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Final Report, May 2001
on
Constitutive Theories for Swelling Porous Media

Executive Summary

Soils and soil moisture play a predominant role in off-road vehicular mobility, and as
such they play an important role in the army's strategies, logistics, mobility and field operations.
This is especially true in adverse terrain, such as muddy (expansive soils). Problems associated
with simulating and predicting vehicle terraiﬁ interaction in adverse environments are immensely
complicated, as soils are diverse and soil moisture dynamic. Yet it is the army's goal to develop
an all-weather, all-terrain capability. This goal suggests the complicated, diverse and dynamic
interaction of terrain with vehicles must be understood and simulated from a mechanistic
perspective.

The army currently has an ability to model vehicular dynamics on smooth, hard terrain;
yet the interaction of a vehicle with "real" terrain is beyond current simulation capability. It is
this latter point that this report begins to address. Secondly, we have studied from first principles
one of the most dynamic and restrictive conditions to army system performance; expansive-soil
deformation.

As originally set out in the proposal, our goals were to develop constitutive models for
expansive soils which incorporate the .effects of electrolytes and heat transfer, and to begin
development of numerical simulators for the resultant balances of mass, momentum and energy
in the presence of dynamic loads. Over the three year funding period, significant advaﬁce

toward achieving both goals was accomplished. In fact, in the area of constitutive model




development we have actually exceeded the goals of the original proposal. Below, in the form of

bullets, we summarize what has been accomplished to date.




1. Capillary condensation and snap-off in nanoscale contacts (these results were highlighted on
the Feb. 6, 2001 cover of the Amer. Chem. Soc. Journal of surfaces and colloids,
Langmuir).

When a surface is placed in a vapor, several layers of molecules may adsorb depending
on the intermolecular forces involved. As two such surfaces are brought together, a critical point
is reached at which the gas condenses between the surfaces, forming a capillary across the gap.
A cohesive force is associated with the condensed bridge. The reverse process wherein the
capillary bridge degenerates as the surfaces are moved apart is called snap-off. These processes
play a profound role on scales from the nano to the macro. We have studied this phenomenon
via isostrain grand canonical Monte Carlo statistical mechanical simulations for Lennard-Jones
fluids.  Specifically, we have examined capillary condensation and snap-off between
nanocontacts, infinite rectilinear nanowires, and finite rectilinear nanoplatelets, where
macroscale concepts and theories are just about impossible to apply. These results are compared
to condensation between infinite parallel plates. We discuss our results in terms of the Kelvin

equation and van der Waals film-thickening model.

2. Coupled solvent and heat transport of a mixture of swelling porous particles and fluids:
single time-scale problem.

A three-spatial scale, single time-scale model for both moisture and heat transport is
developed for an unsaturated swelling porous media from first principles within a mixture
theoretic framework. On the smallest (micro) scale, the system consists of macromolecules (clay
particles, polymers, etc.) and a solvating liquid (vicinal fluid), each of which are viewed as
individual phases or nonoverlapping continua occupying distinct regions of space and satisfying

the clasical field equations. These equations are homogenized forming overlaying continua on




the intermediate (meso) scale via hybrid mixture theory (HMT). On the mesoscale the
homogenized swelling particles consisting of the homogenized vicinal fluid and colloid are then
mixed with two bulk phase fluids: the bulk solvent and its vapor. At this scale, there exists three
nonoverlapping continua occupying distinct regions of space. On the largest (macro) scale the
saturated homogenized particles, bulk liquid and vapor solvent, are again homogenized forming
four overlaying continua: doubly homogenized vicinal fluid, doubly homogenized
macromolecules, and singly homogenized bulk liquid and vapor phases. Two constitutive
theories are developed, one at the mesoscale and the other at the macroscale. Both are developed
via the Coleman and Noll method of exploiting the entropy inequality coupled with linearization
about equilibrium. The macroscale constitutive theory does not rely upon the mesoscale theory
as is common in other upscaling methods. The energy equation on either the mesoscale or
macroscale generalizes de Vries classical theory of heat and moisture transport. The momentum
balance allows for flow of fluid via volume fraction gradients, pressure gradients, external force

fields, and temperature gradients.

3. Thermdmechanical dual porosity theories for swelling porous media with microstructure
Thermomechanical microstructural dual porosity models for swelling porous media
incorporating coupled effects of hydration, heat transfer and mechanical deformation are
proposed. These models are obtained by generalizing the three-scale system of Murad and
Cushman [56,57] to accommodate heat transfer effects and their influence on swelling. The
microscale consists of macromolecular structures (clay platelets, polymers, shales, biological
tissues, gels) in a solvent (adsorbed water), both of which are considered as distinct
nonoverlaying continua. These continua are homogenized to the meso (intermediate scale) in the

spirit of hybrid mixture theory (HMT), so that at the mesoscale they may be thought of as two




overlaying continua. Application of HMT leads to a two-scale model which incorporates
coupled thermal and physicochemical effects between the macromolecules and adsorbed solvent.
Further, a three-scale model is obtained by homogenizing the particles (clusters consisting of
macromolecules and adsorbed solvent) with the bulk solvent (solvent not within but next to the
swelling particles). This yields a macroscopic microstructural model of dual porosity type. In
the macroscopic swelling medium the mesoscale particles act as distributed sources/sinks of
mass, momentum and energy to the macroscale bulk phase system. A modified Green's function
method is used to reduce the dual porosity system to a single-porosity system with memory. The
resultant theory provides a rigorous derivation of creep phenomena which are due to delayed
intra-particle drainage (e.g. secondary consolidation of clay soils). In addition, the model
reproduces a class of lumped-parameter models for fluid flow, heat conduction and momentum
transfer where the distributed source/sink transfer function is a classical exchange term assumed

| proportional to the difference between the potentials in the bulk phase and swelling particles.

4. Macroscale thermodynamics and the chemical potential for swelling porous media

The thermodynamical relations for a two-phase, N-constituent, swelling porous medium
are derived using a hybridization of averaging and the mixture-theoretic approach of Bowen.
Examples of such media include 2-1 lattice clays and lyophilic polymers. A novel, scalar
definition for the macroscale chemical potential for porous media is introduced, and it is shown
how the properties of this chemical potential can be derived by slightly expanding the usual
Coleman and Noll approach for exploiting the entropy inequality to obtain near-equilibrium
results. The relationship between this novel scalar chemical potential and the tensorial chemical
potential of Bowen is discussed. The tensorial chemical potential may be discontinuous between

the solid and fluid phases at equilibrium; a result in clear contrast to Gibbsian theories. It is




shown that the macroscopic scalar chemical potential is completely analogous with the Gibbsian

chemical potential. The relation between the two potentials is illustrated in three examples.

5. Thermomechanics of swelling viscoleastic two-scale porous media

A two-scale theory for swelling viscoelastic media is developed. At the microscale, the
solid matrix interacts with the solvent through surface contact. The relaxation processes within
the matrix were incorporated by modeling the solid phase as viscoelastic and the solvent phase as
viscous at the mesoscale. We obtain novel equations for the total stress tensor, chemical
potential of the solid phase, heat flux and the generalized Darcy’s law all at the mesoscale. The
constitutive relations are more general than those previously developed for the swelling colloids.
The form of the generalized Fick’s law is similar to that obtained in earlier works involving
colloids. Using two-variable expansions, thermal gradients are coupled with the strain rate
tensor for the solid phase and the deformation rate tensor for the liquid phase. This makes the
experimental determination of the material coefficients easier and less ambiguous, and clearly

illustrates the role of third-order tensors in anisotropic media.

6. Thermomechanics of swelling viscoelastic three-scale bporous media with temporal
nonlocality

A two-scale theory for swelling media with multiple species is developed. At the
microscale, the interaction of the solid with the fluid phase is considered. The relaxation
processes within the matrix are incorporated by modeling the solid phase as viscoelastic. Novel
equations for the total stress tensor, chemical potential of the solid phase, heat flux and the
generalized Darcy’s law are obtained. The equations are more general than those developed for
swelling colloids. The form of the generalized Fick’s law remained similar to that obtained in

the previous colloidal media studies. With two-variable Taylor series expansion, the thermal




gradient effects are coupled with the rate of strain tensor of the solid phase and the rate of
deformation tensor of the liquid phase. This makes the experimental determination of the
material coefficients easier and makes a clear distinction of the cross-effects exhibited by the

anisotropic media.

7. Multicomponent, multiphase thermodynamics of swelling porous media with
electroquasistatics: Macroscale field equations

A systematic development of the macroscopic field equations (conservation of mass,
linear and angular momentum, energy, and Maxwell's equaﬁons) for a multiphase,
multicomponent medium is presented. It is assumed that speeds involved are much slower than
the speed of light and that the magnitude of the electric field significantly dominates over the
magnetic field so that the electroquasistatic form of Maxwell's equations applies. A mixture
formulation for each phase is averaged to obtain the macroscopic formulation. Species electric
fields are considered, however it is assumed that it is the total electric field which contributes to
the electrically induced forces and energy. The relationships between species and bulk phase
variables and the macroscopic and microscopic variables are given explicitly. The resulting field
equations are of relevance to many practical applications including, but not limited to, swelling
clays (smectites), biopolymers, biological membranes, pulsed electrophoresis, and

chromotography.

8. Multicomponent, multiphase thermodynamics of swelling porous media with
electroquasistatics: Constitutive theory

We exploit the entropy inequality to obtain restrictions on constitutive relations at the

macroscale for a 2-phase, multiple-constituent, polarizable mixture of fluids and solids. Specific

emphasis is placed on charged porous media in the presence of electrolytes. The governing




equations for the stress tensors of each phase, flow of the fluid through a deforming medium, and
diffusion of constituents through such a medium are derived. The results have applications in
swelling clays (smectites), biopolymers, biological membranes, pulsed electrophoresis,

chromotography, drug delivery, and other swelling systems.

9. Numerical methods and examples

Several finite element techniques are used to simulate consolidation coupled with pore-
fluid transport. Several elastic and viscoelastic constitution theories are employed and capillarity
is taken into account. Both moving and stationary grids are studied. Where possible model test
cases are compared with analytical solutions. A novel problem, moving loads with shear and

normal stress, was studied in detail.
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I. Thermomechanics of swelling viscoelastic two-scale porous media

1. Introduction

Swelling viscoelastic systems are ubiquitous; examples include soils, proteins,
carbohydrates, foods, cartilages, membranes, plant seeds, drugs, contact lenses etc. In such
systems a discrete hierarchy of scales is present due to their complex nested porous structures.
Here we consider two scale systems.

Fig. 1 illustrates a three-scale (micro, meso, macro) system of interest. It is composed of
a solid-matrix and solvating fluid. The solid matrix and the vicinal fluid (fluid solvating the
matrix surface) exist as separate phases on the microscale (of the order of microns). The mixture
of the solid matrix with the vicinal fluid on the mesoscale are represented by a particle in the
diagram. The particle itself may exist in. a bulk phase fluid, but we leave that problem to the
future. At the mesoscale each constituent in each phase and in each interface and the phases
themselves are considered as overlaying continua defined over all space. Most phenomenon
exhibited at higher scales are a manifestation of interactions taking place at smaller scale. The
mesoscale swelling/shrinkage exhibited by these systems results from the solvation of solid by
the fluid on the microscale [24]. This necessitates the modeling of thermomechanical processes
such as stress-cracking, extrusion, consolidation, and transport processes such as drying,
conditioning, solvent-extraction, controlled drug and pesticide release, encapsulated germination
over a hierarchy of scales.

Many methods are available for upscaling information from lower to higher scales
[13,21]. We chose to use the hybrid mixture theory (HMT) approach. HMT involves volume

averaging of equations of mass, momentum, energy and entropy at the microscale to obtain




11

equations at the mesoscale. In a two-scale approach, the constitutive equations are formulated at
the mesoscale by exploiting the entropy inequality in the sense of Coleman and Noll [12].

HMT was developed by engineers to explain the thermomechanical behavior of natural
geologic media. Many polymeric systems are porous and so amenable to a similar treatment.
Experimental work by Etzler [15,16] has shown that the physics of interaction of water in silica
and cellulosic surfaces is nearly identical. For these reasons, the HMT approach has been very
successful in explaining the thermomechanical behavior of food gels [2]. HMT was introduced
by Hassanizadeh and Gray [19,18] for non-interacting granular porous media. Achanta et al. [1],
Bennethum and Cushman [3,4], Murad et al. [26], and Murad and Cushman [2729] extended
these ideas to swelling and shrinking systems with multi-constituents where interactions between
phases play an important role. However, in all previous works with HMT, the solid phase was
assumed to be elastic solid and the liquid phase was assumed to be viscous. These studies were
either aimed at swelling colloidal systems [26,3,4], or were adapted for polymeric systems from
colloidal systems [1,3,4,2,9], for which the assumption of elastic solid phase holds. The systems
exhibited viscoelastic behavior only at the macroscale, which resulted from microscale
interaction of the elastic solid-phase with the viscous fluid-phase. These theories ignored the
microscale relaxation processes of the polymeric matrix, which arise due to conformational
changes in the flexible thread-like polymer chains [17]. The viscoelastic nature of the polymers
is exhibited even at very small magnitudes of strains [17]. The focus of this study is on the
viscoelastic swelling solid phase. We present a two-scale theory with the assumption that at the
mesoscale the solid phase is a Kelvin-Voigt material and the liquid phase is a viscous fluid. This
will make our work more general and applicable to a large class of polymeric and biopolymeric

media subjected to a wide range of processes. Additionally, in previous HMT based theories




12

near-equilibrium equations were obtained by linearization around single variables, which made
the coefficients a function of the thermal gradient. Here, we will use two-variable linearization
to couple the thermal gradient with the rate of strain tensor of the solid phase and the rate of
deformation tensor of the liquid phase. This will also make the linearization coefficients

independent of the thermal gradient.

Notation

We consider a two-phase (e.g. solid-liquid) system with N components. The two phases
are represented by « and B. For simplicity, we assume that the interface between the two
phases is free from thermodynamic properties. Following the axiom of equipresence of
constituents [1], we assume at the outset that each phase contains same set of N-constituents

(some may be at zero concentration). The subscript @, represents the property of the "

constituent in thea phase. The hatted quantities, such as &% represent property transfer from

one phase to the other. The hatted quantities like 7% represent property gained by the i
constituent within a phase due to chemical reactions. The complete nomenclature is presented in
Appendix C. We lay out the equations in Eulerian coordinates with subscripts k and 1
representing the coordinate directions and repetition of these indices implying summation. The
use of capital letters such as K and L with certain quantities represents Lagrangian coordinates.
The indices k, 1, K and L range from 1 to 3.

2. Constitutive Theory

The mesoscale field equatioﬂs are applicable to all kinds of materials and are presented in the

Appendix A. These equations are closed for specific materials by imposing restrictions on the
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constitutive functions through the axioms of constitution [14] and entropy inequality in the sense
of Coleman and Noll [12].

Here, we consider a two-phase solid (s)-liquid (w) system. At the mesoscale, the solid
phase is considered viscoelastic and the liquid phase is considered viscoué. The viscoelastic
solid and the viscous liquid will interact to make the material behave as a viscoelastic solid at the
mesoscale. For simplicity we assume that the viscoelastic solid is of Kelvin-Voigt type, whose
constitutive variables depend upon the first order time derivative of the strain tensor. It is easy to
further generalize the viscoelastic nature by including higher order time derivatives of the strain

tensor but this adds little to our discussion here. Following is the list of unknown variables:

a a @ a pra; na a, prha; taj; e, BA%
%, 6% p v, T, P& P 1 T 0%, A%, g, P 0™,

™ ra a, Aa (2'1)
E J’ﬂ¢ 1,77 1,77 7]

The mass conservation equation (A.1) corresponds to the unknown &* p”. The momentum

(A.10) and energy (A.18) balance equations, correspond to v;’ and T, respectively. Additional
equations are obtained by considering the following variables to be constitutive or dependent:

£%, P8 7 1% P 1% A%, g, PO™ EM PR ™ f. 22)
These constitutive variables are considered to be a function of the following set of independent
variables:

e, &% p", (e p” )is Vi w',T, T\, E» Exy gy Egy 2 > Ay u:jl (2.3)

In (2.3) only &” is listed because it is related to £* by (A.7). Therefore, we can chose either &*
or & as independent but not both. The variables £ and p™ always appear as a product &% p,
which arose during the upscaling of the equations from micro to the mesoscale. All the variables

have a corresponding equation, except for £%. This is the closure problem, and following
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Bowen [11], we formulate the additional equation by postulating that £ is a dependent variable.

The variables &* and (£*p" ), account for the liquid-solid interaction at moderate to high

solvent content. The liquid-solid interaction occurs through solvation forces, which lower the
chemical potential at the interfaces in comparison to the bulk liquid [25,22,23,11,24]. This

causes liquid movement from the bulk phase to the interface, pushing apart the solid, which in
turn produces swelling. The Ej, and Ej,, account for the elastic deformation of the solid
matrix. At low moisture contents, Ey,, incorporates relative shear between two solid surfaces

separated by only few molecular layers of water [27,7]. In a connected solid matrix a

macroscopic deformation results in a gradient of the strain tensor at the mesoscale, which is also

captured by the Ej,,. At the mesoscale, the viscoelastic nature of the solid polymer is captured
by EI,.

We assume that at least one of #é% or 7 is not equal to zero due to which (¢°p”), and
E%, can be varied independently. Thus, both (¢°p”), and E;, are included in the list (2.3) of
independent variables. Otherwise, (&’ p ), and E,‘(L would be related by the mass balance
equation (A.1) and the equation, £}, =X, ¢ X, dy , and only one would be required in the list

(2.3).
Thermal energy production may arise in a material during deformation or due to an

external source. The variables T and T, account for the conduction of this thermal energy. At
very high or low rates of heat transfer, 7, would not be required because in the former case the
material responds so quickly that it can be considered to be at uniform temperature (T,<<1), and

in the latter case, the temperature change is so slow that its effects are negligible. At
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intermediate rates of heat transfer, the thermal gradient becomes important. The viscous nature
of the liquid phase is incorporated through the dj;. The term u, leads to the viscous resistance
of the fluid phase to the diffusion of species. For most practical purposes, the diffusion of
species in the solid phase is negligible. Therefore, %, is not included in the list of independent

variables.

The axiom of equipresence requires that initially all constitutive variables should be
expressed in terms of the same list of independent variables until the contrary is proven[14]. It
can be shown that the Helmholtz free energies are functions of the subsets of the list (2.3) [20].

Additionally, from physical knowledge of the system we know that the Helmholtz free energy of
the solid phase depends upon &°p” and of the liquid phase depends upon £"p" . Therefore, to
save computations we postulate the dependence of the Helmholtz free energies on subsets of list
(2.3)as:

4 ;Ay(g",gwp"f T,Ey, Ey), (2.4)

A=A (", p" T, Ey L ES). 2.5)
All other dependent variables are considered to be a function of all independent variables in list
(2.3). The free energies appear in the entropy inequality (A.41) as material derivatives. Using

the chain rule, the following expressions for the material derivatives of the free energies can be

obtained:

D4y _ody D'¢" - 047 D*(e"p") o4y D'T

Dt g Dt “Fo("p") Dt or Dt
o4y D"Ey,  o47 D'Ey
dE;, Dt OE;, Dt

(2.6)
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D4 = 04; D’¢e” +i GA,‘S D*(e’p™) N o4; D'T N
Dt og" Dt ‘Top') Dt oT Dt

o4 gy 2

ok, OFy,

@.7)

The following identities will be needed to rewrite equations (2.6) and (2.7) in suitable forms

before substitution into the entropy inequality (A.41):

D¢ _D'¢ .

—_— = —— > 2.8

Dt Dt I 28)

D¢ D% .

— <+ / 2.9
Dt Dt Ue' by 29)

where, ¢ is a scalar function. The pressures and the chemical potential have been defined in

inore than one way in the literature [10,1,9]. For example, the chemical potential of Bowen [10]
is a tensor, whereas in classical thermodynamics the chemical potential is a scalar. We will use
the scalar valued definitions proposed by Bennethum et al. [9], which are equivalent to the

definitions in classical thermodynamics. In classical thermodynamics, total Helmholtz energy,
A% is expressed as:

A*=A°V*, M, T) (2.10)
Divide A° by mass of the @ phase and normalize V%, M® by the weighted averaging volume.
This gives:

A =47 (&%, p",T) (2.11)

Here we used,

(2.12)

The classical pressure, P*is defined as:
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po o _ a4° M4 __\rv
ovel . ove | ..~ ye
o o a(—fj @.13)
MY T
oe¢ £ T o¢ oy

Thus we have the classical pressure defined in terms of the intensive variables needed to model

open systems. Another quantity that needs to be defined is:

a s a @ aAa
pr=3 o 2 (2.14)
= op &7

which we refer to as the thermodynamic pressure. For a single medium composed of single

species only, p® reduces to the classical thermodynamic pressure, P*:

« ot OA]

p =p " -_-Pa (2'15)
op

&7

Further physical interpretation of p* will be made clear after its relationship to the stress tensors
are obtained from the exploitation of the entropy inequality.

The chemical potential, 4* is defined as:

a o )
o _ 04 i _omean| _\rv
aMaj Va,T aMaj Va,T VaMaj
o7 e (2.16)
Ve, T
_ae s 454 oA4°
a(gapaj) T ap‘ﬁ &2, T
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In the entropy inequality, the terms involving u,” and u,‘:’, have N-1 independent variables and
N

one dependent variable because, Z p%u” =0. Thus, the following identities due to Bennethum

=

et al. [9] will be needed to rewrite these terms as N-1 independent terms:

N N-1 pal
S FEruy =Y ul | B —E—F™ | (2.17)
] =] P

G;~] -G Z(

J=1

ZG“’uk, —Zuk,( ) (2.18)

where, F/ and G,/ are the vector and tensor valued coefficients of u and u)’ , respectively.
k ki X 2] Y y

Substituting equations (2.6) and (2.7) in the entropy inequality (A.41) and simplifying

using identities and definitions (2.8) ~ (2.18), we obtain:
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where the terms ¢;; and ty are the Terzaghi and hydration stresses, respectively:

s
5
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The Terzaghi stress, #; is the elastic component of stress in the medium and # results from

physico-chemical forces between the solid and solvent [8]. If the solid phase had been assumed

to be elastic, the terms in the 3" row of the entropy inequality (2.19), would have been grouped
as a coefficient of d;,. However, since we are modeling the solid phase as viscoelastic, d;, was
converted to the independent variable £, using the equation:

dy = B Xz, X1, (2:22)

3. General Non-Equilibrium Relations
In the entropy inequality (2.19) the variables T, u,’, and E:, are neither dependent nor

independent. These variables can vary arbitrarily. Therefore, to satisfy the entropy inequality

for all processes, the coefficients of these variables must be zero. This leads to the following

non-equilibrium equations:

s
ga a — 4 o =0 3.1
ser(Gor) e
s s 6AIS w W aAlw
—_t —de = () 32
“P ek, oy, e
Sy
£ —%t,f," = p¥ (4 = A -+ ), 33)

Equation (3.1) implies that the sum of terms over a is zero, but in accordance with the classical

thermodynamics of one phase we are assuming the following:
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(3.4)

The free energy of one-phase Kelvin-Voigt solids is not a function of the rate of strain tensor
because during exploitation of the entropy inequality, 04; / OE:, becomes zero [14]. However,

such a conclusion cannot be made from (3.2), unless we assume that the entropy inequality holds
for the solid and the liquid phase separately. But in the most general framework, this of
course need not be true.

The variables for the j* component in equation (3.3) depend upon the variables for the
N™ component. Thus, (3.3) depends upon labeling of species. To remove this dependence, we

sum (3.3) from j =1 to N and simplify using (A.12), (A.39), (2.14) and (2.16). We obtain:

tl:IN s, S tlfi 1 510151 4,50 ps
M ANy + WSy =t = p U U+ 6, (3.5)
P P j=1 P

To simplify (3.5) further we need an expression for #;;, whose equilibrium and near-equilibrium

forms will be obtained in the consecutive sections.

4. Equilibrium Restrictions

We define the thermodynamic equilibrium when the following variables become zero:
& Ey,dyu, T, P85 ,vi* up (4.1)
here, j = 1 to N-1 for u;}, u;’ andj=1toN for #é*. The list (4.1) does not contain 7* because

it requires the equations of chemical reactions, which we have not incorporated. At equilibrium

the entropy reaches its maximum value and the net generation of entropy, A, attains a minima.

Thus, 8A/dx =0 and 8*A/dxdy > 0. Where x and y are the variables in list (4.1). We obtain the

following results:
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P =P* 4.2)
s ) se gw sh
£
ty,=-p"d, “4.4)
¥y
(.UWj —-u™ )Pwlau "{tl:lvj - ZWN b ]"Pwl (AW] —4™ )514 =0 (4.5)
D> e%qf =0 (4.6)
u = 4.7)
spw w W w oW 04 s 04 s
I, =P'¢,—¢"p ('EE;:;L—EKLJ '*'ﬁEKL,k] 4.8)

a;

ﬁfkaj +fk"/ - Za,v (ﬁf;‘ﬂw +;-‘ka~ ) =(/Ja/ —,u"‘”)(a"p"f )’k -
o]
(o) e (45

where j = 1 to N-1 in (4.5) and (4.9). To obtain an expression for 4™ at equilibrium, substitute

4.9)

t,, from (4.3) in (3.5). This yields:

B g5y 78y = S g (4.10)
P pEp

Substituting (4.10) into (3.3) to eliminate the N™ constituent variables and rearranging yields the

following equation for x” at equilibrium:

§; se w
Y8, = A1y~ By £ 4.11)

p?l P oEp
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To remove the N component dependence from (4.5), sum (4.5) from j = 1 to N and substitute the
expression for #; from (4.4) into the result. We get:

t’dw — A" 8y + 6y =0 (4.12)
p N

which, upon substitution in (4.5), results in the following expression for 4" at equilibrium:

: ~

©s, = A", ~-4 (4.13)

Wj

This equation states that at equilibrium the shear components of ¢,/ are zero. This is expected

because comparison of this equation to (4.4) shows that at equilibrium the stress in the liquid
phase arises only due to the thermodynamic pressure.
To remove the N component dependence from (4.9), sum (4.9) from j =1 to N. Using

(2.16), we obtain:

R a n n N x a Q, a a
17 - ,f (75 +i™ )= ;ﬁgffi(a"p ), (P, -

| . (4.14)
A & pt (a" prA™ ) T ety (-%;—J
, P f

N A ko N ~ - . .
Here we used » 77,% =’T,"and ) i™ =0, since at equilibrium #” =0. Let us take
= j=1

B =5 and a =w. Based upon (2.4) the term 4;", can be computed as:

o4, Y o4’
A ==L +Y —L_("p"), +—LT, +
T o ;a(swpw’ )( P or *
o4 Eg  + a’.q’
oEr, 7 Bk

(4.15)

s
EKL,k

SubStituting ’f;,w from (4.8) and 4/, from (4.15) in (4.14) and simplifying we obtain:
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s eyt a2 0 o
p ’ ’ P

Finally, by substituting (4.16) in (4.9), we obtain the following expression for ’f},w/ +i" at
equilibrium:

s W rw_ W w W _ w oW, W,

(AEEAY) (; p) ),k (6”0 4 )’k. 4.17)

where (4.17) holds for j =1 to N.

5. Near-Equilibrium Relations
In the entropy inequality (2.19), the coefficients of variables becoming zero at equilibrium [list

4.1)] are functions of these variables. For example, the coefficient of T, is a function of all

variables in the list (4.1). To satisfy the inequality, these coefficients are linearized to form
positive quadratic terms. Linearization is performed by Taylor series éxpansion around the
variables becoming zero at equilibrium and truncating the second and higher order terms.
Because of truncation, the results hold only near-equilibrium. Taylor series eXpansion of each
coefficient can be performed around one or more variables vanishing at equilibrium. For
example, let z; and z, be two variables becoming zero at equilibrium. Let f(z;,22) be the
coefficient of z; in entropy inequality. Linearization of f around z, yields the following
expression:

fi™ It Ci(2,)2 5.1
Where C; is a function of z;. Linearization of f around z; and z, leads to:

freq™ foqt G2+ Cyz2, (5.2)
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"In this expression C; and C; are not functions of z; and z;. Equation (5.1) gives fewer terms in

the linearized equations but the form of the coefficient must be evaluated as a function of z,.
The choice of whether to linearize around one or more than one variable leads to different results
which have advantages and disadvantages. Linearizing around two variables as in (5.2) yields
linear forms for both variables, but introduces a linear truncation error related to the second
variable. Experimentally, constant coefficients are preferred as they are easier to evaluate than
functions.

Technically, each term in the entropy inequality involving variables given in (4.1) can be
linearized about each of the variables in (4.1). However, this yields unwieldy expressions.
Therefore, we perform one term Taylor series expansions of the coefficients of all variables in
the list (4.1) except for the coefficients T, E, aﬁd d,, where we perform a two-term
expansion. To obtain thermoviscoelastic and thermoviscous effects we perform a two-term
linearization around 7, and E;, for the solid phase; and T, and dj; for the liquid phase. The
resulting linearization coefficients are a function of he remaining independent variables
(Ey,dy,u, Tvy*,u ) listed in (4.1).

Let us elucidate another important issue related to linearization before presenting the
results. Consider a variable V vanishing at equilibrium and appearing in the entropy inequality
as followS:

(A+B+C)V =0 (5.3)
Here, the variables A, B and C are functions of V. Suppose, we are interested in the near-
equilibrium form for the variable A. Linearization can be performed in the following two ways:

First,
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A=Ay +Ay (5.4)
A, =-(B+C) (5.5)
A, =pV (56)

Here, Ap is called the dissipative part of the variable A. Ap is zero at equilibrium and non-zero
near-equilibrium. The coefficient p resulted during linearization. By substituting (5.5) and (5.6)
in (5.4), we getv:

A, =-(B+C), +uV. 6.7

An alternative method of obtaining near-equilibrium relations for A is:

(A+B+C),,, = (A+B+C),, + (A+B+C),, (5.8)
(A+B+C),, =0 - (59)
(A+B+C), = uV | (5.10)

By substituting (5.9) and (5.10) in (5.8) we obtain:

A, =-(B+C),, +uv. (5.11)
The relation (5.11) is more general than the relation (5.7), unless (B+C),, is equal to the

(B+C),,- Often in the continuum mechanics literature the forms (5.7) and (5.11) are used
without clarifying the underlying reasons. We suggest that whenever possible, form (5.11) be
used initially and later the simplifications be made using physical .arguments. In the following
discussion we will obtain results based on (5.11) except when removing the N-component
dependence from variables. In the latter case it is easy to perform manipulations by using form
(5.7). By linearizing around £* we obtain the following equation:

P¥ —Pf = M&” (5.12)
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where M is a scalar coefficient. Equation (5.12) implies that the rate of swelling, £ of the
polymeric system is directly proportional to the difference in classical pressure between the solid

and the liquid phases. Equation (5.12) is similar to Thomas and Windle’s [31] equation 8.

For t;, forms (5.7) and (5.11) yield similar results. We will linearize #;, and the heat flux

about 7, and E; . Let,

N
(Zt:{] (Zt,f,’ ) (Zt,f{] (5.13)
neg \ /=1 ! eg J=1 p\ /=l

where, the equilibrium part is given by (4.3). Thus,

N N
(Zt,j,’]=—p’5u+t,ff +—tk, (Zt,f;) . (5.19
neg D

Jj=1 j=1

Let us denote the solid phase coefficient of T, by @;':

N .
O=q +Z[—t,f{u,f’ +(A” +}2-u,f’u;’ )ps’uf’] (3.15)

=

Substituting (5.14) and (5.15) into the 7, and EZ, terms of the entropy inequality, (2.19) we get:

s s IS g.\' s
Z Xe o Xi By +—= 0T, 20 (5.16)
p\J= T
By linearizing we obtain:

N
21 |= Cruw Bsw X x%is + Huw T, (5.17)

p\/
O =KyT, + Ty X e By (5.18)

here, the coefficients G,y , Hy,, K5 and JZ,, are not functions of Ej, and T,. Gy, isa

fourth order positive semi-definite tensor responsible for stress dissipation due to relaxation
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processes within the solid polymers. Hy,, and Jy,,, are third order tensors. The H,, term
causes thermal gradients to affect the stress field inside an anisotropic solid phase. Because of

theJS,,, term, the heat flux arises inside an anisotropic solid phase due to the strain rate. Given
that the third order tensors are zero under full orthogonal group of transformations, H,, and
J3,,, would vanish for the isotropic solids [30]. Due to symmetry of the stress tensor and the
strain rate, the third and fourth-order coefficients satisfy the following symmetry relationships:

s al al)
GKLMN - GLKJMN - GKLNM

H; =H,, (5.19)
JISCLM =JIS(ML

By substituting (5.17) in (5.14) and (5.18) in (5.15), we obtain the following near equilibrium

equations:
e 4 T .
s s se Sy Sia,S s s s s s
Iy =—P 6y +ly +;s‘tk1 "Zp "wlu)’ + G Exy X x %+ HimLm - (5.20)
=1
s & 58 s; 1 S8 sj. 5 s s s s
g = tiu’ - 4 +ouu | P + KoTy + T Xi g - (5.21)
=

Similarly, we can linearize about d;, and 7, to obtain the following near-equilibrium equations

for t; and g, :

N
1 = —p*8y + Ol + HiTo = Y P uu)” (5.22)
=1
Y w w w l w w w
q’ = Zlitkljukj -—(A i +_2_uk;uk; )pwju, jj|+KI:7]jk +Gp dY . (5.23)
Jj=1

Here, v}, is a fourth order, positive semi-definite viscous dissipation tensor. Similar to the solid

phase, the third order tensors, H,;, and G, introduce the cross-effects of the temperature
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gradient on the stress tensor, and the rate of deformation on the heat flux. For an isotropic fluid

phase H;, and G, disappear. Due to symmetry of the stress tensor and the rate of deformation

Imn

tensor, the v}, , H;, and G, satisfy the following symmetry relationships:

W W W
Uklmn - vllann - Uklnm

Hyjpy = Hy, (5.24)
Gl‘r:m = GI:m

Substituting #;, from (5.20) in (3.5) and further substituting the resulting N-component terms in

(3.3), we obtain the following equation for 4" near equilibrium:

S S tsj se v sl s ) K3 s s
H'oy=4"6,- kij +'1‘;(tk1 +£_;—tklh + Grow EaXe k%11 + Hgnl ) . (5.25)
PP £

In the solid-phase chemical potential equation (5.25), the term G;,_MNE";Wx,f,Kx;‘, , has not been

reported in previous colloidal-media studies. This implies that the solid-phase chemical potential

of the polymeric systems is a function of the strain rate.
Performing singe-variable linearization about “é“,u,’,v;” andu,’, we obtain the

following near-equilibrium equations:

p = =Kl e —%uf’uf’ +%u,w’u,w’ +%v,‘”’sv,w’s (5.26)
¥y
P18, = Cop i, + A8, 2 (5.27)
s W W, w_ W R aAw s aAw S W 6Aw
T, =—Rv* +P"e"x—€"p [B—?EKL,,+6E.—§EKL,,+(77 +3§1'—)T’k:| (5.28)
KL KL

T +3% = —Riu" + p™ (s"p’"’ ),k —(8‘” p A" )'k . (5.29)




30

The coefficients «/,C,; , R, and R}, are the linearization coefficients of these equations. In
(5.28) the term in round brackets will vanish due to (3.4). We did not linearize about u’
because in our system solid-phase diffusion was assumed negligible so that u,’ was not an

independent variable. Hence, the coefficient of #,’ cannot be a function of )’ .

Total Stress and Heat Flux

The total particle stress tensor and the particle thermodynamic pressure are obtained by summing
over the solid and the liquid phase. These are defined as [8]:
t, =&ty +&"t, (5.30)
p=¢&'p +e'p* (5.31)

Substituting (5.20) and (5.22) in (5.30) and using (5.31), we obtain:

ty=—poy+¢ (t;:le +£s‘t1:;, +GIS(LMNE:mxI:,Kx1 L +Hl:1me)
£ (5.32)

(Uldmndw + Hl:lvam)

Here, the second order term Z pu'uy was neglected because the diffusion velocities are of
J=1

small magnitude. In the total stress tensor equation (5.32), the Gy ExwX;cX;, term accounts

for the relaxation processes within the solid polymeric matrix. In the previous porous media

studies [19,18,1,26,3,4,28], this term could not be obtained due to the assumption of an elastic

solid phase.

The total heat flux of a particle can be taken as [5]:
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q=£&q +£q (5.33)

Substituting (5.21) and (5.23) in (5.33) to eliminate ¢, and g, we obtain:

ol 1
= e tu - Aa’+——u“’ua’}p“’ua’ + &K, +"K, )T, +
q ZZ [u k ( 5 e U 1 ] ( ] kl) k (5.34)

a j=1
s s s S wWow  gw
&' Ty Xk Epg + € G-

Given that diffusion velocities are small, the third order term in % can be neglected.

Isotropic Stress and Heat Flux

If the solid and liquid phases have isotropic properties, the third order tensors disappear. The

second and fourth-order coefficients follow these relations [30]:

K, =K%6,, a=s,w
Gy = A 840w + 1 (OxasOrn +OinOs ) (5.35)
UIZmn = Aw&klamn + /“w (5I¢m51n + 5,0,6,”,)

Substituting (5.35) in (5.32) and (5.34), and simplify to obtain the following equations for the

total stress:

gw . -1 .
s sh s
ty=—poy+¢& (t,f," +;s-t,‘, +A'E,,cp +2#SEELX§,M,L]+

(5.36)
& (A" 8ydy, +24"d}y),
=X Xl (5.37)
here, c,f,- ' is the Finger deformation tensor for the solid phase, and the heat flux:
ul a a a 1 [+4 a a
=226 {tk,’u,,’ —(A S ) U :l-i-(s’K‘ +&"K")6,T, . (5.38)
a j=1
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Note that the coefficients Gy, > Hypms Upmn, Higm, A° #4°, A and p* are not functions of the local
thermal gradients because a two-variable Taylor series expansion was performed. The remaining
terms in the stress tensor equations (5.32) and (5.36) depend upon 4;, which is a function of

temperature but not of temperature gradient. Based upon these equations fhe stress field inside
an anisotropic polymeric system is a function of the local thermal gradients. But inside an
isotropic polymeric system it depends upon temperature only. This simplifies experiments
because the anisotropic systems require measurement of material coefficients as a function of
local temperature only. In isotropic solids both material coefficients and stress field require only
temperature dependent measurements. In the previous porous media studies the material
coefficients required determination as a function of the temperature as well as temperature
gradient at different spatial locations because one variable Taylor-series expansions were
performed. Similarly, in our heat flux equation, the material coefficients are not functions of the
| strain rate. The strain rate affects heat flux of the anisotropic system only (5.34), but not of the
isotropic system (5.38). Similar deductions could be made using one-scale thermoviscoelasticity
theory presented fn reference [14].

Generalized Darcy’s Law

Substituting ’f"k" from (5.28) and #; from (5.22) in the momentum balance equation (A.11) and

neglecting the inertia and the second order terms in u,”, we get:

w W _W

RV = _(gwpw )’k + (gwu,:,',,,,,d:,, )’I +(8w imLom ),1 +e¥pgl +

v v (5.39)
P’e"y —&" p” (————aagﬁ Ex . +—aa;j E,’M).
KL KL

The thermal gradient term and the last term in (5.39) are new. We will explain this further in a

subsequent discussion.
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Generalized Fick’s Law

Substitute °7,"” +i," from (5.29) and f,’ from (5.27) in the momentum balance equation for
species (A.10) and neglecting the inertia term to get:
Riw’ =-e*p" " s+ " p" g’ +(£‘” P Critonthn )1 : (5.40)

This form of Fick’s law is similar to that obtained for the colloidal systems in previous studies

[8]. The last term in (5.40) is often neglected in literature as it is of second order.

Swelling Pressure
Rennethum [6] has derived a relation between classical pressure, thermodynamic pressure and

swelling pressure. This relation can be obtained from a comparison of our choice of independent

variables with the alternate choice [1], where A4;" was considered to be a function of £, p¥, c".

For simplicity, let us write free energies only as a function of the variables required for this

derivation:

A =4 (a‘”,a‘"pw’),. A =74y (e, p".C") (5.41)

where Z,‘" is the free energy in the alternative formulation. Now,

dA; = AN e +§: o4 YL £ o4 de” - (542)
66" & p j=l apw, & J=1 Ew apw’ &
. W AW N i
dir =24 e YA g P e (5.43)
oe Padeud e c" J=1 oc™ & .p"

Compare the coefficients of de”:
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AW w N wy w
U A Ly (5.4)
36‘ o g aé‘ s"p"j Jj=1 £ ap / &
Multiply throughout by £*p":
W w N " aAw
& p” —4 =g"p"— +) p'p—L (5.45)
68 p',ij 66‘ e,pwj ; ap J -

The terms on the right hand side can be identified as ~P* and p* using (2.13) and

(2.15), respectively. The term on the left hand side is the swelling pressure obtained in the

alternative formulation [1]. Thus, the expression for the swelling pressure is:

w w w ajzlw

zT'=-c"p (5.46)

oc” v
where, the over-bar is used to signify that the swelling pressure definition reqﬁires the use of free
energy, Z,‘” , in the alternative formulation. The swelling pressure is measured by keeping the
density and mass composition fixed and changing the volume fraction of the liquid by for

example letting the liquid enter or exit the system. The (5.45) becomes:

-7 =—P" + p” (5.47)

o, P'(E".E"P) =P (", 8" p ) - T" (", p7). (5.48)
where the underlined terms are held constant when evaluating the pressures, but the pressures
themselves may vary with these variables.

Recalling that the stress tensors represent the physical stress on the system through the
momentum equations, and examining the relationship between the stress tensors and the
thermodynamic pressures [equations (5.20) and (5.22)] we may conclude that the
thermodynamic pressure is related to the physical pressures of the system when there are

negligible shear deformations, temperature gradients and fluid flow. Thus, (5.48) states that the
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thermodynamic pressure of each phase is composed of the classical pressure and the swelling

pressure. See [6] for further discussion.

Low’s Swelling Pressure Relation

Low [22,24] conducted extensive experiments on swelling clays and obtained the following

relation for the swelling pressure, F,, at equilibrium:
P, = Aexp(B/J™) (5.49)

where, A and B are the empirical constants. Achanta et al. [1] obtained the first non-heuristic
derivation of this relation using the framework of HMT. Here we will derive this relation using
equations obtained in previous sections after making simplifying assumptions. Consider the
experiment depicted in Fig. 2, where pure water is in contact with the swelling colloids via a
semi-permeable rhembrane under isothermal conditions. The semi-permeable membrane allows
water to pass towards the colloids but prevents the passage of colloids towards water. Piston

pressure, P, , is applied over the porous matrix to balance the swelling pressure. The colloids

ap?

have a highly layered structure, with solid platlets parallel to each other. Multiplying the

equilibrium equation (4.13) by o™ and summing the result from j = 1 to N, we obtain:
Y w, w
D U pNE, = A p S, 1), (5.50)
—

Substitute the expression for ¢, from (4.4) to (5.50), and divide the both sides of (5.50) by p" to

obtain the equation for Gibbs free energy:

N pw
G'=> u"C" =4 +7 (5.51)

=1

Taking the differential of this equation in the alternative formulation, we get:




36

e R R o i RN i PP N P
6€w - apw . pw agw - ap o w
’ _ - (5.52)
B oz I N PR o R T . D I PP
oe” e p" Oe o op*|. P ", p"

since, the definition of thermodynamic pressure, p”, remains the same in both formulations, we
did not use an over-bar with its representation in (5.52). The chemical potential of the water is
maintained constant, because the lowered chemical potential due to hydration forces is
compensated by the increase in applied pressure, P,,. Thus, DG” =0. This makes the
bracketed terms in the second line of (5.52) equal to zero. Multiplying the first bracketed term in

the second line of (5.52) with £*p” and using (5.46) we get:

7 =g ?p_w (5.53)
oe”| .
p
As shown in Appendix B, at low and moderate moisture contents the pressure, P*, is small in
comparison to the swelling pressure, 7" . Therefore, we neglect P in (5.48) to obtain:
p'=-7". (5.54)
In layered clayey soils, due to balance of forces between the applied pressure and the

thermodynamic pressure of solid and liquid phases we have:

P =pw =ps_ (5'55)

(5.56)

For parallel layers of clay platlets the £” can be written as:
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w__ 0"

- 5.57
d o +6° (557)
and, dﬂ L) (5.58)
& +6"
6‘5

Here it should be noted that &“is an effective thickness since in general some packets of clay

layers remain unexpanded. Assuming that §°<<§", (5.58) reduces to:

de¥ o6°

—ds” 5.59
g (5.59)

Substituting (5.59) in (5.56) and integrating, we get:

P, =Aexp(6°/5") (5.60)

which is similar to the swelling pressure ec' -

Viscoelastic Effects in the Generalized Darcy’s Law
Let us replace #* in the generalized Darcy’s law (5.39) by (5.48):

RV = —[8‘" (P" -z ):I .t P”&" x + Remaining Terms

(5.61)
= (e"ﬁ‘") .~ &P + RTs
Substituting the expression for p” from (5.12) in (5.61),
Ry’ =(e"7") -&"P'u—g" (M) + RTs
), )s 562

=" +6” (7?‘" ~p* )’k —-g” (Mz-}‘” ) , + RTs

The, P° is small [see (2.13) and (5.46)] in comparison to the 7 (See Appendix B). Thus, we

drop the P’ term in (5.62) to get:
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Rk,v,‘”"=(a‘”7‘f‘”),k—e"(Mé"),*+(e vk,mnd") +( "H,;*me)

w w w aAw A aAw s
&' p'g —€"p (aEi EKLk 6Ei EKLk
KL

) (5.63)
On the right hand side of this equation the first two terms resemble the Darcy’s law equation (7)
obtained by Achanta et al. [2]. These account for the interaction of the solid polymer matrix
with the fluid phase, which leads to time dependent swelling. The third term is called
Brinkman’s correction in the porous media literature. It accounts for the viscous resistance to the
flow of liquid in the fluid boundary layer formed on the surface of the solid. In high velocity
flows, this term will have significant magnitude, but it is often neglected at low moisture

contents. The fourth term is novel. It results in flow due to thermal gradients for anisotropic

fluids. For isotropic fluids this term will vanish. In the earlier porous media studies, the

coefficient vy, was a function of T,. Thus, the thermal gradient effect was neglected when the

rate of deformation term was dropped. For anisotropic fluids of low thermal conductivity, the
thermal gradient term could be significant in magnitude even when flow velocities are small. In
the second line of (5.63) the first term in brackets has been reported by [27,7]. At low moisture
contents when a few layers of fluid are present, the free energy of the fluid phase is a function of
the shear strain in the solid phase. Then this term is of significant magnitude. At high moisture
contents, the solid phase alters the liquid ffee energy only through normal components of the
strain tensor and this term reduces to the swelling pressure [27]. The last term in (5.63) is

nonlinear in EZ,. It has not been reported before. In the previous studies, this term did not arise

because an elastic solid phase does not depend upon the rate of strain. This term results from

interaction of the viscoelastic solid phase with the liquid phase. More insight can be obtained by

comparing this term to £¥(Mé"),, and (04; / OEy, )Ey, , . It appears that the rate of strain in the
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polymeric matrix would affect the free energy of the liquid phase, which would add a component
to the flow of liquid. This term is also related to 04; /6E,’a by (3.2). It warrants additional
investigation.

6. Conclusions

We developed a two-scale theory of swelling viscoelastic systems. At the mesoscale, the solid
phase was modeled as a Kelvin-Voigt solid and the liquid phase was assumed viscous. Thus, we
accounted for the relaxation processes within the solid matrix, which have been ignored in the
previous porous media studies. At the mesoscale, the viscoelastic nature of our system resulted
from two microscale effects — the relaxation of the solid and the interaction of the solid phase
with the viscous fluid. We obtained novel equations for the total stress tensor (5.32), chemical
potential of the solid phase (5.25), heat flux (5.34) and generalized Darcy’s law (5.39), which are
applicable to a large class of materials. The form of the generalized Fick’s law (5.40) remained
similar to that obtained in previous colloidal media studies. With two-variable Taylor series
expansions, the thermal gradient effects were coupled with the rate of straiﬂ tensor of the solid
phase and the rate of deformation tensor of the liquid phase. This made material parameters of
the equations involving stress tensor and heat flux independent of the thermal gradient effects,
and thus their experimental determination becomes easier in comparison to the parameters
obtained in the previous porous media studies. Additionally, two-variable linearization helps
make clear distinctions between the stress tensor, heat flux and Darcy’s law equations for

anisotropic and isotropic systems.
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7. Appendix A. Mesoscale Field Equations

Here we consider mesoscale balance laws for a vicinal fluid solvating (or partially solvating) the
solid. These equations were obtained by averaging the microscale laws. Details of the averaging
procedure are laid out in references [18,3,13].

Mass Balance

The mesoscale mass balance equation for the j™ species in the phase o is:

a; a &
DY (&%p )+8apa,v;zj =3 P 4 5% (A.1)
Dt pra

Unlike classical mass balance equation of one scale, the quantities on the right hand side are not
zero. In multi-scale equations such quantities appear at a higher scale during the averaging
procedure. These act as a source or sink term. The £° multiplying with p also emerged
during averaging. Similar qﬁantities appear in the laws of conservation of momentum, energy

and entropy.

Summing this equation over N components, gives the mass balance equation for phase o

DL | papoys =5 260, (A2)
Dt 4T |

where, the phase variables are related to the species variables by:

pi=.p" (A3)
=l
N
V=) .CYv (A4)
Jj=
ay
¢ =£ (A.5)
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N
Pem = Fe% (A.6)
j=1
The following restrictions apply:
D&t =1 (A7)
N
Y =0, Va (A.8)
=
et 4 2gh =0, azp, V. (A9)

The restriction (A.7) implies that the sum of volume fraction of phases in an REV is equal to
one. The restriction (A.8) ensures that during chemical reactions, the mass lost by one
component is gained by the other. The equation (A.9) ensures that the mass exchanged between

the two phases remains conserved.

Momentum Balance
The mesoscale momentum balance equation for the j™ species in phase o:
1 3y%

sp 2 D:l —(E ) - PN g = ) ML 40 (A-10)
ra ’

Summing this equation over the N components, we obtain the momentum balance equation for

phase o

a a Dava a,a a a _a Aa
& p —Dtl -t —€" P8 =Zﬂ-7; > (A.11)
Bra

The relations between the phase and the species variables are:
Y Qa; aQ a a
f = Z(tlkl -pluu’) (A.12)
Jj=l

u’ =v -y (A.13)




N
a a
g =2.C%;"
Jj=1
~ N A a a
1= =Z(ﬂ7;al + 25 /u’/)
J=1

The following restrictions apply to the momentum balance equations:

N
> (i +#"u")=0, Va

J=l
~a A, @ =i} AB; B .
BT 4 8%y + T + 287y =0, a=pB, Vj.
Energy Balance

The energy balance law for the j"™ species in the phase o is:

aj a;

g% p% — &tV - (&%q"), —&° P hY = Z O™ + E%
Dt foa

Summing this equation over the N components:

a _a D°E” a,a.a a_a a _apae e
Ep D — &% —(e°q7), —&°p°h =ZpQ
t Pra

The relations between the phase and the species variables are:

N
B =% C(EY +-;-uf’u,a’)

=

N
af =33 - B 4 T |

J=1

N
PR =D p% (B + g u))
=

A N A A 1
ﬂQa = Z[ﬂg'ﬁ + ﬂT;a’u,a’ +Be% (E"/-a +5ul“/ul"1 )]

J=

The following restrictions apply to the energy balance equations:
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(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)
(A.21)
(A.22)

(A.23)
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N A A
Z[Ea/ + ila/ul"’/ + 7% (Eaj +%ula/ ul’"/ )] =0, Va (A.29)

J=1

ﬂé“/ + ﬁﬁa/vl"’/ + 26 (E™ +_;_v:'/vl"/) + aQﬂ/ + af;ﬂivff
{ (A.25)
+e&% (B +Ev,’3’v,ﬂ’ )=0, a=p, V.
Entropy
The second law of thermodynamics requires that the evolution of processes must proceed in such

away that the net internal entropy gained by the system increases. We begin by expressing an

entropy balance law for each constituent of each phase:

2

aj A
£° pa, Dth] — (& ¢Ia/ ),1 —g° paj b = z ﬂ¢“/ + ﬁ“/ +AY (A.26)
B*a

»>umming the entropy balance equation over the N species:

aaDaa aa a ara Ta a
8°p" L~ (e*gr), — e pbT = 3 P4+ AT, A27)
Bra

The relations between the phase and the species variables are:

N
nr=3 0 " (A.28)
& =2 (@ -p"u'n™) (A-29)
Jj=1
N
b* =Y C%b" (A.30)
j=1
A N A
Pg= =3 (P9™ + P& ™) (A31)
j=1

N
A% =) A" (A.32)
f=1
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Restrictions on the entropy balance equations are:

N
Y. (0™ +7")=0, Va (A33)
=

pé‘aj +péajna/ +a¢?ﬂ/ +aé\ﬂ/77ﬂ/ =0, a;t,B, Vj (A34)

We assume that the system is at local thermal equilibrium, which causes different phases to have
the same local temperature. The temperature is allowed vary spatially
T% =T% =T (A.35)

We also assume that the sources of entropy are solely due to heat flux and the body source of

heat
X —i (A.36)
VST .
@y
b = %‘— (A.37)

A »thermodynamic process satisfying (A.36) and (A.37) is called a simple thermomechanical
process. In the energy balance e‘quation (A.18) the internal energy E“is a function of the
entropy, 77”/. Since entropy can not be directly measured from experiments, a Legendre
transformation is performed on £ to convert it into the Helmholtz free energy, 4”, which is a
function of temperature

A% =E™ -Tn™ (A.38)

Summing 4* over the N components, we obtain the inner part of the total Helmoltz free energy:

N
A= CAY. (A.39)

J=1
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Entropy Inequality

All independent processes taking place inside a body must satisfy the axioms of mechanical and
thermodynamic admissibility (see Eringen [14]). Equations of conservation of mass, momentum
and energy ensure that the processes are mechanically admissible. To be thermodynamically
admissible, the processes must satisfy the second law of thermodynamics. This is imposed using
entropy inequality, which states that the net rate of entropy generation in the universe is always

greater than or equal to zero.
N

A=D A=) A"20 (A.40)

a a j=1

Eliminating #” between equations of energy and entropy balance and simplifying, we obtain:

3 “__ ep* (D47, D°T
A=DA" =2~ ( Dr DtJ

a

Db

a J=1

ga Y a a a (*4
+Z_Z(tklj —p A6y
a T J=1 |
&°T N a
DI B PR
e T A 2
N

S, e i o
T T

a j=1

—%Ziuﬁula/ |:Z Bo% +,‘:“i]

a j=1 Pra

l Sa_a.s
‘?ZZﬂTI Vi’

a f=a

——l—zzﬂé“[A}’-l-lv,“"v,‘”’] > 0. (A-41)
T 2
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8. Appendix B
In this section we prove that the magnitude of 7" is significantly greater than the magnitudes of
P* and P°except at high moisture contents (¢"~1). First we convert 7" [eq. (5.46)] and P* [eq.

(2.13)] to extensive variables.

pr_ O prz ) _ _ S (B.1)
e A7) |, AP
4 ¥ p". T 4 MV:’T
o7 oo A" 6(?’)
ﬁ'—w _ _gwpw {v _ w ﬁ_}_{_)_ w (B.Z)
oe .7 oe

Here, V is not the REV. REYV is the averaging volume, which is held constant over time and
space. Once the intensive variables like density have been upscaled from micro to mesoscale
using REV, the total mass and free energy can be computed inside volume, V, of size different
than REV. We take V, which increases proportionately with the whole body.

In (B.1), the ratio M™ /V is maintained constant and in (B.2) p” is maintained constant

during swelling or shrinkage. Let us expand the differentials in the numerator and denominator

of (B.1) and (B.2):

oA A oy
oV | _ Vo —arov| B3)
A Vovy —vV*oV |u-
) M* 72
o,
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o4 4 —ov™ VaZ”—i‘l;aV"
7Y =— vV - VVW _— < (B4)
oY v vovy -vvov
4
V V p¥.T p".T

With assumption that the solid phase is incompressible at the mesoscale, the total volume
increase will only be due change in the volume of fluid phase:
oV =ov" (B.5)

Substitute (B.5) in (B.3) and (B.4), to get:

pv_ Vo4 —:4 ov| __voar-Aov| B.6)
V-V |u, vov  |w,
v’ v’
V6.Z‘”-—i476V| VaZW—ﬁw—aVl
T = £ =- € 7
v -v*yov VoV 6D
p”.T P\

Comparison of (B.6) and (B.7) shows that at low moisture contents (£* <1) 7" will be greater
than P*. With increase in moisture content as &" approaches 1, 7 will asymptotically
approach P*. As P° = P* at equilibrium [eq. (4.2)], #* will also be greater than P° when

e"<l.




9. Appendix C. Nomenclature

Latin Symbols

A% Helmholtz free energy of the " component in the & phase

A%  Total Helmholtz free energy of the @ phase computed in volume V (=4 M“)
AF  Inner part of the Helmholtz free energy of the & phase

b*  External entropy source for the ™ component in the & phase

b” External entropy source for the & phase

c,f,'l Finger deformation tensor of the solid phase

C*  Mass concentration of the j component in the & phase (= p™ / p%)

C,... Material coefficient in equation (5.27)

d;  Rate of deformation tensor of the & phase

£¢%  Net mass transfer from the phase S to the j™ component in the & phase

£¢*  Net mass transfer from the phase £ to the phase &

E®  Internal energy of the j™ component in the & phase

E®  Internal energy of the  phase

E Energy gained by the jth component from other components in the same phase
E;,  Lagrangian strain tensor of the solid phase

E;, Material derivative of the Ey, with respect to the solid phase velocity

E:,  Material derivative of the EJ;, with respect to the solid phase velocity 7

Gravitational force on the j™ component in the & phase
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Gravitational force on the o phase

Gibbs free energy

Material coefficient in equation (5.23)

Material coefficient in equation (5.17)

Net external energy source for the jth component in the & phase

Net external energy source for the a phase

Material coefficient in equation (5.20)
Material coefficient in equation (5.22)
Momentum transfer to the j component due to interaction with other components in the

same phase

Material coefficient in equation (5.21)
Thermal conductivity tensor of the solid phase
Thermal conductivity tensor of the liquid phase

Isotropic thermal conductivity of the phase o

Total mass of j component in the & phase contained in V (= p™V*)
Total mass of the & phase contained in V (= p*V*)

Thermodynamic pressure in the o phase

Total thermodynamic pressure for the particle (solid+liquid)

Classical pressure of the & phase

Piston pressure applied in swelling experiment. See Fig. 2.
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P Atmospheric or reference pressure
Heat flux vector for the j™ component in the  phase
g7  Heat flux vector for the & phase

q, Total heat flux vector for the particle (solid-+liquid)

A

£O%  Net heat gained by the j™ component in the phase @ from the phase S

£O*  Net heat gained by the phase @ from the phase S

7 Mass transfer to the jth component due to interaction with other components in the same
phase

R}  Material coefficient in equation (5.29)

R,  Material coéfﬁcient in equation (5.28)

REV Representative elementary volume

t Time
1 Stress tensor of the jth component in the phase o
ty Stress tensor of the phase «

ty Total stress tensor of the particle (solid-+liquid)

se

ty Terzaghi stress

sh
tkl

Hydration stress
T%  Temperature of the j™ component in the phase «

T Temperature

A

PT%  Momentum transfer to the j" component in the phase @ due to mechanical interactions

with the phase S
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FT*  Momentum transfer to the phase & due to mechanical interactions with the phase £

u,”  Diffusion velocity of the j™ component in the phase &

v Velocity of the j"™ component in the phase a

v Velocity of the & phase

V*  Volume of the & phase contained in V

14 Sample volume used to compute total free energy and total mass

x;  Eulerian coordinate in the phase «

X¢  Lagrangian coordinate in the phase

Greek Symbols

6,  Kronecker delta function in Eulerian coordinates

0y, Kronecker delta function in Lagrangian coordinates

&®  Volume fraction of the phase o

n“  Entropy of the jth component in the & phase

n*  Entropy of the « phase

R Entropy gained by the j"‘ component in a phase by interaction with other components in
the same phase

6"  Thickness of the water layer between solid platlets. See Fig. 2.

o’ Thickness of solid platlets. See Fig. 2.

x’  Material coefficient in equation (5.26)

A, A” Isotropic material coefficients. See equation (5.35)

A%

Net entropy production for the j™ component in the & phase




A®  Net entropy production in the o phase

A Net entropy production in the system at mesoscale

4% Chemical potential of the j‘h component in the & phase

p?  Density of the j™ component in the & phase

p*  Density of the & phase

7%  Swelling pressure of the o phase

% Entropy flux vector for the j™ component in the & phase

&7 Entropy flux vector for the o phase

”;3“’ Entropy transfer to the j™ component in the @ phase from the S phase
4% Entropy transfer to the & phase from the § phase

V., Material coefficient in equation (5.22)

Subscripts

D Dissipative

eq Equilibrium

neq Near equilibrium

k,I  Coordinate indices

Superscripts

s solid phase
w water (or liquid) phase

a, B General representation of phases

J A given component of species
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Special Symbols

2y
%t Material derivative of a function with respect to velocity of ™ component in the & phase
%t- Material derivative of a function with respect to velocity of the & phase

v**  Velocity of the & phase relative to the solid phase (=v/' —=v;)

E%® = E% -E°
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II. Thermomechanics of swelling viscoelastic three-scale porous media with

temporal nonlocality

Introduction

The swelling colloids exhibit a hierarchy of scales and often there is a distinct scale
separation. Fig. 1 illustrates a three-scale (micro, meso, macro) system of interest composed of a
solid-matrix and solvating fluid. The solid matrix and the vicinal fluid (fluid solvating the matrix
surface) exist as separate phases on the microscale (of the order of microns). The homogeneous
mixture of solid matrix and the vicinal fluid at mesoscale is represented as a particle, A, in the
diagram. The particles themselves are immersed in two bulk phase fluids B and C (eg. liquid
water and water vapor). At the macroscale each constituent in each phase and the phases
themselves are considered as overlaying continua defined over all space. Most phenomenon
exhibited at higher scales are a manifestation of interactions taking place at smaller scales. The
macroscale swelling/shrinkage exhibited by these systems results from the solvation of solid by
the fluid on the microscale [1].

Many methods are available for upscaling information from lower to higher scales [2, 3].
We chose to use the hybrid mixture theory (HMT) approach. HMT involves volume averaging
of equations of mass, momentum, energy and entropy at the microscale to obtain equations at the
mesoscale. In a three-scale approach, the mesoscale balance laws are further averaged to obtain
balance laws at macroscale. At macroscale constitutive equations are formulated by exploiting
the entropy inequality in the sense of Coleman and Noll [4].

