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Scientific progress and/or accomplishments: Stationary stochastic processes have been 
very useful in analyzing time series appear in applications. However in many engineering 
application and economic studies there are number of important time series that are not 
stationary. Hence several authors have been studied non-stationary processes. Several 
classes of non-stationary processes such as 

-Harmonizable processes 
- Periodically Correlated (PC) processes 
- Almost Periodically Correlated (PAC) processes 
- Correlation Autoregressive (CAR) processes 
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subsequently studied by several authors. The second and third classes which were first 
introduced by E.G. Gladyshev have also been studied by many researchers and have been 
applied to appropriate time series analysis. The last class mentioned which is much richer 
than the classes of PC and APC processes, was first introduced and studied by J.C. 
Hardin and this author. An example of this newly introduced CAR processes which "is 
neither PC nor APC is the helicopter noise. Helicopter noise which we hear is the 
combination of two PC processes generated by the main And rear rotors. It is clear that the 
sum of two PC processes is not necessarily PC. This idea has been later used by some 
authors to further study the helicopter noise data. 

In this project we have been studying the non-stationary processes in general and 
the PC-, APC, and CAR processes in particular obtaining several results which either have 
been published or submitted for publication in refereed journals . We intend to continue our 
study in these directions. 
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The Geometry of £p(/x)   and Growth of Moving 

Average Coefficients of Infinite Variance Processes 

R. Cheng, A.G. Miamee and M. Pourahmadi 

Abstract: While the notions of covariance and spectrum are not defined for infinite variance 

processes, the autoregressive (AR) and moving average (MA) parameters are well defined 

and it is tempting to characterize prediction-theoretic properties of such processes in terms 

of these parameters. Attempts are made to determine growth rates for the MA parameters. 

Some geometric properties of IP spaces are studied which sheds light on this problem. 

1    Introduction 

A discrete-time process {Xt} with XteIP(ti,F,7>) is said to be p- stationary-if for all 

^r integers n > 1, £1, • • •, tn, h and scalars ci, • • •, cn, E\ ^ ckXtk+h\p = E\ ]P ckXt 

Its innovation process {et} is defined by et = Xt- PHt_xXt where PHt_^Xt stands for the 

metric projection of Xt onto Ht-i = sp{Xt-i,Xt-2, • • ■} in the norm of IP{Sl,T,V). Note 

that 2-stationary processes as defined above are, indeed, the familiar second-order stationary 

processes. For 1 < p < 2, p-stationary processes have no well-defined notions of covariance 

and spectrum, so that neither the spectral-domain nor the time-domain techniques are as 

effective as they have been for 2-stationary processes. Recent developments in the prediction 

theory of stable processes (Cambanis and Soltani, 1984; Cambanis, Hardin and Weron, 1988; 

Cheng et al., 1998, 2000; Miamee and Pourahmadi, 1988a,b; Makagan and Mandrekar, 1990; 

Rajput and Sundberg, 1994) have revealed that the two classes of harmonizable and moving 

average stable processes are disjoint. Cambanis et al. (1988) have discussed additional 

intriguing prediction-theoretic behavior of discrete time stable processes, unsuspected from 

the Gaussian or second-order processes. 



It is known (Miamee and Pourahmadi, 1988a) that any nondeterministic p-stationary 

process can be written as 

n n 

Xt = et+Y, dkXt-k + Et,n = Ct + 53 h^~k + Vt,n, (1-1) 
fc=l k-1 

for any n > 1, where {ak} and {b^} are unique sequences of scalars called the autoregressive 

(AR) and moving average (MA) parameters of {Xt}, and Vtin,EtineHt-n-i- The second 

representation in (1.1) is called a finite Wold decomposition of {Xt}. If the success of 

characterization of regularity of 2-stationary processes is any clue, then the norm-convergence 
n 

of 53 bktt-k as n —> oo, should play a role in the study of regularity of p-stationary processes 
k=l 

(Cheng et al., 2000). This question of convergence is, in turn, related to the growth of the 

MA coefficients {&*}. Miamee and Pourahmadi (1988a) have shown that b^ = 0(2k). An 

improved bound is obtained in the present work for the p-stationary case, using geometric 

properties specific to LP{IJ) spaces. Some of the many open problems in this unyielding area 

of prediction theory are pointed out and appropriate analogues and references are given. 

2    The Geometry of Lp(fi) and its Applications 

The notion of James orthogonality in a normed linear space is central to this section. Let x 

and y be elements of a Banach space X. We write x JL* y if ||a; + ay\\ > \\x\\ for all scalars 

a. Note that the relation ±x is generally not symmetric or linear. 

A Banach space X is said to be uniformly convex if for any e 6 (0,2] there exists a 5e > 0 

such that the conditions ||x|| < 1, ||y|| < 1, and ||a; — y\\ > e together imply that 

\\\x + y\\<l-5e. 

Here is a useful criterion for uniform convexity. 

Proposition 2.1 A Banach space X is uniformly convex if and only if the conditions \\xn\\ < 

1; \\yn\\ < 1 and lim \\-(xn + yn)\\ = 1 together imply that lim \\xn — yn\\ = 0. 



It is known that for 1 < p < oo, the spaces V{n) are uniformly convex.   For the above 

material, and additional information on Banach spaces see Köthe (1969, p. 353). 

