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Preface

This book is part of a 3-volume set with the written versions of all invited talks, papers and
posters presented at VECPAR'2000 - 4th International Meeting on Vector and Parallel
Processing.

The Preface and the Table of Contents are identical in all 3 volumes (one for each day of the
conference), numbered in sequence. Papers are grouped according to the session where they
were presented.

The conference programme added up to a total of 6 plenary and 20 parallel sessions, comprising
6 invited talks, 66 papers and 11 posters.

It is our great pleasure to express our gratitude to all people that helped us during the
preparation of this event. The expertise provided by the Scientific Committee was crucial in the
selection of more than 100 abstracts submitted for possible presentation.

Even at the risk of forgetting some people, we would like to express our gratitude to the
following people, whose collaboration went well beyond the call of duty. Fernando Jorge and
Vitor Carvalho, for creation and maintenance of the conference web page; Alice Silva for the
secretarial work; Dr. Jaime Villate for his assistance in organisational matters; and Nuno Sousa
and Alberto Mota, for authoring the procedure for abstract submission via web.

Porto, June 2000 The Organising and Scientific Committee Chairs

VECPAR'2000 was held at Fundago Dr. Anténio Cupertino de Miranda, in Porto (Portugal),
from 21 to 23 June, 2000.

VECPAR is a series of conferences, on vector and parallel computing organised by the Faculty
of Engineering of the University of Porto (FEUP) since 1993.
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A Component-Based Stiff ODE Solver on a
Cluster of Computers

J.M. Mantas Ruiz! and J. Ortega Lopera?

! Dpto. Lenguajes y Sistemas Informaticos. E.T.S. Ingenieria Informatica.
Univ. Granada. Avda. Andalucia 38, 18071 - Granada, Spain.
jmmantasQugr.es
% Dpto. Arquitectura y Tecnologia de Computadores. E.T.S. Ingenierfa Informatica.
Univ. Granada. Avda. Andalucia 38, 18071 - Granada, Spain.
jortegaQatc.ugr.es

Abstract. The most outstanding aspects of a general-purpose solver of
stiff Ordinary Differential Equations (ODEs) for a cluster of computers
are described. The numerical method used consists of adjusting an inner
iteration process to solve the linear systems which arise when an Implicit
Runge-Kutta (IRK) method is applied. The numerical scheme attains
a high degree of task parallelism by decoupling several calculations. In
order to exploit the data parallelism arising from linear algebra, software
components of parallel linear algebra libraries have been used and a
component-based methodological approach to derive parallel programs
is followed. This approach is especially suitable to exploit the multilevel
parallelism presented by this type of method and extends the TwoL
proposal, made by Rauber and Riinger, by incorporating performance
polymorphism. Several numerical experiments performed with different
test problems reveal satisfactory runtime results with respect to one of
the most advanced sequential stiff ODE solvers.

1 Introduction

The Ordinary Differential Equations (ODEs) arising from the modelling process
may take different forms. One important formulation is that of the Initial Value
Problem (IVP) for ODE, which can be formulated as:

Given a function f: R x ®? - R¢, find the function y : R — R¢ that fulfils:

v () =f(ty), ylto) =y eR,  t€to,ty] . (1)

Numerical methods for integrating IVPs generally work in a step-by-step manner:
the interval [to, ts] is divided into subintervals [to, 1], [t1,22], ..., [tn—1, tn] Where
ty = ty, and approximations yi,¥2,...,y~ for the solution at the end of each
interval are computed in a so-called integration step.

The stiff IVPs are an important class of IVPs that impose severe stability
demands on the numerical methods of solution [9]. The solution of large stiff ODE
systems is indispensable for modelling a wide variety of time-dependent processes
in science and engineering {4, 9] (pollution models, chemical kinetics, biological
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modelling, control systems, etc.). In order to solve stiff systems efficiently, it
is necessary to use stable implicit methods [4, 9]. These methods demand a
great deal of computing power, which can be achieved by using efficient parallel
algorithms on Distributed-Memory Parallel Machines (DMPMs).

Because of the nature of the implicit methods, there is a strong connection
between algorithms to solve stiff IVPs and linear algebra techniques. This fact
reveals that the methods to solve stiff ODEs exhibit two levels of potential
parallelism: task parallelism, owing to the fact that these methods can be de-
composed into submethods which can be executed independently by disjointed
groups of processors, and data parallelism, because the most basic submethods
of the decomposition are typically linear algebra computations which are sus-
ceptible to parallelization following a SPMD style.

There exist stiff ODE solvers which run on multicomputers. One of the
most outstanding solvers is the ParSODES package [2], which implements IRK
methods using MPI (8] and gains a typical speedup 3 to 5 over state-of-the-art
sequential stiff solvers on an IBM SP2. However, this solver does not suitably
exploit the potential data parallelism due to the linear algebra operations.

The GSPMD ' (Group Single Program Multiple Data) [11] programming
model is specially suitable to exploit the multilevel parallelism of these appli-
cations on DMPMs. In [11], a methodological approach for the derivation of
GSPMD programs from existing SPMD modules is presented. This approach,
termed TwoL, has also been applied to the implementation of ODE integrators
on multicomputers. However, this approach does not explicitly support main-
tenance and selection among multiple implementations of a submethod. This
characteristic, the so-called performance polymorphism, is very desirable to im-
prove flexibility in performance tuning during the design of a GSPMD program.

Distributed
Memory

—— ;. Data Dependency Tl .
[ sPMD Basic Computation -
Gi : Processor Group

Fig. 1. Parallel program implemented in a GSPMD style

The interest of this work focuses on the component-based development of
GSPMD software for the numerical solution of large stiff ODE systems on clus-

! In a GSPMD computation, several independent subprograms are executed by inde-
pendent groups of processors in parallel.
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ters of computers. In particular, we examine the parallelization of the class of
one-step Radau ITIA IRK methods [9]. These methods combine high accuracy
with excellent stability properties and it is possible to derive parallel numerical
schemes of this class with a lot of potential parallelism in the abovementioned
two levels. In order to maintain flexibility when deriving parallel implementa-
tions of ODE solution methods, we propose an extension of the TwoL approach
which has explicit constructs for performance polymorphism and facilitates the
appropiate reuse of modules of parallel linear algebra libraries [7, 5, 13]. On the
basis of our methodological proposal, we derive a distributed implementation of
an advanced numerical method to integrate stiff ODEs for a PC cluster. This stiff
ODE solver exploits both levels of potential parallelism of the numerical method,
and makes effective use of existing parallel linear algebra software components.
The speedup results obtained show that it is possible to derive efficient clus-
ter implementations of an advanced stiff ODE solver by combining previously
existing SPMD parallel linear algebra components.

The numerical algorithm to be implemented is obtained as a result of several
decisions described in section 2. Section 3 introduces the TwoL approach [11].
An extension of TwoL that supports performance polymorphism is followed to
implement the algorithm on a PC cluster in section 4. Section 5 presents the
experimental results obtained by executing the solver for several test problems
with different dimensions. Conclusions are drawn in section 6.

2 The Newton-PILSRK Method

One of the most interesting approaches to the parallel solution of ODEs consists
of modifyving sequential algorithms in order to exploit the parallelism within an
integration step (parallelism across the method) [4, 1]. An advanced numerical
method to achieve parallelism across an IRK method is described in [14]. This
method, the so-called Newton-PILSRK method, is based on the inclusion of a
Parallel Iterative Linear Solver for the Newton systems that arise when an IRK
method is implemented. An implementation of this numerical scheme on a four-
processor shared-memory CRAY C98/4256 [6] obtains a speedup of 2.4 to 3.1
with respect to one of the most advanced sequential solvers, RADAUS5 [9]. We
will derive an efficient distributed implementation for a PC cluster.

An s-stage IRK method can be conveniently represented by two vectors
¢,b e R® and a full matrix 4 € R**°. When this is applied to an IVP-ODE
given by (1), the method takes the form:

Yn = yn_1+hn(bT®Id)F(Yn), Y, = (H@Id)ynvq+hn(A®Id)F(Yn), n=1,.,N (2)

Here h, is the stepsize, i.e., the length of the n-th integration subinterval
[tno1,tn]. Yn € 2 is the so-called stage vector defined as:

Yo = (YT, Y s 0 YT where Yo, R y(ta-1 +ciha) €RY, i=1,.5 .

