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interaction module developed to facilitate ASE analysis and the application of ASE stability 
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Chapter 1 

Introduction 

The common approach for formulating the dynamic equations of motion of aeroelastic sys- 

tems uses normal modes of the structure as generalized coordinates. Control-surface de- 

flection modes may be added when the interaction with the control system is considered. 

Complex gust velocity modes may also be added to analyze the response of the structural 

and control systems to continuous gust. The unsteady aerodynamic force coefficients are 

defined with respect to these modes. 

The unsteady aerodynamic codes in ASTROS assume that the structure oscillates har- 

monically. Transcendental unsteady aerodynamic matrices are calculated for various reduced 

frequency values. The flutter and gust-response modules in ASTROS use second-order for- 

mulations for stability solutions, frequency response, and frequency-domain control synthesis. 

The application of various modern control design techniques, simulations and optimiza- 

tion procedures require the aeroservoelastic equations of motion to be transformed into a 

first-order, time-domain (state-space) form. This transformation requires the aerodynamic 

matrices to be approximated by rational functions (ratio of polynomials) in the Laplace do- 

main. The order of the resulting state-space model is a function of the number of selected 

modes, the number of aerodynamic approximation roots, and the approximation formula. 

The main considerations in constructing the model are its size (which affects the efficiency 

of subsequent analyses), its accuracy, and the model construction efforts. 
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Most commonly used rational aerodynamic approximation methods are variations of ei- 

ther Roger's classic approximation [1], which is based on term-by-term least-square fits with 

common denominator roots, or the minimum-state (MS) method of Karpel [2, 3] which is 

based on a more general approximation function with coupling between terms. Consequently, 

the MS procedure requires computationally heavier, iterative, nonlinear least-square solu- 

tions. Recent developments of the MS method [4-8] improved the accuracy, flexibility and 

computational efficiency of the MS scheme. The number of aerodynamic states added by 

the MS method in realistic aeroelastic design models is typically 6-8 times smaller than 

those added by Roger's approximation with the same level of model accuracy in subsequent 

analyses. This makes the MS method very attractive in repetitive aeroelastic optimization 

studies which are based on modes of a baseline structure, and in cases which involve control 

synthesis. 



Chapter 2 

Generalized Matrices 

The modal approach to structural optimization is based on using a set of low-frequency 

normal modes of the baseline structure as a fixed set of generalized coordinates throughout 

the entire optimization process, or at least for a major optimization cycle composed of 

several design steps. The implementation of the modal approach in ASTROS required a 

slight modification of this approach. Instead of keeping the modal coordinates fixed, they 

are changed in each design step, but the new set of modal coordinates is assumed to be a 

linear combination of the baseline set. Mathematically, there is no difference between the 

two approaches. 

It is currently assumed that the model does not include extra points, such that the h-set 

and i-set are identical. If extra points would exist, the formulation below would apply to the 

ii blocks of the dynamic matrices only, with the other blocks remain unchanged during the 

design process. We also assume here that the contributions of the design variables to the 

stiffness and mass matrices axe linear. 



2.1    The Modal Assumption 

The set of ra; calculated baseline modes [4>ai], defined in the a-set structural coordinates, 

satisfy the eigenvalue problem 

[#aa][<^] = [Maa]^at][fi] (2.1) 

where [fl] is a diagonal matrix of the n^ eigenvalues.  If static Guyan reduction is applied, 

the modes can be recovered to the f-set by 

[4>fi\ = 
I 

G0 
[4>ai] (2.2) 

Recovery of single- and multi-point constrained displacements leads to the g- set normal 

modes [<f>gi\. 

The basic assumption of the modal approach is that the structural displacements during 

structural response to external excitation can be adequately expressed as a linear combination 

of the baseline modes: 

K} = [&,]{£} (2.3) 

where {ua} is the a-set structural displacement vector and {£} is the vectors of generalized 

displacements. 

2.2    Modal Mass and Stiffness Matrices 

The discrete-coordinate g-set stiffness and mass matrices are assembled in the design loop 

by adding the contributions of the n<j„ global design variables to the contribution of the 

elements that are not subject to changes. The assembly equations, (5-43) and (5-44) of Ref. 

9, when all the structural elements are linear with respect to the design variables, can be 

written as 

[#„] = pKV]0 + X^pDKVfc (2.4) 
»=i 



where [DKV]; is a regular linear contributions of the design variable V{. The mass matrix is 

assembles by 
ndv 

[Mgg] = [DMV]O + £ vi[mav\i (2.5) 

The coefficient matrices in Eqs. (2.4) and (2.5) are stored in the standard ASTROS data 

base for subsequent sensitivity analyses. 

The premultiplication of Eq. (2.4) by [<f>gi]T and the postmultiplication by [4>gi] yield the 

assembled generalized stiffness matrix 

[Kü] = [DGKVjo + £ Vi[DGKST]i (2-6) 

where 

[DGKV], = [^]r[DKV],[^] (2.7) 

The rigid-body related portions of [Ka] are zero. The premultiplication of Eq. (2.5) by [<£, IT 

and the postmultiplication by [4>gi[, yield the generalized mass matrix 

ndv 

[Mu] = [DGMV]0 + £ ^[DGMV]; (2.8) 
i=i 

where 

[DGMV]; = [^]r[DMV]i[^] (2.9) 

A major advantage of the modal approach is that we can modify the generalized stiffness 

and mass matrices, due to design changes, and repeat the analysis without returning to the 

large-size finite-element model. When all the design variables are at their baseline values v^, 

both [Ka] and [Ma] are diagonal. They are generally full in the modified structure (except 

for the rigid-body rows and columns in [Ka] which remain zero). 

Denoting these baseline matrices by subscript 6, we can rewrite Eqs. (2.6) and (2.8) as 

ndv 

[Ka] = [Kn]h + X> - «OpDGKVli (2.10) 
*=i 



and 

[Mü] = [Mü]b + £>< - V6t)[DGMV]i (2.11) 

Aeroservoelastic analysis with moving control surfaces requires the mass coupling [Mic] 

between the modal coordinates and the control surface deflection modes. For the baseline 

structure, 
ndv 

[Mic]b = [DGMVCjo + £ vbx [DGMVCji (2.12) 

where 

[DGMVC]; = [<yT[DMV]#flC] (2.13) 

where [<f>gc] is the matrix of g-set control modes. Each control mode contains the kinematic 

structural displacements due to a unit deflection of the associated control surface. The 

modified mass coupling matrices is and 

[Mic] = [Mic]b + £>i - vbi)[DGMVC]i (2.14) 

2.3    Normal Modes of the Modified Structure 

The rti normal modes [<^aj] of the modified structure satisfy the eigenvalue equation 

[Kaa][4>ai] = [MajfcHfl] (2.15) 

where [ß] is a diagonal matrix of the corresponding eigenvalues. 

It is assumed that the normal modes of the modified structure are linear combinations 

of the baseline modes [<f\ at all the discrete coordinate set levels. At the a-set level it reads 

[ki\ = [<t>aM (2.16) 

where [^] is a square non-singular matrix. The substitution of Eq. (2.16) in Eq. (2.15) and 

premultiplication by [<f>ai]T, yields the eigenvalue problem 

[KüW = [JlfcMÖ] (2.17) 



where [Ka] is defined in Eq. (2.6) and [Ma] in Eq. (2.8). Eq. (2.17) can be solved for the 

eigenvalues [Q] and the eigenvectors [0], with [ip] normalized such that 

wmm = w (2.18) 

which yields 

ttflKuM = [Ö] (2.19) 

To allow the formulation below to be applicable to the baseline structure as well as the 

modified one, we define the baseline {■$] as 

The application of Eq. (2.17) to the j-th. eigenvector, {%}, its differentiation with respect 

to a design variable Vi, and premultiplication by {ipj}T yield the sensitivity of the ji-th 

eigenvalue, 

^f = {Vv>T ([DGKV],- - fi.fDGMV],) {fc} (2.20) 

which can be used in calculating the frequency constraint sensitivities. In order to apply 

Eq. (2.20) and the generalized formulation below to the baseline structure as well as to the 

modified ones, the baseline modes are normalized for unit generalized masses by Eq. (2.16) 

with 

M6=[M,4-1/2 (2.21) 

2.4    Generalized Dynamic Matrices 

2.4.1    Dynamic equation of motion 

The generalized dynamic matrices are constructed in the h-set coordinates which are based 

on the i-set modes plus extra (e-set) user-defined coordinates. As mention above, the formu- 

lation below assumes that there are no extra degrees of freedom, such that nh = n^. However, 



while i-set matrices are related in this document to the baseline modes [<f>ai], h-set matrices 

are related to the modified modes 

[4>ah] = [4>ai] = [<f>aiM (2.22) 

where [<f>ai] is kept fixed and [<f>ah] varies during the optimization according to ty>] . Another 

difference between the h-set and the i-set matrices is that, like in the standard ASTROS, 

the h-set matrices include the effects of direct-input structural matrices [Mgg], [Kg] and 

[Bgg] which are not included in the eigenvalue analysis and are not subject to changes in the 

design process. 

The time-domain matrix equation of motion in modal coordinates is 

[MHH)Ü} + [BMÖ + [KMO = {Ph(t)} (2.23) 

where the generalized mass and stiffness matrices are 

[KHH] = mT {[Ku] + [A?.]) [v] = in]+mTm w (2.24) 

and 

[Mhh] = WT {[Ma] + [W?.]) [<!>] = [/] + mT[MlM\ (2-25) 

where 

The generalized damping matrix is based on the regular damping options in ASTROS, 

with some modifications, 

[Bhh\ = [gM][uh]+mTmm+-i«] (2.26) 

where 



and [u>h] = [Ö]1/2. The optional user-input damping parameters here are those used in the 

standard ASTROS, namely the general structural damping g, 0*3 which defines the equivalent 

viscous damping, and the modal damping table g(u>h)- 

The excitation vector in Eq. (2.22), {P/,}, can contain prescribed external inputs, aero- 

dynamic forces which are discussed in the following section, and inertial forces due to control 

commands. The generalized forces due to prescribed external excitation are 

«>=i^nnm (2.2?) 

The inertial forces due to control surface accelerations are 

{PÜ = -[«*]{£} (2.28) 

where 

[M*] = W (\Mic) + [Ml]) (2.29) 

where 

Wl] = [^]T[M2
gg][<f>gc] 

2.4.2    Sensitivity of Dynamic Matrices 

The change of modal coordinates (by changing [ip]) in each design iteration complicates the 

sensitivity analysis compared to that of the fixed-basis analysis. To allow simple expressions, 

the sensitivity analysis in each iteration assumes that the dynamic matrices of the next 

iteration will be based on the current modal coordinates. Consequently, the differentiation 

of [Khh] and [Mhh] with respect to the design variables are based on Eqs. (2.25) and (2.24) 

with fixed [ij>], [i£|] and [M»], and variable [Ka] [Ma]. The resulting sensitivities are 

§^\K^\ = Mr[DGKV]#] (2.30) 

and 

dv. 
£-[Mhh   Mhc ] = tyf [ DGMViV   DGMVCi] (2.31) 



2.4.3    Integrated section loads 

Section loads due to aeroelastic response are calculated by the summation-of-force approach 

which adds the effects of aerodynamic, inertial and prescribed forces. The effects of the 

prescribed forces are 

{PD = [MT{F(t)} (2.32) 

where [<figL] is the matrix of integration load modes. Each load mode contains the kinematic 

structural displacements due to a unit displacement of a reference degree of freedom defined 

by the user. The inertial parts of the section loads can be calculated by 

{Pi} = -[Ma]{£} - {MLc]{5c} (2.33) 

where the mass matrices are first defined by 

[MLi   Micj6 = [^L]r([M^ + [Ms
2
ff])[^   4>gc] (2.34) 

and then updated by 

Mu   MLc ] = [ Mu   MLc]b + Y^(vi -vb,)[ DGMVLIi   DGMVLC; ] (2.35) 
»=i 

from which [MLH] is calculated by 

[MLh] = [MuM (2.36) 

Following the sensitivity formulation above, the derivatives of the mass matrices associated 

with the section loads are 

— [ MLh   MLc ] = [ DGMVLIiV'   DGMVLQ ] (2.37) 
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2.5    Aerodynamic Forces 

The unsteady aerodynamic routines in ASTROS assume that the structure undergoes har- 

monic oscillations. Complex aerodynamic force coefficient (AFC) matrices (at a given Mach 

number) for n* user-defined "tabulated" values of the reduced frequency k = ujb/V where u> 

is the frequency of oscillations and b is a reference semichord. These complex AFC matrices, 

[Qkk{ikt)] are stored in a data base for subsequent analyses. Their dimension is n* x n^ 

where ra*. is the number of aerodynamic degrees of freedom. The ZAERO unsteady aero- 

dynamic module also calculates the coefficient matrices [Qkc(ikt)], [QkG{^t)]i [Qi,k{ikt)], 

[QLc(iki)] and [QLO^I)] in the following generalized force expressions. These matrices are 

independent of the structural properties. 