HMT was introduced by Hassanizadeh and Gray [5, 6] for non-interacting granular
porous media. Achanta et al. [7], Bennethum and Cushman [8, 9], Murad et al. [10], and Murad

and Cushman [11-13] extended these ideas to swelling and shrinking systems with multi-




58

constituents where interactions between phases play an important role. However, in all previous
works with HMT, the solid phase was assumed to be elastic and the liquid phase was assumed to
be viscous. These studies were either aimed at swelling soil systems [8-10], or were adapted for
polymeric systems from soil systems [7-9, 14, 15], for which the assumption of elastic solid
phase does not really hold. The systems exhibited viscoelastic behavior only at the macroscale,
which resulted from microscale interaction of the elastic solid-phase with the viscous fluid-
phase. These theories ignored the microscale relaxation processes of the natural clays, which
arise due to conformational changes in the flexible clay platelets [16]. These relaxation
processes provide a force term, which affects liquid movement through porous matrix [17-20].
This force term plays a fundamental role when the time-scale of relaxation is the same as the
time scale of the liquid transport. Incorporation of relaxation processes in the definition of the
chemical potential, stress tensor and balance laws would make them sufficiently general to
explain both Fickian and non-Fickian types of liquid transport, and general viscoelastic
deformation.

In a previous section, we developed a two-scale theory of swelling colloidal media,
which considered solid phase as a Kelvin-Voigt solid at mesoscale [21]. In this section we
extend our work by incorporating the third (macro) scale, and by further generalizing the solid
matrix to a generalized Kelvin-Voigt solid. This will make our work applicable to a large class

of polymeric and biopolymeric media subjected to a wide range of processes.

System Description and Notation
Meso and macroscale variables are represented by Greek and capital superscripts,
respectively. At microscale the variable volume fraction does not exist, because a spatial point is

either in the solid or in the liquid phase. In the homogeneous mixture formed at the mesoscale,

-
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the volume fraction of a phase is represented as £”. The solid and liquid components of the
particle are denoted as s4 and w4, respectively. At the mesoscale, the s4 and w4 interact with
the bulk fluids B and C and the macroscale volume fraction does not exist, because a spatial
point is either inside a particle, or inside one of the bulk fluids. At the macroscale the particles

and the bulk fluids B and C form a homogeneous mixture. The macroscale volume fraction of a

component is represented by £*. The fluids B and w4 are of the same type and the fluid C is of
different type. For example, the fluid B and wA could be considered as water and the fluid C
could be considered as oil or air. For simplicity, we assume that the interface between the two
phases is free from thermodynamic properties. Following the axiom of equipresence of
constituents [22], we assume at the outset that each phase contains the same sef of N-constituents
(some may be at zero concentration). Superscript K; represents the property of the jth constituent
in the K phase at macroscale. Hatted quantities, such as Lg% represent property transfer from
the phase L to the phase K. The hatted quantities like 7% represent property gained by the i
constituent within a phase due to chemical reactions. The complete nomenclature is presented in
Appendix B. We lay out the equations in indical notation using Eulerian coordinates. The
indices k and 1 represent the coordinate directions and repetition of these indices implies
summation. The use of capital indices such as K and L with certain quantities represents

Lagrangian coordinates. The indices k, 1, K and L range from 1 to 3.

Constitution

The macroscale field equations are applicable to all kinds of materials and are presented
in the Appendix A. These equations are closed for specific materials by imposing restrictions on
the constitutive functions through the axioms of constitution [2] and eﬂtropy inequality in the

sense of Coleman and Noll [3].
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At macroscale the solid phase is considered viscoelastic and the liquid phases, B and C
are considered viscous. We assume that the viscoelasﬁc solid is of generalized Kelvin-Voigt
type. Thus, the constitutive variables for the solid phase depend upon the material time
derivatives of the strain tensor from order zero to p. Due to its vicinity to the solid phase, the
fluid wA has different thermodynamic properties than its bulk counterpart B. Following is the

list of unknown variables:

4 B kK ~K; K LaK, K, K, LK, 2K, K, K; LAK;, K, K, aK,
&€ 98 :p aC :Vl ’T’ € 3r atk[s 7; ’l[ sA ,ql ] Q 5E ’77 377

j=1.N, K,L=s4,wA,B,C and K # L. @.1)

we consider only two volume fractions as unknowns because the third can be determined using
(A.7). The mass conservation equation (A.1) corresponds to the unknown C"*. The momentum
(A.10) and energy (A.19) balances correspond to vf’ and T, respectively. Additional equations
are obtained by considering the following variables to be constitutive or dependent:

A =B Kj K/ KI Kj LAK AK/ LK "‘Kj LAK< AKI AK!
& 98 :A 9q1 377 9tlds el:r ’ T;jsll ] QJ:E ,17

K,L=sA,wA,B,C and X = L.
The constitutive variables are considered to be functions of the following set of independent

2.2)

variables:

A B _A B
& :g sg'lag,laTsT:la

sA sA4; sA (”31 sA (.TA)
P C By, Ey Ey s By

wA wA;  wASA4 WA wA WA

P ’ C ! ’ v[ ’ u[ ! ’ dkl ’ uk,lj ’ (2'3)
B B/ B,SA B, B B,

pPLCT Vv dy, w,
C ¢, .84 ,.C c ,C

pLC vy ’dklauk,l'

where m = 1 to p. In (2.2) and (2.3) the time derivatives are computed by following the velocity

of the solid phase at the macroscale:

DS _89

9= =— 9 .
Dt ot LY 24)
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(m  p="
9= D m.9
Dt
where m represents the order of the derivative. Before upscaling, all independent variables had a

2.5)

corresponding equation at the microscale except eX(K=4,B). As £"did not exist at
microscale, it remains unaccounted after upscaling the microscale equations. This is the closure
problem, and following Bowen [23], we close the system by postulating that £% is a dependent
variable. The variables £¥ and &f account for the liquid-solid interaction at moderate to high
solvent contents. The liquid-solid interaction occurs through solvation forces, which lower the
chemical potential at the interfaces in comparison to the bulk liquid [1, 23-26]. This causes
liquid movement from the bulk phase to the interface, pushing apart the solid, which in turn
produces swelling.

The system under consideration is assumed to be governed by single time scale

dependence on the volume fraction. Therefore, in our list of independent variables we include
both volume fractions (¢4, &%) at macroscale. In such a system the macropores are not in direct

contact with the surrounding medium and they drain (or absorb) liquid only through micropores.
The systems of dual porosity type, where both micro and macropores could directly exchange
fluids with the surrounding medium, are governed by both meso and macroscale volume

fractions. Such systems were beyond the scope of our current study.
The Eand Ej;, account for the elastic deformation of the solid matrix. At low fluid
contents, E,’c‘z', incorporates relative shear between two solid surfaces separated by only few

molecular layers of fluid [11, 27]. In a connected solid matrix a macroscopic deformation results

in a gradient of the strain tensor, which is also captured by the E;,,. At the macroscale, the
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. (m)
viscoelastic nature of the solid polymers is captured by E} , m=1 to p; where (m) indicates the

order of the time material derivative. The variables Tand T, account for the conduction of

thermal energy at intermediate rates of heat transfer and we are assuming local thermal
equilibrium so only one energy equation is required. The viscous nature of the fluid phase is
incorporated through the dY (K =wA, B, C). The term u,f 4 (K = wA, B, C) leads to the viscous
resistance of the fluid phase to the diffusion of species. For most practical purposes, the
diffusion of species in the solid phase is negligible. Therefore, u,f'f,’ is not included in the list of
independent variables.

If both %6 and #* are zero, the &%, p* and Ej; cannot be varied independently as

they are related by the mass balance equation (A.3) and the equation, EZ = Xp kX “dy.

Similarly, ¢, p¥ and df (K =wA4, B and C) are related by the mass balance equations. To

allow greater flexibility in variation of these variables we weakly impose the mass conservation
equations in the entropy inequality (A.38) using the Lagrange multiplier technique [28].
Furthermore, this will allow making equations applicable to incompressible phases without re-
exploiting the entropy inequality. We modify the entropy inequality as follows:

TpA,., =TpA .+

+ Z PLS DX p")  x « K _ Z K K LsK

—— 248ty et ptte
K=sA,wAB.C Dt L=sA.wA,B.C
L=k
K K,
K D C ¥ K, K x K LAK (2'6)
+ 2 Zﬂ’ gp "‘""+(3/"”1’).1‘ Y, &priey
K=sAwA,B,C j=1 Dt L=sA,wA,B,C
LeaAd
K, AK K n
+ekplipt—ct Y e pFteét 1 2 0.

L=s4,wA,B,C
Lead
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where TpA,, is equation (A.38). The form of the mass balance equations for species [(A.1) and
(A.4)] was converted from density into concentration representation before substituting it in (2.6)

. Since the last two rows of (2.6) are independent for only N-1 values of j, we select 1% =0.
The axiom of equipresence requires that initially all constitutive variables should be
expressed in terms of the same list of independent variables until the contrary is proven [22]. It
can be shown that the Helmholtz free energies are functions of the subsets of the list [29].
Additionally, from physical knowledge of the system we know that the Helmholtz free energy of

4

the solid phase depends upon p™ and of the liquid phase depends upon p™”. Therefore, to

save computations we postulate the dependence of the Helmholtz free energies on subsets of the

list (2.3) as:
sA sAg A B SA SA; psA psA (’;)4
A = 44 (4,65, T, p* ,C*™Y E&A Efh .. ED), (2.7)
. 0)
A = 4 (4, 6%, T, p" ,C* JEst B2 ... Eg), (2.8)
AP = AP (e*,6°,T,p°,C™), 2.9)
AF = AF (e%,6°,T, p¢,C). (2.10)

All other dependent variables are considered to be functions of all independent variables in list
(2.3). The free energies appear in the entropy inequality (A.38) as material derivatives. Using
the chain rule, the following expressions for the material derivatives of the free energies can be

obtained:

sA 4sA ASA ) ASA . AsA . sA . N-1 __ .
B R e U S P E
j=
aAsA . P aAs (m+1)
KL "'=16Ef£1

.11)
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DWAAWA aAWA A aAWA B aAIWA T+ aAWA +Z WA/CWAJ
Dr oet . 08 or et T4
AWA GAWA (m+l) AWA w aAwA "
2 EsA i L KL . A, A 8A + 24 IA,sA 88’1
Y oEs =N de oc®
KL
(2.12
aAWA wA,sA aAw wAsA wA 1. wA,sA wA, )
+ Tv, T+6‘”’ +Zyv c
p Jj=1
aAwA aAwA s (m)
2y pretges 3 QA st ot
KL m=1 aEsA
DX4X 84X ., o4F 6AK oA¥ ., T~k - 6A
R m LA g el
(2.13)
+6A v el +6A 4T, +6AKV, P 1+Z,u ‘yksAck . K =B,C.
oe? orT op =

To obtain (2.12) and (2.13), we wrote total derivatives with respect to the solid phase using the

following identity:

K SA .
=2 DD:" +vig, K =wd, B,C. 2.14)

where, ¢ is a scalar function. C*¥ is a dependent variable due to restriction (A.8). This gives

rise to the relative chemical potential ;K’ in (2.12) and (2.13), which is defined as follows:

uosp -y,
. o @15)
24 K=sdwiBC, j=1.N.
ac*

Additional macroscale quantities of interest are:

o 04K

Thermodynamic pressure  p* = p Py K =54, wA, B,C, (2.16)
0
3 sed sA aAISA sA sA
Terzaghi stress L, =p S5 Xe kX1 2.17)
KL
. shA wA aAIw 4 sA _sA
Hydration stress b =P =X kX1 (2.18)
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The Terzaghi stress, £ is the elastic component of stress in the solid medium and 4 results
from physico-chemical forces between the solid and solvent [30]. In the entropy inequality, the

terms involving % and uk’ have N-1 independent variables and one dependent variable
because, Zp uK’ =0. Thus, the following identities due to Bennethum et al. [15] will be

needed to rewrite these terms as N-1 independent terms:

ﬁ:Ff’ = Zuk’ (F ] J (2.19)

$tuty =S| -2

K; . K K .
where, F,/ and Gk,’ are the vector and tensor valued coefficients of u,’ and u, ] , respectively.

N-1f K
G“J G{f~§j(p } b (2.20)
. i 1

P

Substituting equations (2.11)-(2.13) in the entropy inequality (A.38), using (2.6) and

simplifying we obtain:

K
Tpoh=- . &p* [g‘é’—+n")T

| K=sAwA,B.C oT

1 N Y Y
- et p A SOy g8 pB 20

* (gp 2t TP G P

+£ p g:i‘ A«SAPSA AwprA_'_leC}
C
_(8APSA aaji]B +£prA a141 +£CpC %_ABPB +ﬂCpC)éB

pK
+ Z & K (—_—K_ + ﬂK )ﬁk
K=s4,wA,B,C P

~K .
+ Z eK K(_# J +2'Kj Kj

K=s4,wA,B,C




+

N
sA; sA; sA
[(rwzp i + 2

=

N
K K
+ Z gx(tklf_*_zp juflu1j+leK5,d

J=l

N-1 X
S zgx[t"f—” the - p"1 4"8, + p" A5, + 45 p" 8, ]uf;
p '

K
T N
+ Z & A {qlx+ [ijulK/ (AK/ +%uf/ufl)—t§/u:/]}
j=1

j=
BA‘”‘ o4y ody”
_pA WA 1 A +_.L.58’ + WA-}- L T+
& p l: " & 688 ! 1’ aT N

aAwA
OES

+ 2 p* +Z we + B

Al

W A ( m) wA N-1

= "24
"o Em

j=l

ot , oA oAy

K=B,C

ep

p"’ffu)X?&Xﬁ]E’Z

2,

L=s4,B,C

SwA
LT;W

wA,sA
1

A
L

=s4,wA,B,C
L=k

X ek g A5k kv Bk k| ks
+ L R BTG S @ =2 AVC v
= =

N-1
K X 2K K K
DIER S B M A LA

K=sd,wd,B.C j=1 L=sdwAB.C
L*K

4 K 4K K K K PKI
o)) o 2] o

4 K,

&'p

L=s4,wA,B,C
LeK

)4}

~K, 2K
LT; N +ll N
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In the entropy inequality (2.21) the variables T, p*,C k. EY andu,
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- iaKpK’(—;-uf’u,K’+lK’)FK’

K=sA,wA,B,C j=1

N-1
- >, > & pttet (A," +lvf’“vf’“ +Ak -y ket ) (2.21)
K=s4,wA,B,C L=sAlw;{4,B,C 2 j=1

N-1
D> ZstK’LéK’(%uf’u,K’+/1K’) >0,

K=sAwA,B.C L=sAi\:f,B,C j=1
where, €%, (a =s,w) implies . We used AX¥ =0, while writing the last two rows of (2.21).

If the solid phase had been assumed to be elastic, the terms in the 7% row of (2.21), would have

been grouped as a coefficient of d'. However, since we are modeling the solid phase as

viscoelastic, d;; was converted to the independent variable E using the equation:
dy =Eg X X1 (2.22)
Non-Equilibrium Relations

(p+])
sA .
| are neither dependent nor

independent. They can vary arbitrarily. To satisfy the entropy inequality for all processes, the

coefficients of these variables must be zero. This leads to the following non-equilibrium

equations:
oA¥
&* p* (——1—+77K)=0 B.D
K=.\'A§/:4,B,C aT
pK
A¥ ==, K=s54,w4,B,C, (3.2)
Yo,
A5 =3, K=s54,wA, B,C, (3.3)
oA o 04
pH =+ P =0 (3.4)
oE%L  QEY
s4; -
G~ Lo = pt (4% -4 % ), (3.5)

Equation (3.1) implies that the sum of terms over K phases is zero, however in accordance with

the classical thermodynamics of one phase we make the following assumption:
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r]K——ﬂ K =s4,w4,B,C (3.6)
aT b 2 £ H . .
For single-phase viscoelastic solids p* (84" / 51«3’:) =0 [22]. Such a conclusion cannot be drawn

for multiphase systems, where viscoelastic solids interact with vicinal liquid, because in (3.4)

oA/ 6[52‘% is also involved.

In (3.5) we used (3.3) to replace A% with IIMJ . In the subsequent manuscript, we will
use (3.2) and (3.3) to replace 1* and A¥, with 2" and p*/p¥, respectively.
Equilibrium Restrictions

At thermodynamic equilibrium the following variables are zero:

(m)
+A B sA K K, s4 K, LAK
&€ ,EKL,dk,,uk,,T v, %, e 4.1)

here, m=1to p+1;j =1 to N-1 for ufj,uk ,andj=1toN for 26"/, K=wA, B, C for dj, and

K = sA, wd, B and C for other variables. The list (4.1) does not contain #* because it requires
the equations of chemical reactions, which we have not incorporated. At equilibrium the entropy

reaches its maximum value and the net generation of entropy, A, attains a minima. Thus,

OA/8x =0 and 8*A/&x8y 20. Where x and y are the variables in list (4.1). We obtain the

following results:

sA N aAwA aAB aAC "

gApSA SJA+€APA6;A+8BPBa;+£CpCaA p“—pA+pC"—"0, (42)
o4 i 04 oA? c 04F
e”p“—é—ﬁ%e”p 4 5 +e"pBa L +&p° F ~-p”’+p° =0, 4.3)
i = —p*5, + 15t + 1, 4.4
o4 wa 04

pH—t+p"—5-=0, m=l.p, 4.5)

9EY  OEY
ty =-p*6,, K=wA,B,C, (4.6)
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£ - L kv = i (A"f — Ak g )% K=w4,B,C, @.7)
p N
eqf =0, 4.8)
K=sA,wA,B,C '
K K
: Z X p¥ LT —eX p¥ ZAA e, — X p¥ ZAIB 8+ pXe,,
Lesdwd B.C 3 3 4.9
K=B,C,
wA wA
Z &4 p™ L];WA =—ghp™ "341'1 et - et p™ 4 O4; g4 pigt,
L=sA.B,C & oe®
4.10)
" aAwA Y aAwA (m) (
~&tp OEY, By =€’ ”Z o Exy» K=B,C,

m=1 a EsA

K ~K 2K K 5K, K
A Al S ARl

L=sAiwl,;1,B,C . L=sAiw;!,B,C
K
~K K K, [ 4K P’
i (ng /) [ng J (A Py )]1 _gKtklf {-;K_”—J , “4.11)
"'
| K =sA4,wA,B,C,
X N-1 L N-1
YL le IR R Z;f’ch K,L=sA,wA,B,C, K#L, (4.12)
J=1 p J=1
P = =g (4.13)

Removing the N™ component Dependence

In classical Gibbsian thermodynamics, when extensive variables such as number of molecules
are used as independent variables, the species equations do not depend upon the N* component.
However, in mixture theories when concentrations of species are used as independent variables,
the resulting equations become a function of the N component. To reproduce classical Gibbsian
results we follow [31] and choose the equilibrium chemical potential of the N component
appropriately. We take

tXx

w8, =45, —p—“K—, K =wA, B,C, (4.14)

sA “ tsAN tseA tshA
Y S A”5—"‘N+LM- .,
™ p” o p

(4.15)
Substituting (4.14) in (4.7) we get:
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K,

1595, = A58, -2 K =wd,B,C, (4.16)
p

K,

Similarly, by substituting (4.15) in (3.5) we obtain:

sA
sA sA ty’ 1 sed shA
uhs, =445, _#475(:,(, +54). (4.17)
Multiplying (4.16) and (4.17) by C*, summing over N species and using expressions for ty

[(4.4) and (4.6)], we retrieve the equation for Gibbs energy for the phase K:

N K
G =3CMuf = 4+ £, K=3s4,w4,B,C. (4.18)
j=l

Equation (4.13) says that the relative chemical potential of species coexisting in different phases
is equal at equilibrium. However in classical thermodynamics, the absolute chemical potential of

species present in various phases is equal at equilibrium. To obtain this later result, we rewrite

(4.12) as
K PK S K K X L PL &L L
A+ N CVp + =4y +—-) Cu? +u™,
L~ et Z (4.19)
K,L=54,wA,B,C, K # L,
and substitute (4.18) in (4.19), to obtain
y =y, K,L=s4,wA,B,C, K#L, (4.20)
Finally, substituting (4.20) into (4.13), we obtain the classical result:
#sA,. - #wA, - ,qu - 'uc, . (4.21)
To remove N component dependence from (4.11), sum this equation fromj=1to N
ngK z L]‘;lx_axpx Z LY";KN +;:IKN -
L=sAiw21,B,C L=sAi:w’4<4,B,C
& ~K, K X K oK 4K K Ky PK K K 4Ky
Z,u (a P J—-(s P ,)l-e ty ;'I?T +(£ p A )1’ (4.22)
J=1 ’ k ’

K =s4,wA, B,C,
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N " n N
Here we used Y. L% = ITX and Zi,K’ =0, since at equilibrium %/ =0. Using (2.8)-(2.10)

= j=

compute 4, as follows:

wA wA wA wA N-1~w "
AwA _ aA] A + aAl 83[ + aA aA +Z/j AjC A",I +

= £ T, +
F = A G S o Lt g P
w wd (m 4.23
oA (4.23)
aEsA KL, Z'T)‘ KL !
"1 9EY
0Af o4f GAK oA¥ B~k
AX =L gt e —LgP LT +— i+ ‘c*,;, K=B,C. 4.24
11 e S e T ar Tk P ,2,:” ' (4.24)
Substitute 47 ,, (K = w4, B, C) and LTX [egs. (4.9), (4.10)] in (4.22) and simplify to get:
| gxpx[ Z LT‘;KN +i’;K~]_(£Kp ) ,u +(6‘ pKAKN)J
i bt e (4.25)
| k0| P
i —-& tk,"( Kn) =0, K=wA,B,C,
| .
{ Finally, substituting (4.25) in (4.22) and reversing one step in derivation, we obtain:
eX p* [ DI i J = (stK’ ), ut -(a" pK’AK’),, K =wA,B,C. (4.26)
L=sA,wA,B,C ’ ’
LK

Near-Equilibrium Relations

In the entropy inequality, the coefficients of variables becoming zero at equilibrium [list

(4.1)] are functions of these variables. For example, the coefficient of T, is a function of

remaining variables in the list (4.1). To satisfy the inequality, these coefficients are linearized
using Taylor series expansion to form positive quadratic terms. Because of truncation, the
results hold only near-equilibrium. In the previous section we have clarified the linearization

procedure within the context of hybrid mixture theory.
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Here, we perform one term Taylor series expansions of the coefficients of all variables in

(m)
the list (4.1) except for the coefficients of T), Ey; andd,;, where we perform a two-term

expansion. To obtain thermoviscoelastic and thermoviscous effects we perform a two-term

(m)
linearization around T, and Eg for the solid phase; and 7, and d;; for the liquid phase. The

resulting linearization coefficients are a function of the remaining independent variables listed in

(@.1).

Thermoviscoelasticity
(m)
We linearize #;f and g;* about T, and Ey; . Let,

J=1

(Z J= wl + ol (5.1)

where, the equilibrium part is given by (4.4). Let us denote the solid phase coefficient of T, by
o

4 = g +Z[( Al u“’u ’)p“’u,""—t,ff’uf’] (5.2)

J=1
(m)
Substituting (5.1) and (5.2) into the 7, and EY terms of the entropy inequality (2.21), we get:

sA wd | (m+]) A
A yrod fas _ oA 4 04 4 04 sd €
& pty XKIcXLIEKL ﬁ P (m) —t P (m) Ey +

=l OES 0EY

Q,“TJ >0 (5.3)

(m)
Notice that in (5.3) upon linearizing .t appears as a linear function of Ej; whereas 4

(m) (m)
appears as a nonlinear function because linearization is performed on oA | EZ . If Ef =0 and

(m)
T, =0, then 84}/ Eg =0 and Q" =0. By linearizing we obtain:




73

p (m) )
= Z(GEMN E# x,:fxxg)+ HET, (5.4)
m=1
P (m)
O = Kg'Ty + D J Eanix En (5.5)
m=1

(m)
A . . I . .
where Gp,,, is the coefficients of m™" time derivative of strain rate (Ejy ). The coefficients

(m)

sA sA . 4, "
Gium» He, K& and Jg,, are not functions of Eg; and 7). Gg,y is a fourth order positive

semi-definite tensor responsible for stress dissipation due to relaxation processes within the solid

phase. H; and JEJV, are third order tensors. K;' is the second order positive semi-definite
tensor representing the thermal conductivity of the solid phase at macroscale. The Hji term
causes thermal gradients to affect the stress field inside an anisotropic solid phase. Because of
the JZM term, heat flux arises inside an anisotropic solid phase due to the strain rate. Given that

the third order tensors are zero under the full orthogonal group of transformations, H & and

J;"'?LM would vanish for the isotropic solids [32]. Due to symmetry of the stress tensor and the

strain rate, the third and fourth-order coefficients satisfy the following symmetry relationships:

A s A
Geum = Glomw =G> m=1..p,
H =H2 . (5.6)

Jo, =Ja., m=l.p.
By substituting (5.4) and (4.4) in (5.1); and (5.5) in (5.2), we obtain the following near

equilibrium equations:

N P a4 m
14 = —p“S, +1et 1 = plutiu + Z[G;,MN ES x,j‘f,{x,‘i)+ H{T,, ;.7
J=1 m=1
1 D a1 s s A, A A L ('3
gt = ty'u | 4 ’+—2—uk’uk’ P U |+ KT+ T %k Efy- (5.8)
Jj=1] m=1
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Thermoviscous Effects

We can similarly, linearize about dj; and T, to obtain the following near-equilibrium

equations for #5 and g :

bl = =P Gy + Ol + HigT,y = ,Z,”K"‘" i (5.9)
K=wA,B,C,
N 1
K= [Kf X, [A e uK/u ) Kjqu +KKT +GK dK
q, ;I:k] u, ) k P Y K~k Imn**mn (510)
K=WA,B,C-

Here, v}, is a fourth order, positive semi-definite viscous dissipation tensor. Similar to the solid

phase, the third order tensors, H,, and Gf, introduce the cross-effects of the temperature
zradient on the stress tensor, and the rate of deformation on the heat flux. For isotropic fluid

phases HX and G, disappear. Due to symmetry of the stress tensor and the rate of

imn

deformation tensor, the vf , Hy and Gf, satisfy the following symmetry relationships:

Dklmn = Ullmm = Uklnm

HE, =HE, (5.11)
G =GX, K=wA,B,C.

Remaining Near Equilibrium Equations

To obtain a more general equation for the chemical potential of a species in the solid
phase, we may choose the near-equilibrium chemical potential of the N component in a very

special way. We take

I
“”5 A‘A”J psAN+plsA(t,ffA+t,f, +ZG"’ kax,L+H,f,f,,Tm), (5.12)

m=1

Substituting (5.12) in (3.5) we obtain:
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A, ™ £ 1 A | shd | O o ('3 A4 _sA A
pis, =AM, -~ +,_o;’7 TS o +ZG,;'LMNEka,Kx,’L+HHmI:m X (5.13)

sA
1 m=1

(m)
In the solid-phase chemical potential (5.13), the term ﬁGEM Egp xixx;7 has not been reported

m=1
in previous colloidal-media studies. This term implies that the solid-phase chemical potential of

the swelling systems is a function of varioust orders of strain rate.
. . . . . . A B K, LAK, KA K, .
Performing singe-variable linearization about £°,£°, 4,7, "¢/, v; and »,/, we obtain

the following near-equilibrium equations:

sA wA B C
o4 o4 oA4? oA°
A _sA 1+8A wA 7 +€B B__I_+CC_]__ B+ C=—MBéB, 5'15
vl e R v i A (5-15)
K,
58, =Cl 5, + 496, ~ 2, K =w4, B,C, (5.16)
P
u = = gt ——lz-u,L’u,L’ +-;-u,"fu,"f, K,L=sA4,wA,B,C, K#L, (5.17)
z ngK Lf;‘wA - I:lvAvlwA,sA +pr£A,k
L=s4,B,C
5.18)
aAwA aAwA aAwA p aAwA (m) (
A _wA 1 A ] B i sA 7 SA
—'p™ | et e 'k+6E;g1 Eﬂ,k+;-——("& Ey,
0Eg;
K K

eX pX X = —REVE 4 pX ¥ -5 p* (ZA’A &+ BA,B SB,I:),

L=sA,w4,B.C £ o€ (5.19)
K=B,C,

ngK, (L]";‘Kj +ka’)=—Rk§’uf’ +,uK’ (8KPKI),, _(SKpK,AK,)k

LesAywd,B.C ’ - (5.20)

K=wA, B,C.

. K LK K . . . .
The coefficients M4, M®,C,. ,x ', R} and R’ are the linearization coefficients of these

equations. We did not linearize about u,fA ’ because in our system solid-phase diffusion was
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assumed negligible so that u;:A" was not an independent variable. Hence, the coefficient of U

cannot be a function of ;" .
Total Stress and Heat Flux
The total stress tensor and total thermodynamic pressure at macroscale are obtained by

summing over the solid and the liquid phases [30]. These are defined as:

ta= D, &4 (5.21)
K=sA,wA,B,C

p= 2 &pF (5.22)
K=sA,wA,B,C

Substituting (5.20) and (5.22) in (5.30) and using (5.31), we obtain:

m=l]

)4 (m)
t, =—poy + & [t,f,"’ +t,f,"" + Z(GEM E,’g x,f’fo,’L)-l- H,f,’f,,Tm}
(5.23)
+ Y & (vl +HET,)

K=wA,B,C

N
K, XK, K . . o
Here, the second order term E p 'u.'u,’ was neglected because the diffusion velocities are of
j=

w m
small magmtude In the total stress tensor equation (5.32), the G2, Ext X, Kx,"’i term accounts

for the relaxation processes within the solid polymeric matrix. In the previous porous media
studies [5-10, 12], this term could not be obtained due to the assumption of an elastic solid phase.

The total heat flux of a particle can be taken as [33]:

a= ), &4 (5.24)

K=s54,wA,B,C

Substituting (5.21) and (5.23) in (5.33) to eliminate ¢;* and g we obtain:

1 x, x,\ x, «
a= Ze"[t,d u,’ [ Ch—ugu | pu |+ Y, e KT+
K=sA,wA,BC j=1 2 K=sd,wA,B,C

(5.25)
2y A, ) KK K
ZJz?zMxl,x Ejy+ Z & Gy,

m=1 K=wA,B,C

Given that diffusion velocities are small, the third order term in %,/ can be neglected.
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Isotropic Stress and Heat Flux
If the solid and liquid phases have isotropic properties, the third order tensors disappear.

The second and fourth-order coefficients follow these relations [32]:

KX =K*65,, a=sd,w4,B,C
sA sA SA
Geum = A" 0O + 1™ (SiasOry +8wO ) (5.26)
vf = 158,6,, + 1* (60O +6,01m), K=wA4,B,C.
Substitute (5.35) in (5.32) and (5.34), and simplify to obtain the following equations for the total

stress

pf 4 M u
t, =-pé, +&* [t,ff"+t,f,""+2(/1'" Eg cif +2um Eg xiexin ||+

= (5.27)
e (A¥8,dk, + 24 dy),
K=wA,B,C
et =xt xh, (5.28)
(here c,:f-l is the Finger deformation tensor for the solid phase) and the heat flux
N
= 3 Y& [r,ffu,ff —(AK’ +lu,{‘fu,ff J plul ] + > KT, (5.29)
K=sA,wA,B,C j=1 2 K=s4,wA,B,C

Note that the coefficients G,y Ho 0f Hi A",y A% and u¥ are not functions of the
local thermal gradients because a two-variable Taylor series expansion was performed. The
remaining terms in the stress tensor equations (5.32) and (5.36) depend upon Af, which is a
function of temperature but not of temperafure gradient. Based upon these equations the stress
field inside an anisotropic system is a function of the local thermal gradients. But inside an
isotropic system it depends upon temperature only. This simplifies experiments because the
anisotropic systems require measurement of material coefficients as a function of local
temperature only. In isotropic solids both material coefficients and stress fields require only
temperature dependent measurements. In earlier works the material coefficients were a function

of the temperature as well as the temperature gradient at different spatial locations, because one
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variable Taylor-series expansions were performed. Similarly, in our heat flux equation, the
material coefficients are not functions of the strain rate. The strain rate affects heat flux of the
anisotropic system only (5.34), but not of the isotropic system (5.38). Similar deductions could
be made using one-scale thermoviséoelasticity theory presented in reference [22].

Generalized Darcy’s Law
Note that Darcy’s law used in porous media literature is often called Fick’s law in

polymer science literature. Here we let Darcy’s law apply to flow of fluid phase and Fick’s Law

to transport of species. By substituting Z Lf;K [egs. (5.28), (5.19)] and ¢ from (5.22) in

L=sA,wA,B,C
L*X

the momentum balance equations [(A.12), (A.14)], and neglecting the inertia and the second

: K .
order terms in %, /, we obtain

aAwA aAwA aAwA
RwAva,sA = —EA wA "'SA wA ' EA, + '] 8B + - EsA
u Vi Dk P et k Py o aEzs& KL,k
2, 04, 4@ A, wA wd Appwa A _wA_wd 30
+ (m) EKL,k +(£ Uklmndmn ), +(8 HltlmT:m), +& p gk ’
m=lg g4 ’ ’
RK K,sA _ K _K K K aA]K A aAIK B K K dK
,dVI =-—£ p ,k—g p 66.'4 & ,k+aeB & 'Y +(£ uklmn "'”)l
; (5.31)
+(e“H};,T,, )J +e¥pkgk, K=B,C.

The thermal gradient term and the last term in (5.39) and (5.31) are new. We will disucss this

further subsequently.

Generalized Fick’s Law

Substitte >, 1, +3% from (5.29) and 1y’ from (5.16) in the momentum balance

L=s4,wA,B,C
LeK

equations for species [(A.10), (A.13)] and neglect the inertia terms to get
Ryuf =—-eXp" p®  + 65 p%i gl +(8K Pk o ): . (5.32)

kimn**m,n
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This form of Fick’s law is similar to that obtained for the colloidal systems in previous studies

[30]. The last term in (5.40) is often neglected in literature as it is of second order.

Swelling Pressure

Swelling occurs due to liquid transport from the bulk phase, B, to the particles, A.
Derjaguin and Churaev [34] defined swelling pressure at mechanical equilibrium to be the
difference in pressure between the particle interlayers and the bulk fluid exchanging fluid with

the interlayers. Following this definition we take swelling pressure as:

" " a AWA
7 =(£”p AEIT—pSAJ-pB - (5.33)
&
Achanta et al. [7] showed that (5.33) leads to the empirical swelling pressure relationship of Low
[1]. This relationship is:

¥ = Aexp(6° /"), (5.34)
This equation indicates that swelling pressure decays at an exponential rate with increase in

spacing between parallel solid platlets (or liquid content of particles).

Eliminating &?p"04;" / 0&* between (5.33) and (5.14) we obtain:

z"=p"—p?—p¢ -M&. (5.35)
Here we assumed that :
04"
=0, 5.36
oe™ (5-36)
6./1}3 aA,C
—_—lt = =0, 5.37
oe?  oet (5-37)

Assumption (5.36) holds except at the lowest vicinal liquid contents. At very low vicinal liquid
content, the layers of liquid molecules will exert stress on the molecules of the solid phase,
which would make the free energy of solid phase a function of the liquid content. The

assumption (5.37) is true for unconfined bulk fluid phases. This assumption could also be made
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for a bulk fluid phase, which is free to move inside a connected porous matrix. Notice that the

first three terms on right hand side of (5.35) relate swelling pressure to thermodynamic pressures

at thermodynamic equilibrium. M“&* is the near-equilibrium term relating time dependent
swelling of the matrix to the swelling pressure. This term is similar to Thomas and Windle’s.
[35] equation (9), used for relating swelling pressure to the Case-II sorption of solvent in the

polymeric matrix.

Darcy’s Law - Swelling Pressure Relationship
Eliminating & p"04)* /6&” and p™ from (5.30) using (5.33) and (5.35), we obtain the
following equation for the flow of vicinal fluid:
RIZ'A wAsA _ (8 . )k Y (MAéA ) (gszgnde ) ( AHI:IV:Tm) +8prAgl:vA
wA wA wA  (m) (5.38)
-&p™ oA on, 94 ES, +Z o4, Eg, |-

oe® " OEy w5 é";,),

On the right hand side of this equation the first two terms resemble the Darcy’s law equation (7)

obtained by Achanta et al. [14]. These account for the interaction of the solid matrix with the
fluid phase, which leads to time dependent swelling. The third term is called Brinkman’s
correction in the porous media literature. It accounts for the viscous resistance to the flow of
liquid in the fluid boundary layer formed on the surface of the solid. In high velocity flows, this
term will have significant magnitude, but it is often neglected at low fluid contents. The fourth

term is novel. It gives rise to flow via thermal gradients for anisotropic fluids. For isotropic

fluids this term will vanish. In the earlier porous media studies, the coefficient vy, was a

function of T,. Thus, the thermal gradient effect was neglected when the rate of deformation
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term was dropped. For anisotropic fluids of low thermal conductivity, the thermal gradient term
could be significant in magnitude even when flow velocities are small.

In the second line of (5.38), the first term in brackets appears only when three phases (A,
B, C) are present at macroscale. It causes flow of vicinal fluid due to gradient in bulk phase
liquid content. The second term in brackets has been reported by [11, 27]. At low moisture
contentS when a few layers of fluid are present, the free energy of the fluid phase is a function of
the shear strain in the solid phase. At high moisture contents, the solid phase alters the liquid
free energy only through normal components of the strain tensor and this term reduces to the
swelling pressure [11]. The last term is nonlinear in various order time derivatives of strain rate.
It couples the effect of near-equilibrium relaxation processes with fluid transport when the time
scale of relaxation is similar to the time scale of transport. Such coupling has been suggested for
predicting the non-Fickian transport of fluids in polymeric materials [17-19]. Thus, our
equations are sufficiently general to describe both Fickian and non-Fickian transport of fluids in
porous polymeric media. Using single scale theory of continuum thermodynamics Lustig et al.
[20] obtained a similar effect of polymer relaxation on diffusion velocity of low molecular
weight fluids. To our knowledge, this is the first attempt to obtain this coupling at the

macroscale in a three-scale theory of swelling porous media.

Conclusions

We developed a three-scale theory of swelling viscoelastic systems. At the microscale,
we considered interaction of the vicinal fluid with solid matrix. At mesoscale, the homogenized
vicinal fluid and solid phase interact with two bulk fluids. The mesoscale particle and bulk

fluids form a homogeneous mixture at macroscale. The solid phase was modeled as a
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generalized Kelvin-Voigt solid and the liquid phases were assumed viscous. Thus, we accounted
for the relaxation processes within the solid matrix, which have been ignored in the previous
polymeric porous media studies. The macroscale viscoelastic nature of our system resulted from
two micro and mesoscale effects — the relaxation of the solid on the microscale, and the
interaction of the solid phase with the viscous fluid at mesoscale and bulk fluids at macroscale.
We obtained novel equations for the total stress tensor (5.23), chemical potential of the solid
phase (5.13), heat flux (5.29) and generalized Darcy’s law for vicinal fluid (5.38), which are
applicable to a large class of porous mateﬁals. The generalized Darcy’s law for vicinal fluid
incorporated the effect of stress relaxation on transport of fluid. Literature suggests that such
coupling between stress relaxation and fluid transport can describe both Darcian and non-
Darcian phenomenon [17-20, 35]. The form of the generalized Fick’s law (5.32) remained
similar to that obtained in previous colloidal media studies. With two-variable Taylor series
expansions, the thermal gradient effects were coupled with the rate of strain tensor of the solid
phase and the rate of deformation tensor of the liquid phase. This made material parameters of
the equations involving stress tensor and heat flux independent of the thermal gradient effects,
and thus their experimental determination becomes easier in comparison to the parameters
obtained in the previous porous media studies. Additionally, two-variable linearization helps
make clear distinctions between the stress tensor, heat flux and Darcy’s law equations for

anisotropic and isotropic systems.
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Appendix-A

Here we present the macroscale balance laws of Bennethum and Cushman [8], which
were obtained by averaging the mesoscale balance laws. The equations for bulk fluid phases
have similar form at meso and macroscale.

Mass Balance

The macroscale mass balance equation for the ™ species in the particle is:

D™ (& paA’ ) 4, aA A 1 nad A; nad
Z L Cagtptiii= Y et pt e e pt
Dt L=sA,wA,B.C (A1)

LraA

a=w,s, j=1.N

. . . —=A
Here, the macroscale variables were obtained by volume, ( )A, or mass averaging, () , the

mesoscale variables in the phase A as shown in the following set:

A —A
aA a @ ad a
P ’=—<£ p’) s VY ’:—v,’ R

Al 1 a a a
Lgad, =T JEP j(vklAL, —vk’)n:’da, L=B,C, a=s,w (A2)

" p™ |AV| as,

N7 Al ; ~AaA A
PAGHYy = PAGS P =% B=sA,WwA, azpf.

Here, |Av| is the volume of the macroscale REV, AA,, is the surface area of interface between

the particle and the bulk fluid, v, | L, is the velocity of the j™ component at the particle-bulk fluid

interface and #? is the vector normal to the particle.
Summing (A.1) for N species yields:

ad A _aA
D p7) )+8APaAVZf = Yy pre a=w,s (A.3)

Dt K=sA,wA,B.C

K»at

For the bulk fluid phase the mass balance equations for the species are:

K Kk K
DV (e p’ K A ,\
___(__E___)__I_gl(p lvf[J = Z 8Kij LeKl +£KijrKj’
Dt L=sA,wA,B,C (A4)

K=B,C, j=1.N
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Summing (A.4) for N species, we get:

K K
DF(EpY) , P e pkeX | K =B,C. (A.5)
1l
Dt L=sA,wA,B.C

L#K

Relationships between the macroscopic species variables and their bulk counterparts are:

Yk K p Z K K
p _ij C’=—— Z Iy,
g = (A.6)
gk =3 chteh,  L#K, LK =s4,w4,B,C.
The following restrictions apply:
e+ & + &€ =1 (A7)
ZCKJ =1, Z piFt = (A.8)
L ki Kgli 4 oK KJL"KI._
Ep +&°p 0, (A.9)
» K#L, K,L=sA4,wA,B,C, J=1..N.
The £* arising in (A.9) implies &*.
Momentum Balance
The macroscale momentum balance equation for the jth species in the particle is:
8ApaA, DaAlvlaAj —(8AtaA’) gApaAjgaA, - Z SApaAj Lpad; +8,4paA,;.‘aA,
Dt ook " didac : b (A.10)

a=w,s, j=1.N
The macroscale variables in (A.10) are related to the mesoscale variables by the following set of

equations:
e 4
“AJ = A-;A =4 ’;;A a; ad; _ A
Ty =PV v LY = ‘Vk 9gl =g’
Lpad a a 7 A
T4 = = “A’IAV| I [tu/+pfv,f (Vk| v )] da, L=B,C (A.11)

A~ AA A ~A~AA

b |
pafed; o PRy Pyl 3N =i 4P WY a, f=s4,wA, a*p.
Summing (A.10) from j = 1 to N, we get momentum balance equations for the solid and liquid

phases present in the particle:




ad  ad

D* ~nad

8ApaA 1 —(8AtZA),k _'gApaAgIaA - Z 8ApaA L];a , a=w,s.

Dt L=sA,wA,B.C
LraA
For the species present in the bulk fluid phases:
x, D' K K, K K, LpK K; 2K
K 1 K K — K L K 2
g p’ -t ) p '8 = Z ep T +eTpy,

Dt L=s4,wA,B,C

K=B,C, j=1.N
Summing (A.13) from j =1 to N, we get:
K KDKVIK K K K _K_K K K LAK
& pf - ), e e = D, &P, K=B.C.

D L=sA,.wA,B,C
L2K

Relation between the macroscopic constituent and the bulk variables are:

N
K K, K, K
tklf =Z(tkll -puy’),

j=1

ug' = v =g
y K, K <1 x K

gf =X.CYgl, M =)', LK=sdwABC, LK.

=1 J=

!

Restriction upon the source and sink variables are:

ul Lo A
3 o5 G5+ ) =0, €5 p" (RS + 1 )+ 4 p" (T . )=0,
=1
K>L': ~,L', K=#L.
The £*4 arising in (A.18) implies £*.

Energy Balance

The equation of conservation of ener: - the j™ species in the particle is:
ad; ~aA
4, DVE™ A, ad 4_aA A, L ad
&' p™ Y —— = vy ('), — " PR =

Dt
. Z £ApaA’ LQaA/ +€ApaAanA/’ a=w,s, _]=1N

=sA,wA,B,C
Lrad

85

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)
(A.17)

(A.18)

(A.19)

The macroscale variables in (A.19) are related to the mesoscale variables by the following set of

equations:
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wh g L
E™ = +§v, v,

A
A ~A~4a —_A 1 o~ A~ 4
ad; _ [ a a e ad; ad, a; a,  _a
q =<q, ) +t] v,/ -p v’ E +-2—vk Vv, ,

A

A ~—A

ad; _ 19 a; a;
Ko =h'+v’ g’ |,

—4
LH4; - 1 al % a; E'ZA 14
Q = TJ!T— & p vk IA.L - vk + —-v, v,

A
+H v +q) :ln,fda, L=B,C,

nat  GEA oAt A4 | A
PADY = Q% 4 PT™ Y 4+ P8% | E¥ +5v,’ v’ ,

R e o S ] o B B o
E /E /] +l[j v[j +rl E! +_5vll vll R

(A.20)
a,f=s4,wA, a=p.

Summing (A.19) over N species, we obtain the following equations for the solid and liquid

phases forming the particles:
A A aAEaA Asad ad A ad A A ad
g p* "'—5;——5 iy —(&°q7), - p*h* =
n (A21)
6.ApaA LQaA, a=w,s.
L=sAL,::1:,B,C
For the species present in the bulk phases:
K, K,
o 1 B R — (R qf), ~ ¥ pH =
. . (A22)
> &fp QN+ pMEY, K=B,C, j=1.N,
L=sAi|:'/{4,B,C
Summing (A.22) from j =1 to N, we get:
K K XEX K
& p T—e"tk'fv,,k _(3K41K),1 -&Xp*h* =
(A.23)

eXp* 0¥, K=B,C.

L=sA,wA,B,C
LeK
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The macroscopic constituent variables are related to their bulk counterparts by the following set

of equations:
ek pok 1 K K
E =ZC I(E }+5ukjukj),
J=1

Y 1
K K, K K K K| pK K, K
q = E [q,’ +t U —p ’u,’(E ! +-§uk’uk’)},

J=

W = fc"f (hKf +gluf ) (A.24)

=

LQK - ZN:CK’ [LQK/ + Lf;KquK/ + Lé"‘; (EKJ'K +luf/uf/ J]
= 2 ’
J=1
L,K =sA,wA,B,C, L#K.
The following restrictions apply:

u 1
ZPK] [EK’ +1,K’V,K’ +F (EK’ +§v, ’v,K’ )] =0,

j=l

K AK 2 K K K 1 K, K
e p *‘[LQ N R (E s +5vg Iy, ’)]+

(A.25)
g p"” [KQL’ T (EL’ +%V,L’vf’ )] =0,
K,L=sA,wA,B,C, K #L.
The £ arising in (A.25) implies &*.
Entropy Production
The equation of entropy balance for the j™ species in the particle is:
ad; ad
EAP“A/ D J /l _(£A¢a/1/) —€ApaAjbaA/ -
Dt o
A aAd, I Yad; A _aAd, nad A _ad. . ad (A26)
Z P v pTIN v TN, a=w,s, j=1.N
L=sA':z.j,B,C

The macroscopic variables in (A.26) are related to the mesoscale variables by the following set

of equations:




—A4 —A A
ad;, __a ad; ad; [ e ad; a;
n=ﬂ,b=b,,=,—pvn,

L¢“”J = A aA _“ l: k +p 77 (v"IAL- —v:j )}':da’ L=Ba C,
IAVI AAy ’
N —a—a" o —A—a"
ﬂA¢“A/ = ﬁ¢“f + % 77"’1 77""’1 = 77 +7Y n"j ,
—
A =AY a, f=s4,wd, azp.
Summing (A.26) from j = 1 to N, we obtain:
4 _as D™ (oA gad A adyad _ g ol 2ad | A adjad
g P ———(&"¢"), & P = Z ™+ pT AT,
Dt L=sA,wA,B,C

Lrad

a=w,s.

The entropy balance equation for the species present in the bulk fluids is:

K s .
£ p" DD S Cal N -€" pUbY =
S K pNiigt v X pM 45 p AN, K=B,C, j=1.N
L=s4,wA,B,C

Summing (A.29) over N species, we get:

K

D*y
e p* —-—-(8 ¢5),—&"p"b" =

Z 5 p* Hg¥ + 5 p*A¥, K =B,C.

L=sA,wA,B,C
LK

The relations between the macroscale constituent and bulk variables is:

ud K, K J. ¢ s K K, K, K
=ZC ', =Z(¢11-p n /uli)’
N Kb

1 J=1

bK=ZC y K_,’L¢?K=§:CKJ(L¢?K,+LéK,ﬂKJ,K),

J=1 j=1

N
AF =) CYAY LK =s4,wd,B,C, L= K.

j=1

.

The following restrictions apply to the entropy balance equations:
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(A27)

(A.28)

(A29)

(A.30)

(A31)
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& K[ Ak L 2K K

Zp /[ﬁ 47 n I:I:O’

j=1

&5 p" (L¢?Kj +LéK,ﬂK,)+ngL/(K¢;L; + KéL;ﬂL/)=O’ (A.32)
K,L=s4,wA,B,C, K=#L.

Total Entropy Inequality

The entropy inequality states that the net rate of generation of entropy inside the universe
is always greater than or equal to zero. Thus, at macroscale all independent processes taking

place inside the body must satisfy the following inequality:

N
PA = Z(s‘ PN + et p N 4+ % pPI A% + €€ pSIAT ) >0 (A.33)
Jj=1
We assume that at each spatial location inside the body, different phases are at local thermal

equilibrium. The temperature is allowed to vary from one spatial location to the other

T =T =T? =TC =T. (A.34)
We also assume the sources of entropy are solely due to heat flux and the body source of heat.

Thus, our system is thermomechanically a simple system

X qKJ K hK’
/) / =—}—,", b =T, K=SA,WA,B,C. (A.35)
Since entropy cannot be directly measured from experiments, a Legendre transformation is
performed on E™ to convert it into the Helmholtz free energy, A%, which is a function of

temperature

45 =EY —T0" (A.36)
Summing A" over the N components, we obtain the inner part of the total Helmholtz free

energy

N
AF =Y ch 4", (A37)

J=1
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Eliminating #* between the equations of energy and entropy balance and simplifying, we get

the following entropy inequality. The &** in this equation implies £*.

D*4X DT
T oA =— K K + K
a 2 & ( o D

K=s4,wA,B,C

N
K, K, K
+ Y faf| g+ Py
K=sA,wA,B,C

Jj=1

v 3 S (i -ptA%)

K=sA,wA,B,C j=]

SKT X K 1 x, x K, K
+ Z q, +Z u, ’( +——u,,’u,,’)—tk,’uk’
k=siwdpc T 2

N
K Kk K;2K K K, LK K K; 4K
- Z Zuljgpj’lj Z e p L+ pAY),

K=sA,wA,B,C j=1 -sA,wA,B .C

. K_K.s4
N Z Z P pK LT K
K=sA,wA,B,C L=sA,wA,B,C

K=L

1 ul K, K, K LAk, | ~K
= Z ng Jul/uI/ Z et 4t

2 K=sA,wA,B,C j=1 L=sA,wA,B,C
LeX

1 (A.38)
_ Z ngKLAK(AK_*_ lesAlesA]
K=sAwABC Lesdwd,B.C 2

here,

dk =';‘(Vf,1 +v,’fk), K =sA,wA,B,C. (A.39)




91

Appendix-B
Latin Symbols
A% Helmbholtz free energy of the jth component in the K phase
A¥  Inner part of the Helmholtz free energy of the K phase
b*  External entropy source for the ™ component in the K phase
b¥  External entropy source for the K phase
c,f,”'l Finger deformation tensor of the solid phase at macroscale
C%  Mass concentration of the jth component in the K phase (= pK’ /1 p%)
C,f,{,,, Material coefficient in equation (5.16)
dy  Rate of deformation tensor of the K phase
Lg%/ Net mass transfer from the phase L to the jth component in the K phase
LgX  Net mass transfer from the phase L to th-
E*  Internal energy of the jth compe:: ~ < phase
EX  Internal energy of the K -
E®  Energy gained b i ;' component from other components in the same phase
EY  Lagrangian strain tensor of the solid bhase at macroscale
(m)
EZ  m™ order material derivative of the Ef; with respect to the macroscale solid phase
velocity
g,K /' Gravitational force on the j™ component in the K phase
g  Gravitational force on the K phase
G*  Gibbs free energy for the phase K




GK

Imn
G
n*

hK

q

LQ“K,

A
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Material coefficient in equation (5.23)

Material coefficient in equation (5.17)

Net external energy source for the j™ component in the K phase

Net external energy source for the o phase

Material coefficient in equation (5.17)

Material coefficient in equation (5.22)

Momentum transfer to the j™ component due to interaction with other components in the
same phase

Material coefficient in equation (5.5)

Thermal conductivity tensor of the K phase

Isotropic thermal conductivity of the phase K
Thermodynamic pressure in the & phase

Total thermodynamic pressure for the homogenized mixture at macroscale
Heat flux vector for the jth component in the K phase

Heat flux vector for the K phase

Total heat flux vector for the homogenized mixture of particles and bulk fluids at

macroscale

Net heat gained by the jth component in the phase K from the phase L

Net heat gained by the phase K from the phase L




~K
r]
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Mass transfer to the j™ component due to interaction with other components in the same

phase

Material coefficient in equation (5.29)
Material coefficient in equations (5.28)

Material coefficient in equations (5.19)

Representative elementary volume

Time

Stress tensor of the jth component in the phase K

Stress tensor of the phase K

Total stress tensor for the homogeneous mixture of particles and bulk fluids at

macroscale

Terzaghi stress
Hydration stress

Temperature of the j™ component in the phase K

Temperature

Momentum transfer to the j™ component in the phase K due to mechanical interactions
with the phase L

Momentum transfer to the phase K due to mechanical interactions with the phase L
Diffusion velocity of the j™ component in the phase K
Velocity of the j™ component in the phase K

Velocity of the K phase
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xX¥  Eulerian coordinate in the phase K

X% Lagrangian coordinate in the phase K

Greek Symbols

8,  Kronecker delta function in Eulerian coordinates

8, Kronecker delta function in Lagrangian coordinates

&*  Mesoscale volume fraction of the phase

& Macroscale voiume fraction of the phase K

Entropy of the jth component in the K phase

n* Entrop& of the K phase

A% Entropy gained by the j™ component in a phase by interaction with other components in

the same phase
5"  Thickness of the water layer between solid platlets. See Fig. 2.
5’ Thickness of solid platlets. See Fig. 2.

LK,

K Material coefficient in equation (5.26)

/’Ls'f, A¥ Isotropic material coefficients. See equation (5.35)

,us'f, 4 Isotropic material coefficients. See equation (5.35)

A% Net entropy production for the i component in the K phase

A¥  Net entropy production in the K phase

A Net entropy production in the system at macroscale

Chemical potential of the j™ component in the K phase

Density of the j™ component in the K phase




pX  Density of the K phase
z”  Swelling pressure due to interaction of particle A with the bulk fluid B

¢K’ Entropy flux vector for the ™ component in the K phase
#*  Entropy flux vector for the K phase

L¢3K‘ Entropy transfer to the i component in the K phase from the L phase

A

Lg% Entropy transfer to the K phase from the L phase
v4  Material coefficient in equation (5.22)

Subscripts

D Dissipative

eq Equilibrium

neq Near equilibrium

k, 1  Eulerian coordinate indices -

K, L Lagrangian coordinate indices

Superscripts

sA solid component of particle at macroscale

WA wafer (or liquid) component of particle at macroscale
B, C bulk fluid phases

a, B General representation of phases at mesoscale
K, L General representation of phases at macroscale

J A given component of species
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Special Symbols
Kl
o Material derivative of a function with respect to velocity of i component in the K phase
DK
o Material derivative of a function with respect to velocity of the K phase
vE*  Velocity of the K phase relative to the solid phase at macroscale (= v =v)

E** = EY - EX
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IT1. Multicomponent, multiphase thermodynamics of swelling porous media

with electroquasistatics: Macroscale field equations
Multicomponent, Multiphase Thermodynamics of
Swelling Porous Media with Electroquasistatics:
I. Macroscale Field Equations

Lynn Schreyer Bennethum * John H. Cushman f
March 5, 2001

Abstract

A systematic development of the macroscopic field equations (conser-
vation of mass, linear and angular momentum, energy, and Maxwell’s
equations) for a multiphase, multicomponent medium is presented. It is
assumed that speeds involved are much slower than the speed of light and
that the magnitude of the electric field significantly dominates over the
magnetic field so that the electroquasistatic form of Maxwell’s equations
applies. A mixture formulation is presented for each phase and then av-
eraged to obtain the macroscopic formulation. Species electric fields are
considered, however it is assumed that it is the total electric field which
contributes to the electrically induced forces and energy. The relation-
ships between species and bulk pbase variables and the macroscopic and
microscopic variables are given explicitly. The resulting field equations
are of relevence to many practical applications including, but not limited
to, swelling clays (smectites), biopolymers, biological membranes, pulsed
electrophoresis, and chromotography.

Key words: porous media, mixture theory, electrodynamics, averaging, swelling

1 Introduction

We attempt to address the following issue: in a composite or porous medi-
um, how do the electro-thermodynamic variables of each individual constituent
contribute to the electro-thermodynamic variables of the mixture as a whole?
In other words, given information about individual materials, determine the
relationship between the electro-thermodynamic properties of individual com-
ponents and the electro-thermodynamic properties of the averaged multi-phase

*University of Colorado at Denver, Center for Computational Mathematics, Campus Box
170, P.O. Box 173364, Denver, CO 80217-3364. bennethum@math.cudenver.edu. To whom
correspondence should be addressed.

tCenter for Applied Math, Math Sciences Building, Purdue University, W. Lafayette, IN
47907.
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multi-component material. We combine mixture theory and averaging to obtain
macroscopic field equations for a deformable porous medium in which species
may induce different electric fields but forces on the species are determined by
the net electric field of the mixture.

The constituent forms of Maxwell’s equations were first developed by Kel-
ly [24], although he did not consider deformable media. A binary mixture of
electro-magnetic fluids has been used to model plasma with single electric and
magnetic fields, see e.g. Kulsrud [25]. Benach and Miiller [2] applied single
electric and magnetic fields to model a mixture of dielectric fluids. The idea
of using multiple electric fields has been used historically in modeling a binary
mixture of superconducting fluids [9]. Eringen [14] developed a mixture theo-
retic approach for a multiple constituent electro-magnetic deformable medium
with multiple electro-magnetic fields and applied the model to combinations of
conducting/superconducting fluids and elastic solids. This article differs from
[14] in that multiple phases are considered, a different philosophy is taken in
the electric fields of constituents accounting for energy and momentum balance,
and the mixture may swell. Mixture theory alone does not allow for this de-
velopment. An upscaling approach is required to map microscopic information
into well-defined macroscopic variables.

On the microscale one can distinguish between phases or materials, while
the macroscale is defined to be the scale at which the material appears to be
homogeneous. There are several upscaling techniques to choose between: ho-
mogenization (matched asymptotics) [5, 12, 35], volume averaging in the sense of
Whitaker [31, 33, 34, 41, 42), spectral integral methods [17], generalized Taylor-
Aris methods [7], and hybrid mixture theory [1, 3, 21, 22]. All but the latter
of these methods upscale field equations and constitutive equations from the
microscale to the macroscale. The hybrid mixture theoretic approach that we
adapt does not upscale constitutive relations.

We present constituent, or species, electro-quasistatic equations for a mix-
ture, give the relationship between the species and single-phase properties, and
then volume average these governing equations for a multicomponent, multi-

phase medium to obtain the governing equations for the medium at the macroscale.

At this scale, the medium is viewed as a continuum where thermodynamic
properties for each constituent of each phase exist spatially everywhere. The
relationships between the microscale variables and the macroscale variables are
explicitly given. For ease of exposition we assume that interfacial properties
such as excess mass density, free charge on interfaces, and interface currents,
are negligible; although the present theory can be extended to incorporate these

effects [19]. The medium is referred to as multi-phase, but it is understood that

this includes composites (e.g. a medium composed of two solid materials), or a
porous medium, where the multiphases may be gas, immiscible liquids, and/or
solid.

Maxwell’s equations involve species electric fields, but the macroscale mo-
mentum and energy equations for species are based on the philosophy that the

force or work induced by the electric field acting on a species is generated by .

the total electric field. This differs from what has been done in the past [14, 24].
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The species electric fields are defined through Gauss’ Law since the charge and
polarization density are well defined for a species. The species electric fields
then manifest themselves in the macroscale equations through terms involving
gradients or time-rate-of-change of the volume fraction.

The resulting field equations may be used to obtain restrictions on admissible
constitutive relations by applying the methods of either extended thermodynam-
ics [30], or rational thermodynamics [13, 10]. The need for these equations, and
the explicit relationships between the macroscopic and microscopic variables is
demonstrated by the increasingly complex porous media being studied. Recent
examples include Huyghe and Janssen [23] and Gu et al. [20] who both use a
simplified version of the equations developed herein to model an incompressible
porous medium composed of an electrically charged solid phase saturated with
an ionic fluid.

2 Microscale Equations

| In this section we present the governing field equations at the microscale. The

| equations include mass balance, conservation of linear and angular momentum,

| conservation of energy, entropy balance, and Maxwell’s equations. The complete
form of these equations for a bulk phase (single phase with no species) are given
by Eringen [15] and Tiersten [38], and here we follow their formulation and
notation. The derivation of these equations follows from the particle level in
the spirit of Lorentz [27].

It is assumed that the dominant field source is the electric field and that
velocities are small compared to the speed of light (non-relativistic). Follow-
ing Melcher [28], the electroquasistatic system of equations are obtained by
non-dimensionalizing Maxwell’s equations, expanding each variable in a Tay-
lor series about the variable representing the ratio of the electromagnetic wave
transit time to the characteristic time of the problem, and taking the zero-order
equations as the quasi-static formulation. The difference between the electro-
quasistatic formulation and the magneto-quasistatic formulation arises in the
choice of the normalizing parameters: in the former a reference electric field is
used, and in the latter a reference magnetic field is used.

