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ABSTRACT

A rotating ensemble of bodies with angular periodicity rotates in the presence of a
similar, stationary ensemble of generally different periodicity. The structure is
illuminated from an electromagnetic source. The scattered field is modulated
periodically as the scatterer rotates, and contains a discrete spectrum of frequency
components.

The scattered spectrum is predicted through electromagnetic field theory. The theory
has been developed such as to exploit the angular periodicities of the ensembles and
thereby reduce the computational load by a considerable factor.

The spectrum consists of lines separated by the “body rate”, i.e. the rate of rotation
multiplied by the number of bodies in the rotating ensemble The total bandwidth is
several times greater than that for the rotating ensemble in free-space, due to
electromagnetic interaction between the two ensembles.
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ABSTRACT

A rotating ensemble of bodies with angular periodicity rotates in the
presence of a similar, stationary ensemble, of generally different
periodicity. The structure is illuminated from an electromagnetic source.
The scattered field is modulated periodically as the scatterer rotates, and
contains a discrete spectrum of frequency components.

The scattered spectrum is predicted through electromagnetic field theory.
The theory has been developed such as to exploit the angular periodicities of
the ensembles and thereby reduce the computational load by a considerable
factor.

The spectrum consists of lines separated by the "body rate", i.e. the rate of
rotation multiplied by the number of bodies in the rotating ensemble. The
total bandwidth is several times greater than that for the rotating ensemble
in free-space, due to electromagnetic interaction between the two ensembles.




1. Introduction

The radar scatter from jet engines is periodically modulated by their rotation,
resulting in a line spectrum with features characteristic of the engine. Two
previous studies [1,2] of the radar scatter from rotating bodies with angular

periodicity have been undertaken towards predicting the spectrum.

In the first study, a single stage of the engine compressor was modelled as an
ensemble of coplanar wires radiating from an axis. Conclusions were drawn
concerning the width of the spectrum and the line separation, and
predictions were attempted of the effects of other features of engine
compressors, such as fan blades rather than wires, multiple stages, the
engine intake, stator stages etc.

In the second study, a limitation of the wire model was addressed: the wires
were replaced by an ensemble of bodies with arbitrary shape but angular
periodicity. This extension confirmed that many of the earlier conclusions
remained valid for a single stage of the engine, i.e. for a set of blades
mounted on a central hub.

The present work extends the model further by including a stationary
structure in the presence of which the original structure rotates. The
stationary structure is an ensemble of conducting bodies with angular
periodicity, coaxial with the rotating ensemble. The stationary ensemble
may be used to model one set of stator blades in the engine, or a circular
engine cowling, or both.

In both the earlier studies the incident field was represented as' a spacial
spectrum of harmonics of the azimuthal angle ¢ measured about the z axis.
Through this device it is found necessary, for each harmonic, to determine
the current distribution on one body only, for one azimuthal angle of
incidence at one time; all other cases are related to the first through a phase
shift. This current is the solution of an electric field integral equation [3] for
scattering from a single body.

The spacial harmonic technique is again employed, leading to a large
reduction in computing storage and time.

The approach taken here involves the development of a dyadic Green's
function for the stationary ensemble. This builds on the work in [2] but
requires determination of the scattered field in the more general case where
the source and observation points are in the neighbourhood of the scatterer,
whereas in the earlier work these points were remote.

The field scattered by the rotating ensemble is determined with the help of
the Green's function for the stationary ensemble. The field incident, in the
presence of the stationary ensemble, on the rotating ensemble, is written in
terms of this Green's function. Periodicities in the geometry are exploited to
reduce the computation of the currents on the rotating bodies. These
currents radiate the scattered field in the presence of the stationary
ensemble; the field is calculated with the Green's function for the stationary
ensemble.

As has been a feature of the previous studies, certain key properties of the
scattered field are apparent from the mathematical form of the equations
without need for their numerical solution, and attention is drawn to these.
Notably, the scattered field spectrum consists of lines separated by the "body
rate”, ie. the product of the rotation rate and the number of bodies in the




rotating ensemble. No new frequency components are introduced by the

presence of the stationary ensemble. There is an extension of the width of
the spectrum, beyond the limits seen for the body rotating in free space,

which is attributable to new forms of electromagnetic interaction between
stationary and moving bodies.

The results presented here for two angularly periodic ensembles of bodies
with relative rotation are valid for the limiting case where one or both
ensembles contain only one body; thus in particular, the field scattered from
a periodic ensemble rotating in the presence of an arbitrary stationary body
will have a spectrum with lines separated by the body rate, and of bandwidth
greater than that for the ensemble rotating in free space.



2. The stationary ensemble

In this section is described the geometry of the ensemble of conducting
bodies, together with the coordinate systems and some special parameters to
be used below.

An ensemble S of I conducting bodies, with surfaces Sj, i=0,1,...,I-1, is

arranged about an axis (in the coordinate system to be used, the z axis), see
figure 2.1. The surfaces are the similar and oriented such that S is generated
by rotating SQ about the z axis through the azimuthal angle

L2T
(Di=1—l—. (21)

The bodies may be detached, as shown, or attached to one another. In the
latter case the individual bodies must be defined by arbitrary cuts through
the common region, creating an ensemble of bodies. This is illustrated in
figure 2.2 which is suggestive of the stator blades of an engine, fixed to the
cowling; the dotted lines are the cuts.

Rectangular, cylindrical and spherical coordinates will be used as
convenient; the system in use will usually be apparent from the
conventional symbols: (x,y,z), (p,,z), (1,8,0).