Suppose that M is a subspace of a Banach space X. For x G X consider the problem of 

minimizing \\x - y\\ over y £ M. When X is uniformly convex, then the extremal vector y is 

uniquely determined by x and M. In that situation the metric projection mapping y = PMx 

is characterized by 

x-Px
MLM- (2-1) 

If PM is a metric projection mapping, then 

||PM*|| < 2||x|| (2-2) 

for all x £ X. This is because 

\\PMA\    = H-PAra; — a; + a:|| 

< \\x-PMx\\ + \\x\\ 

< \\x - PMx + PMx\\ + \\x\\ 

= 2||x||. 

We shall see that this bound, derived from general norm properties, can be sharpened when 

X = //(/i). Furthermore, from (1.1) and repeated application of (2.2) it follows that 

|6m|<2-.JM (2-3) 
INI 

for all m. This bound will also be sharpened when using properties special to W{n) spaces. 

Uniform convexity interacts with metric projection in the following way. 

Lemma 2.2 Suppose that the Banach space X is uniformly convex, M is a subspace of X, 

andxLxM. IfymeM, and lim ||x + ym\\ = \\x\\, then lim ||ym|| = 0. 



Proof.  The assertion is trivial if x = 0.   Otherwise, put Xm = x/\\x + ym\\ and Ym = 

{x + Vm)/\\x + ym\\. Note that ||.Xm|| < 1, since x±xym, and \\Ym\\ = 1. Furthermore, 

INI      <   lk + |ymll 
F + J/m|| \\x + ym 

=     111 
1(xm + ym)||<i. 

By assumption, lim||a;||/||a; + ym\\ = 1, which then forces lim|||(Xm + Fm)|| = 1. Now 

Proposition 2.1 gives 

lim||ym||   =    ||a:||lim(llymll/lkll) 

=   ||x||lim(||i/m||/||x + ym||) 

=    ||x||lim(||Xm-Fm||)=0.   D 

It is known that the metric projection onto a subspace is norm continuous in a strictly 

convex, locally compact Banach space (Köthe, p. 344.). Here is the result for a uniformly 

convex space. 

Proposition 2.3 Let M be a subspace of a uniformly convex Banach space X. If x G X, 

xm € X, and lim \\xm — x\\ = 0, then lim \\PMXm — PMX\\ — 0. 

Proof. Observe that 

||X-PMZ||     <     \\x-PMXm\\ 

<-     \\X —- Xm|| + \\Xm       iMXm\\ 

< ||s-a;m|| + ||a;m-Pwar|| 

< ||a;-a;m|| + ||a;m-ar|| + ||a:-PMa;|| 

=   2||x-a:m|| + ||a:-PMa:||. 

It follows that lim11a; - Pw^mll = \\x - PMX\\. Applying Lemma (2.2), and using the 

orthogonality condition (x — PMX)±XM, we get lim ||PM^m — PMX\\ = 0.    □ 



Let X be the best predictor of X0 based on the infinite past 

{. . . ,X_3,X_2,X_i}, 

and X(m) be the best predictor of X0 based on the finite past of length m, 

{X-m,..., X-3, X_2, X-i}. 

Theorem 2.4 7/{Xt}^_00 is a p-stationary process, then the finite predictors X (m) of X0 

converge in norm to its infinite predictor X. 

Proof. Let {Ym}^=_0O be a sequence such that 

Ym ^ sp{X-m,..., X-3, X_2, X_i} 

and lim \\Ym — X\\ = 0; such a sequence exists since 

XGSP{...,X_3,X_2,X_1}. 

With the above definitions we have 

||*o -X\\    <   \\X0-X(m)\\ 

< \\X0-Ym\\ 

< \\XQ-X\\ + \\X-Ym\\. 

From this we see that 

lim||*o-*MII = ||*o-*||. 

Applying Lemma 2.2, we get 

\im\\X{m) - X\\ =0.   □ 

The following inequalities constitute a parallelogram law for LP{n). 



Proposition 2.5 If 2 < p < oo, then for any f and g in I^(/i) 

2(ii/ir+Nn < wu+gw+wu-gw (2.4) 

< ^(ii/ii'+iipn. (2.5) 

If 1 < p <2, then for any f and g in V^) 

2^(11 jT+ 11511")   <   \\(f + g)\\p + \\(f -g)\\p (2.6) 

<   2(||/|r+|i^|n. (2.7) 

Equality holds in (2.4) and (2.7), if and only if fg = 0 o.e.; equality holds in (2.5) and (2.6) 

if and only if f = ±g a. e. 

Proof. First, consider the case p > 2. For any complex numbers a and b, the usual parallel- 

ogram law gives 

|a + 6|2 + |a-6|2 = 2(|a|2 + |ft|2). (1) 

When p > 2, we have || • ||/P < || • ||p, and so 

(\a + b\P + \a-b\^   <   (\a + b\2 + \a-b\2)^2 .. 
=     21/2(|ap+|6|2)l/2_ V) 

Apply Holder's inequality, using 

p/2+p/(p-2)~ 

to get 
|a|2 + |6|2     <     (|ap(p/2) + |6|2(p/2))2/p . (l + ^(p^/p 

= (\a\p + \b\?yip ■ 2&-2yp. 

Combining this with (2), we find that 

(|o + b\p + \a- b\p)l'p < 2^-x)/p(|a|p + \b\p)1/p. 

(3) 



For any / and g in U'dx), we apply the above estimate to a = f(uj) and b = g(co), and 

integrate to get 

11/ + g\\p + ||/ - g\\> < 2"-1(||/r + \\g\n    (2 < p < oo). (4) 

The above argument appears in Köthe (1969, p. 355), in connection with the proof of uniform 

convexity of W{tj). 