It is necessary to postulate governing field equations which hold for each
specie. Following Truesdell [40], we adhere to the following principles: (1) all
properties of the mixture must be mathematical consequences of properties of
the constituents; (2) to describe the motion of a constituent, we may perceive
it as being isolated from the rest of the mixture, provided we allow properly for
the actions of the other constituents; (3) the motion of the mixture is governed
by the same equations as is a single body. Further, due to the incorporation
of electric fields, some assumptions must be made regarding the form of the
momentum and energy balance laws. It is assumed that (4) the “primitive” form
of the balance laws is the one incorporating the work and force, and not, e.g. the
electro-stress tensors. This is in contrast to [8, 26] in which the electro-magnetic
stresses are considered the primitive quantity. The forms are equivalent up to the
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classical Maxwell’s equations, but are not equivalent in the mixture formulation.
Hence, until experiments prove otherwise, the choice is purely philosophical.
The last principle is that (5) within the electrical work and force terms in the
energy and momentum balance equations respectively, it is the total electric
field which acts on the species, and not just the electric field associated with
the species. This last assumption guarantees that principles (1), (2), and (3)
are not violated.

Although the form of the equations for the constituents is natural for some
balance laws (conservation of mass, conservation of charge density), it leads to
un-intuitive variables in other equations, e.g. the partial stress tensor. However,
we do not want to mix bulk phase equations with constitutive equations, and
hence formulate constitutive equations for all field equations. To account for
the effects of the other constituents, exchange terms, denoted by variables with
a carrot °, are introduced.

The species’ equations can then be summed to obtain the governing equation
for the phase, and the relationship between the species properties and their bulk
phase counterparts are then obtained. The details regarding this procedure for
the field equations with no electric or magnetic effects can be found in Trues-
dell and Toupin [39] or Bowen [6]. For the parallel development of Maxwell’s
equations, see Kelly [24].

We now present the governing equations for a mixture in a single phase
at the microscale assuming electroquasistatics. The relationships between the
species’ variables and the bulk phase variables are obtained by summing the
field equation over all constituents and relating the variables so as to obtain the
field equation at the bulk scale. These relationships are given in Appendix B.

Conservation of Mass

Di(p%)

Dt + (V- vf) = 7 @

where %;— is the material time derivative given by

Di 8 ;

—=—=+v.V 2

Dt ot @
and where 7 is the rate of mass transfer to species j from other species due
to chemical reactions. Summing over constituents we obtain the bulk phase

equation

22 1 (¥ -0) =0 (3)
with the restriction
N .
Y =0 (4)
j=t

This restriction merely states that within an isolated system consisting of a
single phase there is no net loss of mass.

102




Swelling Porous Media with Electroquasistatics 5

Gauss’ Law _
For this equation we introduce the electric field for species j, E’. Gauss’
law for constituent j can then be expressed as

V.-Di-gi=7 (5)

where D’ is the displacement vector for the jth component only, ¢/ is the charge

density of constituent j, and d is the excess charge density due to the presence
of other species. The displacement vector for constituent j is defined in terms
* of the electric field and polarization density as:

D =g E? 4+ P7, (6)

where ¢q is the permittivity in a vacuum. In MKS units, the permittivity has
the value of 8.854 x 10712 Farads per meter [28].
The species’ electric field, E’, must satisfy the restriction that the total
N

electric field, E, is the sum of the species’ electric field, i.e. ZEj =FE If

j=1
there is no external electric field then E is just the electric field generated by
all the species. There is no unique way of incorporating the externally applied
electric field into these equations. One could treat the external electric field as
the presence of another species, say species NN, in which this "external” species
has no other electro-thermodynamic properties. Then species N would have
no charge density, no associated polarization, etc. and these terms would be
set to zero in the governing equations. Alternately, a portion of the external
field could be assigned to each E’ so that E’ is the sum of the electric field
generated by species j and a weight, w?, times the external electric field. The
weights must sum to one, and may, for example, be proportional to the amount
of charge, or maybe the mass fraction of species j. A third choice might be that

the species electric field is defined such that the exchange term d is zero. This

would simplify computations down the road although its physical interpretation

is not clear. These choices have no affect on the following derivation, as long

as E’ sum to the total electric field. However, in formulating a mathematical

model it is necessary to choose a particular definition and remain consistent.
Summing over constituents gives the bulk phase Gauss law:

V-D-g. =0 (M

N
where D = Z D7 and with the restriction
=1

N i
Zd’:u. 8)

i1

which states that the net effect of excess charge densities produced by the species
acting on each other must sum to zero.
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Faraday’s Law
Faraday’s law for the quasi-static case for species j is given by

V X Ej = 6’5 or Ei,l - Eik = Elkmajf.n’ (9)

where the second form of the equation is in indicial notation with repeated
indices denoting summation, a comma denotes differentiation, and &g is the
permutation tensor. Here &’ incorporates the effect of the electric fields, E,

i# j.

Summing over species gives the bulk phase Faraday’s law,

VXxE=0, (10)

N
where E = ZEj is the total electric field. This relationship is assumed
=1

throughout. The required restriction obtained from this summation is that
N .
Y &/ =o. (11)
i=1

Ampere’s Law

Ampere’s law for the quasi-static case for species j is given by
, i , , g
J’=--?Fl:—+VxHJ—Vx(P’x1:’)-+-hJ (12)

where H7 is the magnetic field intensity and h’ accounts for the effects of other
constituents.
Summing over species gives the bulk phase version of this law,

=-%t1?-+chH-—Vx(va) (13)
where
N
YR =0 (14)
=1

Conservation of Electric Charge

This equation can be derived by taking the divergence of Ampere’s law and
the time derivative of Gauss’ Law and summing the results. Of all Maxwell’s
equations, this equation is the most accepted in mixture form since each com-
ponent has a well defined physical interpretation. The conservation of electric
charge for species j is

v (T +qg'vf)+?f =g + p/ 27, (15)
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where v7 is the velocity of species j relative to a fixed frame of reference, J- g
is the free current density of constituent j measured relative to species j, 27
is the charge per unit mass and g’ is the rate of gain of charge density due to
the presence of other constituents but not due to chemical reactions. The free
current density, denoted by J”, is related to the free current density relative to
a fixed (Eulerian) frame of reference, J7 , by

F9 = 3 — giv’. (16)

Another form of this equation is obtained by subtracting out the conservation
of mass to reduce redundancy, and this yields

. Dizi , .

Poe + V- T = 7. (17)
Summing over constituents yields
a .
V-(J+qev)+-§ =0, (18)
where

N . . ..

Y [@+7P] =0. (19)
=1

This equation states that the net gain or loss of total charge of constituent j
due to ion transfer or chemical reactions is zero in an isolated system.

In addition, because of the coupling between Gauss’ law, Ampére’s law, and
the conservation of charge, there is a coupling between the exchange terms:

v-ﬂ’-%:aiwg?f.

Linear Momentum Balance
This equation is given by

. Diypi
4 Dt

_V-ti - plgi —giE— Pi.VE = pi¥ (20)

where t7 is the partial Cauchy stress tensor and g’ is the external body force

acting on constituent j. The exchange term, 2‘1, takes into account all gain of
momenta due to the presence of other species but not due to chemical reactions.
The last term on the left-hand-side is usually referred to as the Kelvin force,
and the adjacent term (on the LHS) is referred to as the Lorentz force [15]. Note
that unlike [14, 24] we assume it is the total electric field which contributes to
these forces.

Summing over constituents gives the conservation of linear momentum for
the entire phase,

Dv

p—D—t—V-t—pg-qu—P-VE=0. (21)
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In this form t is the Cauchy stress tensor and is related to the partial Cauchy
stress tensors, ¢7, in the same way as the purely thermo-mechanical mixture the-
ory (no electric field). This is what naturally appears in the energy conservation
equation given below, i.e. if other terms are incorporated into the definition of
the bulk phase stress tensor, then these additional terms must be subtracted out
where the stress tensor appears in the conservation of energy and the restriction
must be modified. The specific relationship between the constitutive variables
and the bulk phase variables are given in Appendix B. The restriction for the
conservation of linear momentum is:

N . '
3 [T + o] =0 (22)
j=1

The restriction states that the net momentum gained between species due to
mass transfer or mechanical momentum must be zero.

Angular Momentum Balance
In indicial notation, the angular momentum equation is
fklmt'};[ + Elch‘n‘l:'){El = “piﬁ'l{n7 (23)

where 7, is the mth component of the net rate of gain of angular momentum
due to the presence of other species. The negative sign on the right hand side is
in keeping with the convention that exchange terms (in this case 77’ ) represents
a rate of gain of a property.

Summing over constituents yields

€kimtrl + €xim Pr Bt = O (24)

with the restriction that N
Y pm =o. (25)

j=1

This equation states that the net internal angular momentum for this single-
phase medium, consisting of the sum of angular momenta generated by species
acting on each other, must be zero.

Conservation of Energy
The species energy balance is

6V Vg -7 E-2 B

-[v- (v.v'pj)]. E= pJéJ (26)

.Diel
4 Dt

where the colon indicates a tensor dot product (e.g. @:b = 3, ; a;;b;;) and Qi is
the rate of energy gain due to the presence of other constituents but not due to
chemical reactions (mass transfer) or momentume transfer. The sum of the last
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three terms on the left-hand-side is the electrical energy source. As in the linear
momentum balance we assume that electric energy is due to the total electric
field, not just part of it. These three terms take on a variety of forms [15, 28]
which are related through the Maxwell equations (Gauss’ law, Faraday’s law,
Ampere’s Law, and Conservation of Electric Charge). The form presented here
is the one derived directly from microscale electrical forces using a statistical
averaging approach (see Eringen [15]) making no use of Maxwell’s equations,

since otherwise exchange terms (3’, &, @) appear.
Summing over constituents yields

pr—t:Vv—V-q—ph—J-E—Q-}:-E-—[V-(vP)]-E:O (27)
Dt at
with the restriction
Noloa .o A
Z[p’Q’+p’v’-i +(e’+§'v’-v’)pJF’] =0. (28)
=1

Entropy Balance
The entropy balance equation is one way of representing the second law of
thermodynamics:

, Djnj , L L iR
P’—Dt——v'fﬁj—l”b’=ﬂﬁ]+lﬂ1\ (29)
where 77 is the rate of transfer of entropy from other constituents. Here A7 is

the rate at which entropy is generated.
Summing over constituents yields

Dn _ g
P~I37~V-¢—pb-P’A (30)
-with the restriction N
> [F7+ poiel]| =0, (31)
=1

It is postulated that the total rate of entropy generation, obtained by summing
over all species, is non-negative. All relations for this equation remain unaltered
from the purely thermo-mechanical mixture theory.

3 Macroscale Equations

In this section we average the microscale equations and obtain equations at the
macroscale. At the macroscale, each thermodynamic variable is defined spatially
everywhere, so that if there are 3 phases, with each phase containing N con-
stituents, the medium is viewed as 3N overlaying continua. The first subsection
discusses the notation and assumptions required to upscale, and the following
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subsections present the macroscale field equations and how each variable relates
to the microscale. To the authors’ knowledge, the electroquasistatic equations
have not been presented before.

3.1 Averaging Procedure

Consider a multi-constituent multi-phase medium where the phase is denot-
ed by Greek letters (a, B, 7), and the constituent or species is denoted by
j, j = 1,...,N. For ease of exposition we assume that interfaces contain no
thermodynamic properties. Consequently it is assumed no amount of mass,
momentum, energy, charge, current, etc. is lost when being transferred between
phases. Interfacial effects can be included by pursuing any of the approaches of
[18, 19, 29], however, we shall omit these terms to keep the level of algebra at a
minimum.

The governing microscopic equations for each phase were given in Section 2,
but to distinguish between phases we introduce the additional Greek superscript.

Assuming no surface discontinuities, the constituent, microscopic field e-
quations of mass, charge, linear momentum, angular momentum, energy, and
entropy can be expressed for a given phase, a, as (following the notation of
Eringen, [13]):

S(PW) + V(i) -V i = P - F = G Y (@)

where 97 is the mass-average (over the phase) thermodynamic property of con-
stituent j, v’ is the mass-average velocity vector, p’ is the mass density, #’ is the
flux vector, f7 is the body source, F” is the supply due to electrical effects, G is

the net production, and 171'7 represents the influx of ¢ from all other constituents

(e.g. due to chemical reactions). If there is only one constituent, {[’J is zero.
For each of the respective equations, the quantities given in Table 1 are used.

Table 1: Quantities for Equation (32)

Quantity P 1 f F P G
Mass 1 0 0 0 T 0
Charge z J 0. 0 g+ pat 0
Linear Momentum v t g+9g; F, i+7o 0
Angular Momentum | rxv | rxt | rxg |rxF.+C, r x (i +7v) 0
Energy e+3v? [tv+q|g-v+h We Q+i-v+7e+3v?) | 0
Entropy n @ b 0 A +7v A

For conciseness we also introduce the force, couple, and work due to the electric
field, respectively:

Fi =

¢E+ P! -VE

(33)
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= -V. (DJ‘E - %soEﬂ' -EI) +d7E+ -;-s,, (VE- E —~VE’ . E34)

Ci = P xE : (35)
. oP!
wW? = Ji. E+W -E+4+ V- (’U"E P") (36)
= %(-—;—EOEj-E)—V-(ExHj)+V-(Pjvj-E)
~j ] O0E _,;
+h'E'—§€a(at E-—“a'?' .E) (37)

(see also equations (20,23,26)). Definitions of all terms are given in Appendix
A. The forms of FJ and W/ are a consequence of which form one assumes to
be the most primitive. If one assumes that the second forms of Fi and W},
(34, 37), are the most primitive then miscellaneous terms would appear in the
first forms. The two forms are needed in order to obtain conditions which
correspond directly with jump boundary conditions across an interface. The
averaging procedure is based on ideas laid down in [16, 41, 42, 37]. Several
methods are available, but we choose the computationally simplest. Equations
are averaged by weighted integration using the indicator function of the a-phase.
To avoid the mathematical difficulties of, for example, defining a derivative of
the averaged quantities resulting from using such a weighting function, one must
treat the averaged quantity as a distribution [36, 32].

Tt should be noted that using this simple weight function may mean that
the averaged value may not represent the actual values being measured. To
account for the measuring technique, one needs to choose a weight function
which represents the instrument used to measure the physical properties [11].
Extensions of the presented theory to such cases are straight forward.

Let 6V be a volume, 8V, the portion of §V in the a-phase, and dAqp the
portion of the interface within §V. It is assumed that §V, and §A;, are isolated
simply connected regions. If the magnitude of 8V is denoted by |§V] then the
volume fraction can be expressed as

e*(x,t) = OVl (38)
16V
so that
Z e*=1. (39)
o

The indicator function is
_J1 ifredV,
Ya(rst) = { 0 ifredVs B

We may write r = x + £ where z is the macroscale spatial variable, and
¢ varies over 6V. To obtain the macroscale equations formally, one multiplies
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equation (2) by 7.(r), integrates over 8V with respect to £ (z is held fixed) and
divides by |§V]. Then in order to obtain equations of the forms which mirror
the microscale equations, the following theorem is applied to interchange the
order of differentiation and integration.

Theorem 1 If wap is the microscopic velocity of interface af and no is the
outward unit normal vector of 8V, indicating the integrand should be evaluated
in the limit as the afB-interface is approached from the a-side then

1 [ 9 N ]
V] Wat'radv(ﬁ) 6t[|5VI W.f'yadv(i)

1
- DTV fwap - nada(€) (40)
ﬁ;ﬂ I‘svl AA{.:B

1
iG] 5Vf’)’ad”(§)]

1
+ gﬁ; BV /6A.,g nqda(€). (41)

After averaging equation (32), the system is considered to be a mixture so
that each component in each phase and each bulk phase now have thermo-
dynamic properties existing at each point within the macroscopic body. The
macroscopic definition of each field variable in terms of its microscopic counter-
part, making no small perturbation assumptions, is given in Appendix C.

For more details regarding this procedure for the field equations with no
electric or magnetic effects see for example Whitaker [41], Slattery [37] and
Plumb and Whitaker {31]. For the parallel development of Maxwell’s equations
with constitutive assumptions, see Rio and Whitaker [33, 34].

!

Vrfrado(€) = Va [

1
l6V| Jsv

3.2 Macroscopic Conservation Equations

Conservation of Mass
The macroscopic mass balance for constituent j in phase o is

D% (e*p)

E00) yenps( o) = Y ey 4o ()

B#a
where DT?- is the material time derivative given by

D> 9 o

—_— T — 7 . v ) 43

Dt &t (43)
and ’é‘;" represents the net rate of mass gained by constituent j in phase a from

phase £:

; 1 L .
E = vl Ja,,” e T ()
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where 'w'f, is the velocity of species j at interface af.
The bulk phase counterpart is given by

Af 0 O
. 2—%p—) +e%p*(V -v%) = Z e*peg. (45)
t B#a

The net gain of mass of the bulk phase must be zero, implying that:

N
Y pMF% =0 Va. (46)

i=1

Further, since the interface is assumed to be massless, we have the restriction:

ep%iey +ePpfiel =0, j=1,..,N. (47
Using (45) we can re-write (42) as '
DeC%i o i o
e%p® P T V - (e%p%iv®i®) = Z €%p%i (€5’ —€5) +e%p™T.  (48)

B#a

Gauss’ Law
The macroscopic form of Gauss’ law for constituent j in phase a is

V. (e*D%) - %% =%d " + Y e*dy’ (49)
B#a

where D% is the volume average of D?. Here 3;’ represents the effect con-
stituent j in phase B has on the charge of the same constituent in phase a:

Aaj

1 .
de = ———u D’ -n°® da. 50
ﬁ |6Val AAap " ¢ ( )

Other relations are given in Appendix C.
Summing over j yields the bulk phase form:

V. (D)~ ¢ = Y e%dg. (51)
B#a

The restrictions include

N o

Yd'=0 Va (52)
j=1

e%dg + =0, j=1,..,N. (53)

The first restriction states that the net effect constituents have on each other
within phase a must be zero, and the second states that the interfacial displace-
ment is zero, which is a consequence of assuming that the interface contains no
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electric/thermodynamical properties. Recall that if there is no surface charge
or polarization the jump condition between two materials states that the jump
in the normal component of the displacement vector must be zero [15):

n-[[D]] =0. (54)

Integrating this equation over §A,g shows that this theory is consistent with
the classical formulation for the jump condition, equation (53).
Faraday’s Law
The macroscopic form of Faraday’s law for constituent j in phase a is
V x (e*E%) = %% + Z g (55)
B#a

or in indicial notation

(€ EX)a (B )k = etkme® Bt + ) €tkme* (05 )m (56)
B#a :
where
5% =~ n® x B da, (57)

57 Vol Jo AL,

which represents the effect phase B has on the electric field of phase o.. Upon
summing, the bulk phase form of Faraday’s law becomes:

V x (e*E*) = Z £%0g (58)
B#a
with restrictions
N
Z 6% =0 Va (59)
=1
28y +ef6% =0  j=1,.,N. (60)

Equation (60) corresponds precisely with the classical jump condition across
interfaces [15]

n x [[E]] =0, (61)

where the double square brackets indicate the difference of the quantity evalu-
ated on either side of the interval, if (61) is integrated over the surface 6 Aqp.
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Ampere’s Law The macroscopic form of Ampere’s law for the quasi-static case
for species j of phase a is given by

'S »147] o~ o~
o J% = _Q@_a:;) +V x (e*H%) -V x (e*P% x v™) + Z s“hg’ +e°h™ (62)
B#a
where
go; 1 Diw? a i _ pix i o |
B = v o, (Db "~ - Pxo) xn] da (69

represents the effect of phase 8 on phase a. Summing over species gives the
bulk phase version of this law,

appo -
e*J® =—a—(e—D—)-+V X e*H* -V x (e“P* xv°’)+Zs°‘hg (64)
ot
B#a
where the restrictions are
N .
Yh'=0 Va (65)
=1
saj N .
ehg +efh, =0  j=1,..,N. (66)

The jump condition associated with Ampere’s law is given by [15):
nx[[H-wxD]=0 (67)

where the polarization at the surface has been neglected. Equation (63) does
not correspond directly with the jump condition given in [15] since (67) is de-
rived directly from the global surface area form of Ampére’s law, and (63) is
derived from the bulk-phase form of the law. This causes a loss of information;
specifically, (63) does not include a term corresponding to w’(n - D).

Conservation of Electric Charge
The conservation of charge equation at the macroscale becomes

V(€T 4 g ) 4 S (%q) = €T + e 5T

+ Z e*p® (2;5 +2%9¢g’) (68)
pa
where
o . 1 (o] — i) — 3] .o
Z; TV s, [diwl, - o) .:r] n® da

2%

A i (a3 . — pIY] . e
IV Jsa,, 17k =) i (@)
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which represents the rate of exchange of charge of constituent j from phase
B to phase o not due to mass exchange. Using the continuity equation, (42),
equation (68) may be re-written as:

o a-Dzaj o goj aso; a a; 73
sp’ﬁ—+v-(a.7 )=sq’+zsp'zﬁ (70)
B#a
Summing over constituents yields
o] ~
V- (2T +e%g2v%) + 52(5°q3) = Z s"‘p"(Z; + 2%¢3), (1)
B#a
where the following restrictions apply

N
3 [q% +p27%] =0 Va (72)
j=1

e2p® By +29e3) +€PpPi (0 + M) =0 j=1,.,N. (79)

Equation (73) corresponds precisely with the classical jump condition across a
discontinuous interface [15]:

n- [T +ge(v —w)]] = 0. (74)

Linear Momentum Balance
The macroscale linear momentum equation is given by

o a-Daivaj apa; «a 05 f A aj Q0
e p™ —p5r— — V- (€7t%) - %™ (g% +91°) — %47 Br
+%50ET . E%Ve® —®P% . VEp =%p™i ° + Y €Ty (75)

B#a

where Er is the upscaled (total) electric field and is related to the species

N
electric field by Er = Z z e*E%  and
=1l o
%= 1 __ [(tj)T + ED? - -l—eoEj - EI 4 pvi(w’ 4 — v¥)| -n® da
A p% |0V, §A.s 2 ap
L P, —v9) -n®da+t —}—aajET (76)
p%i10Val JoA,, "~ P poi P
represents the effect constituent j of phase B has on the rate of change of me-
chanical momentum of the same constituent in phase a. The relation between
the other macroscale variables and their microscale counterparts are given in
Appendix C.
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There are a couple of additional forces in this form compared to the classical
form due to the introduction of the species electric field, E*/, and the volume
fraction €®. The first we consider an additional (internal) body force, g;. It
is due to the difference between E and E’ (see Appendix C), and so if the
source of the electric field is dominated by one charged species, then this term
is negligible. The other additional term involves the gradient of the volume
fraction. If the medium is homogeneous in volume fraction (¢* is constant),
then this term is zero. The form of this equation is motivated by the form of
f‘;’ , which we choose to be consistent with the jump condition associated with
momentum balance.

Summing over j yields

Cl
e*p DD -V - (e2t®) —%p*(g® + gF) —€*¢C Er —e*P* -VEr
=) ep°Ty, (77)
B#a
with restrictions
N
~a; s
Zp"" (7 +70%)=0 Va (78)

j=1
e (75 +8%v™) + PP (T +&vP) =0 j=1,..,N.(79)
The jump condition across a discontinuous interface is [15):
n-[lpv(v —w) ~t — 5] = 0 (80)
where w is the speed of the discontinuity and for the electroquasistatic case
considered here,

F.=V-tg=V.(DE- %eoE . EI). (81)

Equation (80) can be shown to correspond directly with (79) using (53).

Angular Momentum Balance
The macroscale form of the conservation of angular momentum equation in
indicial notation is

[+ o4 P .
-—Eaeklmtkl’ - EaeklmPk I(Br)hi = e p%i m‘,",,’ +e%p™i MY

+ 3 &% (Mg )m (82)
B#a

where the definitions of all variables are given in Appendix C. Thus the macroscale

equation is composed of two parts. The equation consisting of all but the term
involving M® is the macroscale form of the microscale equation. The term
M9 contains all terms arising from the the microscale conservation of linear
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momentum crossed with £ and volume averaged. These additional terms for the
purely mechanical case have been derived before ([16, 22]). The term in M
involving the time rate of change of velocity is known as inertial [16] or local
[22] spin. The term in M® involving ¢/ has been referred to as the first sur-
face stress moment [16], or apparent couple stress tensor [22]. One observation
which is painfully clear is that even in a medium which contains no electric field
or charge, the mixture of two media which have symmetric stress tensors may
result in a macroscopic medium which has a non-symmetric stress tensor.
Summing over j yields

—%€umtf — e%enim Py (Br)i = €2p™ Mgy + ) e%p®(f)m  (83)
pa

where we note that symmetry of the stress tensor is lost due to possible polar-
ization of the medium, the microscale angular momentum, and the interaction
of the phase with other phases.

The restriction which must hold to preserve angular momentum within a

phase is
N
S pmY =0 Va (84)
=1
The restriction which arises from the assumption of no interfacial angular mo-

mentum is ;
ep™img +efpPMY =0  j=1,.,N. (85)

Conservation of Energy
The conservation of energy equation is given by

D%ie% , ,
g% p%i — %1% :Vv% — V - (e%q% ) — £%p*i h% — e J% . Er
3> P™) S 1 o; D¥e®
R Er -V - (e*v*% P%)- Er 2eoET-E D
=e%p™ QU+ e%p™ Qg (86)
B#a
where
1

~as L 1 . _
o L i 4 () + DIE — 2eo(E - B)I) - v
W= vl Jpa, T zF - B))
o1 . 1 . .
+pl (€ + 507 v + -2-60EJ - E)(wlg —v%)] -n® da
e%i — %v"i . %

— e i(w! , —v7) -n® da
PEA JA.,,,pJ (wag = v")

e ‘ Lo o
l ..[‘-Aaﬂ [(tJ)T+EDJ — -2‘€O(EJ -E)I+p1v.7(w.7aﬁ_v])] ‘na da,

" poileVa
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1 , , . .
57 — 0B E +¢o(E’ - E))-v' + H x E] -n* d
Vel Joa,, L~ F B rea® B ] da
~dy Br-v% ~hg - Er (87)

represents the effect constituent j of phase § has on the rate of change of energy
of the same constituent in phase a due to non-mass transfer, non-mechanical
means. The relation between the other macroscale variables and their microscale
counterparts are given in Appendix C. As in the linear momentum equation,
upscaling produces an additional term involving the material time rate of change
of the volume fraction. This term would be negligible in a non-swelling porous
medium. Additional effects of fluctuations in the species electric work terms
manifest themselves in the flux term, g%/, and the external source term, h%.
Summing over constituents yields

x
EapaD;‘:"‘ — %% Vo — V - (69¢°%) — e%p*h* —e*T* - Ex — _o;(s_‘;_t'z_)_ .Ep
1 Dee® ~
-V - (e*v*P®) - Er - ;&0 B® - Br—p— = > %p*Qg (88)
P#a

with the restrictions

N ~ oy 1

Z [p"‘" Q% + p*ii v + p*ITY (e"‘" + -2-('0"5)2)] =0. Va (89)

i=1
ey ~aj : 1
[Eapa,' Qg: + EapajT;’ L% 4 Eapa,'/ég: (ea,' + 5(‘0“’. )2)]

+ [eﬁpﬂ"@gj +eﬁpﬁ"f’i" -vPi P pPieli (e’sf + -;—(vﬁ")2)] =0 j=1,.,N.
(90)
The first restriction states that energy must be conserved within a phase, and
" the second states that the interface can hold no energy.
We wish to compare (90) with the jump discontinuity condition. Various

forms exist depending on what is considered negligible and the use of Maxwell’s
equations. Here we consider

[[q+t-v+(pe+-;-p'vz)('w—v)+%so(E-E)w+HxE+PE-v]] -n=0.(91)

Equation (90) can be re-written as:

|5_1V1— 6Aas [‘1" +({t7+PIE)-v+p (e + ';'(”j ) (wl—v7)

+%so(Ej . E)w{,ﬁ + H' x E] -n® da

1

=1V Jsa, [qj +(t + PIE) v + pf (e + -;—(v")z)(wiﬁ — v¥)
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1 , . .
+-2-50(E’ - E)w} + H? x E] P da.  (92)

Comparing terms we see that the condition involving exchange of energy
across the interface, (90), conforms exactly with the classical jump condition
(91).

Entropy Balance
The entropy balance for constituent j in phase a is given by

B#a
(93)
where Q;’ represents the rate at which entropy is gained from constituent j
in phase . Summing over constituents we get

[ o] = N
e“p"—‘“DDZ ~ V- (e79%) —e%p%b% = 3 e85 +6%p*A%,  (94)
p#a

with restrictions

N
Yo% (@ +7%M)=0 Va (95)
j=1

e By +8n™) + P @Y + 2P =0 j=1,.,N. (%)

The second condition is exactly analogous to the classical jump boundary con-
dition applied at an interface. This equation can be used to obtain restrictions
on the forms of constitutive equations using, for example, the Coleman and Noll
method (see e.g. [4, 13]). At this point we make no assumptions regarding the
form of the entropy flux or source. It is now postulated that the rate of entropy
production is non-negative after summing over both species and phases. Our
statement at the end of Section 2 need not hold in this case, as it is the rate of
entropy production of the universe which is non-negative.

4 Discussion

We have provided the microscale and macroscale balance laws for a multiphase,
multi-species, swelling system which incorporates electroquasistatics. The mi-
croscale derivation follows the approach of Eringen and Maugin [15], while the
upscaling to the macroscale is achieved via spatial averaging. The species elec-
tric field, E%, is carefully defined and the complete relations between the mi-
croscopic and macroscopic variables and the species and bulk phase variables
are provided. Further comparisons were made between restrictions required to
hold at interfaces and jump conditions classically used at interfaces.

__a_ _v.€a¢a5 _Eapai bai - Z eapai 8;’ +Eapai ﬁai +5apai KQJ'
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In regards to the conservation of momentum and energy, there are several
ways in which one can group together terms into the definitions of the macro-
scopic variables. In this paper, we choose the macroscopic definitions in a way
which results in consistency between restriction conditions at interfaces and
classical jump conditions used at interfaces. But as a consequence, additional
body sources appear due not to external sources but due to species electric fields
and microscopic fluctuations of the work terms. Further, there are additional
terms which appear due to gradients in volume fractions and material time rate-
of-change of the volume fractions in the conservation of momentum and energy
equation, respectively. This is not due to the primitive choice of I"'J and W7 (see
equations (33-35)). Rather it is a consequence of the choice of grouping terms
so as to recover classical jump conditions. The consequence of these additional
terms needs to be investigated. This is partially done in part II of these papers.

The field equations are required for many practical applications including,
but not limited to, swelling clays (smectites), biopolymers, biological mem-
branes, pulsed electrophoresis, and chromotography. In part II of these papers
we exploit the entropy inequality with independent variables consistent with
several natural systems and apply the resulting constitutive theory near equi-
librium for two problems: electrolyte transport in swelling clays and pulsed
electrophoresis.
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"Appendix A. Nomenclature

Superscripts, Subscripts, and Other Notations

-5 jth component of a-phase on mesoscale
.® a-phase on mesoscale

fluctuation from averaged quantity

denotes exchange from other interface or phase
.kl difference of the two quantities, i.e. -* —

*la; microscopic property of constituent j in phase [subscript] (non-averaged)

Latin Symbols
8Aqp: Portion of af-interface in representative elementary volume (REV)
b ,b®: External entropy source [J/(Kg-s-°K)]
C%i: Mass fraction of jth component [-]
D% D% Electric displacement [C/m?]

d™ . Net effect other constituents have on the charge of constituent j within
phase a in Gauss’ Law [C]

22": Net effect phase 8 has on the charge of constituent j in phase & in Gauss’
Law [C]

e%,e%: energy density [J/Kg]
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~j

€s’: Rate of mass transfer from phase [subscript] to phase [superscript] per

unit mass density [1/s]

E% E*: Electric Field intensity generated by (the jth constituent of) phase
a [V/m]

g%,g% External supply of momentum (gravity) [m/s?]

g7’ ,9%: Internal supply of momentum due to fluctuations in Kelvin and
Lorentz forces [m/s?]

hei, h®: External supply of energy [J/(Kg-s)]

~a;

h, h”: Free current density induces by other species within the same phase

within Ampere’s law [A/m?]

ﬂg" , ha: Free current density induces by other phases on species j in Ampére’s
law [A/m?]
~a;

77, Rate of momentum gain due to interaction with other species within the
same phase per unit mass density [N/Kg]

H% H®: Magnetic field intensity [A/m]

7. Rate of momentum gain due to interaction with other species within the

same phase per unit mass density [N/Kg]
J% J* Free current density in a fixed frame of reference [A/m?]

J%,J% Free current density in the material frame of reference [A/m?] =
[C/m2-s]; Jﬂj = J% _qgjvaj ‘

o> 21

m®: Rate of angular momentum gain due to interaction with other species
within the same phase per unit mass density [N-m/Kg]

m;’: Rate of angular momentum gain by constituent j in phase o due to
interaction with phase 8 [N-m/Kg]

M®i: Rate of angular momentum gain due to the microscale angular momen-
tum terms - see Appendix C [N-m/Kg]

n®: Unit normal vector pointing out of a-phase within mesoscopic REV -]

P% P% Polarization density averaged over a-phase [C/m?]

g%’,q%: Charge density averaged over a-phase [C/m?]
Mm™: Rate of gain of angular momentum of consitutent j from other con-
stituents in phase a [m?/s?]
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g%: Partial heat flux vector for the 7t component of phase [J/(m2-s)]
g*: Heat flux vector for phase a [J/(m?-s))

g®: Net rate of charge density gain by species j due to interaction with
other species within phase a (does not include that gained to due mass
transfer). [C/m3-s]

Q"‘J’ . Rate of energy gain due to interaction with other species within the
same phase per unit mass density not due to mass or momentum transfer

[7/(Kg-s)]

Qg’ ,Qg : Energy transfer rate from phase {subscript] to phase [superscript]
per unit mass density not due to mass or momentum transfer [J/(Kg-s)]

r: Microscale spatial variable [m]

7%: Rate of mass gain due to interaction with other species within the same
phase per unit mass density [1/s]

t: Time [s]

T: Temperature [°K]

¢%: Partial stress tensor for the 5% component for phase [N/m?]
t*: Total stress tensor for the phase [N/m?]

T4 ,f‘a: Rate of momentum transfer through mechanical interactions from
phase [subscript] to phase [superscript] per unit mass density [N/Kg]

v% v*:  Velocity [m/s]

dV: Representative elementary volur

8V,: Portion of a-phase in RF"

'wf,ﬁ: Velocity of constit vrface between phases a and 8 [m/s]

jn]

S

x: Macroscale spatir’

z%: Charge per unit mass density of constituent j in phase a [C/Kg], gl =
P 2%

2? , 2; Rate of exchange of charge of constituent j from phase 8 to phase
a per unit mass [C/Kg-s]

Greek Symbols
~*: Indicator function which is 1 if in mesoscopic region a and zero otherwise

€*: Volume fraction of a-phase in mesoscale REV [-]
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go: Permittivity in a vacuum. In MKS units, the permittivity has the value
of 8.854 x 10~12 Farads per meter.

€nm: Permutation tensor
A%, Ae: Entropy production per unit mass density [J/(Kg-s-°K)]

¢: Microscale spatial variable which varies over REV for fixed : r =2 +§
[m]
n%,n*: Entropy [J/(Kg-°K]

7% : Entropy gain due to interaction with other species within the same
phase/interface per unit mass density [J/(Kg-s-°K})]

¢%: Partial entropy flux vector for the jth component for phase [J/(m?-s-°K))
¢%: Total entropy flux vector for the phase [J/(m?-5-°K)]

oaj

o, E’g: Entropy transfer through mechanical interactions from phase [sub-

script] to phase [superscript] per unit mass [J/(kg-s-°K)]

p%i: Partial mass density of jth component of a—phaée [Kg/m?3] so that £*p*
is the total mass of jth constituent in phase a divided by the volume of
REV

p®: Mass density of a-phase averaged over a-phase [Kg /m3]

&% Induced curl of electric field of species j due to presence of other species
within the same phase. See Faraday’s law. [V/m]

&g" : Effect constituent j of phase B has on the curl of the electric field of
phase a [V/m]

Appendix B. Definition of Macroscopic Bulk Variables

The relationships between t}:: macroscopic constituent variables and their
bulk counterparts follow:

N .

P = Epai, (B.1)
Jj=1
a;

cu = E,;;, (B.2)
N

v* = ZC"""U“", (B.3)

i=1
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(B.4)

(B.5)
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(B.8)

(B.9)
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Z Ca,-g?:‘
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(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

'ET]’

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)
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Appendix C. Relationship between Macroscopic and Microscopic
Variables

For notational brevity, define the volume average over phase a with angle
brackets:

<> (2,8) = Ia—xlfT /5 W0, 1) do(®) (C.1)

so that if for example, p’ is constant throughout phase o then < p > would
be that constant density.
Similarly we define the mass average to be

1

")bJ (w?t)= <p1'>a IéVal

ij (r, )9 (7, t)7a(r, t) dv(). (C.2)
Thus for example, while the volume average of velocity makes no physical
sense, the mass average (momentum) does.

The relationships between the macroscopic constituent variables and their
microscopic counterparts follow. There are no assumptions made about small
fluctuations about the average. What follows is exact.

pa5 = < pj>a

v% = vl
: ¢

79 = 7
. 1 o ,

~ry J 3 a

= w - n da

s p%|0Val| J5A., P (Wop =)

J¥ = <Ji>¢

T% = <JI>% 4+ < givi>* —giv%

D% = <Di>*

P% = <Pi>®

E% = <E>°

1
o [»4
Er = E., e < E> =~_|5V| s E dv

& o= <g>°

T o= <d >

~j 1 ,

d = -—-———-f D) -n%da
b 10Val J6A.,

g% = <8'>"
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with electroquasistatics: Constitutive theory

Multicomponent, Multiphase Thermodynamics of
Swelling Porous Media with Electroquasistatics:
II. Constitutive Theory

Lynn Schreyer Bennethum * John H. Cushman
October 23, 2000

Abstract

In Part I macroscopic field equations of mass, linear and angular mo-
mentum, energy, and the quasistatic form of Maxwell’s equations for a
multiphase, multicomponent medium were derived. Here we exploit the
entropy inequality to obtain restrictions on constitutive relations at the
macroscale for a 2-phase, multiple-constituent, polarizable mixture of flu-
ids and solids. Specific emphasis is placed on charged porous media in the
presence of electrolytes. The governing equations for the stress tensors of
each phase, flow of the fluid through a deforming medium, and diffusion of
constituents through such a medium are derived. The results have appli-
cations in swelling clays (smectites), biopolymers, biological membranes,
pulsed electrophoresis, chromotography, drug delivery, and other swelling
systems.

Key words: porous media, mixture theory, electrodynamics, swelling, consti-
tutive equations

1 Introduction

We continue our investigation into the form of the governing equations for a
multiple-component, multiple-phase, polarizable, swelling porous medium with
charged particles subject to an electric field. In Part I of this series we derived
the macroscopic field equations under the assumption that it is the total elec-
tric field which affects the species’ conservation of momentum and energy. For
simplicity we consider only a liquid-solid system. The mixture is charge neutral,
although neither the phases nor species face this requirement individually.

*University of Colorado at Denver, Center for Computational Mathematics, Campus Box
170, P.O. Box 173364, Denver, CO 80217-3364. bennethum@math.cudenver.edu. To whom
correspondence should be addressed.

fCenter for Applied Math, Math Sciences Building, Purdue University, W. Lafayette, IN
47907.




Swelling Porous Media with Electroquasistatics 2

To derive restrictions on the form of the constitutive equations, we follow
(15, 16] and view fluxes as constitutive. In earlier work, Eringen [16] considered
constituent electric fields throughout for a non-swelling porous medium; Huyghe
and Janssen [20] considered a single electric field in a deformable two-phase
porous medium with no exchange terms from the conservation equations; and
Gu et al. [17] considered a charged swelling medium with no electric field.

2 Constitutive Assumptions and the Entropy In-
equality

The full entropy inequality which is exploited in subsequent sections is present-
ed in Appendix B. The basic notation is found in Part I so only new terms are
defined herein. We assume the medium consists of a liquid phase (denoted by
a = 1), and a solid phase, (denoted by a = s), and that the medium is macro-
scopically neutrally charged, however charges may move between constituents
and phases.

We assume that entropy generation must be non-negative for the total body,
ie.

ph = Z Ze"p""‘x""' > 0. (1)
a j

Further we assume a form of local equilibrium wherein there is one temperature
for all constituents and all phases, i.e. T% (z,t) = T(x, t) for all constituents j
and all phases a. This effectively states that the rate of heat transfer between
constituents is much faster than the time scales of interest to the problem.

To couple the entropy and energy equations, it is necessary to relate the
fluxes and sources of entropy to the fluxes and sources of heat. We assume the
processes are simple in the sense of [15]. In this sense several possible relations
are admissable. Among these are: ’

gos =L = @
T
P ©
o T T
eoz Q eaha
Zeatb"‘ = Z ;,1 ZE"‘b"‘ = Z T 4)
a [23 [+ 1 «

The expressions in (4) have been used in [16], and the relations in (2) have
been used in [1, 2, 3, 19]. More general expressions which simplify to the above
are used in extended thermodynamics [21, 23]. The question is whether the
processes governing the behavior of the constituents themselves, the individual
phases, or the bulk material are simple. The assumption of any one of these
does not imply any other due to microscale/macroscale relationships between
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heat fluxes and heat sources [4]. This problem is complicated further because
the macroscale definition of the heat flux depends on how one incorporates
microscale fluctuations (see Part I, [4]). The differences manifest themselves ex-
plicitly in the constitutive relations obtained for diffusive fluxes and the chemical
potential. For example, if the relations in (4) are used then it can be shown that
that the chemical potentials of two “different” species at equilibrium must be
equal, which is inconsistent with Gibbsian thermostatics [12]. To the authors’
knowledge, the relations in (2) do not result in any physical inconsistencies, and
these are the relations used herein.

Define the Helmholtz free energy for the species and the internal Helmholtz
free energy for the bulk phase as

A% =% — Ty A® = i Ci A% (5)
j=1
and introduce a modified Helmholtz free energy as
~aj 1 ~a al ~a;
A =e“f—Tn“f—EET-P“f A =]§__;C“J‘A ’ (6)

where C% is the mass fraction of constituent j in phase a given by C% =
p% [/p®. The purpose of introducing the modified Helmholtz potential is to
reduce the amount of manipulations required to obtain the entropy inequality,
as either P® or Er must be constitutive (dependent) variables. With this
notation, eliminating ¢®?, b%, @gj, @"‘J’ , 5;’ , and 7% from the entropy balance
and re-writing it in terms of bulk-phase variables one obtains

o apra aaDa;ia o DT agqa
gspTA = gep( B T Dt)+za:€'7- Er

N
+ 2 [Eata + Zaapaj (za:‘I + vaj,a,vaj,a) ] . Voo
a

i=1
N
+3° 5 [0t +e2P% - Ep 1] : Voo + ) ¢® [%EOET - E®)
a j=1 «@
e* X ~a; 1
+Z _T__VT . {qa + Z [paj,vaj,a(A I 4 _2_va,-,a . ,va_-,-,a) — 1% . ,va,-,a]}
a i=1
N
D3(e%0%) . 1 .
+EZ} —'(;)Tp_)[FET P> 4 A%] =Y e*Er - P%
a = 2]

N
~1 . N . .
tobe . [T, + ) (A V(elph) + EET . PV (e pl)
j=1

~e!'VEr- Pl + %e,,ET - E'Ve)]
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N
a j= a

134

(43
+5<1¥ET'P %V (e%p™) ~ e*VEr-P™ + %50ET . E®Ve® — %ET . P4 VT

Y 1 ~ay  ~e 1 1
=333 e prey [ Br-PY+ A T4+A+ E(v""’)2 + 5(”aj'a)2]

o =17 P
N
+3 e a,?a,-[_l(,,a,-,a)a_z“f__l_E PY] > 0
L P 2 paj T = )
a j=

where a comma in the superscript denotes difference (e.g. v** = v* —v°), a
superimposed dot denotes the material time derivative with respect to the solid
phase (e.g. € = g% /0t+v*- Ve®), I is the identity matrix, and the contraction
operator A : B is, in indicial notation, A;;B;;.

We enforce many of the balance laws weakly using the Lagrange Multiplier
approach [22]. The equations and their associated Lagrange multipliers are .
listed below.

Lagrange | Equation from [4] Lagrange | Equation from [4]

Mult. Mult.

Ap’ Continuity Eqn a;, (42) Xé’ Gauss’ Law (49)

AF Faraday’s Law (55) pYo Conserv. of Charge (68)
A Do(e'gt +e°¢2) =0

Ampére’s law is derivable from the conservation of charge and Gauss’ law and so
" is not enforced directly. The expression corresponding to the Lagrange multipli-
er A enforces charge neutrality locally. This restriction alone would imply that
the total charge could vary in space. However we have in mind that the mixture
is charge neutral initially everywhere so that it is assumed the time scale at
which imbalances may occur is small compared to the time scale involved with
other processes.
The unknowns in this system include:

g, p°i, v, T, B*, ¥, ®)
’égjy ?a,-, taja ta’ i‘;js 5173, ’iaja (9)
A%, g™, n* (10)
a-i Aaj, Aa_-,', ey o o o ~aj
Paad7dﬁvaaaﬂ’t7:1q:azﬁ' (11)

The variables in the first row, (8), are the primary unknowns. The remaining
variables, (9-11), are considered constitutive and are a function of constitutive
independent variables. In order to close the system, one additional equation is
needed, which corresponds to the unknown e!. This is known as the closure
problem, and it arises from the homogenization of the microscopic geometry.
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To close the system we follow [1, 9, 11] and view the time rate of change of the
volume fraction De!/Dt as a constitutive variable.

The choice of constitutive independent variables is made based on knowl-
edge of the system being modeled. Here we assume the fluid may behave as
a Newtonian fluid and the solid as an elastic solid, hence we include the rate
of deformation tensor, d’, and the strain tensor, £°. Since the solid phase
may be disconnected, the macroscale strain tensor is not the average of the mi-
croscale strain, but is defined in terms of the deformation gradient F' = V, x,
E° = %(F;TFS —I), where V, denotes differentiation with respect to the macro-
scopic material particle. Thus the strain tensor is a measure of the geometry of
the solid phase. Further, we are particularly interested in modeling materials
in which the solid and fluid phases have electro-chemical interactions, so that
the behavior of the liquid phase may strongly depend upon its proximity to the
solid phase. Thus we incorporate the volume fraction, €', as an independent
variable. The independent variables which are used to define the constitutive
variables include: '

Els T’ eapaj1 vl’sa ,va,-,a, 857 ET, €aqg’,
Vel, VT, V(e*p%), d', w*, Vv'i!, VE®, VEr,
ji=1,.,N, a=1ls (12)

where because the liquid phase may be polarizable and may depend strongly on
the geometry of the solid phase [4], we have also included the vorticity tensor,
w! = (Vo - (Vv)T). Note that we have incorporated the total electric field
as an independent variable, as opposed to the electric fields of each constituent
or each phase. This is because it is assumed that all constitutive variables are
measured with respect to the total electric field.

The reason for incorporating the volume fraction into some of the indepen-
dent variables is that this allows a direct comparison with more easily recogniz-
able thermodynamic variables which are extensive. As an example, consider the
extensive Helmholtz potential, A%, which is the volume of the REV multiplied
by £*p*A%. One definition of the chemical potential is,

s _ AT
OMei
where M9 is the total mass of constituent j in the o phase. Performing a
change of variables to intensive variables {13] leads to
[+7] - a(sapaAa)
d(expi)

(13)

(14)

Thus in order to compare the two approaches directly, the appropriate inde-
pendent variable is €*p® and not p®. A similar argument can be made with

oj
Qe -
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To simplify the results we relax the Principle of Equipresence [26] and assume

that the modified Helmholtz potential energies A* are a function of a subset of
the above constitutive independent variables:

~l ~l B , .
A=A (e’, T, epli, v, vit, €2, By, €'qy,

VT, V(Elpl:’), dl’ wl, V,vljyl) (15)
Zs = zs(sla T7 Espsjv vsj’s’ 831 ET’ ssqgj’
VT, V(€3p8j)’ w-?). (16)

We note that including the additional independent variables does not change
the results if one modifies the definitions of pressure, chemical potential, etc.
see e.g. [3]. The entropy inequality is now expanded in the traditional manner
[9, 15, 18] and is presented in Appendix B.

3 Non-Equilibrium Constitutive Restrictions

The following variables are neither constitutive nor independent,

D?* (eapaj ) Ds(eaq:j)

. o 85,8 .
Dt H Dt ) Ta ET; d ) Vv ’ VT, (17)

8 ~C 405 .
pene, v (ZEEL), e, i ot vt (18)
V x E%, V-E%, (19)

where j = 1, ..., N for all variables not containing v®#**, since }:;\;1 privei® =
0. Thus for example, v%°® is indexed from j = 1,..N — 1 in order to keep
the list of variables independent. Since these terms appear linearly in the en-
tropy inequality, their coefficients must be zero. This results in the following
restrictions (corresponding directly with the terms in (17)):

o o0A" ~ay 1 w :
/\pJ = Op%i -A" - —p_&;ET - P%, i=1, e N (20)
0A"
z\qaj +A= paézf_; (21)
8A°
Z Eapa(na + ST )= 0 (22)
a=l,s
9A"
E2P% = — Eapa.__._. (23)
; Za: OEr
N s el N
E“t:ym - ZESPS’ (}\;J. +A% + zs,/\;‘:) +e% + ;;tla - Zesps,'vsj,svsj,s

=1 =1
(24)
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5 = P2 gon o (o B~ P pon B I - p (A% — AT
PN - T PN T P\ P

—(g2i 2% — ,f N AT (25)

~1 \ aza

! s
CPyvT TEP VT

where we have defined the effective stress tensor and hydration stress tensor as

=0, (26)

o4° 84"
9E° 9€°

respectively. The restrictions obtained from the coefficients of the variables
listed in (18) indicate that the modified Helmholtz free energy is not a function
of v¥® V(e%p®), vhe, d', w®, Vvl and the restrictions correspondmg to
the variables listed in (19) requure that the Lagrange multipliers, Ag?, AZ, and
)\ must all be identically zero.

Equations (20) and (21) define the Lagrange multipliers Ao’ and Ag?, respec-
tively. Equation (22) states that #* and T are dual variables with respect to the
modified Helmholtz potential, and this is in agreement with [2, 16]. Equation
(26) states that the modified Helmholtz potential of the entire system is inde-
pendent of VT.

Equation (23) implies that it is the polarization of the entire medium which
is dual to the electric field in this representation. This is in contrast with [16]
in which it is shown that the polarization of each component is dual to the
constituent’s electric field. The disparity results from our choice of independent
variables - we use E7 and Eringen uses E% as independent variables.

We define the thermodynamic pressure by

2 = p°VF°. (VF)T L =pVF. (VF)T, (27)

N |
o= Ym0 +AY) (28)
_7'=1
a~a
= Z(p“p"’ a,) Er-P® (29)
j=1
al BA®  ,p%i P
= ;(pp apa,“'"( ~—P*-P%).-Er—p¥Er- 9% ) (30)

where equation (29) is written in terms of the modified Helmholtz potential
and (30) is written in terms of the classical Helmholtz potential. From (30)
we see that this definition agrees with the classical thermodynamic pressure
((p*)?0A>/(8p*)) only in the case where there is one constituent and polariza-
tion is negligible for both constituents and for the bulk phase. In this case, 7
is the same as the thermodynamic pressure in the absence of electric fields.
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From (24), the solid-phase stress tensor is written as

~8

dge’’

1 N N
bom = —m T+ 8+ St = Y pvH U+ glh = Yt (31)
Jj=1

=1

which is identical to that when Eq = 0. Charges and the electric field enter into
this expression through 7° and through the effective and hydration stress ten-
sors through A°. The role played by the effective and hydration stress tensors
are discussed in [8, 6, 24, 25]. We remark that if the solid phase is considered
incompressible then the material time derivative of p® is zero, p* is not consid-
ered an independent variable, and Ay’ is the Lagrange multiplier which enforces
the remaining part of the conservation of mass for constituent s;. In that case
we obtain the same results, except that 7° is a primary unknown which must
be handled directly.

We define the electro-chemical potential as (see equation (14))

, 8(ep*A") ~a | LOA°
a; =A a4t .

g O(exp™i) TP 5 #2)
which does not incorporate the Lagrange Multiplier enforcing charge neutral-
ity as is often done [17, 20. With this definition and (25) we determine the
relationship between the chemical potential and the partial stress tensors. By
eliminating the Lagrange multipliers and using the definition of p%, (24) be-

comes

S5 ~g: ~
% — 5.9:1 e = { — % (i — V) 4+ p% (A7 - AT
A’ p - oA

8 84
~ [q}i{“ T g

3
- o q:~)A}I. (33)

Summing these equation on j from 1 to N and using

N
Zps,-”sj = psza +7°+ Ep - P°®

j=1
(34)
N ! N ~3
. s, € 0A
Dot = —m T+t b+ A - Pl age’’ (8%)
=1 =1

one obtains an expression for u®¥, which when substituted back into equation
(33) yields

~s; 1 ! A°
psil=A%1 - ;i—,t’f + (t: + E;ti) + 2% (A L ) I+ -p};ET . P°I. (36)

dge’
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The first two terms on the right-hand-side form the classical chemical potential
(see Bowen, [10]), although these terms are not scalars. In [7, 9] it was shown
that the first three terms yield an appropriate definition of chemical potential
when no electric field or charges exist. Changing the effective stress or hydration
stress in a porous medium will result in a change in the chemical potential, which
in turn would produce a different balance of species within phases. The fourth
term on the right-hand-side is the classical electrical contribution [13]. At the
macroscale we get additional contributions which, like the stress tensors, can
produce a shift in phase-equilibrium of the species. See [9] for further discussion.

In examining (36) we see that it does not make sense to both impose charge
neutrality through the Lagrange multiplier A and to have g’ as an independent
variable. Either we have charge neutrality, in which case all terms involving
6713/ (8g5?) are dropped, or one drops the charge neutrality condition and sets
A to zero. We shall continue to carry both terms for generality.

Taking advantage of these relations and simplifying gives us the dissipative
portion of the entropy inequality in Appendix A.

4 Near-Equilibrium Constitutive Restrictions

Equilibrium is defined to occur when the following variables, defined generically
as I, are zero:

d', &, vhe, Vol voe, a=lLs j=1,.,N-1 (37)
) =l
VT, eplel, we, €pZ,, a=ls j=1,.,N. (38)
Using a dimensionality argument we can show that these variables are function-

ally independent. Hence we have

~ & -
(3 e*p*TA*)p} =0, 5(??,,)( 3" e*p°TA%)p| 20, (39)
it a=l,8 e

Ie}
0z,

a=l,s

where subscript e denotes equilibrium. Note that we have not incorporated
P

7% and @ into the above set. This is because without incorporating specific
chemical reactions, incorrect results are obtained.
So for example, considering z, = d', we have at equilibrium
N ~1
| | ! 11, 04
teym -—7rI+qu-Zp eja e
g=1 qe

(40)

To obtain results which hold near equilibrium, we expand linearly about equi-
librium. For example

N 62‘ N
(7T =i+ 3ol S 43 it
j=1 Og¢ =1
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N oA
~ (tgym+1r'1-qu+Zp’ pp ) 4 frid 4 fol' + f3 VT + ...
- aq% /e
J=1 €
(41)

where f, and f3 are fourth order tensors and f; is a scalar. These linearization
coefficients are functions of all independent variables which are not in the lists
(37) or (38). In this manner one can obtain cross effects, e.g. [16}, and nonlinear
terms, e.g. [5]. We choose to linearize only about the one variable which produces
a quadratic term in the entropy inequality, e.g. for the liquid phase stress tensor:

N 04 N
téym ~ -l +glA - Z plgk — d - Z plivtitylt (42)
j=1 0gé j=1

where v is a fourth-order tensor.

We note that in order to obtain equilibrium results the z, must be func-
tionally independent. However near equilibrium, one can linearize about any
independent variable which is zero at equilibrium.

~1
Defining pressure in terms of extensive variables to be p' = —8Ap/(8V?)

~1
where Ay is the total Helmholtz energy and V! the total volume of phase [, we
can convert to intensive variables and show that this is equivalent to

p=—€p 5y . (43)
elpti ,T,...

This pressure is equivalent to the thermodynamic pressure, 7!, only in the case
of a single phase and single constituent.
Using this definition and linearizing about ¢!, we obtain

1
pét =pt —p° + §5°ET - (E' - E®), (44)

where p! is the linearization coefficient and is not to be confused with the electro-
chemical potential. Thus if there are no effects of the electric field and pt>p®
the volume fraction will change so as to increase the amount of liquid phase.
The last term involves the differences in the electro-stress tensor tg = DE —
3€oE - EI (see the conservation of linear momentum equation in Part I). Thus
if the contribution of the electric field of one phase is greater than the other,
then the equilibrium volume fraction will be affected.
Linearizing about VT and w® yields the traditional results

K-vT= ) ¢* (45)
a=l,s
et = Q% : w?, (46)

where K and Q are second order and fourth order tensors, respectively. The
first is Fourier’s law of heat conduction (where normally g® is defined with the

140




Swelling Porous Media with Electroquasistatics 11

opposite sign) and (46) states that the stress tensors are not symmetric, which
was known from the conservation of angular momentum (see Part I [4]). Cross
effects can also be obtained [16].
~Ll;
Linearizing about the conservation of charge exchange term, Z,, yields the
following near-equilibrium result

~s ~1
oA’ |04

35 p 2 47
Oqe qi’ ( )

gl G Zi:' =0

where GY is the linearization constant. Thus, only if there is an imbalance in
the electric-potential terms will charges from constituent j move from one phase
to the other. Note that the Lagrange multiplier enforcing charge neutrality does
not appear in this expression, since if the medium is charge-neutral and A" are
independent of g¢’, and assuming no cross-effects, no net charge is transfered
between phases.

Adsorption relations are obtained by linearizing about the rate at which mass
is transfered from the solid phase to the liquid phase, gl p‘i’éfj . At equilibrium
we obtain

pb — p* =0. (48)

so that phase-equilibrium is governed by the electro-chemical potential alone.
Linearizing about equilibrium yields

~1 ~8
U L gerlisls L; laA saA ) 8; l;
ep iKY + 2\ p—F =Pl ) =0T —p? 49
PR+ (A~ ’ (49)
where, by (47), the second term on the left-hand-side is zero at equilibrium.

The relationship between the chemical potential and the partial stress tensor
of the liquid phase is obtained exactly as in the previous section for the solid
phase, except that the liquid phase result holds only at equilibrium:

~1
L ~l; 1 L 1 laA 1 1
pwil=A I—;l—;t1+z’ A—palj I+;)—I-ET-PI. (50)

Je

5 Bulk-Phase Flow and Diﬁ'usion

The equations which govern momentum balance in porous media are known
as generalized Darcy’s equations, after Darcy, who in 1856 empirically derived
the rather simple relationship that flux is proportional to the gradient in fluid
pressure:

eot® = —KVp! +€'plg, (51)

where K is the conductivity of the material. It is generally thought to be valid
for slow-moving viscous fluids through a homogeneous granular media. We
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would like to determine the generalization of this law for the swelling charged
porous media considered here. To begin with, we linearize about v»* and ob-

=1
tain a near-equilibrium expression for the exchange of momentum term, Ty,
which may then be substituted into the conservation of momentum equation.
Neglecting inertial effects and using (40) to eliminate t! we obtain:

1
K v = V() +ept(gt +gh) + (' + -2-50ET - BY)Ve +e'gl Er
~1

~1
o4 o4
Ry _ Lty L ) nT
epl(n' + FE) VT - AV(e'e) -6 55 : (VE)
~l ~1
g 24 wENT g A (vir). (52)

P B3Er a(vT)

The linearization constant K is positive definite by the minimization of entropy
generation at equilibrium, and may be a function of all independent variables
not equal to zero at equilibrium, including €!. For a homogeneous rigid medium
¢! is constant, and if there is an absence of electric fields, g; is zero so that we
recover Darcy’s equations. The terms not involving the electric field have been
derived before [3] and these results are discussed in detail in [8]. They indicate
that flow can be driven by a gradient in the volume fraction and gradients in
shear strain, the latter of which may be appropriate for swelling media with low
water content. These terms account for the chemical/hydration forces between
the solid and liquid phase. The term involving VT suggests flow in porous media
can be driven by a gradient in temperature. In addition to these terms, we have
the Lorentz force (¢'q. E), the Kelvin force (using equation (23)) e!P' . VEr,
and a term enforcing charge neutrality, AV(e'g!). Further, a portion of the
electro-stress tensor, 1/2¢, ET .E', magnifies the effects a gradient in the volume
fraction has on the rate of flow.

Diffusion in a single-phase mixture is governed by Fick’s law, which states
diffusive velocity is proportional to the gradient of the chemical potential. Here
we derive a novel form of Fick’s law. Begin with the coefficient of v’ in the
residual entropy inequality which, when set to zero, gives at equilibrium:

2o B 4+ TG ) — ep®i (i + T ) = —V [e2p™ (A% — A™)]
; i 1 o p%
—*VEr - (P% - ;,’-’;;P“") + 5€Br - (B - ;)’-’;;E“N)vsa

€  p% A" 84"
— Br - (P% - -:;;P"")VT+ p* (

57 Bpan ) V(e%p*)

aa;ia a, aj a a‘:ia a P anN
+ (P qgj A) V(E de )- (p aqu AV ]{Eg paqu

ot = Pl me ot 9 (Z)] Gt
€ (Qe PN 9e T—¢& PN J 300y .
(53)
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In addition we have from (15)

~I
—V(e'p’}il) — _Elpt%:_lvet l laA 98 o _ Z 19 V(Ezpl,)

“Per

N (O 671'
- s\T _ L1 77

,Z; V(elph) ~ ol oz ¢ (VE — ol VEr

N ~1 ~1

8A OA

_ | by 2

jE=1p 6qe —- V(e q i) —elpt ——= a(vT) -V*T (54)

so that from the coefficient of v"* we have at equilibrium

~1
’T = slprA +Zp oA V(el ”)+Zp V(e' L)
J=1 J=1 e
— VT —e'VEr - P + §:»:(,ET . B've
~AV(e'gl). (55)
Summing (53) over j from 1 to N and making use of the two forms of the
chemical potential, (32) and (50), we obtain (56) for the case j = N. Substitut-

ing this result back into (53) and again making use of (32) and (50) we obtain
the equilibrium result:

glpli (z +T Y= —elphi vl — V- (€lth)

~1 lj
+elgh v (A s Z’}j ) —e'VEr - PY + ’;—,V(E‘ET - PY

Qe

eoph o o 0P 1 livg
+T(—p—l—P ~ P4).ErVT +¢ (;,—qe - g3)Er+ €oEr - EYVe
lj Al
—Bst‘dsET, (56)

where d represents the phase exchange term in Gauss’ law. If the electric field

for species is defined appropriately, d is zero [4]. Note that as in the chemical

potential, the Lagrange multlpher enforcmg charge neutrality, A, appears in
~1

combination with 84 / (aqg ) in the same manner throughout.