If a point on surface S has position vector and coordinates
rOE(XO’yoyzO)E(p07¢0720)5(r01807¢0)7

with the conventional relations

1
- X Y
b0 =033 8y 2 s 20
1 0 0 (2.2)
2202022 g —ene—120 _ o -1P0
rO—(x0+y0+zO) ,eo—cos - =sin .
0 0
then a point of position vector
with
pi :po, q)i =¢0+(Di, zi =ZO, ri =r0, Oi 290 (2.3)
lies on §;.
Points related like fO and Ei will be called "corresponding points". Such

points are illustrated in figure 2.3. Wherever T, and 'r'i or their similarly

0
subscripted coordinates appear in the same equation, they are to be
understood as corresponding in this sense.

The relation between fO and fi may be written in the form




fi = Ri.fo (2.4)

where ﬁi is a dyadic which rotates a vector about the z axis through angle
(Di' In rectangular coordinates (2.4) corresponds to the matrix equation

r. cosd. -—sind. Ofr
X 1 1 Ox
r. |={sin®d. cos®. O
iy i i

roy
r. 0 0 Lir
iz 0z (2.5)

where r;, etc are the rectangular components of fi.

ﬁi may be expanded in terms of spherical unit vectors thus:

|

l=riro+9i60+q).1q)o (2.6)

where the unit vectors subscripted i and 0 are evaluated at f.l and fO

respectively.

It is convenient to define a more general rotational dyadic T{:(A(b) which
rotates a vector about the z axis through azimuthal angle A¢. The dyadic ﬁi

is the special case where Aq):CDi.

Note that the dyadic ﬁ_l(A([)), which reverses the effect of i(Aq)), is related
to it by

R1(a0)=R(-a0) . 2.7)

We remark that any vector function of position C(T), whose scalar

components expressed in spherical coordinates are not functions of ¢, takes
values at two positions fl and Fz related by

S(F,) = ﬁ(Aq;).E(fl) . (2.8)

if fl and f2 are related by Fz =E(A¢).f1.



-1

Figure 2.1: The ensemble of bodies with surfaces Sy, Sy,...Sy.y, disposed with
angular periodicity about the z axis. A plane wave is incident from the
direction of spherical coordinates 6!,4!. The scattered field is observed from

the direction 63,$S.




Figure 2.2: A single body with angular periodicity, resolved into an ensemble
of (contiguous) bodies by arbitrarily, but periodically, placed cuts in the
positions of the dashed lines.



Figure 2.3: "Corresponding” points fO and fi on bodies Sy and S;. The vectors

E:l (fo) and E;(fi) are rotated relatively to one another about the z axis in the

same way as 1"0 and Ei.




3. The free-space dyadic Green's function

3.1 A direct derivation from the dipole Ffield

The electric field E at a point of position vector T of an ideal dipole of
current moment P at a point of position vector T may be written in terms of

the free-space dyadic Green's function Eo(f,f'), thus:

E(f)=GO(%,7).p (3.1)

- Through manipulation of the formula for the field of an ideal dipole [e.g. 3] ,
GO(E,F) is found to take the form

GYEr)=GI+G'RR (3.2)
where
—jk R
G(R)=——— (-1-k R+KkZR2)e * O | (3.3)
joE 47R3 0" "0
—jk R
G'R)=———L 343k R-k2R%)e O (3.4)
jwe 4R U
R=f-T (3.5)
jcoot

and kO is the wave number for e time dependence. The time dependence

is here suppressed, as is conventional. It will be reintroduced when
convenient, :

The field of a current density distribution J(F) is then

E() = [[| GO, 7 ).J(F )dv (3.6)
v

in which the volume V is that containing the current.



3.2 A Green's function in terms of spherical

harmonics

A formula for E};O(F,F) as a summation of spherical harmonics is given by [4]:
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Gowr)=-L 5 3 @2-5 )orllo-m
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(3.7)

(3.8)

(3.9)

(3.10)

the primes on these functions specify that they are to be evaluated at T,

2V =j koo, 2P =0k

(3.11)

(the spherical Bessel function and Hankel function of the second kind [5]),

N 1 (1)
(r ),
n kO

m_ pm
Pn —Pn (cosB) ,
(the associated Legendre function {5]) and

m
om _ %P0
n 38

(3.12)

(3.13)

(3.14)




In the above, the formulas of [4] have been changed for consistency with the

present notation and the time dependence ert (vice e_lmt).
If the substitutions
jmo _ —jmé jm¢  —jmo
. e -€ +e
smmq)z( - ), cosmq)z(e ) (3.15)
2j 2

are made in (3.9) and (3.10) and the results are substituted into (3.7), one
finds, after considerable algebraic manipulation

= jkn oo n
=0,--,__¥0 2n+1
GET) 4 glm_z_ n(n+1)
RO CE O (3.16)
'—(4) (—lr)nn "5;11)] (—lr)nn r<r
where
Mo (B =20 (=P §- P $)e/mo (3.17)
=) ( )= (n(n+1) (1)Pm A+Z(1)(Pm 9+J qu)))e]rncp (3.18)
k.r in0
0

Upon substituting (3.17) and (3.18) into (3.16), and using the relation

-m _(n-m)!_m
= "''P .
Pn (n+m)! 0 (3.19)

one finds a further expression for the dyadic Green's function:

=, ko o
GO(fF 0 5 2n+1 (n—-m)!=

n(n+1) (n+m)! &mn

s &F)e M@= (399

|l Mo

Im

E = gnJrr +g e.re +g, o £ +gq, bt +gee,éé' +ge¢.é&)'
(3.21)
Y of Y o8 Ty of

and for r > r,

n (n+l) . pMpm,
gxr' k2 ' l'1nnpnp
0"



_n(m+h 0 Smpm,
i kot han pnPn
0
_.n(n+), ., m _m.m,
gf¢"~_J K.r hnnsine' nn
0
g9,=n(n+l)h . pMmpmM
r K nonon
r
0
g =h j .__L_Pmpm.ﬂ'1 J rpmpm
60"  'n'n gip@sing N n n‘n n n

L p o M omem, s M smom,
g9¢' - J(hnjn sing I Pn * n’n sin®' Pn Pn )
e =1 P
K r sin©
0
. . M smom, L, o M omeam,
g¢9' —J(hnjn sin@' Pn Pn +hnjn sinePn P“ )
,=h_j 'pmpMp i M pmpm 3.22
80¢' = "nln "n"n TMnln sinBsin@ N N (3.22)
while for r < r' the elements gn_., gre. etc are found through the exchange of
h, and j,.