The generalized unsteady aerodynamic forces acting on the structural modes of a linear 

aeroelastic system can be expressed in the frequency domain as: 

«(«*)} = -q[QHH(ik)){a^)} - q[QHc(ik)]{5c(iu,)} - £[Qw(**)]{woM}     (2-38) 

where q is the dynamic pressure, V is the true air velocity, and {£} , {Sc} and {WQ} are 

the vectors of n^ generalized structural displacements, nc control surface commanded deflec- 

tions (actuator outputs), and no gust velocities. [Qhh], [Qhc] and [Qhö] are the associated 

generalized unsteady aerodynamic force coefficient matrices calculated by 

[ Qhh  Qhc  QhG } = [<f>kh]T [ Qkk<f>kh  Qkc QkG ] (2.39) 

where 

[<M = [GkAttfh] 

where [(?*/] is the spline matrix. 

The unsteady aerodynamic section loads are 

{W = -q[QLh(ik)]{a^)} - q[QUik)}{Sc(iu,)} - l[QLG(ik)}{wG(iu,)}      (2.40) 

11 



where [QIA] is calculated by 

[QLH] = [QLk][<kh] (2.41) 

Once calculated for the baseline structure with the original modes [4>ki], the generalized 

force coefficient matrices are updated during the optimization by 

Qhh    Qhc   QhG 
QLH   QLC   QLG QiAtp      QLC      QLG 

(2.42) 

12 



Chapter 3 

Rational Aerodynamic 
Approximations 

Rational aerodynamic approximations (RAA) are required in order to cast the dynamic 

aeroelastic equation of motion in a state-space form. The approximation options described in 

this chapter should be selected for best combination of accuracy and efficiency in subsequent 

stability and response analyses. 

The approximations are constructed for the baseline model with the aerodynamic data 

associated with the original modes [<f>ai\. Nevertheless, the subscripts of the generalized 

aerodynamic matrices in this chapter are denoted by h instead of i for consistency with the 

notations in other documents. The resulting approximation matrices remain unchanged, ex- 

cept multiplication by normalization matrices (see Chapter 4), throughout the optimization 

process, in all the ASE disciplines. 

3.1    Minimum-State Approximation Formula 

The generalized unsteady aerodynamic forces in Eqs. (2.38) and (2.40) can be expressed in 

the Laplace 5 domain as: 

= -q 
Qhh(s) 
QLh(s) my ~ q Qhc(s) 

QLC(S) w*)> v 
Qha{s) 
QLG{S) 

{wG(s)} (3.1) 

13 



The AFC matrices are normally not available as explicit functions of s. In order to cast 

the aeroelastic equation of motion in a time-domain constant coefficient equation, the AFC 

matrices have to be described as rational functions of s. The most general rational function 

approximation of the merged AFC matrices 

[<?(«)] = 
QH 

QL 

Qhh   Qhc  QhG 

Qth  QLC  QLG 

QH(P) 

. QL(P) . 
= 

Aho 
ALO 

+ Ahi 
P + 

Ah2 

ALI 
p + 

that leads to a state-space aeroelastic model can be cast in the form 

{[l]p-[R)yl[E}p        (3.2) 

where p is the nondimensional complex Laplace variable p = sb/V and all the matrix coef- 

ficients are real valued [2]. The common [R] and [E] facilitates the formulation of section 

loads as output variables in the state-space aeroelastic equations of motion. The number 

of structural states in the resulting state-space model is 2n^. The number of aerodynamic 

states (na) is equal to the order of the aerodynamic root matrix [R]. 

Since the aerodynamic data is given for harmonic oscillations, the approximation process 

starts with the replacement of p in Eq. (3.2) by ik, where k is the nondimensional frequency 

(jüb/V. Least-square procedures are then used to calculate the approximation coefficients 

that best fit the tabulated [^(zfc/)] matrices. 

Roger [1] dealt with [Qh] only. He approximated each aerodynamic term [Qh(ik)] sepa- 

rately, but with ni common aerodynamic roots, 

n'+2      ik 
[Qh(ikj\ = [Ah0] + ik[Ahl] - k2[Ah2] + £      "■      [AM} 

1=3 lK + 7'-2 
(3.3) 

which can be cast in the form of Eq. (3.2) with 

[Dh) = [l   I   ■■■],     [Ä] = - 721 [E] = 
Ah3 

AM (3.4) 

which implies that the resulting number of aerodynamic states is na = rii x n/,. 

14 



Equation (3.4) shows that Roger treated the elements of [E] as free variables in the 

approximation process, while those of [Dh] were fixed, and that [R] has repeated roots. The 

MS method [2, 3] was based on the realization that the number of aerodynamic states per 

desired accuracy can be reduced significantly by treating all the elements of both [Dh] and 

[E] as free variables, and by letting the diagonal [R] be with distinct negative roots. The 

number of MS distinct roots, nj, and their values are denned by the analyst. This number is 

typically larger than that in Roger's approximation, but the number of resulting aerodynamic 

states, na = rij is much smaller. Typical MS applications [4-6] used 4 to 6 roots with the 

span of their absolute values similar to that of the tabulated reduced frequencies. The MS 

applications showed small sensitivity to the root values. 

3.2    Weighted Least-Square Fit 

To facilitate real-valued algebra, the complex approximation expression in Eq. (3.2), with p 

replaced by ik, is separated into real and imaginary parts. The real part of the h partition 

is 

[&(*)] = [AM] - k2[Ah2] + k2[Dh][K(k)][E] (3.5) 

where 

[K(k)] = (k2[i]+[Rry1 

is diagonal, and the imaginary part is 

[Gh(k)] = k[Ahl] - k[Dh][K(k)][R][E] (3.6) 

The L partition of Eq. (3.2) is expressed by Eqs. (3.5) and (3.6) with subscript h replaced 

by L. It can be noticed that both [Qh] and [Q£\ use the same [R], [K(k)] and [E] matrices. 
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The comparison of Eqs. (3.5) and (3.6) with the real and imaginary parts, [F(kt)] and 

[G(kt)], of the tabulated AFC matrices [Q(ikt)] provides an overdetermined set of approxi- 

mate equations. The task is to find the free approximation coefficients in [A0], [At], [A2], [D] 

and [E] that minimize, under some constraints, the total least-square approximatic cion error 

e< = JE \Qa(ikt) ~ QaiikeWWfa (3.7) 

where Wijt is the weight assigned to the ij-th term of the l-th. tabulated AFC matrix. The 

weight options in Eq. (3.7) are discussed in Section 3.5. 

For numerical efficiency, it is desired to decompose the overall least-square problem into a 

sequence of small-size standard least-square problems, each based on the general approximate 

equation 

[W\ [A']t{x-} « \ynWh    far£=l,nk (3.8) 

where {x*} is a subset of unknown coefficients which are uncoupled with others, {b*}t is 

extracted from the tabulated data, and [A*]t is a function of kt, the aerodynamic root values 

and the constraints associated with unknowns, as detailed below for the various techniques. 

The weight matrix [W]t is a diagonal matrix whose terms are the weights Wijt associated 

with data terms in {&*}/. The weighted least-square solution for {x*} is obtained by solving 

the symmetric problem 

[C]{x*} = {b} (3.9) 

where 

W = E[^]?[WH?{**}* 

Various approximation cases are presented in Sections 3.3 and 3.4 by defining their sequence 

of least-square solutions, the unknown coefficients {x*} in each solution, and the associated 
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data vectors {&*}* and approximation matrices [A*]i of Eq. (3.8). The weight are discussed 

in Section 3.5. 

3.3    The Unconstrained Problem 

The approximation coefficients of Eq. (3.2) are determined by solving a sequence of weighted 

least-square problems. The coefficients of [Qh] are determined by either Roger's or the MS 

procedures. The coefficients of [QL] are then defined with [E] of the [Qh]- The diagonal [R] 

is defined by the user in all the cases. 

3.3.1    Roger's approximation 

The structure of Eq. (3.3) indicates that the coefficients of Roger's approximation can be 

found for each aerodynamic term separately by performing rih x (nh + nc + UQ) solutions of 

Eq. (3.9) with 

m 
*2 *: 

1   °   -«  jfe  iS% {*}-{*£ \. {*•>,= (£$ 
(3.10) 

where the number of unknowns in each solution is nj + 3. The right-side terms, F^. and G^ ■ 

are the real and imaginary parts of the (i, j) term of [Qh(iki)]. The resulting {x*} vectors 

and the user-input lag term 7; are used to define the coefficient matrices in Eqs. (3.3) and 

(3.4). 

3.3.2    Minimum-state procedure 

With both [Dh] and [E] in Eq. (3.2) being unknown, the MS problem for a given [R] is 

nonlinear. It is solved iteratively by starting with an initial guess of [Dh] in which at least 

one term in each row and each column is nonzero.  For a given [Dh], Eqs. (3.5) and (3.6) 
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imply that the unknown MS coefficient matrices [AM], [Ahi], [Ah2] and [E] can be calculated 

by performing n/» + nc + ng column-by-column solutions of Eq.(3.9) with 

m /    0    -kjl     kjDhK(kt) 
0   ktI      0      -ktDhK{kt)R 

Mi 

{**} = 

r A 

Ah2} 

I   E3   J 

>   m = I Fh>{kl) \ '     ih     \Gh,(kt)j 

(3.11) 

where the j indices relate to the j-th. columns of the respective matrices. The number of 

unknowns in each regular solution is 3n^ + m. The calculated [E] is then used to update 

[AM], [Ahi], [Ahz] and [Dh] by performing nh row-by-row solutions of Eq. (3.9) with 

[A*]t = 
I    0     -kjl     kjETK(kt) 
0   ktl      0      -ktE

TK{kt)R {**} = 

A-hOi 

Ah2i ' ™-m) 
(3.12) 

where the i indices relate to the i-th rows of the respective matrices. The number of unknowns 

in each solution of Eq. (3.12) is 3(nh+nc+nG)+ni. The least-square solutions with Eqs. (3.11) 

and (3.12) form a D —> E —>■ D iteration which is repeated until convergence is obtained or 

until a specified maximum number of iterations is reached. 

The iterative nature of the MS procedure, and the relatively large number of unknowns 

solved for simultaneously in each iteration of the regular unconstrained problem, require a 

considerably larger computation time than that of Roger's method. A major reduction in the 

MS computation efforts was obtained in Refs. [2-7] by applying 3 approximation constraints. 

The efficient solution of Eq. (3.9) presented in Ref. [8] allows similar computational savings 

without having to apply constraints. It can be observed that the structure of the least-square 

equation (3.9) with the coefficients and variables of Eq. (3.11) is: 

G\\ 0 Ci3 Ci4 
0 G%2 0 C24 

C13 0 C33 C34 
riT r<T r<T n 
°14 u24 C/34 °44 . 

(3.13) 
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where [Cu], [C22], [C13] and [C33] are diagonal. This structure facilitates an efficient solution 

of Eq. (3.13) through a sequential reduction of the problem size. The first row of Eq. (3.13) 

yields: 

{;W = [Cu]'1 ({61} - [Ciz}{Ah2:} - [C14\{ES}) (3.14) 

The substitution of Eq. (3.14) in rows 2 to 4 of Eq. (3.13) yields: 

(3.15) 

where [C22] and [C33] remain diagonal. The next step is the extraction of {.AM .} and {A^} 

from the first two rows of Eq. (3.15), and their substitution in the third row. The result is 

C22     0     C24 f  Ahl'   1 f h2 \ 
0     C33   C34 < AWj . = < h 

u24    °34    °44 . I   %   J UJ 

[C]{E3} = {6} (3.16) 

where 

[C]   —   G44 — C24C22 C24 — C34C33 C34 

{&}   =   64 — C24O221>2 - C34C33 63 

Equation (3.16) is of order n\ only, with symmetric [C]. The diagonality of [Cu] and 

[C13] in Eq. (3.14), and [C22] and [C33] in Eq. (3.15) implies that the reduction of {AM.}, 

{A«;,} and {A./^} does not involve matrix inversion and can be performed term by term. 