For the case 1 < p < 2, let r = 4/p (so that 2 < r < 4) and apply (3) with the parameter 

r/2, yielding 

\a\2 + \ß\2 < (\a\r + \ß\rf'r ■ 2^^. (5) 

Taking |a|2 = |u|p and |/5|2 = \v\p, we get 

\a\r = \a\2^\u\p{r/2) = MP(2/p) = M2, 

and likewise |/?|r = |v|2. Hence (4) becomes 

\U\
P
+\V\P<2

1
-^

2
^(\U\

2
 + \V\Y

2
. 

This is certainly true when u = a + b and v = a-b, where a and fe are any complex numbers: 

\a + b\' + \a- b\P < 2l~WV . (|a + 6|2 + |a _ b\2y/2_ (6) 

For 1 < p < 2, we have || • \\tP > || • ||/2. Applying this fact, along with (4) and (5), brings us 

to 

\a + b\" + \a-b\*   <   21-W>-{\a + b\2 + \a-b\2Y'2 

=   21-^2)-(2|a|2 + 2|ft|2f/2 

<   2.(|a|'+|6|') 

As before, for any / and g in LP{IJ), we apply this estimate to a — f(u) and b = g(w), and 

integrate to get 

ii/+pir+ii/-^ir < 2(ii/ii'+IMI') 

7 



The conditions for equality in (2.5)-(2.8) can be traced to the conditions for equality 

in Holder's inequality, and the condition || • ||;P = || ■ ||/2, as these are used in the above 

arguments. 

Note that as p tends to 2 in either direction the Hilbert space case results; the inequalities 

are sharp in this limited sense. 

From the parallelogram law, we get a Pythagorean theorem for LP(IJ). Again, there are 

two cases. 

Proposition 2.6 Suppose that X±pY and define 

A = (2P-1 - l)-1/p. 

If 2 < p < oo, then 

If Kp<2, then 

\\X\\P + XP\\Y\\P < \\X + Y\\p. 

\X + Y\\P< \\X\\P + XP\\Y\\P. 

Proof. We apply (2.4) in the form 

(f + g)P+ Uf-9)P<UWf\\p + \\9\\p) 

(2.8) 

(2.9) 

(1) 

Now taking / = X and g = X + Y in (1) we get 

||X + \Y\\P + HfiT < IIW + \U + Y\\p. 

Apply (1) repeatedly, taking / = X and g = X + (l/2n)Y, n=l,2,3,...,N, will result in 

2^11* + (l/2"+1)y||p + 2N\\(1/2N+1)Y\\P + ■■■ + 21||(l/21+1)r|P' + 2°||(1/2
0+1

)F||P 

<   (2N~1 + ■ • • + 21 + 2° + 2-1)||X||p + h\X + Y\\p. 
Li 

Simplifying, taking A^ to infinity, and using ||X + (l/2^)y|| > \\X\\, we finally get 

\\x\\p+¥^\\y\\p<\\x+Y\\p- (2) 



Note that the condition X±pY implies that the quantity \\X + aY\\ is critical when a = 0. 

It follows that 

lim 2N{\\X + (l/2")y||p - \\X\\P) = 0, 
N—xxi 

and the estimate leading to (2.8) is asymptotically sharp. 

In the case 1 < p < 2, we turn to (2.7), with / = X and g = X + Y. This yields 

±\\X\\P + l\\X + Y\\p < \\X + \Y\Y + |||F||p. (3) 

Now repeat this argument with / - X and g = X + (l/2n)y, n = 1,2,3,..., N. The result 

is 

(2" - l)\\Xr + \\X + y||' < 2N\\X + (l/2N)Y\\r + ^-L-^\\Y\)p. 

Rearranging, we find that 

\\x+Yf < \\x\p+^—[\\Y\\P+2"(\\x+(i/2N)yiip - II^IH- 

As N tends to infinity, the last term vanishes, because X±PY.    □ 

Note that equation (2.9) can be sharper than the triangle inequality. 

The constant A = (2P_1 - l)_1/p appearing in (2.8) and (2.9) might not be optimal, since 

the estimates in the proof are generally not sharp. One might wonder whether the value 

A = 1 is always possible. The following example shows that it is not. 

Let X = Z3({1, 2}), and consider / = (1/4,1) and g = (-1,1/16) in X. Then f±3g, and 

il/ll3   =   65/64 

\\g\\3   =   4097/4096 

\\f + g\\3   =   6641/4096. 

In order that ||/||3 + A3|M|3 < ||/ + <?||3, it is necessary that A3 < 2481/4097. 

The Pythagorean inequalities give rise to improved bounds on the coefficient growth in 

the finite Wold decomposition (1.1). As before, we write A = (2P_1 - l)~1/p. 



Theorem 2.7 Suppose that {Xt}^^ is a p-stationary process with nontrivial innovation 

process {e^^L«,, and finite Wold decomposition (1.2). If 2 <p < oo, then 

||(l>A6llA
262>...)||i-<Po||/IN|. 

Proof. By applying (2.8) repeatedly to the finite Wold decomposition (1.1), we get the bound 

\\e0\\p + Wllexf + • • • + \\NbN\p\\eN\\p + XN
\\VO,N\\

P
 < \\Xo\\P 

for all N. Now drop the nonnegative term AjV||Vr
0)Jv||p, and let N increase without bound. 