(3.20) may be further rearranged into the form

GGcr)= 3 ﬁg(ﬁ)e)’m@—@) (3.23)
m= —oco
where
= jk oo —-m)!—
GI?](?,F)=~—O > 2o+l o m)'g (I.7) (3.24)

T n=lm|,__#0n(n+l)(n+m)! mn




33 Remote source

(3.24) might be specialised for this case by substituting for hE?)(kOr') where
it occurs in the elements of Emn(fo,f'), see (3.22), the large argument
approximation
—jkor’
hglz)(kor')zle-l e

kor

(3.25)

A simpler approach will be used. It is based on the fact that, when the source
of radiation is distant, the field incident on the ensemble of bodies is a plane
wave.

Consider a point source at the remote point of position vector T =(r',0',¢') of
vector current moment p. We are interested in the field of the dipole near

the origin and so consider the two polarisations p=6 or¢'. (The third, T,
produces no field near the origin.) The incident electric field at the origin is

Ei(f=0)=f>EO (3.26)

where

—jkAr
e - 0

0 dmk )¢’

Eq = —pikZ (3.27)

is the scalar field value at the origin.
The field in the vicinity of the origin is essentially a linearly polarised

plane wave. Such a wave, with the vector value given in (3.26), has electric
field vector at the point T=(r,0,¢) in the vicinity of the origin,

jkor(sinesin 8" cos(¢p—¢')+cosBcosh')

E'(r) = pEe (3.28)
We consider the two polarisations
p=0= f(finecose‘ cos(¢ — ¢' ) —cosBsinB') A (3.29)
+6(cosBcos 6 cos(dp~ ¢' ) +sinOsin6') — dcos6' sin(dp — ¢')
and
p=¢ =~7sin@sin(p—¢' )+ HcosOsin(d - ¢' ) + heos(d - ¢' ). (3.30)

Through application of the formulas in Appendix A, (3.28) to (3.30) may be
manipulated into the form
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Ewem(f,e')ejm(q"q") (3.31)

=i = _ m
E'(r)=E
m= —oo

0

where, for p=6,
= =0 __—-9 -y — M _ ot ' T : : ¢ : J
cm(r,G )= cm(r,e )=j (-t(jsinBcosH Jm(korsmesme )+ cosBsin@ Jm)

—0(jcosBcos® Jm ~sinBsin @' Jm)

- jk~rcosfcosd'
+¢cos9’—7—rp———_———— 0
korsmesme' m
(3.32)
and for p=9',

= =y =<0 = _.m ~ . . .

cm(r,e )= cm(r,B' )=j (————_korsinesin 5 (rsmGJm(kOrsmesme )
(3.33)

A s jkorcosecose'
- BcoseJm) —¢1Jm)e

in which Jm is the Bessel function of order m, jm is its derivative with

respect to the argument, and the argument in all occurrences is
kOrsinesinB', as shown explicitly in the first.

A free-space dyadic Green's function for a distant source is extracted from
these results in the following fashion:

With the basic property of the Green's function, Cf. (3.1),
_l _ _=O _ -
E'@®=G"(1,7)p . (3.34)

(3.27) and (3.31) to (3.33) lead to

ﬁo(f,?-)r._m= > ﬁ%(f,?)r._)wejm(‘b_q’) (3.35)
m= —oo .
where
—jk,r
GG F =-jkZ. & 0 2 5,08 +c% @06 3.36
mEe 5 o =—ikZ, - (€, (588 +C " (T.6)¢) (3.36)

It will sometimes be convenient to express this in the form, (note (3.27)),

En o . .
0(6&(?,6‘)6’%2}(?,6’)4)’) . (3.372)

=0 = = __0
G (@T)_, = .




This equation may be expressed alternatively in the following notation:

=, E ~ :
G0@F), =05 afcP
Y a’B'

where ¢ B

’

a,m

is the component of Em

(t.9"), a=r6,0; f=6,¢

in the o direction.

(3.37b)



34 Remote field point

This is the reciprocal of the previous case. It is readily found that

=0.= = _ v F0 - jm(d—-¢')
G (r,r)r__)m— > Gm(r,r)r_)ooe , (3.38)
m= —oo
where
—jkAr
GO (&1) - kz & @28 (7,0)+6c? (7.0))
m'" " r 5 e T 7% 47r m’ m’
—jkor (3.39)
-—— E___ "Av [04 - _ LR f '
= JkOZO P Z'chB,;m(r,B), a=0,¢; f'=r,0,0
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3.5 Green's function harmonics and rotation

Consider the free-space dyadic Green's function given in (3.23) and (3.24)
and note that any field calculated from it, see (3.1), involves vectors resulting

from the operation Emn'-ﬁ‘ Expanding this in terms of its components gives

aql|

mn'P = (B Pp T8 Py TPy )T T (8g Py T Bg Py *Egy Py )0
+(ByrPr 2o Py + Eoy Py 10
(3.40)

in which pr.,pe.,pq), are respectively the r', 8', ¢' components of P at its
location T.
It is seen from (3.22) that the scalar components of the vector in the right

side of (3.40) are not functions of ¢. From the remark preceding (2.7) it
follows that the vector Emn'-ﬁ transforms between points related by

£, ='§_(A¢).f1 as in (2.7), ie.,

Emn(fz,f).ﬁ=ﬁ(A¢).gmn(f1,f).5 . (3.41)

From this, noting that P is arbitrary, we have the dyadic identity
8, ) =RAN.E G F) . (3.42)
and hence, noting (3.24),
G2 (R(A0).E.7) =R(46).G2 .F) (3.43)
m .1, G, . .