Next we linearize about equilibrium using the coefficient of v%! in the
original entropy inequality given in Appendix B. This allows us to obtam non-
relative results since j = 1, ..., N. Here we make use of the fact that A and the
primary independent vanables, listed m (8), are the same at equlhbnum and

near-equilibrium. That this holds for A is justified by since A is not a func-
tion of any of the variables which define equilibrium. We also assume that the
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constitutive equation for P is the same at equilibrium and near-equilibrium.

Ay Al .
Using this result to eliminate e'p" (i + T, ) in the conservation of momentum
equation, neglecting the inertial term, and approximating pli using equation
(50), we obtain

~1

o . . o ) 0A
Rlvlst = —ghplivphi 4 gl (g4 — gf ) — €'q¥ vV [pl P ]
e

i ! L ooy
+e‘£’pT’ngT - %;P‘f .ErVT + pp—;V(s‘ET .PY) - ‘l’)—,’eld,ET,
(87)

~l
where R% is the linearization constant. Recall that d, is the exchange term

~I
from Gauss’ equation, so that e'd,Er can be viewed as an additional body
force, with the electric field producing the source.

~l
To analyze this further, assume that E! is defined in such a way that d, is
zero, body force, g% is gravity, g, temperature gradients are negligible, and we

~1
enforce charge neutrality with the Lagrange multiplier, A, and that A is not a
function of the charges, qlej . In this case (57) simplifies to

Rbvht = —elphi Vi +lphi(g — gf) +€'gh VA
L li
+%;— V(e'Ep- P+ el%,-QLET. (58)

The first two terms (on the right-hand-side) gives the standard Fick’s law, where
the body force has an additional term due to differences in Er and E%. The
third term represents the electric potential due to charge of the specie, but
unlike [17, 20], the charge density appears outside the gradient, and not within.
If the charge of the species per unit mass density, 2%, is constant, as is assumed
in-[17, 20], then we get agreement with [17, 20]. The last two terms involve
bulk-phase forces weighted by the mass fraction, just as the gravitational force
is weighted by the mass density. These terms are new and should be evaluated
carefully, although similar bulk terms have been derived before, [2]. The first
of the last two terms originates from the last term in the relationship between
the chemical potential and the partial stress tensor, (50), and is a term which
affects the chemical potentials of all constituents in the liquid phase. That
it is weighted by a mass concentration is a consequence of the fact that the
bulk phase velocity is a sum of the mass concentrations weighted constituent
velocities.

The last term in (58) comes from the energy work term &' J . Ep. The
presence of this term should be experimentally measured since it could easily be
incorporated into the entropy source term in equation (2). If the work term were
incorporated into the entropy source, the last term in (58) would not appear,
no other relations would be affected, and there would be one less term in the
dissipative entropy inequality which was not exploited here, Ea=,’s e J® - Er

144




Swelling Porous Media with Electroquasistatics 15

" in Appendix A. Recall that (2) is an assumption, and although has been shown
to give valid results for the case with no electric field, the exact form for the
case considered herein is not known. This provides an excellent opportunity for
determining the assumptions listed in (2) - any term in (58) which is determined
to be not there physically could be absorbed (indirectly) into the entropy source
or entropy flux. The remaining relations would then need to be modified in order
to remain thermodynamically admissible.

6 Discussion

We exploited the entropy inequality to obtain constitutive relations for a swelling
porous medium composed of a possibly polarizable solid and liquid phase, with
charges and an electric field. We did so under the philosophy that it is the total
electric field which contributes to the force and work terms in the conservation
of momentum and energy terms, and that it is only the total electric field which
is measurable. This produced an additional term involving the gradient of the
volume fraction in the macroscale conservation of momentum equation, which
manifests itself as an additional term in the generalized Darcy equation, (52).
Further, the Lorentz force, Kelvin force, and charge neutrality (if enforced) also
determine the overall flow rate.

The Lagrange multiplier which enforces charge neutrality is shown to appear
almost unilaterally with the change in modified Helmholtz potential with respect
to the charge density (see e.g. (36)). Since the volume fraction and density
are held fixed while taking this partial derivative, we see that the Lagrange
multiplier is related to the change in energy with respect to charge density, and
that which constituent the charge is associated with is irrelevant.

The relation between the chemical potential and the partial stress tensors
involves some novel bulk-scale quantities, see (36) and (50). These new terms
affect phase equilibrium (see discussion in [9]), and affect diffusion, see (58).
The exact form of the diffusion equation should be validated experimentally,
and this would give a method for determining the exact form of the entropy
source and entropy flux, which for this paper was assumed.

Other results include that the rate at which the medium swells is determined
by the difference in the thermodynamic pressures p' — p* and the difference of
a portion of the electro-stress tensor, see equation (44). We also showed that it
is the chemical potential which determines phase-equilibria (48), but that near
equilibrium, the electric potential becomes a factor (49). Likewise we also note
that the the stress tensor of each phase is not affected by the presence of the
electric field other than through the dependence of the Helmholtz potential on
the charged particles and electric field.
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Appendix A. Dissipative Entropy Inequality

The dissipative portion of the entropy inequality is
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where subscripted sym and as mean the symmetric and anti-symmetric part of
the tensor, respectively.
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Appendix B. Entropy Inequality
The entropy inequality in its entirety is:
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where subscripted sym and as mean the symmetric and anti-symmetric part of
the tensor, respectively.
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V. Numerical methods and examples

1. Introduction to the Numerical Approach

The study of coupling between stress and pore pressure in deformable, saturated porous
media started with the work of Terzaghi [1], who proposed and developed a one dimensional
consolidation model. Biot [2, 3, 4] extended this model to three-dimensional soil consolidation
with physically consistent assumptions. Analytical solutions of consolidation problems based on
Biot's theory have been developed by a number of resear‘chers, e.g. Cryer [5]; McNamee and
Gibson [6,7]; Gibson et al. [8]; Schiffman et al. [9] and Schiffman and Fungaroli [10]. In[5]and
[6] the authors found that within the framework of the full Biot model, short time pore pressure
in a poroelastic body loaded on the surface, could be higher than the surface load pressure. This
was rationalized by noting that the tangential stress components take part in the pore pressure
generation. This effect is specific to the full Biot model, and it differentiates Biot's model from
Terzaghi’s model.

Unfortunately, analytical solutions are available for only a very few restricted situations.
For more realistic problems numerical methods must be employed. Early finite element
formulations for consolidation problems have been espoused by Sandhu and Wilson [11];
Christian [12]; Christian and Boehmer [13]; Christian et al. [14]; Ghaboussi and Wilson [15];
and Matsumoto [16]. In these articles the authors obtained numerical solutions of many
important engineering problems. Christian [17] summarized and presented in a systematical
form the methodical issues of the finite element method as applied to consolidation problems.
" The development and investigation of various methods of implementing the finite element
method has continued over the years by many investigators such as Sandhu, Liu and Singh [18]

and Reed [19].
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Booker [20] obtained the solution of settlement problem for a loaded layer by combining
the Laplace transform and finite element method. A solution was obtained for different forms of
load footing: strip, circle and square. Lewis and Schrefler [21], Safai and Pinder [22], and Kim
and Parizek [23] applied the finite element method to consolidation for the problems related to
settlement when pumping water or oil. Sandhu and Liu [24] and Budkowska and Fu [25] studied
the application of the finite element method to consolidation of viscoelastic bodies. Khaled et al.
[26] and Bai et al. [27] applied finite element method to simulate consolidation of porous media
with dual porosity. Ng and Small [28] used the finite element method to study consolidation of
unsaturated soil. The authors considered the high water content case (above 0.7-0.8) and
reduced this model to the model of saturated soil with variable compressibility.

Haghighi [29], Irudayaraj and Haghighi [30], Irudayaraj et al. [31] developed finite
element model for related problems involving stress in drying bodies. In these articles the
authors used viscoelastic equations coupled with equations of conductive heat and moisture
transfer. The tempera@e expansion of material was taken into account as well. Hasatami and
Itaya [32], Itaya et al. [33], Itaya et al. [34], Hasatami and Itaya [35] considered similar processes
as [29-30], and developed similar finite elefnent models.

Nguyen and Selvadurai [36] and Se}vadurai [37] developed the finite element technique
to study rock consolidation in the presence of heat sources. In addition to the classical Biot
consolidation equations, they included a convective heat transfer equation. Temperature was
also taken into account. Zhou et al. [38] used to the finite element method to study mechanical
hydro-thermo-moisture behavior in nonsaturated clay. In addition to the classical Biot's
consolidation equations, their mathematical model included coupled convective heat transfer,

moisture transfer, and vapor- and air- transfer. Guvanassen and Chang [39] developed three-
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dimensional finite element models for thermohydromechanical elastic deformation of fractured
rock with convective heat transfer.

Carter et al. [40, 42], Carter et al. [41] initiated finite element models for consolidation
within finite deformation theory. Meijer [43] developed the Updated Lagrangian-Eulerian |
method for the same problem of consolidation with finite strain. The author used a moving finite
element grid.

Chopra and Dargush [44] used the finite element method for consolidation with plasticity
at finite strain. They derived and used Updated Lagrangian-Eulerian equations for moving grids
with linearization of the governing equations for each time step, before applying the finite
element method. This linearization was used for the stress-displacement equaﬁons, but not for
pore pressure-volume change equation. The authors applied this model to the problem of
extension of a cylindrical cavity in the subsurface.

Advani et al. [50] and Kim et al. [51] considered a coupled hydrothermomechanical finite
element model of elastic-plastic media under thermal and mechanical loading at finite strain.
They proposed updated Lagrangian—Eulerién equations via linearization, and then formulated the

finite element model.
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2. Finite Element Model of Consolidation Based on Biot’s Classical Model

The classical Biot model accounts for the stress field, infinitesimal strain and pore
pressure in a linear deforming porous body that is saturated with an incompressible fluid, within
the framework of the small deformation theory.

The model includes:

1) equilibrium equations;

2) state equations for an elastic body;

3) boundary conditions.

The equilibrium equations in Cartesian coordinates are:

o,

%% g-P o, i=123;j=123; @.1)
J ox;

de, =div(£-Vp), (2.2)

ot H

Here x,; are Cartesian coordinates, o;; are components of Cauchi stress tensor (tension
stresses are positive), p is pore pressure (positive for compression of the porous media), F, are

Y is the volume deformation (U,

3
components of the vector of volume force, t is time, e, = Y|
1 0%,

i =1,2,3 are components of the displacemént vector), x is the permeability coefficient of the
porous media, and u is the fluid viscosity.
" In geotechnical applications other forms of (2.2) are often used

aaetv = div(k-Vh), 22)
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where h is the head, h= A (p is the fluid density and g is the gravitational constant), and k is
PE

the hydraulic conductivity, k _Erg By introducing the head instead of the exceeded pore

pressure, data may often be more easily understood.
We will use (2.2) for the analysis and the seepage coefficient and head for data
presentation.

The infinitesimal strain is

72l ox,

- oU,
g.=1[9ﬂ+ f], ii=1,2,3, 2.3)
;o
and we assume the Hookian stress field

Oy =A-G6y +20-6;=A-Ope,+2u-¢; (2.4)

Here A and u are Lame constants, which characterize the elasticity properties of the body; J;

is the Kronecker delta.

Another equivalent form of Hook’s law is
o, =3Ke,, s;=2Ge,, (2.5)

where
1
o, = 525,,,‘ (2.6)
is mean (hydrostatic) stress (one third of the first invariant of stress tensor),
3
&= Eu Q2.7
k=1

is the volume deformation (first invariant of the deformation tensor),

5, =0,;-06,0,, i,j=1,2,3 (2.8)

v




158

are components of the stress deviator (shear stress tensor), and

e; = &; —%—éle i,j=123 2.9)

if §ovo

are components of deformations deviator (shear deformation tensor). Hook’s law in form (2.5)
establishes the proportionality between spherical parts of stress and strain tensors, and deviator

tensors.

Coefficients K and G (the modulus of volume deformation and the shear modulus) are

connected to Lame parameters by relations
2
K=+ -3— u, G=pu.

Two types of boundary conditions are use on the boundary I’ =r§"Ur‘;’ On T{? the
displacements are assigned:

U=U,, xel'®,
while on I“(ze) the normal effective stress is specified:

o = (¢)
o, n,—p-n=t, xel}’.

"Here n is the unit outer normal to the body surface.

Similarly for the fluid flow, I' = I'f” )U I‘(z” ) we specify
P=Py, X€ FEP)’
while on T'{?) the normal flux of fluid flow is

K 0
ko, ;=q, xe[‘(zp)_

U On;
It is also possible to represent sliding with traction. We do so by fixing the tangential

component of stress and letting the normal displacement vanish.
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Below we consider the plane stress elasticity problem. In this problem forces (both

volume and surface loading) do not change in the x3-direction. Thus U, =0, and displacements

U, and U, are invariant with x3. Hence

&, =0,
o, = L(20, 20 g s L[3U, 30\
Booley o) 2oolex, oy, )
0,3 =2G-§,=0,, 0,3 =2G & =0..

These relations have many consequences. For example, one can deduce

033=G-ev+0.”+622, ev=3(0'11+°'22),
2 2(9K+G)
9K -2G

O34 =m'(0'“ +0'22).

At this point the main importance of these results is that the stress component o3, can be defined

independently, after defining {0' }, ij = 1,2. | In this fashion the problem is reduced to

i

finding U,, U, and pore pressure p based on

oo,
9 g2 g, i=12j=12; - (2.10)
ox, o,

9oy, +_5U2 =.§. k o , i=1.2. (2.11)
or\ ox, ox ox;\ pg Ox,

Here {0',}.} , 1,j = 1,2 is the Cauchy’s plane stress tensor with o,, = g,, by symmetry. We thus

have by Hook’s law relations (2.5)
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( A
K+§-G K—~-§-G 0
oy 2 4 On
Oy |= K—EG K+§G 0oy (2.12)
Oy 0 0 G Oy
\ J
or
oc=D-g, (2.13)
where
( 4 2 A
K+-G K--G 0
Oqu g 2 €n
G =|o,l, D= K_EG K+—3-G 01, €E=|gy| (2.14)
G 0 0 G €12
\ /

To implement the finite element method [48,49], we introduce the triangular grid (Figure
2.1). We use the linear elements for pore pressure (see Figure 2.2) and quadratic elements for

displacements (Figure 2.3). In such a way we associate to each element six standard quadratic

basis functions {y,}, @=1,..,6 for determining displacement U,, six standard quadratic basis
functions {!//ﬂ}, B=1,..,6 for determining displacement U,, and 3 standard linear basis

functions {(p,} , =1, 2, 3 for determining pore pressure p [48,49].

U
As usual we find the solution (Ul ), p in form of a linear combination of basis functions
2

U —
(UIJ=ZU§" N+ TUP N, p=2F 0, 2.15)
B b4

2 a

Here
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ﬁS) _ (Wa) , 'ﬁﬂ(:) - 0 .
0 Vs

Using the Galerkin method the finite element equations are obtained by multiplying

equation (2.10) at i=1 on the basis function ., equation (2.10) at i=2 on the basis function
Y, €quation (2.11) on the basis function ¢.. and integrating by parts and applying Green’s
formula, for all of the functions vy ., Y., and @,

The resultant is the system of linear algebraic equations for unknown coefficients
n p® .
U;’, Uy, and F,:
U0 Ii&"_a;au (RO)ay + Zyg) . If_'/’_zau (R9)av- T8, - [2e g, v
a 14 axl 4 Vv axl (2 1 6)
= IF ydv+ jtl w,ds ,

o

oy, — oy » — oy
e N et

= [B ypdv+ [1,-y,ds, (2.17)
v r(;)
dU %
j I Ys @, dv
,, dt Tox * ,, @ Jox, " -
1

o ) ap, Op,,
+ZP j— 0 Ry Br P Ny - [q-p,ds

Using a finite difference scheme in time, one can write equations (2.16) - (2.18) in the
compact matrix form:
K,-U + K, -V -C,-P=FE, (2.19)

K, - U+K,-7-C,-P=F, (2.20)
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CIT-U'U +CJ-VA:V +H-[a-P+(1-2)-P] =Q,

(2.:21)

where U is the vector of unknown coefficients {U,,} , V is the vector of unknown coefficients

{Vﬂ} , and P is the vector of unknown coefficients {Pr} . - The overbar indicates

t=t, +At;
otherwise ¢ =t,.
Matrixes are
(5 5)-(5 ) - fowar povva
Ky K Ky® Ky v
a',a a',a 5&” '
C =(C*), CI* = |—%-¢,dv;
1 ( 1 ) 1 J %, Q.
. . oy 4
G, =(C57), Cff = |=Lpuav;
2 ( 2 ) 2 J x, Ps
H= (Hr’,r) H'” = j K 5¢r' 5¢7 + ﬁ%' 5¢, v,
’ qu\dx ox, Ox, dx,
where
\
(v
ox
44
Vy=| 0 —
v ox,
XN N
Lo”x2 ox, )
and D is the matrix (2.14).
Let us rewrite equations (2.19)-(2.21) again in the form
K.-U-C-P=F, (2.22)
CT . l_j—U

+H-[a-P+(1-2)-P] =Q, (2.23)
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or more compactly

kK< -ZZ=O 0 (Y] + F, (2.24)
C" a-At-H|\P C" —(-a)-At-H|\P At-Q

which is adapted to the calculation of the solution at # =t, + At based on known data for 7 =1,.

Equation (2.24) is solved by decomposing métrix A at each time step into the product
A=L.U
of the lower triangular matrix L and upper triangular matrix U, using
A-x=f
with
L-y=f and U-x=y.
We used subroutines dgbco and dgbsl from LINPACK [50,51], which employs Crout’s
decomposition with pivoting and back substitution [52].

For typical values of the elastic and permeability coefficients in poroelastic bodies, the
matrix A in (2.24) is ill conditioned with condition number 10°%. This ill conditioning is closely
related to the fact that matrix A incorporates large values of the elastic characteristics but small
values of the permeability (see typical data in the test description below). Neither the flow nor
elastic problem when considered separately is ill conditioned.

The condition number may be increased [19] by rewriting the scheme (2.24) as

K = =sC Ul 1o 0 1.0 F 025
s-C" sa-a-H||LP s-CT —s*-(1-a)-At-H 1p s-At-Q)
A §

where we have introduced the parameters. This parameter is chosen in such a way to maximize
the condition number. We are able to increase the condition number in typical cases from 107

at s=1 to 107 for optimal values of s.
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All our results were obtained by applying of this procedure. It should be noted that the
search for the optimum value of s, and Crout’s decomposition are performed only once during

the solution procedure unless the time step is changed radically.
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3. Test of the Elastic Model for Biot Consolidation
As a test we considered the one-dimensional consolidation problem for a column of
elastic porous material, subjected to constant loading (see Figure 3.1). On the lower surface zero
displacement is prescribed. On the vertical bbundarics sliding without traction is imposed at
zero horizontal displacement. On the upper boundary a uniformly distributed vertical load is
prescribed. The upper boundary is drained with zero pore pressure, while the remaining

boundaries are impermeable. The analytical solution to this problem is [54]

8 &1 it
= 1-— ) 5-ex (- " ] (3.1)
=1,3

ntaa i

is the consolidation

L] C 't . . . . . 9 -
Here t = ;12 is dimensionless time, H is the column’s height, ¢, =

pg-a

coefficient, a=———1—— is the compressibility of soil, and V' =V/V, is dimensionless
K +§G

normalized settlement, where V is the settlement of the upper boundary of -column at the current

time, and V,=a-H-F is full final settlement of the upper boundary after pore pressure

dissipation. Also, F is pressure outside the top surface, and V" is sometimes called the degree of
consolidation.

We have used the test data of [18] h = 7, K = 10000, G = 2142, t; = 190 (vertical stress
component on the upper boundary) and the grid was the same as in [18]. In Fig. 3.2 a

comparison of the numerical and analytical solutions is presented, " =¥"(f"). The numerical

solution differs from analytical less than 2%.

We tested two versions of initial data

U(x,y,0)=0, p(x,3,0)=t, (32
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(pore pressure at t = 0 is equal to the vertical stress); and the second initial data was obtained by
solving (2.22), (2.23) adopted at t =0, Ar=0:
K.-U-C-P=F, (3.3)
CcT.U=0. 3.4)

These two initial conditions give rise to essentially the same results for > 0.
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4. Finite Element Model of Consolidation for Viscoelastic Media
Following [54-58], we take the equations for consolidation of a viscoelastic porous

medium in the form

oo,

%9 f g2 28| 2P, @.1)
ox, Ot\ Ox, | Ox, _

Oe K

r = div| —-Vp|. 4.2
2% - v £.9p) @2

ot\ o

Here m is the viscoelasticity coefficient of the skeleton, and n.i(ﬁe‘,] describes the
xi

viscoelasticity effects. We consider the plane stress viscoelastic consolidation problem.

The boundary conditions for the part of boundary where loads are prescribed have the

form

By applying the Galerkin procedure and using the same basis and trial functions as earlier, one

can see that the additional term arises in the left side of (2.16)

5 dUQ v e, ,szfs” v, OV
= a ox, ox 4 dr on o,

and an additional term arises in the left side of (2.17)

(4.3)
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cr.U-U

+H-P=Q (4.4)

(we take o = 1). Here the additional matrix Kv, which is related to viscoelasticity terms, is

Ky = Kv, Kv,) _ Kv3*® Kve*®
Kv, Kv, Kvee kvg® )’

where
Klala_J‘ﬁ‘//a _ﬁWadv Kvlaz',a=jﬁ!”a’_ﬁ'yadv’
ox, Ox ; Ox, Ox,
- [He ‘; Ve W g, K = [P Ne gy,
x, Ox ; Ox, Ox,

We proceeded as in the previous section to compute the numerical solution, but we found
considerable discrepancy with the analytical solution. So we changed the approach and instead

of solving equations (4.3), (4.4) we solved the equivalent equation

K+L.kv —C | (U K-U-C-P-F
o o)\ ar@-p-g >
CcT At-H i
for increments
oU = U-U, 6P = P-P, (4.6)

by applying the same matrix conditioning technique for equation (4.5). With this approach the
numerical and ‘analytical solutions were nearly identical.
As a test we considered a one-dimensional problem of consolidation of viscoelastic

porous material that had an analytical solution [54]

© 2 2%
V' = 1-—8—Zi2-exp =t
1

2. . 22 4
7T a3l 4'(1+17Z'S]
4
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Here the parameters are as in (3.1) with §=— 737 the dimensionless viscoelasticity coefficient.

For the test we used the following data: H = 10, K = 1000, G = 1600, x/u= 0.001,
t, =10 (vertical stress component on the upper boundary). A series of tests were performed for
the sequence of viscoelasticity coefficient 7=0, 10000, 20000, 50000, and 100000. This

corresponds to values of the dimensionless parameter S = 0, 0.1, 0.2, 0.5, 1. In Fig. 4.1 we

compare the numerical and analytical solution. As mentioned, results are in excellent agreement.
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5. Finite Element Model for Consolidation of Viscoelastic porous media with additional flow
due to capillary forces
None of the previous models included the affects of colloidal swelling. Flow due to

swelling is generally assumed proportional to the gradient of volume deformation [54-58]
7= -Xvp . E.5.ve, (5.1)
H H

Here the first term in the right hand side is the usual Darcy flow, while the second term describes
the additional flow due to volume fraction gradients. The material parameter p, has the

dimension of pressure. The consolidation equations for viscoelastic porous media with the

additional flow (5.1) have a form [54-58]

%%y p_p2f2%| 2 (.2)
a, ' al\ox) oy '
% . div(-’f--Vp) + div(-—K—ﬁ.-Ve,). (33)
ot )7 H

Using the decomposition (2.15) and applying the Galerkin procedure, we see that in the

left hand side of (2.18) the additional term

D, 0 0
&D_'.. I_¢_7._?_. ZUS)% + ZU;Z)_Z_E. dv +
uo|pox x| G Ox; B ox,

op, @ o O @ Vp
—L . ) U, —= U, —=| adv
;Jaxz o, l:; ¢ o * ; ? o, }

arises. Thus the full finite element equations, as in development (2.22),(2.23) and (4.3),(4.4), have the form

KT+ LkwT-CP=-LkvU+F, (5.5)
At At
cr VU | KPg G+ HP = 0. (5.6)
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Here the “stiffness (sub)matrix” Kc for additional flow due to volume deformation is

Ke = (Ke,,, Keyp),

where
ke, = 2000 4y, [P0
™ Vaxl axlz VaxZ axZaxl
Ke. = Iaﬁ.az—ylll_ v + I%L.a_zﬁ .
A jox, ox

We rewrite equations (5.5),(5.6) to solve it for increments dU and dP (4.6). The modified

system, as (4.5), has the form

n
K+—+~-Kv -C .(dU)={ K-U-C-P-F ) 57

L
T iar-Ke Ar-H)VE At-(Ke-U+H-P-Q)

. a fashion similar to sec.3,4, we solve equation (5.7) by maximizing the condition number
according to procedure (2.25), and then using Crout’s decomposition. Maximization of
condition number and Crout’s decomposition is performed only once during the solution of (5.7).

As a test case we considered a one-dimensional problem of consolidation for a column of
viscoelastic porous material, similar to those in sec.3,4. The analytical solution of this problem

has a form (see [54], where a similar problem is considered)

@© 2 2%
V'=l--—8—-z-_1— i‘mt

2 2.exp - 2 2 >
T a3 4.(14_1 7:8)
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The only difference between here and sec.3 is the form of dimensionless time

r=X. (K + -; G+ ﬁ.) —I—;-i- and dimensionless viscoelasticity coefficient
H

D,
K+i
3

S= 1+

/s
: .
H G

=[x

For the test we used the following data: H = 10, K = 1000, G = 1600, x/x=0.001, t; =

10 (vertical stress component on the upper boundary). Again a series of tests were performed for

the sequence of viscoelasticity coefficients 7 =0, 10000, 20000, 50000, and 100000, which

correspond to values of dimensionless parameter S =0, 0.1, 0.2, 0.5, 1.

In Fig. 5.1 a comparison between the numerical and analytical solution is presented.

Again results agree well.
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6. Examples of Solutions for Two-Dimensional Problems
Here we consider 2-d examples of problems with a strip load on the upper boundary,
which may be in motion with normal as well as tangential stress. We first consider elastic and
viscoelastic models with fixed grids. In Fig. 6.1 the modeled areas and grids are shown. The
domain has the length L and thickness H and represents one half of the symmetric body. The
surface is loaded by a strip of half-length b. We consider both drained and undrained surfaces.
On the base zero displacements were prescribed:
U=0, V=0 at 0 x L, y=-H.
On the symmetry axis and the far boundary we had vanishing horizontal displacement and no
shear stress:
U=0, o,=0 at x=0, -H< y< 0 and
x=L, -H<y=< 0
On the upper boundary away from the load, zero normal stress was prescribed:
0,=0 at b<x < L, y=0.
For fluid flow the following boundary conditions were applied:

- impervious bottom

P_0at 0<x< L y=-H;
on

- impervious symmetry axis

-@-=0at x=0, -H < y £0;
On

- zero surplus pore pressure on the far vertical boundary and the upper boundary away from the
load

p=0 at x=L, -H<y< 0 and b<x <L, y=0.
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Two variants of boundary conditions were applied under theload 0 < x < b, y=0:
a) for the drained case
op=F, p=0,
and

b) for the undrained case
op—-p=F, -

Two sets of initial data were considered. In the first the initial condition was calculated
according to Biot’s equations (2.22), (2.23), adopted for =0, At =0 (3.3), (3.4), which in this

case express the incompressibility of pore fluid at instantaneous loading:

oo,
99 g -2 o, 6.1)
&, ox,
oU,

= 0. 6.2
o 62)

In the second case we used zero initial conditions

U(x,y,0)=0, p(x,y,0)=0 (6.3)
It is readily seen for sufficiently small At, the solution of the Biot problem (2.22), (2.23) with
initial condition (3.3), (3.4) coincides with (or be very close to) that with initial condition (6.3).
Numerical tests did confirm this.

Soil data were K = 1600 t/m?, G = 1000 t/m?, x/x=0.01 m/day, which correspond to
compacted loam. |

Figures 6.2-6.4 are for Biot’s drained problem. Figure 6.2 displays isobars in the body at
times t = 0.1 day, 1 day and 3 days with H=20m, L =20m, b=10m, and F = 10 /m. These

data illustrate the generation of pore pressure shortly after loading and dissipation of pore
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pressure later via boundary drainage. Figure 6.3 shows the settlement and position of the upper
boundary for the same problem. Figure 6.4 illustrates the change in the displacement field with
time. In order to make this field more visible, modeled displacements were increased 20 times.

Figures 6.5-6.7 are similar to Figures 6.2-6.4 except the loaded surface is undrained.

For ease in comparison, Figures 6.8 and 6.9 have been drafted to illustrate the difference
in the two models. In Fig. 6.8 the surface settlement at the center of the load is displayed, while
in Fig. 6.9 the integral volume deformation is displayed. These data also characterize the full
volume of compressed pore fluid.

In Figure 6.10 thé pore pressure is shown with strip tangential load on the surface. The
footing of the load is drained. One can see that the pore pressure is symmetric,
p(=x,y,) =—=p(x, y,t), with regard to the axis x = 0. In Figure 6.11 the settlement of the upper
boundary is shown for the same problem. It also has the same symmetry
V(-x,y =0,f) =-V(x,y = 0,f). Figure 6.12 shows the displacement vector field with symmetry
U(x,y,0)=U(x, 3,1), V(=x,y,t) ==V (x,y,1).

Next we consider the case where the normal load is moving with constant velocity v.
Results are shown in Figures 6.13-6.21. It is obvious that if the load is moved quite fast, the
layer has no time to dissipate pore pressure and to recharge fluid, so the settlement and
compaction of the layer is small. On the other hand, if the load is moved quite slowly, the layer
has enough time to dissipate pore pressure, so in this case the settlement is close to a stationary
load. The question is what is fast and what is slow.

It is a well-known fact that for a stationary load the characteristic time of consolidation is
t,=H?/c,, where c¢,=x/(u-a) is the consolidation coefficient and a=1/(K +§G) is the

compressibility coefficient. On the other hand, the characteristic time for the moving load is




176

t, =b/v, where v is the velocity of the load. So it is natural to measure time on the t; scale and
to compare it with t,. The ratio of t; to t, gives the dimensionless velocity v, =v-H 2/(c,+b). At
t, =t,, the characteristic velocity is v=c,-b/H 2. The data in Figs. 6.13 and 6.14 correspond to
the dimensionless velocity v, =1; Figs. 6.15, 6.16 to v, =2; Figs. 6.17,‘ 6.18 to v, =05; and
Figs. 6.19,6.20 to v, =5.

In Fig. 6.21 we collect all data related to the settlement of the layer for the va;ious cases.
One can see that the settlement under a moving load is not symmetric with regard to its middle
point. At fixed velocity the settlement increases monotonically along the loading _surface from
its front to the back, and has maximum at the rear. Subsistence is decreased as velocity
increases. At v, =0.5 the subsistence is very near that of the stationary load. The pore pressures
in Figures 6.13, 6.15, 6.17 and 6.19 show the degree of consolidation. We depict in Figs. 6.22-
6.25 dimensionless results for a moving load for four values of dimensionless velocity
v,= 05, 1, 2, 5 and two values of dimensionless length of loaded surface, b/H =10 and
b/H=5. In Figures 6.22 and 6.24 the ratio p/F is shown in dimensionless coordinates

x/H, y/H. In Figs. 6.23 and 6.25 the dimensionless settlement of the upper boundary

Vi(x; y=0) = is presented.

Fig. 6.26 illustrates the subsistance under the moving load when the move is just
beginning. The solid line (at t =4t0) relates to the stationary condition: the normal load is
stationary for a long time before t0. Starting at t = t0 the load is then moved with a constant
speed v. The subsequent three curves show the subsistence at 1, 2, and 3 minutes after

movement starts.
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Next we consider the 2-d numerical solution of the consolidation problem using
deforming grids. In Figs. 6.28 and 6.30 deformed grids are shown for the classical Biot model
and for consolidation of the viscoelastic soil. In the Lagrangian framework the grid is updated at
each time step according to the calculated displacement vector field. To make the results more
visible, we considered a very soft (weak) ground and very heavy load. For comparison, Figures
6.27 and 6.29 show deformed grids, which are calculated by using stationary grids. For the data
used, a difference between the classical Biot’s model and viscoelastic model is visible, but the
two grids produce similar results.

To check the importance of the viscoelasticity factor, a series of cases was studied with a
stationary grid. In Fig. 6.31 the settlement of the central point under the drained normal load is

shown for viscoelastic coefficient values x4 = 0, 1000, 3000, and 5000. These data show the

viscoelasticity factor became important for quite high viscoelasticity coefficient values.
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7. Summary
We have presented finite element solutions for a number of consolidation problems
ranging from elastic to viscoelastic coupled with flow including capillarity's swelling systems.
These models have been tested against analytical solutions whenever possible and good
agreement was obtained.
Several novel test problems were considered for which there are no analytical solutions.
The most interesting of these involves a moving load, consistent with vehicular traffic over a

viscoelastic body, with both drained and undrained porous matrix.
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Fig. 2.1. An arbitrary finite element triangle grid.

Fig. 2.2. Linear basis functions in triangle, used for pore pressure approximation.

A = area of entire triangle; 4, = area of triangle opposite nodei; @, =4,/ 4.

Fig. 2.3. Quadratic basis functions in triangle, used for displacement approximation.
v, =0,20, -1, v,=0,20,-1), vy;=¢,20,-D,
Y, =40,0;, Vs =400, Y =49,9,.

Fig. 3.1. Scheme for 1-d test problem.

Fig. 3.2. 1-d test problem for classical Biot model.
Displacement of the upper boundary, ¥ =V (t) (dimensionless V and t).

Fig. 4.1. 1-d test problem for consolidation model with viscoelasticity.

Displacement of the upper boundary, ¥ =V (t) (dimensionless V and t).

Fig. 5.1. 1-d test problem for consolidation model with viécoelasticity and additional capillary

flow.
Displacement of the upper boundary, ¥ =V (f) (dimensionless V and t).

Fig.6.1. The scheme and the grid for consolidation problem for layer loaded on the upper
boundary.

H=20m, L=50m, b=10 m.
Fig. 6.2. Strip load. Drained loading surface. Pore pressure.

K =1600 t/m*, G=1000 ¢t/ m?, k =0.01 m/day ,

H=20m,L=50m, b=10m, F = 10 t/m.

Fig. 6.3. Settlement of the upper boundary ¥ =¥ (x| y =0) of horizontal layer under drained
strip

load. K =1600¢/m*, G=1000 t/m’, k=0.01 m/day,

H=20m, L=50m, b=10m, F = 10t/m.
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Fig. 6.4. Strip load. Drained loading surface. Displacement vector field.
load. K =16001t/m?, G=1000t/m?, k=0.01 m/day,
H=20m,L=50m,b=10m, F = 10¢/m.

Fig. 6.5. Strip load. Undrained loading surface. Pore pressure.
K =1600 t/m*, G=1000t/m’?, k=0.01 m/day,

H=20m, L=50m, b=10m, F = 10t/m.

Fig. 6.6. Settlement of the upper boundary ¥ =¥ (x| y =0) of horizontal layer under undrained
strip |

load. K =1600¢/m?, G=1000t/m?, k=0.01 m/day,

H=20m, L=50m, b=10m, F = 10¢/m.

Fig. 6.7. Strip load. Undrained loading surface. Displacement vector field.
load. K =1600 ¢/m*, G=1000t/m?, k=0.01 m/day,
H=20m, L=50m, b=10m, F = 10t/m.

Fig. 6.8. Settlement under the central point vs. time.
K =1600 t/m*, G=1000 t/m?, k=0.01 m/day,
H=20m,L=50m, b=10m, F = 10t/m.

Fig. 6.9. Integral volume deformation vs. time.
K =1600 t/m?, G =1000 t/m?, k =0.01 m/day,
H=20m,L=50m, b=10m, F = 10t/m.

Fig. 6.10. Strip tangential load. Drained loading surface. Pore pressure.
K =1600 t/m*, G =1000 t/m?, k =0.01 m/day,
H=20m, L=100m, 2b=20m, F = 10t/m.

Fig. 6.11. Settlement of the upper boundary ¥ =V (x| y = 0) of horizontal layer under drained
strip

tangential load. K =1600 t/m?, G=1000t/m?, k =0.01 m/day,

H=20m, L=100m, 2b=20m, F = 10¢t/m.




Fig. 6.12. Strip tangential load. Drained loading surface. Displacement vector field.

K =1600 t/m?, G=1000 t/m?, k=0.01 m/day,
H=20m, L=100m, 26=20m, F = 10¢/m.

Fig. 6.13. Moving load. Pore pressure.
K =160 t/m?, G=100t/m*, k=1m/day,
H=1m, b=10m, F = 10¢t/m, v=60 m/hour.

Fig. 6.14. Moving load. Displacement of the upper boundary V' =V(x|y=0).
K=160t/m*, G=100t/m?, k=1m/day,
H=1m, b=10m, F = 10¢/m, v=60 m/our.

Fig. 6.15. Moving load. Pore pressure.
K =160t/m*, G=100t/m’, k=1m/day,
H=1m, b=10m, F = 10¢/m, v=120 m/hour.

Fig. 6.16. Moving load. Displacement of the upper boundary V' =V (x|y=0).
K =160 t/m?, G=100 t/m*, k =1 m/day ,
H=1m b=10m, F = 10t/m, v=120 m/hour.

Fig. 6.17. Moving load. Pore pressure.
K=160t/m?, G=100t/m?, k=1m/day,
H=1m,b=10m, F = 10t/m, v=240 m/hour.

Fig. 6.18. Moving load. Displacement of the upper boundary ¥ =V (x|y=0).
K=160t/m*, G=100t/m?, k=1m/day,
H=1m,b=10m, F = 10t/m, v=240 m/hour.

Fig. 6.19. Moving load. Pore pressure.
K=160t/m*, G=100t/m*, k=1m/day,
H=1m, b=10m, F = 10t/m, v=600 m/hour.

Fig. 6.20. Moving load. Displacement of the upper boundary ¥V =V(x|y=0).
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K=1601t/m*, G=100t/m*, k=1m/day,
H=1m,b=10m, F = 10t/m, v=600 m/hour.

Fig. 6.21. Moving load. Displacement of the upper boundary V =V (x|y=0).
K =160 t/m?, G=100t/m?, k=1m/day,
H=1m,b=10m, F = 10t/m.

Fig. 6.22. Moving load. Dimensionless pore pressure. b/ H =10.
Calculatedat K =160t/m?, G=100t/m?, k=1 m/day,
H=1m,b=10m, F = 10t/m.

Fig. 6.23. Moving load. Dimensionless displacement of the upper boundary. &/H =10.

Calculated at K =160 t/m?, G=100 t/m?, k =1 m/day,
H=1m,b=10m, F = 10t/m.

Fig. 6.24. Moving load. Dimensionless pore pressure. b/H =3$.
Calculated at K =160 ¢/m?*, G=100t/m?*, k =1 m/day,
H=1m, b=10m, F = 10t/m. |

Fig. 6.25. Moving load. Dimensionless displacement of the upper boundary. b/H =35.

Calculated at K =160 t/m?, G=100 t/m?, k=1m/day,
H=1m,b=10m, F = 10t/m.
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Fig. 6.26. Moving load. Dimensionless displacement of the upper boundary ¥V =V (x|y=0) at

time
moments near the starting point.
K =160t/m*, G=100 t/m*, k =1 m/day,
H=1m, b=10m, F = 10t/m, v=120 m/hour.

Fig. 6.27. Classical Biot consolidation. Strip load. Drained loading surface. Deformed grid.

(Small strain. The solution is calculated using stationary grid).
K =160 t/m*, G=100 t/m*, k =0.01 m/day,
H=10m, L=50m, b=10m, F = 100t/ m.
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Fig. 6.28. Classical Biot consolidation. Strip load. Drained loading surface. Deformed grid.

(Small strain. The solution is calculated using moving grid).
K =160¢t/m*, G=100 t/m*, k=0.01 m/day,
H=10m, L=50m, b=10m, F = 100 ¢t/m.

Fig. 6.29. Consolidation of a viscoelastic body. Strip load. Drained loading surface. Deformed
grid.

(Small strain. The solution is calculated using stationary grid).

K=160t/m*, G=100t/m?, n=3000 t/m-day, k =0.01 m/day,

H=10m, L=50m, b=10m, F = 100 ¢/m.

Fig. 6.30. Consolidation of a viscoelastic body. Strip load. Drained loading surface. Deformed
grid.
(Small strain. The solution is calculated using moving grid).

K =160 t/m*, G=100t/m?, n=3000t/m-day, k =0.01 m/day,
H=10m, L=50m, b=10m, F = 100t/ m.
Fig. 6.31. Settlement of the central point vs. time for classical Biot and viscoelastic models.
K=160t/m*, G=100t/m*, k=0.01 m/day .
H=10m, L=50m, b=10» "




An arbitrary finite element

triangle grid

Figure 2.1
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Linear basis functions in triangle,

used for pore pressure approximation

Figure 2.2
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Quadratic basis functions in triangle,

used for displacements approximation

3

Figure 2.3
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Scheme for 1—-d test problem

b
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Figure 3.1
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1—d test problem
for classical Biot model.

Displacement of the upper boundary, V=V(t)

(dimensionless V and t)
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Figure 3.2
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1—-d test problem
for consolidation model with viscoelasticity

Displacement of the upper boundary, V=V(t)

(dimensionless V and t)
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Figure 4.1
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1—d test problem
for consolidation model with viscoelasticity
‘and additional capillary flow

Displacement of the upper boundary, V=V(t)

(dimensionless V and t)
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The Scheme and the Grid
for consolidation problem

for Layer Loaded on Upper Boundary

H=20 m, L=50m, b=10m

a) Drained Loading Surface
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O
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b) Undrained Loading Surface
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Figure 6.1
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Strip Load. Drained Loading Surface.

K=1600 t/m*m, G=1000 t/m=*m, k=0.01 m/day

Pore pressure

H=R0 m, L=50m, b=10m, F=10t/m
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Settlement of the Upper Boundary V=V(x|y=0)

of Horizontal Layer under Undrained Strip Load

K=1600 t/m#*m, G=1000 t/mx*m, k=0.01 m/day
H=20 m, L=50m, b=10m, F=10t/m
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Figure 6.3
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Strip Load. Drained Loading Surface.

Displacement vector field
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Strip Load. Undrained Loading Surface.
Pore pressure

K=1600 t/m+*m, G=1000 t/m=*m, k=0.01 m/day
H=20 m, L=50m, b=10m, F=10t/m

-T—

0 5 10 15 20 25 30 35 40 45 50

Figure 6.5




Settlement of the Upper Boundary V=V(x|y=0)
of Horizontal Layer under Undrained Strip Load

=1600 t/m*m, G=1000 t/mx*m, k=0.01 m/day
H=20 m, L=50m, b=10m, F=10+t/m
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Figure 6.6
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Strip Load. Undrained Loading Surface.

Displacement vector field
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Settlement under the central point vs. time

K=1600 t/m*m, G=1000 t/m+*m, k=0.01 m/day
H=20 m, L=50m, b=10m, F=10t/m

_OOO 1 | [ | | IS W | (SN (SO NN N N | 1 | U S R T

4 e drained load surface =

—0.02 ——————— undrained load surface -

Figure 6.8
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Integral volume deformation vs. time

K=1600 t/m*m, G=1000 t/m=*m, k=0.01 m/day
H=20 m, L=50m, b=10m, F=10 t/m
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drained load surface -
0.8 ————— undrained load surface —
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Strip Tangential Load. Drained Loading
Surface. Pore pressure

K=1600 t/m*m, G=1000 t/mx*m, k=0.01 m/day

H=20 m, L=100m, 2b=20m, F=10t/m
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Settlement of the Upper Boundary V=V(x|ly=0)
of Horizontal Layer under Drained Strip

Tangential Load

K=1600 t/m*m, G=1000 t/m*m, k=0.01 m/day
H=20 m, L=100m, 2b=20m, F=10t/m
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K=1600 t/m*m, G=1000 t/m=+m, k=0.01 m/day

Strip Tangential Load.
Drained Loading Surface.
Displacement vector field

H=20 m, L=100m, 2b=20m, F=10t/m
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Figure 6.12
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Moving Load.

Pore pressure

K= 160 t/m*m, G= 100 t/m#*m, k=1 m/day
H=1 m, b=10 m, F=10 t/m, v= 60 m/hour

t=0.0066 day= 9.5 min
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Moving Load.

Displacement of the upper boundary, V=V(xly=0)

K= 160 t/m*m, G= 100 t/m+*m, k=1 m/day
H=1 m, b=10 m, F=10 t/m, v= 60 m/hour
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Moving Load.

Pore pressure

K= 160 t/m*m, G= 100 t/m*m, k=1 m/day
H=1 m, b=10 m, F=10 t/m, v=120 m/hour

t=0.0033 day= 4.75 min
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Moving Load.

Displacement of the upper boundary, V=V(x|y=0)

K= 160 t/m*m, G= 100 t/m+*m, k=1 m/day
H=1 m, b=10 m, F=10 t/m, v= 120 m/hour
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Moving Load.

Pore pressure

K= 160 t/mx*m, G= 100 t/m#*m, k=1 m/day
H=1 m, b=10 m, F=10 t/m, v=240 m/hour

t=0.00165 day= R2.37 min
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Moving Load.
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Displacement of the upper boundary, V=V(xly=0)
K= 160 t/m*m, G= 100 t/m+*m, k=1 m/day
H=1 m, b=10 m, F=10 t/m, v= 240 m/hour
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Moving Load.

Pore pressure

K= 160 t/m+*m, G= 100 t/m+*m, k=1 m/day
H=1m, b=10 m, F=10 t/m, v=600 m/hour

t=0.00066 day= 0.95 min
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Moving Load.

Displacement of the upper boundary, V=V(x|y=0)

K= 160 t/m*m, G= 100 t/m+*m, k=1 m/day
H=1 m, b=10 m, F=10 t/m, v=600 m/hour
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Moving Load.

Displacement of the upper boundary, V=V(x|ly=0)

K= 160 t/m*m, G= 100 t/m*m, k= 1 m/day
H=1 m, b=10 m, F=10 t/m
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Moving Load.

Dimensionless pore pressure

b/H = 10
Calculated

K= 160 t/m#*m, G= 100 t/m#*m, k= 1 m/day

H=1 m, b=10 m, F=10 t/m
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Dimensionless displacement of the upper boundary

b/H = 10

Calculated at
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Moving Load.
Dimensionless pore pressure
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Moving Load.

Dimensionless displacement of the upper boundary

b/H= 5

Calculated at
K= 160 t/m*m, G= 100 t/m+m, k= 1 m/day
H=2 m, b=10m, F=10 t/m
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Moving Load.

Displacement of the upper boundary, V=V(xly=0)

K= 160 t/m#*m, G= 100 t/m#*m, k=1 m/day
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Settlement of the central point vs. time
for classical Biot and viscoelastic

consolidation models
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When a surface is placed in a vapor, several layers of molecules may adsorb depending on the intermolecular
forces involved. As two such surfaces are brought together, a critical point is reached at which the gas
condenses between the surfaces, forming a capillary across the gap. A cohesive force is associated with
the condensed bridge. The reverse process wherein the capillary bridge degenerates as the surfaces are
moved apart is called snap-off. These processes play a profound role on scales from the nano to the macro.
We have studied this phenomenon via-isostrain grand canonical Monte Carlo statistical mechanical
simulations for Lennard-Jones fluids. Specifically, we have examined capillary condensation and snap-off
between nanocontacts, infinite rectilinear nanowires, and finite rectilinear nanoplatelets, where macroscale
concepts and theories are just about impossible to apply. These results are compared to condensation
between infinite parallel plates. We discuss our results in terms of the Kelvin equation and van der Waals

film-thickening model.

Introduction

Unless very special precautions are taken, even carefully
prepared surfaces are not clean; they are covered with a
thin layer of moleciiles such as water and other contami-
nants adsorbed from the atmosphere. When a critical
distance separates two such surfaces, a liquid bridge
spontaneously condenses across the gap. A cohesive force
that tends to pull the surfaces together is associated with
the condensed bridge. '

Capillary condensation of water around surface contact

sites (e.g., in cracks and pores) can have a profound effect-
* on the strength of adhesion joints. The mechanical and
adhesive properties of many substances-are very sensitive

to the presence of even trace amounts of vapors in the

~ atmosphere.! For instance, in soils, concrete, and porous
" " inedia in general, capillary forces can cause deformation

of the solid phase, shrinkage, and cracking.? In granular
materials it has been proposed that thermal activation of
capillary condensed bridges between nanoscale interstices
on the rough particles is related to the observed increase
in static friction between different layers of the granular
system with time.?

On the nanoscale, capillary forces are important in
atomic force microscopy (AFM). When scanning hydro-
philic samples under ambient conditions with AFM, the
water meniscus between the tip and the sample formed
by capillary condensation predominantly governs the force
exerted by the tip of the microscope onto the sample. This
makes it difficult to image soft samples in humid condi-
tions. Working under very dry conditions will improve

* To whom correspondence should be addressed. E-mail: curry@
ag.arizona.edu. .

# Purdue University.

§ University of Arizona.

(1) Israelachvili, J. N. Intermolecular and Surface Forces, 2nd ed.;
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(2) Bentz, D. P.; Quenard, D. A.; Baroghel-Bouny, V.; Garboczi, E.
J.; Jennings, H. M. Mater. Struct. 1995, 28, 450.
29 é3)71§goquet, L.; Charlaix, E.; Ciliberto, S.; Crassous, J. Nature 1998,

the performance of the tips, but electrostatic charging of
tip and sample can then be a problem.* However, capillary
condensation is not always a disadvantage; it was recently

" shownthat it is possible to deposit silicate nanostructures

on a silicon surface by oxidizing the silicon in the capillary
condensed bridge between the AFM tip and the sample.’

Despite its importance in emerging nanotechnology
applications, capillary condensation is still not well
understood. Fundamentally, capillary condensation is a
vapor—liquid transition shifted as a result of symmetry
breaking. The Laplace pressure across the curved me-
niscus acts to pull the surfaces together. The relationship
between the -equilibrium meniscus curvature and the

. relative vapor pressure is described classically by the

Kelvin equation

P\ 1.1
kT ln(pq)‘ yVm(Rl-i- 32)

where y is the surface energy of the liquid—vapor interface,
p/p°isthe relative vapor pressure, Vy, is the molar volume,
kg is the Boltzmann constant, 7' is the temperature, and
R, and R; are the radii of curvature of the liquid—vapor
interface. Practically; the Kelvin equation is routinely
employed to predict pore size distributions in porous
media, but it is known to be inadequate for nanoscale
pores.? In nanoscale devices we can envision menisci radii
on the order of nanometers. Accordingly, it is important
to understand the validity and applicability of the Kelvin
equation for nanoscale capillary condensates. Much work
has been done to determine the limits of applicability of
the Kelvin equation.’"17 It appears that even though it is

(4) Knapp, H. F.; Stemmer, A. Surf. Interface Anal. 1999, 27, 324.

(5) Garcia, R.; Calleja, M.; Rohrer, H. J. Appl. Phys. 1999, 86, 1898.

(6) Seaton, N. A.; Walton, J. P. R. B.; Quirke, N. Carbon 1989, 27,
853.

(7) Christenson, H. K.; Fang, J.; Israelachvili, J. N. Phys. Rev. B
1989, 39, 11750.

(8) Christenson, H. K. J. Colloid Interface Sci. 1985, 104, 234.

(95)2§‘isher, L. R,; Israelachvili, J. N. J. Colloid Interface Sci. 1981,
80, 528. :

10.1021/1a0013143 CCC: $20.00 © 2001 American Chemical Society
Published on Web 12/05/2000




Capillary Condensation and Snap-off

based on macroscale thermodynamic parameters, it is
valid for very small menisci: Fischer and Israelachvili®
have verified the Kelvin equation for cyclohexane con-
densed between crossed mica cylinders for radii as small
as 4 nm using a surface force apparatus (SFA). More
recently, Kohonen and Christenson!® used the SFA to
verify the Kelvin equation for water capillary condensates
with radii as small as 5 nm. In an attempt to verify the
Kelvin equation using computer simulation, Peterson and
Gubbins!? concluded that the Kelvin equation overesti-
.mates the bulk vapor pressure for any reasonable choice
of the meniscus radius of curvature for a cylindrical pore
with radius five times the fluid diameter. However, the
vapor pressure calculated from density functional theory
agreed better with the Kelvin equation prediction. Miya-
hara?!® simulated a Ny-like Lennard-Jones fluid in cylin-
drical pores with diameters from 2 to 4 nm and found
agreement between their molecular dynamics simulations
and a modified Kelvin equation that incorporates the
influence of the surfaces as well as curvature effects on
surface tension. It is expected that molecular scale effects
willinvalidate the Kelvin equation for nanoscale menisci.

In general capillary condensation has been studied for
many years via experiments,’~%1® theory,»1%-%° and
computer simulations.?!~22 In a series of studies, Gubbins
and co-workers!217:2 studied pore filling and emptying by
incrementing the chemical potential, keeping the pore
dimensions constant. Below a capillary critical point they
observed hysteresis on both adsorption and desorption
although hysteresis on desorption was later attributed to
the neglect of pore end effects in the infinite pore models.?*
Gac et al.?’ showed that pore wall surface energy
heterogeneity causes differences in adsorption compared
to that on homogeneous surfaces.

In most capillary condensation simulation studies to
date the pore consists of either two infinite parallel plates
or an infinite cylinder with smooth (no atomic structure)
walls. With these types of systems a meniscus can only
be produced- with canonical molecular dynamics simula-
tions; therefore, few simulations have studied meniscus
formation directly despite the effect on desorption hys-
teresis. - Heffelfinger and co-workers used molecular
dynamics to create meniscii in infinite pores first with a
temperature quench!? and then by changing the pore
length while keeping the number of particles fixed.?
Variations in the attractiveness of the walls have also
been used to create a meniscus. The simulation cell is
divided so that the middle of the pore represents a pore
with finite length in one dimension and the ends of the

(10) Crassous, J.; Charlaix, E.; Gayvallet, H.; Loubet, J Langmuir
1993, 9, 1995.
(11) Derjaguin, B. V.; Churaev, N. V. J. Colloid Interface Sci. 1976,

,157. .
(12) Heffelfinger, G. S.; Van Swol, F.; Gubbins, K. E. Mol. Phys. 1987,
61, 1381.

(13) Marconi, U. M. B.; Van Swol, F. Phys. Rev. A 1989, 39, 4109.

(14) Luedtke, W. D.; Landman, U. Comput. Mater. Sci. 1992, 1, 1.
(15) Miyahara, M.; Kanda, H.; Yoshioka, T.; Okazaki, M. Langmuir
2000, 16, 4293.
(16) Kohohen, M. M.; Christenson, H. K. Langmuir, in press.
(17) Peterson, B. K.; Gubbins, K. E. Mol. Phys. 1987, 62, 215.
(18) Curry J. E.; Christenson, H. K. Langmuir 19986, 12, 5729.
(19) Evans, R.; Tarazona, P. Phys. Rev. Lett. 1984, 52, 557.
(20) Evans, R.; Marconi, U. M. B. Chem. Phys. Leit. 1985, 114, 415.
(21) Lane, J. E.; Spurling, T. H. Aust. J. Chem. 1980, 33, 231.
(22) Van Megen, W.; Snook, I. K: Mol. Phys. 1985, 54, 741.
(23) Heffelfinger, G. S.; Van Swol, F.; Gubbins, K. E. J. Chem. Phys.
1988, 89, 5202.
(24) Papadopoulou, A.; Van Swol, F.; Marconi, U. M. B. J. Chem.
Phys. 1992, 97, 6942,
" (25) Gac, W.; Patrykiejew, A.; Sokolowski, S. Surf. Sci. 1994, 306,
434.
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cell are the reservoirs. Papadopoulou et al. 2 took the walls
bounding the reservoirs to be purely repulsive while
Miyahara et al.® employed a potential buffering field at
both ends of the pore that vanished linearly. No simulation

- has included the edges of the particles explicitly. Ad-

ditionally, most studies have focused on adsorption and
capillary condensation in pores of fixed width as a function
of bulk vapor pressure; however, in SFA studies, where
direct comparison may be possible, the surface separation
is varied at constant chemical potential. The dimensions
of the contact area must also be important, and indeed in
recent AFM studies with carbon nanotube tips capillary
condensation only had a minimal influence on the
measurements.2® To our knowledge simulations have not
been used to study the formation and snap-off of a capillary
condensate between nanoscale contacts where the size of
the contact area is important.

With these motivations we have used Monte Carlo
computer simulations in the isostrain Grand canonical
ensemble to study capillary condensation between finite
structured nanowires and nanoplatelets. We find that as
the dimensions of the nanocontacts decrease, the surface
separation that can support aliquid condensate decreases.
We find that capillary condensation is preceded by
accumulation of a dense vapor between the surfaces. The
menisci in these nanoscale contacts are diffuse, and snap-
off occurs as a gradual decrease in liquid density across
the gap rather than a sudden disappearance of the
condensate as the gap width gets larger.

Model. The simulation model consists of a Lennard-
Jones gas in equilibrium with two surfaces constructed
from the 100 plane of a face-centered cubiclattice that are
parallel to one another and perpendicular to the z-axis.
Fluid and wall atoms are identical, spherical, nonpolar,
Lennard-Jones (LJ) atoms with mass taken to be that of
argon characterized by diameter o and interaction energy
e. To take into account interaction beyond the first layer .
of surface atoms, each surface is comprised of five layers
of atoms. Figure 1 shows atomic representations of the
three surface models employed. Nanoplatelets that are
finite in both the x and y directions are shown in the upper
panel. The nanoplatelet surfaces are square with the x
and y dimensions being 3/ and 5/ or, as shown in the figure,
10l where ! is the length of a unit cell, taken to be 1.59850.
The simulation cell includes the platelets and the space
both between and outside the platelets, and is outlined by
solid white lines. The region outside the platelets extends
51 from the surface edges in thex and y directions. Periodic
boundary conditions are applied in all directions in order
to simulate an infinite system. The middle panel shows
the infinite rectilinear nanowires that are finite in the x
direction but effectively infinite in the y direction. In the
x direction the simulation cell consists of surfaces 3, 5/,
or 10/ in width bounded by 5! regions on either side. The
width of the cell in the y direction is 5/, and periodic
boundary conditions are applied to simulate the infinite
wire. The infinite slit pore, which has been studied
extensively for the past 20 years,?” is shown in the lower
panel. The length of the sides of the simulation cell is 5.
Periodic boundary conditions are employed in the x and
y directions to model the infinite slit pore.

The total potential energy of the confined fluid is ‘
approximated as a pairwise sum of shifted force Lennard-

(26) Woolley, A. T.; Guillemette, C.; Cheung, C. L.; Housman, D. E;
Lieber, C. M: Nature Biotechnol. 2000, 18, 760.

(27) Schoen, M.; Diestler, D. J.; Cushman, J. H. J. Chem. Phys. 1987,
87, 5464.
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Figure 1. Schematic of the (a) nanoplatelet, (b) nanowire, and
(¢) infinite slit pore systems. The solid atoms are shown as
spheres, and the solid white lines outline the simulation cell.
The infinite slit pore is finite in the z direction only, the
nanowires are finite in both the x and z directions, and the
platelets are finite in all directions.

Jones (12,6) interactions with radial cutoff r. = 4.00.%
The interaction energy between atoms i and j is

Usslry) = 46[(;‘1)12 - (3)6 — UG - Ulrry =19

Stroud et al.

Table 1. Reduced Units

h* = hlo
T* = kTle
wr = ple
p* = pa®

for r < r. and 0 otherwise. U(r) is the usual full Lennard-
Jones potential. Reduced dimensionless variables, defined
in terms of the Lennard-Jones well depth € and “diameter”
o, where e¢/kg = 119.8 K and o = 3.405 A, are used
throughout (see Table 1).

The distance between the pore walls, h, is measured
from the center of the surface layer of wall atoms. The
relative lateral alignment of the walls, or registry, in the
x and y directions must be specified to uniquely define the
system. The coordinates of the wall atoms are related as
follows: %@ = xD; 3@ = y®; 2@ = 2V + h, where the
superscripts (1) and (2) refer to the lower and upper walls,
respectively.

Structural features are presented in terms of a local
density, p(x,y,2), which is calculated as

p(x,y,2) = (Nl(xy,2)) AxAyAz , (2)

where (N(x,y,2)) is the mean number of fluid atoms in a
cell of size AxAyAz centered on x, y, z. Here x and z run
over the entire computational cell and y is either 0 for the
midplane or 0.5 for the midplane shifted by 0.5.. For these
simulations Ax = Ay = Az = ¢/20.

Bulk simulations are also conducted for this Lennard-
Jones fluid in order to construct an adsorption isotherm
so that the chemical potential corresponding to the gas—
liquid transition can be identified. The chemical potential
is chosen so that the bulk fluid is in the vapor phase for
all simulations.

A standard grand canonical Monte Carlo simulation
scheme is used.2”?® The number of equilibration steps is
approximately 10, and the number of production steps is
greater than 60 000 times the average number of atoms
in the simulation. The simulations at each pore width are -
independent in that each simulation begins with no atoms

“in the cell. With this approach, metastable states are

avoided. ,
Results ,

While Lennard-Jones fluids have a very elementary
potential (van der Waals attraction and Born repulsion),
they exhibit incredibly complex and anomalous behavior
when confined in at least one dimension at the molecular
scale.?? Among these unusual behaviors are order-
disorder transitions, second-order liquid—solid phase
changes in monolayers confined to slit pores, stick-slip
phenomena, layered structuring, destruction/formation
of nanocapillaries as a function of shear strain, anomalous
(fractal) diffusion in monolayers, and strain-induced
liquefaction.

Though the potential is mathematically simple, com-
putationally it presents considerable numerical difficul-
ties, especially near critical points. Specifically, when using
Monte Carlo simulators, the realized Markov chain is often
nonergodic on any reasonable computational time frame.
This is illustrated by the bulk adsorption isotherm shown
as the squares in Figure 2. For comparison the adsorption
isotherm for a fluid in an infinite pore at A* = 4.8 is also
plotted as circles. When moving to the right on the phase
diagram (as a function of increasing chemical potential),

(28) Allen, M. P_; Tildesley, D. J. Computer Simulation of Liquids;
Clarendon: Oxford, 1987.

