assumption-commitment and
context-sensitive approximation

Intuitively, we want a notion of refinement to express that given an environment
of a certain shape, the transitions of the refining program C’ can always be
matched by the refined program C. To achieve this we combine assumption-
commitment reasoning and context-sensitive approximation. As in the previous
attempt, our starting point is the assumption-commitment formula

(AT] C [Q,4]

of Section 3 where P is the precondition, T is the set of predicates to be pre-
served by the parallel environment, @ is the postcondition, and A is the set of
predicates preserved by C. However, in contrast to the previous definition, we
make the refinement of C into C’ relative to the assumptions and commitments
embodied by [P,I] and [@, A] respectively. As a first approximation, we use

[PT] C=C" [Q,A]

to express that C’ refines C under the assumptions P and T' and the commit-
ments @ and A. More formally, assuming that

e the initial state satisfies P and

o the parallel environment preserves all the predicates in T,
then

e C will be able to match every transition of C’ and

e both C and C' preserve all the predicates in A and

¢ if C and C’ terminate, they do so in a state satisfying Q.
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We thus arrive at the following tentative definition.

[P,T] C»C [Q,A]

iff

[P,T] C [tt,A]
and

(P T] C' [Q,4]
and

C>sC

where F is the most general context that starts in a state satisfying P and
preserves all predicates in T, that is,

E = {P};[0] pre=T).
To illustrate the use of this relation, consider, for instance, the programs

C = zi=x+1
C' = =2

We want to refine C into C’. Assuming an initial state that satisfies z = 1 and a
parallel context that preserves x = 1, every transition of C’ can be matched by
C and thus C can be refined into C’ (and vice versa). If, moreover, the parallel
context also preserves * = 2 we can conclude that z will have value 2 upon
termination. Also, C’ preserves a number of predicates including, for instance,
y = n for all n, but also £ > 0 and = mod 2 = 0. In our calculus this will be
expressed by

[t=1{z=1,2=2}] zi=z+1>z:=2 [z=2,A]

where A is a set of predicat