This property will be shared by any dyadic whose scalar components,
expressed in spherical coordinates, are independent of ¢.

Similarly, because the elements of Egl(f,f') are independent of ¢',

GO Ra).7)=G2 &7 )R lae) (3.44)

where E—I(Aq)) is the dyadic which reverses the rotation E(A(b).

Finally, it is convenient here to note the transform property of the free-
space Green's function

GO(R(A0).7,R(A0).7 )= R(a9).G 7). R L(a9). (3.45)



4. The incident electric field and the induced currents

We now consider the field of the point dipole to be incident on the ensemble
of bodies described in Section 2. To distinguish it as such it is superscripted i.

(3.1) and (3.23) give

(t) 4.1)

where
EL (=80 @r)pe ™) (4.2)

and —6_31(?,?) is given by (3.24) or (3.36) as appropriate.

(4.2) and (3.43) show that E:n(f) varies between corresponding points EO and
T. as
i

B 0)=R.E oo i 4.3
m(ri)— i m(ro)e . 4.3)

in which (Di, defined in (2.1), is the azimuthal angle between the points.

(4.1) and (4.2) represent the field as the sum of a series of harmonics of the
azimuthal coordinate ¢. A given harmonic, the mth, say, takes vector values
which differ at the corresponding points fi and 'fO on the bodies S; and Sg by

rotation through angle ®; about the z axis, and phase shift m®;. The rotation
of the field vector is the same as that of the bodies themselves, whence, the
field experienced by each body relative to its own orientation is the same
except for a phase shift.

It is concluded that the vector current distributions induced by the mth field
harmonic are the same on all bodies, except for rotation and phase shift,
thus:

- = _ jm(Dl
(ri)=Ri.J0m(rO)e (4.4)

im
where Tim(fi) is the surface current density at Ti on S; induced by the mth -

field harmonic E! .
m

As the bodies are perfectly conducting, the currents flow on their surfaces.
The quantities in (4.4) are surface current densities, dimensioned A/m. The

conventional symbol for surface current density is J5, but in this work the
superscript s will be suppressed.

(4.4) reveals a major benefit of the harmonic representation of the field: it
will be necessary to determine the current distributions on oaly one of the
bodies, since all are similar except for orientation and phase shift.




5. The electric field integral equation

Each current harmonic induced on the surfaces radiates a part of the
scattered field, Efn(F), say. For the present we shall refer to this as the mth
"harmonic" of the scattered field. although this will later be seen to be a

misnomer. The mth harmonic of the total field is Efn(f) plus the mth

harmonic of the incident field, —E—Z:n(f). The total mth harmonic satisfies the

boundary condition that everywhere on the surfaces Sg,...,S{.q its tangential

component is zero. This is expressed in an integral equation whose solution
is the mth surface current density distribution.

e field Efn(f) is produced by the currents on all the bodies, jim(fi),i=

0,...,I-1. It is given in terms of the dyadic Green's function (Cf. (3.6)) by the
sum

[-1
_S - — =O - =t J =1 1)
Em(r)—'z ) IIG (5.1 J,  (T)ds," (5.1)
i=0Ff."onS.
1 1
Where ds;' is an element of area at fi' on Si'

With (2.4) and (4.4) this is rewritten in the form

=S = I—l iji =0‘-= = 3 7 - 1
Em(r)= ' Y e i |G (r,Ri.r0 )'Ri'JOm(rO )ds0 (5.2)
i=0 T, onS
0 0
The boundary condition is
=1 = S (= — = s _
[F'_Zm(rj)+Em(rj)]t =0, all rj on Sj,J—O,l,...,I 1 (5.3)

where the notation [.]; specifies the vector component tangential to the
surface.

With (4.2) and (5.2), (5.3) becomes

I"]. Jm(Dl —_—O L= = = = _ ,
[. goe ) H s G (rj,Ri.r0 ).Ri.JOm(Ri.rO )ds0 ]t
1= [O on 0
_—_O _ Jm(cbj_(b')
=—[Gm(fj,F).p]te , (5.4)

allt.on S, all ;.
J J

In the right side of this equation :C_}:gl(fj,'r") is determined from (3.24) or

(3.36) as appropriate.



(5.4) must be satisfied for all j. Explicitly, for j = 0,
[-1 jm®. = _
[(Ze ! jjG° (’0’10)R Jom o Mdsy' I,
=0 fyonS, (5.5)

=0 .o, imy-¢)
= —[Gm(ro,r ).p]te , all ron SO

With (2.4) and (4.4), this may be written, after some rearrangement

I- l-lmcb J = =0 _. _ = 1:
[l E:Oe i ﬂ's Rj.G (ro,r1 )RJ R i+ Om(rO )dso ]t
Tp 0139 (5.6)
—0 L m;=¢)
——[Gm(rj,f').p]te ]t’ rj on Sj
in which it has been noted that ®. +®.=®. ﬁ =R, lﬁ ..
i j i+ j i+]

Using, see (3.45),

= =0 ==1_=0,. . ,

RJ .G (r0 2.Rj =G (rj’ri+j) (5.7)

and replacing the summation index i by i+j, we may recover (5.4) for fj on Sj.