D 

Observe that this improves on the bound (2.2). The case 1 < p < 2 is more delicate, since 

the estimate (2.9) is not similarly useful. However, the following can be said. 

Proposition 2.8 Let 1 < p < 2, and suppose that X±PY. If K is a constant satisfying 

0 < K < {2p-x - 1), 

then for any positive integer N satisfying 

N <  log2 p-1 
K{2

P
~

1
 - 1) - 1 

2P-1 - 2 

we have 

K\\X\\
P
 + (1-2-

N
)\\Y\\

P
<\\X + Y\\

P
. (2.10) 

Proof. We start with (2.7), using / = X and g = X + Y to get 

2*-1||X + \Y\\P + 2\\\Y\\P < \\X+Y\\P + \\X\\*. 

Repeat this estimate using / = X and g = X + (l/2n)F, 1 < n < N, with the result 

2<p-D"||* + (i/2^)y|r + (1 + \ + • • • + ^) »y|r 

<   \\x + Y\\p + (1 + 2p-1 + ■■■ + 2^-^N-l)\\X\\p. 

10 



[Unfortunately, the right side generally grows more rapidly than the left, so the argument 

from the 2 < p < oo case is less fruitful.] Rearranging, and using X±PY, we deduce that 

2(P-I)JV _ i" 
2(P-I)JV _ 

2P-I - 1 
||x||p + (i-2-iV)||y||p<||x + y||p. 

The constant enclosed in the square brackets is at most the value (2P_1 -1). For K satisfying 

0 < K < {2p~1 - 1), we have 

2(P-i)iv _ i 
K< 2(P-1)JV 

2P-I - 1 

whenever 

N < 
p-1 log2 

K{V~
1
 - 1) - 1 

2P -l 
D 

The values K = (2P~1 — 1) and N — 1 can always be used, corresponding to the crude bound 

(2^-l)\\X\\p + ^\\Yr<\\X + Y\ 

The coefficient growth estimate that results from (2.10) is the following. 

(2.11) 

Corollary 2.9 Suppose that {Xt}^_00 is a p-stationary process with nontrivial innovation 

process {ei}^_oo; and finite Wold decomposition (1.2). If 1 < p < 2, then with the notation 

of Proposition 2.8, 

1 + (1 - 2-^)1^ + (1 - 2-N)2\b2\* + • • • < ||x0|l7«IMIp. 

When p is close to 2 (greater than about 1.695), then N is greater than 1, and this is a 

sharper bound on the coefficient growth than (2.3). 

These Pythagorean inequalities also give improved bounds on the norm of the metric 

projection, compared with the crude result (2.2). 

11 



Corollary 2.10 Let M be a subspace of I^i/j). If 2 <p <oo, then 

HiWII < (2"_1 - 1)1/PI 

If Kp<2, then 

\\PMf\\ < (1 - 2"^)-^ 

where N is any positive integer satisfying 

p- 1 .2-2P-1. 

Again, note that when 1 < p < 2 we can always choose N = 1, which gives 

.PVH < 21/p||/||, 

still an improvement over (2.2). Furthermore, Corollary 2.10 is sharp in the sense that as 

p tends to 2 in either direction, we get ||PM/|| < ||/||, which is the correct statement when 

p = 2. 

These bounds are generally not sharp. In fact, one might wonder whether \\PMA\ 
can 

actually exceed ||x||. The following example shows that it can. Here, let X = 1P({1, 2}) with 

p = 1.1. Consider / = (2,1) and g = (-2, 2*). Then f±pg. Take x = f + g and M = sp{g}. 

Clearly, PMx = g. We now compute 

\\xf   =   (1 + 2P)P « 3.52 ... 

\\PMx\\   =   2p + 2^^ 4.45 .... 

For information on the norm of metric projections, see Mazzone and Cuenya (1995). 
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1. INTRODUCTION. Let %be a Banach space and B(%) the space of all bounded linear 
operators on %. A function 

t-> U, t 

fxomR * into B(x) *s called a one-parameter semi-group of operators if 

Ut+, = UtUs,Vt,SeR+. 

A semi-group U is called continuous if for every x in %, the function 

t-Ut(x) 

is continuous at any t e R+.  The infinitesimal generator H oft/, is defined by 

t/(x) - x 
H(x) = lim —^  

for those x 's for which this limit exists. 

Domain of H is not/ in general, however it is well-known that this domain is dense in % • 

It is even known that the set of analytic elements of Ut, namely the set 

di = fl„ D[H"l 

is dense in %. Using these facts several exponential representation of U('m the form 

U, = em ; teR + 

are developed. In this note our purpose is to obtain similar results for the two-parameter semi- 
groups. By a two-parameter semi-group of operator onx we mean a function 

fromi?0
+ = R+ xR+- {(0,0)} into B(x) suchthat 

w   w    = W 

for every (t,s),(t' >s'^) G ^o • Such a two-parameter semi-group ^_, will be called continuous 
if for each x in % the function 

(t,s) - Wts{x) 

is continuous at any point (^0,s0J G R^ . 
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To any two-parameter semi-group of operators Wts we associate two one-parameter semi-groups 

Ut = WtQ and Vt = W0t , t e R+ 

If W    is continuous so are U, and V,. Throughout the rest of this note we assume all semi- 

groups are continuous, unless otherwise specified. The infinitesimal generators of Ut and Vt are 

denoted by H and K, respectively. We will think of the pair (H, K) as the generator of Wt s and 

prove (in Section 2) that its domain, namely D(Hf\D(K) is dense in % ■ We will prove that the 

set of analytic elements of (H, K), namely 

n  £>(#")nD^.m) 
n,meN 

is dense . Section 3 is devoted to expressing J^in exponential form 

W--e^'s\{t,s)^ 

Two parameter semi-groups of operators arise naturally in several areas of applied mathematics 
including prediction theory of random fields [3,4]. Such semi-group of operators can be also 
used to describe evolution of physical systems in quantum field theory and statistical mechanics 
[5-7,9-11]. 