(29) Cushman, J. H. The Physics of Hierarchical Porous Media:
Angstroms to Miles; Kluwer: New York, 1997.
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Figure 2. Adsorption isotherm at T = 1.0, h* = 4.8, and
registration a = 0.0 for an infinite slit pore with surfaces five
atomic layers thick (@), and the corresponding bulk phase
condensation isotherm (B). The chemical potentials used in the
simulations are marked as dashed lines on the plot and are
clearly outside the bulk phase hysteresis loop.

the bulk gas—liquid transition occurs near —u* = 11.1
while, when moving toward the left, it occurs at ~—u* =
11.35. The appearance of the hysteresis loop always
manifests near critical points, even though we know the
Markov chain underlying the Monte Carlo method is
“ergodic (in the asymptoticlimit) and even though we know
from classical statistical mechanics® that such hysteresis
loops cannot exist at equilibrium (except through some
mathematical approximations to the true dynamics, such
as with the van der Waals approximation, which results
invan der Waals loops). Running much longer simulations
can reduce this hysteresis loop. It is interesting that when
aLennard-Jones fluid is confined in at least one dimension

on a molecular scale, these loops are reduced in size. But -

in any case, the results to be presented are for a fluid
which is well into the gas regime (—u* =11.7, 11.4, marked
as dashed lines in Figure 2), outside the computationally
induced hysteresis loop for the bulk fluid.

We used computer simulations. to investigate the
condensation of a Lennard-Jones vapor between infinite
parallel plates, nanowires, and nanoplatelets. The struc-
ture of a fluid confined between infinite parallel plates
has been extensively studied,?® and we will discuss it in
comparison to the rectilinear wires and platelets. The fluid
structure is most easily discussed in terms of the local
density. Consider first liquid condensation between two
closely spaced nanowires. Figure 3 shows the local density
in the x—2z plane at a succession of six interwire separa-
tions, h* = 3.4, 4.8, 5.0, 5.6, 6.1, 6.3. This particular wire
is 5 unit cells wide and of infinite length perpendicular
. to the page with u* = —11.7. As shown in the scale in the
figure, red indicates the highest probability of finding an
atom and blue the lowest, except black indicates zero
probability. The entire simulation cell is large enough so
that at the outer edges in the lateral (x) direction the fluid
density is equivalent to that of the bulk vapor. The vapor
phase is then in equilibrium with the condensed fluid
phase perturbed by the solid. In general, as the interwire
spacingis increased, the dimensions of the condensed fluid
change. The condensate becomes elongated in the z
direction and narrower in the x direction. The condensate
eventually disappears for large enough spacing.

In more detail, we have shown panel a corresponding

to h* = 3.4 because it displays a characteristic phenomenon
typically found when the fluid can epitaxially align with
the solid and when A*, u*, T*, and the relative registry
are consistent with the formation of a solid phase. In this
particular panel the fluid is essentially frozen into a solid,

(30) Hill, T. L. An Introduction to Statistical Thermodynamics;
Addison-Wesley: Reading, MA, 1960.

Langmuir, Vol. 17, No. 3, 2001 691

commensurate with the fcc structure of the wire. Between
the surfaces, fluid can only diffuse in regions that are
nonblack; thus, there is essentially no diffusion in the
interior. However, near the edges, there is a diffuse cloud
around the lattice sites indicating increased mobility, that
is, hopping between lattice sites. At this chemical potential
two layers of fluid cover the external surfaces of the wires.
The layer closest to the solid is well ordered, and the fluid
occupies localized lattice sites. The second layer is more
diffuse but with the highest density at appropriate lattice
sites. Beyond two layers, the system behaves essentially
as the bulk. At this surface separation the layering of the
fluid on the external surfaces is only slightly disrupted by
the presence of the fluid-filled space between the wires.
The layering on the external surfaces is essentially
continuous, connecting the wires smoothly together.

In panel b, 2* = 4.3, a fourth layer between the surfaces -
is being formed and the fluid is liquidic. The surface layer
atoms diffuse into and out of the central layers, and the
two central layers of atoms hop very frequently back and
forth. The highest probability of finding an atom in either
of the two central layers lies at the lateral lattice sites for
a single central layer (panel a). In other words, if you took
the central layer and spread it in the z direction in panel
a, and added roughly the number of atoms in a layer, then
you obtain an approximation for panel b. Panel ¢ depicts
a completed four-layer system (h* = 5.0) that is again
liquid; however, the contact layers are much less mobile
than the inner layers. You can see the beginning of the
formation of a meniscus on the lateral edges between the
wire surfaces, though it is poorly defined. In panel d we
see the addition of a fifth layer (h* = 5.6). There is the
highest probability of finding atoms on the fcc lattice

" sights, though the fluid is liquidic. Note that in the central

layer only the two most inner lattice sites have a high
probability of being occupied. The two outer sites are
diffusely occupied. A similar statement can be made about
the second inner layer, but in this case the three most
central lattice sites are occupied with higher probability
than the two outer sites. Panel e (2* = 6.1) shows the
beginning of capillary snap-off, that is, when the interior
region begins to gasify. The innermost layer has disin-
tegrated, with only the slightest vestiges of the central
lattice sites being visible. By panel f (2* = 6.3) snap-off
has occurred. Note that the fluid which is centrally located
between the two surfaces is gaseous, but with a density
slightly higher than that of the bulk phase. Additionally,
order in the second layer of fluid remains enhanced by the
presence of the gaseous fluid. The second fluid layer
becomes as diffuse as the second layer around the outside
of the nanowire with further surface separation. The
transition between a liquidic state for the inner layer fluid
and the gaseous state does not appear to be abrupt, but
rather a somewhat gradual change with surface separa-
tion. The process is of course reversible.

Figure 4 shows a more detailed view. of snap-off and
condensate evaporation for interacting nanowires three
unit cells wide at u* = —11.7 for interwire separations
ranging from A* = 5.2 to 5.9. The wires are connected by
afour-layer liquidic condensate at A* = 5.2. As the surfaces
are separated, the density decreases and a diffuse fifth
layer is added at * = 5.4. The meniscus curvature is not
smooth but rather is a series of steps corresponding to the
fluid layers. This is more pronounced for the 3-wire case
compared to the 5-wire case in Figure 3 where the
meniscus is more smoothly rounded. As the surfaces are
further separated, the condensate remains layered, and
from h* = 5.5 to 5.9 the central fifth layer gradually
evaporates. The vapor density between the surfaces as
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Figure 8. Maps of two~diménsional slices through the three-dimens:ional,: ensemble-averaged particle density in the plane y =
0 for y* = —11.7, T* = 1.0, o = 0.0, and h* = 3.4, 4.3, 5.0, 5.6, 6.1, and 6.3 for the fluid condensed between nanowires five unit

cells wide.

well as the density of the second layer of fluid wetting the
surfaces remains enhanced even though the liquid con-
densate is no longer present. Considering the process in
reverse, these illustrations also show that as surfaces
approach in vapor the vapor density as well as the density
of the second layer is enhanced before a fluid condenses
between the surfaces.

Figure 5 is similar to Figure 4, except that in Figure 5
the chemical potential is increased to u* = —11.4. In this
latter case the sequence of panels goes from A* = 8.7 to

'9.4 and indicates the increasing size of the capillary

condensate with increasing vapor pressure. The fluid is
clearly layered within the condensate; for instance, at A*
= 8.7 eight fluid layers can be distinguished in the center
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Figure 5. As for Figure 3 but for nanowires three unit cells wide at #¥'=—11.4 and h* = 8.7-94.

of the condensate. There is also inplane order within the
three layers adjacent to each surface, as evidenced by the

regions of high density within the layers that correspond
to discrete lattice locations. At h* = 9.0 the two middle
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layers are no longer distinguishable and the fluid density
appears homogeneous in the center of the condensate.
The condensate narrows with increasing surface separa-
tion and snaps off between A* = 9.3 and 9.4. At A* = 9.3
the two layers adjacent to the surfaces are still highly
ordered but inplane order in the third layer is no longer
present. For u* = —11.7 discussed above, the condensate
was never larger than three molecular layers and the
condensate remained layered until snap-off. There was
no evidence of a bulk fluid between the surfaces. The shape
of the meniscus is also affected by the chemical potential.
For u* = —11.7 the meniscus was not smoothly curved but
rather contained stepwise discontinuities due to the
layered fluid. For y* = —11.4 the meniscus is diffuse but
appears to be much less affected by fluid layering within
the condensate. . :

Increasing the chemical potential also increases the film
thickness on the nanowire surfaces. For u* = — 11.4 the
nanowires are covered by three-layer films, as can be seen
clearly for h* = 9.4 in Figure 5. The two layers adjacent
to the surfaces are highly ordered while the third layer
appears to be a diffuse cloud. In fact, on careful examina-
tion of panel h for h* = 9.4, it is possible to see that the
diffuse clouds are actually connected across the gap. The
vapor-phase density between the wires is enhanced due
to the presence of the wires. Further separation would be
necessary to see a bulk vapor phase between the wires.

Figure 6 provides a comparison of snap-off between the
5-wire, 10-wire, and infinite slit models at y* = —11.7.

- Not surprisingly, the wires snap off before the planar
system, and the 5-wire snaps off before the 10-wire. In
panel a at h* = 5.5, a 5-layer condensate is present for all
three systems. At &* = 6.4 the 5-wire condensate has just
snapped off but a vapor more dense than the bulk remains
between the surfaces. On further increasing the surface
separation to A* = 7.00, the 10-wire condensate has just

.snapped, leaving a dense vapor between the surfaces. Note,
however, that bulk vapor now separates the 5-wires. For
h* = 7.5 the fluid phase in the infinite slit pore has
evaporated, leaving a dense vapor phase. The systems
with larger surface area maintain a liquid condensate for
greater surface separation.

In Figure 7 we compare condensation between nano-
wires three unit cells wide with condensation between
nanoplatelets that are three units cells in extent in both
the x and y directions at u* = —11.7. As expected, as the
surface separation increases, the condensate is stable at
larger surface separations for the nanowire system
compared to the platelets. In other words, the system with
smaller surface area snaps off at a smaller surface

separation. Additionally, at all surface separations the -

condensate in the nanoplatelet system is never as large
or well ordered as that in the 3-wire system. The 3-wire
prior to snap-off has four well-defined liquidic layers and
begins to add the fifth layer, while the 3 x 3 system never
has more than four well-defined layers. The film thickness
on the external surfaces is different for the 3-wire and the
nanoplatelet systems. The second film layer is noticeably
‘more dense for the 3-wire case as compared to the platelet
system. ' :

Discussion

This work shows that capillary condensation, where a
liquid condenses across a gap when the surfaces are close
enough, is preceded by an accumulation of dense vapor in
the gap. This is clear in Figure 6, where for h* = 6.4 the
vapor separating the surfaces is more dense than the bulk
vapor that fills the gap at h* = 7.5. In fact, the fluid density
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in the gap increases continuously from bulk vapor to liquid
density as the surfaces approach from a sufficiently large
separation. Capillary evaporation occurs in reverse. The
condensate gradually thins to a dense vapor as the surfaces
are separated, until finally a bulk vapor separates the
surfaces. As the chemical potential increases, the surface
separation at which evaporation occurs increases. The
snap-off separation also increases with the number of sides
that have infinite dimensions in the nanocontact, which
is discussed below. Since a new simulation was started
for each surface separation, no hysteresis was observed;
only thermodynamically stable states were simulated.

On closer examination, it is clear that the liquid
condensates are layered. This is consistent with the widely
‘accepted idea based on both computer simulations? and
SFA experiments! that fluids confined between surfaces
sufficiently close together are layered. We show here that
this also applies for fluids condensed in nanoscale contacts
even though the lateral size of the contact in at least one
direction is on the nanoscale. This is consistent with
simulation results for fluid-filled pores where the confining
surfaces are grooved, allowing the fluid to be distinctly
layered in some regions and not in others.31:%2 Transverse
order is also apparent within the fluid layers closest to
the surfaces due to epitaxial alignment with the surfaces.

- This is also a well-known phenomenon that has been
studied via computer simulations for both structured?
and perfectly smooth solid surfaces.?%# Since the surfaces
are immersed in bulk vapor, we can directly examine the
meniscus as the condensate forms. The meniscus is not
necessarily a smoothly varying surface that divides the
liquid and vapor phases. Rather it is diffuse and actually
appears to have steps that become more pronounced with.
smaller contacts and lower chemical potential.

The number of fluid layers that can be supported
between the nanocontacts depends on the chemical
potential. At u4* = —11.7 the 3-wire supports four layers
whereas with an increase in chemical potential to u* =
—11.4 the 3-wire supports up to eight fluid layers. A
significant result of this work is that the size of the
nanocontact surfaces also affects the number of fluid layers
that can be supported. At u* = —11.7 the 5-wire supports
up to five fluid layers. At the same chemical potential the

_ fifth layer is never fully developed for the 3-wire. A similar

conclusion is drawn on examination of Figure 7 for the
5-wire, 10-wire, and infinite parallel platelets. If the
contact region is large enough, the number of layers
supported and the condensation separation are indepen-
dent of contact size. From this work it is clear that, in
order for the nanocontact size to be unimportant, the
lateral dimensions must be greater than 10c. )
. This work also indicates the threshold where the size
- of the nanocontact affects application of macroscopic
relationships such as the Kelvin equation. The Kelvin
equation theoretically predicts the relationship between
the maximum surface separation that will support a
condensate and the bulk vapor pressure. Generally'® the
shape and size of the contact region is not important in
applying the Kelvin equation because the dimensions of
the contact region are much larger than the smallest
meniscus radius of eurvature. The larger radius of
curvature can be taken equal to infinity so that the
meniscus curvature and hence the maximum surface
separation only depend on the vapor pressure, temper-

(31) Curry, J. B.; Zhang, F.; Cushman, J. H.; Schoen, M.; Diestler,
D. J. dJ. Chem. Phys. 1994, 101, 10824.

(32) Gao, J., Luedtke, W. D.; Landman, U. Science 1995, 270, 605.

(33) Jiang, S.; Rhykerd C. L.; Gubbins, K. E. Mol. Phys. 1993, 79,
373.
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Figure 6. As for Figure 3 but for (from left to right) a 5-wire, 10-wire, and co-slit pore at h* = 5.5, 6.4, 7.0, and 7.5.

ature, and surface tension. The size of the contact region
is not contained in the approximate Kelvin expression for

large contacts. If, however, a dimension of the contact
region approaches the size of the meniscus, the Kelvin
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Finite 3x3

Figure 7. Maps of two-dimensional slices through the three-dimensional, ensemble-averaged particle density of the fluid condensed
between nanowires three unit cells wide (left, slice taken at y = 0.0) and finite platelets with dimensions three unit cells in both
the x and y directions (right, slice taken across the center of the contact at y = 0.5) for u* = —11.7, T* = 1.0, o = 0.0, and h* =

4.2, 4.9, and 5.6.

equation is only sensible if the meniscus is axisymmetric.
For the nanowires, which are not axisymmetric, if the
surface tension is invariant with meniscus curvature
(which it almost certainly is not),®* then the Kelvin
equation predicts the same condensation separation
irrespective of the width of the wire. These simulations
show that the condensation separation decreases as the
wire narrows. This is because the menisci are not
independent. Even the condensation separation for the
widest nanowire studied (10-wire) is less than the
separation for the infinite platelets, indicating that the
menisci are still interdependent. If the criterion of
independent menisci is used to set a threshold for the
applicability of the Kelvin equation in nanocontact

(34) Tolman, R. C. J. Chem. Phys. 1948, 17, 333.

systems, then from this model the wires must be wider
than 100.

For the nanoplatelets the limit of applicability of the
Kelvin equation is not as easy to define. The nanoplatelets
are axisymmetric, and geometrically the size of the contact
region would not limit applying the Kelvin equation. The
Kelvin equation predicts that the mean radius of curvature
(1/ry + Ury)~lis fixed by the vapor pressure, temperature,
and surface tension, so that as one radius decreases, the
other also decreases. So as the size of the contact decreases
and the width of the meniscus shrinks, the evaporation
distance also decreases. This is what is observed with 3
x 8 and 5 x 5 contacts. The 5 x 5 contact maintains a
meniscus at a greater surface separation than that for
the 8 x 3 contact. While the trend is qualitatively sensible,
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the molecular nature of the fluid must limit the ap-
plicability of the Kelvin equation. Presumably in these
studies we are well below this threshold; however, this
can only be verified by directly calculating the surface
tension, which was not attempted in this work.

In addition to capillary condensation, we can also
examine film thickness on isolated surfaces as a function
of chemical potential. Ellipsometry has been used exten-
sively to measure film thickness on isolated surfaces in
the laboratory.3%36 Films are condensed from the vapor
on all exposed nanowire surfaces. When the surfaces are
sufficiently far apart so that bulk vapor separates the
surfaces, the film thicknesses in the contact region and
on the external surfaces are the same. At u* = —11.7 (see
Figure 4, h* = 5.9) two layers of fluid cover the nanowire
surfaces. The first layer is.dense and well ordered while
the second layer is rather diffuse. As expected for a higher
chemical potential - (u* = —11.4), the film thickness
increases to three layers (see Figure 5, 1* = 9.4). The van
der Waals film-thickening model predicts that the thick-
ness of a film on an isolated surface will be increased by
the presence of another surface due to van der Waals
interactions across the gap separating the surfaces.!!
Christenson3” observed van der Waals thickening for thick
(~10 nm) tert-butyl alcohol films adsorbed on mica with
a surface forces apparatus. We notice that the density of
the outermost film layer is enhanced even after snap off
as long as the vapor density in the gap is higher than the
‘bulk vapor density. It is illustrated clearly in Figure 6,
where for the 5-wire case the density of the second layer
is higher for A* = 6.4, where the surfaces are separated
by a dense vapor, compared to 2* = 7.5, where bulk vapor
separates the surfaces. .

The van der Waals film-thickening model also predicts
that the relationship between the surface separation and
the film thickness at the capillary condensation transition
is approximately A, = 3t., where h. and t. are the critical
surface separation and the film thickness, respectively.l!
To test this, we take the capillary condensation separation
to be the separation where bulk vapor remains just after
the condensate evaporates. Assuming the Lennard-Jones

(35) Rhykerd, C. L.; Cushman, J. H.; Low, P. F. Langmuir 1991, 7,
2219, .

(36) Beaglehole, D.; Christenson, H. K. J. Phys. Chem. 1992, 96,
3395.

(37) Christenson, H. K. Phys. Rev. Lett. 1994, 73, 1821.
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diameter defines the surface edge, we measure h.as h —
0, since A is defined as the distance between the centers
of surface atoms on opposing surfaces. The film thickness
is estimated from the density profile as the distance from

the surface to the edge of the green region denoting the

extent of the outer film layer. We find in all cases that hJ/%.
~ 8, in agreement with the van der Waals film-thickening
model. Specifically, for the 3-wire, u* = —~11.7, h* =5.9
(Figure 4), h/t.= 3.1, for the 3-wire, u* = —11.4,h*=9.4
(Figure 5), hd/t. = 3.4, and for the 5-wire, u* = —11.7, h*
= 6.4 (Figure 6), hy/t. = 3.4.

Conclusions

We have directly studied capillary condensation in
nanoscale contacts via isostrain grand canonical Monte
Carlo computer simulations. We have purposely examined
contacts with dimensions on the molecular scale to
determine the effect of contact area size on capillary
condensation and the reverse process, snap-off. The
condensates are layered, and in-plane order is apparent
particularly in the layers nearest the surfaces. The film
thickness on isolated surfaces increases with increasing
chemical potential, as expected. As the surfaces approach
in bulk vapor, the critical surface separation where
condensation occurs is approximately three times the
critical film thickness, in agreement with the van der
Waals film-thickening model. The meniscus is smooth for
high enough chemical potential, but for low chemical
potential and small contact size the meniscus is not
smoothly rounded but contains steps. A qualitative
analysis in terms of the Kelvin equation shows that the
Kelvin equation could be applied for condensation of simple
fluids between nanoplatelets but not for nanowires.

Evenin this system where the intermolecular potentials
are relatively simple, the fluid behavior is complex. More
complex intermolecular potentials necessary to simulate
metallic surfaces and aqueous solutions almost certainly
will bring to light further complexity. These will be the
subjects of future work.
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Abstract. A three-spatial scale, single time-scale model for both moisture and heat transport is
developed for an unsaturated swelling porous media from first principles within a mixture theoretic
framework. On the smallest (micro) scale, the system consists of macromolecules (clay particles,
polymers, etc.) and a solvating liquid (vicinal fluid), each of which are viewed as individual phases
or nonoverlapping continua occupying distinct regions of space and satisfying the classical field.
equations. These equations are homogenized forming overlaying continua on the intermediate (meso)
scale via hybrid mixture theory (HMT). On the mesoscale the homogenized swelling particles con-
sisting of the homogenized vicinal fluid and colloid are then mixed with two bulk phase fluids: the
bulk solvent and its vapor. At this scale, there exists three nonoverlapping continua occupying distinct
regions of space. On the largest (macro) scale the saturated homogenized particles, bulk liquid and
vapor solvent, are again homogenized forming four overlaying continua: doubly homogenized vicinal
fluid, doubly homogenized macromolecules, and singly homogenized bulk liquid and vapor phases.
Two constitutive theories are developed, one at the mesoscale and the other at the macroscale. Both
are developed via the Coleman and Noll method of exploiting the entropy inequality coupled with
linearization about equilibrium. The macroscale constitutive theory does not rely upon the mesoscale
theory as is common in other upscaling methods. The energy equation on either the mesoscale or
macroscale generalizes de Vries classical theory of heat and moisture transport. The momentum
balance allows for flow of fluid via volume fraction gradients, pressure gradients, external force
fields, and temperature gradients.

Key words: swelling, heat transfer, polymer, clay, liquid/vapor transfer, drying, unsaturated, mixture.

1. Introduction

As technology becomes more sophisticated, it is becoming increasingly necessary
to model porous materials over a hierarchy of scales. Consider, for example, nat-
ural smectitic clays. The macroscopic properties of clay are primarily due to clay
particles, which are clusters of clay mineral platelets (a solid phase) and adsorbed
water (or vicinal water). The vicinal water is adsorbed to the clay minerals via
electro-chemical forces, and the proximity of the vicinal fluid to the solid may
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Figure 1. Three scales of an idealized smectitic clay.

strongly affect the thermodynamic properties of the adsorbed fluid [30, 42, 43].
In naturally occurring clay soils, the clay is composed of clay particles with voids
which may be filled with a bulk phase liquid (water) and/or air. Thus the clay
particles swell or shrink as water transfers between the bulk and vicinal phase.
This particular porous medium is an example in which there are three distinct
~scales of observation — a microscale, in which clay minerals and adsorbed wa-
ter are distinguishable; a mesoscale, in which the homogenized particles and bulk
phase fluid are distinguishable; and a macroscale, in which the medium appears to
be homogeneous (see Figure 1) with saturated particles, but possibly unsaturated
large-scale pores.

A protypical model governing heat and moisture transfer through porous media
postulated by de Vries [23] is given by

1

| c%f— - p‘W‘;—EI =V - (KVT) — L& — (c8p8v¢ + ¢, p'V)VT, M)
where T is the temperature, o' and o8 are the densities of the liquid and gas phases
respectively, v! and v8 are the velocities of the liquid and gas phases respectively, K
is the thermal conductivity of the porous media, L is the heat of vaporization, C is
the volumetric heat capacity, &' is the volumetric liquid content, W is the differen-
tial heat of wetting, é‘f is the rate of evaporation, and c5 and clp are the specific heat
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of water vapor and liquid, respectively. This model is widely recognized as being
practically useful for a wide range of porous media. However, it has limitations, es-
pecially under conditions in which the temperature fluctuates (for correction factor,
see e.g. [32]). This model was posited and subsequent models have been built upon
this model. The goal of this paper is to derive governing heat and moisture transfer
equations, which are based on knowledge of the microstructure.

There are several methods which can be used to upscale information from the
microscale, including homogenization [12], and averaging [53]. These methods
take all information from the microscale and propagate up, either by asymptotic
expansion or averaging, the microscale equations to the larger scale. The advantage
of these approaches is that macroscopic coefficients are defined precisely in terms
of microscopic thermodynamic properties and the geometry. The disadvantage of
such approaches are that microscopic physics must be precisely known. In a ma-
terial, such as swelling porous media, the interactions between the phases are not
well-understood, and so we choose an alternate upscaling approach, hybrid mixture
theory (HMT).

Hybrid mixture theory is a slight modification of classical mixture theory. In
the two-scale approach, HMT involves volume averaging field equations (conser-
vation of mass, momentum balance, energy balance, entropy inequality) from the
microscale to the mesoscale. This yields explicit relations between the mesoscopic
field variables and their microscopic counterparts. Restrictions on the constitutive
equations are obtained within the framework of rational thermodynamics, i.e. the
entropy inequality is exploited in the sense of Coleman and Noll [17]. These ideas
were first introduced by Hassanizadeh and Gray [35-37] in 1979 for a multi-
phase nonswelling porous medium. They have since been expanded to include
multi-constituents [33, 34] and multi-constituent with interfaces for swelling por-
ous media [2]. This work has generated many new insights into the macroscopic
behavior of porous media, including nonequilibrium swelling and capillary pres-
sures [1, 39], Darcy and non-Darcy type flow with and without interfacial effects,
[9, 27, 28, 38, 40], the macroscale chemical potential [10, 21], and the macroscopic
stress tensors for swelling porous media [11, 45, 46]. A three-scale model for swell-
ing porous media by Bennethum and Cushman [7, 8] incorporates multiple phases,
multiple species, and interfacial effects. The three scales include a microscale,
mesoscale, and macroscale. In this setting HMT was employed by averaging the
field equations twice: once going from the microscale to the mesoscale, and then
again from the mesoscale to the macroscale. The entropy inequality is exploited to
obtain constitutive restrictions only in terms of macroscopic variables.

The resulting model is a parallel flow type model, as opposed to a dual porosity
or distributed microstructure model. Parallel flow type models, [49], are models
which view the vicinal and bulk water velocities as super-imposed, with no dis-
tinction between the time-scales for the vicinal water and bulk water. For modeling
consolidation problems, the time scales involved may become critical. However,
for heat transfer problems with unsaturated drainage, we feel the distinction in
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time scales is not as important, although this theory can be extended to incorporate
such cases. Incorporating different time scales results in constitutive equations with
nonlocal behavior, i.e. the resulting constitutive equations involve integrals in time.

This work is extremely general, and a wealth of information has yet to be ex-
ploited from it. For a summary of these works see Cushman [21]. We concentrate
the discussion on moisture transport and heat transfer in combination with solid
stresses which result from these processes.

2. Two-Scale Model

In this section we discuss the development of the two-scale model. Here we assume
that the particle is composed of two phases, a liquid phase, /,and a solid phase, 5. At
the microscale, see Figure 1, one can distinguish between the solid and vicinal (ad-
sorbed liquid) phases, while at the mesoscale the particle appears to be continuous.
It is assumed that the thermodynamic properties of the liquid phase are strongly
affected by its proximity to the solid phase, interfacial properties are negligible,
the solid and fluid are nonpolar so that conservation of angular momentum for
each phase implies the stress tensors of each phase are symmetric, and that each
phase behaves as a single constituent, i.e. there are no chemical reactions within a
phase. We do allow for transfer between phases. A summary of the definitions of
all variables is provided in Appendix A.

2.1. MESOSCALE FIELD EQUATIONS AND ASSUMPTIONS

Within the framework of HMT, the microscale field equations are averaged with re-
spect to some volumetric weight function [3]. If there is a distinct scale separation,
then this weight function is commonly taken as a characteristic function consistent
~with an REV in the sense of Bear [5]. However, from a purely formal perspective,
an REV need not exist, nor need there be scale separation. The averaged equations
with respect to a general weight function will take the same form as those with
an REV [18]. Care must be taken, however, when there is no scale separation,
as constitutive theories in this case will in. general be nonlocal (cf. [19, 22]) and
the entropy inequality must be considered as a functional inequality in the sense
of Frechet derivatives [31]. This latter point has not been well understood, as in
the hydrology literature wherein localized constitutive equations have often been
assumed (as in [4]), irregards to whether there is scale separation. Throughout this
article we will assume scale separation between the micro, meso and macro scales.
And thus, constitutive relations will be constrained using the Coleman and Noll
method of exploiting the entropy inequality, which is considered as a nonfunctional
equation. The averaging of the microscale field equations to the mesoscale, along
with the relationships between the mesoscopic variables are presented in several
papers [6, 36].
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Conservation of mass for the «-phase is
D® (% p%)

Dt
where £% is the volume fraction of phase o, p* and v* denote the averaged density
and mass-averaged velocity of the a-phase, respectively, é‘g represents the net mass
gained by the a-phase from the other phase per unit time, and D¥/Dt denotes the

material time derivative following the a-phase, i.e. D*/Dt = 3/3t 4+ v* - V.,
Conservation of momentum for each phase is

Deve
D

where t* denotes the average symmetric stress tensors for phase «, g is the body
force (i.e. gravity), and T°‘ denotes the net gain of momentum of the «-phase due
to mechanical interactions w1th the other phase.

Conservation of energy for phase « is given by

-+ £*p*V - v"—eﬁ, a,B=Lls, a#p, 2

8D(p.°‘ - V * (sata) - Sapag = Ta? a, ﬁ = 1’ 5, & 7& ﬁ’ (3)

QE(!

Sapa o — g% :da__v.(eaqa)_‘_eapaha — Q;,
a,p=1s, a#p, (4)

where E¢ is the average internal energy per unit mass of the a-phase, q* denotes
the heat flux, d* is the symmetric part of Vv*, A : B = tr(ABT) denotes the
classical inner product between tensors, h” is the external heat source per unit
mass per unit time, and Q"‘ denotes the gain of energy by the a-phase due to
non-mechanical 1nteract10ns with the other phase. If we sum over all phases, one
recovers the familiar form of the energy equation
- DE

p—ﬁ——t Vv-V.q-ph=0, é)
where the relationships between the medium and phase thermodynamic variables
are '

p=D &p", ©)
a=ls
pv=3 %"V, (7)
a=l,s
u =v¥ —v, ®)
t= Z (e*t* — g% p“u*u?), 9
a=l,s
pE = Z(e“p”‘E“ + £%p%u® - u%), (10)
= _ .
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q= Z [8aqa+ta.ua_pa“a(Ea+%ua.ua)], (11)
a=ls
ph = Z e p*h”. (12)
a=l,s .

Note that relative velocities, u®, of the liquid phase over the mass averaged bulk
velocity contribute to the net heat flux.

Further, we have restrictions which arise from the fact that the thermodynamic
properties of the interface are negligible. This results in the following relations:

&+&=0, (1)
S (M +av)=0, B=Ls#a, (14)
a=l,s
2 [05+Tg v+ E(E + 1y ¥)] =0 p=lste 19
a=l,s

The first equation states that the Is-interface is massless, and the second and third
equations state that no momentum nor energy are lost through the interface. By
design, we also have & + &% = 1.

After upscaling, the system is now viewed as two co-existing continua, so that
at each point in space there exist thermodynamic properties for both the liquid
and solid phase. At this point we perform a change of variables using a Legendre
transformation to eliminate the energy density, E* in favor of the Helmholtz free
energy, A%,

A% = E* — Tn”. (16)
The unknowns in our system are thus:

e, p*, v, T , a7
A, 1%, 2, T, e, q%, 0, a=ls. (18)

To arrive at a system which has the same number of equations as unknowns, we
consider the second row of variables (18) to be dependent, or constitutive. These
variables are assumed to be functions of a set of independent variables which we
henceforth denote constitutive independent variables. However, even with these
constitutive variables a careful count indicates that there is still an additional un-
known for which there is no corresponding equation. Making a comparison with
classical mixture theory for a single phase, we see that the volume fraction is the
variable unaccounted for. Thus, there is a problem of closure associated with the
loss of information in the upscaling process. To close the system, we follow Bowen
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[13] and postulate a constitutive relation for the material time derivative of the
volume fraction.

We assume the macroscopic fluid is viscous and the fluid and solid phases are
compressible. Further, we assume that the temperature of the solid and fluid phases
are the same at each point in space, so that the rate at which heat transfers between
phases is much faster than the time scale of the problem.

By the Principle of Equipresence (Truesdell and Toupin [52]), we assume that
every constitutive variable is a function of all the following macroscopic con-
stitutive independent variables:

g, T, p% E, v, d', V¢!, VT, Vp°, VE, a=ls, (19)

where E* and d' are the macroscopic strain tensor of the solid phase and rate of
deformation tensor, respectively, defined by

E =) F -1, =3+ )] (20)

in which F® = grad x* denotes the deformation gradient (with grad denoting the
differentiation with respect to a macroscopic material particle). Here we have im-
plicitly assumed that the constitutive variables are local functions, i.e. the value of
each constitutive variable is determined by the values of the constitutive independ-
ent variables at the same material point, so that there is no non-locality in space.
With this assumption, the variables and their gradients (19) can be considered inde-
pendent, since it is possible to have different processes which at a single point can
have, for example, the same temperature but varying gradients of the temperature.

The macroscopic strain is a measure of the solid phase geometry, so that by
including E® and VES in the list of constitutive independent variables we are assum-
ing the behavior of the system is partially dictated by the separation and distortion
of the solid phase and their spatial variations. It should be noted however, that Eq,
&, and p® are closely coupled through the continuity equation, and specifically that
they are not independent if there is no exchange of mass between phases. If there
is no exchange of mass, then it is necessary to include only two of these variables,
and further, if the solid phase is considered incompressible, then it is necessary to
choose one of E° and ¢' as an independent constitutive variable.

To simplify the quantity of algebra which follows, we deviate slightly from the
axiom of equipresence [25], and assume the Helmholtz free energy densities of the
phases depend only on a subset of the set of constitutive independent variables. If it
is assumed that the Helmholtz free energies are a function of all constitutive inde-
pendent variables listed in (19), then exploitation of the entropy inequality requires
that both energies are not a function of v'*, VT, and VE®. Here we additionally
assume that the liquid free energy is not a function of p° and likewise that the solid
free energy is not a function of p'. Incorporating these additional dependencies still
produces the results presented herein if one slightly modifies the thermodynamic
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definitions of the pressure and chemical potential (see [6, 8] for details). For the
system under consideration, it is thus postulated that

AS = A% T, 0% E%), A=A, T, 0 EY). 21)

By assuming the liquid phase energy is a function of the volume fraction, we
are allowing the adsorbed liquid structure to be a function of the separation of the
solid phase minerals. Recall that the definition of vicinal or adsorbed water is water
whose properties vary with the distance from the solid phase. In an ideal case,
in which the solid phase is composed of flat parallel platelets, the adsorption of
additional water causes the platelets to move further apart, changing the properties
(density, viscosity, etc. [43]) of the vicinal fluid. Thus incorporating the volume
fraction as an independent variable of A' allows for this property — the further
apart the solid platelets, the larger the volume fraction of the liquid phase. This
allows us to model particles at medium to high moisture content. At low moisture
content (five or fewer layers of water between solid platelets), the liquid phase
can also be affected by relative shearing of the solid phase [20, 41, 48]. This is
represented in the model by assuming the liquid phase energy is a function of
the solid strain tensor which, by definition, is the strain of the ‘smeared out’ solid
phase. So as the platelets separate, the solid phase strain tensor is altered. Similarly,
if the platelets are sheared relative to each other, this again affects the strain tensor.
Using assumption (21) gives us a framework to derive a constitutive relation for
swelling pressure previously obtained only empirically by Low [43] for the first
time [2].

To complete the set of definitions, we introduce the thermodynamlc pressures
(p%), the classical effective stress tensor (t{) in the sense of Terzaghi [51], and the
hydration stress tensor (t]) [8, 46]. Within the current framework they are defined
as follows:

dA”
=(;o")2a , (22)
p*
9AS 9 Al
t = p°F° FT = o'F* F5)T 23
P aE( ), tt=p BE( ), (23)

The definition of t{ is analogous to the Cauchy stress tensor for an elastic medium
(see Eringen [25]) although applied to a porous skeleton. In soil mechanics this
stress tensor is referred to as the Terzaghi stress tensor. The hydration stress tensor,
t! is a result of the physico-chemical forces between the fluid and solid phases (see
[46] for further discussion). If one of the phases is incompressible, then there is no
thermodynamic definition for pressure, but a corresponding term is still obtained by
treating the continuity equation as a restriction enforced weakly using a Lagrange
multiplier. In this case, the pressure becomes an unknown in the problem (see [6,
8, 21)).

The entropy inequality can be formulated in the usual manner [2, 6, 37], and in
the sense of Coleman and Noll [17] the entropy inequality is exploited to obtain




COUPLED SOLVENT AND HEAT TRANSPORT 219

restrictions on the forms of constitutive equations. We present the results in the
next section.

2.2. CONSTITUTIVE RESTRICTIONS

In this section, we present relations resulting from the exploitation of the entropy
inequality which are pertinent to the formulation of the flow and heat transfer
within the two-scale model. We present two sets of results which represent a small

portion of the results derived in [2, 6] in much greater detail. The first set consists.

of results which hold at equilibrium and far from equilibrium, and come from the
assumption that DST /D and d® are not constitutive independent variables:

9A! 0AS
Il 1 s .8 s
- =0, 24
ep(a +77)+8,0(3 +n> (24)
5 = —£5p°I + &5t + £t (25)

Equation (24) is a generalization of the classical result stating that temperature and
entropy are dual variables. Equation (25) is a constitutive relation for t* and indic-
ates that the solid stress is composed of a thermodynamic pressure, the effective
stress tensor, which is a measure of solid—solid interaction, and the hydration stress
tensor which incorporates the effects of the fluid-solid interactions.

The second set of results hold near equilibrium and come from quadratic terms
in the entropy inequality so that the entropy generated is always nonnegative. The
fact that this comes from a linearization process means that terms of cubic and

higher order have been neglected; thus these result< - “ ity near equilibrium.
They include
tt=—p'I+pW:d, : (26)
9 A! dA3 D!
! s 11 s 8 -]
—pt= —_— _ 27
PP =8p oy tEp gt @7
-~ A A
Ls _ Kl 1 Igal _ ol 1l .
v o= K[—Ts+pV8 ——sp—é?Vs —epg—ﬁg.(VEs)—-
9 A! .
1o 1
- —_— VT|, 28
gp (BT + 77) ] (28)

l
Vs = K'[ —'Vp' +eplg - glpl_s__val _

aAl oA
—elp!— 1 (VE) —&'p!| — +1'|VT 2
s (VE®) —¢'p aT—i—n , (29)
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Gs _ Gl — Clé;, (30)
e'q + &8¢ =K - VT. €2))

The coefficients v', i}, K', C', and K are constants which arise from the lineariza-
tion procedure and may be a function of temperature, densities, volume fraction or
solid strain [2, 8]. G* of Equation (30) is the Gibbs free energy for phase o and is
given by G* = p%/p® + A®. Equation (26) is the constitutive restriction on t' and
when used to eliminate t' in the momentum equation, the Navier-Stokes equation
results. At equilibrium d' is zero and we get that the stress tensor in the liquid phase
is the hydrostatic pressure.

Equation (27) gives an expression for nonequilibrium interfacial pressure jump,
and implies that the pressure difference between the liquid and solid phase is
a function of the dynamic rate of change of the volume fraction (see [1] for a
discussion on this topic and its relation to nonequilibrium interfacial pressure).

Equation (29) is a generalized Darcy-type law and arises when the constitutive
equation for T‘l, (28), and the momentum Equation, (3), are used to eliminate TL.
Recall that T\‘s represents the exchange of momentum between phases. Thus Equa-
tion (29) is the conservation of momentum with linearized constitutive equations
for ’Tl and t' inserted. In this expression, the inertial effects are neglected and the
hydrostatic form of the stress tensor is used (see [2, 6] for details). The first two
terms on the right-hand-side give what is typically known as Darcy’s law, i.e., the
flow of fluid is directly proportional to the gradient of pressure plus a gravitational
effect. In a swelling porous medium in which the free energy of the vicinal phase
may be a function of the volume fraction, the third term on the RHS indicates
that flow will occur from regions of high volume fraction (high moisture content)
to regions of low volume fraction. In a nonswelling medium this term would be
negligible, as the energy of the fluid would not be affected by its proximity to the
solid phase. Further, flow will also occur in the presence of a temperature gradient.
The coefficient of this last term is zero when interfacial effects are negligible,
as argued by Hassanizadeh and Gray [37]. However, in clays where the specific
surface is large, in general we do not have 0A,/0T = —n,.

Equation (30) states that the rate of transfer from the solid to liquid phase is
directly proportional to the difference of the Gibbs free energies. If the liquid
and solid were composed of identical materials (water and ice for example) this
statement says that at equilibrium the chemical potential of two phases must be
equal. '

Finally, Equation (31) states that the partial heat flux of the system is propor-
tional to the temperature gradient, causing a coupling between this generalized
Fourier’s law of heat conduction and the generalized Darcy’s law (29). A fur-
ther coupling is obtained when the dcﬁnition of the net heat flux, (11), is used,
since this relation also involves the stress tensors. Hence, heat flux, fluid flow, and
deformation are all coupled within this system of equations.
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We end this section by listing the unknowns along with the equations neces-
sary to describe the swelling and heat transfer of a swelling porous media. The
unknowns in our final system of equations are

o, p5, v, US, T, &, (32)
t, e, e, T, q A, 47, 7, (33)

where US is the displacement of the solid phase. The equations include (roughly
corresponding to the above unknowns): The conservation of mass (2), generalized
Darcy’s law for the fluid phase (29), conservation of momentum for the solid phase
(3), the energy equation (5), nonequilibrium capillary pressure (or constitutive
equation for D%!/Dt) (27), constitutive equations for the stress tensors (26, 25),
constitutive equations for the exchange of mass and momentum terms [28, 30],
and the constitutive equation for the partial heat flux (31) combined with (11). The
remaining four variables (Helmholtz energies and entropies) require constitutive
equations for which no restrictions on their forms have been obtained. They may
be a function of all variables listed in (19). :

The energy equation (5), is not in a practical form and so we make use of
the constitutive relations in order to rewrite it. We begin with Equations (4) and
eliminate the internal energy in favor of the Helmholtz potential. Making use of
constitutive assumptions (21) and (31), using the chain rule, and summing over the
two equations, we obtain

NnT +128' 45 VS + Ty B 4+ Ts cd + 68! +
+V . (KVT) + & p°h* + &'p'h! =0, (34)
where vy, ¥»2, Y are scalar functions,. y3 is a vector valued function, and I’y and

I'5s are second order tensor valued functions. Using Es = (F$)T - d° - FS, it can be
shown that these coefficients are related to the Helmholtz potential, A%, by

32As | 182‘,“
v = T[esps 372 +sp~a—7-,—2—:|
9%2A
=T 372 = ~PCp (35)
Al 9AS
. I _ s L 17 s s _
}/2 - p p Ep 881 & 881
o (| , 104! dAS
—Tg-i;(p —ps-—b‘p—a—g—88 8-5'51‘ (36)
0
~l.l 1]
= ~T—
we aT(zw)

a’\l _ a'l _
= (ﬁ‘ - Ti);:‘ _ TR 37)
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Al A 32A!
—elpla———Vs‘ + p'Ve' —lp'— 1 EV + & p'T—=VT +

Vs = ael 3Es aT?
+ T%[ ]p'%—?—:VSI — p'Vel +&'p! ggl : (ESV)]
=K' VW4T 4 slp'(?;—?l- +n' - c’p>VT -
- T%[K-l ST 4 e‘p‘(%’%l + n')vr], (38)
Lo —c'0' o s'p'g—gl +eEE) ¢ EF)T e )T ® 7T+
+ T% (851)33—%; + e‘p'% —ep F) (Fs)“7>
= Té-{-;—w(es;osg—:;S + elp]g—g—: — & psF) - (Fs)'T)
_ T% | (39)
I's=¢pl+et - s‘T{;—!;I =¢lph:d - e'T%ﬂTlI, (40)

where pA = &lp'A' + £5p%A%, € = (F)"1t5(F*)~7 is analogous to the Piola~
Kirchhoff stress tensor of the second kind, and the molar heat capacities, (see [14],
pp- 84, 186),

an' %A
c,=T (%) , cp==Toms (42)
pcp = slp'clp + £°p°c;, : 43)

may be a function of the volume fraction ¢!. The second form of equations (36)—
(40) was obtained by incorporating constitutive relations (25)—(28).

Term by term: The term associated with y; is related to the differential swelling
of the two phases; y 3 is associated with convective heat transfer; 4 is related to the
thermally induced stress change of the solid phase; I's, up to first order, is related to
the thermally induced pressure change of the liquid phase; s is related to transfer
of latent heat by solidification/liquidification; and K is related to heat conduction;
see for example, de Vries, [23].
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Let us now make some simplifying assumptions. Assume that the material time
rate of change of the volume fraction is small, so that y,&' is on the order of (£')2
and can be neglected. Similarly, since inertial terms of the momentum equation
were neglected in deriving (29), all terms of order v"* - v+% and d! : d! can also be
consistently neglected. Further, assume there is no exchange of mass between the
liquid and solid phases. If there is no external source of body heat (h' = h* = 0),
then the heat equation is of a more familiar form:

: 3A! ~ 0T
c,T + [a'pl(ﬁ +7 —c,)VT + T, - Tb—fs] VS 4
it . ap"
T— E —¢T—-V.v4+V.(KVT) =0, 44
+Tos eT-=V v + ( ) (44)

where the exchange of momentum term ’Tké can be eliminated using Equation (28).

3. Three-Scale Model

In this section we consider three-scales, denoted by micro, meso, and macro. As in
the two-scale model, the field equations are upscaled via averaging to obtain field
equations of Section 2.1. Figure 2 illustrates the setting where we may have some
portion of a swelling colloid particle (denoted by 14 and sA) and two other phases.
The colloid particle may swell and shrink due to transfer from the vicinal to bulk
phase, but it remains saturated.

The averaging of the field equations along with the relationships between the
microscopic and macroscopic variables are presented in other papers [6, 7] so here
we only present the resulting equations.

Figure 2. A colloidal phase which may swell (denoted by 14 and sA) and two other phases,
Band C.
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3.1. MACROSCALE FIELD EQUATIONS AND ASSUMPTIONS

In this section, we discuss the development of the three-scale model. We assume
the particle is composed of two phases, a liquid phase 14, and a solid phase sA, but
now there may be interactions with two other phases. It is assumed that there are
three distinct scales. At the microscale, (see Figure 1) one can distinguish between
the solid and adsorbed liquid phase, at the mesoscale the particle can be distin-
guished from the other bulk phases, and at the macroscale, the medium appears to
be continuous. It is assumed that interfacial properties are negligible, and that each
phase behaves as a single constituent, i.e. there are no chemical reactions within a
phase. We do allow for mass transfer between phases.

3.2. MACROSCALE FIELD EQUATIONS AND ASSUMPTIONS

In this model the field equations are upscaled twice. Averaging of the equations
along with the relationships between the macroscopic and microscopic variables
are presented in several papers [6, 7], so here again, we only present the resulting
equations. ’

There are now four phases: 14, sA, B, and C. For each phase, the conservation

of mass is
DX (¥ pX) .
05— +eXpXv.vE =Y ey, K,M=1A,54,B.C, (45)

M#K

where 64 = 54 = g4 is the local volume fraction of the colloidal phase, ¢® and £¢
are the volume fractions of phases B and C, pX is the mass density of the K -phase
on the macroscale so that X pX is the total mass of the K -phase per unit volume.
Further, vX is the mass-averaged macroscale velocity of phase K, éX represents
the net mass gained by the K-phase from the M phase, and DX /Dt denotes the
material time derivative following the K -phase.

Conservation of momentum for the K -phase (K =14, sA, B, C)is

KK
sApKD v
Dt

~ V- (5tK) — et pKg = ZTK, (46)
LK

where tX denotes the average symmetric stress tensors for phase K, g is the body
force (i.e. gravity), and T[ denotes the net gain of momentum of the K -phase due
to mechanical interactions with phase L.
Conservation of energy for phase K is given by
DXEX ~
ek pk = ——sKtK:VvK—V-(eKqK)—erKthZQf, @7
L#£K

where EX is the average internal energy density per unit mass of the K -phase, q
denotes the heat flux, and QF denotes the gain of energy by the K-phase due to
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nonmechanical interactions with phase L. If we sum over all phases, one recovers
the familiar form of the energy equation

DE
po —t: V=V q-ph=0, (48)

where the relationships between the medium and phase thermodynamic variables
are

p=3eXp¥, (49)
K
oV = Z ek pXvk, (50)
K : .
ufk =vK —v, (51)
t= Z(sKtK — K pKukuk), (52)
K
pE = Z(stKEK + ek pXuk . u¥), (53)
K
q=Y [e¥q" +t* . u¥ — pFuX (EX + Juk - uh)), | (54)
K
oh = ZEKpKhK, v (55)
K

where all sums are over K = 1A, sA, B, C. Note that relative velocities of one
phase over the mass averaged medium velocity contribute to a macroscopic heat
flux.

Further, we have restrictions which arise from the fact that the thermodynamic
properties of the interface are negligible. This results in the following relations:

el +é¥ =0, (56)
T + 6K vE) + (TY + evM) = 0, (57)

(0K +TK -vE + 8 (EX + vF v+
+[OY +TH . v 4 SM(EM + LvM . vM)] =0, (58)
where K, M = 1A, sA, B, C and K # M. The first equation states that the inter-

faces are massless, and the second and third equations state that no momentum nor
energy are lost through the interfaces. Further, we have the relation that

A+ ef+eC =1. (59)
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After upscaling, the system is viewed as four co-existing continua, so that at each
point in space there exists thermodynamic properties for all phases. At this point
we perform a change of variables using a Legendre transformation to eliminate the
energy density, EX, in favor of the Helmholtz free energy, AK,

AKX = EX — k. (60)
The unknowns in our system are

eh, 8, pX, v&, T, (61)

AK K K, 51154’ TK q~, ’Q‘Il‘(w
K =1A,sA,B,C, M =1A,sA,B,C # K, (62)

subject to restrictions (56)—(59).

To arrive at a system which has the same number of equations as unknowns, we
consider the second row of variables (62) to be dependent, or constitutive. These
variables are assumed to be functions of a set of constitutive independent variables.
As in the two-scale case, a careful count indicates that there are two additional
unknowns for which there is no corresponding equation, namely g and 5. To
close the system, we postulate a constitutive relation for the material time derivative
of the volume fractions.

We assume the macroscopic vicinal fluid, 14, and two bulk phase fluids, B and
C, are viscous and the fluid and solid phases are compressible. As before, we still
assume that the temperature of all phases are the same at each point in space.

By the Principle of Equipresence (Truesdell and Toupin [52]), we assume that
every constitutive variable is a function of all the following macroscopic con-
stitutive independent variables:

EA, 8B, T, pK’ ESA, vK,sA’ . (63)
ved, Vel VT, VoK, VE*#, @¥, K =14,54,B,C, (64)

where E*4 and dX are the macroscopic strain tensor of the solid phase and rate of
deformation tensor of phase K, respectively, defined by

ESA — %[(FSA)TFSA _ I], (65)

d* = 3wvE + (wvE)T], (66)

in which F*4 = grad x*4 denotes the deformation gradient (with grad denoting the
differentiation with respect to a macroscopic material particle). As in the two-scale
case we assume the constitutive variables are local functions. With this assumption,
the variables and their gradients (63, 64) can be considered independent.

The macroscopic strain is a measure of the solid phase geometry, so that by
including E* and VE®* in the list of constitutive independent variables we are still
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assuming the behavior of the system is partially dictated by the separation, distor-
tion, and entanglement of the solid platelets and their spatial variations. Contrary
to the two-scale case, ¢4 and E*4 are not closely coupled in general due to the
potentially large amount of fluid which could be transferred between the vicinal,
14, and bulk phase, B.

To simplify the quantity of algebra which follows, we deviate slightly from the
axiom of equipresence [52], and assume the Helmholtz free energy densities of the
phases depend only on a subset of the set of constitutive independent variables.
It can be shown that if it is assumed the Helmholtz free energies are a function
of all constitutive independent variables listed in (63), that the exploitation of the
entropy inequality requires that all energies are not a function of vK:sA VT, and
VES4. Here we additionally assume that the free energies are not a function of
densities of other phases. Incorporating these additional dependencies still produce
the results presented herein if one slightly modifies the thermodynamic definitions
of the pressure and chemical potential (see [6, 8] for details). For the system under
consideration it is thus postulated that

AlA = A]A(EA, EB, T, plA’ ESA), (67)
AsA —_ ASA(SA, SB, T, ,OSA, ESA), (68)
AKX = AK (4,68, T, p%). (69)

In this simplification, we are still allowing the free energy of the vicinal water to
be a function of its proximity to the solid phase by assuming its dependence on the
solid phase strain tensor and the volume fraction of the particles. However, the bulk
phase fluids (B and C) are, by definition, not affected by the proximity to the solid
phase, so that their dependence on the solid phase strain tensor is not included. The
inclusion of the volume fractions as independent variables in (69) provides a weak
dependence of the free energies on the interfaces, because of the volume fractions’
ability to capture some geometric effects. However, to obtain the full effects of
interfaces, interfacial balance laws must be introduced, and additional constitutive
independent variables such as interfacial area density must be incorporated [2, 6~
8].

To complete the set of definitions, we introduce macroscale thermodynamic
pressures (pX), the macroscale effective stress tensor (£$4), and the macroscale
hydration stress tensor (t}4) [8, 46]. Within the current framework they are defined
as follows:

0AK

p* = (p")z—a—p—,{, K =1A,54,B,C, (70)
aAsA aAlA .
t:A — psAFsA aESA (FSA)T, tlszz —_ plAFsA aESA (FSA)T. (71)
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The effective stress tensor t34 captures the effects of entanglement in a porous
medium with a disjoint solid phase. Again, the hydration stress tensor, t’sﬁ, captures
the physico-chemical forces between the vicinal fluid and the solid phase. Note that
the macroscale pressure is not the average of mesoscale pressures, which is the
average of a partial derivative, but it is the partial derivative of averaged quantities.

The entropy inequality can be formulated in the usual manner [6, 8], and in the
sense of Coleman and Noll [17] exploited to obtain restrictions on the forms of

constitutive equations. We present the results in the next section.

3.3. CONSTITUTIVE RESTRICTIONS

In this section, we present relations resulting from exploiting the entropy inequal-
ity. These are pertinent to the formulation of the flow and heat transfer within the
three-scale model. We present two sets of results which are a small portion of the
more general results derived in [6, 8]. The first set of results hold at equilibrium
and far from equilibrium, and come from the assumption that DAT/Dr and d*4
are not constitutive independent variables:

dAK
2 Kok [ — + 19X ) =0, 72
ep(aT+n) (72)

K=lA,54,8,C
t4 = —pMI+ 64 + . (73)

As in the two-scale case, Equation (72) is a generalization of the classical res-
ult stating that temperature and entropy are dual variables. Equation (73) is a
constitutive relation for t%4 and indicates that the solid stress is composed of a
thermodynamic pressure, the effective stress tensor, which is a measure of solid—
solid interaction, and the hydration stress tensor which incorporates the effects of
the fluid—solid interactions.

The second set of results hold near equilibrium and come from forming quad-
ratic terms in the entropy inequality so that the entropy generated is always non-
negative for any process. The fact that this comes from a linearization process
means that terms of cubic and higher order have been neglected; thus these results
hold only near equilibrium. Linearizing about the rate of deformation tensor, d¥,
we obtain

X = —pXI 4+ pKvK :dX, K =14, B, C. (74)

As in the two-scale case, at equilibrium dX = 0 and the stress tensor of any of the
fluid phases is proportional to the hydrostatic pressure.
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Linearizing about D*4g4 /Dt and D**¢8 /Dt yields nonequilibrium capillary
pressure relations:

p1A+psA_pC — sAplAaa':r + ApsAaa/::A
: dAB dAC  _, DA
+eBpB—58—A+stC 5o + A D (75)
3AIA aAsA
B_ C _ A A A SA
p p £ p 3eF +e7p 9eB +
g0A c CaAC ABDS"sB
76
+8paB+epaB+u B (76)

Note that the natural quantity which appears in regards to the pressure of the
particles is the sum of the liquid and solid pressures. This can be interpreted as
being the thermodynamic pressure of the particle phase, i.e. p4 = p'4 + p®.

In these expressions we are defining capillary pressure to be the difference of
pressures between two phases. The corresponding expression for cases in which
interfacial effects are incorporated are given in Appendix C. Even without directly
incorporating interfacial effects, the quantity of each liquid at any given time in
space is determined by what configuration minimizes the energy of the system.
The further away from this minimum energy configuration, the more quickly the
system will try to re-establish itself through increasing the material time rate of
change of the volume fractions. In a nonswelling system, a change in variables on
the volume fraction is directly related to the change in saturatinn (if s is saturation,
then s = £8/(1 — £4)). See [1] for further discussion on nonequilibrium capillary
pressure and its relation to nonequilibrium interfacial pressure. '

The constitutive relations for the exchange of momentum terms arise by linear-

izing about vX:s4:
yAsa — K4 [_ Z T + plAves — ghpla 22 = VSA_
K=sA,B,C
aAlA aAIA
A 1A B_ _A_lA A
—&%p —aSBVE —-&p aEsA.(Es V) —
aAlA
A A 1A
- —_— vT |, 77
e%p (BT +7 ) ] 77

=K ko.x .k x0AK_ 4
Ty +p " Ve® —e% p" —-Vei—
MlAsABC;éK

eXp Vé‘ KKGAK+ VT K =B,C. (78)
" 5e5 N SR r AELE
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These relations are then used to eliminate the exchange of momentum terms, TX
from the momentum equations to obtain generalized Darcy relationships:

1A,5A 14 Ag A | A A A WdAM 4 4 adAM
,S —_—
v =K [—e Vp +eipig—ep BaAvs e"p asBVE
A 1404M . A aa (34,
. (VE? -+ VT |, 79
apaESA(E)8p<6T 77) ] 79

vKsA = KK | _gKypK 4 oK pKg _ oK oK dAK Veh — ek pk 0AK Veb_
deh dckB
x x (94X K |
—*p* | —+n" }VT|, K=B,C. (80)
oT
This is the macroscale form of the conservation of linear momentum where inertial
terms are neglected and the hydrostatic forms of each liquid phase are used, i.e.
tX* = —pXT (see [6, 8] for details). Changes in volume fractions, pressure, and
temperature all cause the energy of the system to change, and these relations all
reflect that fluid flows in such a way as to minimize the energy of the entire system
[6, 8, 9].
If GX = pX /pX 4+ AK is the Gibbs free energy, then the rate at which one phase
is transfered to another phase is governed by

GY —GX =CkeK, K,M=1A,5A,B,C, K #M. (81)

This equation is especially important for the case when M = 14 and K = B,
where B is the bulk liquid phase. Then éX; is the rate at which mass is transferred
from the vicinal water to the bulk water. If the Gibbs free energy is higher in the
bulk phase, then particles begin swelling, and if the opposite, the particles shrink.

Finally, we have the equation which governs heat transfer, which is similar to
the two-scale case, i.e.,

8AqlA + EAqSA + ngB + ECqC =K.-VT. (82)

The gradient of the temperature couples the heat transfer with the flow of the liquid,
which in turn governs the deformation of the porous medium. Note that because of
relation (54) the left hand side is not the medium-wide heat flux unless there is no -
relative motion of phases.

All coefficients v&, X, KX, CX and K arise from the linearization procedure
and may be a function of temperature, densities, volume fractions, and solid strain
(8].

As in the two-scale case, the energy Equation (48), can be re-written making use
of constitutive relations. We begin with Equations (47) and eliminate the internal
energy in favor of the Helmholtz potential. Making use of constitutive assumptions
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(67)—(69) and (82), using the chain rule, and summing over the four equations, we
obtain

NT + 128t + 1388 4y, - VA Ly vESA Ly VO 4
+T7 B2 4+ Tg:d4+Ty:d? +Ty:d" +

+ Y Y vkml + V- (KVT) +ph =0, (83)
K=1A,54,B,C M#K

where scalar coefficient functions are denoted as y, vector valued functions are
denoted as y, and I" denote second order tensor valued functions. The relationship
between these coefficients and the Helmholtz potential are given in Appendix B.

Term by term: The terms associated with y, and y; are due to the differential
swelling of the three phases; ¥4, ¥5, and y¢ are due to convective heat transfer,
sometimes refered to as sensible heat transfer; I'; is due to thermally induced stress
change of the solid phase; I's, I'g, I" 10, up to first order, are due to thermally induced
pressure changes of the liquid phases; yxy are due to phase transformations; and
K is due to heat conduction; see for example, de Vries [23].

As in the two-scale case, let us now consider some simplifying assumptions.
Assume that the material time rates of change of the volume fractions are small,
so that the terms involving y, and y; can be neglected. Similarly, since inertial
terms of the momentum equation were neglected in deriving (29), all terms of
order le,sA . le,sA’ vB,sA . vB,sA’ vC,sA . vC,sA, dlA . dM, dB : dB, dC . dC, can also
be consistently neglected Further, assume there is no exchange of mass involving
the solid phase so that &4 = & = & = &5, = &4 = &5, = 0. If there is no
external source of body heat (2 = 0), then the heat equation is of the form:

%A\ . dAM
(eraze) 1+ [sto (S +0 -t o7+

+ Z r’fm _ Tarr\lié1 L yAsA
oT

=sA,B,C

[etor (e -at)or- £ 1GH] v
e

Cc a’T\g C.sA
———+7] —¢, VT — Z T—a—T— S A o
K=1A,sA,B

+ A(FsA)— A (FsA)—T] . EsA -

roxls
3P1A apB apC
A B B C C
T8 _ 7P v .v8 _ 7% y.
aT e Vv e e Vv
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+ Yo eh[eM -GX +T(™ - ")
K=lA,B,C M#(K,sA)
. 9 pM pK
_r 2 (B 2 )|+V-(K-VT)=0. 84
2 (,,M 2e)|+v-&-vn (84)

Thus, rate of flow of a fluid phase is driven by (1) the gradient of the temperature,
which is strongly affected by the interaction of the phases; (2) how temperature
affects momentum transfer between phases; (3) the rate at which the solid phase is
deforming; (4) the effect of temperature on the pressure of each phase individually
— note that if there is no exchange of mass between phases and the fluid phases
are considered incompressible, these terms would vanish; and (5) the rate of mass
exchanged between phases.