Thus satisfying the condition on S satisfies it on all.

In (5.5), multiply both sides by ejmq) and change the order of summation and
integration to get

[ IBE(Ey i) T Gy sy ],

0 onS0 5.8)
= jm
=—[G21(fO,F).§]teJ 4)0, all EO on SO
where
I-1 jm®. = =
GE(rO )= S e lco(r R.TOR (5.9)
1=0

(5.10)
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The azimuthal position of the source ¢’ does not appear in (5.8) and hence the
new unknown Jm(fo') is independent of ¢'. This is a further benefit of the

present approach: if we are interested, as we shall be, in source positions
with a range of azimuthal angles ¢', all with the same polar angle 0', it is
unnecessary to solve more than one integral equation, (5.8). The currents on
all bodies, for all azimuthal incidence directions are then, from (4.4) and
(5.10),

- = m(®. =)
Jim(ri)=Ri.Jm(rO)e 1 ) (5.11)

A case of special interest is that in which the source point is distant. Let

—B' T ! U s 1+ . . .
Jm(ro )r,_)oo, B'=6,¢ be the current distribution when the source has

polarisation p=Bp. Then with (3.37a) and (5.8), IrBr'](fO')f_m is the
solution of

(0T @), ds ] =-E @ G000

_ 00 7' mY0’'r—>e 0t 0"'m 0" Mt ’

Iy onS0 (5.12)

all EO on SO
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6. The scattered field

The scattered field is the sum of the fields radiated by all the harmonic
currents on all the bodies. It is given by the formula

_ oo [-1 = -
Bo= 3 3 [ GO@EOT,G6 s, (6.1)
L 1
¢ = —o00i = 0F." on S.
i 1
Substitution using (3.23) and (5.11) and slight rearrangement leads to
_ oo oo : I-1 —(€+m)(D
{ = —oomn = —o00 i=0
< 1 (6.2)
=0 -2 \F 20 _Jm¢0 '
A < G (5.55)T,(F e ds,
Iy onS,
Finally we note from the definition of ®;, see (2.1), that the summation on i is

zero unless /+m is an integer multiple of I, in which case it equals L.
Therefore set £=nl—-m and sum over integer values of n to get

ES (-I:) - I 020 e.]m(q) _4") E ejan)'

m = —oco n=-—co p .
=0 . _ . = _ —jmo (6.3
A G EEg) T Ege O dsy
Iy onSO




7. The Green's function for the stationary ensemble

7.1 The general case

In (6.3), E°(T) is the scattered field at T when the point dipole p at T radiates
in the presence of the ensemble of bodies. This may be expressed in terms of
a dyadic Green's function relating the scattered field to the dipole thus (Cf.

(3.1)):

lEs(f)='G_'S(f,F).f> . (7.1)
p

GS(I‘,F) (note the lower-case superscript) may be expanded in terms of its
component dyads in spherical coordinates as follows:

G3G,F) = ZB Gfxﬁ,(f,F)&B' a=r,0,0;B=r,0,¢ (7.2)
a, '

Let the dipole be oriented in the B' direction, i.e. ;_)=B'p; for this case let

jg}(fo') be the solution of (5.8), ESB be the scattered field calculated from

(6.3) and E;B be its a-component. It is seen from (7.1) and (7.2) that

s 1psB;
Gop =3B @

With this result and (6.3) Es(f,i’) may be written as a double summation of

oo oo . S ' ~ : '
= 3 3 M zafcly  @remOe)

a= r,e,¢; ﬁlz r' ye'vq)
(7.3)

S H ' =S ==
where Gaﬁ" is the op' element of Gmn(r,r ), and

,mn
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GS @e)=L18

off' ;mn P _.," .S
Ty onS0
O TT B' T+ ! —Jm¢'0 v ' ' ' t
G .. (5] (ty e ds,' B, =r,.0,",0
(7.4a)
in which, in anticipation of later developments, I has been replaced by s
and SO by Sg.

If the source point is distant, (7.4a) should be evaluated with the current
density in the integrand given by the solution of (5.12).

If the observation point is distant, (7.4a) becomes, note (3.39),

e—jkor g
S - = — 3 ~ ot
GaB’;mn(r’r )r-—-)oo- JkOZO dr pI ) ’H SS
I'O on 0
U —.m Y
5 c[‘;‘,,m(fo',e)JB S fo')eJ ¢0dso'
B0'=r0’seo’1¢0' 0 ’ ';nI —m
(7.4b)

The total field produced by the dipole P in' the presence of the ensemble is
the sum of the scattered and incident fields, see figure 7.1. The dyadic _
Green's function for the total field is the sum of that developed in Section 3
for the free-space case and that in (7.3). Using for the former the
representation in (3.23) and for the latter (7.3) we have

— o0 - .—' o0 . S[:
G3@r)= 3 JMe-9) - eJan)Gmn(f,F) 1.5)

m = —oo n=—oo

where E—S(E,f’) (note the upper-case superscript) is. a dyadic Green's

function relating the total field to the dipole radiating in the presence of the
ensemble S, and

b— —— =0 - o =g - :
Gpo@r) = BHOGm(r,r )+ G o(TT) , (7.6)
where Sij is the Kronecker delta, equal to one if i = j, otherwise zero.