The reduction of the i-th row in {A/,o7}, {Ahi,} and {-A/^-} affects only the i-th row and 

i-th column in [C44]. 

The construction and solution of Eq. (3.16) are repeated until the entire [E] is found 

for the last calculated [Dh\. For each {Ej} we can use Eq. (3.15) for {Ahi,} and {A^2>}, 

and then Eq. (3.14) for {A^}. This recovery is required, however, only at the end of the 

iterative process, unless we want to monitor the approximation error of Eq. (3.7) during 

the iterative process. The same reduction and solution process can be performed for [A«)], 

19 



[Ahi], [Ah2] and [Dh], this time row by row, with the coefficients of Eq. (3.12) using the last 

calculated [E]. 

The sequence of least-square solutions is such that, theoretically, the total error should 

never increase when the process progresses. However, numerical difficulties may cause it to 

increase when high-order approximations are applied with insufficient amount of data [6]. 

As demonstrated in the numerical example of Ref. [8], the reduction process reduces the 

solution time of a typical unconstrained problem by more than 80%. 

3.3.3    Integrated load coefficients 

The coefficients of [QL] in Eq. (3.2) are calculated by a direct least-square solution with the 

[E] of the [Qh] approximation. Equation (3.9) is solved nz, times (once.for each required 

integrated load) with the coefficients and variables of Eq. (3.12), with subscripts h in {x*} 

and {&*}/ replaced by L. 

When Roger's approximation is used, the resulting [DL] is an nx, X (n^ * n/) matrix and 

[QL] is approximated with [R] and [E] of Eq. (3.4). With MS approximation the size of [DL] 

is nL x ni and [QL] is approximated with [R] and [E] of [Qh]. 

3.4    Application of Constraints 

Reference [5] presented the various options in the 3-constraint MS procedure, in which 3 

constraints have to be assigned to each aerodynamic term even if they are not desired. Here, 

when they are not required, it is still often desired to obtain exact fits at specified reduced 

frequencies or to null out some coefficients. The most frequently used constraint is a match 

of the steady-aerodynamics data (at k = 0). An imaginary-part data-match constraint at a 

k close to 0 yields dGij/dk at k = 0, which affects the quasi-steady aerodynamic damping, 

to be equal to that of the tabulated data. Data-match constraints at higher k values are 

sometimes desired to increase the accuracy of anticipated flutter mechanisms.  Even with 
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the reduction technique shown above, up to 3 constraints can be applied in a way that saves 

some computation time. On the other hand, it always increases the total fit errors, and 

sometimes causes unwanted wiggling of the resulting curve fits near the data-match points 

[6]. 

The constraint formulation is given below for the approximation of [Qh], but is applica- 

ble to the terms of [QL] as well. The optional constraints that, when applied, reduce the 

approximation problem size are: 

1. Steady aerodynamics match enforced in Eq. (3.5) by setting 

AMtj = F^O) (3.17) 

2. Either imaginary-part match at a nonzero k = kg enforced in Eq. (3.6) by setting 

Ahu. = ^G^k.) + D^KikJREj (3.18) 

or 

Ahlij = 0 (3.19) 

3. Either real-part match at a nonzero k — kf enforced in Eq. (3.5) by setting 

Ah2t, = ± (A^ - F^ikjj) + D^Kik^Ei (3.20) 

or 

Ah2ij = 0 (3.21) 

Each optional constraint in Eqs. (3.17) thru (3.21) can be applied for a different sub- 

set of aerodynamic terms, not necessarily for all (i,j) terms uniformly as done in previous 

developments [4-6]. Different aerodynamic terms can be assigned with different match fre- 

quencies, namely different ka and kf values in Eqs. (3.18) and (3.20), while some of them 
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are constrained by Eq. (3.17) and the others are not. A definition of the default constraint 

set is requested in the ASE module. Other constraint sets that replace the default set can 

be assigned to selected columns of [Qh] and [QL]. 

The constraints are applied in the approximate equation level, Eq. (3.8), by eliminating 

terms from {a;*} and changing [A*]t and {6*}/ accordingly. This is done before the construc- 

tion of Eq. (3.9).. The process is described below with the unconstrained {x*}, [A*]t and 

{6*}/ of Eq. (3.11) or Eq. (3.12) being the starting point. 

The application of the steady aerodynamics constraints of Eq. (3.17) eliminates the i-th 

term in {^W,}, and the associated column in [A*]t, and replaces F^fa) in {&*} by 

Feilet) = F^ikt) - F^(0) (3.22) 

The application of the imaginary-part constraint of either Eq. (3.18) or Eq. (3.19) elim- 

inates the i-th term in {A^}, and the associated column in [A*]t. The match constraint of 

Eq. (3.18) also replaces the i-th row of the block [-ktDhK{ki)R] in [A*)t by [-**£>*. Ä",(fc<)Ä] 

where 

[Kg(kt)} = [K(kt)} - [K(kg)] (3.23) 

and the G^iki) term in {6*} is replaced in this case by 

G^ (h) = On» (kt) - £^ (kg) (3.24) 
K9 

The application of the real-part constraint of either Eq. (3.20) or Eq. (3.21) eliminates 

the i-th term from {Ah2j}, and the associated column from [A*]i. The match constraint 

of Eq. (3.20) also replaces the i-th row of the block [kJDhKikt)} in [A*]t by [kJDhiKf(kt)} 

where 

[Kf{kt)) = [K(kt)] - [K(k,)) (3.25) 
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When Eq. (3.20) is applied together with Eq. (3.17), Fhij(kt) of {b*} is replaced by 

Otherwise, when Eq. (3.20) is applied but Eq. (3.17) is not, F^fa) becomes 

(3.26) 

(3.27) 

and term (i, i) in [A*]i is replaced by 

(3.28) 

The application of constraints to the coefficients of Eq. (3.12) is similar to that shown 

above for Eq. (3.11). When the three data-match constraints of Eqs. (3.17), (3.18) and (3.20) 

are applied simultaneously to all the (i, j) terms, and when all the terms are assigned with 

the same match frequencies kg and kf, the least-square matrices in Eq. (3.11) are reduced to 

[A% 
kjDhKfih) 

-ktDhKgikJR {*•} = {£,-},     {**>*={ ö£(£) } (3-29) 

where F^fa) and Ghij{kt) are defined in Eqs.   (3.26) and (3.24) respectively, and Eq. (3.12) 

is reduced to 

Wi = -ktE
TKg{kt)R .     {*'} = {!%},     Wh 

Fl{k 
<t (3.30) 

Since constraints are applied in the approximate equation level, Eq. (3.8), and the re- 

duction process in Eqs. (3.13-3.16) is performed in the solution level, all constraints have to 

be applied before the reduction starts. It is clear from the previous section that constraints 

can be applied selectively with each aerodynamic term having a different number and type 

of constraints. To summarize the solution process, a single D —»■ E -*• D iteration in MS 

approximation of [Qh] is performed in the following steps: 
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1. Construction of [A*]t and {b*}i of Eq. (3.11), with selected constraints from Eqs. (3.17- 

3.21), for the j = 1 column of [Qh(p)] in Eq. (3.2). 

2. Construction of [C] of Eq.   (3.9) for this column, whose terms correspond to {Ej} and 

to the terms in {AMj}, {AM.,} and {Ah23} that were not constrained in step 1. 

3. Reduction of [C] to obtain [C] of Eq. (3.16), and solution of Eq. (3.16) for {Ej}. 

4. Repetition of steps 1-3 for j = 2,nh + nc + UQ to calculate the entire [E]. 

5. Application of steps 1-4 to the calculation of [Dh] row by row, starting with the coef- 

ficients of Eq. (3.12). 

6. Recovery of the constrained terms in [Ah0], [Ahi] and [AM] by Eqs. (3.17-3.21), and 

the unconstrained terms by Eqs. (3.14) and (3.15). 

With Roger's approximation, steps 1-4 and 6 are performed once, starting with Eq. (3.10). 

To approximate [QL], only a single E -»• D iteration is performed. 

3.5    Data Weighting 

Least-square curve fitting tends to produce smaller percentage errors at data points of large 

numerical values. However, large numerical values do not always reflect the actual impor- 

tance of accurate fit of an element in the aerodynamic matrices. To eliminate the effect of 

the way the structural normal modes are normalized, they are normalized to unit gener- 

alized mass before the generalized aerodynamic matrices are calculated. The weighting in 

the least-square problem, Eq. (3.8), can be either uniform, with all Wiji = 1, or based on 

the automatic physical weighting process [4] whose expressions are given below. The phys- 

ical weighting can be applied only to the aerodynamic terms which appear in the dynamic 

equation of motion, namely [Qh]. 
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3.5.1    Measures of aeroelastic importance 

The physical-weighting algorithm developed in [4-6] was designed to weight each term of 

the tabulated data such that the magnitude of the weighted term, Eq. (3.36), indicates 

its "aeroelastic importance". The idea is that the weight assigned to a data term should 

be proportional to the estimated effect of a unit approximation error on a representative 

aeroelastic property. Different representative properties are selected below for the structural, 

control and gust-related partitions of the [Qh(ik£)] matrices. The error effects are estimated 

by the differentiation of the selected aeroelastic properties with respect to the aerodynamic 

terms. 

The measures of aeroelastic importance are based on the frequency-domain equilibrium 

equation 

[CHH(ik)]{aik)} = {[M^J^- - q[QHc(ik)]j {8c(ik)} - l[QHG(ik)]{wG(ik)}     (3.31) 

where 
k2V2      ikVa 

[Chh(ik)} = _[Jlfo]b_ + _»[a;fc]b[Jlf«]6 + [Ku\ + q[Qhh(ik)} 

The determinant of [Cw,(ifc)] is sometimes called the flutter determinant. It becomes zero 

when the dynamic pressure q, the true airspeed V and the reduced frequency k are at their 

flutter boundary values. The values of V and q reflect design flight conditions at which the 

open-loop system is stable for all the tabulated kt values. The modal damping g is one of 

the user-input weighting parameters discussed in Section 3.5.2. 

The weights assigned to the terms of a data matrix [Qhh(iki)] are based on their effect 

on the determinant of the system matrix [Ch(ikt)) of Eq. (3.31). The absolute values of the 

partial derivatives of this determinant with respect to Qhhij[ikt), divided by the determinant 

itself, is shown in [4] to be the ij-th. term of the weight matrix 

[Whhl^qliGHHiikt)}-1^ (3.32) 
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The weights assigned to the terms in the j-th column of a data matrix [Qhc(iki)] is based 

on the open-loop Nyquist frequency response of the j-th actuator to excitation by the j-th 

control surface. The actuator response is related to the modal response by 

{*(«*)} = [T(iu,)][4>d{t(iu)} (3.33) 

where [T(w)] is a matrix of transfer functions relating actuator outputs to sensor inputs, 

and [(f>sh\ is the matrix of modal deflections at sensor inputs. The physical-weighting transfer 

functions in [T(iu)] should be simple and unrelated to particular aeroservoelastic parame- 

ters. Structural, narrow-band filters with high sensitivity to parametric changes should not 

be included as it may result in the assignment of low weights to important aerodynamic 

data terms. Hence, the physical weighting algorithm assumes transfer functions which are 

based on a third-order actuator, multiplied by a control gain. The magnitude of the partial 

derivative of the Nyquist signal with respect to Q^ikt) is shown in [4] to be the ij-th term 

of the weight matrix 

[Whc], = q \[T(iki)]lM[Chk{iki))-1\T (3.34) 

The weights assigned to the terms of the j-th column of a data matrix [QhG{ih)} is 

based on the power spectral density (PSD) of the open-loop response of a selected structural 

acceleration to continuous gust, derived from Eq. (3.31), 

**(**) = ^fe-aa*(*k)]~HGw,(ü*)} *«,■(**) (3.35) 

where [<f>zhj] is a row vector of modal displacements at the selected response point, and *w (k) 

is the PSD function of the associated gust velocity, 

ft (kj) - °
l>L*l + 3< wq 

7T   V[l + (ktLg/b)*]* 

26 



where a^ j-th. gust RMS velocity, and Lg is the gust characteristic length. The partial 

derivative of J$Zj (fa) with respect to QhGij (*&*) is the ij-th term of the weight matrix 

WhG\t = ^T MtCW^rf [*.]/ (3-36) 

where [$w]t in an ng x no diagonal matrix whose elements are J$Wj(kt). 

