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Abstract

A simple dynamic model is used with various observations to provide an approx-
imate spectral description of low frequency oceanic variability. Such a spectrum has
wide application in oceanography, including the optimal design of observational strat-
egy for the deployment of floats, the study of Lagrangian statistics and the estimate
of uncertainty for heat content and mass flux. Analytic formulas for the frequency
and wavenumber spectra of any physical variable, and for the cross spectra between
any two different variables for each vertical mode of the simple dynamic model are
derived. No heat transport exists in the model. No momentum flux exists either if
the energy distribution is isotropic. It is found that all model spectra are related to
each other through the frequency and wavenumber spectrum of the stream-function
for each mode, ®(k,l,w,n, ¢, A), where (k,1) represent horizontal wavenumbers, w
stands for frequency, n is vertical mode number, and (¢, \) are latitude and longi-
tude, respectively. Given ®(k,l,w,n, ¢, A), any model spectrum can be estimated. In
this study, an inverse problem is faced: ®(k,l,w,n, ¢, )) is unknown; however, some
observational spectra are available. I want to estimate @(k,l,w,n, ¢, A) if it exists.

Estimated spectra of the low frequency variability are derived from various mea-
surements: (i) The vertical structure of and kinetic energy and potential energy is
inferred from current meter and temperature mooring measurements, respectively.
(ii) Satellite altimetry measurements produce the geographic distributions of surface
kinetic energy magnitude and the frequency and wavenumber spectra of sea surface
height. (iii) XBT measurements yield the temperature wavenumber spectra and their
depth dependence. (v) Current meter and temperature mooring measurements pro-
vide the frequency spectra of horizontal velocities and temperature.

It is found that a simple form for ®(k,l,w,n, ¢, A) does exist and an analytical
formula for a geographically varying ®(k,l,w,n, ¢, ) is constructed. Only the energy
magnitude depends on location. The wavenumber spectral shape, frequency spec-
tral shape and vertical mode structure are universal. This study shows that motion
within the large-scale low-frequency spectral band is primarily governed by quasi-

geostrophic dynamics and all observations can be simplified as a certain function of
O(k,l,w,n, ¢, N).




The low frequency variability is a broad-band process and Rossby waves are partic-
ular parts of it. Although they are an incomplete description of oceanic variability in
the North Pacific, real oceanic motions with energy levels varying from about 10-40%
of the total in each frequency band are indistinguishable from the simplest theoretical
Rossby wave description. At higher latitudes, as the linear waves slow, they disappear
altogether. Non-equatorial latitudes display some energy with frequencies too high
for consistency with linear theory; this energy produces a positive bias if a lumped
average westward phase speed is computed for all the motions present.

Thesis Supervisor: Carl Wunsch
Title: Cecil and Ida Green Professor of Physical Oceanography
Massachusetts Institute of Technology
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Chapter 1

Introduction

The general circulation of the ocean varies on all time and space scales. One of the
main hindrances to understanding the climate change is the lack of a quantitative
description of the natural variability of the ocean. This thesis is intended to produce
a quantitative algebraic spectral description of low frequency oceanic variability. By
the expression “low frequency variability”, I mean the time-dependent motions with
a time scale longer than the inertial period and shorter than a few years, and a
spatial scale ranging from tens of km to thousands of km. Because the data used in
this study typically span a few years, “very low frequency variability”—the decadal
and even longer-period variability—is not considered here. Because of the strong
inhomogeneity of eddy energy level, the wavenumber spectral representation is not
a complete one for the basin scale in the ocean. However, in the open ocean away
from major boundary currents, within the spatial scale of about 1000 km, the energy
level does not change much with location, and the observed wavenumber spectra
suggest that energy of time-dependent motions is dominated by motions with spatial
scales of a few hundreds km. Therefore, the wavenumber spectral representation is
still very useful within the scale of about 1000 km. Here I am only concerned with
mesoscale eddies in the regions away from major currents and the equator. Such a
spectral description has broad application. It allows one to describe the oceanic state

concisely, to test the ocean general circulation model conveniently, to readily compare




theory with observations and to easily design observational strategy.