(7.5) and (7.6), with the definition of their terms in (3.23) and (7.4),
constitute a formal solution to the problem of the dyadic Green's function for
the ensemble of bodies.
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7.2 The dyadic Green's functions and rotation

In (7.4) the G?nn,aﬁ' (t,T') are not functions of ¢ or ¢'. It follows that
GS (%) transforms as in (3.43) and (3.44); specifically,

Efm(ﬁ(mp).f,?) = E(A@Efnn(fj), o

=g = - _:S N SS|
Gmn(r,R(Aq)).r )= Gmn(r,r ). R (Ad)
It has been noted in (3.43) and (3.44) that Egl(f,f') transforms in the same

fashion. It follows from (7.6) that asm(fj‘) also transforms in this way:

Gy RADT)=R@A.G 7).

= = - _ (7.8)
G) (R(A)).T)= Grslfm &.7).R (a9

These two formulas together give
Gy ROAO.ER(A0).7) = R(40).G5, 7). R (a9) (7.9)

By reason of its dependence on ¢ and ¢, G (r,r) transforms in a slightly
more complicated fashion:

—_Q = o0 i ' o 1S ' — = i
GS(R(AQ)EF)= 3 MmO-0) 5 jnl YR10).GS 7)™
m = —oo Nn = —oo
e o e o iSa _
GSERA0).F)= 3 mO-9¢) 5 jnl Y53 @r R e
m = —oo n=-—oo

. i(nIS ~ m)Ad

(7.10)

and

GSRAO.LRAM)T)= 3 oIMO-¢)
m = —oo
o . Se_ _ .S
v Il YRGS @r). R Lape!™ 40

n=-—oo

(7.11)
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7.3 The dyadic Green's function for remote source and field
points

Forr' — oo, —C:r?l(?,fo') is given by (3.37) and ES(T,F) is the special case of (7.3)
with the currents in (7.4a) corresponding to a remote source. Substitution

_into (7.6) gives the elements of E;(f,f’) to be

E '
S - — 0 ﬁ =0

s g 3 Gy ,,m(f,fo')JB' s (e Jrnq>0d$0'
P g onsS By O By'snl” —m
By'=19-89"¢9
(7.12)

where Tﬁl is the solution of (5.12).

For r —> oo, substitute from (3.39) and (7.4b) into (7.6) to obtain

~jkor

S =2 _ € a o
GaB';mn(ryr )l' —> o0 & JkOZO Arr (SnOCB.;m(I' ,9)

L8 s cgo.,m(fo',e)Jﬁ" g (50 i m¥0gsy)

P %y onSg Bo' ’ Bo';nl” ~m
Bo'=r0'.60".0' :

(7.14)

where Tg} is the solution of (5.8).




Figure 7.1: The field of the point dipole radiating in the presence of the
ensemble as the sum of the free-space and scattered fields.
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8. The rotating ensemble in the presence of a stationary
ensemble

8.1 The ensembles

We now consider two coaxial ensembles similar to that studied in the
foregoing sections, one static and the other rotating about the common axis.
This is illustrated in figure 8.1.

The stationary ensemble, SS say, consists of I bodies, with surfaces SiS,

i=O,1,...IS-1, the ith generated from the Oth by rotation through the angle
cDS s . (8.1)
I
The rotating ensemble, SR say, consists of IR bodies, with surfaces, at time t =
0, S?, i=0,1,...IR-1, the ith generated from the Oth by rotation through the

angle

R _ 21t
CD IR . (8.2)

This ensemble rotates about the z-axis in the +¢ direction with angular
velocity Q.

The stationary ensemble is the environment in which we shall study
scattering from the rotating ensemble The dyadic Green's function for this

environment, GS(r r) is given in (7.5).

Let a point on body S.R of the ensemble at reference time t = O be f. with
azimuthal angle ¢.. At time t, the ensemble has rotated through angle Qt,

and r and ¢ have become

it = R(Q0).f; = R(®; +Qn).ig ’ (8.3a)
and

¢§=¢i+Qt=¢0+<Di+Qt (8.3b)

respectively, and fE resides on a surface we shall call S?t.

We extend the

concept of corresponding points, introduced after (2.3), to include f%, r{ and

rg  Whenever similarly sub/superscripted position vectors or their °

coordinates appear in the same equation they are to be understood as
corresponding.
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8.2 Currents on the rotating ensemble

The incident field at the point f{, due to a dipole of moment is p at T acting

in the presence of the stationary ensemble, is
E'i)=G5Gr)p (8.4)

Let the current density distribution at f} on the jth body be j}(fﬁ). It is

convenient to define a related function jj(fo,Qt), through

j}(f}):E(CDJR+Qt).jj(fo,.Qt). (8.5)

Recognising that the current on the jth body at time t is the same as that on

oR
j

the Oth at the time t+? -when it occupies the same position, we note

Ti(70.Qt) = To(Fo. Qt + OR
i{ro o(ro ] ) (8.6)
In order that the tangential electric field on the rotating ensemble be zero,

j;(f}) must satisfy the integral equation (Cf.(5.4))

R
I _I—_- - =
[ 2 GEENTEds ] =GO E.F)P),
f}'onS?t =0 (8.7)

all ¥ on s}“, all i

With substitution from (7.5), (7.7), (7.8), (8.3) and (8.5), and some
rearrangement, this becomes

Rt w = w9 -0)) jn 1) +Q0)
Yy e e

=S - = 1 T - L] 1]
Gm’ n'(rO’rO ).Jj(r0 ,Qt)ds0 ]t
jm(9, —¢') jm(Qt+®R) 5
o jm(dy-0) mQ+D)=g = _
=—[m_E © ° © l Grsn(rO’r)‘p]t

all £, on sg,ani

where
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—_ o0 S (e
=S - oy= JPeES - o =
Gm(ro,r ).p = ) _Z e Gmn(ro,r ).P (8.9)

—_—00

The current distributions on the bodies are to be found from the solutions of
the above integral equation.