4. Discussion

Consider the following system. Let colloidal sized molecules (polymers, clay plate-
lets, or any sub-micron sized particle) be in a solvent bath such that all the solvent is
adsorbed to the molecules. The solvent plus the colloid sized molecules considered
as a single body can be thought of as a swelling particle. Now place a large number
of the swelling particles in a bulk solvent bath. If the bath is suitably small, then the
particles and solvent bath will form a partially saturated porous medium consisting
of swelling porous particles. The solvent continues to saturate the particles, but the
spaces between particles may contain vapor and/or liquid solvent. The net result
is a swelling unsaturated porous medium with three distinct scales. The micro-
scale consists of two phases, the macromolecule and the adsorbed solvent. The
mesoscale consists of a homogenization of the macromolecules with the adsorbed
solvent. The mesoscale particles when homogenized with the bulk liquid and vapor
phase solvent form the macroscale. Such a model is consistent with many natural
soils, foods, drug delivery substrates, wood and many other systems. The model
proposed herein allows one to simulate flows of mass and energy in such systems.

The governing equations obtained using classical irreversible thermodynamics
results in a generalization of De Vries’ model (1). In particular, it suggests moisture
flow in a porous medium can be driven by temperature gradients [15, 16, 50]. In
addition, early experiments [24, 47] also suggest flows may be driven by thermal
gradients. We believe the analysis presented here provides a rational framework for
this phenomenon. Of specific note in this regard is that the coefficients multiplying
VT in (38), (44), (B.4-B.6), (84) are nonzero and strongly affected by the phase-
interactions due to the heat capacity terms and the fact that the entropy inequality
does not mandate that 3A'/dT = —n' on the mesoscale, nor does it mandate
dAX /aT = —n¥ on the macroscale. In both unsaturated media where there is a
liquid/vapor interface, and in colloids where the solvent energy is strongly per-
turbed by the surface, the interfaces liquid-vapor and solid-liquid play a predom-
inant role.
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This theoretical work suggests that to improve the understanding of heat and
moisture transport in swelling porous media, experiments are needed to study the
effects temperature has on the exchange of mechanical momentum between phases,
as well as differential swelling of the various phases. In addition, the relative im-
portance of thermal stresses induced on the solid and liquid phases should also be
studied.

Appendix A. Nomenclature

Superscripts, subscripts, and other notations

.V ZLI Ui v;.
‘B Yoy Yje1 AiiByj.
a-phase on mesoscale.
ap af-interface on mesoscale.
oA a-phase in mesoscale region A on macroscale.
X K -phase in macroscale REV (K = A, B, C) (see Figure 2).
denotes exchange from other interface or phase.
Jod difference of the two quantities, i.e., * — 1.
Material time derivative with respect to the solid phase

(D*/Dt or D*4/Dx) (2).

R P E

Latin symbols

A%, AKX AKM  Macroscopic internal (excess surface) specific Helmholtz
free energy [J/kg] (16).
d*,d¥,dX”  Symmetric gradient of phase/interface velocity
(deformation rate tensor) [1/s] (20).
€5, enexy Mass transfer from phase/interface
(subscript) to phase (superscript) per unit
REV volume [kg/(s m?)] (see the conservation of mass equation).
eXM, Mass transfer from contact line
(subscript) to interface (superscript) per unit REV
volume [kg/s-m>] (see the conservation of mass for interfaces

in Appendix C).
E*, EX Energy density [J/kg] (see conservation of energy equation).
EXM Surface excess energy density [J/kg] (see interfacial conservation
of energy equation in Appendix C).
Es, Es4 Macroscopic strain tensor of solid phase [-] (20).
EXM Macroscopic strain tensor of interface [-] (Appendix C).
| Gradient of function relating averaged material coordinates

~ of solid phase, X, and their spatial coordinates, X,
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denoted as V xX(X)[m] (20).

FXM Gradient of function relating averaged material coordinates
of interface to their spatial coordinates [m] (20).
g External supply of momentum (gravity) [m/s?].

G%, GX,GKM (excess surface) Gibbs free energy [J/kg] (30).

h®, hX hKM  External supply of energy of phase/interface [J/(kg s)]
(see conservation of energy).

K Second-order tensor coefficient defined in (31) [J/(m s K)].
For a thermally isotropic medium, it represents

. thermal conductivity.

K, KX, KX™  Second-order tensor coefficient defined in (28) [m® s/kg].

Related to hydraulic conductivity in Darcy’s law.

p?, pX, pX¥  Macroscopic thermodynamic pressure of phase/interface
[N/m?] (22).
q%, g¥,q¥M  Heat flux vector for the phase/interface [J/(m? s)],

or interface [J/(m s)] (see conservation of energy).
% O 0X,, Energy transfer from phasefinterface (subscript)
to phase (superscript) per unit REV volume
[J/(m3 s)] (see the conservation of energy equation).
KLM Energy transfer from contact line (subscript) to interface
(superscript) per unit REV volume [J/(m3 s)]
(see the conservation of energy for interfaces in Appendix C).
t Time [s].

T Temperature [K].
to, tK tkM Stress tensor for the phase [N/m?], or interface [N/m]
(see the conservation of momentum equation).
£, t34 Stress in solid phase due to solid matrix strain [N/m?] (23).
€ (4
E‘E, t& Stress in liquid phase due to solid matrix strain [N/m?] (23).

T, T, T§ y Momentum transfer through mechanical interactions
from phase/interface (subscript) to phase (superscript)
per unit REV volume [N/m?] (see the conservation
of momentum equation).

KLM Momentum transfer through mechanical interactions from
contact line (subscript) to interface (superscript) per unit
REV volume [N/m?] (see the conservation of momentum
for interfaces in Appendix C).

Velocity of phase (superscript) relative to the medium [m/s].

v, vk Velocity of phase (superscript) [m/s].

vEkM Velocity of interface [m/s].
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Greek Symbols
e Volume fraction of «-phase in mesoscale REV [-].
ek Volume fraction of macroscale region A in macroscale REV [-].
gkM Area fraction of K M-interface in macroscale REV [1/m].
n%, n%, n®¥¥  Entropy of phase/interface [J/(kg-K)].
v Fourth-order tensor coefficient defined in (26) [m?/s].
For an isotropic fluid, this coefficient represents
the dynamic viscosity.
w Constitutive coefficient defined in near-equilibrium capillary
relationship (27) [N s/m?].
o Mass density of a-phase averaged over mesoscale REV [kg/m®].
ok Mass density of K -phase on macroscale [kg/m®] so that £X pX
is the total mass of K-phase in macroscopic REV divided
by the volume of macroscopic REV.
kM Excess mass density of K M-interface averaged
over macroscale REV [kg/m?] so that eX¥ pkM
is the total mass of K M-interface in macroscale REV divided
by the volume of the macroscale REV.
Appendix B. Thermodynamic Definitions of Coefficients for Three-Scale
Heat Equation

The thermodynamic definitions of the coefficients for the three-scale heat equation,
given by Equation (83), are given here. Recall that scalar coefficient functions are
denoted as y, vector valued functions are denoted as y, and I"' denote second order
tensor valued functions. Using Es = (F)7 - d° - F%, it can be shown that these
coefficients are related to the Helmholtz potential by

yi =T

92A
372 = PCp (B.1)
dA 9AM
_ A SA _ C __ LA, sA LA IA _
Vo = pU AP P e 8NPy
EBpBaA £Cp€ 9AC 0 P pth — p€ — gApsh aASA_
deA 0e€ oT : ded
9A 9A dA
A 1A B c .C
8 mmmennnns
P e de4  © aeA)
~ Yy . 4084
oA — T—a}—) &4+ T/,LA-é—]:-, (B.2)
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sA 1A
B C A _sA dA A lAaA

= —_ - —_— — €& - —
V3 p p &p 888 883
9AB dAC 9 dAsA
B B c . C B C A _sA
— i - - T — _ - —
EP 5eB T8 P 9er T T (p P& B
SA,OM aAlA BpB dA EC C aAC
d¢cB de8 dcB
YT 9&8
AB .B AA
= —T— TR —, B.3
(u aT)E +Tu o5 (B.3)
aAlA aAlA
_ A 1A A A 1A B 1A A
Y4 = —Ep _B-EA_VE —E&°p EB_VE +p Vet —
aAlA aZAlA 9 aAlA
A 1A sA A 1A A 1A A
- : (E4V T VT +T— —V
&0 S - ®TV) F et eV aT[‘Sp aeh Ve T
AN dA
et pl = Ve’ — PV + et plh o BV )] (B.4)

dA
— (KlA)-—l le sA + Z TK +8Apm ( T + UM _ C}DA) VT —
K=sA,B,C

0 9AlA
T — KIA - IA sA TIA A _lA 1A vT
7 [( )™ + Y TR+t o :

K=sA,B.C

dAB dAB a2AB
. __B_B A__B B B Bg.B , BB
y5._—8p————aaAV£ £p—~——agBV8 + p°Ve +spTaT2VT+
+T—a— e8pB E"—A—BV.SA + aBpB?-ézVé:B — pBveB (B.5)
oT deA 0eB '

d0A
= KO .vBAy TR +&%p® (—é—T—-H? )VT—
K=lA,sA,C

K=lA5A,C

d dAE
—T — KB -1, BSA TB B B \V/
| aT[( ) > +e8p 3T+n T |,

A€ c9A 82AC
ye = —SpC——VeA —£Sp —-——Ve + pCVeC + e pCT—-VT +
deA oeB aT?
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3 dAC dAC
+T5T [ Cpc-ag—AVeA + scpcgﬁ-VsB - pCVeC] (B.6)

0A
= KO 4 N TS +6€p° (aT +n° )VT—
K=lAsA,B |

) 0A
—T— [K)™yOsA 4 H° \4
aT[( ) + TK+ep (aT +n> T],

K=1AsA,B

dAsA 9AA
F7 —_ _gApsAaESA _SApIAaESA +8A(FSA)_1 tsA (FSA)—
] 9 AsA
A _SA psAN— SA\— A sA
+e4 p A EA) T (F) +T3T[ P gt

+8A lAaAM _ oA _sA FsA -1 FsA -T
P e p () - (F7)

= T— 0 [sApSA o4%

dAlA
| A 1A
oT ¢

aESA P aESA _ £APSA(FSA)—1 . (FSA)-T]

_ i A gsAy-1 | ¢sA | (psAN-T
= TaT[s F@H—" -2 FHT], (B.7)-

9 plA

aT

Iy = e4p T4 6/t4 — AT I

3
= ghplAyla . gt _ a7l sz I, (B.8)

opB

Dy = eBpBl+4eBtf — BT -1
9 e"pl+¢ & aT

3
— eBpByB . @8 _ BTP_ apT I (B.9)

ap¢
oT

T = epCI+eCC — eCT—1

ap¢
€ pCyC - g€ — &€
= v-:d T—1, B.
©p oT (5.10)

M K 9 M K
yKM=—§~~5—~T—~(£-—£-), (B.11)
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where pA = &lp! Al + £°05A®, and the molar heat capacities for each fluid phase
and the porous medium are (see [14], pp. 84, 186)

K an~
Cp =T 'ﬁ,— ) K=1A7 By C, (B'12)
pcp = Z stch, (B.13)
K=1A,5A,B,C

where cf may be a function of the volume fractions. The second form of equations
~ (B.2)~(B.10) were obtained by incorporating constitutive relations (73)—(80).

Appendix C. Three-Scale Governing Equations with Interfacial Effects

In this section, we provide the governing equations for the three-scale model where
interfacial effects are not neglected. The derivation of the equations are not
provided, as the ideas are presented in Section 3. The details regarding the physical
interpretation of interfacial thermodynamic variables at the mesoscale (two-phase
model) are given in [26, 44], and for the three-scale model in [6, 7]. Refering
to Figure 2, there are six interfaces. Interface 1AB is the macroscopic interface
between the vicinal fluid of the clay particle and the bulk phase B, where B is a
fluid phase — either gas or liquid. Other interfaces include 1AC, sAB, sAC, IsA
and BC. It is assumed that contact lines (the intersection of three interfaces) have
negligible thermodynamic properties, although this too can be incorporated into
the current model [29]. The definition of the variables presented in the following
equations are given in Appendix A.
The conservation of mass for the bulk phase K = 14, sA, B, C is given by

DX (K pX)

= +eXpkv.vE = Y8k, K.M=14,54,B,C, (CD

M#K

where ¢X ,, represents the net mass gained by the K -phase from the K M interface.
The conservation of mass for the K M interface is given by

DKMSKM KM
*"p )+

KM KM KM
€ V.v
D1 P
= Y M —eky—eu K L M=I14,54,B,C, (C2)
L#K.M

where KM is the interfacial area density of interface K M, with the exception that
we define e%4 = g4 (see [7] for details). Further, é¥, represents the amount of
mass gained by interface KM through the contact line X LM. The net mass the
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contact line has is zero (by assumption), and hence there is a restriction on the
exchange terms:

Yoo &g, =0 (C.3)
PO=KL,KM,LM

Similarly, the conservation of momentum for the K M-phase is

DKMVKM
SKMpKM -V. (SKMtKM) _ SKMpKMg
Dt
= > Txi, -T&,-T¥, K,L,M=IA,s4,B,C, (C.4)
L#K.M

with the restriction

Yoo @R+t =0. (C.5)
PQ=KL,KM,LM

The conservation of energy for interface KM is given by

DKMEKM
KM pKM e cKMEEM . gykM _ g . ((KMKM) _ (KM KMy KM
Z Oty — [0%) + T, vEEM
LAK.M

+é§M(EK'KM + %VK,KM i vK,KM)] _
_[Q%M +TII‘(4M VM KM+ M(EM'KM+ %VM’KM 'VM'KM)], (C.6)

where the restriction is now

TPO PQ P 1yPQ . yPOY]
Z [QKLM Txim -vF u(E Q+ e. Q)]"
PO=KL,KM,LM

(C.7D
The constitutive independent variables for this model are
g4, g8, gAB gAC (BC goA B yoAB g AC yoBC
T, VT, p¥, d%, v&*4, K =14,B,C
P4, A, VpsA VESA pKL EKL yKLsA g KL gEKL
KL =1sA,1AB,1AC,sAB,sAC, BC. (C.8)

The interfacial pressures are defined thermodynamically as

aAKM
KM __( KM)'Z

p
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The near-equilibrium capillary pressure relations are

aAlA 3AlsA aAB
plA + psA + plsA _ pB — SAplA = +€AplsA aaA _ SBpB —5 +
gAKM
+ Z 8KMpKM__58_T_ _
KM=1AB,|AC,sAB,sAC
aAKM . DsA A
aZ % (C.10)

S DL R T
KM=I1AB,;sAB,BC

dAB A€ dAKM
pB _ pc — sBpB 5o _ scpc Sc + Z SKMpKM o _
KM=1AB,sAB,BC

) aAKM N DsAgB
_ Z eKMpKM—a—C— + B = (C.11)
KM=IAC,sAC,BC &
Darcy’s law for a bulk phase fiuid K (K = B, C) is now

vEsA — KK [_8KVPK+8Kng_8 P m_vex_
(C.12)

Ak Ak
_ 8KPKWV8AK _ ngK%_EEVEBC +V. (8KpKvK . dK)] )

The heat equation has the following form

KM

KM K
+T  BA 4 SOTKM BRM L S TrE i a )0 D vimérm +
KM K K M#K
+3° Y yEMeEN, +V - (VD) + ph =0, (C.13)

KM L#K.M

where scalar coefficient functions are denoted as y, vector valued functions are
denoted as ¥, and I" denote second order tensor valued functions. It can be shown
that these coefficients are related to the Helmholtz potential by [6, 8]

Y1 = —pPCp, (C.14)

~A 0 4.
yo = whed — Té—]:(u%"), (C.15)




COUPLED SOLVENT AND HEAT TRANSPORT 241

ys =mPeP — (MB B, (C.16)
}’4 — KMSKM T (MKM KM) (C.17)
km aT

M#K
d -1 K,sA dA
—Tﬁ KK Vv § +ZTKM+8 p (7)7—+n vT ,
M#K
(C.18)

KM KM,sA Y
yeM = Kgpy - vVVM* 4+ Z TS, —Thy — Ty +
LEKM

+8KMpKM (a’;T +77KM gM) vT —

a —_ -
- Tﬁ |:KKM vEMsd 4 Z Ty — Ty — Thy+

L#K.M
KM KM dAKM KM :
r; = T——[e AFH- 1.4 . FH T, (C.20)
0 v
Fé(M — Tﬁ[sKM(FKM)—l X tKM . (FKM)—-T]’ (C21)
K K K, K .3k K ap*
Fg =&e%p™v" :d”* —¢ TBTI (C.22)
KM K KM K
k _P 14 a (p P
YemM = “xm p—K Y (pKM - pK) ’ (C.23)
KM KM
KM P o (p
YKLM = ;‘m 4+ Tﬁ (—-——pKM) ) (C.24)

Acknowledgements

Partial support for this work arises from NSF Grant #9510066-BES, and ARO
grant #DAAG55-98-1-0228.




242

LYNN SCHREYER BENNETHUM AND JOHN H. CUSHMAN

References

1. Achanta, S. and Cushman, J. H.: Non-equilibrium swelling and capillary pressure relations for
colloidal systems, J. Col. Int. Sci. 168 (1994), 266-268.

2. Achanta, S., Cushman, J. H. and Okos, M. R.: On multicomponent, multiphase thermomech-
anics with interfaces, Int. J. Engng. Sci. 32(11) (1994), 1717-1738.

3. Anderson, T. B. and Jackson, R.: Fluidized beds: equations of motion, Ind. Engng. Chem.
Fundam. 6(4) (1967), 527-536 _

4. Baveye, P. and Sposito, G.: The operational significance of the continuum hypothesis in the
theory of water movement through soils and aquifers, Water Resour. Res. 20(5) (1984), 521-
530.

5. Bear, J.: Dynamics of Fluids in Porous Media, Dover, New York, 1972.

6. Bennethum, L. S.: Multiscale, hybrid mixture theory for swelling systems with interfaces, PhD
Thesis, Purdue University, West Lafayette, Indiana, 47907, 1994.

7. Bennethum, L. S. and Cushman, J. H.: Multiscale, hybrid mixture theory for swelling systems
—I: Balance laws, Int. J. Engng. Sci. 34(2) (1996a), 125-145.

8. Bennethum, L. S. and Cushman, J. H.: Multiscale, hybrid mixture theory for swelling systems
~ II: Constitutive theory, Int. J. Engng. Sci. 34(2) (1996b), 147-169.

9. Bennethum, L. S. and Giorgi, T.: Generalized Forchheimer Law for two-phase flow based on
hybrid mixture theory, Transport in Porous Media. 26(3) (1997), 261-275.

10. Bennethum, L. S., Murad, M. A. and Cushman, J. H.: Clarifying mixture theory and the
macroscale chemical potential for porous media, Int. J. Engng. Sci. 34(14) (1996), 1611-1621.

11. Bennethum, L. S., Murad, M. A. and Cushman, J. H.: Modified Darcy’s law, Terzaghi’s effect-
ive stress principle and Fick’s law for swelling clay soils, Comput. Geotech. 20(3/4) (1997),
245-266.

12. Bouddour, A., Auriault, J.-L. and Mhamdi-Alaoui, M.: Heat and mass transfer in wet porous
media in presence of evaporation condensation. Int. J. Heat Mass Transfer 41 (1993), 2263~
2271.

13. Bowen, R. M.: Compressible porous media models by use of the theory of mixtures. Int. J.
Engng. Sci. 20 (1982), 697-735.

14. Callen, H. B.: Thermodynamics and an Introduction to Thermostatistics, John Wiley and Sons,
New York, 1985.

15. Carey, J. W.: Onsager’s relation and nonisothermal diffusion of water vapor, J. Phys. Chem. 67
(1963), 126~-129.

16. Carey, J. W.: An evaporation experiment and its irreversible thermodynamics, Int. J. Heat Mass
Transfer 7 (1964), 531-538,

17. Coleman, B. D. and Noll, W.: The thermodynamics of elastic materials with heat conduction
and viscosity, Arch. Rat. Mech. Anal. 13 (1963), 167-178.

18. Cushman, J. H.: Multiphase transport based on compact distributions, Acta Applicandae
Mathematicae 3 (1985), 239-254. '

19. Cushman, J. H.: An introduction to fluids in hierarchical porous media, In: J. H. Cushman (ed.),
Dynamics of Fluid in Hierarchical Porous Media, Academic Press, New York, 1990a, pp. 1-6.

20. Cushman, J.H.: Molecular-scale Lubrication, Nature 347(6290) (1990b), 227-228.

21. Cushman, J. H.: The Physics of Fluids in Heirarchical Porous Media: Angstroms to Miles,
Kluwer Academic, Dordrecht-Boston, 1997.

22. Cushman, J. H., Hu, X. and Ginn, T. R.: Nonequilibrium statistical mechanics of preasymptotic
dispersion, J. Stat. Phys. 75 (1994), 859-878.

23. de Vries, D. A.: Simultaneous transfer of heat and moisture in porous media, Transac. Am.
Geophys. Union 39(5) (1958), 909-916.

24. Deryaguin, B. V. and Melnikova, M. K.: Experimental study of the migration of water through

the soil under the influence of salt concentration, temperature, and moisture gradients, In: Int.
Congr. Soil Sci., Trans. 6th (Paris), 1956, pp. 305-314.




COUPLED SOLVENT AND HEAT TRANSPORT 243

25.
26.

27.

28.

29.

30.

3L

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

Eringen, A. C.: Mechanics of Continua, John Wiley and Sons, New York, 1967.

Gray, W. G. and Hassanizadeh, S. M.: Averaging theorems and averaged equations for transport
of interface properties in multiphase systems, Int. J. Multiphase Flow 15 (1989), 81-95.

Gray, W. G. and Hassanizadeh, S. M.: Paradoxes and realities in unsaturated flow theory, Water
Resour. Res. 27 (1991a), 1847-1854.

Gray, W. G. and Hassanizadeh, S. M.: Unsaturated flow theory including interfacial phenom-
ena, Water Resour. Res. 27 (1991b), 1855-1863.

Gray, W. G. and Hassanizadeh, S. M.: Macroscale continuum mechanics for multiphase
porous—media flow including phases, interfaces, common lines, and common points, Adv. Water
Resour. 21(4) (1998), 261-281.

Grim, R. E.: Clay Mineralogy, McGraw-Hill, New York, 1968.

Groetsch, C. W.: Elements of Applicable Functional Analysis, Marcel Dekker, New York, 1980.
Hadas, A.: Evaluation of theoretically predicted thermal conductivities of soils under field and
laboratory conditions, Soil Sci. Soc. Am. J. 41 (1980), 460-466.

Hassanizadeh, S. M.: Derivation of basic equations of mass transport in porous media, Part 1.
Macroscopic balance laws, Adv. Water Resour. 9 (1986a), 196-206.

Hassanizadeh, S. M.: Derivation of basic equations of mass transport in porous media, Part 2.
Generalized Darcy’s and Fick’s laws, Adv. Water Resour. 9 (1986b), 207-222.

Hassanizadeh, S. M. and Gray, W. G.: General conservation equations for multiphase systems:
1. Averaging procedure, Adv. Water Resour. 2 (1979a), 131-144.

Hassanizadeh, S. M. and Gray, W. G.: General conservation equations for multiphase systems:
2. Mass, momenta, energy, and entropy equations, Adv. Water Resour. 2 (1979b), 191-208.
Hassanizadeh, S. M. and Gray, W. G.: General conservation equations for multiphase systems:
3. Constitutive theory for porous media, Adv. Water Resour. 3 (1980), 25-40.

Hassanizadeh, S. M. and Gray, W. G.: High velocity flow in porous media, Transport in Porous
Media. 2 (1987), 521-531.

Hassanizadeh, S. M. and Gray, W. G.: Thermodynamic basis of capillary pressure in porous
media, Water Resour: Res. 29(10) (1993a), 3389-3405.

Hassanizadeh, S. M. and Gray, W. G.: Toward an improved description of the physics of two-
phase flow, Adv. Water Resour. 16 (1993b), 53-67.

Israelachvili, J.: Intermolecular and Surface Forces, Academic Press, New York, 1992.

Low, P. F.: Nature and properties of water in montmorillonite-water systems, J. Soil Sci. Soc.
Am. 43 (1979), 651-658.

Low, P. E: The swelling of clay, II. Montmorillonites-water systems, J. Soil Sci. Soc. Am. 44
(1980), 667-676.

Moeckel, G. P.: Thermodynamics of an interface, Arch. Rat. Mech. Anal. 57 (1975), 255-280.
Murad, M. A., Bennethum, L. S. and Cushman, J. H.: A multi-scale theory of swelling porous
media: 1. Application to one-dimensional consolidation, Transport in Porous Media 19 (1995),
93-122.

Murad, M. A. and Cushman, J. H.: Multiscale flow and deformation in hydrophilic swelling
porous media, Int. J. Engng. Sci. 34(3) (1996), 313-336.

Rollins, R. L., Spangler, M. G. and Kirkham, D.: Movement of Soil Moisture Under a Thermal
Gradient, Highway Research Board Proc. 33 (1954), 492-508.

Schoen, M., Diestler, D. J. and Cushman, J. H.: Fluids in micropores. 1. Structure of a simple
classical fluid in a slit-pore, J. Chem. Phys. 87(9) (1987), 5464-5476.

Showalter, R.: Diffusion models with microstructure, Transport in Porous Media 6 (1991),
567-580.

Taylor, S. A. and Carey, J. W.: Analysis of simultaneous flow of water and heat or electricity
with the thermodynamics of irreversible processes, In: 7th Int. Congr. of Soil Sci. Trans., Vol.
1. 1960, pp. 80-90.

Terzaghi, K.: Theoretical Soil Mechanics, John Wiley and Sons, New York, 1943.




244

52.

53.

LYNN SCHREYER BENNETHUM AND JOHN H. CUSHMAN

Truesdell, C. and Toupin, R. A. The classical field theories, In: S. Fliigge ed., Handbuch der
Physik, Springer-Verlag, New York, 1960.

Whitaker, S.: Simultaneous heat, mass, and momentum transfer in porous media: A theory of
drying, Adv. Heat Transfer (1977), pp. 119-203. :




International
Journal of
Engineering
Science

PERGAMON International Journal of Engineering Science 38 (2000) 517-564

www.elsevier.com/locate/ijengsci

Thermomechanical theories for swelling porous media with
| microstructure

Mircio A. Murad a’b’*,'John H. Cushman °

2 Laboratorio Nacional de Computacao Cientifica, Petropolis, RJ, Caixa postal 95113, Brazil
b Instituto Politecnicol UERJ, Nova, Friburgo, RJ 28601, Brazil
© Center for Applied Math, Math Sciences Building, Purdue University, W. Lafayette, IN 47907, USA

Received 4 March 1998; received in revised form 3 February 1999; accepted 26 April 1999

Abstract

Thermomechanical microstructural dual porosity models for swelling porous media incorporating cou-
pled effects of hydration, heat transfer and mechanical deformation are proposed. These models are obtained
by generalizing the three-scale system of Murad and Cushman [56,57] to accommodate heat transfer effects
and their influence on swelling. The microscale consists of macromolecular structures (clay platelets,
polymers, shales, biological tissues, gels) in a solvent (adsorbed water), both of which are considered as
distinct nonoverlaying continua. These continua are homogenized to the meso (intermediate scale) in the
spirit of hybrid mixture theory (HMT), so that at the mesoscale they may be thought of as two overlaying
continua. Application of HMT leads to a two-scale model which incorporates coupled thermal and physico-
chemical effects between the macromolecules and adsorbed solvent. Further, a three-scale model is obtained
by homogenizing the particles (clusters consisting of macromolecules and adsorbed solvent) with the bulk
solvent (solvent not within but next to the swelling particles). This yields a macroscopic microstructural
model of dual porosity type. In the macroscopic swelling medium the mesoscale particles act as distributed
sources/sinks of mass, momentum and energy to the macroscale bulk phase system. A modified Green’s
function method is used to reduce the dual porosity system to a single-porosity system with memory. The
resultant theory provides a rigorous derivation of creep phenomena which are due to delayed intra-particle
drainage (e.g. secondary consolidation of clay soils). In addition, the model reproduces a class of lumped-
parameter models for fluid flow, heat conduction and momentum transfer where the distributed source/sink
transfer function is a classical exchange term assumed proportional to the difference between the potentials
in the bulk phase and swelling particles. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Due to the physico-chemical forces between phases, many porous media (macromolecular-
solvent systems) can swell or shrink resulting in macroscopic behavior which may differ signifi-
cantly from non-swelling media. Examples of such media include polymers, shales, clays and
cartilages. It is crucial to understand the constitutive behavior of these materials for applications
involving almost all aspects of life. Swelling polymers have numerous technological applications
in drug delivery, contact lenses, semiconductor manufacturing and food stuffs. In oil and gas
production swelling shales form 75% of drilled formations and have been responsible for 90% of
wellbore instability problems. Clay soils covers 80% of the earth’s crust and consequently they
play a critical role in all aspects of nutrition on earth. In foundation engineering the clay. soil
swells and heaves upward or drys out and shrinks causing damage to the foundations of buildings,
bridges, highways, and runways. All of these systems have in common a structure that can be
loosely identified as a mixture of macromolecules (polymers, clay platelets) and solvent (water,
organic fluid). The solvent is either adsorbed to the macromolecules or in bulk (i.e. free of any
adsorptive force). The clusters of macromolecules and adsorbed solvent form fine particles which
swell under imbibition and shrink under drainage. Although everything derived in this paper can
be applied to a wide variety of swelling systems, for ease of exposition, we henceforth restrict our
discussion to swelling clay soils.

The thermomechanical response of swelling clays has received great attention. Due to their low
hydraulic conductivity, plasticity, swelling and adsorptive capacity for contaminants, clays have
been used to inhibit the migration of contaminants to the environment. In isolating contaminants
from the biosphere, clays act as natural barriers. In the case of nuclear, heat-generating wastes,
canisters of vitrified radioactive waste are buried in compacted clay. The clay acts as a geo-
chemical filter to prevent the migration of radionuclides in groundwater. Efficient heat transfer
between the vitrified nuclear wastes and surrounding rocks is one of the desired properties re-
quired for the engineered barrier. The heating of compacted bentonitic clays may also lead to
expansion and cracking and thus enhance the migration of radionuclides. Other applications of
the coupling between mechanical and thermal effects appear in enhanced oil recovery technology,
extraction of energy from pressurized geothermal reservoirs and frost heave.

Thermomechanical models for granular non-swelling porous media (e.g. rock or sandstone)
have been widely discussed in the literature (see e.g. [7,14,68]). A major assumption underlying
these models is that no other forces except those of direct contact (effective stresses and pore
pressure) are present. Porous media characterized by the absence of physico-chemical interaction
between the pore water and solid matrix, such as granular materials, are governed by the above
theories. On the other hand, hydrophilic clays such as smectities (montmorillonites) with 2:1
lattice exhibit complex physico-chemical interaction and their constitutive behavior is significantly
more complicated.

Smectitic minerals have a negative charge which is neutralized by exchangeable cations. When a
montmorillonite is exposed to water, the water penetrates the superimposed layers and forces
them apart causing swelling. The attraction (hydrophilicity) of montmorillonite to water is one of
the causes of swelling. The force causing clay to swell upon hydration is commonly called the
hydration force. Hydration causes the water properties to vary with the proximity to the solid
surface [50-52]. The interlamellar water is termed adsorbed water (or vicinal water) to distinguish
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it from its bulk or free-phase counterpart (i.e. water free of any adsorptive force). The properties
of vicinal water depend in a complex way on the structure of the surfaces and the distance between
surfaces [23]. In addition, the large specific surface areas of the 2:1 layer silicates and their charged
character magnify the effects of hydration forces. Consequently, unlike granular non-swelling
media, whose thermoelastic theories assume non-interacting bulk phase water, the thermome-
chanics of swelling clays is somewhat different. A macroscopic model for smectic clays requires an
accurate description of the anomalous behavior of the vicinal fluid. Hence, the treatment of the
adsorbed water as a separate phase from the bulk water is mandatory.

Clusters of clay platelets when hydrated form “particles” consisting of an assemblage of
stacked silicate layers and adsorbed water. These particles swell under hydration and shrink under
desication. In general, intermolecular forces between the adsorbed water and clay minerals have
three contributions: (i) a molecular Van der Walls component arising from the long-ranged at-
traction between clay platelets and the vicinal fluid: (ii) an electrostatic part arising from ionic
double layer interaction and (iii) a structural component associated with the hydration forces.
Both electrostatic double layer and hydration forces cause the stacked silicate layers to repulse one
another and thereby lead to particle swelling. Experimental evidence indicates that for intersticies
smaller than 50 A, swelling is due primarily to hydration forces and diffuse double layer forces are
believed too weak to explain the anomalous behavior of the adsorbed water (see [25,40,51,52]). At
the finest scale (microscale), the adsorbed water is viewed as a thin film coating the mineral
surfaces. The presence of hydration forces modifies the behavior of a confined thin film relative to
the bulk phase from which the film was formed [23,25,69], Derjaguin [25] defined the microscopic
concept of disjoining pressure as an excess in film pressure relative to the bulk phase. The av-
eraged counterpart of the disjoining pressure is the swelling pressure IT defined as an overburden
pressure P relative to the bulk pressure pg (IT = P — pp) that must be applied to a saturated
mixture of clay and adsorbed water in equilibrium with the bulk water to keep the layers from
moving apart. The relationship between IT and the void fraction e, e = ¢,/(1 — ¢,) (¢, denotes
the volume fraction) was experimentally measured by Low [50,51] in a classical reverse osmosis
swelling experiment with a parallel packing of lamellar montmorillonite clay (see Fig. 1).

Considering pg = pam, With p,, denoting the atmospheric pressure, Low examined the equi-
librium swelling pressure of different montmorillonites saturated with incompressible adsorbed
water and found that the dimensionless swelling pressure (I1/p,.) satisfies the empirical relation

X
Semipermeable membrane

Fig. 1. Low’s swelling pressure experiment.
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H+1=exp<a<%-—§>) =B¢xp(§), ' ‘ (1.1)

where ¢* is the void fraction when IT = 0 (when P = pg),  is a constant related to the specific
surface area and cation exchange capacity, B = exp(—o/e*) and the notation I for the dimen-
sionless swelling pressure has been maintained. :

The effects of temperature on hydration stresses. have also been discussed in the literature. (see
e.g. [77]). Derjaguin et al. [26] have shown that the effective thermal expansion of the adsorbed
water was higher than that of bulk water at low temperatures. Dehydration of the adsorbed water
due to heating is a widely accepted phenomenon which has been verified experimentally. As
temperature increases the mobility of the adsorbed water increases and it gradually becomes free
water. This thermally induced adsorbed water degeneration has been modeled within the
framework of the mixture theory by Ma and Hueckel:[53]. In this framework the adsorbed water
is treated as an immobile phase and the inter-phase adsorbed-bulk water mass transfer is modeled
as a source term in the bulk fluid mass balances Wthh are assumed to depend linearly on a
temperature rate. :

The derivation of macroscale governing equatlons for thermomechanical processes in porous
media may be accomplished within the framework of the hybrid mixture theory (HMT), which is
a slight modification of the classical mixture theory of Bowen [15]. In classical mixture theory a
single-phase medium composed of N constituents is viewed as N overlaying continua. Bowen [15]
extended this idea to model a porous medium so that at the macroscale a two-phase medium is
viewed as two overlaying continua. In his work, macroscopic forms of the field equations in-
corporating exchange terms between the overlaying continua, are postulated. Hassanizadeh and
Gray [32,33] showed that if the microscopic field equations are averaged then the terms in
Bowen’s macroscopic field equations can be identified precisely with microscopic counterparts.
The combination of averaging and mixture theory is referred to as hybrid mixture theory (HMT).
In both of these formulations, the constitutive restrictions are determined at the macroscale by
exploiting the entropy inequality using the Coleman and Noll method [21]. HMT has been ex-
tensively used by Hassanizadeh and Gray [34] to improve our understanding of two-phase flow in
non-swelling porous media.

The mixture theory approach has also been applied to derive a comprehensive macroscopic
_constitutive theory for swelling porous media (see [28,37,42,53]). In reference [28] Eringen was
able to reproduce the extra ad-hoc overburden potential component in Darcy’s law for swelling
systems (see [61]). Hydration swelling effects have also been captured within alternative non-
equilibrium thermodynamic approaches. Using the general principles of irreversible thermody-
namics, Biot [13] formulated a theory of poroelastic systems undergoing finite deformations. His
framework incorporates a fluid adsorptive component wherein hydration effects are captured
upon selection of a proper set of independent constitutive variables for the free energy of the
mixture. Biot [13] also obtained a generalized form of Darcy’s law wherein the driving mechanism
for water flow is the gradient of a gravi-chemical potential. Contrary to classical belief, this
chemical potential gradient is more general than a pressure gradient as it involves an additional
interaction potential gradient accounting for the adsorptive character of the clay platelets. Fur-
ther, Achanta et al. [1] formulated an isothermal HMT theory for highly compacted clays wherein
constitutive equations, capable of reproducing Low’s swelling pressure relation (1.1) at equilib-
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rium, were obtained within the Coleman-Noll method of exploitation of the entropy inequality.
Achanta’s approach provided a rational basis for explaining the water adsorption component in
swelling clay pastes. Furthermore, Heidug and Wong [35] formulated a non-equilibrium ther-
modynamics approach for shale-water-electrolyte systems which also includes the electrostatic
component of swelling. The approach is based on the general Onsager’s reciprocity relations and
leads to a theory of constitution which generalizes Biot’s theory of poroelasticity to account for
perturbations in the pore fluid’s chemistry due to physical-chemical interaction. The theory was
improved by Huyghe and Janssen [38] who, neglecting hydration stresses, adopted a Lagrangian
form of the entropy inequality to derive a quadriphasic theory of swelling porous media which
incorporates both Donnan osmosis and electrical potential as driving forces for fluid flow.
Despite the aforementioned works have attempted to formulate thermodynamically the com-
plex nature of solid-fluid physico-chemical interaction in swelling systems, to the author’s
knowledge few works have discussed the additional difficulties that arise from the complex hie-
rarquical structure of these systems. Swelling porous media are more accurate treated within
three-scale models, i.e. the derivation of macroscopic governing equations requires two levels of
averaging (micro to meso and meso to macro). Depicted in Fig. 2 is a three-scale porous matrix.
Swelling particles are in contact with one another and bulk water. Each particle consists of clay
colloids and adsorbed water. At the microscale the model has two phases, the disjoint clay
platelets and the adsorbed water. The mesoscale (the homogenized microscale) corresponds to the
Darcy-scale. for adsorbed water, wherein mesoscopic transport equations are obtained by aver-
aging the point microscopic equations. These averaged equations are coupled with Stokesian bulk
water equations. At the macroscale, bulk water is homogenized with the mesoscale particles and
large scale averaged equations are derived by upscaling the mesoscopic structure. A first attempt
towards the extension of HMT to three-scale isothermal swelling systems was presented in
[10,11,55-57], (see also [24] for a summary of this early work). In a three-scale picture, the ap-
pearance of two levels of hydrodynamics related to adsorbed and bulk water phases occurring
simultaneously at disparate space and time scales increases substantially the complexity of the
macroscopic governing equations, as the macroscopic model now inherits the fading memory
effects associated with the difference in the time scales between the adsorbed and bulk water flows.

W clay particle vicinal water
Mesoscale ) Microscale

Fig. 2. Three-scale model for clay.
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A three-scale model for a swelling medium resembles in form a dual porosity model for
fractured media (see e.g. [9,74]). In the macroscopic picture of a'dual porosity model, an inter-
connected network of fractures (playing the role of the bulk system) provides most of the global
permeability for macroscopic fluid flow whereas most of -the fluid storage takes place in the
relatively low permeability matrix block system (analogous to the clay particles). These two
systems are coupled via a distributed source/sink transfer function which quantifies the mass
exchange between them. In dual porosity systems, one component is essentially responsible for
storage and the other for transport. Thus, an accurate description of the source/sink transfer
function between the two systems is of utmost importance. Early approaches proposed to des-
cribe this mass-transfer function were based on lumped-parameter hydrodynamic models (e.g.
[9,74]) wherein the distributed source/sink is given as a classical exchange term, assumed pro-
portional to the difference between the corresponding fractured and matrix (mean) potentials. -
First proposed for single-phase compressible flow in rigid fissured porous media, lumped-pa-
rameter models have been extended to two-phase flows [78], anisotropic systems ([63] within the
framework of large scale averaging), isothermal poroelastic fissured media [75] and coupled
thermo-poroelasticity ([8]). Lumped-parameter models make use of a time scale assumption
where at each time, the intra-block (or intra-particle) fluid is assumed uniformly distributed
throughout the block (particle) domain reaching equilibrium instantaneously when disturbed by
the bulk phase. By treating the blocks in a lumped-parameter fashion, the particle geometry is
suppressed and the distinction between the space and time scales of the bulk phase and clay
particles are overlooked [70]. . : :

In order to overcome the aforementioned drawbacks of lumped parameter models, micro-
structural dual porosity models for flow in rigid fractured media have been proposed by Arbogast
and coworkers [3,4,27]. In this framework, the macroscopic medium is covered by two distinct
interacting coexisting systems: the macroscopic system, which is related to the global fracture
flow, and the mesoscopic system, which is represented by the matrix blocks at the mesoscale. The
Macroscopic picture associated to a microstructural dual porosity model is a continuous distri-
bution of mesoscopic matrix blocks with prescribed geometry over the macroscopic fracture
domain. These two systems are coupled via a microstructural mass transfer function. Rather than
treated it in a simplified lumped parameter manner, (i.e. proportional to a pressure difference),
this function is explicitly calculated by solving and averaging the matrix block equations. By
incorporating details of the flow inherent to particle geometry the microstructural model explicitly
captures the length scales of the physical problem. Consequently the dual porosity model provides
a more accurate portrait of the distributed mass exchange between the two coexisting systems.

Extensions of Arbogast and coworkers microstructural models have been proposed by Pes-
zynska [60] for non-isothermal flow in rigid media and by Murad and Cushman [57] for iso-
thermal flow in deformable porous media. Here, we derive microstructural dual porosity models
for non-isothermal swelling porous media with the aim of coupling thermal and physico-chemical
effects.

We also exploit some consequences of the proposed dual porosity model. We show that our
approach is capable of reproducing other well-known models. We begin by showing that appli-
cation of a modified Green’s function technique, developed by Feng and Michaelides [30] for the
heat equation, reduces the dual porosity model to a single integro-differential equation of Volterra
type. The integro-differential equation is related to some viscoelastic models for secondary con-
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solidation (continued deformation of the clay skeleton after the bulk water has been substantially
drained). The secondary consolidation stage has been characterized by creep viscoelastic behavior
(see e.g. [16,31,41,44,48,73,76]) which arise from the delayed drainage of the adsorbed water after
the bulk water has been drained from the larger pores (see [37,72]). Macroscopic viscoelastic
models with fading memory, with the macroscopic stress/strain relation represented in terms of
hereditary constitutive laws (e.g. Hooke’s law with memory), have been postulated to describe
delayed exchange processes between micro and macropores (see €.g. [22]). In particular, such
hereditary models have also been postulated by Biot [13] aiming at capturing the delayed pene-
tration of the fluid in the micropores due to possible adsorption effects in swelling systems. Within
the proposed approach, we show that application of the Green’s function method leads to an
explicit relation between the microstructural dual porosity model and the parameters appearing in
the single-porosity model with memory (e.g. the convolution kernel). Thus, a notable consequence
of the approach proposed herein is that it provides a rational basis for explaining hereditary
constitutive laws governing secondary compression in terms of micromechanical analysis. Since
the macroscopic parameters can explicitly be correlated with microstructure response, our ap-
proach furnishes a new direction for a proper interpretation of these coefficients in terms of the
knowledge of particle geometry. This correlation provides a better way of representing memory
effects in terms of the double-porosity structure of the medium.

We also show how lumped-parameter models can be viewed as special cases of the general
microstructural model. Firstly, we reproduce the lumped-heat-capacity system [36] by assuming
that particle thermal conductivity is sufficiently large compared to the particle surface-convection
heat transfer coefficient. In this context we examine the so-called two-equation models in the sense
of Quintard and Whitaker [62,64,65] (see also [43]) wherein different temperatures are assigned to
the clay particles and bulk water and the distributed energy transfer function is treated in a
lumped parameter fashion. Then we discuss the validity of the one-equation model for which the
principle of local thermal equilibrium is valid with a single temperature locally assigned to both
clay particles and bulk water. The ideas underlying the validity of two-equation models for heat
transfer in rigid porous media have been extensively discussed by Quintard and Whitaker
[62,64,65] and Kaviany [43] within the context of volume averaging and also in the context of
homogenization by Auriault [5]. Here we clarify the assumptions underlying this approach for
swelling porous media. Further, departing from the general microstructural dual porosity model
and adopting a time scale assumption in the flow problem we reproduce the lumped-parameter
hydrodynamical models wherein a Warren—-Root type coupling (proportional to a potential dif-
ference) dictates the constitutive behavior of the mass transfer between particles and bulk phase
water. Moreover, we relate this result with the well known lumped-parameter isothermal and non-
isothermal consolidation theories with double porosity [8,75]).

Throughout the development of the article we assume that physico-chemical forces are due to
primarily hydration forces. The exchangeable cations are condensed on the clay surface, i.e., they
are concentrated in the Stern layer, in such a way that the negative surface charge is effectively
screened. In other words, following Low [52], surface hydration is the dominant component of
swelling and the diffuse layer contributes only weakly to the swelling pressure. Extensions of the
proposed model to the case wherein swelling is due to a combination of electrostatic and hy-
dration forces can be obtained by coupling the proposed approach with the thermodynamical
framework developed by Huyghe and Janssen [38].
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2. Two-scale thermomechanical model for the clay particles

We begin by reviewing the two-scale results of the mesoscale constitutive theory of Murad and
Cushman [56,57) obtained within the framework of the HMT for an isothermal system composed
of clay platelets and adsorbed-water (the clay particle). Then we follow the approach .of Eringen
[28] and incorporate the coupling between thermal and physico-chemical effects by manipulating
the energy equation. In this fashion we obtain a proper form of the energy balance for swelling
media which incorporate new quantities such as mechanical work of hydration stresses and in-
trinsic dissipation. »

2.1. Non-equilibrium results

Consider the clay particles as a mixture of two phases (the solid clay platelets and liquid ad-
sorbed water) viewed as coexisting continua, which undergo independent motions
x = x,(X,, 1), = 1,5 with respect to each reference configuration (here x denotes the spatial
position of the particle in the a-phase at time 7 with respect to a reference position X,). Let the
subscript a = 1, s denote the adsorbed liquid and solid phase, respectively, and let p,, ¢, ¢,, T, and
A, denote the averaged density, symmetric stress tensor, volume fraction, temperature and in-
tensive Helmholtz potential of phase a. Further, let the average mesoscopic strain tensor of the
solid phase, E;, be given as

1
Es=§(CS_I)

where C; = FSTF , with F, = grad x, denoting the deformation gradient of the solid phase (with
grad denoting differentiation with respect to a material particle on the mesoscale). We shall re-
strict our analysis to the range of moderate moisture contents (see [57]) which includes moisture
content greater than that occupied by 10 adsorbed fluid monolayers. In this range, at equilibrium,
hydration forces are able to withstand the normal hydrostatic swelling pressure but, on the other
hand, deviatoric shear stresses are only supported by effective stresses at equilibrium. Within the
framework of HMT, the goal in deriving a constitutive theory capable of capturing particle
swelling in the range of moderate moisture content is to postulate dependence of 4, on ¢;. This
allows the adsorbed liquid structure to be a function of the separation of the clay platelets. Recall
that the definition of vicinal or adsorbed water is that water whose properties vary with distance
from the solid phase. This change is accounted for on the mesoscale by the volume fraction which
is the mesoscopic thermodynamic internal variable which accounts for physico-chemical effects.
At the mesoscale, ¢, plays an analogous role to thin film thickness, /4, at the microscale which is
the internal state variable accounting for the structural component of disjoining pressure (see e.g.
[25]). If one wants to consider a dryer system, say of an order of one to ten layers of water (2.5 to
25 A), then the vicinal fluid is even more anomalous. In this case the vicinal water molecules are
more ordered and are layered parallel to the surface, so that the fluid, on the microscale, is
structured, inhomogeneous, anisotropic, relatively immobile and can actually support a shearing
force at equilibrium. In this range 4, also depends on the alignment of the clay platelets and
consequently to capture swelling one must replace ¢, by the strain tensor E.
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For simplicity, assume that interfaces contain no thermodynamic properties, entropy fluxes are
solely due to heat fluxes, solid and fluid are non-polar, non-reacting phases, all external sources
are negligible, the microscopic solid phase is incompressible, and the adsorbed water at the me-
soscale is non-viscous. In addition, assume a priori the validity of the principle of local thermal
equilibrium between adsorbed water and clay minerals (T, = T, = T) so that one can locally assign
a single temperature to both phases and consequently adopt a one-energy two-scale model in the
sense of Quintard and Whitaker [65]. -

By postulating constitutive dependence of the free energies in the form 4; = A(T, E;) and
Ay = A(T, p,, &) and using the Coleman and Noll method of exploiting the entropy inequality
[21], Murad and Cushman [56,57] obtained the following constitutive equations for the entropies
n, and the stress tensors ¢,

B 04,

e = =37 a=1s, | (2.1)
L= —plI1 ) (22)
ts = —pld +i(t§ + t‘s), - (2.3)

where the tensors £ and £, are defined by

04, 04
£=pdFisp Fl =002l p=pgg (24)
s

with p, denoting the thermodynamic pressure of the a-phase. The pressure py of the compressible
vicinal fluid has the classical definition C

_ 204 | 2.5
2! pl d P ( )
For the incompressible clay platelets, p; is identified with a lagrange multiplier which arises from
exploiting a modified entropy inequality formulation in the sense of Liu [49], obtained by adding
the incompressible solid phase mass balance (treated as an internal constraint) to the original
entropy inequality (see [55,56] for details).

From (2.3), the difference between granular and swelling media is the physico-chemical stress
component £, (or p,) which arises because we postulated that 4, depends on ¢;. To obtain a
physical interpretation for this physico-chemical quantity we follow [56,57] and introduce the
total particle stress tensor ¢ and the particle thermodynamic pressure p

t=¢t+dti, p=dp+ ops (2.6)

If we multiply (2.2) and (2.3) by ¢, and ¢,, respectively, and add them we obtain after using (2.6)

t=-pl+t+ t!w t; = ¢l A (2.7)
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The physical interpretation of (2.7) has been discussed in [56,57] who form an analogy with the
results of Hassanizadeh and Gray [33] for non-swelling granular media. If we consider a fixed
solid strain E; and then define the bulk phase (denoted by the subscript B) to be fluid whose
properties are unaffected by the solid phase with absence of physico-chemical effects (as in the case
of non-swelling granular media), then, by definition, the free energy of a bulk fluid 45 does not
change with the proximity of the solid and therefore is independent of ¢,. In this case from (2.4), £,
and p, are zero for a granular medium and # remains unaltered, as it only depends on the fixed
solid strain E,. Hence the reduced form of (2.7) for granular non-swelling media is

tg = —psl + £{ (for a non-swelling medium). (2.8)

In classical soil mechanics the above result resembles in form Terzaghi’s effective stress principle at
the mesoscale for non-swelling media with pp and ¢ normally referred to as pore pressure (or bulk
phase pressure) and effective stress tensor, respectively. In classical stress analysis of non-swelling
media, pg has a classical pore pressure definition, analogous to p in (2.6), except that it is equal to
both the thermodynamic fluid and solid pressures, (see e.g. [12,33]), i.e.

Ps = ¢ps+ Iy =p =ps, (for a non-swelling medium). (2.9)

The effective stress tensor, £, measures stresses induced by mineral to mineral contact and
primarily controls the deformation of non-swelling systems such as sands, silts, and low and
medium plastic clays such as kaolinite or illite. The modified effective stress principle (2.7) for
swelling media has the additional term, £, which is the stress due to the change in the free energy
of the vicinal fluid with volume fraction. In contrast with coarse-grained materials where stress
mechanisms are primarily controlled by the contact stresses 2, the deformation of smectitic clays
such as montmorillonite is governed by the additional stress #.. Clearly this additional term ac-
counts for the solid—fluid physico-chemical interactions and can be viewed as a stress structural
component arising from surface hydration. Whence, as in Murad and Cushman [56,57], we
henceforth call ¢ and p, the hydration stress tensor and hydration pressure, respectively. Note that
the modified Terzaghi’s principle (2.7) shows an explicit decoupling between elastic and hydration
stresses. Other thermodynamic approaches, such as the one proposed by Biot [13], considered the
vicinal fluid as part of the solid phase. Consequently the bonding energy associated with the
swelling pressure is somewhat obscure, as it is incorporated in the free energy of the “wetted solid
phase”. In our approach, physico-chemical effects appear explicitly decoupled from elastic stresses
as they are taken into account by postulating the additional dependence of the adsorbed fluid free
energy, on an internal variable (the intra-cluster volume fraction). This led to the modified Ter-
zaghi’s principle (2.7), which is consistent with some heuristic principle postulated by Hueckel
[37], Lambe [46], Morgensten and Balasubramonian [54], Sridharan and Rao [71] to account for
net attractive (4)-repulsive (R) forces between the clay particles (commonly denoted by (R-4)).

2.2. One energy equation model

Let v, be the mass—average velocity of phase « and let D,/Dt denote the material time derivative
following the a-phase satisfying
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Da 0 Dl Ds :
D,_0d o D_D_ _ 2.
Dr 6t+v°‘ v, Dt Dt+v"s V, a=ls, (2.10)

where v = v — v, denotes the velocity relative to the solid phase. Since we have assumed that the
clay minerals and adsorbed water are at local thermal equilibrium there is no need to consider
individual energy balances for each phase. Rather, an energy equation for the mixture as a whole
is considered by summing up the energy balances for the individual phases. In terms of the
Helmholtz free energy, 4,, the overall energy balance can be expressed as (see [33])

DA D,T D ~
o/t o Lall . da i y) — =0, 2.
D Guba it GuPulla Ty + GupuT 5 — Bl - div(Poh) — O, =0 (2.11)

a=l.s

where A4 : B = tr(4B") denotes the classical inner product between tensors, d, is the symmetric
part of Vv,, h, is the heat flux, and 0, is the net exchange of energy between phases. If we denote
by T, the exchange of momentum to phase o from the other phase, it satisfies the momentum
balance

¢azpa;l')l;_:a - div(d’ata) = ?a, o= 1,5- ‘ (212)

Conservation of momentum and energy for the mixture as a whole requires

> T,=0, }:@f=—§:ifvﬁ=—iyuy (2.13)

a=ls a=l,s o=ls

Recalling our constitutive assumptions 4; = 4,(T, p;, ¢;) and 4; = 4(T, E), using (2.1),(2.4) and

(2.5), by the chain rule, the expansions for Di4,/Dt and Ds4,/Dt are

D4, DiT ¢y, Dip Di¢,
24 - Rl - 2.14
o) Di + dipimy Di o Di +¢ Di ( )
DA, DT : '
¢sps_st” + ‘f’spsflsDLt - t: : ds = 07 (2'15)

where the solid was assumed incompressible (Dsp,/Dt = 0) and the relation DE;/Dt = FYdF,
[29] was used. Since p, is constant, by adding the mass balances

“(¢/p)Dip /Dt + D¢y /Dt + ¢ dive, = 0 and Dy, /Dt + ¢ divv, =0 yields

Dlp . D o .
%—B;l = —Zl:s (¢adlvvc: +%’) = _les(badlvva — Vs V¢l)

where the relation (2.10) and the constraint ¢, + ¢, = 1 have been used. By adding (2.14) to
(2.15), using the above result, and (2.10) we obtain
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D.A D,T Dy, ¢ Dip
z(bapa”_—tj'-'_ Zd)apana ! - t: : ds = ¢lp* l + A 2

a=ls D oa=ls D Dt p Dt
D :
= PPy —gﬁ —pY_edive, —pvis- Ve
x=ls
D :
= ¢, 5":‘ —nY_$.divve + (dp —pI%s - Vi
a=l,s L . ' .

Together with the constitutive Eqs. (2.2) and (2.3) for the stress tensors and the mass Balance for
the incompressible solid Dy¢,/Dt = ¢ divv, = @I : d; this gives '

DA, D, T
Z¢apa —D—t— + a;lsd’apana Dt (¢lp* Pl)vl,s V(»bl

o=1,s
. D, D;

=-pY_¢edivee + (¢p. + P~ ps) —D(f' +1:dy+ (p— p) D‘f’

a=ls !
—_— . . e . DS¢1
=—p> b dut &(p—p+ S0 ds + 1 ds + (.~ D),

a=ls

D;
= —-Zqﬁapal cdy+ oo ds+ € ds 4 (ps —pl)-—-l-)?l
a=ls

— . Ds¢l
= ;L:batu :dy + (ps — ) D

Using the above expression and (2.13) in the energy balance (2.11) gives

3 6.0, T2 1 div(g,hs) = B, | (2.16)
a=ls Dt . .

where @ denotes the intrinsic dissipation function

Ds¢l

o= (p—ps) Dt (Ti + (¢p. — P)V) - Mg (2.17)

Note from (2.9) that in the case of a non-swelling granular media, pi = p; and therefore the first

term in the r.h.s. of (2.17) vanishes. In this case @ has only one contribution due to the Darcy
velocity . '

2.3. Equilibrium
At thermodynamic equilibrium {v, Ds¢/Dt, VT} vanish. Following [33], it is postulated that

at equilibrium entropy is 2 maximum and entropy generation is a minimum. Application of these
conditions to the entropy inequality yields at equilibrium (see [56] for details)
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T\ = (p - p.$)Véy, (2.18)
n=ps=p, (2.19)
> ok =0. - (2.20)
oa=l,s

Eq. (2.20) shows that the overall heat flux vanishes at equilibrium. Relation (2.19) states that at
equilibrium, the thermodynamic pressures of the solid and adsorbed fluid phases are equal. Recall
that this result reproduces (2.9) which is a result that has been extensively used for granular non-
swelling media even away from equilibrium (see e.g. [33]). By combining (2.18) with (2.2) and
(2.12) we obtain at equilibrium ‘

Vo + p.Ve, = 0. (2.21)

Note from (2.21) that the pressure gradient is counter-balanced by a gradient in the volume
fraction. This implies that it is possible to have no flow even with a net pressure difference across
the clay. Defining the chemical potential (molar Gibbs free energy) p of the adsorbed water as

m =4+ p'p (2.22)

and using definitions (2.5),(2.1) and (2.4) for p, ; and p, we have by the chain rule

* l
am=a(2)+ah=a(2) +Bap—nar+E g =~ (@p +p.dd) ~ndl (229
P 4] P P 4]

which represents the Gibbs—Duhem relation for the vicinal liquid. Using (2.21) and recalling that
dT = 0 at equilibrium we get :

dy = 0 — p = constant.

This is the well known result that at equilibrium the chemical potential is constant everywhere
[18]. We make use of this to characterize a local reference bulk phase pressure pg. The reason for
this characterization is because in Low’s swelling pressure experiment of Fig. 1, the reference bulk
phase pressure pp is defined in the domain occupied by the bulk water. Therefore, the general-
ization of Low’s equilibrium definition for IT to the case where particles undergo non-equilibrium
processes requires a pointwise definition for the reference pressure pg(x, t). We define the reference
pressure of a virtual bulk water, constructed at instantaneous thermal and mechanical equilibrium
- with the adsorbed water such that their chemical potentials, densities and temperatures are equal.
Setting dy =dT =0 in (2.23) yields dp = —p,d¢,. Considering the volume fraction
¢; = e*/(1 — e*) defined in Low’s relation (1.1) where hydration forces are absent, for ¢, = ¢,
Ai(¢}) = Ap, where 4y denotes the free energy of the reference bulk fluid. Hence, integrating from
#, to ¢; and using the condition py(¢;) = ps gives

&
PR=p— /¢ pi(s)ds. (2.24)
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Hence, for given ¢,, py and ¢}, (2.24) can be used to characterize locally the reference bulk phase
pressure pg = pp(py, ¢;, ¢;)- In this approach, the difference p — pp denotes a pressure excess due
to the physico-chemical interaction between water and clay. In other words, if there is no physico-
chemical interaction, the excess in adsorbed fluid pressure, p — pp, would be zero and the
properties of the water would be unaffected by the interaction with the solid phase, as in the case
of a bulk fluid. Moreover, since p; affects the total particle thermodynamic pressure, p, through
(2.6), we are led to introduce an excess in total particle pressure p relative to the bulk phase ps. We
refer to this difference as an excess in pore pressure, (IIg) (see [57]), :

In analogy to the excess in fluid pressure, p; — ps, the above definition reflects locally the excess in
pore pressure due to the physico-chemical interaction between the adsorbed water and the min-
erals. In other words, ITg would be zero if the properties of the water are not perturbed by the
presence of the clay platelets.

With the local reference bulk phase pressure pg characterized by (2.24) we may now pursue a
pointwise definition for the swelling pressure I1 away from equilibrium and also rewrite the
modified Terzaghi’s principle (2.7) in terms of pp rather than p. For ¢ and tg given in (2.7) and
(2.8), define II as

O(x, ) = —(¢t — tg). ' | (2.26)

From (2.7), (2.8) and definition (2.25) the above r.h.s. reduces to p—ps— $dp. or
Iy — ¢,¢.p.. This shows that the swelling pressure is a scalar and also ¢,¢.p. can be interpreted as
the difference ITg — I1. To show that at equilibrium the above definition is consistent with Low’s
swelling pressure, recall that for a well ordered particle depicted in Fig. 1, £ = 0, ts = —psl and

= —PI (P denotes the overburden pressure). Thus (2.26) reduces to the classical swelling pres-
sure definition IT = P — pg. Since IT = IIz — p,¢, ¢, in conjunction with (2.7) with (2.25) we also
have

t=—(p—pdd) + 8, = —(pp + M — p. o1 + £, = —(pp + INI + 1. (2.27)

Eq. (2.27) is an alternative form of writing the mesoscopic modified effective stress principle
(2.7) with p replaced by ps. In this case physico-chemical forces are dictated by the swelling
pressure I1. This alternative way of expressing the modified Terzaghi’s principle resembles in form
some heuristic modified effective stress principles for clays discussed in Lambe [46] or Shridaran
and Rao [71]. Historically, physico-chemical forces have heuristically been modeled at the mac-
roscale with an additional term in Terzaghi’s principle which measures the effect of net repulsive
(RI) and attractive (4I) forces between particles. This stress is commonly denoted by (R — A)I (see
[46,71]). We have

t = —ppl + £ + (R — A)L. (2.28)

Eq. (2.27) provides a rigorous derivation of the above heuristic modified Terzaghi’s principle.
When comparing (2.27) with (2.28) we have R — 4 = —II, which shows that the net attractive—
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repulsive intra particles forces arising from hydration stresses are governed by the swelling
pressure. This clarifies some controversial aspects in stress analysis in cohesive soils.