The symbol ® denotes the direct product of matrices. 1 stands for the s-
dimensional unit vector (1,...,1)T, I; denotes the identity matrix of dimension
d x d and F(Y,) means the componentwise f-evaluation of ¥y, i.e.
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F() = (Fan) s f () € R4

Therefore, we have to solve, in every integration step, an sd-dimensional system
of nonlinear equations. This system is usually solved by the modified Newton
iteration that yields a sequence Y;,'%, v,V v,,®) . defined by

(Ld = A@ hnJ) (Y VI V)= ~R(YI™Y), j=1,2,..m (3)
R(X)=X —(E@I)Yn-1 — hu(A® L)F(X), VX e R, E=[0---01]

where ¥,(% = P(Y,,_;) (P(-) denotes a predictor operator), and the matrix
Jn is an approximation to the Jacobian of f in (y,-1,t,_1). Process (3) must
be applied as many times as needed to make Y;{™ sufficiently close to the true
solution of (2). The definitive approximation of y(t,) wold be y, = Y,ﬁ,'f).

A linear system of dimension sd arises in (3). In order to tackle this computa-
tional demand using parallel processing, a relevant numerical scheme is proposed
in [14]. This approach is based on applying an iterative solver to the Newton
systems in (3). This Parallel Iterative Linear System Solver for IRK methods

(PILSRK method) is defined by: v=1,.,r
ed =T @ hnJn) AXYUY = (g = L@ haJn) (XY™ = XU=D) L R, (4)
where:

— Ra=ha(ST'ARL)F(YY "M 4 (ST'EQ@ I))Y,_y — XU™D)
- XO = (7' @ [))P(Ya_1),
— AxGY) = xG) __X(J'vv—l)) x 00 — X(.i—l)7 X = X(J'vr)’ Y, = (S®Id)X(m).

The matrix L = S7145 € R°*® is a block diagonal matrix with two blocks,
T € R°*° is a diagonal matrix with positive entries and S € R°*¢ is a real,
nonsingular matrix. Therefore, we can now identify two main sources of task
parallelism in the method:

a) The solution of a linear system of dimension sd with coefficient matrix
Isq = A ® hpJy can be replaced with the solution of s independent systems
of dimension d, with matrix Iy — diag;(T)h,J,.

b) Several computations, where the matrix L appears, can be decoupled into
two independent computations on different blocks of L.

Several decisions have been taken to obtain a particular numerical algorithm.
We have concentrated on the superconvergent Radau ITA IRK method with s = 4
stages [9] because it is very suitable for most real applications. We consider r = 2
in (4) because it is sufficient for convergence [14] and the value of m is determined
dynamically. To obtain an initial approximation of the stage vector in every step,
we use the extrapolation predictor defined by ¥,,'”) = (P®I,)Y,_,, P € Re*®
[6]. The resulting algorithm is presented below.
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Algorithm

Yo = (13 I2)y0
forn=1,..,N {J. =~ %ﬁ(yn_l,tn_l); (N is the number of steps)
parfor : = 1,2 { M; = Iy — Block;(L) @ hnJn }
parfor i =1,...,4 { LU; = Iy — diag;(T)hnJn}
W=(S"'E® Id)) w-1; Yol = (PR I)Yno1; XO = (871 PR I)Y, 1
for j=1,2....m { R=h (S'ARI)FYI )+ W - xU-b,
parfor i=1,..,4 { AXY) = LU 'Ri4 }
parfor i = 1,2 { Ria4 = Ring — M;AXY)
parfor i =1,...,4 { AXY) = AXY) +LU 'Ria}
X(j)=X(J)_|_As((J) y(J =Y,U" 1)+(5®1d)4¥(j)}
Y, = Y,(™); y, = Last d-block in Yy } Yy =yn ;
Notation
Block;(L)= i-th 2 x 2-block of L
R; 4= i-th d-block of R = (R] % R )T e R
R; 2q= i-th 2d-block of R = (R1 " ad)T € R

3 Component-Based Derivation of GSPMD Programs:
the TwoL Approach

In [11], a parallel programming methodology to derive structured parallel imple-
mentations of numerical methods by using previously existing SPMD modules
was presented. This approach, termed TwoL, is based on the GSPMD model and
makes it possible to exploit the multilevel parallelism exhibited by numerous nu-
merical methods. In TwolL, the derivation of a parallel program for a particular
DMPM is carried out starting from a mathematical description of the numerical
method to be implemented, followed by three stages:

1. Definition of the Module Specification for the numerical method.
In this stage, the programmer must specify the hierarchical structure of the
numerical method by composing methods which are effected by modules.
The modules which appear in the decomposition can be basic modules or
composed modules. The basic modules represent regular algebraic com-
putations on homogeneous data structures that work internally following a
SPMD style according to a certain data distribution. These modules hide the
potential data parallelism of the submethods. The composed modules are
structured combinations of basic modules. The data dependencies between
related modules are expressed by constructors of sequential composition and
constructors of concurrent composition are used to express the possibility
of parallel execution. As a result, we obtain a module specification which
expresses the maximum degree of task parallelism of the method.

2. Deriving the Parallel Frame Program. A parallel frame program is a
module specification augmented with several parallel design decisions which
attempt to adapt the module specification to a particular architecture and
problem in order to achieve good performance results. These decisions are
briefly described below:
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— Scheduling: The execution order of modules without data dependencies
(concurrent composition) is determined. These modules can be executed
in parallel on different groups of processors or consecutively on the same
group.

— Load Balancing: The number of processors used to execute each basic
module is determined.

— Selection of the data distributions for the basic modules: If the basic
modules follow parameterized data distributions, then the parameters
for these modules that result in an optimal runtime solution must be
selected taking into account the cost associated with data redistributions.

3. Obtaining the parallel implementation. These decisions must be trans-
lated into a message-passing program for the target parallel machine.

4 Incorporating Performance Polymorphism into TwolL:
Application to the Derivation of a Stiff ODE Solver

When deriving GSPMD implementations for complex numerical applications like
stiff ODE integration, the functionality of a submethod can be implemented by
using different parallel numerical algorithms which differ only in their perfor-
mance characteristics. Ideally, several implementations for each submethod are
maintained and it would be possible to select the best implementation for each
context without having to deal with the details of the respective implementation.
This desirable characteristic is called performance polymorphism. The selection
of the best implementation depends fundamentally on the target machine, the
problem to be solved, and the data distribution scheme of the application.

One approach to achieve performance polymorphism is based on the use
of poly-algorithms [13]. However, this approach involves the design of efficient
heuristic decision routines to select the best algorithm at runtime and the incor-
poration of new algorithms requires the modification of these routines.

The TwoL methodological approach does not have explicit constructs for
performance polymorphism. On the basis of a component-based development
approach [12], a proposal to integrate performance polymorphism within the
TwoL framework will be presented. The central idea of our methodological pro-
posal is the construction of a basic module by linking two different components:
concepts and realizations.

A concept formally defines the functional properties of a basic module,
including all functional aspects of the module interface. The operation signature
must be presented together with a description of module functionality. A concept
that denotes the computation of an approximation to the Jacobian of a function
fin a point (¢,y) € R4+ is presented in figure 2.

A realization encapsulates the information related to an implementation
of a basic module and has two parts: the header and the body. The header is
a client-visible part which describes all performance aspects that the customer
programmer needs to know in order to use the component, such as the data dis-
tributions for the matrices (parameterized distributions are generally used), and
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runtime formulas, obtained from a simplified DMPM model. The runtime formu-
las allow the user to select the best realization to implement the functionality of
a given concept according to several parameters; these describe the data distri-
butions, the target machine (number of processors iV, per word communication
cost t,,, message startup time %, etc.), and the problem size. The body is the
implementation code of the module which can be obtained from linear algebra
parallel libraries [5, 3] or can be defined by the user.

Each concept can have several associated realizations. The explicit distinc-
tion between concept and realization as separate components allows us to select
the implementation that offers the best performance, for a given functionality
specification. Logically, this selection must include the establishment of the data
distribution parameters which appear in the realization header.

Two different realizations for the concept M Jacobian are shown in figure
2. The realization Block_M Jacobian works internally computing one block of
the Jacobian matrix in each processor and the realization BCyelic.M Jacobian
works according to a more general block-cyclic distribution of the matrix J,,.