Unlike the case with (5.8) there appear to be no simple relations between the
Jj(fO',Qt) from one body to another or over time or between directions of

incidence. Nor is it possible to reduce the surfaces over which the equation
is enforced to a single one. To solve (8.8) by the Moment Method it will be
necessary to distribute basis functions over all the bodies, and enforce the
equation at a number of points equal to the number of bases. This must be
done for a series of time values. And each direction of incidence requires a
separate solution. Thus the method does not see the large reduction in matrix
dimension enjoyed by the earlier equation (5.8).

The solutions jj(fo,Qt) are periodic with fundamental frequency Q. Their
spectra are lines separated by this frequency. It is sufficient to determine
only one spectrum, that of JO(TO,Qt) say, since all the other currents are

time-shifted versions of this, see (8.6). Let the number of lines to be
determined be 2N+1 (one at the centre and N on each side). Then N is the
integer which most closely satisfies

2N+12-‘}—9 ' (8.10)
Q .

where AQ is the frequency bandwidth of -jO(fO’Qt)’ and will be discussed

below.

Determination of the spectrum through use of a discrete Fourier transform
requires values of Jg(To,2t) at 2N+1 times, evenly spaced through the

2r
rotation period H at angular intervals A(Qt) = It is noted that the

2n
2N +1
solution of (8.8) for a given Qty = nA(Qt), yields Tj(f‘(),Qtn) for j=0...IR, and

. < n o j .~ R .
with (8.6) we therefore have .Jo(ro,(——2N+1+IR)21t), j=0...I""; ie. each

solution of (8.8) for a given t, yields To(fo,Qt) at I-R values of Qt. For 2N+1

spectral components we therefore need to solve the integral equation

2N +1
Nsolve = I—R_ times, for Qtp =nA(Qt), n=0,...,Ngolve —1. This corresponds

to solutions at

n 2rn

Qt = Q0 n=0,...,Nsolve_1 (8.11)
n [R

Nsolve

i.e. at a set of Ngpolye equi-spaced intervals in the inter-body angle.

With (8.10), Ngolve is the integer which most closely satisfies




AQ
Nsolve 22— (812)

QR
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8.3 The current spectra

Assuming that (8.8) has been solved a sufficient number of times and a
discrete Fourier transform to have been applied, we may write Jo(rp,Qt) as
the series of frequency components

ToGo.Q0= Y TosEgrelt ¥ (8.12) |

{=—c0

where jog(f()),f=0,i1,i2,...,iN is the discrete Fourier transform of
jo(f(),Qtn) as determined above, and, with (8.5) and (8.6),

: R
- = x ) jf(Qt"l"(D)
Js(f§)=R(<D}{+Qt). Y Toe(Eo)e J (8.13)

{=—c0

It was seen in [1,2] that, for a rotating ensemble in free space, the current
spectrum extends in principle over an infinite band of frequencies, but
becomes negligible outside a finite range. The extremes of the significant
spectrum correspond to the Doppler shifts associated with the greatest linear
velocities of any point on the rotating ensemble, as viewed by the source.
This is greatest when the source lies in the plane of rotation, in which case
the significant frequencies extend KQRmax€2 (where Rpax is the maximum
radius of the ensemble) above and below the centre. The current
components with the extreme frequencies, due to the rotation, radiate fields
with spectra extending over similar bands, again understandable in terms of
Doppler shift.  The backscattered field has significant frequency components
extending 2kQRmax€2 above and below the centre.

In the composite of the stationary and rotating ensembles, currents in each
ensemble radiate fields which induce currents in the other ensemble. Thus a
frequency component in one ensemble, because of its motion relative to the
other, induces a spectrum of currents in the other, and vice versa. A set of
current frequencies in one extending over a band *kgRpaxQ about the

centre induces a set of frequencies in the other over a band #2kgRmaxQ,
which in turn induces a band *3kQRp3x€2 in the first, and so on. The

resulting bandwidth is infinite. =~ However each extension of the band occurs
through electromagnetic interaction between the currents in the two
ensembles. If the mutual coupling is weak, as it may be if the ensembles are
separated by more than a small part of a wavelength, each extension is
weaker than the previous by a constant ratio. The current spectrum is
therefore expected to be significant over the first few ranges, two or three
times *kQRmax€2 perhaps, and to decrease exponentially outside this.

An estimate of AQ is therefore 2NjntkQRmax$, where Njp¢ is the number of

interactions between the ensembles considered significant (two or three,
say). Then with (8.12), and noting that the arc distance between the points

. . L 2n
on the bodies at maximum radius is dszaX—R, we have
[
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Nsolve 2 Nintdy/2

where dj /o is d measured in half-wavelengths of the illumination
frequency.

The above simple relation gives the number of times (8.8) must be solved.
With (8.11) we have the rotational positions at which solutions are required:

1 2n
Qtn = n————;ﬁ" 3 n= 0,...,Nintd)\'/2 ‘-1

Nintdy/2

i.e. at each of Njptd) /2 equi-spaced subdivisions of the angle between the
bodies.

Experience of calculating such spectra suggests that the value N;., =2
provides good results [7].