My method is analogous to that of Garrett and Munk (1972) applied to internal
waves. Using linear dynamics under the hypothesis of spatial homogeneity, horizontal
isotropy and vertical symmetry of the wave field, Garrett and Munk (1972) patched
together a universal simple algebraic representation of the distribution of internal
wave energy in wavenumber/frequency space in the deep ocean, which has become
known as the Garrett-Munk spectrum. Later Garrett and Munk (1975) gave an im-
proved version. The task for low frequency variability is much more difficult than the
case for internal waves, because low frequency variability exhibits large geographical

variations of energy level and strong anisotropy.

The general circulation of the ocean is a multi-dimensional and multi-variate pro- -
cess. In the last few decades, thanks to the advancement of measurement technology,
oceanographers have obtained measurements for sea surface height, temperature, hor-
izontal velocities, pressure, etc. at different places, depths and times. It is important
to find out whether all these different data types can be related to each other. If so,
this large amount of data can be described concisely. The fundamental idea of my
work is summarized in figure 1-1. As displayed there, both the data and model provide
estimates of the true oceanic state and each model spectrum is related to the oth-
ers through the frequency and wavenumber spectrum of the stream-function for each
mode, ®(k,l,w,n, @, \), where (k,l) are horizontal wavenumbers; w is frequency; n
represents vertical mode number; and (4, A) stand for latitude and longitude, respec-
tively. Given ®(k,l,w,n, @, A), each model spectrum can be estimated and compared
with the corresponding spectrum of observations. Here an inverse problem is faced:
®(k,l,w,n,d,A) is unknown and some observational spectra are available; I want to
estimate ®(k,l,w,n, $, \) from the observations if ®(k,l,w,n, ¢, \) exists. We don’t
know, a priori, if there exists a simple form for ®(k,!,w,n,d,A). Because neither
the data nor the model is a perfect representation of the true time-dependent mo-

tions in the ocean. The data are contaminated by instrument noises and aliased by




high frequency and small scale motions such as tides and internal waves. Moreover,
the available data are short time series. Thus, the spectrum of the data is a biased
estimate of the true spectrum of the underlying oceanic process. There are many
drawbacks of my model as described in chapter 2. In my simple model, it is assumed
that oceanic processes are linear and homogeneous in space; the background is at
rest; there is no forcing and the depth of the ocean is uniform. None of these assump-
tions is true for the actual ocean. Therefore, it is unclear whether each spectrum of
measurements is consistent with the corresponding model spectrum. If they are con-
sistent, ®(k,[,w,n, @, A) will exist and all spectra of measurements can be simplified

as a certain function of ®(k,l,w,n, ¢, ).

Assuming that the energy distribution is horizontally isotropic, Zang (1998) con-
structed a simple form for ®(k,,w,n, ¢, X). A new version of the model is developed
here without the assumption of isotropy. This thesis is made up of nine chapters. In
chapter 2, a simple linearized model for low frequency variability is introduced and
the solutions of the model are derived. Based on these solutions, analytic formulas
for model spectra are obtained in chapter 3. In chapter 4, the observed properties
of low frequency oceanic variability are presented. The emphasis is on answering the
following questions: how is the low frequency variability energy distributed among
horizontal wavenumber, direction, frequency, vertical mode and geography? and does
there exist some kind of universal spectral description for low frequency variability in
the ocean. In chapter 5, a simple analytic algebraic representation of Q(k,l,w,n, o, A)
is constructed. Application of the spectrum is given in chapter 6. In chapter 7, a
directional form of ®(k,l,w,n, ¢,)) is produced, which can differentiate westward-
going energy from eastward-going energy. Chapter 8 presents the observed dispersion
relationship for North Pacific Rossby wave motions. The conclusion and discussion
are presented in chapter 9. In appendix A, the relationship between Rossby waves

and topography is studied.
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Figure 1-1: All measurements and models of the ocean are connected to each other through
&(k,l,w,n, ¢, ). Given ®(k,l,w,n,d, A), one can calculate all model spectra.
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Chapter 2