3.5.2    Weight scaling and modifications 

The variations of terms in the weight groups [W^]*, Eq. (3.32), [Pl^]*, Eq. (3.34), and 

[WM?]/> Eq. (3.36), with k may have very sharp peaks. In addition, the peak values of many 

terms may be several orders-of-magnitude smaller than other peaks. The extreme weight 

variations have the effect of neglecting much of the data, which may cause numerical ill- 

conditioning problems and unrealistic curve fits. To ensure realistic interpolation between 

the tabulated k values, and to facilitate the application of the resulting aeroelastic model 

to a variety of flow conditions, structural modifications, and control parameters, it may be 

desirable to moderate the weight variations. This can be done by one or a combination of 

the following means: 

• assignment of a relatively large damping parameter g in Eq. (3.31), 

• widening the weight peaks, 

• scaling up the extremely low weights. 

Peak widening is performed in nwd cycles applied sequentially to each weights, Wij(ki), of 

the 3 weight groups. In each cycle, Wij(kt) is changed to max{W^(fc/_i), Wij(ki), Wij(ki+i)} 

of the previous cycle. The weight matrices are then normalized and combined to the final 

weight matrix 

[Wfck=:[[WwJ<   \WHC]I   [WhG}e} (3.37) 
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where a term in [W/^]/ is 

1 We* 
Whht:t =   max    -F—, ^      W (3.38) 

where 

W^,. = maxlig^.^lll^.,} (3.39) 

and the terms of [W/ic]/ and [W/»G]* are calculated similarly (but separately). The upscale 

parameter Wcut is defined by the user. The resulting magnitudes of the weighted terms, 

QhuM^W^lQ^iikt)] (3.40) 

fall between Wcut and 1.0 when the value of 1.0 typically appears only once in each group. The 

modified physical weighting is actually a compromise between the the unmodified one (with 

nwd and Wcut equal zero) and the data-normalization weighting of Ref. [4]. With nwd = nt 

and Wcut = 1.0, all the physical-weighting effects are suppressed and the weighting becomes 

a data-normalization one. Recommended parameters in typical cases [5] are nwd = 2 and 

Went — 0.01. Various applications demonstrated that the resulting aeroservoelastic models 

were adequate for analyses with large variations of dynamic pressures [4-6, 11], control gains 

[12], and structural parameters [13]. 

3.5.3    Relative importance of modes 

The physical weights can be used to rate the vibration modes according to their relative 

aeroelastic importance. Based on the magnitudes of the weighted aerodynamic data terms, 

Eq. (3.40), calculated with nwd and W^t equal zero, three modal measures of aeroelastic 

importance are defined for each structural vibration mode by 

Ql   =   maxjl^^)!}, Q^niaxll^^)!}, 

Q*gi   =   maX{|0hGi.(zfc,)|} (3.41) 
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These measures can be interpreted as indicators of the aeroelastic activity of the i-th vibra- 

tion mode, on a scale of 0 to 1, in three categories: a) influence on the open-loop system 

roots (Q*); b) role in the aeroservoelastic loop (Q*)\ and c) contribution to gust response 

(Qt)- Being based on a limited analysis, these measures should be used with caution. Their 

main usage is in supplying physical insight and in pointing out the structural modes that 

can be eliminated in subsequent analyses from the model without causing significant errors. 
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Chapter 4 

State-Space Aeroservoelastic 
Equations 

The time-domain ASE model for stability analysis is constructed from the separate models of 

the aeroelastic plant, the sensing and actuation models and the control system, all expressed 

in state-space. In the aeroelastic model, each modal coordinate is represented by two states: 

the modal displacement and its velocity. Rational approximation of the unsteady AFC 

matrices in the Laplace s domain facilitates the augmentation to incorporate the aerodynamic 

states in the model. The system matrix of the plant model can be used for flutter analysis of 

the open-loop aeroelastic plant. The control system includes the control surfaces driven by 

actuators, sensors related to the structural degrees of freedom, and a linear MIMO control 

law that relates the actuator inputs to the sensor readings. The full ASE model can be used 

for control margin computation and for closed-loop flutter analyses. Since only stability and 

flutter issues are addressed in this chapter, no external inputs, such as pilot commands and 

wind gust inputs, are incorporated in the model. 

4.1     Aeroelastic Model 

The second-order time-domain equation of motion of the structure was denned in Eq. (2.23), 

with the generalized external forces represented by {Ph(t)}.   For stability analysis of the 
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open-loop aeroelastic system or the closed-loop aeroservoelastic system, {Ph(t)} includes 

aerodynamic forces due to structural dynamics, and inertial and aerodynamic forces due to 

control-surface motion. 

The control-induced inertial forces are defined in Eq. (2.28). The generalized aerody- 

namic forces are defined in the frequency domain in Eq. (2.38). The aerodynamic force 

coefficient (AFC) matrices are first calculated at several user-defined tabulated reduced fre- 

quency values, fc/, similar to a regular frequency domain flutter analysis. The tabulated 

matrices are used for approximating the AFC matrix as a rational function of k in the entire 

frequency domain, as described in Chapter 3. An expansion to the entire Laplace domain is 

performed by replacing ik in the rational expression by the non-dimensional Laplace variable 

p = sb/V, which yields Eq. (3.2). The substitution of p = sb/V in the expression for [Q/i(p)] 

of Eq. (3.2) gives 

[&(,)] = [Ah0] + ±[Ahl]s + £-2[Ah2]s2 + [Dh] {[I]s - ^{R])~l [E]s (4.1) 

The [Ahi] and [E] matrices are column partitioned as 

[Ahn] = [Ahhn   A^}    (n = 0,l,2), [E\ = [Bh   Ec] 

As stated at the beginning of Chapter 3, the coefficient matrices in Eq. (4.1) are calculated 

for the baseline structure with the generalized matrices associated with the original modes 

[<f>ai], before the transformation of Eq. (2.21) is made. The actual modes that serve as 

generalized coordinates in each optimization iteration are [<f>ah] which relates to [4>ai\ via [ip] 

using Eq. (2.22). Consequently, the coefficient matrices of Eq. (4.1) have to be updated in 

each iteration by 

[Ahhn   AhCn} = ty]T[Aiini>   Acn],     [Ad = Mr[A],     [Eh} = [Ei}[i>] (4.2) 

where the subscripts % relate to the matrices calculated in the rational approximation process, 

denoted in Chapter 3 with subscripts h. 
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To facilitate state-space formulation, an augmenting aerodynamic state vector of dimen- 

sion na is defined by its Laplace transform as 

V.   --1 

{*.(*)} = (w- - J[R}) mm*)}+w{8c(s)}), (4.3) 

Equation (3.1) without the gust term and Eqs. (4.1-4.3) yield the s-plane generalized aero- 

dynamic force vector 

«(')}   =     - q[QkH(s)]{t(s)} - q[Qkc{s)]{Sc(*)} 

=    - q \[Ahho) + ^[Ahhl]s + ^[Au*]*2) U(s)} 

- q {[AHCO] + yiAhcJs + ^[AhcJsA {5c(s)} 

- q[Dh]{xa(s)} (4.4) 

Equations (2.23), (2.28) and the time-domain version of Eq. (4.4) yield the state-space 

open-loop aeroelastic equation of motion 

where 

{zae}   =   [Aae}{xae) + [j5ae]{uoe} 

{Xae}     =     < 
f f 1 

i 
x "a   ) 

{Uae} =  {    Sc 
jc   j 

(4.5) 

[Aae]   = 

[B-]   = 

0 [/] 0 
-[M]-1 [Khh + qAhho]   -[M]-1 [Bhh + $Ahhl]   -q[M}-x[Dh 

o m m 
0 0 0 

-qlM}'1 [AHC0]   -flMV'lAncA   -[MT'IMHC + ^A^] 
0 [Ee] 0 
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M 
r 2 

=   iMhh] + ~i [Ahh2] 

The number of states in Eq. (4.5) is 2n^ + na. 

The outputs of the aeroelastic plant are sensor readings. It is assumed here that the 

sensors measure either structural displacements, velocities or accelerations, and that the 

measurements are perfect. Sensor dynamics can be modeled in series with the sensors' 

outputs and incorporated in the ASE model as part of the control system, discussed in the 

sequel. The outputs are assumed to be linear combinations of the structural state response. 

The combinations are defined by the modal displacement (or rotation) row vector [<j>y] at the 

sensor location. Thus, a displacement sensor reads 

Vd = 

A velocity (rate) sensor reads 

^   0   0   {xae} (4.6) 

yv=[0   <f>y   0]{xae} (4.7) 

and an accelerometer reads 

=    -[^[^([[Khh + qAhho]   [Bhh + $Ahhl]   q[Dh]]{xae} + 

+ [«[4^1   flAhcA   [Mhc + gAh*] ] {««}) (4.8) 

In general, the output of ns sensor readings can be expressed by 

{Vae} = [Cae}{xae} + [Dae]{uae} (4.9) 

4.2    Actuator Model 

The dynamic model of the actuator driving the i-th control surface is specified by a transfer 

function having the form 

^TT = -3 ir2  (4-10) Uaa [s)      3d + ans11 + ai2s + ai3 
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where uaCi is the servo-commanded (actuator input) control surface deflection. The DC 

(s = 0) gain of the transfer function in Eq. (4.10) is one, and thus in steady state uaCi — SCt. 

The order difference of three between the numerator and denominator in Eq. (4.10) is 

justified on physical grounds: second order difference represents the control surface deflec- 

tion response to a force input and a first order lag used to model the realistically limited 

bandwidth of the actuator. Due to this order difference, Si, Si and S\ can be defined as 

independent states in the actuator state-space model, and thus used directly as inputs to 

Eq. (4.5) and in connections to acceleration sensors. Higher order actuator dynamics can be 

defined by connecting additional transfer functions in series to uaCi. These additional trans- 

fer functions can be included as part of the control system model discussed in the following 

section. 

A state-space realization of the actuator dynamics of Eq. (4.10) is 

"OacJ = 
0 1 0    ' I '   0 \ 
0 0 1 KcJ + 0 \u 

—o-iz -a»2 -a»i 1 k   aiZ \ 

(4.11) 

where 

"OacJ = 

For system with nc > 1 actuators, the state-space model of all the actuators is arranged 

so that the total actuator state vector {xac} equals to the input vector {uae} of Eq. (4.5). 

Thus the actuator state vector and inputs are 

{xac} = < Kc} 
u, ■aci 

Ua 

where {Sc}   = [SCl  SC2 ■ ■ ■ SCric]. The state-space equation for {xac} is 

{xac} = 02neXn, 

-A act 

I2nex2n 

ac\ 
{Xac} + 

v2ncXnc 

^acj 
iU*c} (4.12) 
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where 02ncxne and i2ncx2nc are, respectively, zero and identity matrices of appropriate dimen- 

sions, and [AaCi], i = 1,2,3 are diagonal matrices defined by 

[Aaci] = diag{aii,..., a„ci} 

Equation (4.12) can be stated in a compact form as 

{a:ac} = [Aac] {xac} + [Bad {««} (4.13) 

Since {a;ac} = {uae}, the augmentation of the aeroelastic states {xae} of Eq. (4.5) to 

include the actuator states {xac} of Eq. (4.13) yields 

{xp} = [Ap){xp} + [Bp]{up} (4.14) 

where 

{*»} lXae) [A,] 
■"■ae      "ae 

0    Aac 
IB, Ba 

The output (sensor measurement) equation (4.9) becomes 

{yP} = [cP}{xP} (4.15) 

where 

[CpJ —  [ Gae     Dai 

Note that in equation (4.15) there is no direct feed-through between the input {up} and 

the output {%>}. This results from the limited bandwidth of the actuators. 