CONCEPT MJacobian
CONCEPT MJacobian (IN integer d, double ¢, y(d),
FUNCTION f FROM [integer d, double t,yo(d)] TO [double yI(d)], OUT double Jn(d,d) )
ENSURES for all i,j: {x:integer where.((!<=x) and (x<=d))}
(Jn(,i)=... An approximation to Qgiyﬂl) using forward differences)

7 L

__REALIZATION Block MJacobian__ REALIZATION BCyclic | MJ.ESObEn -
HEADER I- HEADER

REALIZATION.HEADER Block_MJacobian REALIZATION.HEADER
FOR MJacobian BCyclic_MJacobian FOR MJacobian

1
I
DATA.DISTRIBUTION 1 || PARAMETRIC integer DD(6)
1
|
1

I |
! [
: |
1l REP ; BLOCK (d,anint(d/P)) Jn DATA.DISTRIBUTION I
RUNTIME.FORMULA(, if, P, tc, tw, ts) 1 REP y ; BCYCLIC (DD) Jn I
1] {RETURN f+anin(d/P)*(f+d*c) } i RUNTIME.FORMULA(4,,DD,..){.....}
I BODY BODY ! .
I Imka MJacobian () I IIﬁmacnnc ‘Miacobian () I
_——— e —————— | N Y————== |

Fig. 2. Several realizations for the concept M Jacobian

Taking into account the two types of components required to build a basic
module, an extension of the TwoL approach will be proposed. In our proposal,
three stages are also used, as shown in figure 3. This proposal will be used to
derive an implementation of the Newton-PILSRK method for a PC cluster.

4.1 Concept Composition

When the mathematical description of the numerical method is available, several
concepts must be selected in order to achieve the functionality of the submethods.
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Parallel Numerical Method

------ M ]
CONCEPTCI ...
CONCEPTC2. ..
CONCEPT C3 ..
CONCEPT C4 ...
CONCEPT CS ...
CONCEPTC6 ..
CONCEPT C7 ... §
| Concept Composition }
i Distribution Types for Problem Size
to each concept Specification ' /

Parallel Design Decisions

Scheduling Load Bal - Selection l.)f Real)utxom

- Data Di

Parallel Frame Program
Translation

Final Implementation

Fig. 3. Derivation of Parallel Programs in the proposed extension of TwoL

In order to describe the functionality of the parallel numerical algorithm pre-
sented in section 2, we have selected the following concepts:

Basic Concept Brief functionality description

EldpldV(s,d.y,Y) Y «— (1® I4)y ye R Y e 7

Vceopy(n, X,Y) Y — X X, Y € R"

Mcopy(m, n, A, B) B+— A A, Bg Rgm*"

Vsum(n,a, X,Y) Y+—aX +Y X, YER ", a€E R

MVproduct(m,n,a, 4, X,5,Y) Y+—aAX+bY X, YER" a,bER A Bec R

LUdecomp(m, n, A, Ip} LU Factorization of A € R™X"

SolveSystem(n, 4, Ip, X) X «— A~TX, assumes LUdecomp(n, n, 1. Ip)

MJacobian(d,t, y, f, Jn) Jn~ S(y.t) yeER,tER, J, € RIXC

Msumld(n,a, A) Ac— I, +aA AER X" a€R

Mdirectproduct(m,n,r,s, 4, B,C){C +— AQ® B AERT*T BER™ (CeRrR™"*"

MdirectpldV(s,d, A, Y) Y +— (A® )Y AR <, Y eRr?

VFeval(s,d.c,t,h, f,Y) Y «— Fy(Y), cER,YERI tL,LhER

InitVectors (s,d, A, P, Yo, W, Y, X)|[W, Y, X] +— [(A® 14)Ys, (P®1I4)Yo, (AP®14)Yo]
AP ERX Yy, W, Y, X € R

ConvergenceCtrl (...) Control the convergence of the Newton Process

ErrorCtrl (...) Control the local crror and adjust the stepsize

These concepts must be combined by using constructors of sequential and
concurrent composition to obtain a module specification. In contrast to TwolL
module specification, in this case the components which are combined are not
basic modules, that denote particular implementations of submethods, but are
fundamentally concepts that denote only the functionality of the submethods.
These concepts are substituted by specific implementations in the next stage,
when all the design decisions that influence performance are taken.

The module specification can also contain references to composed modules.
These modules must be previously defined by combining concepts. Two com-
posed modules have been defined to implement the Newton-PILSRK method
and their functionality is briefly described below.
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Composed Module Brief functionality description

ComputeR (s.d. A, LY W X, R R=h(AQI)F(Y)+ W - X, AeR* YW, X.R€ R4
UpdateVectors (5, d. -1, DX, X. ¥) |[X. Y, DX] «— [X + DX, Y ¥ (A ® 1) DX, (A ® ) DX]
AR, X Y, DX € R

A graphical description of the module specification for the Newton-PILSRK
method is presented in figure 4. The arrows denote data dependencies between
components and the rectangles represent references to components.

TE1dpldV(s,d,yo,Yo) Y, =A@ L)y,
Yo
Q While (t<tf)
- o
!MJacobian(d,t,yo,f,Jn) } InitVectors(s,d,S",P,Yo,W,Yn,X)

W= (S 'E®1)Y, ,
Y =(Pel)Y,
a X = (S 'PoL)Y. ,

Sn BFf (Yo 1sba-
{ E&L()’ 1wk 1)
Ji

Jn

PAR i=1.4

PAR i=1,2 > .

Mdirectproduct (2,2,d,d,Li,Jn,Mi) ﬂ:ﬁ:‘:ﬂg}fﬂ?&%z’h LU1)

Msumld(2d,-1.0%h,Mi) LUdecomp(d,d,LUi,IPi) W.Yn.X
M, = Ly — Block(L)y®h,Jn Factorize LU, = 1, — diag (h,Jn

\\p‘u 1.2 lLUi. Pi i=1.4

While( not convergence)

ComputeR (s,d,S"A,t,c,h.f,Yn, W,X,R)
R=h(S 'A®I)FY’' "Y+W—x"""
lk

[PAR i=1,4
Veopy (d,R(d(i-1)+1),DX(d(i-1)+1)) ,
SolveSystem (d,LUi,IPi,DX(d(i-1)+1)) XS =LU 'R,

Jpx

PAR i=1,2
MVproduct(2d,2d,1.0,Mi,DX(2d(i-1)+1),1.0,R(2d(i-1)+1))

Rae = Rou— M, X,
ll{
PAR i=1,4
SolveSystem (d,LUi,IPi,R(d(i-1)+1)) ” N .
Vsum(d,1.0,R(d(i-1)+1),DX(d(i-D+1)) Xa = Xa +LU R,
‘ux

[UpdateVectors(s,d,S,DX,X.Yn) X=X+ X yU—y' i (s®@1) X°|
A

lX< ¥n, DX

"&Mﬁi ConvergenceCtrl (s,d,DX,rtol,atol,convergence) |

[ ErrorCtri(s,d,ho,h,y0,Yo,Yn, t.tf,.c.f,Jn,rtol,atol) |—¥o. Yo, Yo ¢ |

[ Vcopy(d,yo.yH) Y=Y ]

Fig. 4. Graphical representation of the module specification for the method

4.2 Taking Parallel Design Decisions

All the design decisions that affect the performance of the final implementation
must be taken at this stage. To carry out this stage, the following information,
besides the previously obtained module specification, has to be available:

— The existing realizations for each concept of the module specification.
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— The data distribution types for every array argument of the program to be
implemented. In our implementation of the Newton-PILSRK method, all the
vector arguments of the solver (the initial vector yo and the solution vector
yy) are assumed to be replicated among the processors.

— Parameters defining the target machine and the problem size. In our im-
plementation, the target machine is a cluster of 8 PCs based on Pentium
IT (333 MHz with 128 MB SDRAM) with a switch fast Ethernet intercon-
nection network (¢, ~ 320us and t,, &~ 0.39us). We will consider IVPs with
dimension lower than 1700.

The decisions to be taken in this stage include, as in TwoL, scheduling and
load balancing, but also a task called instantiation must be performed. The
instantiation involves two main decisions. The first of which concerns the selec-
tion of the best realization for each concept that appears in the module specifi-
cation. In the final structure, only calls to realizations appear. All references to a
composed module which appear in the module specification must be recursively
replaced with realizations. The second decision implies determining the most
suitable data distribution parameters for each realization chosen and the inser-
tion of the required data redistribution routines. The two selection processes are
interdependent and must be performed in conjunction with the scheduling and
load balancing to obtain a good global runtime solution.

Although, different heuristic techniques are being evaluated to carry out this
stage automatically, currently there is no technique available to automate this
stage by using the runtime formulas embedded in the realizations. In order to
derive an efficient stiff ODE solver, we will follow three guidelines: the even
distribution of computational work among the processors, the use of optimal
realizations and data distributions for those tasks that impose greatest compu-
tational demands and the minimization of redistribution costs. Just by following
these guidelines, we have obtained a very satisfactory solution.

Scheduling and Load Balancing We consider a one dimensional 8 x 1 grid
as being the logical topology, and so the SPMD modules run on the groups of
processors defined in this structure. These groups are described using a simple
notation which must appear in a section of the parallel frame program called
GRID.DESCRIPTION (see figure 5(a)).