Dynamic model for low frequency

motion

2.1 The governing equations

Away from the equator and beneath the upper mixed layer, the time-dependent mo-
tions of the continuously stratified ocean can be described by the following standard

linearized equations as a first-order approximation (e.g., Gill, 1982):

%’f_ v.—_—%gg, (2.1)
—g—: + fu= —%%, (2.2)

0= —%g ~ pg, (2.3)
—83% + P giz) =0, (2.4)
%+%+Z—Z=O. (2.5)

Here it is assumed that the mean velocities are zero, i.e., ug = vy = wp = 0. Equations
(2.1) and (2.2) are the horizontal momentum equations; equation (2.3) is the hydro-

static equation; equation (2.4) is the density conservation equation and equation (2.5)

12




is the continuity equation. The variables u, v and w are the perturbation velocities; p
is the perturbation density, p is the perturbation pressure; f is the Coriolis parameter
and po(z) is the density of the resting ocean. In the Boussinesq approximation, pp
is treated as constant in equations (2.1) and (2.2). The dynamic effect of salinity
variations has been simply neglected here. Because of the limitations of the data, the
low frequency and large scale variations of salinity and their dynamic effect are still
unclear. As discussed in detail by Pedlosky (1987), equations (2.1) to (2.5) are good

representations of mesoscale eddies which have length scale of hundreds of km. For

the motions with horizontal length scale comparable to or greater than the radius of

the earth, spherical coordinates should be used instead and the horizontal variations
of the basic density field cannot be ignored.
A single equation in p can be obtained from equation (2.1) to (2.5),

o2 0x20t = Oy20t 0z N2 920t r  9z0t2 Oyt
(2.6)
where
op
N2(z) = -2 2P 2.
@ --L2, (2.7
and
of
f=5, (2.8)
Separating variables, Eq. (2.6) is,
n=-+00 n=+00
P, y,2,8) = Y. pal@,y,28) = Y Pulz,y,t)Fa(2), (2.9)
n=0 n=0
a sum over orthonormal vertical modes, with F, (z) satisfying,
d 1 dF,(2) 0
2 T = —r2Fy(2), .
dz (N2(z) dz ) rafn(z) (2.10)

13
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where 72 is a separation constant. The horizontal structure is governed by,

0? n 0P, 3P, 5, 02 N ,0P, O°P, o
G+ M gga t aa e+ ) 1 A 5y ~ arae ~ M ae) =
(2.11)
Sometimes a second vertical structure function, G, (2) is useful. Define,
1 dF,(2)
Gn(2) = NS dz (2.12)
where,
2
L) | r2N(2)Gl2) = 0. (213)

Egs. (2.10, 2.13) are readily solved numerically. Analytic solutions to the vertical
equation are available for a few forms of N(z), including N(z)=constant, and the

exponential profile,

N(z) = Npe?, (2.14)

(Garrett and Munk, 1972), which more closely resembles actual buoyancy profiles in
the ocean. Following these authors, I will adopt (2.14) where Ny = 0.007 s™! and

a = 0.001 m~! in dimensional form, as a zero-order fit below about 1 km.

2.2 Vertical representation

In contrast to the internal wave case, observations strongly suggest the presence of
vertical standing modes for low frequency variability. The rigid-lid upper and lower

boundary conditions are used here:
w(z) =0, z=0, —h. (2.15)

Or,
Ga(2) =0, z=0, —h. (2.16)

In this study, I assume there is no topography and take h=4500 m.

14




The solution to equation (2.13) (Garrett and Munk, 1972) is

N07'

Gr(2) = Ando(—"¢") + Bo Yo

e%), (2.17)

where Jo(2), Yp(2) are the Bessel function of the first kind. Boundary conditions

require
Jo(€-n)Yo(é0) — Jo(£0)Yo(€-r) = 0, (2.18)
and
Jo(NoTn/a)
B, = 00T 4 2.19
o(Nora o) 21
where,
Norn, Norn, Norn _,
£= e, b = =2, = 0memoh, (2.20)
a a a
Mode No. | Eigenvalue (r,) | gravity-wave phase speed (c,) | Equivalent Depth (hy,)
0 0 00 00
1 0.402 (s/m) 2.48 (m/s) 63 (cm)
2 0.861 (s/m) 1.16 (m/s) 14 (cm)
3 1.319 (s/m) 0.76 (m/s) 6 (cm)

Table 2-1: Eigenvalue, gravity-wave phase speed and equivalent depth.