4.3    Control System Model 

The control system is modeled as an interconnection of three types of basic control elements 

in addition to a variable gain matrix. The interconnections within the control elements and 

between them and the aeroelastic (AE) system can be either fixed or through the variable 
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Control System 

Figure 4.1: The control system interconnection model. Thick lines represent 
fixed connections. yPi, i = 1,2,3 axe the sensor reading inputs 
and uPi,i = 1,..., 5 are outputs to the actuators. 

gain matrix, the elements of which are subject to subsequent stability margin analysis, as 

demonstrated schematically in Figure 4.1. 

The ASE model can be used for parameter optimization of the AE system. In this 

optimization process, the control system is assumed to be constant, except of possible vari- 

ations in the variable gain matrix elements. Thus, only the AE and variable gain matrix 

are changing in the ASE model during the optimization. To avoid unnecessary recalculation 

of the entire ASE model due to those changes, the control system with the fixed connec- 

tions is constructed only once and is reused in the ASE model reconstruction throughout 

the optimization process, thus reducing computational load. Clearly, if the control system 

is updated as a result of significant changes in the AE model, the entire ASE model has to 

be reconstructed. 
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4.3.1    Control System Elements 

The control system is constructed from three types of elements: single-input-single-output 

(SISO) elements specified as transfer functions, multi-input-multi-output (MIMO) elements 

defined in state-space, and zero-order junctions. The parameters of these elements are as- 

sumed to be constant. The overall control system variations are accounted in the above 

mentioned variable gain matrix. 

SISO Control Elements 

A SISO control element is defined by a proper transfer function Tse(s), which is then realized 

in state-space inside the ASE module. A general transfer function from the input use%i to 

the output yse>i is expressed by a ratio of polynomials in s 

T    (s) = yse'^ = fro.'3" + Ki^'1 + • • • + Ki 
Use,i{s)        sn + «Li*1*-1 + • • • + an>i 

(4.16) 

The controller canonical realization of Eq. (4.16) is 

\&se,iS     =     l-Ase,»J"|.a;se,»J' + \J3se,iJU8e,i 

Vse,i     —     Ivse.ijl^se,»'/ + ■Use,iuse,i 
(4.17) 

where 

l-Ase,»J     — '(n-l)x(n-l) 
{Bse,i} =  < 

f o 

0 
11J (4.18) ~°n,»     — On-1     • • •     — «1.» 

[Cse,i\   —   [ (bn,i - &o,»an,i)   (bn-i,i — &o,;an-i,0   • • •   {h,i — bo^a^i) 

Dse,i      =     &0,t 

The number of states in {#„.,*} is equal to the order n of the denominator polynomial in 

Eq. (4.16). 
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MIMO State-Space Control Elements 

A MIMO state-space control element is defined by its order (number of states), the number 

of inputs and outputs, and the associated state space dynamics and output matrices. These 

matrices are defined by the user as direct matrix input (DMI) entries or by INPUTT2 

MAPOL commands. This facilitates interaction with external control design codes. The 

equations of a MIMO state-space element are 

-Ome,,}     =     [Ane,i\{Xme,i} + [Bme,i\{Ume,i} . . 
(4.19) 

{Vme.i}     =     [Cme,i\{Xme,i} + [A»e,t]{Ume,i} 

A special case of Eq. (4.19) is a SISO element specified in state-space format, in which case 

[Bme.i] is a column vector, [Cmeti] is a row vector and [Dmeti] is a scalar. 

Zero-Order Control Elements 

A zero-order element is defined by its number of inputs and number of outputs. This is 

a junction element in which every output is a weighted sum of the inputs. The element 

equation is simply 

{Vje,i} = [Dje,i\{^e,i} (4.20) 

where the element of [Uje,i] are the various weights, which can be positive, negative or zero. 

Clearly, the zero-order element is a special case of a MIMO element.  It is separately 

introduced, however, to simplify the input format and internal assembling. 

4.3.2    Fixed Connections in the Control System Model 

The overall control system is constructed as an interconnection of the above defined control 

elements and the variable gain matrix, discussed in more detail in the next section. To 

construct this interconnection, all the control system elements are combined into one (not 
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connected yet) state-space model 

&me 

Vme 

yje ) 

ige 0 
0 A 

■>se 0   ' 
0 ^me 

0 0 
I« 

+ 

+ 

Bse     0 
0    Bme 

0 
0 

us 

u„ 
u •je 

D se 0 0 
0    Dme    0 'me 

0 0     D 3«  J 

Us 

U„ 

U •ye 

(4.21) 

where the various blocks represent all the elements of the same type. For each block, its 

state, input and output vectors combine all the element vectors, and the state-space matrices 

are block diagonal. As an example, the SISO elements are grouped as follows: 

{xse} = < 

Xse.l 

X se,nse 

{use} = < 

USe,l 

U. se,nse 

Vse.l 

[Ate]   =   diag[A.e,i 

[C3e]    =    diag [ Cse,l 

xse,nse 

Cs 

{y.e} = {      ! 
_   Vse,ns 

} [Bse]    =    diag[Bse>1   •••   B, 

]        [Dse]   =   diag[jDsejl   • 

se,nse 

D se,nse 

where nae is the number of SISO elements. The same construction is performed for the rime 

MIMO and the nje zero-order elements. 

For simplicity, it is assumed that the input and output of a fixed connections cannot 

appear in another connection. Thus, if an output of an element is used as an input to more 

than one other element, it should be first connected to a "splitting" zero-order junction with 

unity weights, the outputs of which can then be used as necessary. Similarly, if an input 

of an element is a sum of outputs of several other elements, it should be preceded with a 

summing junction (many inputs and one output). To avoid confusion, an output of a control 

element cannot be connected to its own input. After the fixed connections are applied, the 

associated inputs and output are eliminated from the equations of motion. 

In a fixed connection among control elements, an input of a control element uei is set 

equal to an output of another control element yej, namely uei — yej • To perform all these 
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connections, we rewrite the state-space model of Eq. (4.21) and re-arrange its inputs and 

outputs as follows: 

{ie}=[Ae   ]{*e}+[Bei     Be2   }{l:) 

{*•} + 
Vet 

Ve2 

Den      Dei2 

D,21   De22 

(4.22) 

u. 

where {ue2} and {ye2} are the inputs and outputs which are involved in fixed connections. 

Obviously, the dimensions of {uC2} and {ye2} are equal. The assumption that uei and yej of 

a certain fixed connection cannot appear in another connection implies that 

KJ = [/2]{t/eJ (4.23) 

where [I2] is square matrix with ones at the (i, j) connection entries and zero elsewhere, i.e., 

each row or column of [J2] has only one non-zero entry set to one. Substituting Eq. (4.23) 

in Eq. (4.22) yields the control system equation 

{xc}   =   {Ac]{xc} + [Bc]{uc} 

be}   =   [Cc}{xc} + [Dc}{uc} 

where {zc} = {xe}, {uc} = {uei}, {yc} = {yei}, and 

(4.24) 

[Ac] 
W 
[Cc] 
[Dc] 

a e2 

D, «21 

D, «22 

= [A.  ) + [Be2][I2}[Ce2 

= [Bei) + [Be2)[h}[be21 

= [Cei } + [Dei2][h][Cl 

= [Den] + [Dei2)[I2m 

= [De22][Ce2 ] 

= [De22][De21] 

= [I-De22I2]-i 

e2   . 

e2i. (4.25) 

The well-posedness of the connections in Eq. (4.23) guarantees that [I - De22I2]~l exists. 

The model structure and its parameters/matrixes in Eqs. (4.24) and (4.25) are indepen- 

dent of the structural and aerodynamic variables and thus are unchanged in the design or 

optimization process of the latter 
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4.4    The ASE Model 

The ASE model is obtained by connecting the AE model of Eqs. (4.14) and (4.15) with the 

control system of Eq. (4.24) through fixed and variable gain connections, as shown schemat- 

ically in Figure 4.2. As in subsection 4.3.2, an input and output of one fixed connection 

cannot appear in another connection. 

AE Plant 

Control System 

Figure 4.2: The ASE interconnection model. Thick lines represent fixed connections. 
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To perform these interconnections, the system equations (4.14), (4.15) and (4.24) are 

assembled and their inputs and outputs are re-arranged as follows: 

K 0 
0 Ac 

GP1 0 
C~. 0 

o  a 
o  a 

Cl 

C2 

Xc 

x- 

+ 

+ 

■-"Pi 

0 

0 
0 
0 
0 

B, P2 

0     BCt    Bc 

■pi 

P2 

0 0 
0 0 
0 D, 
0 Dt 

0 
0 

Cll 

C21 

D, 
D, 

C12 

C22    J 

Cl 

c2 (4.26) 
pi 

u Pi 

ci 

C2 

where inputs and outputs with the subscript 1 are used in connection through the vari- 

able gain matrix, while the inputs and outputs with the subscript 2 are used in the fixed 

connections, performed first.   The system with fixed connections closed but variable gain 

connections open will be referred to as the gain-open system. 

The fixed connections are specified by 

u, lP2      I   _ 
u ■c2 

0    /, 
'cp 0 

VP2 

Vc2 

(4.27) 

where [1^] and [/,,] are of a similar structure as [J2] of Eq. (4.23). Eq. (4.27) expresses fixed 

connections between the AE and control model. Such connections within the control model 

were already implemented in Eq. (4.24), while fixed connections within the AE model are 

not logical and thus forbidden. (Any connections from the sensors to actuators are assumed 

to be part of the control system and thus performed through the elements of the latter.) 

Substituting Eq. (4.27) in Eq. (4.26) yields the gain-open vehicle equations 

{xv}   =   [A,]{x„} + [Bv]{uv} 

{Vv}   =   [Cv]{xv} + [Dv]{uv} 

where 

(4.28) 

{xv} = 
xp 

xc 
{uv} = ■pi 

'Cl 
{y '->={"} 
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and 

[M = 

[Ov] = 

■rip + -Dp, ^VC^CV) *-ctr^T>?       "pi ^pc^C2 

Ac 

'P2 MPCJ^C22J-CP^P2 

&C2 *Cp^P2 

0PI 

*-'Cl2*-Cp{Jp2 

0 
a Cl 

[*] = 

[AJ = 

"V\        **Pt *pcL'c21 

'Cl 

0 
0 

0 
D, Cll 

(4.29) 

It can be observed that in Eq. (4.29), direct input-tooutput feed-through, i.e., non-zero 

entries in [Dv], can exist only between uCl and yCl, namely [DCn] connecting between internal 

control elements. This result is due to the zero feed-through of the AE system discussed in 

section 4.2, Eq. (4.15). 

The final ASE variable gain loop is closed by relating the input vector {uv} to the output 

vector {yv} via a gain matrix [Gv], 

K} = [Gv]{yv} 

or more specifically 

{::}= Gcp   Gcc {£} 

(4.30) 

(4.31) 

Gpp represents a direct connection through a variable gain from AE system sensors and 

actuators, while Gcc are control system internal variable gains. Gcp and Gpc are variable 

gains specified on the inputs and outputs, respectively, of the control system, i.e., gains on 

the sensors and to the actuators. 

Substituting Eq. (4.30) into Eq. (4.29) yields the closed-loop ASE equations of motion 

{xv} = [A,]{3v} (4.32) 

where 

[Ä,] = [A*] + [BV}[GV] [I - DvGv]~l [Cv] (4.33) 

The inverse in Eq. (4.33) exists assuming the feedback given by Eq. (4.30) is well posed. 

The special structure of the coefficient matrices in Eq. (4.29) is used to reduce the com- 

putational load in constructing [A»]. In addition, in AE optimization, only elements of the 
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AE model, i.e., matrices with the subscript p in Eq. (4.29), have to be recomputed, while 

the rest of the terms in the [A*], [Bv], [Cv] and [Dv] matrices are unchanged. This can also 

reduce the computational load in the optimization process. 