A graphical description of the parallel frame program can be seen in figure
6. In this figure, the arrows denote the real execution order and each component
is labelled with an identifier indicating the processor group where it is executed.
As can be seen, the only tasks executed in parallel on disjointed groups are in
the concurrent loops which denote most of the task parallelism of the method.
These tasks include the solution of the linear systems for each stage as well as
every independent computation in which the block-diagonal matrix L takes part.
This choice makes it possible to obtain an even distribution of the computational
load.
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Instantiation Some realizations have been obtained from the libraries PBLAS
(PDCOPY, PDAXPY and PDGEMYV) [5] and SCALAPACK (PDLACPY,
PDGETRF and PDGETRS) [3]. These realizations manage arrays according
to a parameterized block-cyclic data distribution. The remaining realizations
were implemented to perform in parallel several matrix computations which are
frequently required when IRK methods are implemented.

The particular data distributions used in the instantiation are described in
the DATA.DISTRIBUTION section of the parallel frame program (see figure 5
(b)), where the block-cyclic distribution template is instantiated by specifying a
processor group and a block size.

Figure 6 indicates the data distribution which follows each matrix argu-
ment in every realization. The same figure has arrows labelled with redistribu-
tion operations. Most of redistribution operations have been implemented with
the ScaLAPACK redistribution/copy routine PDGEMR2D. However, two user-
defined redistribution operations have been used to replicate a block-cyclically
distributed matrix (BCYCLIC(..) A — REP B) and to copy a replicated ma-
trix in a block-cyclically distributed matrix (REP 4 — BCYCLIC(..) B).

DATA.DISTRIBUTION
CONST (LB=64, MB=S*D/P}
BCYCLIC(MB,1,G1) VDG1
BCYCLIC(D,D/P,G1) MDG1
REP i=1,2

BCYCLIC(LB,1 ,G2(i)) VDG2(i)
BCYCLIC(LB,LB,G2(i)) MDG2(i)
REP i=1,4

GRID.DESCRIPTION
CONST (P=8, H=P/2, Q=P/4)
GRID[P x 1] Gl

REP i=1,2
SUBGRID [H x 1] G2(i) IS
[G-1)*H,0]...[i*H-1,0)

REP i=1,4
SUBGRIDIQ x 1] G4(i) IS BCYCLIC(LB,1 ,G4(i)) VDG4(i)
[(-1)*Q,0]...[(i-1)*Q+1,0] BCYCLIC(LB,LB,G4(i)) MDGA(i)

(2) (b)

Fig. 5. Description of the processor groups (a) and the data distribution types (b)

We have selected optimal realizations and data distributions for the tasks
which make greatest computational demands. These tasks are:

— The dense LU factorizations of the matrices LU; = I — diag;(T)hnJ, €
| Re*s. 4 =1,...s, and the solution of the linear systems which use these
‘ coefficient matrices. We have used 64 x 64 blocks in the ScaLAPACK re-

alizations PDGETRF (LU Factorization) and PDGETRS (system solution)
‘ which provide a good performance.
| — The computation of an approximation to the Jacobian. We have used the
Block_M Jacobian realization because this gives the best runtime results.

— The computation of Block;(L) @ hpJn, ©=1,...,2. To perform this task,
we have selected a parallel version of the direct product of matrices in which
the input arguments are assumed to be replicated among all the processors of
a group and the output matrix is block-cyclically distributed. This realization
(Beyclic.M directproduct) allows us to achieve the best runtime results.
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__Beyclic_EldpldV (s,d,yo,VDG1 Ye) ON G1_|

_While (t<tf) < \
It

[ Block_MJacobian (d,t,yo,f,Jn) ON G1]
MDG1 In —> REFP Jn }

PAR 1=1,2]
BCyclic_Mdirectproduct (2,2,d,d,Li,Jn, MDG2(i) Mi) ON G2(i) |
BCyclic_Msumld (2d,-1.0*h, MDG2(i) Mi) ON G2(@) i

!
!
lm:rjn —>MDGA() LU, i =1..4 |
i

PAR i=1,4
BCyclic_Msumld (d,-1.0*Ti*h, MDG4(1) LUI) ON G4(i)
PDGETRF (d,d,MDG4(i) LUiIPi) ON G4(l)

| BCyelic_InitVectors (s,d,S",P,VDG1 Yo,

»__While( not convergence) )

} ComputeR (s5,d,S A, t,c,h,f,VDG1 Yn,W,X,R) ON G1 |
VDG1 R—> VDGA4A(i)) R4 ,i=1.4

PAR i=1,4
PDCOPY (d,VDGA4(}) R4, DX4) ON G4()
PDGETRS (d,MDG4(1)LUL1Pi,VDG4(l) DX4) ON G4(i)

PAR i=0,1
VDGA(2i+ ) R4, DX4 —DVDG2i+ L1 R2j ,DX2y ,j=1.2

VDG2ii + 1) R2) —>VDGARi + ) R4, j=12

PAR i=1,4
PDGETRS (d,MDG4(i) LULIPi,VDG4(i) R4) ON G4()
PDAXPY (d,1.0,YDG4(i) R4,DX4) ON G4(i)

lVUG4 DX4—> VDGI DXi,i=1.4

I Update Vectors (s,d,S,VDG1 DX,X,Yn) ON G1 ]

‘-—‘L ConvergenceCirl (s,d,VDG1 DX, rtol,atol,convergence) ON G1 J

[__ErrorCtri (5,d,h0,h,y0,VDG1 Yo,¥n,t,thc,f,In,rtol,atol) ON G1 ——

[DCOPY (d,y0,y1) ON G1]

Fig. 6. Graphical description of the parallel frame program

With these decisions, a perfect load balance is achieved because the data
for each stage are assigned to a different processor group. On the other hand,
redistribution expenses are not high if compared with computation costs.

4.3 The parallel program obtained

The parallel frame program has been translated into a message passing program
which is expressed in Fortran augmented with BLAS and BLACS [3]. A version
of BLAS [3] optimized for INTEL Pentium II has been used.

5 Numerical Experiments

We compare the runtime performance of our parallel solver with one of the most
robust and efficient sequential stiff ODE solvers, the experimental code RADAUS5
[9]. We use three test stiff IVPs from [10, 9] which describe several phenomena:
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Problem dimension (d) Description

Emep 66 The chemistry part of an ozone chemistry model
Cusp 96 A model problem combining three smaller problems
Medical Akzo 400 Injection of a medicine into a tumorous tissue

Since our solver still lacks an error control strategy which would make it
possible to select dynamically the most suitable stepsize in every integration
step, we perform the tests for one integration step.

It is important to note that in order to get effective performance from a
parallel ODE solver, the IVP dimension must be large and the function f should
be expensive to evaluate [4]. Otherwise, communication time will dominate com-
putation time. Therefore, to test our solver the IVPs must be scaled. To scale
the IVPs, we use a technique described in [1] which basically produces a linear
coupling of the original IVP with a function f that is expensive to evaluate.

Some runtime results using different dimensions and the resultant speedup
values are presented in figure 7. The results reveal that for systems with more
than 1000 equations and a right hand function f relatively expensive to evaluate,
a speedup of 4.5 to 5.8 can be achieved on a cluster of 8 PCs.

; j ' " i ) " Medakeo ——
Medakzo| Cusp Emep EC::S e
Approx. 7 1
Dim. T1 Ts Ty | Ts T, | Ts
Rad5 Rad5 Rads s ]
100 0.0510.63[]0.15]0.83
200 0.35}0.72{{0.52(1.04
300 1.581.22{12.64]1.91 § 1
400 4.17 {1.801|3.68(1.73(({4.22}2.18 a
500 7.3 |2.58/19.7313.53] 3§ J
600 19.6(5.28(18.515.47] &
700 28.0(7.16((25.5(6.87
800 33.2 (7.71||141.3|9.67((31.7|8.17 8 1
900 56.1{12.4|(49.9|11.4
1000 75.5(15.7{|73.5|16.1 2k 9
1100 95.9119.3]{89.9{19.0
1200 |115.7(21.6|| 125 (24.7{] 127 |25.4 ' |
1300 153 [29.3}] 141 [27.5
1400 190 |36.1{| 188 [35.6
1500 220 |40.3|| 222 [44.8 th o wm ww  wm wew
1600 | 284 |48.8]| 279 |48.4] 209 |54.1 Dimersion

Fig. 7. Some runtime results in seconds and speedup values with the test problems

6 Conclusions

An extension of the TwoL approach which explicitly supports performance poly-
morphism has been proposed. The proposal allows the user to select the most
suitable SPMD implementations for the computation phases of a numerical
GSPMD program. This improves flexibility in the performance tuning of the
GSPMD software. The proposal has been employed to derive an efficient stiff
ODE integrator for a cluster of 8 PCs. The integrator is based on an advanced
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numerical method with excellent stability properties and exploits both levels of
potential parallelism exhibited by the method and makes effective use of existing
parallel linear algebra modules. The implementation achieves a speedup of 4.5
to 5.8 for relatively large dense stiff ODE systems. These results confirm that it
is possible to derive efficient parallel implementations of IRK methods on a PC
cluster by composing SPMD modules.