The first four eigenvalues, r,, are listed in Table 2-1. The Rossby radius of defor-

mation for the n-th mode can be obtained from r, through

1
Fn = 7 (2.21)

Chelton et al. (1998) computed the global 1° x 1° climatologies of the first baroclinic
gravity wave phase speed ¢; and the Rossby radius of deformation R; from climato-
logical average temperature and salinity profiles. The value of ¢; ranges from about
1.5 m/s at high latitudes to 3.0 m/s near the equator. The geographical variability

of R, is dominated by an inverse dependence on f. They also discussed the effects

15




of earth rotation, stratification, and water depth on ¢, and R, in terms of WKBJ
approximation.

Substitution of equation (2.19) into (2.17) yields

Gn(z) = AW, (2), (2.22)

with
Wa(2) = Jo(0n gor) sz;gn(ﬁ’”" e, (2.23)

Also,
Fyz) = -~ %n _ _AndWalz) (2.24)

2 2
r2 dz r:  dz

Following custom, I normalize the vertical solution by setting

/ Oh F2(2)dz = 1. (2.25)

Substitution of equation (2.24) into equation (2.25) yields

A 0 (), g, (2.26)

e
rh J-n  dz

By using the properties of Bessel function (Abramowitz and Stegun, 1964), I

obtain
o 4w,
/_ h(—%)%z — ab,, (2.27)
where
b= [ E02(€)dE = 1% e) - Vi 228
n ~—~ - n _P 0 0) — 1o g-l)]' ( )

The vertical normalization yields

A, = (2.29)

16




The normalized vertical eigenfunctions are

R L R N e

Ga(2) = — e W, (2), (2.31)
ab,
which satisfy the orthogonal conditions
0
/ Fo(2)Fa(2)dz = G, (2.32)
—h
0
/ N%(2)Gon(2) G (2)dz = r26m. (2.33)
—h

where d,,, is the Kronecker delta function. Note that the units of F,,(z) and G,(z) are

=3/2 respectively. The normalized vertical eigenfunctions F,(z) and
p g

m~Y/2 and s’m
Gn(z) are plotted in figure 2-1 for n=0 to 3. An important property in figure 2-1 is the
near-surface intensification of F, (z) for n=1 to 3. Because the vertical structure of the
horizontal kinetic energy is proportional to F2(z), the vertical structure of baroclinic

horizontal kinetic energy will correspondingly show a near—surface intensification.

2.3 Horizontally propagating waves

The horizontal structure of each mode is represented in the form of propagating waves:
400 ptoo ptoo :
P(z,y,t) = / / / Pk, 1, w,n)e2EeH =D gpqrdey, (2.34)
—oo0 J—o00 J—00

where (k,[) stand for horizontal wavenumber; and w represents frequency. In order
to compare with the measurements readily, the cyclical frequencies and wavenumbers
are used here. The units of cyclical frequencies and wavenumbers are cycles per day

and cycles per kilometer, respectively. Substitution of equation (2.34) into (2.11)

17
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yields the dispersion relation

2w (f2—(27w)?)[(21k) 2+ (2nl) 242 (f2— (27w)?) |+ B([(f°— (27w)?) 2mk+87° flw] = 0.
(2.35)

For low frequency, 27w << f, equation (2.35) can be simplified as
w[(2rk)? + (271)* + f2r2] + Bk = 0. (2.36)

For any given mode at a fixed latitude, there is a maximum frequency (shortest

period) for planetary waves given by

_ BRa
Wnomaz = - (2.37)

Recall that the vertical structure of the pressure for each mode is represented by

the function F,(z). Therefore, the full solution for each mode in pressure is
+o00 p40c0 p+oo ;
Pa(z, 9, 2, 1) =/ / [6(k, 1, w, n)Fy(2)e?rFa+=0dkdldw. (2.38)
-0 J—00 J—00

The low frequency oceanic variability is a broad-band process and consists of
Rossby waves, eddies, etc. Rossby waves are particular parts of it in that the frequency
and wavenumber of Rossby waves must satisfy the dispersion relation, equation (2.36).