4.5    System Matrix Derivatives 

The derivative of [Ä,] in Eq. (4.33) with respect to a structural design variable v; is 

fl^+TO„-w^ (4.34) 

The only terms in [Ay] which are functions of the structural design variables are in [A^] 

which combines the second row partitions of [Aae] and [Bae] of Eq. (4.5), namely 

[42)] = -[Ä]-W] (4-35) 

where 

[Äf))=[Khh + qAhho    Bhh + $Ahhl    qDh   qA^    fA^    ^A^' 

The derivative of [A^] with respect to Vi is 

dL4(2)] 
-^ =-[M]-1 ([DGMVM42)] + [ [DGKV],   0   0   0   0   [DGMVC]; ])        (4.36) 

where [DGMV];, [DGKV]; and [DGMVC]; are defined in Eqs. (2.7), (2.9), and (2.13), and 

where use is made of the differentiation formula 

aW-'=_[J&rlMi[Är, 
(4.37) dvi r"J     dvi 

The derivative of [A„] with respect to Vi is all zero except for the first 2nh + na columns in 

rows nh + 1 to 2nh which are given by Eq. (4.36). 

The derivative of [Cv] with respect to V{ is zero in the cases of displacement and velocity 

measurements. In the case of acceleration measurements, Eq. (4.8) yields 

d[Cv. 
dvi 

I       0 
0   I>ci2/cp M ^1  o 

OVi 
(4.38) 
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4.6    Aeroelastic System Gain and Its Sensitivities 

The aeroelastic system gain is useful in specifying the closed loop ASE system performance. 

In particular, the zero-frequency (DC) gain of the AE system excluding the rigid body 

modes, often referred to as the actuator effectiveness, can be used to specify low-frequency 

performance. Using Eqs. (4.14) and (4.15), the actuator effectiveness is computed by 

[G,(0)] = -[CpWT^B, (4.39) 

Its sensitivity with respect to a structural design variable Vi is 

d[GP(0)} 
dvi 

[CP][Ap] 
^[A,]     d[Cp] 

dvi        dvi 
[A^W (4.40) 

where the sensitivity matrices d[Ap]/dvi and d[Cp]/dvi were discussed in the previous section. 
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Chapter 5 

Flutter Analysis 

5.1    Flutter Constraints 

The flutter analysis is based on the nTOOt eigenvalues Aj, whose Im(Aj) > 0, of the closed-loop 

systm matrix [Äv] of Eq. (4.33). Without a control system, [A*] = [Aae] where [Aae] is the 

open-loop system matrix defined in Eq. (4.5). 

The flutter constraints are those specified in the standard FLUTTER discipline in AS- 

TROS, namely 

. _ Iji ~ IjREQ < n j = l,2,...,nv 
9~    GFACT    -° l = l,2,...,nroot t5'1) 

where 

Re(At) 
7i' " Im(A0 

at the jth user-defined velocity associated with a Mach-density pair. The derivative of the 

flutter constraint with respect to a design variable Vi is 

dg =       1      frjjt = DRRV^ - 7,-tDIRVi (   ^ 
dvi     GFACT dvi Im(A,)GFACT ^  ' 

where DRRVi and DIRV» are the derivatives of the real and imaginary parts of dXi/dvi. 

Derivatives are calculated for a small portion of the extracted eigenvalues which are the most 

critical. The computation of dXi/dvi requires the extraction of the eigenvectors associated 

with A;. 
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5.2    Eigenvalue Sensitivity 

The complex column (left) eigenvector {Xi} and row (right) eigenvector {Xi}T associated 

with A; satisfy 

([Ä,] - A,[/]) {Xt} = {0} (5.3) 

and 

{Xt}
T ([£(„)] - X,[T\) = {0}T (5-4) 

To compute the flutter column eigenvector efficiently, Eq. (5.3) is partitioned into 

0      /      0   1 \ 
\ Xl \ 

A21   A22   A23. -Mi] < Xi 
Azi   Az2   Azz ) 1*3 J 

= {0} (5.5) 

where subscript 1 relates to the structural displacement states {£}, 2 relates to the velocity 

states {£}, and 3 relates to the remaining states. The first row partition in Eq. (5.5) yields 

{X,} = 1{X2} 

which, when substituted in the remaining parts of Eq. (5.5), yields 

(5.6) 

A22 + ^7^21    A23 

-Ä32 + 3^-^31   -A33 
-M/] X2 

X* 
= {0} 

The first term in {X2} is set to 

x2l = (1.0,0.0) 

The other values of {-X2} and {X3}, combined in {X}, are found by solving 

([Ä] - A,[J]) {X} = -{1} 

(5.7) 

(5.8) 

(5.9) 

where [A] is the partitioned matrix in the right side of Eq. (5.7), without the first row and 

first column, and {&} is the first column of the partitioned matrix (without the first term). 

Eq.. (5.9) is solved by first decomposing [A] — Xi[I] into 

[Ä]-m = [i>][v] (5.10) 
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where [L] and [U] are lower and upper triangular matrices. Forward-backward substitution 

is then performed to yield {X}, which combines with Eqs. (5.6) and (5.8) to the column 

eigenvector {Xi}. 

For the computation of the flutter row eigenvector, Eq. (5.4) is partitioned into 

X2 

Xz , 

\T 0 I 0   1 \ 
A2X A22 A23 - Mi] 
A3i A32 Azz . I 

= {oy (5.11) 

The first column partition of Eq. (5.11) yields 

{Xx} = I ({A21]T{X2} + [AU]T{X3}) 

which, when substituted in the remaining parts of Eq. (5.11), yields 

(5.12) 

X2 

X3 

A22 + j-tA2i   A23 

^32 + ^^31     AZZ 
- MI]   = {0} (5.13) 

Similarly to the column-eigenvector solution, The first term in {X2} is set to 

X2l =(1.0,0.0) (5.14) 

and the other values of {X2} and {{X3}, combined in {X}, can now be found by solving 

{X}T ([A] - A,[/]) = -{1}T (5.15) 

where the left-side coefficient matrix is identical to that of Eq. (5.9) but {1} now contains 

the first row of the partitioned matrix, without the first term. In order to solve Eq. (5.15) 

with the same decomposition used for solving Eq. (5.9),the problem is posed as the conjugate 

transpose of Eq. (5.15), 

([i*]-A;[/])T{X*} = -{6*} (5.16) 

from which {X} and then the other parts of {Xi} in Eqs. (5.12) and (5.14) are recovered. 

The differentiation of Eq. (5.3) with respect to a design variable u; yields 

(^-f*w)«>+(W-Mfl)*g! = {0> (5.17) 
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Premultiplication of Eq. (5.17) by {Xi}T and the use of Eq. (5.4) yield 

P = DRRV, + iDIRV, =    ;ixp;^x (5.18) 
ovi {Xi}T{Xi} 

5.3    Flutter Boundary 

While the optimization flutter constraints are based on the system eigenvalues at user- 

defined flight conditions, the final analysis may include the comutation of the flutter velocity 

at which a root branch crosses to the right side of the Laplace domain. In addition to 

the nvei major velocity values (V) defined by the user for each Mach-density case, the user 

defines intermediate V values by specifying the number of equal intervals (n<jei/) between two 

consequtive major V values. Startig with the third V value in each Mach-density case, the 

flutter velocity is calculated when a real part of a complex eigencvalue becomes possitive. 

The total number of V values for which roots are calculated in the final analysis is nvxndv + 1. 

The fcth intermediate V between the major Vm and Vm+i is 

Vk = qm+Vm+l~Vm(k-l) (5.19) 

The flutter velocity and frequency, Vf and ojf are calculated by quadratic interpolation of 

the first eigenvalue that crosses to the right side, and the associated ones in the two previous 

V points. The eigenvalues that correspond to the same "branch" may not appear in the 

same location in the vectors of eigenvalues associated with different Vs. If, for example, 

A^ is the ith eigenvalue in the vector of eigenvalues {A}*, associate with Vk, A(fc_i)i may not 

relate to the same aeroelastic branch. It is assumed, however, that the V increments are 

small such that, the same-branch eigenvalue is the closest one among A(fc_i).;_2) to A(fe_i).i+2). 

The flutter boundary routine finds the first eigenvalue in each branch (if any), z*. + iujk, that 

has positive real part, and the two previous same-branch eigenvectors, Zk-i + iwk-i and 
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Zk-2 + iuk-2- The two quadratic interpolation formula are 

V   =   Vf + Aqz + Bqz
2 

a;   =   iof + Awz + B„z2 

(5.20) 

yield the Vandermonde equations 

1     Zk-2 

1     Zfc-1 

and 

1 zfc 

1 Zfe-2 

1 Zfc-1 

1 zk 

°k-2 
Z2 Jfc-1 

Z2 zk-2 
Zk-1 

Zk 

[ ^ ] f   Vfe-2   1 
< 9 >  =  < V^_i   > 

l*.   J I   Vh   J 

Uk-2 

Wfc-1 

k>fc 

which yield 

Vk-2Zk-lZk(zk - Zk-l) - Vk-lZk-2Zk(zk - Zfc-2) + VkZk-2Zk-l(zk-l ~ Zfc-2) 

(zjfe - Zfc_l)(zfc - Zk-i){zk-l - Zk-2) 

and 

(5.21) 

(5.22) 

(5.23) 

&  = Uk-2Zk-iZk(Zk ~ ^fc-i) ~ a'fc-i2:fc-2Zfc(zA; - zfc-2) + a;fcZfc-2Zfc-i(.Zfc-i - Zfc-2)      ,_ 94, 

(Zfc - Zk-l){zk ~ Zk-2){zk-lZk_2) 
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Chapter 6 

Control Stability Margins 

This Chapter discusses the controller stability margins of the closed loop ASE system de- 

scribed in Chapter 4. The analysis assumes variations in the gain matrix [Gv] of Eq. (4.30) 

only, applying both Single-Input-Single-Output (SISO) and Multi-Input-Multi-Output 

(MIMO) techniques. The SISO stability margin discussions address the single gain un- 

certainty cases. This includes descriptions of methods to calculate the appropriate SISO 

transfer functions from the MIMO control system, as well as methods to calculate SISO 

gain and phase margins and their sensitivities with respect to variations in structural design 

variables. The SISO techniques are then further extended to treat MIMO problems, where 

several controller gains can vary simultaneously. 

6.1    SISO Stability Margins 

The SISO analysis addresses the case of uncertainties or possible variations in one element 

of the controller gain matrix [G„], e.g., GVij, which takes the form 

G*u = Ö^ftje*-" (6-1) 

Here, GVij is the nominal values of GVij, while g{ . and <^ . are its gain and phase variations, 

respectively, which determine the gain and phase margins. Their nominal values are gi . — 1 

and <f>i . = 0. Assuming that nominally the closed loop ASE system is asymptotically stable, 
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i.e., [Äy] of Eq. (4.33) is Hurwitz with the nominal GVx], SISO stability margins determine 

the smallest variations in gid and <f>itj that cause instability of the closed loop ASE system. 

To compute these margins, appropriate SISO transfer functions have to be constructed from 

the (generally) MIMO control system. Consequently, the SISO gain and phase margins and 

their sensitivities to structural design variables can be computed. 

6.1.1    SISO Transfer Functions from a MIMO Control System 

Computation of the SISO stability margins against variations in GVij discussed above can 

be efficiently performed by opening the i-j loop of the MIMO control loop in Eq. (4.30) at 

either input or output side of the gain element GVl-, resulting in a new single variable input 

and a new single variable output to the system. The SISO stability margins can then be 

computed from the open loop SISO transfer function between this new input and the new 

output. 

Figure 6.1: SISO stability margins: control loop layout for the required 
SISO transfer function. 