Acknowledgements

The experimental results of this work were obtained on a PC cluster supported by the
project TIC97-1149 of the CICYT. We would like to thank the contribution of Jose
Antonio Carrillo (Granada Univ.) for his assistance in numerical methods.

References

(1] Claus Bendtsen. Parallel Numerical Algorithms for the Solution of Systems of
Ordinary Differential Equations. PhD thesis, Institute of Mathematical Modelling.
Technical University of Denmark, 1996.

(2] Claus Bendtsen. ParSODES - A Parallel Stiff ODE Solver. User’s Guide. Technical
Report 96-07, UNI-C,DTU, Bldg, 1996.

(3] L. S. Blackford, J. Choi, A. Cleary, E. D'Azevedo, J. Demmel, I. Dhillon, J. J.
Dongarra, S. Hammarling, G. Henry, A. Petitet, K. Stanley, D. Walker, and R. C.
Whaley. SecalAPACK User’s Guide. Society for Industrial and Applied Mathe-
matics, Philadelphia, PA, USA, 1997.

[4] K. Burrage. Parallel and Sequential Methods for Ordinary Differential Equations.
Oxford Science Publications, 1995.

[5] J. Choi, J. J. Dongarra, S Ostrouchov, A. Petitet, D. Walker, and R. Clint Whaley.
A proposal for a set of parallel basic linear algebra subprograms. Technical Report
CS-95-292, Computer Science Dept. University of Tennesee, May 1995.

(6] Jacques J. B. de Swart. Parallel Software for Implicit Differential Equations. PhD
thesis, Amsterdam University, 1997.

[7] J. J. Dongarra and D. W. Walker. Software libraries for linear Algebra Compu-
tations on High Performance Computers. SIAM Review, 1995.

[8] Message Passing Interface Forum. MPI: A Message Passing Interface Standard.
Univ. of Tennessee, Knoxville, Tennessee, 1995.

[9] E. Hairer and G. Wanner. Solving Ordinary Differential Equations II: Stiff and
Drfferential Algebraic Problems. Springer-Verlag, 1996.

[10] W. M. Lioen, J. J. B. De Swart, and W.A. Van Der Veen. Test set for IVP solvers.
Technical Report NM-R9615, CWI, 1996.

{11] T. Rauber and G. Riinger. Deriving Structured Parallel Implementations for
Numerical Methods. The Euromicro Journal, 41:589-608, 1996.

[12] M. Sitaraman and B. Weide. Special Feature: Component-Based Software Using
RESOLVE. ACM SIGSOFT, Software Engineering Notes, 19, 1994.

(13] A.Skjellum, Alvin P. Leung, S. G. Smith, R.D. Falgout, C.H. Still, and C. H. Bald-
win. The Multicomputer Toolbox - First-Generation Scalable Libraries. HICSS-27,
pages 644-654, 1994.

(14] P. J. Van der Houwen and J. J. B. de Swart. Parallel linear system solvers
for Runge-Kutta methods. Advances in Computational Mathematics, 7:157-181,
March 1997.

-674 -




VECPAR '2000 - 4th International Meeting on Vector and Parallel Processing

Efficient Pipelining of Level 3 BLAS Routines

Frédéric Desprez and Stéphane Domas

LIP, ENS Lyon
46 Allée d'Italie
F-69364 Lyon cedex 07
(desprez,sdomas)@ens-lyon.fr

Abstract. This paper presents a method that handles automatically a
pipeline of level 3 BLAS routines, executed on different processors. It is
based on linear graph of tasks (each task is a single BLAS 3 call), which
describes the dependences between the matrices used for computations.
From such a graph and from a theoretical model of level 3 BLAS execu-
tion times, we determine the best blocking for each task and the optimal
blocking strategy size for the pipeline.

1 Introduction

Optimizing parallel algorithms is a difficult task, especially if we keep in mind
the portability issues. However, several techniques exists to speed up parallel ap-
plications on distributed memory machines. Asynchronous communications are
a way to improve the performances and the scalability of parallel routines. Using
such communications, a processor can compute while communicating, reducing
the total overhead of communications. Pipelining is an optimization technique
that can be used when data dependences produce too much idle time. It consists
in splitting a task in a certain number of sub-tasks and to communicate the re-
sult of one sub-task as soon as it has been computed, allowing the next processor
to start sooner. The way tasks are split is of course dependent of many param-
eters (algorithm, network bandwidth and latency, computation speed, ...). It
can often be computed or approximated to obtain the best performances.

Since many numerical applications are now using the standardized level 3
BLAS calls, our aim is to provide a general mechanism for the use of pipelined
overlap when the result of a level 3 BLAS task has to be communicated. Because
level 3 BLAS routines are already optimized for a broad range of processors,
possible optimizations can be made in a succession of BLAS calls, executed on
different processors. At the moment, we target linear tasks graphs where each
task is executed on a different processor and where tasks can be split. We show
how tasks have to be split and when.

Many numerical applications can benefit of such optimization. In [3], the
authors describe mechanisms to parallelize applications with two levels of par-
allelism; coarse-grain task parallelism at the outer level and data-parallelism at
the inner level. Their motivating example is an algorithm for the computation of
eigenvalues of a dense non-symmetric matrix [1]. Sparse matrix factorization like
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the one described in [3] or 7] can also make use of these mechanisms. Those al-
gorithms compute dense BLAS operations on different blocks with dependencies
between the blocks (given by the sparse structure of the matrix). The problem
in this last example is that dependencies are only known at run-time. However,
the optimization we describe can be used inside the run-time system or after the
symbolic factorization.

One important part of the optimization process is the blocking of the com-
putation routine. The goal is to keep the computation speed high and to reduce
its grain. Several papers discuss the optimization of level 3 BLAS codes using
loop partitioning techniques and efficient use of the memory hierarchy [4, 8]. The
most recent works are inside the PHiPAC [2] and ATLAS projects [9].

In this paper, we present an overview of problems and solutions for a motivat-
ing example. Then, we describe in detail the two main steps of our methodology.
We finish by experimental results and an example of combination of our approach
with data-parallelism.

2 DMotivating Example

Our motivating example is a linear task graph made of five matrix product tasks
(level 3 BLAS DGEMM routine) executed on five different processors. Dependencies
between the tasks are given in Figure 1. The first arrow means that after its
computation, matrix C' is sent to the next processor as an entry of the next
matrix product. Its a flow dependence (read after write).

Fig. 1. Motivating Example: pipeline of 5 matrix product tasks.

This example is quite simple but it shows the main issues in the optimization
of such a pipeline of level 3 BLAS routines. We have chosen the matrix product
because it is used as a kernel operation of many linear algebra algorithms and
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there are many simple ways of blocking its loops. Moreover, other level 3 BLAS
routines can be efficiently rewritten with DGEMM calls [8].

Because of the dependences between the tasks, the execution of such task
graph can not be optimized without a split of the tasks. If different processors are
chosen for the execution of each task, the overall parallel execution time is even
worse than the sequential one because we add the cost of the communications
between different procéssors.

3 Pipelining the motivating example

There are several ways to block the computations to pipeline the DGEMM tasks.
It is equivalent to split the matrices. In Figure 2, we give three different ways
to block the matrices used in a multiplication. Every loop can be blocked but it
may not lead to an efficient communication pipeline.

T . Al
1 G | = A |X]| B
C, A,
(a) horizontal  horizontal no cut of B

cutof C cutof A

€.c.c = A X B,8.B,

®) vertical nocutof A vertical

cutof C cutof B
(c)
B
C, {+ | C |+ C |=1|A + A B | + [A
! 7
sum of partial C vertical cutof A horizontal cut of B

Fig. 2. Motivating Example: three possible blockings for the matrix product algorithm.

In the first two cases, we only block one matrix and compute vertical or hor-
izontal blocks of C. The resulting algorithm is perfect for a pipeline since a task
receives, computes and sends rectangular blocks. The third case is problematic
since we compute square blocks which are intermediate results. This situation is
best avoided but in our example, the dependencies between matrices have been
chosen to bring such a case. We will show later how to solve this problem.