2.   Infinitesimal Generator. In this section, for the sake of completeness, we give a few lemmas 
stating basic properties of the one parameter semi-groups of operators and their generators. 

2.1 Lemma. Let Ut be a semi-group of operators on %.   For any x inx and anyO<a<ß denote 
xa,P 

by 

*a,ß   =   /   U&)dt 

then   limra:     , = Us{x),for alls e R+. 
«-><*       s,s+- 

n 

Proof. For any integer n we can write 
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s + — 
n 

1 
s +— 

\rrxss + _,  - Us(x)l  = n||  f (U,(x) - Us(x))dt\\ < n f \\Ut(x) - Us{x)\\dt. 

Given any 6 > 0 there exists 6 > 0 suchthat 

\U(x) - U(x)\\ < —,    whenever    \t - s\ <b. 

Let   JV0 be any integer greater than —. Then for any n > iV0 we have 

||« x       i  - Us(x)\\ < n  f \\U((x) - Us(x)\\dt 

/ 
< n  \    —d t < — < e. 

2.2 Lemma. For any semi-group Ut on a Banach space % and 

(a.)       Xo Is a lmear space 

(b.)       Xo contains all the xa/1's   with xe%, 0 < a < ß. 

Proof, (a) is clear because Ux(x)'s are nested linear spaces. 

(b) For anyxa „ we can write 
P P 

Xap   =    (Ut(x)dt   =  fUaU   a(X)dt 
2 2 

/ 

Ua 
2 

fUt      a(x)dt 

P-- 2 

A a 

U* 
2 

f Ufx)dt 

\    2 
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£/ 
f \ 

/La     a 
2v ^ß-iJ 

= Ua (z) G t/a (j), where z = Xa   a 

2ß-l 

So x«,P
ex o- 

2.3 Lemma. With the notation above, we have 

sp { xafi rxex,0<a<ß} = Xfl 

Proof. By Lemma 2.2 we have 

sp{xcß:xGZ,0<a < ß]Q Zo- 

Now take any y in  %0-    Then y = UJx) for some s > 0 and some x e %■ 

By Lemma 2.1 

nx       i - U(x) - y as  n^°°. 
s,s + — s 

n 

This shows that sp\xaf> : XE%, 0 < a < ß} is dense in x0, which in turn implies that 

spbcafi : xex, 0 < a < ß} = %0. 

We can prove more, namely: 

2.4 Lemma. With the notation as in lemma 2.3 we have spbca^ : xe%, 0 < a < ß} = x0- 

Proof. It is clear that (by Lemma 2.3) 

~sp\xafi : xe%0, 0 < a < ß} c X(r 

Now let ye%0 then y = Us(x) for some xe%0 and some  s > 0.  We can write y as 

v = U(x) = UsUs{x) = UAz), where z = UAx) e %0. By Lemma 2.1 we can see that 
2     2 2 2 
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nzs_ £ + j. - Us(z) = ^ 
2'2  +  n 2 

So we found a sequence in 

sp{xBjP : xex0, 0 < a < ß), 

namely nz s s     \ which converges to y. This means 
2'2  + « 

Xo^Kp : x6X0>° < a < ß} 

and hence 

wK# : xeX0'° < a < ß} = xü 
2.5 Lemma. Let £/, be a semi-group of operator on %. Then for any x in %0 

limU(x) - x, 

Proof. Let x be an element in x0>tnen x = u
s(
z) for some s > 0 and some ze%. 

We can then write 

lim U(x) = lim £/, (Us(z)\ = lim £/, + s(z) 

= lim Ux(z) = Us(z) = x. 

We can improve the last result as follows. 

2.6 Lemma. Let U be a semi-group of operators on %. Then 

lim Ut (x) = x, for any x e x0 
(-0 

if and only if t^\Ut | x0|| is bounded in a neighborhood of zero. 

Proof. Suppose there exists M > 0 such that || Ut \ %0 || < M in a neighborhood, say (0, a), of 
zero. Let x be an element of x0 • Given  e > 0 there exists y in x0 

sucn mat 

II y - x\\ <     e 

2M+1 
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By Lemma 2.5 

lim Ut (y) = y 
t-0 + 

Hence there exists ö, with  0 < ö < a, such that 

Wt (y) ~ y\\ < —>  whenever   \t\ < 6. 

now for any t with \t\ < 6 we can write 

\\Ut (x) - x||<|| Ut (x) - Ut GO« + \\Ut 0) - y\\ + \\y - x\\ 

<(M+l)\\y-x\\ + \ut{y)-y\\<(M+l) 2{j^+l) 

Conversely suppose 

— <( 
2 

lim Ut (x) = x, for each xe%, o- 
/-0 + 

If we define U0 = I, the identity operator, then for each x in  %0, C/,(x) is continuous on [0,1]. 