The full solution for Rossby waves for each mode in pressure is

Foo oo +oo~ /Bk 2r{kx —wW
pnr($7y7 Z, t) :/;oo /—oo —oo[p(k,l,w,n)Fn(z)(S(w— (27rk)2+(27rl)2+f27‘721)62 (ketly t)]dkdldw7

(2.39)

where ¢ is the delta function.
For low frequency variability, the horizontal momentum equations can be approx-

imated by the geostrophic relations:

10
fo= Eé’ (2.40)
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1
fu= —;;-g%. (2.41)

So the complete wave solutions for the horizontal velocities for each mode are

+00 p+oo p+oo .
un(,y, 2,1) = / / / [mlp (k. L w, n) Fo(2 )}e*“"f(’mlv—wt)dkdzm, (2.42)

pof

+oo 400 p+oof 7 D .
‘Un(.’E, v, 2, t) — / / / |:127Tkp(k7 l; C;: n)Fn(z)} e’27r(kz+ly"“’t)dkdldw. (243)
-0 J—00 J—00 £o

The solutions for the density and vertical velocity can be derived from the hydrostatic
equation and the density conservation equation. The complete wave solutions for the

density and vertical velocity are

on(sy,2,0) = /+00/+00/+00[ ok, w, n);VZ( 2)Gp(2 )] i2m (kz-+ly— wt)dkdldc: |
2.44

+00 p+oo ptoof g 5 )
wn(z,y,2,t) = / / / [Z?mup (&, l/’)w’")G"(Z)]eﬁ”(’"“y—“t)dkdzdw. (2.45)
-0 —00 1]

One frequently used variable, the vertical displacement (, is related to the vertical

velocity through
o¢

o (2.46)

Equation (2.46) yields the solution for each mode in vertical displacement

400 p+o0 ptoo k l w n)G ( ) i2n(kz-+ly—wt)
T [ [ }e dkdldw,  (2.47)

Po

The vertical displacement is not directly measured in the real ocean but is inferred

from temperature time series by

8(z,y,z,t)

C(xay7zat) = 600/82

(2.48)

From equation (2.48), the solution for each mode in temperature can be derived

+oo oo ptool Bk, 1w, n)Gn(z) 00| _
gn — 2 (kx+ly—wt) ) )
(z,y,2,t) = /_ /_ [ [ s 2. | € dkdldw. (2.49)
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As shown in equation (2.48), the temperature variations in my model are attributed
only to the vertical advection of the mean vertical temperature profile. Therefore,
my model cannot represent sea surface temperature changes because of the rigid-lid
approximation. It cannot be applied to the mixed layer either. In the mixed layer,
horizontal advection, mixing and atmospheric thermal forcing play an important role

in the temperature changes.

2.4 Summary

In this chapter, a simple dynamic model is introduced and analytic solutions to the

model are obtained. For simplification, define

ﬁ(k’ l7 w’ n)

- (2.50)

Bk, lw,n) =

which represents the Fourier transform of the stream-function for each mode. If the
signal is real, ¥* (k,l,w,n) = ¥(—k, =1, —w,n), where * stands for complex conjugate.