3.1 Choosing a Blocking for the Computations

Taking into account the dependencies, we must find an efficient way to block
the computations for each task in the graph. Instead of vertical or horizontal
blocks, we will use more obvious notations. According to the BLAS reference
guide [6], a DGEMM uses three matrices: A(prx k), B(xxn) and Ciarxny- In the
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the first blocking in"Figure 2, 4 is blocked along its M dimension. In the second
solution, B is blocked along its N dimension. In the last solution, .4 and B are
blocked along their K dimension. Thus, we will use the notations Af-block, V-
block and K-block for the three possibilities to block a DGEMM and more generally.
each BLAS 3.

We will also use the notation S-block when the matrices are the sum of
partial results like C' in the third case. Meanwhile, an S-block DGEMM requires
more than O(M N K) floating operations to compute and thus, must be avoided.

3.2 Choosing a Blocking for the Communications

In our example, we always send a result matrix. Thus, the “orientation” (vertical
or horizontal} of the blocks that are sent is determined by the blocking used for
the computation. For example, if the first task is M-block, the result matrix ¢’
is blocked horizontally and horizontal blocks must be sent. If it is not a result
matrix that is sent, we have the choice for the orientation.

Since there is no preferred dimension for the communications, we use the
notation H-block or V-block depending on the “orientation” of the blocks that
are sent. We also use the notation S-block when a matrix is sent in partial results
and @-block when the matrix is sent in a whole.

3.3 Some Solutions to Block the Matrices

In Table 1, we present four ways of blocking computations and communications
for the motivating example. For each solution, the left column gives the blocking
used for the computations and the right column, the blocking for the communi-
cations. )

Task 1|Task 2|Task 3| Task 4|Task 5
Solution 1| O/O | 6/O | O/O | O/O | O/-
Solution 2| M/H | M/H | K/S | S/S S/-
Solution 3| M/H | M/H | K/O | M/H | M/-
Solution 4 M/H | M/O | N/V | N/V | K/-
Table 1. Four different blocking for our motivating example.

- First solution: no pipeline. Sequential execution.

— Second solution: Task 1 and 2 use M-block for the computations. Task 3
receives horizontal blocks in D. It implies that Task 3 is K-block and the
result matrix F' is S-block. Further tasks in the pipeline are also S-block.

~ Third solution: it begins like the second solution but Task 3 sends the
whole F' matrix (@-block communication) instead of an S-block communi-
cation. Then, Task 4 begins a “new” pipeline with M-block computations.

— Fourth solution: Task 1 and 2 are M-block for computations but Task
2 sends the whole D matrix. Then, Task 3 begins a “new” pipeline with
N-block computations.
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Assuming that each task needs 3 seconds to complete and we divide them in
3 (i.e. blocking size = 3). We also assume that each sub-task takes 1 second to
complete (which is not experimentally true). The Figure 3 shows a Gantt-like
diagram for each solution. Rectangles are the tasks or the sub-tasks and the
lines, the communications.

relative tune

Fig. 3. Motivating example: Gantt chart for the four solutions.

— In the first column, all tasks are completed before sending the result to the
next task in the pipeline. It is the no-pipeline, no-overlap solution and it
takes 27 seconds to complete.

— The second solution takes a little less time than the no-pipeline solution
since there are some S-block computations. Task 4 computes F.I + H — H.
Blocking F' in 3, Task 4 mathematically computes (Fy + F> + F3).I + H —
H which requires 3n? + n® operations. But the F; matrices are received
sequentially. Thus, Task 4 computes F;.I + F5.I + F3.[ + H — H which
requires 3n2 + 3n® operations. The same occurs for the Task 5 and it leads
to an execution time in 23 seconds. It is better than the first solution but
largely more than a sequential execution on a single processor (15 seconds).

— For the third and fourth solutions, a gain close to 2 can be reached despite
of the chain of BLAS is divided in two pipelines.

4 Computing the optimal parameters for the pipeline

The motivating example points out that the pipeline efficiency greatly depends
on the blocking for each matrix. Solutions 3 and 4 prove that there is a set of
best blockings. Another parameter is the blocking size. A blocking size of 3 is
surely not the optimal value for experimental tests, especially for solutions 3 and
4 where the two pipelines may have different blocking sizes. Choosing a blocking
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size which is too small leads to an inefficient pipeline. Choosing one size too big
multiplies the communication latencies and reduces the BLAS 3 efficiency since
the blocks used in computations are smaller. In order to fix these two parameters,
our method consists in two steps: finding the set of best blocking solutions and
then finding the optimal blocking size(s) for each solution.

With the optimal blocking size(s), we can compute the total execution time
of each pipeline and determine the best solution.

4.1 Finding the Set of Best Blocking Solutions

The blocking of each task is very often determined by a previous one in the
pipeline but sometimes, it can be chosen. In this case, we obtain several possible
chains of blocking. A tree with all possibilities can be constructed but with an
assumption and a condition, only the “best” solutions in the tree can be picked.
Best means that these solutions lead to an efficient pipeline.

In the second solution of the Figure 3, we see that S-block computations
are propagated and reduce the efficiency of the pipeline. In the solution 3, we
exchange the first S-block communication by an @-block communication. Then,
the pipeline is more efficient.

In the fourth solution, there are no K-block computations (except the last
but it has no influence). Mathematically, a K-block computation always implies
a S-block communication, which must be avoided. In this solution, each task
sends a block that does not produce a K-block computation in the next task. If
it is not possible, the task sends a @-block matrix. To summarize, we have:

— NSP-assumption (“No S-block Please I): each time an S-block commu-
nication occurs, replace it by the communication of the whole matrix, i.e.
delay the communication outside the loops.

— NCB-condition (“Next Computation Blocking”): sending horizontal or ver-
tical blocks produces a K-block computation in the next task.

According to Table 1 and Figure 3, when the NCB-condition occurs, we have
the choice to send horizontal or vertical blocks as in solution 3, or to send the
whole matrix as in solution 4. Indeed, the third and the fourth solution are
equally efficient thus we cannot decide when it is interesting to send the whole
matrix and when it is not. Consequently, two solutions must be generated.

The algorithm that constructs the set is given in Figure 4. The computation
and communication blocking of the it* task are noted BL; = [comp;; commy]
(for example, [M; H]). Each solution is a set of BL;, constructed by iterating on
the tasks, taking account of the dependencies, the type of BLAS 3 and testing
if NSP-assumption or NCB-condition occurs.

4.2 Computation of the Optimal Blocking Size

We have seen in the motivating example that it is mandatory to know the exe-
cution time of each task to determine the best blocking solution. We have also
supposed that the tasks were split in 3 sub-tasks. In fact, the blocking size very
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nbsot =1 /* number of solutions */
Sol=0 /* set of solution is empty */
Fori=1 tonbisr — 1 do
Forj =1 tonbso do
Find BL; from description of task; and BL;_.
If (comm; = S) || (comm = @)then
Use NSP-assumption— comm! = Q.
Concat BL; with Sol;.
Else
Concat BL; with Sol;.
If (NCB-condition applies) then
/* create a new solution */
cut'i = BL;
comm; =
Solny, . +1 = Sol;.
Concat cut] with Solns,,; +1-
nbsol = nbsol + 1.
Endif
Endif
Endfor
Endfor

Fig. 4. Algorithm to construct the set of the best solutions.

influences the efficiency of the pipeline. A matrix multiplication split in L partial
computations takes more time than the the computation performed in one time.
But, the execution time of the pipeline can only be determined if the blocking
size is fixed. Our goal is to compute automatically the optimal blocking size L
for each solution.

Theoretical Level 3 BLAS Execution Time All level 3 BLAS subroutines
are matrix-matrix operations and thus compute O(n3) floating point operations
for O(n?) memory accesses. More generally, the execution time of a level 3 BLAS
depends on the size of the matrices which are involved in the computation. Let
Amxkys Birexny, and Ciarx vy be the three matrices used by a level 3 BLAS.
We assume that the execution time of a level 3 BLAS is given by the expression:

Tprass(M,N,K) =aMNK+bMN+cMK+dNK+eM+ fN+gK+h (1)

where a...h, parameters that depend on the algorithm used in the routine
and on the target machine used. These parameters can be found by an interpola-
tion on experimental tests. Unfortunately, we have noticed that they vary as the
protocol of the tests vary (increasing step for the matrix size, which dimension
increases ...). In order to have consistent parameters, it is necessary to have
specific expressions of level 3 BLAS execution time for our problem.
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According to the BLAS syntax, a DGEMM (a4.B+3C -+ C) can be M-block, N-
block or K-block. The expression 1 does not take care of the blocking dimension.
Consequently, we take a different expression for each case. For example. the
expression for an M-block computation of DGEMM is:

TCI,!%MM(A’[’ N, K) = (aMM + bM).NK + (CM]\:[ + dM)\/NK + (CMZ\[ + fM)

Furthermore, the matrices can be transposed. It implies that the parameters
anr,bar, ... are also different for each possibility of transposition. For DGEMM,
there are four possibilities thus, a total of 12 set of parameters.