So    || £/ (x)|| is continuous and hence bounded on [0, 1] for each   x in %■    Applying the 
uniform boundedness principal [8] to the class {U( : 0< t < 1} of operators on %Q, we conclude 
thatflC/Jx^ll} is bounded on [0, 1]. 

Using the previous Lemma we can prove: 

2.7 Corollary. The set (x: Ji™^A \x' = x)   Is closed if and only if || Ut \ %Q\\ is bounded in a 

neighborhood of zero. 

2.8 Lemma. We have 

P P 
{fUt(x)dt : xex0) - ifUt (x)dt : xe^l 

a a 

It is clear that the left set is a subset of the right one. To prove the other way let y be in the right 
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hand side. i.e. let y =  f Ufx)dt for some xe% and some  0<oc<ß.  Then we can write 

y =f Ut (x)dt = f U_J Ua(x)\df 
/v et\ J 

=  f U a 0) dt, when z = Ua (x)e%Q, 

SO 

y = f f/_« (z)dt =    f   Ut{z)dz e L.H.S. 
a a 

2 

The following Lemma explains why we are interested in xa ß,s 

2.9. Lemma. For any xe% and anyO<a<ß the vector xaß is in the domain of H and 

H(xaß)=Uß(x)-Ua(x) 

Proof. Take any vector x„ „, xe%, 0 < a < ß.  Then we write V«,P 

lim 
5-0 

U&aß   ~ **#    =  ym   1 lim 
5-0      S 

lim — 
5-0    S 

P P 
| Ul+s(x)dt - f Ut(x)dt 
a a 

P+5 P 

f Ufx)dt -  f Ut (x)dt 
a+5 a 

ß+5 

Hence       xa ß e 

= lim - f  Ufx)dt - lim - f  Ut(x)dt = UJx) - Ua(x). 
5-0    S { 5-0    s J 

ß a 

£>(#) and ä(XBJ,) = Up{x) - Ua(x). 
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From Lemmas 2.3 and 2.9 we can immediately get the following proposition. 

2.10 Proposition. The domain of the infinitesimal generator H of a semi-group Ut of operators 
onx is dense in xQ. 

Now we study two parameter semi-groups of operators. Let Wts be a continuous two-parameter 
semi-group of operators on% and consider its two one-parameter semi-groups Ut and  V( of 
operators onx, as defined before. Suppose H and K are the infinitesimal generators of H and K, 
respectively. The following two propositions deals with the domain of infinitesimal generator of 
W , namely D(H)f\D(K). These results show that H+K has a rich domain. 

2.11 Proposition. Let Wtsbea. two-parameter semi-group of operators on %. Then 
P 'S P 

P = spif Ufx)dt : 0 < a < ß, xeD(K)} and 3t={fVj[pc)dt : 0<a<ßjceD(H)} 

are a subset of D(H)f\D(K). That is 9* u ß c Dill) n nix). 

Proof. We just show ß c D{H)U D{K).   The other one is similar. 
From Lemma 2.9 it is clear that 

So it remains to show that 

ß c D(H). 

ß c D{K) 

To see this, pick any x in D(K) then for its corresponding xa p we can write 

s-0     S 
lim - (V, (xtt!p) - xjf = lim I     f (V, Ut(x) - Ut (x))dt 

\      p 

V « 

limJ u\ -"r- Jr f I/J lim 
' V(x)-x)    ^ 

The last equality follows from the fact that (cf. [2] ) {|| Ut\\, a< t < ß | is bounded for any fixed 

a, ß with 0 < a < ß, and the limit in last expression exists, since x e D{K) . 
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So the xaß belongs to D(K) and K[xaß) = \Ut(K{x))dt. 
a 

From the proof of the previous proposition we can get the following corollary 

2.12 Corollary.    With the above notation and for 0 < a < ß we have 

(i)        K[\ßUt{x)dt}= fut{K{x))dt,x e£>00, 

(ii)      H^Vt(x)dt^ = fvt(H{x))dt,x eD(H), 

(iii)      Hi\ßUt(x)di\= fut(H(x))dt,x eD(H), 

(iv)      K( fvt (x)dt) = fvt (K(x))dt, x G D(K). 

2.13 Proposition. Let W s be a two-parameter semi-group of operators on %. With the notation 
above we have 

ßß 
a) C = iff Wu{x)dtds :xej\ < D(HJf]D(k) 

b) C is dense  in  %00= U(   * „+ ^W and hence   %00 - C. 

ßß 
Proof, (a)   Let veC then y =  ffWts{x)dtds for some x inx and some 0 < a < ß.  We can 
write 

lim — 
T-0+   T 

U 
ßß ßß 
ff Wts(x)dtds    -  ffWtp)dtds 

\ a a ) a a 

ßß 
lim -ff(t//+tF4(x) - UtVs{x))dtds 

-I V lim -f(C//+T(x) - £/,(*))* ds 
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I Vs (t/p(x) - Ua(x))ds 

by lemma 2.9 and the boundedness of j V. -<<t< e] [2]. 

This shows that CaD{H).  Similarly one can show that C<=D(X). 

(b) Let xex00. i.e. x = Wtsy, for some y inx and some (t,s) e RQ. Given anye > 0 there 
exists a 5 > 0 such that 

LetiV0 - 

\t - t'\ < 6 and  \s - s'\ < 5 - W,y (*) ~ Wti 

+ 1, then for any n> N0 we have 

n       n 

{   \Wtlsiy)dt'ds' - x\\  = 

<! 