3. Near equilibrium

We begin by presenting the near equilibrium results of Murad and Cushman [56] in the range of
moderate moisture content. These results were derived by linearizing the entropy inequality about
equilibrium. In particular, when linearizing about {v,Ds¢,/Dt, VT} the following results were
obtained ‘

(o) — 2)V + T\ = —Riwy, (3.1)
Ds¢l
=y 2P . 2
D — Ds Ky Dt ’ _ (3 )
> ¢y =-K"VT, ' (3.3)
a=Is : .

where R;, KT and p, are positive definite material coefficients. Eq. (3.3) is the classical Fourier’s
law of heat conduction for the the overall heat flux. If the medium is isotropic, K T — K71, where
KT is the thermal conductivity of the mixture. Eq. (3.1) leads to a modified form of Darcy’s law
for the vicinal fluid. Denoting K, = d)le‘ ! the mesoscopic permeability tensor of the clay particles
(recall that R, is positive definite), using (2.2) and (3.1) in (2.12) and neglecting inertial effects we
obtain the mesoscopic Darcy’s law for the adsorbed water

o = —Ki(Vp + p.V ). (3.4)

The first term on the r.h.s. of (3.4) is the driving force for the traditional Darcy’s law. The last
term shows that due to the hydrophilic attraction between the adsorbed water and the minerals,
the vicinal fluid tends to flow from regions of high volume fraction to regions of low volume
fraction. Note from (3.4) and (2.12) that with VT = 0, the driving force for vicinal fluid flow is the
gradient of the chemical potential which consists of the same form postulated by Biot [13].

Eq. (3.2) tells us that near equilibrium, the thermodynamic pressure of the adsorbed fluid and
solid phases are not necessarily equal. The coefficient u, may be thought of as a relaxation factor
which among other effects, accounts for the re-ordering of the adsorbed water, i.e. the redistri-
bution of the fluid molecules over the interlamelllar spaces. Flow towards equilibrium is char-
acterized by the fluid thermorelaxation time which depends on the size of the pores. For bulk
fluids in macropores the relaxation time is usually much smaller than the macroscopic flow time
[17]. It follows that for a granular medium, u, = 0, since there is very little re-ordering of the bulk
liquid phase. On the other hand, the combination of physico-chemical forces and narrow pores
increases the relaxation time of the vicinal fluid to the same order of the macroscopic flow con-
sequently leading to a natural relaxation viscoelastic constitutive behavior. The evaluation of the
coefficient u, requires experimental study, and most likely it varies depending on the composition
and the interaction of the vicinal fluid and solid minerals. In Murad and Cushman [57], p, was
identified with the excess in the volumetric viscosity of the thin film relative to the bulk phase.
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Using (3.2), (2 24) and the second definition in (2.6) in. (2. 25) the near equilibrium relation for
IIg is

Oy =p~ps =+ din~ P =fv<i>s(f{é'—1?l) +p—ps = /:p*(S)ds - ¢su*D;)t' . (35)
In addition, we have for the swelling pressure |
=1 —pp, = /‘:l Pi(s)ds — p.dyds — g, Dgtbl . (3.6)
Using (3.2) and (3.5) in the modified Terzaghi’s principle (2.7) gives near equilibrium
—t,=ppidd = —pl = (—p+ o1 — p)) = ( n+ uoby s¢') (3.7)

Note that even though a priori the solid is considered to be elastic, the last term in the r.h.s. of
(3.7) shows a viscoelastic behavior for the volumetric stresses.

Finally, we derive a near-equlhbnum relation from the intrinsic dissipation function by using
(3.1),(3.2) in definition (2.17) to obtain

D\’
o= ,t*(—ﬁ‘f—‘) + Rl | (3.8)

where | - | denotes the Euclidean norm and R, = R/ for an isotropic medium.

4. Two-scale linear thermomechanical model

The two-scale infinitesimal thermomechanical model for the clay particles is obtained following
the standard linearization procedure [29]. Consider that particles are initially in a homogeneous,
equilibrium and isotropic state and assume small deformations and small deviations in temper-
ature and adsorbed fluid density from their reference values. Expand 4, (a = 1, s) in a Taylor series
about equilibrium and retain quadratic terms in 4, and linear terms in the set of governing
equations. Assume 4 is an isotropic function of E;, depending only on its invariants to fulfill the
usual objectivity requirements [29]. At the initial equilibrium state denote T = T, p; = p), E; =0,
¢, =¢, and ¢, = ¢, (§, =1—¢,) and also denote {4,,7,,5,} the values of {47, m} in the
reference state. For simplicity, assume initially a well ordered parallel platelet arrangement such
that the reference conﬁguratlon is free of effective stresses in the solid phase and consider that the
only noIn-Zero stresses in the reference configuration are due to hydration stresses. Let
{p.,Ki,K ,y*} be the values of {p,,K;, K", u,} at the reference configuration. Further let the in- -
finitesimal strain tensor be given as ~

E, = V'u,, (4.1)
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where Veu, = 1/2(Vug + Vu!), with us denoting the displacement of the mesoscale solid phase.
Let {,, A} denote the pair of Lame coefficients of the platelet matrix and let a, and C, denote the
coefficients of thermal expansion and the constant volume specific heat of the a-phase defined as
follows

ans
ae,

a’11

G= ae,

Cs —

1

where 0 = T — T. Additionally let K, denote the bulk modulus for hydration stresses, defined as
the coefficient of proportionality between p, and ¢, and also introduce the physico-chemical
coefficient of thermal expansion aj in the sense of Campanella and Mitchell [19] to account for
changes in volume resulting from a temperature induced change in physico-chemical forces.
Within the current framework, these new physico-chemical coefficients are defined as

_ 9 g ad op.

PP 6¢| PhBT

Consider the relation p, = p,(6r,p,¢,) (obtained by inverting the equation of state
n = p(0r, py, @) and assume that induced changes in p;, due to p and p, are small compared to
those induced by changes in 0; (this weak dependence of p; on p, due to physico-chemical in-
teraction was experimentally verified by Low [52] who observed that changes in p; due to the
proximity of the solid are negligible compared to the other properties). Under this assumption the
fluid compressibility due to mechanical and physico-chemical perturbations is neglected and pj is
now identified with a Lagrange multiplier rather than thermodynamically defined from (2.5) (see
[56,57)). The linearized version of p, = p,(0r) is

P — P = —poubr. (4.2)

Postulate now the quadratic expansions

- - ‘ ' C.o.
pbeds = s~ pFTIr+ % (BN + Bl — Gt B - P08, @3)

- — — K as D C
pdy = PiAdy — BiOr + B.(d — 6) + 2% > (¢ — ) — —0—] (¢ — ¢1)0r — %ozr (4.4)
I
Together with (2.4) this gives

= (Astr Es — Ko,07)1 + 24, E;, (4.5)

_ K oy K
po=B.A+=($— &) - =20y, ' (4.6)

¢ &
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where K, = 3 + 24, is the solid matrix bulk modulus. Using (4.3) and (4.4) in (2.1), gives the
linearized entropy relations

Ny = ns — 6T' +—= K-— tr Es’ (4°7)
oy |
Koo - )
=i+ 26+ 20 ¢' (6~ &) | (4.8)
l 1 .

Eq. (4.5) is the classical linear thermoelastic constitutive equation for the effective stresses.

Defining K|, = (,bs Ko+ P,0(¢, — ¢,) and o = ¢,04:Ko/K., by linearizing £, = ¢;¢,p,I we have
from (4.6)

L=pbdd = (pBBAZ(0-B) - KO ) o 9)

By neglecting all inertial and convective eﬁ'ects, using (4.2), the linearized mass balances of the
incompressible solid and adsorbed fluid are

% 3

- ¢ O) .
o, o T (4.10)
—5,«.96%5+%+ ¢, divwy = 0.

After adding the above equations and rewriting the result in terms of the Darcy velocity ¢, = ¢n;
we have

— 0 @1 +divg + div %u-s- =0.

Let hr = Y, ¢, be the overall heat flux. Neglecting convective eﬁects using relatlons @. 7)
and (4.8) and the mass balance (4.10) in the linearized energy (2.16) gives,

le’lT - = —TZ ¢apa aﬂa = —'ﬁCT 660 d]sTKo aad)l ‘;T’-sts div ga-l-‘ti
a=ls
- —pCr%q- — T($,01sKo + Keory)div aa (4.11)

where pCr = p,@,Cs + ;$,Ci, P = p, + Pi- The last two terms of the r.hs. of (4.11) measure,
respectively, the mechanical work of hydration and effective stresses.

4.1. LGeartzed thermovzscoelasnc governmg equations - -

In the absence of mertlal and convective effects, with & given as in (3. 8) in terms of the un-
knowns {us, q,, £, ¢y, p., o1, 1, 07, hy} our mesoscopic linearized governing equations are .
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Mass of the solid phase.
a¢| —- 4. alls _ ’
a5 ¢, div T 0.

Total mass.

— 00 . C g aus.
—ody a—: + divg, + div o 0.

Total momentum.
divt = 0.

Modified Terzaghi’s effective principle.
e ’ 'y —-I 0 1 ‘
- t=-pl+ 6+ dop + o7 )]

Linearized effective stress constitutive relation.

£ = (Asdiva, — oK 07)I + 2,usVsds. '

Linearized hydration stress constitutive relation.

hdp. = P, + % (¢ — @) — Ky 071

Modified Darcy’s law for the adsorbed water.
¢ =-K(Vn+B.Vé).
'Energy equation for the mixture.

divhr + ﬁCT%e?T- = —Ta, div

Oug
o + .

Fourier’s law of heat conduction.

hy = -K'Vr,

I3

4.1

@1

where a, = &K, + 0 Ko = a.K; + of.Kj.. The above two-scale linearized system governs partic
swelling when physico-chemical forces are primarily due to hydration stresses. Next we establi
the coupling between this system and bulk phase governing equations to obtain the mesoscof
particle-bulk phase coupled system. For simplicity we henceforth adopt a partially decoupl
formulation in the sense of Bai and Abousleiman [7] wherein the dissipation function and m
chanical work (due to effective and hydration stresses) in the r.h.s. of (4.13) are negligible.
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5, Mesoscopic thermomechanical mode] for clay particles and bulk water

Let , and @ denote the clay particle and bulk water domains respectively and let I' represent
the interface between them. The above two-scale linearized equations govern the swelling of the
particles in Q. In addition, let ©; be occupied by bulk phase water and denote by y; the bulk water
viscosity and the other corresponding bulk water properties by the subscript f (to distinguish from
the subscript B used for the reference bulk fiuid in ). Assume initially the bulk water is at
equilibrium at a constant temperature T¢. Neglect fluid compressibility due to mechanical effects
by assuming p; = p¢(6), with 6; = T¢ — 7T,. Further, neglect convective effects, source terms and
mechanical work and dissipation in the energy equation. By linearizing the mass balance, Stokes
equations, energy balance, Fourier’s law of heat conduction and the relation p; = ps(6r) the bulk
water governing equations are -

6pf — g
-5t—+ pedivye = 0,

dive =0,

te = —pr + 2ussvf in 2,
. 00¢

divh = —p;Cs —
h = —piCr—7r,

he = —K; V6,

ps — Pr = —Prosb.

5.1. Boundary conditions

The above system is supplemented by boundary conditions on the particle bulk-water interface
I'. Continuity of mass, heat flux, and the normal component of the stress tensor on I' lead to

hyr-n=h-n onl,
tn = ten,

where n is the unit normal exterior to ;. Consider now Dirichlet boundary conditions for the
hydrodynamical problem and follow Murad et al. [55,56] who postulated continuity of the
variable whose gradient is the driving force for fluid flow. According to Darcy’s law (3.4) and
(2.23), the driving force is the chemical potential (for fixed T). Hence as in [55,56], postulate

w=y onl (5.1)
where as in (2.22), y; = 4, + p;'pr. The above boundary condition can be used to quantify the

discontinuity in the liquid pressure (p — pr) on I'. By the same arguments leading to (2.24), after
linearizing, we can rewrite (5.1) as: ‘
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o ' _ _ _
p-p= /¢ p.(s)ds = /¢ B.(s)ds —P.(b— ) =Tls—p.(b— %) onT, (5.2)

1

where TIp is the equilibrium value of the excess in pore pressure ITg, obtained by setting 4, = 0 in
(3.5). Hence, due to the presence of the hydration pressure p,, we observe a discontinuity between
p1 and pr on the interface. Further using (2.24), the above boundary condition can be rewritten as:

pp=p onrl

which in contrast to (5.2) shows continuity in the reference bulk fluid pressure. Note that the
classical boundary condition between a granular non-swelling medium and a free bulk fluid
(m = pr on I') can be recovered by setting p, = 0 in (5.2).

In what follows we also discuss the general case where the particle-bulk phase interfaces may
exhibit resistance to fluid flow and heat transfer. This leads to “slip” boundary conditions for
pressure and temperature (see e.g. [66]), where discontinuity in temperature and reference pressure
on the boundary may arise due to an interfacial barrier resistance accounting for the local vari-
ations in both thermal and hydraulic conductivities near the particle-bulk phase interface. In the
analysis that follows we consider the classical case where the interfacial resistance is proportional
to the difference in the corresponding potential. This leads to the following first-order “slip”
boundary conditions

hT-nzﬁT(OT—Of) on F,

5.3)
g =8 — ) = Sp(pn —pr) on T, (

where 7, 6, and &p denote the slip coefficients for heat transfer and fluid flow.

5.2. Alternative mesoscopic formulation

Following Murad and Cushman [57] an alternative way of formulating our two-scale HMT
model is to rewrite it in terms of the pair of auxiliary variables {ps, IT} replacing {p, p.} in the set
of primary unknowns. In analogy to (5.2), by linearizing (2.24) we find

o _ -
pr—p=— /¢ pu(s)ds = —Tg + P, (¢, — B)- (54)

1

Using this result in (4.12) we can rewrite Darcy’s law in terms of a reference pressure gradient as
follows:

q= —k_l(VPl +p,V¢) = "I?IVPB-

Further, if we define the initial equilibrium swelling pressure IT = ITy ~ ¢,0.B., by linearizing (3.6)
together with (4.9) we get:
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- K — — 0 .
=T - = (= ) ~ fum 7, + iKisOr

with K, = K, + 5, and of, = ofK}./K;;. The above results together with the modified Terzaghi
principle (2.27) and boundary condition (5.3) lead to the following alternative mesoscopic for-
mulation in terms of the primary unknowns {us, ¢, %, ¢;, 1, ps, t,0r, hr} and {t, v, pr, O, hc}

tr = —pl + ZﬂfVSVf in &,
divt; =0 in Q,
h = —K[V6; in Q,

divh; = _ﬁfo%?ti in Q,

- .(Xf?'e'—f + diVVf =0 in Qf,
ot

divt=0 in &,

t=—pgl +£—II inQ,
t: = (lsdivus - o‘sI<s9T)I + 2usVsus in Q],

- K - — 0 .
m=T 226~ $) - 7. K6 in @,
—  0fp

. . Oug
b 5 = divg, + div 3

-6-6‘1;1-'¢”>sdiv%'—‘tE =0 inQ,
¢ =-KiVps in @,

hT = —KTV_GT in .Q],

00 .
ot

in Ql,

dthT = ——ﬁCT in Q|,

th=tn onl,

hr -n=h-n onl,
g-n=0p(pg —pr) onT,
hy -n=06r(6r—6;) onl.

6 =0 in Q,t=0,
¢1 =$l in Qlatzoa




M.A. Murad, J.H. Cushman | International Journal of Engineering Science 38 (2000) 517-564 539

0r=0 inQ,t=0,
divug =0 in Q,1=0.

Henceforth, to simplify the notation the overbars used to denote the initial equilibrium values of
the coefficients {K;, KT, KT, u,} have been dropped. Note that after solving for ps and ¢, within
the alternative mesoscopic formulation p; can be computed from (5.4) using a post-processing
approach.

6. Macroscopic dual porosity model for heat transfer and fluid flow

We upscale to the macroscale using the homogenization procedure. In this framework our
macroscopic swelling clay is idealized as a bounded domain Q° with a mesoscale periodic struc-
ture. Following the general framework of Sanchez-Palencia [67], the mesoscale characteristic
length is denoted by / while the characteristic length-scale associated to the macroscopic region is
denoted by L. Let the ratio ¢ = I/L. Consider ©° as the union of disjoint parallelepiped cells, (¥,
congruent to a standard Q which consists of the union of several clay particles, Q), completely
surrounded by a connected bulk water domain Q. Let the systems of bulk phase water and clay
particles in £° be denoted by @f and &, respectively. Our starting point, & = 1, corresponds to our
mesoscopic model. The e-model in €° consists of properly scaled two-scale equations on a lattice
of copies 0. The basic problem is to investigate the asymptotics of the solution as ¢ — 0. The
picture corresponding to the limiting model is depicted in Fig. 3, where a mesoscopic cell, O, is
assigned to each point x of the macroscopic domain. As we shall illustrate next, this leads to a
macroscopic model of dual porosity type wherein the swelling clay soil is represented as two
distinct structures coexisting at each macroscopic point: one representing the global macroscopic
transport equations and the other representing the local cell problems at the mesoscale. In this
picture the macroscopic Darcy velocity is that of the bulk water alone, and fluid storage occurs in
the system of clay particles. This technique has been successfully used to model naturally fractured
reservoirs in which the system of fractures play the role of the global system (where the macro-
scopic flow takes place) and the matrix blocks behave as the analogue of the clay particles (see
[27]). The main feature of dual porosity approaches is the accurate description of the interaction

g

b

Fig. 3. Macroscopic picture of a dual porosity model with microstructure.
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between the two structures. Within this framework the interaction between the two coexisting
systems is manifested in a mass transfer function (also termed the secondary flux) which appears
as a source term in the mass balance for the fracture flow distributed over the whole macroscopic
domain. (see e.g. [3,4,27]). Here we pursue the derivation of a general microstructural dual po-
rosity model for swelling media which incorporate distributed sources of mass, momentum and
energy. In what follows we consider a totally fissured medium in the sense of Douglas and Ar-
bogast [27] or Showalter [70] wherein particles are completely isolated from each other by the bulk
phase fluid with no direct mass, energy and momentum transfer from particle to particle.

The formal homogenization process is accomplished by considering every property of the al-
ternative mesoscopic formulation of Section 5.2 to be of the form f(x,y) (where x and y denote
the macroscopic and mesoscopic coordinates, respectively, with y = ¢'x) and then postulating
two-scale asymptotic expansions for the set #* of the unknowns {u, ¢, ¢\, Ps, ?, br, 0r, £, [T} and
{ts, v¢, pr, Or, B¢} in terms of the perturbation parameter & '

=u+eu ++ - (6.1)

with the coefficients &', Q-periodic in y. The coefficients of the two-scale coupled model must be
properly scaled in order to describe the physics correctly. From the standard homogenization
procedure of the Stokes problem, the bulk water viscosity coefficient y; is rescaled by g [67]. In
addition, to control the secondary flux with a fixed volume as ¢ — 0 it is also necessary to scale the
hydraulic conductivity of the clay particles Kf. Following Arbogast and co-workers [4,27] this is
done by the scaling law K = K¢’ (see also [56]). This scaling has the effect of making the particles
progressively less permeable as ¢ — 0 and consequently prevents the degeneration of the sec-
ondary flux. In addition, recall that intuitively it is not evident that heat conduction mechanisms
are the same as those governing fluid flow. Hence, the same scaling law for K{ may not necessarily
hold for K. Nevertheless, experimental observations show that even though particle thermal
conductivity is higher than the bulk phase, particle heat capacity is significantly more pronounced.
This suggests that particle thermal diffusivity «p = pKT/Cr is smaller than that of the bulk water
and therefore particles have strong potential to act as a storage sites of thermal energy (the dif-
ference is even more pronounced between particles and saturated bulk vapor). Hence, in analogy
to the hydrodynamical problem we begin by adopting the same scaling law KT = KT¢2, Under
this assumption we consider that heat transfer at the macroscale takes place primarily through the
global system and the thermal energy storage takes place in the local mesoscopic system of clay
particles.

In order to quantify how particles respond to both thermal and hydrodynamic perturbations in
the bulk phase we consider the Biot numbers for heat transfer and fluid flow Bir = ér! /KT and
Bip = 6pl/K;. Physically these dimensionless quantities measure the ratio between particle and
interfacial resistances (thermal and hydraulic) 1/K and //§l. Clay particles with high conduc-
tivities are characterized by low Biot numbers. In this range the variation of the potentials for
fluid flow and heat transfer over the particle is often neglected and surface resistance dominates.
On the other hand, Bi — oo corresponds to the absence of interface resistance and therefore
continuity of the potentials for fluid flow and heat transfer on the particle-bulk phase interface is
valid. In what follows we begin by assuming the scaling laws Bi% = eBir and Bi}, = eBip and
subsequently we analyze the influence of this scaling on the form os the macroscopic governing




M.A. Murad, J.H. Cushman | International Journal of Engineering Science 38 (2000) 517-564 541

equations. This analysis was carried out by Auriault [5] within the framework of homogenization
of heat transfer in rigid composites. We pursue a similar analysis in order to reproduce lumped-
parameter models in terms of different scalings of the Biot number.

Insert the expansions (6.1) into the set of mesoscopic governing equations with the differential
operator /9, replaced by 9/, + ¢'9/0,. After a formal matching of the powers of ¢, we obtain
successive cell problems. For bulk water we get

t? = ’_P?I’ A (6.2)
th = —pt1 + 24, Viv, (6.3)
div, 8 = -V,p{ = V,6] =0, (6.4)
div, £2 + div,#} =0, (6.5)
div,»? = div,h) = 0, (6.6)
00 . o '

o5 = div, vy + div, vg, (6.7)
K = —KT (V.60 + V,6;), - (6.8)
_ 00 o |

prf-g; + div, by + div, b = 0, (6.9)

and for clay particles

1A + (A + pg)V, divyul =0, (6.10)
div, 1’ =0, (6.11)
div, £ + div, ' =0, (6.12)
£ = —(p} + M) + ¢, _ (6.13)
' = —(ph+ MY + ¢, : (6.14)
£ = (A(div, 2 + div,u!) — a K00 + 2p (Vi + Vi), (6.15)
’ 0 .
1 =T -5 g0~ 3) 5w ot + i), (6.16)
0 0 1
%: %i;‘- = div, %"t_s + divyv. %u;-, (6.17)
b %Q:Z = div, ¢ + div, —aaitg + div, %’—‘t—:—, ' (6.18)
K =g =0, (6.19)
911 = _KlVyng ' (6.20)
B = -K™v,6), ~ (6.21)
p_crz_ae_‘; + div, A} = 0, (6.22)

ot
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along with the boundary conditions

0
(v?r—-aaits)mzo on I, ~ (6.23)
) 1
g -n= (v}—%s—) ‘n onT, : (6.24)
(ZuSV;ug + Adiv,u’)n=0 onT, (6.25)
(*—t)n=0 onT, (6.26)
(¢ —t;)n=0 onT, (6.27)
B -n=0 onT, (6.28)
hL-n=h-n onT, (6.29)
g -n=0p(py—p) onT, (6.30)
B..n=56:(65-6)) onT, (6.31)

and initial conditions

¢ =¢, inQ,t=0, (6.32)
div,® = div,ul =0, inQ, t=0, (6.33)
B.=0 inQ,t=0, (6.34)
=0 inQ,t=0. (6.35)

Next we formally collect our homogenized results. We remark that in postulating the boundary
conditions, we have assumed that the displacement of the interface I" is small compared to the
mesoscopic length of the periodic cell / so that boundary conditions are applied on the initial
(undeformed) position of the interface. The extension of this analysis to allow for higher order
interfacial displacement (for instance of the same order of the macroscopic displacement) can be
obtained by adopting the Lagrangian framework proposed by Lee and Mei [47].

Recall that since p, was replaced by pp within this alternative formulation, p{ stills needs to
evaluated by collecting O(&%) in the post processing (5.4) as follows

P =p}+ s — B.(8) — ). | (6.36)

Non-oscillating variables. From (6.4) we have p? = p?(x,?) and 67 = 63(x, ). Also note that u?
satisfies the Neumann problem given by (6.10) and (6.25), whose solution is u? = u?(x, ). This
shows that the leading order neighboring platelets move together as a rigid body in each cell.

Darcy’s law for the bulk water flow. The macroscopic Darcy’s law for the bulk water flow
relative to the solid phase follows from the well known upscaling of the Stokes problem
(6.2)~(6.6), together with boundary condition (6.23) (see e.g. [67]). Introduce the mean value
operator
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~ -1 .
' =1Ql /ina l=1af
0

and for each macroscopic point, x, define the macroscopic volume fractions of the particles and
bulk phase by n, = |Q.|/|0],» =1,f, and the averaged bulk phase Darcy velocity relative to the
solid phase by g;° = ¥ — n;0u’/0t. We then have

a;'o = "KFVP?)

which is the classical Darcy’ s law governing the macroscopic bulk water movement with K¢
denoting the permeability coefficient. For a macroscopic isotropic medium, K¢ = Krl.
Fourier’s law for bulk water. By combining (6.6) and (6.8) together with the boundary condition
(6.28), 9} satisfies the following Neumann problem
A6 =0 in O,

(Vi02+V,0)-n=0 onT.
By linearity we have

6L(x, 3, 1) = W) - Vib(x,2) + 03 (x, 1), (637)

where ¥ is a auxiliary Q-periodical vector valued function (determined up to an additive constant)
whose components i, satisfy the canonical cell problem

A»,lpj =0 in Qf

(6.38)
V= —en=-n; onl, j=123,

where ¥ = >_, ¥¢; with e; denoting the unit vector in the direction of the j-axis. Using (6.37) in

(6.8) we get after averaging

B’ = —KIV6?, with K =|Q|™ ; KI(I + V) dor, (6.39)

which is the macroscopic Fourier’s law for the bulk water with Ki = KII for an isotropic me-
dium. )

Overall momentum balance. To derive the overall momentum balance we apply the mean value
operator to (6.12)—(6.14), use the boundary condition (6.27) together with (6.5), (6.2) to obtain
(recall that n» was chosen outward to ()

div, P = div, £° — V,pp° — V. II° = —|Q|”" | div,'nd0Qy = —|Q|™ / t'ndl
O r

= — o™ / tindl' = Q| f div, 2L dQr = || / VL dQs = ncV,p,
r O Or
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where the divergence theorem and periodicity assumptions have also been used. Whence. ..
div, 0 — V,pp° — V,II° — (1 — m)V,p} = 0. L - (6.40)
We now rewrite (6.40) in a more convenient form. To this end integrate (6.17) and use the initial

conditions (6.32) and (6.33) to get ¢? — ¢, = ¢y(div,u? + div,u!). Using this relation in (6.16)
yields: . : : . , . :

- . : Yo .':'au"'{ . o
1° ~T = —K|s(dlvxug + div, ul) — (dlv, a—ts+dv = ) +oc,*sK150 | (6.41)

with y, = qb t,. Since u? depends only on (x,?), Eqgs. (6.13)—(6. 16) together with (6. 41) suggest the
followmg decomposmons

t:O = 0'0(-‘7, t) + O'](x,y, t),

I1° = My(x,t) + Iy (x,y,1), -(6.42)
t° = to(x, 1) + t1(x,p,1), (6.43)
£ =t5(x, 1)+ £ (x,p,0),
with

oo(x,1) = A div, 1l 4+ 2u Vu?, (6.44)
01(x,,1) = (Adivyu! — KO0 +2u, Vi, ' o " (6.45)
Mo(x,t) = T — Ky div,ul — pydiv, %‘tg, . o  (6.46)
II,(x,y,t) = ~Kdiv,u} — mdiv, aa S+ o, sKls(?o, | (6.47)
to(x,t) = 60 — (P} + Hop)l, | (6.48)
t(x,9,1) =6 — (P + M), , (6.49)
£(x,1) = ~IToI + oo, | - (6.50)
£(x,p,0) =~ + I +01, | (6.51)
Py =Pg — - (6.52)

Using (6.42) in (6.11) gives div,¢; = 0. Further, using the above decompositions in (6.40) we
get:

dive Gy — Vil — (1 = m)V,p? = —div, &y + Vi II) + V.55’
= —div,e) + V.II; + V.6’ +mV,p?,
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which when combined with (6.49) gives
div, 65 — VIl — V,p? = —div, f;. (6.53)

The above result is an alternative form of (6.40). The decompositions allow us to rewrite the
macroscopic overall momentum balance with the Lh.s. of (6.53) containing only global variables
(functions of (x,¢)). The r.h.s. represents a distributed source/sink of momentum transfer from
the mesoscopic system to the global one.

Overall mass balance. We now derive the overall macroscopic mass balance. By averaging (6.7)
and (6.18) using the boundary condition (6.24) along with the divergence theorem and the peri-
odicity assumption gives

06? - _ _ Ou!
~ aami !+ div, o = ~0] / div, ¥} dO; = |O) / -ndl’ = |0| / |+ %) nar

_ ou .
= 0| 1/ (dlqu] +d1vy 3 )dQl —(1 = ng)div, -él-‘ti+ ¢,oq-€:—.
O

In terms of the bulk water Darcy velocity, ¢;°, the above result can be rewritten as:

0

aae L+ div, %—- + div, §;° = oy —— 60T : (6.54)

—Wshs

Qverall energy equation. Applying the same procedure to the energy balances (6.9) and (6.22)
and using the boundary condition (6.29) gives

- 00y .~ - : _ -
5rCfnf—a-t£+lexhr0=—|Q| [ div, B dQr = Q| ’/h}-ndF=IQ| ]/;"lr'"dr
Or r
-1 . 1 — 65;0 ! ‘
= |Ql leythQI = —-pCT—at—, (6.55)
QI .

which is our macroscopic energy balance.
Boundary and initial condition. Using (6.2) and the decomposition (6 43) and (6.51), boundary
condition (6.26) can be rewritten as:

—pn == (t; +¢)n= () - (p"B + M)l +o))n onT.
Together with (6.49) and (6.52) this yields
tin= (o — (py+ M) )n=—t;n onT. (6.56)

The above together with the boundary conditions (6.30) and (6.31), initial conditions (6.32) to
(6.35) and the post processing (6.36) for p{ establishes our macroscopic microstructural model of
dual porosity type.
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6.1. Summary of the dual porosity model

Let A5 = Asmy, pg = mp,, Kis = Ky, piis = psmi. The application of the formal homogenization
procedure leads to the followmg dual porosity model: Find {u?, o5, Ho,pf, 9,«, gs ,hfo} functions
of (x,t) and {p0,t,,u.,q!,61,11,,6%, h}} functions of (x,y,?) such that

div, 35 — V. Iy — V,p = F.(x,1),
6o = Asdiv, ugl + 2us Viu®

x s’
= —= . . ol
Iy = mIT — Kysdiveu? — pysdiv, —a—‘,
067
= afnf—a—— + div, g;° + lex = Q.(x,1),
qf = —KFVfoa

0

o0 .=~
ngpCy Eti + div, hfo =F, (x, t),

kS’ =-KIV.0 xeQ, t>0,

with

1
F,,E——divx/t do,
|0 o 14 ~ ot

and

diVy = 0,
t=—(y+ M) +ay,
o1 = (A divyu! — oK 000 + 2, Vou!

: us
. . Omy
II,(x,t) = —K;;div,u! ~ p,div, Fts- + o K3, 69,
— o8 . Ou!
- ¢,oq—-a—t-r— + div, g + div, —a—ti = H(x,1),
qll = —mvypga
0

0 . :
ﬁCT?—l + div, k. =0,

ot
b =—-K"V,0) yeQ, t>0,

with

H{(x,t) = ~div, %ltg

4’10!1 / 06’ do. E.'_.‘—

pCT 69,

|Q| o ot Ql; (657)
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For ¢} given as in (6.50), the above is supplemented with the following boundary and initial
conditions

tin = —tyn oﬁ r,
g -n=23pp) onT,
B..n=06r(65-6) onT, ,
div,a = div,#' =0, in @, t=0, (6.58)
=0, ingQ,t=0, |
=0, inQ,t=0.
together with the post-processing for )24
P = Py + s~ B.(¢) — ). | (6.59)

We have obtained a homogenized microstructural dual porosity model wherein the macro-
scopic mass, momentum and energy transport equations are coupled to a family of mesoscopic
cell problems through distributed source/sink transfer functions Q., F, and E,. For each point x in
the macroscopic domain, there is a magnified or scaled local cell @ which represents the effect of
microstructure near x (Fig. 3). The way the family of local cell problems affect the macroscopic
global swelling medium is analogous to the approaches of Douglas and Arbogast [27] and Pes-
zynska [60] for isothermal and non-isothermal flow in rigid media. The novelty is the appearance
of the additional distributed source of momentum F,. For rigid media (s, = 0) our model reduces
to the one proposed by Peszynska [60]. On the other hand there are basic conceptual differences
between the microstructural models for rigid and swelling media. In the former the global medium
is the fracture system while the local family of cells is the collection of matrix blocks. In the latter
the global medium also incorporates the non-oscillatory part of the solid variables {ao, Iy, u0}.
Also, for rigid media, the influence on the global medium on each local cell occurs only through
the cell boundary I' (see [27]). In our model the global medium also affects the clay particles
system at the mesoscale throughout the clay particle domain via the distributed mass source term
H(x,?).

Next, let A} = A +Kjs, Ag = 4s + Kis, and o, = oK + of Kis. In terms of {u,p?, 0?} and

{u!,p},6%} the above system can be rewritten as :

. . . oud
HsAn—ug + (A'S + l"’S)vIdlvx ug + [lLstlex —5? —_ pr? = F*,

0 0

oo . Ou
- afnf—a;f + div, —a"t— - KFAxxpg = 0., (660)

o) 0
'ﬁfnfo%—KgAxxe? =E, xe€Q, t>0,
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with

. O i ~ 0 — ' o
F.(x,1) = =2p.div, Viu) — 1V, div,u! + V. p,° — s Ve div, u' +a,V,0,°

and

. . . Ou!
_ Usbytty + (45 + )V, div,u) — V,py + w,V, div, "aj ~ 0. V,07 =0,

—06% .. ou . o
— oqd)l—a—tr + div, 6—: ~ KiA,ph = —div, _6t_s (x,1), | (6.61)
_ 00 1
pCr—a—t-—'K AW9T=O’ yEQl, t>0.

Finally, using the solid phase mass balance ¢, — ¢, = ¢, diva in the post processing (6.36) gives

P{) = Pg + ﬁB _ﬁ*(d)? - al) = pg + ﬁB _ﬁ*$s(divyu; + diqug).

7. Reduced models

We now exploit several consequences of the dual porosity model with microstructure. We begin
by showing that application of the Green’s function method reduces the microstructural system in
seven variables (x,y,?) to a reduced system in (x,#) with fading memory. Subsequently we show
how lumped-parameter models such as the one developed by Wilson and Aifantis [75] and Khaled
et al. [45] can be recovered from the general microstructural model.

7.1. Green’s function method and memory effects

Within the context of microstructural dual porosity models for flow in rigid fissured media,
Arbogast [2] and Peszynska [59] have shown that application of the Green’s function method
reduces the dual porosity equations to a single integro-differential equation of Volterra type. Next
we exploit this idea and illustrate how application of the same technique to the proposed dual
porosity model for swelling media leads to integrodifferential governing equations. In particular
we exploit a notable consequence of this procedure in providing a rational basis to rigorously
explain some secondary consolidation stress constitutive equations of viscoelastic type which
account for creep effects due to the delayed drainage of the adsorbed water in the secondary
consolidation stage (see e.g. [22]).

Green’s functions (GFs) have been used in the solution of transient heat conduction equations
for over a century. Carslaw and Jaeger [20] and Ozisik [58] present an introduction to the method
for heat conduction problems and derive the pertinent Green’s function by using a Laplace
transform. Physically a GF(y,y’, t) represents the temperature field at position y and time ¢ due to
an instantaneous point source of unit strength at position p’. Recently Feng and Michaelides [30]
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pointed out some drawbacks of the classical GFs formulation such as its dependence not only on
the geometry of the solid, but also on the position of the source y’. To overcome this difficulty they
proposed a modified Green’s function method (MGFs) which represents the temperature induced
by a unit impulse §(¢ — 7) on the boundary of the solid at time ¢ = 7. The main difference is that
the MGF’s depend only on the geometry of the solid considered and not on the position of the
source y'. The MGFs technique has proved to be a powerful tool for deriving averaged properties
of solids, such as averaged heat transfer.

To illustrate the application of the MGFs method to the proposed dual porosity system, we
consider the case of large Biot numbers (67 and dp — oo) such that we may assume that the
reference pressure and temperature are continuous on the interface I' (pg = pr and 67 = 0; on I').
Begin by considering the local cell heat equation (6.21),(6.22) and define the modified Green’s
function for temperature Gy(y, ) as the solution of (see [30])

ﬁCTga(—;t—e"—KTAwGﬂ = O in Ql)

Go=6() onT, | (71.1)
Go=0 inQ, t=0,

where 8(¢) denotes the Dirac measure at ¢ = 0. Following the usual procedure we express 6%(y, 1),
the solution of the heat equation (6.21) and (6.22) with boundary and initial conditions in (6.58)
(with 87 — o0), in terms of 6(x,) and Gy(y,?). To this end define the Laplace transform

L) = [ exp(-sn7() i =7(S).
In Laplace space, the heat equations for 5;0 and 6\90 are
K"4,,0:° = pCrS6;° mg, G°=8° onr
K'A,Gy =pCrSGy inQ, Ge=1 onT,
We then have by linearity
07°(x,3,5) = Go(y, )8 °(x,5). (7.2)

Hence, by inverting the Laplace transform we get the convolution relation

T
B(x,y,0) = Gp * 60 = /0 Goly, ¢ — 1)682(x, 7) d. (7.3)

Averaging this result and combining it with the mass and energy balances (6.54) and (6.55) and
Darcy’s and Fourier’s laws for the bulk water we find :
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600 ul ~ 600

— OlgNf —a— + div ats - Kfoxpf d)]d] (Go * —a-t—-) (74)
o8 . (= 0

pfnfo—é—— -_ K AxxB? = —pCT (Gg * -a) R (75)

where the convolution product property d(f; * f2)/0t = f1(0)/2(f) + (8f1/0t * f>) has been used
together with the initial condition (6.35).

We now pursue the derivation of analogous convolutlon relations for the pair {u!,p%}. Using
(7.2), in the Laplace space, problem (6.61) for u! and p?, supplemented by the initial conditions
together with first and second boundary condmons in (6.58) (with dp — o0) is given by:

Uil + (K + b + SV, divy &1 - V30 = aV,0,° = 0. 6°V,Gy  in O,
Sdivy il\sl - KIAWﬁbO + Sdivx iiso(xa S) = al?ﬁ,S@;o = al$lSé;'06\9 in Ql)

R (7.6)
[ — T + (A + Su)I +2us)VilTs’]n = ( — " + a*0f°Gol)n on I,
=0 onT,
with the Neumann boundary condition #;n = —#,*n modified appropriately by making use of the

constitutive laws (6.45),(6.47) and (6.49). Now turn to the task of defining the MGF’s for dis-
placement and pressure. To this end, for given {f,g,h} depending on (y,t), consider the iso-
thermal version of (6.61) and define the problem

. ) . ou! )
psD il + (A + p)V,div,ul — V,pb + iV, div, 5 =/ 0o

Ou! )
div, = o KlApr g mgqQ, (1.7)

tin=hn onT,

pp=0 onT.

Define the pairs of modified Green’s functions {G”, G'}, {GE, G}, as the pair {u;, ph}, solution
to the above problem with {f =g =0, h=-6(2)} and {f=h= 0 g=-401)}, respectlvely In
addition, for given Gy, satisfying (7.1), define the auxiliary functions {Gf"a, G, } and {G}, G& } the
solutlons of the above problem with {f =a.V,Gyp, g=0, h= oc,,Ggl} and {f = b= 0,

= 0y, Gp}-

W1th the MGFs defined above, we now show that problems (7.7) and (7.6) are linearly related.
To show this we generalize to the {u!,p2} system, the arguments leading to (7.2), based on lin-
earity. To accomplish this consider the variational formulations of (7.6) and (7.7). Let L*(Q))
denote the usual set of square integrable, scalar valued, Q-periodic functions defined on @y, with
inner product
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(f.g) = /Q, f2dQy Vf,g € X(Q)

and let H'(Q,) denote the Sobolev subspace of L?(Q;) consisting of functions with the derivative
9f in the distributional sense satisfying 8f € L*((;). Further, let U and V denote respectively the
spaces of vectorial and scalar functions

U(Q) = {f € @), V7 € @), | o= o},

(@) =HNQ) = {f €H'(Q), f=0 onT}.

The variational formulation of (7.6) consists in, for each § € (0, 00), find {#!(s), p°(s)} € Ux ¥
such that:

20, (v;:?s',v;v) + (22 + Spe) (divy @', divyv)— (B0, divy») = aﬁ?(&;, div,v) ~ (B*v), WweU
(Sdivy‘?slyq) +Kl(vyﬁbo?qu) = "'(Sdivx'?soaq) + 0‘13159}0(6;,‘1) Vq € V1

where

(ﬂ)*,v)rzfﬂ)*n-vdr.
r

This formulation can be rewritten in terms of the weak form of a single elliptic problem in the
product space U x V. To show this define the bilinear form

A@@, B0 v, q) = 2p, (v;:?s’,v;v) + (2 + Spy) (div, @', div,v) — (B°, div,»)
+ (Sdiv, &',9) + K(V,5°, V,q)
and the linear function
F(3,9) = 0.8°(Go, divyv) + aid58°(Go,q) - (7",) - — S(div &°,9)- (7.8) .

Thus we can rewrite the variational formulation as, for each §e€ (0,00), find
{i;'(s), p°(s)} € U x V such that:

A5 v,q) =F(nq), V{nateUxV. (7.9)
This defines a robust elliptic problem in the Laplace space. A straightforward application of

Korn’s and Poincaré’s inequalities shows coercivity of 4(v,v; ¢,¢) in the product space U x V.
Hence, existence of a unique solution follows from application of the Lax-Milgram lemma.
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From (7.8), the corresponding variational problems for the Green’s functions are
AGH Griva) = (), 4G, G v,a) = . (Ga, divy ),
AG#, G ma) = —(L,g), A(Ga® ,G,,g :v,q) = aihy(Go,q), Vina}eUxV.
' With F given in (7.8), the linearity between (7.9) and (7.10) gives |
= G,'1*(x,5) + G, L)Sdiv, ud(x,S) + G.o"0:°(x,5) + G.s850;° (x S),
A= G, "/ (x,5) + G,%(y)S div,ul(x,S) + G,,g_h()fo(x,S)' + G,0856:°(x,S),
which after inverting the Laplace transform yields

ao"
o’

0 h o 4 GE . Ody 90 . . 06
Pox,0) =Gy * 1+ GE * dive =2+ Gy x O+ Gy +

)
W30 =Gl x 4G v div, o2+ Gly = B+ Gl

Using the above relations in (6.45),(6.47) and (6.49) we obtain after averaging

=0 T . & | G
t=— @+ ) +70 =—pb°I+(l:I:+2us)Vsu + g div,u' I — ,67°1I,
=Ky » f+K divxaa",21+(?<?’—a*b?) * RI+K° + %I+ms%

R .o P . o
x | div,G, * g+ div, G} * d1v,c—a—t—+d1vyGu9 * +d1vyG,, * —5t—
with

K, = R : +2p) V3G, — G,

K1) = (1 : 42p) V3Gl — Glol, T =hsg,

(7.10)

(7.11)

and (7.3) was also used. Hence, the fluctuating part of the macroscopic stress tensor, t,, exhibits a
viscoelastic constitutive behavior with memory which is represented by the convolution products
in (7.11). Denoting K=K’ —a, Ga, and collecting the results (6.44), (6.46), (6.50), (6.53), (7.4),

(7.5) and (7 11), we obtain the following system in (x,f) with memory in terms of

{thpfa tl, () }
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div, fo* — Vip? =:—div, 1y, -
Py

=~ T . . odd

to* = mIl + Agdiv,a + psViu + py s div, ai,

= = .. o Py —. 08 3

=K, xt;+K, * d“’x»a—:’.* Ky « 601+ K,° *a_tfu_ s |

o0 o — (= o8 o

— (anf"'é';' + dlY,F i KiDop? = dyu (Ge * _5t£>’

_ . 06 [~ o8

Prnfcfﬁti - Kg‘AnG?»:'—pCT (-GB' * _é_tf_>_

Thus, we have shown that the application of the modified Green’s function technique reduces the
microstructural dual porosity model to a system of integro-differential equations of Volterra type
in which the dependence on the microstructure is incorporated in the convolution products ap-
pearing in the r.h.s. of (7.12). The convolution kernels (X, K 9, J = h,g) are related to the MGFs
and can be calculated explicitly for a given particle geometry. In this formulation, the memory
.appears related to the delayed response of the vicinal water to local variations in the bulk phase.
Among other effects, this delay is responsible for the creep viscous behavior of the clay structure
under consolidation. This creep effect gives rise to a secondary compression stage, after the bulk
water has been drained from the larger pores in the primary structure.

7.2. Isothermal models for secoﬁdary consolidation and creep

A simplified form of the above integro-differential system can be derived when thermal effects
and the relaxation of the vicinal water (due to the coefficient ;) are negligible. Under these as-
sumptions the generalized non-isothermal system of integro-differential (7.12) reduce to an iso-
thermal system resembling in form some rheological models for secondary consolidation and creep
in clay soils. Setting 69 = 6% = 0 and neglecting the relaxation coefficient p in (7.11) we obtain

- = = . ol
t1=Kh * t0+Kg * lex—at—I.

Under these assumptions, the system (7.12) reduces to

diVx ;{)* - pro = _divx ;i 3
o' = mT + A3 divend + psViul (7.13)

xs?
~ o~ ~ . ou?
=K, * tpr+ K, * div, ——f’,

)
o’ 0
_6t— —_ KFAxxpf =0.

div,
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This result shows that the overall macroscopic stress tensor is decomposed into a non-oscillatory
elastic component (#3) and a fluctuation () governed by a viscoelastic constitutive behavior. The
viscoelastic component exhibits fading memory as t; depends on the history of the strain. This
macroscale isothermal model resembles in form some viscoelastic models which have been pro-
posed for creep during secondary consolidation (see €.g. [16,22,39,73]). Note that for the case
where the convolution kernels are Dirac measures, (7.13) reduces to a macroscopic system ex-
hibiting short term memory rather than fading memory. In this case, secondary consolidation is
governed by the Kelvin Voigt viscoelastic constitutive equations, consisting of springs in com-
bination with dashpots (see e.g. [31,48,76]).

7.3. Lumped-parameter first-order kinetic models

We now turn to the task of reproducing some of the classical lumped-parameter models for
heat, mass and momentum transfer ([9,64,74,75]) as particular cases of the general microstructural
dual porosity model of Section 6. We begin by reproducing lumped-parameter first-order kinetic
models which correspond to small particles with high conductivities (relative to the surface film
coefficient) so that local pressure and temperature gradients within the particles may be neglected.
Under this assumption, pY and 0(} are independent of the local variable y and consequently their
time evolution is dictated by the interfacial resistance. In terms of the Biot numbers, this as-
ymptotic case corresponds to the limit Bi; — 0, (j=P,T) where particle resistance’ to heat
conduction and fluid flow is small compared to the convection resistance at the particle surface.

First-order kinetic model for heat conduction. We begin by discussing a first-order kinetic model
for heat conduction. Assume that the particle thermal conductivity K tends to infinity so that
local temperature gradients within the particles are negligible (V,0r = 0 and 67 = 0r(x,t)). This is
equivalent to a time scale assumption, wherein for each instant of time ¢, we have local thermal
equilibrium within the particle domain.

Using definition (6.57) for E, and Q,, by averaging the energy (6.22) together with the boundary
condition (6.31) gives

2 8;9(} . / ! _ S0 0 ~ 1 /
E* - 'Ql (0] o dQl B ‘Ql [‘thdF _ 5T(OT(xat) h Of(x,t)), 67‘ = I_Q—| i 5Td1"
Whence
_ 51“1 60(} o~ . — E,a,};;
0 =00 Jp, & 40 = hr(03(x,1) — O3(x, 1)), hr =7

The dual porosity model (6.60) and (6.61) reduces to

ot ot

. .ol
U Aett + (A5 + pis) Vi divi el + py sV, divy —ailti - V. — e, V, 05 = F.(x,1),
ooy | . ol ~
- afrlf----i + div, % - Kfoxp? = hp (9? - 9(7{), (7]4)
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= ae(f) T 0 __ o 0
pfnfC;.-— - KF Axxef = 67' (0(;' - ef)’

ot
R . 662- o /n0 . 0
p.n'-CTK = —0r (BT - Of), xe t> 0
with v
Fu(x,1) = —2p,div, Vil — 2,9, div,ul + V.5 - u,svx%di@’us‘ (7.15)
and

. . Ou!
U At + (A + p)V,divyul — V,ph + 1, V, div, ==, L
1 o - (1.16)

. . o ~
dlv}’ %{‘f_ —KIA}’ypg = —dlvx 'guti(xa t) - hT (02' - 0?)1 Y S Qh t>0.

The exchange of mass and energy between the local and global systems is given in terms of
simplified relations, assumed proportional to a temperature difference. The remaining distributed
source/sink term whose evaluation still requires averaging the solution of the cell problem (7.16),
is the momentum transfer function F,.

Lumped-parameter first-order kinetic hydrodynamical model. We now make use of a similar
lumped-parameter assumption for the fluid flow problem. In analogy to the previous heat transfer
analysis, we consider a time scale assumption wherein the intra-particle fluid is assumed uniformly
distributed throughout the local cell, at instantaneous mechanical and thermal equilibrium as it is
disturbed by the global system. The intra-particle non-equilibrium effects are overlooked, the
hydraulic conductivity, K;, tends to infinity and the relaxation coefficient p, tends to zero. Hence,
Y is independent of the fast variable y and consequently the cell behaves as a single point for both
fluid flow and heat transfer. Next we show that under these assumptions the adsorbed/bulk water
mass transfer function is governed by a simplified Warren-Root-type coupling. Averaging the
mass balance (6.18) and using boundary condition (6.30) gives

by [ 06% / ) 1 /‘ . ou! . oul
ol ), do, = rql dar +I al, dlvy 5 dO; + mdiv, 3,
0 ,— . o ~ ~ 1
=3 divyu! + mdiv, %‘ti + Sp(py — 1Y), Op= o /répdl“. (7.17)

With absence of intra-particle non-equilibrium effects, a simplified elasticity solution can be ob-
tained for the fluctuating displacement u!. Denote J;; the Kronecker delta symbol and &* a fourth-
order tensor with components aj = A;0;0x + p;(6xd;1 + 6u05). Without loss of generality and
case of exposition, we restrict subsequent discussion to the case of absence of swelling stresses at
the reference configuration (IT = 0). Using the fact that p, = py(x,t) and y; = 0 in (7.16) together
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with boundary condition (6.56) shows that u! satisfies the following elasticity problem with
Neumann boundary conditions

div,(a’'V,u}) =0 in Q,

tin=[a'Viu! — (0,6} + pp)lIn = —tyn = —(@"Viud)n  on T,
where constitutive (6.44)—(6.50) for t, and £ have been used. Let IT = §;0, denote the unity
fourth-order tensor and let ¥ and v be respectively a third-order tensor and a vector satisfying

the following canonical cell problems

div, (@*V;¥) =0 in Q,, div, (@*V;v) =0 in Q,
aVi¥-n=—-all-n onl, (@Viv)n=1In onl.

By linearity, u! is given by:

u = Y(y)Val(x,2) + v(y) [p(x, ) + .00 (x,1)]. , (7.18)
Using this result in (7.15), the distributed source term is then given by

F., = —div, (a* V3u!) + mV,p{ = —div, (a* Vs® Vi) + (ml — a* V3v) V. — o.a* V3,07
which when combined with the first equation in (7.14), with y; 5 = 0, gives

divy(eViud) — Vop? — (ml — a* Vo) Voph — a(ml — a* V5v) V6 = 0,

where ¢ denotes the fourth-order tensor c¢=na’+a’ VS'I’ Further, with isotropy,
div, ¥ = div, ¥ and ¢ and st admit the representations

Cyr = A28,00 + 10 (Budy + 0405), @ Ty = (3% + 2p1,)div, vI = —div, 1.

Hence, denoting v = d};;v, v, =m—y(3A; +2u) =m+ df;; ¥ and y,=1-7y,, since
P =% — p?, the overall momentum equation can be rewritten as:

ugAxxug + ('12 + #S)Vx diVx'lg - ’)’|Vng - VszP? - a*?lvxeg' =0.

Substituting relation (7.18) for 4! in the mass balance (7.17), we obtain
— o6} o < o ~ . o apb 06’
—¢,oqn|—-6t— + nydiv, o + 6p(pp — pr) = — div, P div, ——5— ¥y ( 5 + a*—ﬁ_t—)'

Whence

6% ol y G - ,
~Vx R aT + '))ldlv-‘n‘ at = _5P(pB ) Bat ) ) Vs = ¢lalnl - a*y .
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Using the same lumped parameter assumptions in the bulk water mass balance (6.7) and using the
boundary conditions (6.24) and (6.30) gives

o 1
——nfaf%+ div, »? =|Ql"1/v}-nd1"=|Q|“1/ q,’+@—s -ndl’ -
ot r r ot

0, —~—, =
= -é-;dlvyus’ + (P — PP).

Since ¥° = §;° + nr(0ul/3t), the above result combined with (7.18) gives

, 06° 06 [P ,0(p — 1Y)
=V F — oo ypdive 2+ A = S (py — pR) +7 =g

Hence the dual porosity model reduces to the following system in (x, ¢)

,us Axxu + (,10 + ug)V dlvxu yzvxpf prg - a*y,VXHO =0,

o6 06° ou ~ 0(pg — )
~ Yo T = aom L+ 9, dive 22— Keboup = 37 (py — pf) + 7/~ £

ods ou? ,0(0% — p?)
— g tndive =t S = 55 (ph - pf) Y=,

0

’ GlY)
PineCr 5! — KR8 = 57(6% - ),

0

o6 -~
ﬁnlcr—a—f =-6r(63—6) xe&, t>0.

In the above model, the only contributions to the macroscopic heat conduction and fluid flow
are due to the bulk phase system. As in the microstructural dual porosity theory, particles act as
storage sites for mass and thermal energy. Their contributions to the global problem are
manifest in terms of the simplified first-order mass and heat transfer functions. Also note that,
since we have neglected the non-equilibrium coefficient g, in the above model, physico-chemical
effects are manifest in the post-processing approach for p? and in the equilibrium isothermal and
non-isothermal components of the swelling pressure (terms involving Kjs and «; in (6 41)). In the
resultant macroscopic governing equations, these components are incorporated in the coeffi-
cients 4] and a,.

In addltlon to the classical lumped-parameter mass transfer function (5p (P — ) we may note
the appearance of an additional exchange term (' (3(p§ — p?)/0t)) in the macroscopic mass bal-
ances. Within the framework of homogenization this latter component appears strongly related to
mass transfer induced by particle consolidation, as it arises from the dependence of the fluctuating
displacement, u!, on the pressure excess p) through (7.18). Clearly, for rigid media this extra mass
transfer component vanishes.

In what follows we pursue the derivation of two-equation models wherein particle flow and
heat transfer also appear in the global macroscopic equations. Subsequently, in order to provide
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physical interpretation for the coefficients y, and y,, arising form the homogenization procedure,
we proceed by identifying the resultant lumped-parameter two-equation model with the one de-
veloped by Wilson and Aifantis ([75]).

7.4. Lumped-parameter two-equation models

In the previous models, particles conductivities were scaled by 2. This led to macroscopic
models where heat conduction and fluid flow at the macroscale take place only in the global
medium. Particles act as storage sites for mass and thermal energy. In what follows, two-equation
models can be derived by considering the pair of conductivities {K™%,K}} of the same order of
{KT*, K2} so that {K"* K¢} are now scaled by &’. In this new setting Egs. (6.18)~6. 22) are now
replaced by : _ : o

_ ¢1a| 207 + div, g} + dlqul + div, aats + div, —aai =0, D (7.19)
div,q’ = dlvyh0 =0, '_ o I ' :('7‘_20)
R = —KT(V,6% + V,0L), R I (F))
ﬁcr?g—?+div;h‘; tdivi=0, . R (1.22)
& = ~Ki(V + V). . I o)

Under the same scaling law 1n the Biot numbers, this system is now supplemented by the
boundary conditions h° -n=4¢"-n=0on I Using (7.21) and (7.23) in (7.20), together with the
above boundary condmons 0' and pj, satisfy the following Neumann problems v

A,0r =0 in Ql, —KT(V 0°+V0 )— , ;pn T,
Ayph=0 in O,  ~K(Vipg+Vypp)=0 on T,

which by the same argumenfs leading to (6.37) and (6.39) gives
0L(x,y,t) = o(y) - Vs 6 (x, 1) + 03(x, 1), pr(x,p,t) = o(p) - Vipa(x, 1) + py(x,1)
B0 =—KTV6%, with KT=|g" / K +V,0)d0,
a ,

3= KR with Ki=lo" [ K+ V0)d0,
(4] v

with o satisfying the Neumann problem (6.38) in Q. With isotropy and adopting the same
procedure one obtains the following two-equation model '
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H et + ('1‘3-5L )V, 'div;u =12Vt = Y;pra 231 Vs 0° = 0,

— Yo at - (anfa" + 'Vzlex 3* - KFAxfo = 51’ (pB pf) + )) Bat
a6t ouf i .y 2Ps 1)
—,— o r 4+ y, div, = 5 KLAxxPB = —0p (poB —P?) -7 (pBat pf)’

0

_pfﬁfc,;%i—kgage“ 5,(0" o),

- pn.CT%H-—KTA 0° ( e"), xegf, t>0.
When comparing this result w1th the prevxous first order Kmetlc models, the dlﬁerence is the
appearance of the extra d1ffus10n terms in the macroscoplc energy and mass balance
(div, by’ = —KTAMHO and div, ¢° = —KLAx,pB) govermng particle heat conductlon and adsorbed
fluid flow at the macroscale.

If we neglect the term involving the coefficient 7’ in the mass transfer and the terms involving
physico-chemical effects, then the resultant model resembles in form the reduced version of the
lumped-parameter thermomechanical model developed by Bai and Roegier [8] for incompressible
solid phase. Physwal interpretation of the coefficients y, and y, can be obtained by considering the
isothermal version of Bai and Roegier’s model developed by Wilson and Aifantis [75]. If we
denote K, the overall bulk modulus of the compacted clay (without the bulk phase) and X, the
overall bulk modulus of the macroscopic system, following [75], for incompressible solid phase,
we have y, = 1 — K»/K, and y, = K, /K.

7.5. Oné-equation models: local equilibrz’u;n o

Local thermal equilibrium. When 67 and 69 are sufficiently close to each other, the principle of
local thermal equilibrium is valid and a single macroscopic temperature can be assigned to both
clay partlcles and bulk water [63]. Within the framework of homogenization this is imposed by
assuming large values of the Biot number. For example one may scale Bij. by O(e™"). This scaling
replaces boundary condition (6.31) by 00 0° on I'. Moreover, since these variables only depend
on (x, ) this yield 6% = 60 = 6°(x, ?). Hence as in the two-scale model, there is no need to consider
individual energy balances for the particles and bulk phase. By adding them up we obtain the
following one-equation heat transfer model

0t + (2 + 1)V, divial — 3, V,p — 1, Viph — 0.7, V26° =0,

660 Ou 0 0 _ .0y
- y ﬁt + Y2 dlvx a KFAxxpf 5P (PO Pf) + 'YI (pBat pf) ;
26° ou’ -~ - 3R - p?
= Yo+ 0 dive = — KLAupy = —6p (P — 1Y) — v’—————-(p" 1) ,
ot ot ot
06°

P.Co —KI0u8 =0, x €@, >0,
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where y* = Yo, + ogng, KF = KT+ KT and p,C = pmCr + peniCr (with P, =g +p) denote re-
spectively the macroscopic effective thermal conductivity and specific heat capacity.

Local hydrodynamic equilibrium. In analogy to the previous model the scaling Bi% = Bipe™!
together with boundary condition (5.3) leads to pj = p{ = P’(x, ). This condition has been re-
ferred to as large-scale mechanical equilibrium [63]. Since y, +7, =1, after adding the mass
balances of adsorbed and bulk water, we are led with the following one-equation hydrodynamical
model.

100 tl® + (X0 + POV, divel — V,P* = 'y, V,6° = 0,

o .. owd
—')’Kt—'Flex—a-;"—KLAxxPO—O, |
_ o6 T 0
p*c-a—t—_K‘A”B =0, x€&, t>0,

with K; =Ky +Kr and y =y, +7" denoting respectively the macroscopic effective hydraulic
conductivity and overall liquid coefficient of thermal expansion.

7.6. Isothermal poroelastic model

In the isothermal case the above system reduces to
oDt + (A + 1)V, divsal — V.P° =0,

div,%'it-g—K;Ax,,P":O,  x€Q >0,

which resembles in form Biot’s consolidation model of linear elastic media for incompressible
solid phase. If we neglect the physico-chemical component incorporated in the coefficient /12, by
setting Kj; = 0 so that 1] = A, then the above model reduces exactly to the Biot model.

Thus, we have exploited the ability of the microstructural dual porosity system in reproducing a
class of well known models as particular cases of the general framework.

8. Conclusions

A three-scale thermomechanical model for swelling porous media (2:1 lattice silicates and
lyophilic polymers) is proposed. The upscaling is based on combination of hybrid mixture theory
(HMT) and homogenization. Application of these two levels of averaging led to a generalized
microstructural dual porosity model wherein the macroscopic swelling soil is covered by two
distinct interacting coexisting systems: a macroscopic medium which incorporates the global
properties and a local family of cells representing storage sites for mass, momentum and energy.
The two.sheets are coupled via exchange transfer functions of mass, momentum and energy. A
notable consequence of the three-scale model proposed herein is that it provides an accurate
portrait of the complicated distributed exchange processes between the global and local systems.
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Application of the HMT approach led to a two-scale thermomechanical model which governs
particle swelling when physico-chemical forces between the adsorbed water and the minerals are
dominated by surface hydration stresses Within the HMT framework, hydration effects are in-
corporated ‘upon selection of a proper set of internal variables coupled with the Coleman-Noll
method of exploitation of the entropy inequality for derivation of a proper constitutive theory. In
the isothermal case, hydration effects are manifested: (i) in'a modified effective stress principle
through an additional hydration component (£); (ii) in a modified form of Darcy’s law for the
vicinal water in terms of an additional potential (volume fraction gradient) accounting for flow
induced by physico-chemical effects; (iii) in the appearance of a retardation viscosity coefficient
(u,) related to the viscoelastic behavior of the volumetric stresses. In the non-isothermal case the
coupling between hydration and thermal effects is manifest through a physico-chemical coefficient
of thermal expansion (o;) which appears in the overall momentum balance, and also governs the
mechanical work of hydration stresses in the overall two-scale energy balance.