Execution Time of a Level 3 BLAS Cut in L Blocks In the pipeline,
a BLAS 3 is computed in several times. What is its execution time when it is
cut in L sub-computations along the D dimension ? We assume that the blocks
must almost have the same width in order to have a regular pipeline. Choosing
a single size may penalize the pipeline efficiency because the last block may be
to large or to small. We prefer to choose two sizes that differ only by one.

Let r = DmodL. There will be L — r blocks of width [%J and r blocks of
width [£]. Assuming that D = M, the execution time of a D-block level 3
BLAS cut in L blocks becomes:

TgILAS:&(A[: N1 Kv L) =
(L-r) [(aM L%J +bm)NK + (em ’_%j +du)VNK + (em I_%J + f{\l)}‘l"
r[(aM [5] +bm)NK + (e [5] +dum)VNEK + (en [4] +fM)]

It gives after simplification:

TH ass(M,N,K,L) = (apy M+by L)NK +(car M +dps L)V NEK+(ens M+ far L)
TgILASS(]\/Iv NyKa L) =L x TII;ILAS3(%‘,N, K)

Thus, the theoretical execution time of a level 3 BLAS split in L blocks is
a linear function of L. Meanwhile, experimental results show that it is partially
true. In fact, the aps,,, bu,,,... parameters are defined by intervals. Figure 5
gives the experimental execution time of a M,, DGEMM, as a function of M.
We can see that there are at least two intervals ([2,11],{12,128]) in which the
parameters are different. For an accurate simulation, we define a lot of intervals
for small matrix sizes because a small number of floating operations does not
allow a good utilization of the arithmetic unit pipeline. But it very depends on
how the level 3 BLAS is implemented and which processor is used.

In order to compute parameters on a large number of intervals, we have
implemented a routine that produces sets of experimental curves for each BLAS
3, computes automatically the intervals and the parameters defined on, and
finally, outputs a C code containing array initializations.

Execution Time of a Pipeline The next step is to fix the optimal blocking
size L to determine the total execution time of each solution. In fact, there may
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execubion e (in sec )
°
~

mamx product: A(Mx256) by B{256x256) —

Msize

Fig. 5. Execution time of a DGEMM as a function of dimension M.

be several pipelines for a single graph, like solutions 3 and 4 of the motivating
example. Thus, several optimal blocking sizes must be computed to obtain the
total execution time of the graph.

~— critical path

L

nfagafed

Fig. 6. Critical path.

For each pipeline, we define a critical task and a critical path. If there are N
tasks in the graph, the critical path is an execution path in the Gantt diagram
which crosses N — 1 sub-tasks, the critical task and N — 1 communications. A
general example is given in Figure 6. The bold line is the critical path. All the
dark gray blocks form the critical task which is the longest task in the pipeline
and is totally crossed by the critical path. We also assume that this task has
enough space for communication buffers, to avoid waiting to send a message
between its sub-task. For other tasks, only one of their sub-tasks is crossed by
the critical path. The length of the critical path gives the total execution time
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of the pipeline.

From equations given in Section 4.2, we obtain the execution time of the
critical task and each sub-task crossed by the critical path. The sum of all gives
the execution time of the pipeline as a polynomial function of the blocking size L.
With a derivative, we find the optimal blocking size. Another way is to make an
exhaustive research of the optimal blocking size, testing all possible values of L.
The second method is longer but leads to better results because all parameters
are taken at the execution time. With a derivative, some parameters are removed.

5 Library Interface

With the optimal blocking size of each pipeline of each solution, we determine
the best solution and then, have all keys to implement an efficient pipeline.
Meanwhile, this implementation may be hard for someone who is not familiar
with the BLAS 3 syntax and communications libraries such as PVM, MPI or
BLACS. For a convenient use of our method, we have provided an interface
which handles at runtime and transparently the pipeline(s) of any linear task
graph of level 3 BLAS. It consists in 5 main routines that a user has to call. The
Table 2 gives the C code that implements a pipeline for motivating example.

NewPipe(5);
InitTask(0,DGEMM,P_nn,i,i,i,1.2,A,LDA,B,LDB,1.3,C,LDC,NO,MCC,NO,NO,0,1);
InitTask(l,DGEMM,P_nn,i,i,i,1.2,A,LDA,B,LDB,1.3,C,LDC,MA,MCC,0,0,0,2);
InitTask(Q,DGEMM,P_nn,Q*i,i,i,1.2,A,LDA,B,LDB,1.3,C,LDC,MB,MCC,0,1,0,3);
InitTask(B,DGEMM,P_nn,i,i,2*i,1,2,A,LDA,B,LDB,1.3,C,LDC,MB,MCC,O,2,0,4);
InitTask(4,DGEMM,P_nn,i,i,i,1.2,A,LDA,B,LDB,1.3 c,LDC,MA,NO,0,3,N0,NO);
InitPipe();

RunPipe () ;

FreePipe();

Table 2. Motivating example: C code to handle the pipeline at run-time.

The description of each task is done by InitTask(...) calls. Parameters are
the name of the BLAS 3, the matrices and their sizes, which matrices are sent,
... InitPipe() computes the best solution and the optimal blocking size(s).
RunPipe () execute the pipeline.

This interface has three advantages. First, it is very simple. The user just
have to describe the task graph. He does not need special knowledge on what
is a pipeline and how to implement it. The execution is also transparent and
no calls to communication routines is necessary. Secondly, it is portable. The
communications are based on the BLACS and the computations on the BLAS.
Finally, everything is handled at runtime. Thus, the initialization of the task
graph can dynamically parameterized.
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6 Experimental results

Our library gives solution 4 as the best solution for the motivating example.
This result is logical since tasks 3 and 4 work on larger matrices. It is obvious
that pipelining the biggest tasks together (solution 4) is more accurate than
pipelining them separately (solution 3).

In order to validate our method, we have also tested solution 3. Figure 7
presents the execution time of solutions 1 (no pipeline), 3 and 4, on our cluster
of Pentium, using the BLACS over MPI-LAM for communications. The time is
given for the optimal blocking size. Figure 8 shows the gain for solutions 3 and 4.
The gain is the execution time of these solutions divided by the execution time of
solution 1. It clearly shows that solution 4 is better than 3. Furthermore, a gain
greater than 2 can be reached despite the graph is broken into two pipelines.

40 22
35 - 2.1 PN -
S . . 2 L v
o 30 no pipeline . L/
2 with pipeline, solution 3 19
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Fig. 9. Motivating example: comparison between sequential, parallel and pipeline ex-
ecution time on a cluster of Pentium (POPC).

In Figure 9, we give a comparison between three different execution times
on the cluster of Pentium. The first one is the purely sequential time: only one
processor computes the five DGEMM. The second one is the pipelined version time.
The last one is the purely parallel time: no pipeline but all processors computes
each BLAS 3 with a PBLAS routines.
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We notice that the pipelined version is less efficient than the PBLAS version.
It clearly shows that breaking the task graph into several pipelines decreases
performances. Meanwhile, the PBLAS approach has two drawbacks. First, it is
not so easy to use and requires some advanced knowledge in message passing
implementation style. Secondly, it is more complicated to distribute the matrices.
Also, our method is a good compromise between efficiency and ease of use.
Moreover, our pipeline strategy is more efficient when the chain of task is already
mapped on the processors, due to previous computations. This is the case for
example when pipelining the kernel of a sparse matrix factorisation [3,7]. Dense
blocks are already mapped on the processors and we would like to pipeline the
updates. Our method can easily be used in this case.

We have also tested our method on other examples and machines (Paragon,
cluster of PowerPC,...). For example, with 5 identical DGEMM, we reach a gain
of 3.85, on the cluster of Pentium. More generally, we have noticed that such
a graph (identical BLAS with a single pipeline) with n tasks always leads to a
gain near form n — 1 (which is indeed optimal).
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Fig. 10. 5 identical DGEMM: gain on clus- Fig.11. 5 identical DGEMM: compari-
ters of Pentium (POPC) and PowerPC  son between sequential, parallel and

(POM). pipeline execution time on a cluster of
Pentium (POPC).