1 . 1 
s + —   t+— 

n       n 

/  / 
i        t 

1   ,   1 

II"2 /  / [wt<;ty) - wtp))dt'ds'\\ 

i , i s+—   t+— 
n       n 

n2 f   fWtls(y) -Wtp)\\dt'ds' 
s I 

n       n 

f    f - dt'ds1 < - < e. 
s t 

The following lemma which is of independent interest can be used to shorten the proof of part (b) 
in last proposition. 

2.14 Lemma. Let Wts be a two-parameter semi-group of operators on %. With the notation 
above, we have 

(a) For any x in xofi, 
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Wts{x) - x, as  (t,s) - (0,0). 

(b) In order that   lim   Wts(x) = x for all x's in j00 it is necessary and sufficient that 
(^)-(o.o)    's 

{|| W | x^J|} be bounded in a neighborhood of (0,0). 

Proof Proof is similar to the proofs of Lemmas 2.5 and 2.6 

By proposition 2.13 The domain of H + K and (H, K), which isD(H)f\D(K), is dense in x0 0. 
We now want to show that (H, K) serves as a generator for WtjS, and it possess a dense subspace 
of analytic elements. 

We start with proving the following lemma which will be needed in sequal. 

2.15 Lemma. Iff is a C°°(0,oo) function with compact support for n> 0,then 

fa^±lb^W.^ow, lim unifo.mly int. 

Proof. Given e > 0 there exists 8 > 0 ,such that 

\f'(s) - f'(t)\ < e, whenever |s-1| < 8. Using the mean value theorem we can write 

äojhM   {t) I/'«-/'Ml 

where t < s < t + r . Now if |r| < S thai\s - t\ < S and hence 

/((+!■)-/« fit) = \fis)-f(t)\<e, 

which completes the proof. 

2.16 Theorem. Let Wt s be a two parameter semi-group of operators on % and 
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U ,V ,HandK as before. Let 3 denote the set of all C°°(05oo) functions 

with compact support. Then the set 

00   00 

I \f{t)g{s)Wts(x)dtds,x E z,f,g G 3 
,0 0 

has the following properties 

(a) g is a subset of Dill) n IXE:). 
(b) g consists of analytic elements of (H,K). 

(c) g is dense in ZoQ. 

Proof, (a) Let y e g ,then 

CO   CO 

y = \ I f{t)g(s)Wjx)dtds 
0 0 

for some x e % anc* some /' § G ^- For sufficiently small r 's we can write 
oo oo CO oo 

uT(y)-y= j\f(t)g{s)urwjx)dtds-\\f{t)g(s)wjx)dtds 
0 0 0 0 

00 00 00  00 

= llf(t)ds)Wt+Jx)dtds-\\f(t)g[s)Wjx)dtdS 
0 0 0 0 

CO  00 00  CO 

= \lf{t-T)g{s)Wjx)dtds-\lf(t)g(s)Wjx)dtds 
0 0 0 0 

CO   00 

j J(/(f - T) - f{t))(x)g(s)Wjx)dtds. 
0 0 

So we can write 

r->o+        r r~>o+ o o 
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We claim this limit exists and is equal to 

1 lf'(t)g(s)Wjx)dtds. 
0 0 

Since fand g are in 3 there exists a ,ß with 0 < a < ß such that fand g are zero outside 

[a,/?]. Since   g{s)Wt s(x)    is continuous on [a, ß]x [a,ß\  it in bounded there, i.e. 

there exists some M > 0 such that 

g(s)Wts{x) < M, forallt,r e[a,ß\ 

a 
Given G > 0 , by Lemma 2.15, there exists a positive S < — such that 

\T <^=> 
fit-T)-f(t) 

fit) 
IMß1 

For  \T\< 8   we can write 

If 
0 0 

fit-T)-f{t) 
gis)Wjx)dtds+ \ \f'it)g(s)Wjx)dtds 

0 0 

< III 
0 0 

fit - r) - f(t) 
+ fit) g(s)Wts(x)dtds 

< 11 
0 0 

fit-T)~ fit) 
+ fit) \\g(s)Wtsix)\\dtds 

<-ll 
ß.f    €   >t 

IMß' 
iM)dtds=j^(ß-a)2<^ 
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This proves our claim that y is in D (H) and 

CO   CO 

H(y) = -\lf'(t)g(s)Wjx)dtds. 
0 0 

Similarly one can show that y is in D(K) and 

CO   CO 

K(y)= \\-f(t)gUdwjx)dtds. 
0 0 

(b) similar to part (a) one can show that   y - j J f{t)g{s)Wts{x)dtds   is in 
o o 

D(HmKn) , for every m, n> 0. 

Furthermore, we have 

CO   CO 

(H°'K"){y) = (-I)- | lfM(t)g{%Ks{y)dtds 
o o 

So any element in g is an analytic element. 