This new SISO transfer function is computed using the "open-closed" loop system de- 

picted schematically in Figure 6.1, where the elements of the new gain matrix [G[**
,

')
=0

| are 

equal to the elements of the nominal gain matrix [Gv], except for the (i, j) element which is 

set to zero and {e,} and {ej} are the i-th and the j-th unit vectors, r; is the new "external" 

scalar input and yj is the new input of this open-closed system. 
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The MIMO loop in Fig. 6.1 is defined by 

{«.} = [G^°] {yv} + {«}* 

Substituting the controller Eq. (6.2) into the system Eq. (4.28), and using the relation 

y*3 = öViA^}T{yv} 

yields the new open-closed loop system state-space equations 

{in}   =   [j4oc]{xoc} + {&ocJr; 

y*j        ~    [c°c;  ixoc} + dOCjiri 

(6.2) 

where 
[Aoc] = [AV]+[BV][CV] 

'c^\ = GW{e;}T[<%] 
do*, = GViJ{e3}

T{DVi} 

[Bv] = [BV][G^=°] 

[a] = [a]-1 [a] 
{DVt} = [A,]"1 [!>.]{«} 

[DV] /-p.] [(#•»>* 

The SISO transfer function between r^ and j/y is 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

(6.7) 

This transfer function is used next to compute the gain and phase margins of the G^ -control 

system gain, and their corresponding sensitivities to variations in the structural parameters 

of the ASE system. 
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6.1.2    SISO Gain Margins 

Upper and lower gain margins are denned for a stable closed loop ASE system. The upper 

gain margin indicates the lowest relative increase in the loop gain GVi j for which the closed 

loop system is unstable. Using the notation of Eq. (6.1), the upper gain margin is the smallest 

9ij > 1 ^at causes closed loop instability. Similarly, the lower gain margin indicates the 

lowest relative decrease in GVij, i.e., the largest 0 < gi} < 1, that leads to an unstable closed 

loop system. According to the Nyquist stability criterion, gain margins are the reciprocals 

of the open loop transfer function gain, evaluated at the phase crossover frequencies denned 

as the frequencies for which the transfer function phase equals to 0°. The 0° (and not 

the classical -180°) phase crossing is used because of the positive feedback assumption in 

Eq. (4.30). Among all the phase crossover points, the two closest to +1 in the complex 

Nyquist plane determine the upper and lower gain margins. 

In the ASE context, the SISO transfer function of interest is T^^s) defined in Eq. (6.7). 

To compute the gain margins, it is necessary to determine the phase crossover frequencies u)^ 

for which T«^ (jo;pco) is real and positive. For that, the matrices [L] and [N] are constructed 

as follows 

[^] PC        M   1 r 0   -, 

[°U».    -^"]T       -[c~,r M= C/J2n*x2""    : (6-8) 
N    -{*uT     o   J Lo oj 

where nv x nv is the dimension of [4J. The phase crossover frequencies are the imaginary 

parts of the purely imaginary generalized eigenvalues of [L] and [N], i.e. 

[L} = 

[L]{xk} = \k[N]{xk},        k = l,...,nv (6.9) 

and {xk} are the corresponding generalized right eigenvectors. Among all the purely imag- 

inary Afc-s only the ones with real and positive T^..(A*) are relevant to finding upper and 
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u := < Imag (Ak) 

lower gain margins, leading to the set 

Real (Ak) = 0, Imag (Ak) > 0, 

Real (TOCjii(Ak)) > 0,   Imag (TOCj>i(Ak)) = 0 t 

By definition, the upper and lower gain margins are determined as 

1 

(6.10) 

GMU 

GMi   = 

Max {0<TOCii(7w)<l} 

1  

Min {KTOC^Oö)} 

(6.11) 

(6.12) 

The expressions above yield the phase crossover frequencies, a£.0 and <jJlpco, which correspond 

to the upper gain margin, GMU, and lower gain margin, GMi, respectively. Therefore, 

1 
GMu,i = 

•>pco 

(6.13) 

.n.l (6.14) 

and in decibels, 

GMu<l[dB) = 201ogGMUjl = -201ogTOCj>i(^) 
— pco 

Note: Some systems may have no upper and/or lower gain margins (often set to ±oo [dB]). 

In these cases, the gain margins and their corresponding sensitivities, discussed below, are 

not calculated. 

6.1.3    SISO Phase Margins 

Upper and lower phase margins are defined for a stable closed loop ASE system. The upper 

phase margin indicates the lowest additional loop phase lag for which the closed loop system 

is unstable. Using the notation of Eq. (6.1), the upper phase margin is minus the largest 

<j>ij < 0 that causes closed loop instability. Similarly, the lower phase margin indicates the 

lowest additional loop phase lead, i.e., minus the smallest <f>ij > 0, that leads to an unstable 

closed loop system. Based on the Nyquist stability criterion for positive feedback systems, 
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phase margins are evaluated at the gain crossover frequencies (defined as the frequencies 

for which the transfer function gain is unity) and equal to the transfer function phase at 

these frequencies. Among all the gain crossover points, the two closest to +1 in the complex 

Nyquist plane are used to determine the upper and lower phase margins. By convention, the 

upper phase margin is positive and the lower phase margin is negative. 

In the ASE context, T^^s) of Eq. (6.7) is used as the open loop transfer function for 

phase margin calculations. The gain crossover frequencies ujgco are found by computing the 

eigenvalues of the Hamiltonian matrix [H] defined by 

[H} = 

[Aoc] + {boc,} 
dn T       — 

{t>oc,} {boc,}  /djti 

_ T 

[Aoc]+ {b^}[Cj] 
di.i 
dj,i 

(6.15) 
dj,i 

T 

[Coc,]     [coc,\ldjti 

where djti = 1 - d^... Among these eigenvalues Xk, i = k,... ,2nv , only purely imaginary 

ones for which T^. (A*.) = 1 are used to determine the upper and lower phase margins, 

leading to the set 

öi := I Imag(Ak) | Real (Ak) = 0, Imag (Ak) > 0, |TOCj,(Ak)| = ll (6.16) 

The upper and lower phase margins are determined as 

PMU   =    Min {0° < /T^jjü) < 180° | (6.17) 

PMt   =    Max {-180° < /T^jjQ) < 0°) (6.18) 

where / T^.(jü>) is manipulated to be in the range -180° < /T^^jü) < 180°. Note that 

the above expressions yield the conventionally assumed PMU > 0 and PM{ < 0. These 

expressions also yield the gain crossover frequencies, a£co and ul
gco, which correspond to the 

upper phase margin, PMU, and lower phase margin, PMi} respectively. Therefore, 

PMUtl = /T^jju) (6.19) 
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or 

(6.20) 
»M        f    -i /Imag[Toc.i(ja;)]\ 

''SCO 

Note: Some systems may have no upper and/or lower phase margins (often set to ±00[°]). 

In these cases, the phase margins and their corresponding sensitivities, discussed below, are 

not calculated. 

6.1.4    Sensitivities of SISO Gain Margins 

In this section the sensitivities of the upper and lower gain margins with respect to a design 

variable are derived. The gain margins are computed for the controller gain GVij variations, 

while the design variables include structural variables and the controller variable gain matrix 

[Gv] entries, all grouped in the vector {v}. 

The sensitivity of the gain margins expressed in decibels are given by 

dGMu>l[dB] = 20/In 10 dGMu>l _ 
dvi GMUii      dvi 

where dGMUii/dvi is the regular (not in decibel) gain margin sensitivity. 

The gain margin sensitivities with respect to GVij are given simply by 

dGMUil =    GMU>1 

dGVij GVi- 

or in decibels 
dGMu,i[dB] _    20/In 10 

dGVij GVij 

To compute the gain margin sensitivities with respect to the other design variables Vi, 

the matrix I -AGM,^] 
1S constructed 

(6.22) 

(6.23) 

GMU 

1 - dXjiGMUti 
[AGMUI] =    [Aoc] + U< {&ocJ [Coc,] (6.24) 

57 



Note that jtog, is an eigenvalue of [AGM^ ■ The gain margin sensitivities are given by 

Real 

f{Y}T9A?y wN 

dGMUil 

dvi 

dvj 

\ 
m {x} 

j 

({Y}Td^±{X^ 
Real 

dGMUtl 

{Y}  « 

where {X} and {Y}' are right and left eigenvectors of [AGMU , 

[AGM^]{X}   =   j^J0{X} 

{Y}'[AQU*]   =   fZiY}' 

given by 

and 

dAGMul 
{W 

The sensitivity dAGMul/dvi is constructed using the results of Section 4.5. 

(6.25) 

(6.26) 

(6.27) 

(6.28) 

6.1.5    Sensitivities of SISO Phase Margins 

Upper and lower phase margin sensitivities are computed with respect to the design variable 

vector {v} defined in the previous section. To compute these sensitivities, the matrix \APMU ,1 

is constructed 

[APMUI1] = [Aoc]  + {boa} [coc,] (6.29) 
ejPMUtt[Tad] _ g 

where PMUil[ia.d] is the phase margin expressed in radians. Note that UPMU(] is complex 

and yJt* is its eigenvalue. 
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The phase margin sensitivities are given by 

Real 

({Yf ^L {X}\ 

dPMUti 
dvi 

\ 
{Y} {X} 

I 180 

Real 
{Y}   dPM-^d] {X} 

(6.30) 

{Y} {X} 

where {X} and {Y}   are right and left eigenvectors of [j4pAfuij given by 

{Y}T[APMu,}   =   ju£iY? 

and 
dA PM^i       _ je jFATUii[rad] 

{boa} [Cocj 

(6.31) 

(6.32) 

(6.33) 
dPMuj[ia.d] f^PM^rad] _ ^    V 

Again, the sensitivity dApM^Jdvi is constructed using the results of Section 4.5. 

6.2    MIMO Stability Margins and Sensitivities 

Following Ref.   14, the MIMO stability margins are defined by introducing ASE system 

uncertainties at the plant input or output as described in Figure 6.2. 

The input and output MIMO stability margins are defined with respect to uncertainties 

(variations) in the matrices [Li] and [L0], which are assumed to be diagonal, i.e. 

[Li]   =   diag[<tfe"i],    l = l,2,...,Ni 

[L0]   =   diag[s£e*£],    * = 1,2,...,JV0 

(6.34) 

(6.35) 

where Ni and N0 are the number of inputs and outputs, respectively, to the ASE model. 

At the nominal condition, g\ = cfe = 1 and <f>\ = <j>% = 0   V l,k, i.e., [£,•] = INiXNi 
an(i 
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[A, s„ 1 
[ a A, J 

" 

Li io 

i i 

u V 

Figure 6.2: MIMO stability margin evaluation setup. 

[L0] = INoXNo. Sufficient conditions for a guaranteed gain margin g* and phase margin <£* at 

any input to the gain-open ASE plant are 

[(1 - l/gj + 2(1 - cos^)/r]      < SL{I ~ GVPV} 

or 

[(i - -JY+2<r(i - co.^-)]/ < a {/ - [c/y-1} 

(6.36) 

(6.37) 

where 

[ft(*)] = [C.][*/-i4f,]-
1[B,] + p.] 

and a{-} is the minimum singular value of the argument matrix evaluated at s = ju> V a> > 0. 

Sufficient conditions for output gain and phase margins are similar to the inequalities of 

Eqs. (6.36) and (6.37) except of replacing the [GVPV] terms with [PVGV]. 

The inequalities of Eqs. (6.36) and (6.37) on the ASE system minimum singular values 

can serve as MIMO stability margins in the multidisciplinary optimization process. Their 

sensitivities with respect to a design parameter p are computed analytically from the singular 

value derivative expression 

—L = TtoX\tf—v_\ (6.38) 
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where u and v are, respectively, the right and left normalized singular vectors of the matrix 

[H], corresponding to the minimum singular value P{H}. In the ASE MIMO case, 

[H] = [/] - [(?„] [[Cv][sl - M'^B,] + [Dv]] (6.39) 

and the evaluation of the derivative da{H}/dp facilitates the sensitivities of [A*], [Bv], [Cv] 

and [Dv] which were discussed earlier in the SISO margin section. 
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Chapter 7 

Continuous Gust Response 

The time-domain ASE model for continuous gust response analysis is is based on the ASE 

model of Chapter 4, augmented by gust states and excited by a gust velocity input. The 

formulation is based on the gust modeling of Ref. 5. It assumes a single gust pattern, either 

vertical or lateral, represented by the spectral properties of the gust velocity amplitude. 

The gusts are assumed to be spanwise uniform. Kinematic load modes and the associated 

aerodynamic and inertial coefficient matrices facilitate the use of section loads as design 

constraints. 

7.1    Equation of Motion 

The second-order time-domain equation of motion of the structure was defined in Eq. (2.23), 

with the generalized external forces represented by {Ph(t)}. The external forces for stability 

analysis were expressed in Section 4, where they included aerodynamic forces due to struc- 

tural dynamics, and inertial and aerodynamic forces due to control-surface motion. These 

loads can be considered as part of the internal dynamics of the closed-loop aeroservoelastic 

system. Gust response analysis requires the addition of gust input loads. When output 

section loads are required, generalized aerodynamic loads associated with kinematic load 

modes are required as well. 
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The generalized aerodynamic forces are defined in the frequency domain in Eq. (2.38). 