The solutions for each mode can be summarized as
400 p+o00 p400 . . k I
pn(2,y,2,1) = / / / ¥k, l,w,n)p.(k, 1w, 2, n)et2r ket v=dkdldw, (2.51)

un(z, 9, 2,) = /~ :o /_ :° /_ :‘E(k, 1w, n)ua(k, I, w, 2, ) ETH =0 dkdldw,  (2.52)
vp(z,Y, 2, 1) —/ / / QZ k1w, n)ve(k, I, w, z,n)e2*=T W=D dkdldy, (2.53)
wy(x,Y, 2, 1) —/ / / 1,7) k1, w, n)wa(k, L, w, z,n)e2"F= =D dkdldw, (2.54)
pn(,9,2,1) —/ / / Pk, w,n)pa(k,lw, z ,n)e2r ket =gk dldy,  (2.55)
(3,9, 2, 1) = / / / Dk, 1w, n)Ca(k, b w, 2, n)e2 6= 0D dkdldw,  (2.56)

0,(z,y, 2,t) = / / / Dk, 1w, )8k, L w, 2, )2 E=H =D dkdldw,  (2.57)
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where I have defined
Pa(k,l,w, z,m) = pof Fu(2),
gk, l,w, z,n) = —i27lF,(z),
vo(k,l,w, z,n) = 27k F,(z),
we(k, l,w, z,n) = 127w fGp(2),
Pk, lw,z,n) = —pigf-NQ(z)Gn(z),

Ca(ka law7 z, n) = —fGn(z)7

0.(k,l,w,z,n) = f%%lGn(z).
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Chapter 3

Spectra of the model

In chapter 2, a simple dynamic model is introduced and the solutions to it are derived.
In this chapter, I will obtain the analytic formulas for the frequency and wavenumber
spectra of horizontal velocities, pressure, sea surface height, temperature, etc. for each
mode based on the solutions obtained in chapter 2. The formula for the frequency
spectrum of the range-averaged temperature from tomographic data will also be
derived. The frequency and horizontal wavenumber spectra to be obtained in this
chapter are for each mode. In chapter 5, I will compare the model spectrum with
the corresponding observations by adding up the contributions from the first few

important modes.

3.1 Covariance

Let h(z,y,z,t,n) represent the solution to the model for the n-th mode, where
h(z,y,2,t,n) is any one of the dependent variables u,(z,y, 2,t), v,(z, vy, 2, 1), etc.,

which can be written as

+00 p+00 p+00 .. .
h(z,y, 2 t,n) = / / / Bk, 1w, n)ha(k, 1w, 2, n)e2 s+ =0 graidy,  (3.1)
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where the characteristic factor h,(k,!,w, z,n) correspondingly stands for any of the
variables u,(k, [, w, z,n), v,(k,l,w, z,n), etc.

For a spatially homogeneous and temporally stationary process,
<k, Lw,n)P* (kI w',n) >= (k' k)3 —1)d(w —w) < [§(k,Lw,n)2 > . (3.2)
where the angle bracket represents ensemble average. Define
O(k,l,w,n) =< [P(k,l,w,n)> >, (3.3)

which is the three-dimensional frequency and wavenumber spectrum of the stream-
function for each vertical mode. For a real signal, ®(—k, —l, —w,n) = ®(k,l,w,n).
For a spatially homogeneous and temporally stationary process, the auto-covariance

function of h(z,y, z,t,n) is

400 p4o00 pto0 . & !
Ry(re, 1y, T, 2,0) = / / / ho(k,lw, z,n)h%(k, 1w, 2,n)®(k, 1, w, n)e 2 Eratry—wn) g didy,
(3.4)
Define another variable s(z,y, z, ¢, n), which is different from h(z,y, 2,t,n), to be

the solution to the model, then s(z,y, 2,t,n) can be written as
+oo p4o0 ptoo .
s(z,y,2,t,m) = / / / Bk, 1w, n)sa(k, 1, w, 2, n)e 2 ETHI- D gp qid,  (3.5)

By definition, the cross-covariance function between h(z,y, 2, ¢,n) and s(z, y, z,t,n)

for a homogeneous and stationary process can be written as

+0o p+o00 pt00 .
Rys (12,79, 7, 2,m) = / / / ha(k,l,w, z,n)s%(k, l,w, 2,n)®(k, |, w, n)e 2rkr=tiry—om) grd1dy,.
(3.6)
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3.2 Three-dimensional spectra