Note that the analytic elements ofW ( s are those in [ |       ft Z/l/i   A.   ) 

(c) suppose x* is a bounded linear functional on % which vanished on g . i.e. suppose 

= 0 x\\\f(t)g(s)Wjx)dtds 
V 0 0 ' 

for every x in % and every f,g£ 3.  We can therefore write 
CO   CO 

l\f(t)g(s)x(wjx))dtds = 0, 
0 0 
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for every /,ge3 and every x in/. This, we claim, implies 

x(wts(x))=0, fora\\xezXt^)eR0
+, 

which means x* vanishes on /0 0 

This, in virtue of the Hahn-Banach Theorem [8] shows that g is dense in %0Q .   So to complete 

the proof we need to check our claim above that 

x(wjx)) = 0, fora\\xez,{t,s)eR0\ 

Suppose on the contrary 

for some x0 G / and some (/0, s0 ) G R£. WLOG we can assume that the real part of 

*A^o-*0(*o)) isP°sitive' Le- 
Re^K^„w)>o- 

Since X*\W, s(*o)) and hence Re (x\^,Axo))l is continuous in (t, s), there exists a 

neighborhood [a, ß) x [y, S) of[t0, s0 j Such that 

Rß(^Uo))>0»V(M)e(flr,/?)x(r,4 

Now take any two nonzero functions fand g in 3 . By a linear change of variable we can find 

two other such functions, we call them fand g again, which are zero out side [a ,ß) and [y ,S), 

respectively. Squaring these functions if necessary, we can further assume that fand g are 

positive throughout [a ,ß) and [y ,Sj, respectively. For these functions fand g we have 

ß 8 

\\f(t)g(s)Wts(x0)dtds= \\f(t)g(s)WtXx0)dtds> 0 
a y 
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which is a contradiction. 

3. EXPONENTIAL REPRESENTATION.. In this section we would extend the one-parameter 

semi-group results concerning their exponential representation. Let Wts be a two-parameter 

semi-group of operators on % with UtandVt  being its associated one-parameter semi-groups 

as defined before. For each r > 0 we define two bounded operators as follows 

HT{x) = — ,and Kr{x) = —  
r r 

The infinitesimal generators H and K of Ut and Vt, namely 

H(x) = limH(x) andK(x) = lim^r(x) 
r->0       T r->0 

are densely defined. For any bounded operator A, the operator e    is defined by 

CO Ak 

A       V 

k=0 K- 

It is clear that the series on the right hand side is absolutely convergent and one has 

eA\<e< 
A\\ 

If the operator A is not bounded k and / or not everywhere defined then by e     we would mean 
the operator defined by 

AkU) (e')w=Z 
k=0 kl   ' 

which is defined on those x in n D[ A" ) for which the series is summable. 
«>o    v     ' 

There are several exponential representations for a one-parameter semi-group of operator 
(cf.[l,2]). 

Here is one which we want to extend to the two-parameter case. 
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3.1 Theorem. Let U,,t e R+ beany one-parameter semi-group of operator on % with 

,  v      UT(x)-x 
H {x) =   . For every x £ % we have 

U,(x)= limiy^X*) 
r-»0+ 

where the convergence is uniform with respect to t in compact sets. 

3.2 Theorem (Exponential representation) Let Wts be a two-parameter semi-group of operators 

on the Banach space %  and let ÜnVt,Hr &n&KT be as before. Then 

W   = lim e"H*+isK* 

where convergence is in the strong sense and uniformly on compact sets. 

Proof. Let x be a fixed vector in % and C be a compact subset of R+ .   By Theorem 3.1 

(e^)(x) ^ Ut(x) 

As T -> 0, uniformly for all t in C. So there exists a Sx > 0 such that 

t € C and 0 < T < 8X => |eö/fr(x) - Ut(x) 

=> em'(x) <  Ut(x) 

< 1 

+ 1 

on the other hand by [8] there exist M >0 such that 

Ut{x) < Mand V,{x) < M 

for all / e C. Thus /eCandO<r<^ le^C*)^ M+ 1 

Applying uniform boundedness principal to the class 

ie""T \ <5 Jrec,0<r 
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we conclude that there exists some L>0 such that 

ettH4<L 

for all t eC and T e (o,^,j. 

Let x £ x and c a compact subset of R+ be fixed. Given e > 0 applying Theorem 3.1 to 

Ut and Vt there exists positive number S2 and <53 such that 

t e C and 0 < x < S2 => |e'Wr(x) - t/,(x) 

5eCandO<r<^ e'Wr(x) - Ut(x) 

2M 

£ 
< 

2L 

Letting £ = min{ öl,S2,S3}, for any f, j e C and 0 < r < £ , we have 

eitH<+isK<(x)-Wjx) 

e»W<(X)-UtVt(X) 

e^[e*K<(x) - Vs(x))\\ + \(eitH* - U,)Vt(x) 

< L elsHx)-V(x) + UH, e   T - U, M 

e e £     £ 
< L—+ M<-+-<€. 

2L    2M 2    2 

3.3 Remark.    In all the results above one can replace the original Banach space 

X   by Zo  or 700, accordingly.     Zo = Ut>oUt{z)   andZo,o = U(!,s)eKKs(z) are actually 

the spaces on which our semi-groups live . Considering this we can then forget about x0 
m a11 

these results and change their statements with  %Q  replaced by % ■ 
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3.4 Remark. Here, in this note we said a semi-group t -> Ut to be continuous if 

UmUt(x) = Us{x) 
t->s 

for every   x in j and every s > 0.  . Some other authors say t -> £/, is continuous if it is 

continuous strongly at each s > 0. i.e. if 

lim£/,(x) = 
'Us(x), ifs>0 

x        , if s = 0 

In this case defining U0= I, continuity will mean 

limt/,(x) = Us.(x), for all s > 0. 
;-+.v 

and Yo becomes all of /   itself. To see this one only need to check % c /0 

For, checking this let  x£/ Then we can write 

x = lim Ut (x) 
<->o+ 

whichmeans  xej . 

3.5 Remarks.   One can study n-parameter semi-groups of operators for n > 2 and obtain similar 
result. 
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