In Figure 11, we give a comparison between sequential, pipeline and parallel
execution times (as in Figure 9). This time, the pipeline version is as efficient as
the parallel version and much more than a sequential execution. This result is
identical for other tests with a single pipeline even if there are different BLAS 3
in the graph. It proves that our method is as efficient as PBLAS/ScaLAPACK
in such cases.

7 Using our Approach in a Data-Parallel Programs

We have seen in Figures 9 and 11 that pipelining is always better than doing
computations sequentially on a single processor. Meanwhile, the parallelism (im-
plicitly, the number of processors) strictly depends on the number of tasks in the
graph. It seems to be a limitation if we consider that the problem size may in-
crease beyond the resource of the processors. This is not a problem for a PBLAS
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computation since we can use a variable number of processors. In fact, the dy-
namical behavior of our method allows to mix it with data-parallelism. Especially
in block algorithms, there are dependencies between sequential computations on
different processors. In some case, these dependencies can be expressed as a set
of linear graph of task and each graph uses a separate set of processor. For
example, we can construct a block algorithm with such dependencies for the
multiplication of two matrices, distributed by block (cyclic or not) on a grid of
processor. In all these cases, our method can be used whatever the number of
processors is since our interface allows to define the graph dynamically.

We have implemented the matrix multiplication algorithm and compared it
to that proposed in the PBLAS: PDGEMM. It uses a simple full-block distribution
vs. block scattered for PDGEMM). The algorithm is nearly similar to the PDGEMM
routine except that we replace the broadcast at the beginning of each step by a
pipeline for each processor on the same row. Thus, all processors are working on
the same amount of data and it leads to a perfect load balance. If the blocking
size is well chosen, the idle time due to contentions is minimal.
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Fig. 12. Execution time of PDGEMM and  Fig. 13. Gain of the pipelined matrix
the pipelined matrix multiplication on multiplication over PDGEMM.
16 processors of the Paragon.

First, we notice in Figure 12 that the execution time of PDGEMM is not perfectly
cubic. This comes from a slight load imbalance for some matrix sizes. Qur version
does not have this problem and thus, gives largely better execution time in these
cases.

Secondly, our routine has always better results for large matrices. For such
matrices, the average gain of our routine, given in Figure 13, is 7%. In fact,
there are a lot of broadcast and global sum communications in PDGEMM and the
processors are often idle. In our routine, there are only four steps of computations
(4 x 4 processors), thus only four global sum and three pipeline phases. During
these phases, the processors are communicating while they are computing: there
are less idle than in PDGEMM.
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8 Conclusion

In all cases, the experimental results have confirmed the usefulness and efficiency
of the pipeline in tasks graph over a sequential execution. With asynchronous
communications, the total execution time of the graph can be reduced by two or
even more, depending on the size of the graph and the dependencies between the
tasks. Moreover, experimental results have validated our methods to compute
the set of best blockings and the optimal blocking size. When the dependencies
leads to a single pipeline, our method gives a code as efficient as a message
passing approach but much easier to implement. Ten lines of code are sufficient,
against hundred for a PBLAS/ScaLAPACK code.

Finally, some real applications can be optimized by our method. We have
already give some of them in the introduction but it also works each time the
dependencies between sequential computations produce a set of linear graph of
tasks, with each graph working on different processors.

Our future work is the validation of our method in a sparse matrix factorisa-
tion by pipelining the block updates using level 3 BLAS routines and to extend
the algorithm to non-linear task graphs.
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Abstract. In this paper we present a parallel algorithm that solves the
Toeplitz Least Squares Problem. We exploit the displacement structure
of Toeplitz matrices and parallelize the Generalized Schur method. The
stability problems of the method are solved by using a correction pro-
cess based on the Corrected Semi-Normal Equations [8]. Other problems
arising from parallelizing the method such as the data dependencies and
its high communication cost have been solved by using an optimized dis-
tribution of the data, rearranging the computations and designing new
basic parallel subroutines. We have used standard tools like the ScaL A-
PACK library based on the MPI environment. Experimental results have
been obtained in a cluster of personal computers with a high perfomance
interconnexion network.

1 Introduction

Our goal is to solve the Least Squares (LS) problem

min ||Tz - bl|2, (1)

where the matrix T € R™*" is Toeplitz, T} = ¢;—; € Rfori=0,...,m — 1 and
j=0,...,n—1, and for an arbitrary vector b € R™, in a parallel computer.

This problem arises in many applications such as time series analysis, image
processing, control theory, statistics, in some cases with real-time constraints
(e.g. in radar and sonar applications).

It is well known that the LS Problem can be computed in O(mn?) flops in
general, using e.g. Householder transformations [10]. But, for a Toeplitz matrix
T, several fast algorithms of O(mn) flops exist [13,6]. All these fast algorithms
are generalizations of a classical algorithm by Schur [12]. However, the stability
properties of the fast algorithms are inferior to those of the standard LAPACK [3]
algorithm based on Householder transformations. A good overview of the stabil-
ity and accuracy of fast algorithms for structured matrices can be found in [4].

* Partially funded by the Spanish Government through the project CICYT TIC96-
1062-C03.
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In this paper, we will use several enhancements that make the fast algorithm
based on the Generalized Schur Algorithm more accurate and reliable. The par-
allel algorithm that we have implemented is based on a sequential one proposed
by H. Park and L. Eldén [8]. In that paper the accuracy of the R factor com-
puted by the Generalized Schur Algorithm is improved by post-processing the R
factor using Corrected Semi-Normal Equations (CSNE). Our parallel algorithm
inherits the accuracy properties of that method.

Assume that the matrix Ry € RU"TH*("+1) i the upper triangular submatrix
in the R-factor of the QR decomposition for the matrix [b T,

an nx1 nxn
Ro=ar(bT)={, ), ®€ER, weR” ,GeR™", (2)

where G is upper triangular and with the operator qr we denote the upper square
submatrix of the R factor of the QR decomposition of a given matrix. Then, the
LS problem (1) can be solved via a product of Givens rotations J that reduces
a Hessenberg matrix to de upper triangular form,

wT K R ™
(e8)=(am) ®
where R € R™*" is the upper triangular factor of the QR decomposition of T.
The vector solution z (1) is obtained by solving the triangular linear system
Rz =r; [10].

Solving the LS problem (1) involves four main steps that we summarize in
Algorithm 3 in section 5. The first one is to form a generator pair (which we will
explain further on). Starting from the generator pair, we obtain the triangular
factor G which appears in (2) by means of the Generalized Schur Algorithm. The
third step consists of refining that factor G in order to acquire a more accurate
factor G, and the last step is an ordinary solution of a triangular system that
solves the LS problem (1) as made in the standard method for solving a general
LS problem via a QR decomposition of the augmented matrix [T b].

We have parallelized the four steps. The second step is described in section 2
while the third one is described in sections 3 and 4. With the parallel version of
the Generalized Schur Algorithm proposed here, we can reduce the time needed
to obtain the triangular factor G and we obtain a parallel kernel available to
other problems based on this method (e.g. linear structured systems see [1,2]).
With the parallel version of the third step we can aliviate the overcost introduced
by the correction step needed to obtain a more accurate solution in the case of
non strongly regular matrices.

Several problems arise in the development of the parallel version of the
method. First, the difficulty in obtaining high parallel performance from a low
cost algorithm. Second, the sequential algorithm has a lot of data dependencies
as in many other fast algorithms that work on structured matrices. This fact
reduces drastically the granularity of the basic computational steps, so increases
the effect of the communications. However, we have reduced the effect of these
problems by using an appropriate data distribution, rearranging the operations
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carried out in order to reduce the number of messages, and implementing new
efficient basic parallel subroutines adequate to the chosen data distribution.

We have implemented all algorithms in FORTRAN, using BLAS and LA-
PACK libraries for the sequential subroutines, the PBLAS and ScaLAPACK [9]
libraries for solving basic linear algebra problems in parallel and for data distri-
bution. The utilization of standard libraries assures portability and produces a
parallel program based on well known and efficient tested public code. We have
used subroutines of the BLACS package over MPI [7] to perform the communi-
cations. As it is shown bellow, the best topology to run the parallel algorithm is
a logical grid of p x 1 processors.

2 Exploiting the Displacement Structure

The displacement of the matrix [b T)7[b T] with respect to the shift matrix
7 = [Z]Zj=0’ where z = 1if i = j+ 1 and z = 0 otherwise, is denoted by Vz
and defined as

Vz =BT T) - Zb TI[b T)27 = GIG" . (4)

The matrix [b T]T[b T] has low displacement with respect to Z if the rank of
Vz is considerably lower than n [11]. The factor G is an n x 6 matrix called
generator, and J is the signature matrix (Is & —I3). The pair (G, .7) is called a
generator pair. Given a general Toeplitz matrix T