The three-dimensional spectra for u, v, etc. for each mode are
Ypupipoc(ksl,w,n,2) = [1pal?, [tal?, 02y [wal?, 2ol 100, G 1R (K, 1w, m). (3.7)

If the full three-dimensional spectrum of any variable for each mode is known, one
can estimate ®(k,l,w,n) through equation (3.7). For example, given the three-

dimensional spectrum of pressure for each mode, ®(k,[,w,n) can be obtained through

Y,(k,l,w,n,2)
Ipa(k,l,w,n, 2)[2

ok, lw,n) = (3.8)

The reader is reminded the function p,(k, I, w,n, z) is defined in equation (2.58). The
full three-dimensional spectra of each mode are very hard to obtain for low frequency
oceanic variability. TOPEX/POSEIDON altimeter data provide nearly simultaneous
observations of global sea surface height every 9.91 days, from which one can obtain
the three-dimensional spectrum of sea surface elevation. Pressure perturbations at

sea surface are related to sea elevation changes through (Wunsch and Stammer, 1998)

P(z,y,2=0,t) = gon(z,y,1)- (3.9)

One thus can infer the three-dimensional spectrum of the pressure perturbations at
sea surface. However, the vertical structure of pressure is unclear. Besides satellite
measurements, a sparse array of current meter and acoustic moorings can yield esti-
mates of directional spectra. Munk (unpublished manuscript, 1988) showed how to
get a handle on the directional wave energy distribution by interpreting the cross-

spectra of travel times of acoustic transmissions.

3.3 Two-dimensional spectra

The k, l-spectra
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The two-dimensional (k, 1) spectra for u, v, etc. for each mode are

+oo 2 2 2 2 2
Tuwpoctbilm2) = [ Tual? ool pal?, 10a 2, 1G P10 (K Lo, ). (3.10)

The k, w-spectra

The two-dimensional (k, w) spectra for u, v, etc. for each mode are

T 12 1y 12 1 12 1012 |- (2
Tuspoclkiw,n,2) = [ Tual?, ool Ipaf?, 1002, G (K Loy mydl. (3.11)

The 1, w-spectra

The two-dimensional (1, w) spectra for u, v, etc. for each mode are

oo 2 2 2 2
Towpon(l,w,n,z) = /_ [ual®, [val?, [Pal?, 16al?, 1M |]® (K, 1, w, n)dE. (3.12)

Two-dimensional spectra in the ocean can be obtained from a few repeated XBT

lines and alongtrack altimeter data.

3.4 One-dimensional spectra

w-spectra

The one-dimensional frequency spectra for u, v, etc. for each mode are

too oo 2 2 2 2
Tuvpoclw,n, z) = /~ L [ual®, |val?, [Pal?, 10017, 1Cal*]® (K, I, w, n)dkdl.  (3.13)

The one-dimensional frequency spectra of u, v are related to the three-dimensional

spectra of pressure through

Too(w,m,7) = /+oo/+oo[ Tk, Lw,n, 2)(2xl)? Y,(k,l,w,n,2)(27k)? dkdl. (3.14)

f208 ’ 120}

k-spectra
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The one-dimensional zonal-wavenumber spectra for u, v, etc., for each mode are

+oo 400
Tunpocthm2) = [ [ Tl Joal?, Ipal?, 100, 1GaP)0 (K, L, )dldw.— (3.15)

l-spectra

The one-dimensional meridional-wavenumber spectra for each mode are

+o0 pt+o0
Tunpoclom) = [ [ Tlual’ ool Ipal’ 10a%, 16a P12k, Lo, m)dhdo.— (3.16)

Given the three-dimensional spectrum of pressure, one can calculate the wavenum-

ber spectrum of velocity through

Toy(hin2) = /+00/+oo[ ok, 1w, 7;22)(2771) ’Tp(k,l,a},zz,gz)(%rk)Z] didw, (3.17)

and

+oo r+ool T (k, L w, n, 2)(2wl)? Yp(k,l,w,n, z)(27k)?
YTyuo(l,n,2) = / / [ 722 , 2.7 dkdw. (3.