The above formulas are essentially a reflection of the Nyquist sampling
criterion. Seen in this light they therefore indicate the number and
separation of determinations of scattering which are necessary whether by
the present method or alternative- calculation or measurement.
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8.4 The scattered field

The field radiated by the rotor currents is the sum of the fields radiated by all
the currents on all the bodies, in the presence of the stationary ensemble sS.
Thus,

— I""l - -
BEo= 3 [ GOEE).TE sk (8.14)

. 1
i=0zh onsiRt

With (7.10), and noting that the rotation from I’O' to f'E' involves the

azimuthal rotation A¢=<D§+Qt, we represent Es(f,fg') in the form

nS R
nl® —m)(®; +Q)=s - _ . S-
o NP; )GS ©50').R l(q’iR*Q‘)

(8.15)
With (8.13) and (8.15), (8.14) becomes after rearrangement
=5 = © T S-m+HOt
ESGt) = Z 3 3 (07 —m+£)Qt, jmd
£=_°°m=—oon=—oo
j(nIS—m)¢0'=s - = T = .
e G (TT0)Joe(F0)dso" - (8.16)

Ip' onSg
I-1 j(aI-m+n)@R
e J
i=0

From the definition of <D§, see (8.2), the summation on i is zero unless

nIS—m+Z is an integer multiple, h say, of IR, in which case it equals IR.
Therefore, set Z=hIR-—nIS+m and sum over h. (8.16) now takes the form
ES(f,)= X E;IR (£)ed(@0 +RITEN)E ‘ (8.17)

h =~

where

e = —00 = —00 =A' R = —00
n ro'onSy "
=S
G

(t.t0').Jo #(Tn'))dsq'
S —hiR 4o 0 0,£(r0")ds0

(8.18)
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and the hitherto suppressed time dependence eJmOt has been reinserted.



8.5 The spectrum of the scattered field

(8.17) represents the field as a spectrum of components, with radian
frequencies

® =m0+hIRQ, h=0,+1,+2, . %o (8.19)

hIR

21

R
position previously occupied by its nearest neighbour and the ensemble re-
presents the same scattering geometry. Thus the scattered field is modulated

This is consistent with expectations. In time each body rotates to the

periodically with the fundamental radian frequency IRQ and the spectrum
consists of lines separated by this frequency.

An insight drawn from the earlier studies [1,2] is that the values of indices
nIS—hIR+L’ and n of GSS R
nl® —hI™ +4,n
However it has been seen in Section 8.3 above that the current index ¢ may
have an extended range due to multiple interactions between the stationary

(f,fg') are limited to finite ranges.

and rotating ensembles. It follows that hIR may have a correspondingly
extended range.

Thus the spectrum of the rotating ensemble in the presence of the stationary
bodies extends beyond the limits observed in the case of the ensemble
rotating in free space. As observed for the induced currents, this may be
attributed to the electromagnetic interaction between the two ensembles, and
will be greater or less as the interaction is stronger or weaker. It may be
understood as a Doppler effect due to the changing distances between the
interacting bodies.

A clear example of the extended spectrum is seen in the case of axial
backscatter. For the ensemble rotating in free space there are no frequency
components other than the frequency of illumination. In the presence of
the stationary ensemble, the spectrum has been found by independent
calculations to extend over a range of components[7].
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Figure 8.1:

PAN

sR IR bodies

S ;S

S*, I” bodies

Two coaxial ensembles, the upper rotating, the lower stationary.
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9. Conclusions

The study of electromagnetic scatter from rotating objects with angular
periodicity has proceeded through three stages: (i) modelling of the objects
as wires radiating from an axis, reported in {l]; (ii) generalisation of the
wires to include bodies of arbitrary shape, reported in [2]; and (iii) the
inclusion of an ensemble of stationary bodies coaxial with the rotating
ensemble, the subject of the present report.

A procedure has been developed by which the spectrum of the scattered field
may be calculated. As has been the case previously, it is possible to deduce
some of the characteristics of the spectrum from the mathematical form of
the equations, without proceeding to numerical solution. The main
conclusions of this nature are that the spectral lines are spaced at intervals
of the "body rate", i.e. the rotation frequency multiplied by the number of
bodies in the rotating ensemble, and that the spectrum extends beyond the
limits of the Doppler shift associated with the linear velocity of the bodies.
These conclusions are supported by independent calculations [7].

A question which is not answered here concerns the possibility of specially
strong spectral components associated with simple combinations of the

numbers of bodies in the two ensembles, e.g. (mIR+nIS)Q, where m and n

are small integers. The appearance of the expressions such as nIS—_hIR in
(8.18) is intriguing, but no conclusions have so far come to light. If such
characteristics exist, it may be necessary to seek them in numerical
solutions.

It would be possible to extend these studies to include further ensembles of
bodies, stationary and rotating, with different numbers of bodies. Indeed, in
so far as the present work includes the extreme case where there is only one
body in each ensemble, it includes multiple layers of stationary and
synchronously rotating ensembles, since all the stationary ensembles may
be viewed as a single ensemble of one body, and the same is true of the
synchronously rotating ensembles.

However, as the models which are the subjects of this series of studies have
become progressively more general and complicated, the opportunities for
exploiting the angular periodicities have reduced. The analysis has become
progressively more laborious and the properties of the spectrum more
difficult to state categorically.

For these reasons it seems pfobable that further progress will best be made
through numerical and experimental studies. The proposed continuation of
the work by the present author lies in the first of these directions.
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Appendix A

The following formulas may be found in, or readily derived from formulas
found in, [6, Ch 9]:

OO Sy (el (A1)
n=-—-—oc
coscbe“'pcos‘b = 3"~ 1J'n(p)ejn¢
n=== (A2)
R T jn¢
-_7:“—2300 J,_(@-=J3,, (Phe
(where a prime denotes differentiation with respect to the argument)
singelPO = 31 ls (el
n:-—oop
(A3)
__1 T jné
——En_Z_Jw(Jn_l(p)HnH(p))e
5 =P
L,@=-0, @+, ) (A4)

' 1
INORSIUINCRS RN G) (AS)
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