The aerodynamic force coefficient (AFC) matrices, including the gust column {(?«?}> are 

first calculated at several user-defined tabulated reduced frequency values, ko The tabulated 

matrices are used for approximating the AFC matrix as a rational function of k in the entire 

frequency domain, as described in Chapter 3. An expansion to the entire Laplace domain 

is performed by replacing ik in the rational expression by the non-dimensional Laplace 

variable p = sb/V, which yields Eq. (3.2). The substitution of p = sb/V in the expression 

for [Qh(p)] of Eq. (3.2), and the subsequent construction of the state-space equations for 

stability analysis were discussed in Chapter 4. The expanded version of Eq. (4.1), which 

includes the gust related coefficients, reads 

' Qh(s)' 

. QL(S) . 
= 

Am 
AL0 

b 
+ v 

AHI 

. ALI 

b2 

s + v~2 Ah2 
AL2 

s2 + 
' Dh' 

([^-y[Ä])_1^]M7.i) 

where the coefficient matrices are column partitioned as 

(" = 0,1,2), 
Ahn 

Alsn 
Ahhn        Ahcn       AhGn 

ALK** ALcn   ALan 
[E] = [Eh   Ec   EG] 

When the design values are different than the ones for which the approximation matrices 

were calculated, {AhGn} ls updated by Pre-multiplying its baseline value by [^]T, and [A^hn] 

is updated by post-multiplying it by [t/>], similarly to the other matrix updated in Eq. (4.2). 

To avoid coefficients associated with the second time derivative of the gust velocity. 

Approximation constraints should be applied to the gust columns to yield {AhG2} — 0 an(i 

{ALG2} = 0. As discussed in Chapter 3, the approximation matrices [Ahn], [Dh] and [E] 

are solved for while ignoring the section-loads data. The [Ai^ and [DL] matrices are then 

solved for with a fixed [E]. 

The augmenting aerodynamic state vector is defined here by its Laplace transform as 

{*.(«)} = (m« - j my1 (mm*)}+mw*)}+^^w)»   (7.2) 
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Equations (3.1), (7.1) and (7.2) add a gust related term to the generalized aerodynamic force 

vector {Pg(s)} of Eq. (4.4), 

{PM}G   =    - 1 ({AHG,} + ±{AhGl}s^J wG(s) (7.3) 

Equations (2.23), (2.28), (4.4) and (7.3) yield the state-space aeroelastic equation of 

motion for open-loop response analysis 

{xae}   =   [Aae]{xae} + [Bae]{uae} + [Baw]{wG} (7.4) 

where {xae}, {uae}, [Aae] and [£?oe] are defined in Eq. (4.5) and 

<*»> = {Z} w-i = 
0 0 

-f[M]-x{^Go} -^[My'iA^y 
0 f {EG} 

where [M] defined in Eq. (4.5). 

Sensor readings of the aeroelastic plant were defined in Eqs. (4.6) to (4.9). The only 

effects of the gust inputs on sensor readings are in the case of acceleration output, where the 

expression for ya in Eq. (4.8) is supplemented by 

yaG = {GaG){wG} (7.5) 

where 

[CaG] = -[4>y][M)-i [ ±{AhGo}   ${AhGl} ' 

which expands Eq. (4.9) to become 

{yae} = [CBe]{xae} + [Dae){uae} + [CGa]{wG} (7.6) 

where the only non-zero rows in [CGa] are those associated with acceleration signals, which 

are taken from [Cac] of Eq. (7.5). 
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The plant equations of motion, Eqs. (4.14) and (4.15), become 

bP}   =   [CP}{xP} + [CGa}{wG} 

where 

Bau 

(7.7) 

[BPW} = 0 

The vehicle equations of motion, Eq. (4.28) become 

{xv}   =   [Av]{xv} + [Bv}{uv} + [B^jiwa} 

bv}   =   [Cv}{xv} + [Dv]{uv} + [CGV){WG} 

where 

GGa 

(7.8) 

[Bvw] = 
Bpu, 

BCi IcpCoi [Ci Gv\ 

(7.9) 

DCl2 IcpCa2 

The equation of motion of the closed-loop aeroservoelastic system is 

{xv}   =   [A,]{xv} + [f?w]{wG} 

where [At,] is the closed-loop system matrix defined in Eq. (4.33) and 

[Bn] = [B^] + [BV][GV] [I - DvGv)-1 [CGv] 

Output parameters {VR} which are of interest for dynamic response analysis are expressed 

in terms of the plant states, similarly to the sensor readings of Eq. (7.7), 

{yR} = [CpR}{xp} + [CGaR]{wG} (7.10) 

where, similarly to [CGa], [GGPR] = 0 except for acceleration response rows. 

7.2    Gust Model 

The description of the gust mode and the way gust column in the generalized aerodynamic 

matrix is calculated, are given in the theoretical manual of the ZAERO module. We deal 
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in this section with the statistical properties of the gust velocity and their realization in 

state-space modeling. 

It is assumed that the gusts are generated in a stationary, Gaussian, stationary random 

process. A continuous atmospheric is defined by its root-mean-square (RMS) value and power 

spectral density (PSD) function. RMS gust values, crwa, for aircraft design are defined by 

aviation regulations. A classical formula for the gust PSD is that of Dryden, 

•-.(») = <£.*.}+ HaT,L (7-11) 
[l + (wTg?\ 

where rg = Lg/V where Lg is the scale of turbulence typically 2500 ft for aircraft design. 

This formula is consistent with the relation between RMS value and PSD function in the 

theory of stochastic processes, 

The expression of Dryden appears some time with a 7r in the denominator, which agrees 

with the formula traditionally used by aeroelasticians, 

<, = £°*v,aWdu> (7.13) 

A more modern PSD formula, but somewhat more complicated, is that of Von Karman, 

*    /   x        2 1 + f (1.339u;rfl)
2 

*««H = <T9r        *\ -1> (7.14) 
r2  r_   1 + J(1.339U,T3)

2 

[l + (1.339o;rff)
2' 

To facilitate the use of modern algebraic tools for calculating the structural response to 

continuous gust excitation, we want to describe the gust-response process by a state-space 

model excited by white noise. For this purpose we need to define a gust filter that, when 

excited by white noise, produces the gust PSD function. The transfer function of a filter 

that produces Dryden's formula is 

w = "^y - ^—(s + j.)2 (7-15) 
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where w is a white-noise parameter with $w — 1. A state-space realization of this filter would 

result with direct white-noise excitation of the aircraft dynamics, and hence non-converged 

RMS acceleration response. To avoid that, we add a low-pass filter which modifies Tg(s) to 

be 

fg(s) = -^-Tg(s) (7.16) 
s + a 

A state-space realization of Tg(s) is 

{xg}   =   [Ag]{xg} + {Bg}w 

{*>G}   =   [C,]{z,} (7.17) 

where 

[A9]   = 

[C.]   = 

0 1 0 

V2 -2/r, a {Bg} = I 
0 0 —a 

0 
0 

-3/2 VZT-V> 0 
-JZT-W   (l-2^)r-3/2   Vtar-V* 

Since Von Karman's PSD, Eq. (7.14), is a non-rational function of u>, it can not be 

modeled exactly by a transfer function. Reference 16 suggested the 3rd order filter 

(1 + 2.618T,«)(1 + 0.1298rps) 
(7.18) Tg     tr^oy/Tg^ + 2.083T„a)(l + o.823rss)(l + 0.0898rfls) 

which yields good fit in the range 0 < Tgw < 20. Hoblit17 suggested 

J-g = Pwa\JTg X 

(1 + 2.187rgs)(l + 0.1833rg3)(l + 0.021rgs) 
(l + 1.339rffs)(l-(-1.118Tss)(l + 0.1277rgs)(l+0.0146r35) l'    J 

which is good for 0 < rffa> < 200.   Both approximations of Von Karman's PSD function 

require additional low-pass filter to yield a state-space realization without an output noise 

term, as in Eq. (7.17).    With the low-pass filter, Eq. (7.18) yields a 4-state filter, and 

Eq. (7.19) yields a 5-state one. 
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7.3    Gust Response Analysis 

Augmentation of the aeroservoelastic equation (7.9) by the gust filter, Eq. (7.17), yields 

{ii} = [Ai]{x} + {Blw}w (7.20) 

where 

{*i}   = xc 
[Ai 

[Äv]      [BnttC,] 
0 [A,] 

{Blw} = 
B„ 

Gust response parameters expressed by Eq. (7.10) become 

{yi} = [d]{*i} (7.21) 

where 

[CI]=[[CPR]   [CGaR}[Cg] ] 

The response parameters include discrete structural response and integrated section loads. 

The discrete parameters are displacements, velocities and accelerations that were formulated 

in Eqs. (4.6) to (4.8) and (7.5). Section loads can also be expresses in the form of Eq. (7.21). 

Equations (2.40, 7.1, 7.2, 7.17) yield the time-domain aerodynamic loads 

{PI) 

-   q[ALho   ±ALhl   DL   ALCQ   ±AUl   ^ALc2   0   ±ALGoCg   &ALOlCg]{xl} 

(7.22) 
b2 

q-yslAudU} 

where {£} can be expressed in terms of {xi} by using the associated row partition in 

Eq.(7.20). 

Rigid-body displacement modes with no aerodynamic stiffness (in X,Y, Z and 6X) cause 

zero roots. The rows and columns associated with the deflection states of these modes should 

be removed to avoid singularity in the solution of the Lyapunov equations given below. We 
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assume now that the first state in {zi} after this removal are 9y in the symmetric case and 

Bz in the anti-symmetric case. Other rigid-body motion modes that have a zero eigenvalue 

are the symmetric one with 9y = Z/V and the antisymmetric 9Z = —Y/V. Such singularity 

is eliminated by calculating the associated eigenvector, creating a transformation matrix [T] 

in which the first column of a unit matrix is replaced by the eigenvector, and performing the 

transformation 

{x2} = [T]-l{*i} (7.23) 

which yields 

{x}   =   [A}{x} + {Bw}w 

{y}   =   [C]{x} (7.24) 

where {x} is {x2} with the first term truncated, [A] is [A2] = [T]-1[.Ai][T] with the first row 

and the first column truncated, [Bw] is [£2«,] = Plf-Bi«;] with the first row truncated, and 

[C] is [C2] = [Ci][T] with the first column truncated. 

A state covariance matrix [X] is defined by the expected value 

[X] = E [{x}{x}T\ (7.25) 

When w of Eq. (7.20) represents a unit-intensity white-noise process, [X] satisfies the Lya- 

punov equation 

[A] [X] + [X][A]T = -{BW}{BW}T (7.26) 

Efficient solution is obtained via Schur decomposition [A] = [U][T][U]T where [U] is a unitary 

matrix, [t/][J7]r = [/], and [T] is an upper triangular matrix. A unique solution for [X] is 

obtained when [A] has no roots with real part equals zero. The output covariance matrix is 

related to [X] by 

[Y] = E \{y}{yY] = E \{C]{x}{x}T[C]T] = [G][X][C]T (7.27) 
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The diagonal of [Y] contains the mean-square output response 

°l = [Cy][X][Cy)T (7.28) 

where [Cy] is a row in [C] of Eq. (7.24) 

7.4    Sensitivity Analysis 

The derivatives of gust response parameters with respect to the design variables are based 

on the sensitivity of the [Ax] and [Ci] in Eq. (7.20) and (7.21). These are transformed to 

the derivatives of [^4] and [C] in the same way [Ai] and [Ci] are transformed into [A] and 

[C] in Section 7.5. The derivatives of [Ai] are based on the derivatives of [Ä] discussed in 

Section 4.5, the derivatives of [B^] which are non zero only with acceleration sensors. The 

derivatives of [Ag] and [Gg] and {Biw} are zero. The derivatives of [d] are non zero only 

when accelerations are involved, which happens in acceleration and section-loads responses. 

The differentiation of Eq. (7.28) with respect to a design variable u,- yields 

tfi= [c»]hx][Cy]T+2
^MCV]

T (7.29) 

The derivatives of [X] are obtained from the differentiation of Eq. (7.26), which yields the 

Lyapunov equation 

lA] £w+£™r=-£twm - [x]hA]T        (7-30) 

which is solved for d[X]/dvit which is then substituted in Eq. (7.26) for the derivatives of 

the mean-square responses. The Schur decomposition of [A] can be used for all responses 

and their sensitivity derivatives. 
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