The proposed theory was also capable of reproducing other classical theories, such as creep
models for secondary consolidation and lumped-parameter models. The classical approaches for
secondary consolidation and creep, based on viscoelastic constitutive equations with fading
memory, were recovered by reducing the dual porosity model to a single porosity system using a
modified Green’s function method. This yields global balances of mass, momentum and energy
with fading memory. Lumped-parameter models were reproduced by assuming high conductiv-
ities (thermal and hydraulic) for the swelling particles such that local variations of the potentials
(pressure for vicinal water flow and temperature for heat transfer) within the particle are ne-
glected. This yields Warren—Root type systems wherein simplified constitutive equations for the
exchange terms (e.g. proportional to a potential difference) are postulated. We remark that
lumped-parameter models require the introduction of a time scale constraint where at each instant
of time, the adsorbed water is assumed at equilibrium and uniformly distributed throughout the
particle domain. If the constraint is not satisfied, then the resultant model must incorporate
memory effects accounting for retardation mechanisms as suggested by Auriualt and Royer [6].
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Abstract. The thermodynamical relations for a two-phase, N-constituent, swelling porous medium
are derived using a hybridization of averaging and the mixture-theoretic approach of Bowen. Ex-
amples of such media include 2-1 lattice clays and lyophilic polymers. A novel, scalar definition for
the macroscale chemical potential for porous media is introduced, and it is shown how the properties
of this chemical potential can be derived by slightly expanding the usual Coleman and Noll approach
for exploiting the entropy inequality to obtain near-equilibrium results. The relationship between
this novel scalar chemical potential and the tensorial chemical potential of Bowen is discussed. The
tensorial chemical potential may be discontinuous between the solid and fluid phases at equilibrium;
a result in clear contrast to Gibbsian theories. It is shown that the macroscopic scalar chemical
potential is completely analogous with the Gibbsian chemical potential. The relation between the
two potentials is illustrated in three examples.

Key words: macroscale, chemical potential, mixture theory, porous media, swelling porous media.

Nomenclature

In general, a subscript Greek letter indicates a macroscale quantity from that phase. Superscript

minuscules indicate the constituent, so that, e.g., v}, is the macroscopic velocity of constituent j in
the a-phase. A caret over the symbol, , is used to emphasize that the quantity represents a transfer
from either another phase or from other constituents.

A,{; Helmholtz free energy density of jth constituent in a-phase
. AL =E} — Tyl
bé. external entropy source for jth constituent in o-phase.
C,{, mass concentration.
d{;, symmetric part of va,. _
?{;‘ rate of mass exchange from other phase to a-phase of jth constituent.
E} energy density.
Eg macroscale strain tensor of solid phase.
Eé energy gained by constituent j in phase a due to non-chemical,

non-mechanical interactions with other constituents within phase a.
F; deformation gradient, gradx, of the solid phase.
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g gravity.

Gy Gibbs free energy.

hg{ external supply of energy.

T{; gain of momentum of constituent i of phase o due to mechanical
interactions with other species within the same phase.

Ny unit outward normal to phase .

Da thermodynamic pressure.

qg, heat flux of constituent j in a-phase.

A& gain of energy of constituent j in phase « due to nonmass
transfer interactions with the other phase.

?({ rate of jth constituent mass gained within phase a.

tg, stress tensor of jth constituent in a-phase.

T temperature.

T, gain of momentum of phase « due to mechanical interactions
with the other phase.

ug, diffusive velocity, v{, - Vg.

vg, mass averaged velocity of jth constituent in phase a.

Va velocity of phase o =Z?’=l Cg,';vg,

1% representative elementary volume (REV).

6Vy portion of REV within a-phase.

w‘{lﬂ velocity of jth constituent in the interface.

&% volume fraction of a-phase in REV =|6V|/|8V|.

Yo indicator function for phase a.

Ay Lagrange multiplier for continuity equation of phase .

¥ Lagrange multiplier for continuity equation of jth constituent in phase c.

ry Lagrange multiplier for restrictions on sum of gradients of diffusive velocities.

A,{, entropy production density.

;LZ[ scalar chemical potential of jth constituent in phase o.

v,;,'; tensorial chemical potential of jth constituent in phase «.

r),{; entropy density.

77‘{,; entropy gain of jth constituent in a-phase due to nonmass

transfer interactions with other constituents within phase «.

é entropy flux.
3({; entropy gained by jth constituent in a-phase due to
nonmass transfer interactions with the other phase.
pg averaged mass density of jth constituent in o-phase = C,{; Pa-
Pa averaged mass density of a-phase = Z?’:l pg.

1. Introduction

The purpose of this paper is three-fold: to introduce a novel definition of the
macroscale chemical potential for a porous medium, to show how one can derive
the properties of this chemical potential by slightly expanding the usual Coleman
and Noll approach for exploiting the entropy inequality to obtain near-equilibrium
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results, and to discuss the application of mixture theory to swelling porous media.
By our modified approach and by using an appropriate definition of the chemical
potential, we have been able to derive properties of the chemical potential which
corresponds exactly with the properties of the classical Gibbsian chemical poten-
tial. We illustrate these techniques and the motivation for a new definition of the
chemical potential within the context of swelling porous media.

Due to the chemical and physical forces between phases, many porous
media can swell or shrink resulting in macroscopic behavior which may differ
significantly from granular media. Examples of such media include lyophilic poly-
mers and clay soils. The understanding of the constitutive behavior of these materi-
als is crucial in applications involving almost all aspects of life. Swelling polymers
have numerous technological applications in drug delivery, contact lenses, semi-
conductor manufacturing and food stuffs, and clay soils are widely distributed in
the earth’s crust. Hence they play a critical role in the transport of nutrients and
pesticides in agriculture, in various high level nuclear waste isolation scenarios, in
barriers for commercial land fills, and in consolidation and failure of foundations,
highways and runways. Although everything derived in this paper can be applied to
a wide variety of swelling systems, for ease of exposition we restrict our discussion
to swelling clay soils.

The complex mechanisms underlying the constitutive behavior of a hydrophilic
clay soil are a consequence of its complicated microstructure. Clay minerals consist
of hydrous aluminum and magnesium silicates with an expanding layer lattice.
Their tremendous specific surface area and their charged character cause hydrated
clay platelets to form ‘particles’. These particles swell under hydration and shrink
under desication. The platelet-water bonding forces are usually referred to as ‘hy-
dration forces’ and cause the macroscopic behavior of clays to differ significantly
from the behavior of granular nonswelling media. In the case of hydrophilic col-
loidal particles (e.g. smectites), the hydration forces are believed to arise from the
hydrophilic character of the mineral surfaces. These interactions modify the ther-
modynamical properties of the water in the interlamellar spaces and consequently
its properties vary with the proximity to the solid surface [38, 54-56]. Hence, the
interlamellar water is termed vicinal water to distinguish it from its bulk or free-
phase counterpart (i.e. water free of any adsorptive force). It has been advocated in

[30-32, 35, 47, 48, 57, 58] that surface hydration forces are the dominant mechan-

ism causing the swelling of clays, and it is these forces which we account for when
developing this theory.

In this paper we illustrate the use of rational thermodynamics in developing a
mathematical model for a multicomponent swelling porous media with particular
emphasis on the definition of the chemical potential. This is accomplished by ad-
opting a proper theory of constitution which includes appropriate internal variables
needed to capture the swelling character of the system. In particular, the approach
developed herein provides a thermodynamical basis for the role hydration forces
play in the adsorption and diffusion of contaminants in a swelling medium.
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In classical mixture theory a single-phase medium composed of N constituents
is viewed as N co-existing continua. Biot [15-17] and later more rigorously by
Bowen [19-21] extended the theory of mixtures to model a porous medium so that
at the macroscale a two-phase medium is viewed as two co-existing continua. In his
work, macroscopic forms of the field equations (conservation of mass, momentum
balance, and conservation of energy), which incorporate exchange terms between
the co-existing continua, are postulated. It has been shown [40, 41] that if the mi-
croscopic field equations are averaged then the terms in Bowen’s macroscopic field
equations can be identified precisely with microscopic counterparts. The combin-
ation of averaging and mixture theory is referred to hybrid mixture theory (HMT).
In both of these formulations, the constitutive restrictions are determined at the
macroscale by exploiting the entropy inequality using the method of Coleman and
Noll [25].

Although HMT has been used in several fields (e.g. alloy solidification [10]),
a porous body is the canonical model of a system to which HMT is applied [1-
3, 37, 64, 65]. In fact, the first application of HMT was to model single-phase
flow through a deformable, elastic porous medium in which Darcy’s law, which
governs the flow of the liquid phase, was recovered [42]. Later the theory was
extended to describe multicomponent fluid flow in porous media, in which the
derivation of Fick’s law and a generalized Darcy’s law were the primary object-
ives [39]. Soon after, the theory was again extended to include multiphase flow in
porous media with interfacial effects [37, 45]. Among other results, this approach
[43—45] extended the thermodynamical groundwork for the physics of two-phase
flow, e.g., [21, 34, 59]. In particular, a near-equilibrium capillary pressure relation
and a generalized macroscopic form of Darcy’s law were derived in which the
generalized Darcy’s law includes an additional interaction potential involving a
saturation gradient. This generalized form of Darcy’s law circumvents the usual
heuristic extension of the single-fluid Darcy’s law to that for multiple-fluid phases
with relative permeability.

We discuss in detail the consequence of postulating the existence of a con-
stitutive relation for the time rate of change of the volume fraction as a means
of closing the system of equations [21]. As in all upscaling approaches, there
exists an additional variable, the volume fraction in this case, for which there is
no additional equation. The appearance of the additional variable is a consequence
of losing information about the microscopic geometry and is known as the closure
issue [18]. The means of closing the system is crucial in our formulation since, as
a result, the macroscopic system has some viscoelastic constitutive behavior. As
we shall see, the results are in agreement with some empirically based constitutive
theories.

The macroscale chemical potential has been defined in a variety of ways, and
here we concentrate on the definitions relating the change of the intensive
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Helmholtz potential with respect to the concentration, i.e. if i’ is the chemical
potential of the jth constituent relative to the Nth constituent, then

i Aq
Mo” = )

aCa

in which A, is the intensive Helmholtz potential of phase o. We employ a modific-
ation of the traditional linearization procedure for the dissipative entropy inequality
to obtain near-equilibrium relations. The traditional procedure involves linearizing
coefficients which are zero at equilibrium. For a system composed of N mis-
cible components, this traditional approach yields a generalized form of Fick’s
law which has not been as sharp as needed for practical applications. In [2, 39] the
following form of Fick’s law is derived: '

j=1,...,N-—1,

Riu, =V, =Vl —ul), j=1...,N-1, a=ls, 1)

where @ = 1, s denotes the liquid and solid phase, respectively, and R/ is a material
tensor arising from a linearization procedure. After appropriate simplifications [28,
39] Equation (1) reduces to the classical Fick’s law which states that the diffus-
ive velocity is proportional to the concentration gradient [7]. However, we are
interested in reproducing the more general form of Fick’s law, which according
to statistical thermodynamics, states that flow is driven by an absolute chemical
potential gradient (i.e. V u,{{) [80]. This is in contrast to Equation (1) which states
that flow is driven by a chemical potential gradient relative to the Nth component,
implying that the diffusive velocity is a function of how the constituents are labeled.

This lack of clarity is similarly manifested in equilibrium relations obtained
from the entropy principle. For example, classical Gibbsian thermodynamics tells
us that at equilibrium, the chemical potential of a single constituent coexisting in
two phases is constant, i.e., ,,Lg' = ulj , j = 1,..., N [23]. Yet historically the
only derivable comparable result obtained by exploiting the entropy inequality in
mixture theory is [2]

pl=p, j=1,...,N-1 )

As we shall see, there is no prescribed method for extending the above relative
result to the absolute form at the macroscale. The primary reason for obtaining
results in terms of the relative chemical potential is the interdependence of the

concentrations (Z;V:] Cg; = 1) and the interdependence of u({, j=1...,N,
through the constraint
N
Z C éllgl = 0. (3)
j=1

In classical Gibbsian thermodynamics, this interdependence is avoided because
extensive variables representing the number of molecules of each constituent are
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used as independent variables, instead of intensive variables (concentrations). Us-
ing extensive variables, such as the number of molecules of each constituent, is not
possible in HMT as the upscaling process cannot be performed on extensive vari-
ables, at least not in a physically meaningful manner. Thus, all results standardly
derived [2, 39] are in terms of the relative chemical potential.

Some of the results involving the relative chemical potential can be sharpened
by choosing u¥ appropriately and subsequently deriving results for the absolute
(non-relative) chemical potentials. For example, in [19, 22], the following tensorial
definition for the chemical potential was proposed and has since been used in most
mixture theory derivations [2, 39]:

. ; 1 . :
vi=All—- th,. - @
(21

This definition has the nice property that

al 1
> Clv) = A — —ta, )
— - Pu
j=I1
where t, are the stress tensors of phase o For the case of a perfect fluid, t, = —pl,

and the right hand side of (5) reduces to the classical thermostatics concept of
Gibbs energy [23]. This definition for the chemical potential seems to be motivated
by convenience and is not easily reconciled with the classical definition, which is a
scalar. The classical Gibbsian chemical potential, u({;, which is defined as the deriv-
ative of the extensive Helmholtz energy with respect to the number of molecules of
constituent j [23], has the following characteristics: (1) it is a scalar and measures
the energy required to insert a particle into the system [61]; (2) its gradient is the
driving force for diffusive flow (Fick’s law) [80]; and (3) it is constant for a single
constituent coexisting in two phases at equilibrium, i.e. for the solid, s, and liquid
phase, 1, u = u{, j=1,..., N where N is the number of miscible components
in each phase [23]. The fact that the tensorial definition is not a scalar has lead to
some difficulty in evaluating all its components, especially the off-diagonal terms
[8, 69]. Furthermore, Bowen’s tensorial chemical potential (4) also does not satisfy
characteristics 2 or 3.

The above issues on the chemical potential were partially addressed in [14]
within the context of HMT applied to diffusion and adsorption of contaminants in
a granular, or non-swelling, porous media. In this work, two definitions for the Nth
chemical potential were introduced, and their effects on the relative form of Fick’s
law (1) and equilibrium result (2) were discussed. Here the sharper results of [14]
are extended to accurately describe diffusion and adsorption of a multicomponent
fluid in a swelling porous media, and a new application of the Lagrange multiplier
technique of Liu [52] is used to enforce the constraint on the gradient of diffusive
velocities (3) weakly. Liu proved that exploiting the entropy inequality subject to
constraints is equivalent to exploiting a modified entropy inequality formed by
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adding linear combinations of the constraints premultiplied by Lagrange factors.
The technique we use to derive our results is a modification of the Lagrange mul-
tiplier technique developed by Liu. In contrast to Liu and Muller [52, 53, 63],
who view the field equations as constraints, we show how the Lagrange multiplier
technique can be extended to enforce other relationships between various variables,
such as the relationship given by Equation (3).

In the next section we state the governing balance laws and entropy inequality
as derived by averaging, along with notation and major assumptions. In the fol-
lowing section, constitutive assumptions in the form of the choice of constitutive
independent variables are made, and the entropy inequality is formulated in terms
of Lagrange multipliers. In Section 4, we derive general nonequilibrium results
(i.e. results which always hold) obtained by exploiting the entropy inequality in the
sense of Coleman and Noll and present two definitions for the macroscale chemical
potential. In Sections 5 and 6, results which hold at equilibrium and which are
obtained by linearizing about equilibrium are derived, respectively. In Section 7,
we compare several definitions of the chemical potential by studying three hy-
pothetical experiments. In the final section, we provide a few salient concluding
remarks.

2. Macroscale Balance Laws and Entropy Inequality

In this section, we briefly review the derivation of the macroscale balance laws and
entropy inequality. In the process, it is shown how macroscale variables in the field
equations can be precisely defined in terms of their microscopic counterparts.

Consider a multi-constituent single-phase flow (denoted by 1 for liquid) through
a deformable porous medium (denoted by s for solid). For simplicity we consider
the range of moderate moisture content which allows us to assume that interfaces
contain no thermodynamic properties. Consequently, it is assumed no amount of
mass, momentum, energy, or entropy are lost when being transferred between
phases. Interfacial effects can easily be included by pursuing any of the approaches
of [29, 37, 45]; however, since this issue is not our primary purpose, we shall omit
these terms to keep the level of algebra at a minimum.

In addition, it is assumed that there exists the same N constituents in each
phase. This assumption is necessary to derive the correct equilibrium results for
the chemical potential [2]. For the more practical case, where there are less than N
constituents per phase, the corresponding results can be obtained after exploiting
the entropy inequality by setting the concentrations of the appropriate constitu-
ents to zero. Because of this restriction, it is necessary to consider the governing
equations for each constituent in each bulk phase. We first present the governing
microscopic equations, then the averaging procedure, and finally we present the
averaged equations for the bulk phase with no assumptions made on the size of
perturbation of the thermodynamic variables. '
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At the microscale we assume the governing equations used in mixture theory
hold for each phase. Consequently, thermodynamic properties exist for each con-
stituent at each point within each phase, and each constituent must satisfy the
governing field equations: conservation of mass, balance of linear and angular
momentum, conservation of energy, and entropy production. Assuming no surface
discontinuities, the constituent, microscopic field equations can be expressed for a
given phase, «, as (following the notation of [33]) :

i(pf‘n/ff>+v.(pfvfwf)—V-if—pfff=p"Gf+p"$’l ©

where ¥/ is the mass-average (over the phase) thermodynamlc property of con-
stituent j, v/ is the mass-average velocity vector, p’ is the mass dens1ty, i/ is the

flux vector, f/ is the external supply, G/ is the net production, and 1,0 represents
the influx of ¥ from all other constituents (e.g. due to chemical reactions). If there
is only one constituent, 1’/;] is zero.

The averaging procedure is based on ideas laid down in [72, 78, 79]. Several
methods are available, but we choose the computationally simplest. Equations are
averaged over a representative elementary volume (REV) by weighted integration
using the indicator function of the a-phase. To avoid the mathematical difficulties
of, for example, defining a derivative of the averaged quantities resulting from us-
ing such a weighting function, one must treat the averaged quantity as a distribution
[68, 71].

It should be noted that using this simple weight function may mean that the
averaged value may not represent the actual values being measured. To account for
the measuring technique, one needs to choose a weight function which represents
the instrument used to measure the physical properties [27]. Extensions of the
presented theory to such cases are straight forward.

After averaging Equation (6), the system is considered to be a mixture so that
each component in each phase and each bulk phase now have thermodynamic
properties existing at each point within the macroscopic body. The Macroscopic
definition of each field variable in terms of its microscopic counterpart, making no
small perturbations assumptions, is given in Appendix A.

Here we make the additional assumptions that all external sources except for
body forces (gravity), are negligible and that the solid and fluid are at local thermal
equilibrium so that a common temperature 7' can be assigned for both phases, i.e.
T, = T, = T. Furthermore, we assume the solid and fluid are nonpolar so that
conservation of angular momentum for each phase implies the stress tensors of
each phase are symmetric. For ease of exposition we assume no exchange of mass
exists between constituents within a phase (i.e. no chemical reactions: 7i = 0),
although extending the theory to such cases is straight forward [2, 39]. We do allow
exchange of mass between phases. If the macroscopic variables are defined as in
Appendix A, then the form of the macroscopic field equations have the following
form:
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Conservation of mass
For the jth component in the a-phase, conservation of mass can be expressed as

DJ(eap])

N + 40V Vi =2, a=ls, j=1,...,N, €

where DJ /Dt denotes the material time derivative following the jth component in
the a-phase, i.c.,

D/ @ .

-2 - —_4v/.V, j=1,...,N, a=1s.

Dt ot tVa / :
Summing over all constituents, and defining the bulk phase variables appropriately,
we obtain conservation of mass for the c-phase,

Dy (84 04)
Dt

where ¢, represents the net mass gained by the a-phase from the other phase, and

D, /Dt denotes the material time derivative following the a-phase. Subtracting C}

times Equation (8) from (7) yields a more useful form of the continuity equation
for constituents:
D,C]

]"‘)t“+v.(a,,pgug;)=(e‘g—cg?a), a=1ls, j=1,...,N. 9

+ 8apav Vo =?a, a=ls, (8)

€0 LPa

Conservation of momentum
Momentum balance for the jth component of the a-phase can be expressed as

va’
s,,pa D -V (sat’)—sap’g T1+1 a=1s, j=1,...,N (10)
and for the a-phase we have
Dqyv, -~
tapa—p —V - (Eate) ~€apu=Ta, a=Ls, (11)

where t, denotes the average symmetric stress tensors for the a-phase, and T,
denotes the net gain of momentum for the «-phase due to interactions with the other
phase. This form of the momentum equation differs from [21] or [6] in that their
definition for the partial stress tensor and density incorporate the volume fraction.

Conservation of energy

For the jth component of the a-phase, conservation of energy is given by

JEJ S : ~

i")t"‘ —gutl 14—V (e,q) = QL +E}), a=ls, j=1,...,N

and for the a-phase by

Ealy

D,E
€aPa Dta — &xty tdy — V. (Saqa) = Qas a=1ls, (12)
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where E, is the average internal energy density, per unit mass, of the a-phase, q4
denotes the heat flux, d,, is the symmetric part of Vva, A : B = tr(AB7) denotes
the classical inner product between tensors, and Qa denotes the gain of energy by
the a-phase due to the interactions with the other phase.

Entropy inequality
The entropy inequality for the entire mixture is

ana eaq¢],; i —~j
A= ZZ[%% o 7 (T) —'¢é“'h§] 2 0,

a=ls j=1

where A is the net rate of entropy production. Here we have assumed that each
constituent in each phase undergoes only simple thermodynamical processes, €.g.,
the entropy flux is proportional to the heat flux. As a result, using (12), the entropy
inequality can be rewritten as

Z Z[ Eal) (DJAJ +n£D]§tT)+

a=ls j=1

+T" df+ qa VT+—(E’+Q’) 5&—?7‘5}]20,

where we have performed a Legendre transformation to eliminate EJ in favor of
the Helmholtz potential, A].

Recall that the bulk phase variables are defined so as to obtain bulk phase field
equations which resemble the traditional form of the field equations. The various
relations between the phase and species properties are [2, 39]

N N N
= ZP&’;’ ey = Z?‘{” PaVa = ZPJVJ = Pa chvgt’ (13)
j=1 Jj=1

j=1
N N
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N

Qa=Z[Qg+T3-u;+?g,(EJ E+§ug, )] (18)

j=1

where 7, and A, denote the entropy and free energy of phase a, respectively, and
® denotes the tensorial product between vectors.
In addition, we have the following constraints [2, 39]:

N
Y ea=1, Y ci=1, Zp’u’—-() (19)
j=1

a=l,s
N N
in = Yd=0, D E +i-u)=0, (20)
j=1 j=1
Y e =0, e =0, j=1,...,N, 1)
a=ls a=l,s

Q)+ Tl -vi4+el|El 4+ =v]. =0, j=1,...,N, (22)
o a o

a=ls

Z(T’+e’v’)— Y (@ +end)=0, j=1...,N. (23)

a=l,s a=l,s

Relations (19) are a consequence of the definition of the variables. Restrictions (20)
are a result of summing the balance laws over each constituent and requiring the
bulk phase to satisfy the balance laws. Restrictions (21)-(23) are a consequence
of assuming that the interfaces have no thermodynamical properties, e.g. the mo-
mentum transfer from the liquid phase to the solid phase is the same magnitude as
that from the solid to the liquid phase.

Expressing the entropy inequality in terms of phase propertles and using (13)-
(23) we have

D,A,  D.T\
TA = Z_eaptx( +77a >+

Dt Dt

a=ls

N
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N

11N 1
- Z Za ("“IJ ‘u) — ~u) '“i) - ~‘31(Al — A+ -v Vl.s) >0,
a=ls j=1 2 2 2

(24)

where v) s = v; — v; denotes the relative velocity, I denotes the identity matrix, and
the following relation has been employed

N
D,A . . .
= taPa ;')t"’ + YD [E(Ae — A + V - (eapiALu))].

a=l,0 a=ls j=1

3. Constitution

In this section, we assume the material is a swelling colloid. We focus our dis-
cussion on clay, but the results can be applied to other swelling systems, such as
lyophilic polymers. The clay systems we have in mind are smectic clays such as
montmorillonite. We assume the clay systems can be described as an assemblage
of mineral platelets, forming the solid phase, and vicinal water, forming the fluid
phase. This system may swell under hydration and shrink under desiccation.

The unknowns in our system are:

&, Par Cl, Vo, V2, T, (25)

Aa’ A('i, n(!a n(jys tas t{x, T]’ T{! as /eij) qa’ qéa
P, 0, 0,E, j=1..,N-1 a=ls (26)

Note that since we only consider N — 1 constituents, the above variables are indeed
independent. To arrive at a system which has the same number of equations as
unknowns, we consider the last two rows of variables (26) to be dependent, or
constitutive. These variables are assumed to be functions of a set of independent
variables which we henceforth denote as the constitutive independent variables.
However, even with these constitutive variables a careful count indicates that there
is still an additional unknown for which there is no corresponding equation. Mak-
ing a comparison with classical mixture theory for a single phase, we see that the
volume fraction is the variable unaccounted for. Thus, there is a problem of closure
associated with the loss of information in the upscaling process. One way of closing
the system is to assume the solid phase is incompressible (e.g. Dsps/Dt = 0)
[42]. However, we are interested in more general results so that these ideas can
be extended to more complicated systems, such as systems with more than two
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bulk phases, or a system for which interfacial effects cannot be neglected. One
popular method, introduced first for granular media in [36] and generalized in
[67] is to postulate another balance law, called the ‘balance of equilibrated forces’.
Eventually constitutive relations must be postulated for these additional terms. In a
fashion similar to this approach, Aifantis and co-workers have suggested that there
should be additional balance equations for all internal variables [5, 77]. Again the
system must be closed by introducing additional constitutive variables.

Although some nice results have been obtained using this approach, we have not
chosen to close our system of equations in this manner for several reasons. First, the
additional balance equation has no microstructural origin. Within HMT all balance
equations are upscaled from the microscale. Not relating each additional variable to
a microscale counterpart has resulted in confusion as to the physical interpretation
of these variables [4]. Further, many of the physical interpretations attributed to
the variables in the additional balance equation correspond to terms within the
original macroscale balance laws, especially if one includes the interfacial balance
equations as well. Lastly, we feel the system should be closed by a constitutive
relation. The change in the volume fraction is a consequence of the constitution of
each phase of the porous media, as well as the state of each phase.

Although we feel this issue needs to be examined more closely, the closure
method we feel most comfortable with is that of postulating a constitutive relation
for the material time derivative of the volume fraction, which was first introduced
in [21]. Note that this method of closure can be viewed as a simplified version of
adding an additional balance equation; within the additional balance law for the
volume fraction, if it is assumed there is no external supply of the volume fraction,
all variables except for the time rate of change of the volume fraction are considered
constitutive. Thus, there is a relation between the aforementioned closure method
and this one. Additionally this closure approach allows the derivation of results
which had only been previously heuristically derived [2].

We assume the macroscopic medium is nonheat conducting, the macroscopic
fluid is nonviscous, and the fluid and solid phases are compressible. By the Prin-
ciple of Equipresence [76], we assume that every constitutive variable is a function
of all the following macroscopic constitutive independent variables:

T’ Pas ESv Vi,s9 ui, Cc{, Vci, vpa’ VES’

ji=1...,N—1, a=ls, 27
where E; is the macroscopic strain tensor of the solid phase defined by
1
E, = 5 (F;F, - D, (28)

in which F; = gradx, denotes the deformation gradient (with grad denoting the
differentiation with respect to a macroscopic material particle). Here we have im-
plicitly assumed the constitutive variables are local functions, that is, the value of
each constitutive variable is determined by the values of the constitutive independ-
ent variables at that same material point, so that there is no nonlocality in space.
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With this assumption, the variables and their gradients (27) can be considered in-
dependent, since it is possible to have different processes which at a single point
can have e.g. the same strain but varying gradients of the strain. As we shall see in
the next section, including the gradient of the strain tensor in the list of constitutive
independent variables is crucial for deriving a proper form of Darcy’s law for the
vicinal fluid. 4

The macroscopic strain is a measure of the solid phase geometry, so by includ-
ing E, and VE; in the list of constitutive independent variables, we assume that
the behavior of the system is partially dictated by the separation and distortion
of the solid platelets and their spatial variations. Moreover, although both ¢, and
E, could be considered as independent variables [11, 13], Es is closely related
to & through the continuity equation, especially if the mass transfer of constitu-
ents between phases is negligible (see Section 8), so that we choose to include
only E; as an independent constitutive variable. In addition, u? and CY are not
considered independent variables since they are coupled with other independent
variables through (19).

To simplify manipulations of the entropy inequality, we use Liu’s Lagrange
multiplier technique [52]. We first choose to view conservation of mass equations
as constraints which are weakly enforced in the entropy inequality using scalar
Lagrange multipliers, A, and ). We further use Lagrange multipliers to enforce
the relationship between Vuj, j = 1,..., N obtained by differentiating (3). This
approach differs from the more commonly used method which involves eliminating
Vuf,,v directly via (3) [2, 14, 39]. The two techniques give identical results, but
this procedure provides a more systematic method, simplifying the manipulations
required to exploit the entropy inequality. LetI" 2’ denote the second order tensorial
Lagrange multiplier corresponding to the constraint on Vu]. The superscript N is
carried to remind us that we view the constraints as restrictions on uy, that is they
depend on the labeling of the constituents.

Let Agq = A of (24). Modifying the entropy inequality we get

[Da(eapa)
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Next we invoke the theorem of Liu [52], which states equivalence between the
entropy inequality with restrictions and the modified entropy inequality above.

To simplify the quantity of algebra which follows, we deviate slightly from the
axiom of equipresence [33], and assume the Helmholtz free energy densities of the
phases depend only on a subset of the set of constitutive independent variables. It
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can be shown that if it is assumed the Helmholtz free energies are a function of all
constitutive independent variables listed in (27), that the exploitation of the entropy
inequality requires that both energies are not a function of vy s, ua, Vpl,VCZ, and
VE;. Here we additionally assume that the liquid free energy is not a functlon
of ps and Cs , and likewise that the solid free energy is not a function of p; and
q. J Incorporating these additional dependencies still produces the results presented
herem if one slightly modifies the thermodynamic definitions of the pressure and
chemical potential [13, 11]. For the system under consideration it is thus postulated
that

As = AT, ps, C{, E) ,
AI = AI(T’pl’Ci’,Es), j=1,...,N—‘1.

29)

By assuming the liquid phase energy as a function of the solid phase strain tensor,
we are adopting the framework of [13, 65] in order to allow the adsorbed liquid
structure to be a function of the separation and shear strain of the macroscopic
solid phase. Recall that the definition of vicinal or adsorbed water is water whose
properties vary with the distance from the solid phase. In an ideal case, in which
the solid phase is composed of flat parallel platelets, the adsorption of additional
water causes the platelets to move further apart, changing the properties (density,
viscosity, etc. [56] of the vicinal fluid. This change is represented by the strain
tensor which, by definition, is the strain of the ‘smeared out’ solid phase. So as the
platelets separate, the solid phase strain tensor is altered. Similarly, if the platelets
are sheared relative to each other, this again affects the strain tensor. This is a
generalization of the work [2] where it was assumed that the liquid phase energy
is a function of & instead of E. In Achanta’s work, an empirical result for the
swelling pressure obtained in [56] was derived for the first time using this con-
stitutive assumption and the exploitation of the entropy inequality. The derivation
of this result in our formulation is presented in Section 7. In the more general
theory considered here, we are assuming that the Helmholtz free energy of the
adsorbed liquid is not only a function of the separation of clay platelets, but also of
the shear strain of the macroscopic solid phase. By including shear strains, we are
attempting to capture the behavior of clay soils at low moisture content (interlayer
spacings less than 10 molecular diameters of water or 25 ) where the behavior of the
microscopic vicinal water may be neither liquid-like nor solid-like, but glassy [26,
47, 70]. In this state the fluid molecules are more ordered and are layered parallel
to the surface so that the fluid, on the microscale, is structured, inhomogeneous,
and anisotropic. The interlamellar fluid is relatively immobile due to the higher
viscosity, allowing the fluid to support a shear stress.

To complete the set of definitions, we introduce the thermodynamic pressures
(Pa), the Gibbs energy density of the a-phase, G, the chemical potentials of
the jth component relative to the Nth component in the a-phase (iig’) [19], the
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classical effective stress tensor (t°) in the sense of [74], and the hydration stress
tensor (t‘s) [13, 65]. Within the current framework they are defined as follows:

BA

Pa = aa Ga=Aa+,0;IPou (30)

= PO = po/F; F R 31

t = pFaEF tt=p 3E, S (31)

. JA,

ﬁé= -, a=1s, j=1,...,N—-1L (32)
dCs

The definition of t¢ is analogous to the Cauchy stress tensor for an elastic medium
[33] although applled to a porous skeleton. In soil mechanics this stress tensor is
referred to as the Terzaghi stress tensor. The hydration stress tensor, t,, is novel,
and is a result of the physico-chemical forces between the vicinal fluid and the clay
minerals.

The Coleman and Noll method [25] is now used to exploit the restrictions placed
by the entropy inequality on the constitutive theory. Within this framework the
total derivatives of the free energies are rewritten in terms of partial derivatives
using the chain rule and the functional forms postulated in (29). Using the relations
D;/Dt = Dy/Dt + v, - V and DEg/Dt = FST d,F, [33] and the above definitions
we then have
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Dids _ 9AsDT  ps Dops « ;D! s

Dt T Dt p2 Dt ps s

where the term in the parenthesis in indicial notation is (9A/3E;;)E;j in which
repeated indices imply summation and a comma denotes a partial derivative.

To minimize the required algebra, we restrict our analysis to the case where tem-
perature gradients and heat fluxes are absent. Using the above expansions entropy
inequality (24) can be rewritten as

Dsp D,C}
TA = Z ls)ta (Ea — Eq— ) Z z > a(eupakj —Eapal,l, )——

a=l,s a=l,s j=1

N
d0A . .
- _le apa (aTa +17a)+81d1 : (t1+p1lll+j§p,’u{®u{) +

+esds ¢ (ts'l‘/)sx-sl"’t - —tl +Zpsus ®“s) +
&s
Jj=1
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N-1

dA
+Vi,s (-81;-Vp1 jg 81,01MIVC, - slplﬁ; VE; + AV o+

N-1
3 Z elplk]’VC]J + mMVe — Tl) +
j=1

&
“(pm pshs) + ZZaQVuf (A + pL 0, — ADY+ p{TI) +
a=l,s j=I
N
+ 503 ul - MV eapl) - VieapiA)) — @ +Th) +ealg Vol] -
_ls1 1
N-1
—ZAJ(AJ A+ Az)—-—el(}q As + Z(CSJ)J CiM)+ A1 — A) >0,
=] =1
j= j= (33)

where 1t ,u,a and AN are defined to be zero for notational convenience, and where

A% = (1/2) (ul u, + Vs - Vis ) Note that because the restriction asso-
ciated with the Lagrange mulnpher I‘ ,Vul, j =1,..., N, can be considered
independent when exploiting the entropy inequality. However, w,j=1,...,N,

may not be considered independent.

4. General Nonequilibrium Results and Two Definitions for the Nth
Chemical Potential

As usual, A is a linear function of the following set of variables which are neither
independent — set (27), nor constitutive — set (26), and thus are arbitrary:

Dopu  DiCy DT g - gui,

Dt Dt Dt o
where j = 1,... ,N — 1 for D;C}/Dt and j = 1,... , N for Vuj. Note that the
index on Vu/ ranges from 1 to N because we have used a Lagrange multiplier to
enforce the relation between these variables so that we can consider them to be

independent. In order to satisfy the entropy inequality for all possible processes,
the coefficients of these variables must be identically zero. This yields

a=1,s,

Ay = 22, - (34)

j=1...,N—-1, (35)

> e (5 +m) =0 | (36)
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N
t=-pl—) polu/ @], (37)
j=1
&1 N :
t=—pd+t;+ =) pluj@u], (38):
s j=1
o
t! = plAJ1 — plill— piT,, j=1,...,N. (39

Equations (34) and (35) determine the Lagrange multipliers. If any phase or con-
stituent is incompressible, then there is no equation for the corresponding Lagrange
multiplier, and it becomes an unknown of the problem. For the remainder of this
paper, we will replace the Lagrange multipliers by their corresponding definitions
given in (34) and (35). Equation (36) is a classical result stating that entropy and
temperature are dual variables [23]. The macroscopic stress tensor for the vicinal
liquid (37) is, in a first order theory, a scalar multiple of the identity. Note that
if VE, had not been included in the list of independent variables, then it would
have been included in the above list of variables which are neither independent nor
constitutive. This would have resulted in the conclusion that A is not a function of
E,, and the above results could only be used to model nonswelling porous media.
Equation (38) gives important insight into the behavior of the stress tensor for
the swelling particles. If we introduce the total stress tensor t = &sts + &1t and total
thermodynamic pressure p = & pj + & ps, then by using (37) and (38) we obtain

N
t+ pl = gt. + &,t° — Z Zs‘,p‘{ué Qul. (40)

a=ls j=1
Equation (40) is a modified Terzaghi’s effective stress principle for swelling clays
which incorporates the effect of hydration stresses. It states that the equilibrium
part of the stress tensor for a swelling medium is composed of both the classical
effective stress tensor in the sense of Terzaghi [74], t¢, and an additional stress, t;,
which accounts for the stress in the adsorbed water due to hydration forces. The
effective stress tensor, t¢, measures stresses induced by solid-solid interaction and
hence is the dominant factor when considering nonswelling systems such as sands,
silts, and low and medium plastic clays such as kaolinite or illite. On the other
hand, t‘s dominates when there is a significant amount of solid—fluid interaction,
such as swelling particles. Clearly this additional stress component is due to the
presence of physico-chemical forces arising from surface hydration. Whence, as in
[13, 65], we term the coupling tensor t} the ‘hydration stress tensor’. Other attempts
to obtain the hydration stress tensor have been primarily heuristic [46, 51, 62, 73].
Equation (39) relates the chemical potential to the stress tensor of the compon-
ents within each phase, t/. One consequence of (39) is that by letting j = N we

obtain the definition of the Lagrange multiplier, 1"2’

1
I‘;v = A(val - ';'ﬁtg (41)

24




MACROSCALE THERMODYNAMICS AND THE CHEMICAL POTENTIAL 205

But more importantly, Equation (39) illustrates that applying the Coleman and
Noll method only yields results relative to the Nth constituent. This is due to
the interdependence of the concentrations (19). In order to derive more specific
results, a definition for the absolute chemical potential must be postulated, and this
strongly affects the form of the final results. This procedure is mostly avoided in
classical and statistical thermodynamics because extensive variables, namely the
number of molecules of each constituent, are used as independent variables instead
of intensive variables (concentrations).

We believe the appropriate definition of the absolute chemical potential within
mixture theory needs to be carefully examined. Indeed, one can find a variety of
definitions in the literature. Here we mention a few. In terms of our notation, Kre-
mer et al. [50] define the chemical potential at equilibrium to be (o Ay)/ ap‘{, for
fixed vibrational energy. In [4] the chemical potential is defined to be 3(C} JAI/3C.
Probably the most popularly used definition is the tensorial definition of [19, 22]

1
AJI——tJ j=1,...,N, (42)

je’
x

see, €.g., [2, 39]. To determine the most appropriate definition, a criteria must be
established, and we believe that the criteria should be that the macroscale chem-
ical potential should have the same properties as that of the classical Gibbsian
chemical potential. Further, these properties should be consistent with the entropy
inequality.

In classical Gibbsian thermodynamics, the chemical potential is defined to be
the change of the total extensive Helmholtz potential, A, with respect to the number
of molecules of constituent j, n’, keeping temperature, volume, and the number of
molecules of all other constituents fixed, i.e. dA/dn’ |T Vin [24] In th1s setting, the
chemical potential has the following properties [24]:

(1) It is a scalar quantity representing the amount of chemical energy required to
insert/remove a molecule of constituent j (by definition).

(2) Atequilibrium, the chemical potential of a single constituent in different phases
is the same.

(3) The chemical potential is the driving force for diffusive flow. In particular, at
equilibrium the gradient of the chemical potential is zero.

Note that the above properties do not imply that at equilibrium the chemical po-
tentials of two different constituents are the same, an error commonly found in the
literature. It is especially important that property 3 holds, as it is the property used
to indirectly measure the chemical potential [24].

Of the definitions given above, only Bowen’s arises naturally within our frame-
work. In fact, using Bowen’s definition (42) we get from (41) and (39)

vW=rV (43)

g =v}—vy, | (44)
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respectively. By multiplying (42) through by C] and summing on j from 1 to N,
we find that

N . 1
Y Clvl = AJd - —ta, (45)
j=1 pa '

where we have used the relationship between the phase stress tensor and partial
stress tensors in (14) and neglected second order terms involving diffusive velocit-
ies. This definition for the chemical potential seems to be motivated by convenience
and is not easily reconciled with the classical definition, which is a scalar. Although
for a single constituent liquid, the classical scalar and Bowen’s tensorial definitions
agree, i.e., v; = wl = (pi/o + A)l, the question remains as to how to interpret
this tensorial quantity in the solid phase, which, according to classical statistical
theory, is physically interpreted as a measure of the amount of chemical energy
required to place a particle in the system (property 1, see also [61]). Indeed, we
will show that Bowen’s tensorial chemical potential definition is not reconciled
with classical properties 1-3 when considering a stressed solid phase. This has
caused some problems with measuring the tensorial stress tensor [8, 69].
Alternatively, by defining the chemical potential slightly differently, we can
reproduce in form classical Gibbsian results. To this end, note that beginning with
the relationship between the stress tensors of the components and phases, (14), and
eliminating ZN t/, t,,and l""xv using (39), (37, 38), and (41), respectively, gives

j=1"a?
1 N 1 - Jj~i N
it = —p+ A=) G AL
Py P1 =1
-—itNJfi 42 = L +A—}N':cf"f—A” I
PN T p\* e t) o Do = T

This tells us that the left-hand sides of the above equations are scalar multiples of
the identity. By using (39) we can show that the above quantities on the left-hand-

side are scalars for all j, j = 1,... , N. With this as a motivation, define the scalar
chemical potentials
, ; 1
wil= All- =4, | 46)
P
ILSIEAéI—'—‘Ttg“i“—" tt+—t), j=1...,N, @n
pg (3 Es

where we have used the nonbold symbol, uJ, to distinguish it from Bowen’s tensorial
chemical potential which we continue to write in bold face. Multiplying (46, 47)
by CJ and then summing on j gives us the relationship analogous to (45)

N

. 1
Y Ciul = Au+ —pu=Goy a=Ls, (48)
o Pa
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where definition (30) for G, has been used. Moreover, if we define the pressure of
the jth component, p/, as

—pli=t, —pli=t/- cg’(tg + ?t;), j=1,...,N,
S
then (46) and (47) can be expressed as

A{;+i}.p{;=u,{,, a=ls, (49)
which shows consistency with (48). Summing (49) over all components and com-
paring with (48) implies p, = Z?’:] pl so that in particular, this gives us an
alternative way of interpreting p;.

Comparing the two definitions of the tensorial and scalar chemical potentials
(42), (46, 47), we arrive at the following relationships:

p,]jl=vlj, (50)
ey = L s Bg ;
usl-vs=;— £+—t), j=L...,N. (51)

For future reference, if definition (32) is combinedbwith the above result and (44),
we obtain the relation

0Aq

;’Z‘{;I = jI = v{; — viv = (/,L{; - [,l,g)l, 52)
which is also obtained by using the interdependence of CJ, j = 1,..., N and the

chain rule [28]. If one assumes a priori that the absolute chemical potential satisfies
(52), then it is only necessary to define the N'th chemical potential, which is a much
weaker postulate than the assumptions presented in this section. Furthermore, note
that the difference between the tensorial and scalar chemical potentials (51) is due
to the effective and hydration stresses. If, for example, the solid phase is replaced
by another immiscible fluid, we would get equality between the two definitions. As
we shall illustrate in next section, the right-hand side of (51) plays a crucial role
in the deviation of the tensorial chemical potential from classical Gibbsian results.
Also note that constitutive theory for a granular media falls out naturally by setting
t. = 0. In this case the difference between the tensorial and scalar definitions are
only due to the effective stresses, t¢.

5. Equilibrium Restrictions

For the system under consideration, equilibrium is defined when Dsg;/Dt, vy s,
u/, &, & vanish for j = 1,...,N — 1. It is postulated that at equilibrium en-
tropy is maximum and entropy generation is minimum. Therefore, we must have
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(8A/8z,). = 0 and (82A/3z,9z). positive definite where z, and z, denote any of
the above set of variables. Before applying these conditions, it is necessary to re-
write the term in entropy inequality (33) associated withw/, j = 1,... , N interms
of independent variables u/, j = 1,..., N — 1. To do so, we use the following

result obtained by using restriction (3):

N CJ

J J J. J o &
E u, W, = E u;, (w CNwa>
j=1

where w/ is the vector representing the coefficient of u/ in (33). Using (41) and
(35) we can now express this term as

Z w . [;zgwsapg) — Vieapl (AL — AN = G +T) +

Cl CJ
+ —Cwo +T7) —eaty V (CN) }

We thus obtain the following results which hold at equilibrium:

P1= Ds, (53)
—~ 04
T, = p\Ve — g10,— : VEq, 54

1= Pivé 81,0xaE s (54)

N 1 1 .y o
V- eo0l| I — (AL — ADI+ ~—t’ -ty | | = €apzVirg, (55)
Pa Py
i = i, (56)
(Zl +A1)I—ZC1 w vy = (ﬂ +A)“ZC’”s’+”s’ G7
]
Jj=1 J=1

where we have used the definition of the Lagrange multipliers given in (34) and
(35). Further, we used the momentum equation for species, (10), at equilibrium
in the derivation of (55), and Equation (44) was used in the derivation of (57).
Relation (53) states that at equilibrium, the thermodynamic pressures of the two
phases are equal. Relation (56) resembles in form the classical Gibbsian result
stating that at equilibrium, the chemical potentials of a single constituent in two
phases are equal, although it is not yet in the sharpest form since it is expressed
only in terms of the relative chemical potential. Expression (57) gives a relationship
between the Gibbs energy and the weighted sum of the chemical potentials. To
obtain a more physically intuitive interpretation for (54), begin by eliminating T,
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by using the momentum equation for the liquid phase (11), and then eliminate t
using (37) to get

04,
Vp—pg=— : VE,. 58
T s (58)
This shows that in contrast with a bulk liquid, the vicinal fluid does not satisfy the
classical hydrostatic relation Vp; = pg. This result will be exploited in the next
section to obtain a modified form of Darcy’s law for the vicinal fluid.
Using (39) to eliminate t/ in (55) yields

Vil =Vl -y =v. @l -vl) =0, (59)

where (52) is used for &t/ . This resembles the classical Gibbsian result stating that
at equilibrium, the chemical potential is constant, but, similar to (56), it is expressed
only in terms of the relative chemical potential.

We now use the two definitions of the chemical potential to obtain nonrelative
results corresponding to (56) and (59). The non-relative results corresponding to
(57) are given by Equations (45) and (48) for the tensorial and scalar definitions,
respectively.

Eliminating the stress tensors in (45) using Equations (37) and (38) at equilib-
rium, and then eliminating 3_7_, C{v/ and v’ — v} using (57) and (56), respect-
ively, gives, in terms of the tensorial chemical potential,

. . 1 £
v{—v{:——(tﬁﬁ—ﬁtﬁ), j=1,...,N. (60)
S s

To get the equivalent expression in terms of the scalar chemical potential subtract
(81) from (50) and combine this result with (60). This yields

Wl =ul, j=1,...,N, (61)

which tells us that the scalar chemical potential satisfies the classical Gibbsian
result stating that the chemical potentials of a single species in two phases are
equal at equilibrium. In contrast, when the solid phase is stressed, (60) indicates
the macroscale tensorial chemical potential does not recover the classical result.
This is due to the definition of the macroscale tensorial chemical potential, (42),
and in no way should this be applied at the microscale. We may interpret the right
hand side of (60), the effective and hydration stress tensors, as being an external
source. It is nonzero, for example, when an external load is applied to the medium.
Also note that if the solid phase is replaced by, e.g., another immiscible fluid we
would get, by following the same procedure, equality between the two tensorial
chemical potentials.

- We now turn to the derivation of the absolute form of (59). This requires the
derivation of an extended form of the Gibbs—Duhem relation for the vicinal fluid.
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To this end, begin by taking the gradient of the constitutive assumption for A; (29).
Using the chain rule and the constraint E  C =1 we get

~ dA
froed " —
VA = 7 )2Vp1+ E ,U,lVCI + 3E, : VE;
aAl
- j .
= % )ZVp,+ E HqVC] JE, : VE,. (62)

By taking the gradient of (48) and setting @ = 1 we also have

1
VA= 55V - —Vpit Z(C’vm +u{vCy). (63)

Jj=1

()2

Eliminating V A; via (62) and (63) and using equilibrium result (58) yields

0A
Z ¢/ Vi = —Vp. +35  VE =8 (64)

which is the Gibbs—Duhem relation for the vicinal liquid. This relation can be used
to obtain a sharper form of the relative result (59). By multiplying the scalar version
of (59) by C{ and summing over all constituents, we find, by using the above result,
that V u,]N = g. Combining this with (61) and (59) gives

Vu =Vul =g, j=1,...,N. (65)

The above result provides a sharper description of equilibrium condition (59) and
shows consistency with the classical result of Gibbsian thermodynamics which
states that in the absence of gravity, the scalar chemical potential is constant at
equilibrium. The corresponding result for the tensorial chemical potential can be
easily obtained by combining the above expression, (65), with (50) and (51):

. . 1 £ '
V.l =g, V-vi:g—V-[;—(t§+ELtL>], (66)
s S -

which confirms that in the absence of gravity, Bowen’s tensorial chemical potential
for the solid phase is not constant at equilibrium.

By incorporating the effective and hydration stress tensors into the definition
of the scalar chemical potential in the solid phase (47), we have in some sense
incorporated an ‘external’ source. Physically, both u) and (1/3)tr(v}) may be
interpreted as the amount of chemical energy required to place a particle into
the system. But we must keep in mind the slight difference between them, that
is that the scalar definition incorporates the amount of energy associated with
tr(t) + (a1/ as)tr(t:). When viewing the hydration and effective stresses as a source
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term, we see that the scalar chemical potential is analogous to the well-known
‘gravi-chemical potential’ of classical thermodynamics whose definition incorpor-
ates the energy due to gravity. In Section 8, we shall illustrate this analogy with
some examples.

6. Near-Equilibrium Theory

To derive near-equilibrium results, the coefficients of Dse/Dt, w, v, €, & in
entropy inequality (33) are linearized about the above variables since they van-
ish at equilibrium. Strictly speaking the coefficients should be linearized about
all variables of the above set [2, 39]. However, here we pursue the approach of
[14] and choose to linearize only about the one variable which gives a positive
quadratic form in the entropy inequality. So for example, if z is a variable which
vanishes at equilibrium and f is the coefficient of z within the entropy inequality,
the linearization procedure gives an approximation for the near-equilibrium value
of f as,

fneq%feq'*‘czv _ 67)

where C is the linearization constant. Using this procedure. for the coefficients of
Dgéey/Dt, vy 5, and €, we have

Dsé

Pt — Ps = Mx Dt ’ (68)
dA ~

piVe — 81— : VEs — Tj = Rivis, (69)
9E,

-G =Ke j=1,...,N-1, (70)

where p., Ri, R] and K/ are material coefficients which may be a function of the
independent variables which are not necessarily zero at equilibrium.

The above relations are nice in some sense because the term feq is zero. This is
not true of the coefficient for u/, so for this case it is necessary to do some further
manipulations. Consider the term involving u/ in entropy 1nequa11ty (33) Eliminat-
ing the Lagrange multipliers using (35) and (43), and adding }: =1 u/[pivNVe,],
which is zero by constraint (3), we have

S5 0 [vEV ) — T abd) — VeaplAD) — G+ T +

a=ls j=I

+ eV V pl + pivY - Ve,]

=), Z“’ [viV(eapl) — V(eapfAL) — @, + 1))

a=ls j=1
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Linearizing this term about equilibrium using (67) and eliminating’i:{; + T{, using
momentum Equation (10) we have

[ViV(cap)) — V(EapiAL) +V - (€at)) + €aPl8eq

= [viV(eapl) — V(eaPiAL) + V - (atl) + xplg],, + RiVL,

where R/ is the linearization constant which in general is a second order tensor and
where we have assumed the inertial term in the momentum equation is negligible
near equilibrium. Using (42) to rewrite this expression in terms of the tensorial
chemical potential yields

(—aPIV - Vi + Eupl@neq = (—€aPV - V] + £40)8)eq + RIu].

At equilibrium we can use (66) so that we obtain generalized Fick’s laws,
Riw/ = —eip{ (V -v] - @),
Riul = —&,pi(V -v] —g) — &C]V - (t;’ + -E:—t's), i=1,...,N.
Rivl = —e,pi(Vul -9, j=1,...,N, a=ls,

that is a form of Fick’s law which is identical in form to the statistical thermo-
dynamical result [80]. Note that this is a much sharper result than what has been
previously obtained, (1). The coefficients R must be such that the constraint on
the diffusive velocities, (19), is satisfied. This extends to swelling media the results
of [14] where a macroscopic form of Fick’s law involving the absolute chemical
potential gradient was derived for granular media. The above results are consistent
with equilibrium relations (65) and (66) and in particular, indicate that stressing the
solid phase affects the diffusive velocity of solid constituents.

Equation (68) tells us that near equilibrium, the thermodynamic pressure of the
vicinal fluid and solid phases are not necessarily equal, especially for colloidal
systems. The coefficient u, may be thought of as a retardation factor which among
other effects, accounts for the re-ordering of the water molecules as they are dis-
turbed, that is an entropic effect. If this is the only source of retardation, then it
follows that for a granular media, 1, = 0, since there is very little ordering of
the liquid phase in such a medium. We remark that an equation identical to (68)
with p; = 0 was heuristically derived and used in polymer physics [75] and in
the mechanics of thin films [49]. In this latter reference the authors discuss the ap-
pearance of a viscous disjoining pressure component due to the excess in viscosity
of the thin liquid film relative to the bulk phase [66]. Furthermore, using (68) in
expressions (38) and (40) for t; and t, respectively, we obtain the near-equilibrium
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relations,
N
DSS) 3] P ;
e 1 § :
tS = ("‘p]+#¢* Dt I+t5+8t8_ pgué@ug,
]

j=1

- N
Dse o .
t = <~p1+8su*——-Dstl)l+8st§+81tls—- Y} eapiu] @ul.

a=ls j=1

The above result can be viewed as a near-equilibrium modified Terzaghi principle,
which in our notation can be stated as t = —pyI + &t¢. Note that though the solid
is considered elastic, the appearance of the retardation factor in (68) leads to a
viscoelastic behavior for the volumetric stresses.

By neglecting inertial effects and using analogous arguments to those which
gave rise to the vicinal fluid hydrostatic relation (58), Equation (69) leads to the
modified Darcy’s law

1 A

E;Rm,s =-Vp—p 3E:
In addition to a pressure gradient, the above form of Darcy’s law contains a gradi-
ent of a generalized interaction potential which accounts for flow of vicinal water
induced by the deformation of the clay particle. The appearance of this additional
term indicates that strain gradients provide a potential for vicinal water flow in a
swelling medium. If vicinal water flow due to particle shearing is neglected, then
this interaction potential reduces to (0,3 A;/3€1)Ve, as was shown in [2, 64] by
positing A = AT, ;, &, Clj ) rather than the constitutive dependency of (29).
We also remark that an extended form of Darcy’s law for multiphase flows which
incorporates an interaction potential was first derived within the current framework
for nonswelling, granular systems in [43, 45].

Equation (70) governs the near-equilibrium adsorption/desorption of the jth
component by the solid phase. The coefficient K / may be identified with the kinetic
constant of linear chemical adsorption [60]. Since it is expressed in terms of the
relative chemical potentials, we turn to the task of sharpening it. To this end, we
begin by rewriting the € term of entropy inequality (33). Neglecting higher order
terms near equilibrium (i. e. A%) we have

: VEs + pig.

N N N
(- +E) =Y (- )= 2 A (- ).

Note that by using (61), we can show that each coefficient (given in parenthesis) is

zero at equilibrium. The last coefficient is independent of j, so it will contribute to

the coefficient of ¢ in the entropy inequality (recall that Ziy:l ¢ =7%)). Linearizing
the remaining coefficient using Equation (67) yields

Kiel=pl—pi, j=1,...,N,
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which is the absolute form of the near-equilibrium adsorption/desorption relation
in terms of the scalar chemical potential. Again using (50) and (51) to express the
adsorption law in terms of the tensorial chemical potential we obtain

K/3/1 = v} —v{+—(tg+—t;), j=1,.. N,
Ps &s
which again emphasizes the recurring theme that replacing the scalar chemical
potential by the tensorial chemical potential yields an additional source term due
to t¢ and t.. This result indicates a stressed solid matrix affects the adsorption rate

of the constituents.

7. Comparing the Chemical Potentials for Selected Examples

Our goal in this section is to compare the scalar and tensorial chemical potentials in
selected one-dimensional examples. In doing so we provide a better physical feel
for the two potentials. In this section we assume there is no net exchange of mass
between the liquid and solid phases, and that the solid phase is incompressible so
that Dsps/Dt = 0.

We begin with Equation (51) which relates the solid phase scalar and tensorial
chemical potentials:

. . 1 €
uil = vl + = + =t). (71)
Ps Es
To compare the two quantities at equilibrium, we define their scalar difference
. 1 , .
Apl = é-trvg —ul. (72)
Using (71) in (72) gives
; 11 &1
Apf = ———(tr e + —trt ),
Hs 3 ps ( s &s S)
which, when using the definitions of t{ (31), tlS (31), and E; (28) yields
: 10A 1 g0 0A
AIL§=—— s . s____1/01 l:Cs
3 9K, 3 g505 0K
2 6As . 2 8101 3A1

39Cs " " 3gps0Cs G (7
where C; = F!F;.

Next we rewrite the above expression for the case in which we assume the free
energies are independent of the shearing components (or deviatoric part) of Es,
i.e., for the one-dimensional problem in which the free energy, A,, depends on the
volume change of the solid phase. Let J; = detF; be the Jacobian of the solid
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phase motion, which represents the volumetric change in the solid phase [33]. For
an incompressible solid, the macroscopic volumetric deformation of the matrix is
governed by changes in the volume fraction. Therefore, if we denote the volume
fraction of the reference configuration by £ = £,(X), we have

Js&s = Es. : (74)
Using the identity (3J2/0C;) : Cs = 3-732 [33], and using (74) leads to
:2_8Aa .C, = _2_8A,, 3-’s2 .C. = 2J528Aa _ 21826Aa %
39C; 38J29C; 9J?2 des 3J2
€s 0Ay 0Aq
= —— == 85 .
Js 385 88]
Combining the above result with (73) gives
: 0A 0A
A/Jzé = —&, s _ E101 l, (75)
ae ps 0€

which is a simplified one-dimensional relationship between the tensorial and scalar
chemical potentials. The terms on the right-hand side of (75) represent the one-
dimensional version of the effective stress tensor and the hydration stress tensor,
respectively.

To illustrate the effects of the effective and hydration stress components on
Aul, we consider the consolidation of nonswelling and swelling media in two
one-dimensional examples. But before proceeding to these examples, we consider
a classical static fluids example with the purpose of setting up an analogy between
our scalar tensorial chemical potentials and the gravitational classical chemical
potentials.

Example 1: Classical Static Fluid Column Problem.

Consider a static column filled with an incompressible fluid (see Figure 1(a)).
In this example, we assume the fluid is composed of a single constituent so that its
classical (scalar) chemical potential is equal to the Gibbs free energy of the fluid,
G). We denote the potential function due to both chemical energy and gravity as
the gravi-chemical potential Gf and define it in terms of G, to be

Gl =G — v, (76)

where ¥ is the gravitational potential, i.e. Vyy = g. The gravitational potential in
(76) plays the same role as the effective and hydration stresses in (75). Orienting
the coordinate system as depicted in Figure 1(a), we set g = gi,, where i, is the
unit vector along the z-axis. Hence ¢ = gz, where we have set y = Oatz = 0 (i.e.
the gravi-chemical and chemical potentials are identical at the top of the column).
Thus,

G- GF =gz. (77)
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Figure 1. One-dimensional examples: (a) classical static fluid column, (b) Terzaghi’s con-
solidation column example with components, (c) Low’s swelling pressure experiment with
components.

Also, since the single constituent fluid is incompressible, (62) reduces to VA =0.
Thus, taking the gradient in (48) and using equilibrium expression (64) yields

1
VG =—-Vp =g,
pP1

so that when combined with (77) we obtain
VGE=0. (78)

Results (77) and (78) show that Gf is constant throughout the length of the column
while G, must increase linearly as z increases. Consequently, the chemical energy
required to place a particle in the bottom of the column is greater than the chemical
energy required at the top due to the gravitational potential.

We have thus illustrated an analogy between gravity, which acts as an external
source when using the classical Gibbs free energy, G, and the effective and hy-
dration stresses which act as an external source when using the tensorial chemical
potentials. Keeping these results in mind, we consider the role of effective and

hydration stress tensors on Aug.

Example 2: Terzaghi’s Consolidation Problem

To illustrate the influence of the effective stress tensor on Au,s, we consider
Terzaghi’s one-dimensional consolidation problem for a nonswelling elastic me-
dium as described in [74]. In our formulation, these results can be easily reproduced
by setting t = 0. As depicted in Figure 1(b), a porous elastic column is bounded




MACROSCALE THERMODYNAMICS AND THE CHEMICAL POTENTIAL 217

on the sides and bottom by a rigid, adiabatic, impermeable wall. At the top, a load
is applied and the bulk water is free to drain. We consider the equilibrium configur-
ation and assume each phase contains N miscible components. By neglecting the
dependency of A, on ¢ in (75) we have

0As

32, " (79)

Al = —&s

We assume the porous medium is linearly elastic and neglect gravitational ef-
fects. If the system under consideration is initially free of stress with a constant
volume fraction Zj, then we can assume the following quadratic form for A; [33]:

1 =32
As = =C(e — &),
2
where C is a constant representing the compressibility of the solid matrix. Using
(79) we then have

1. . _ — _

Apl = gtrvg —pl =—Cei(e1 —8) = —C(a1 — £1), (80)
where we have linearized the above expression about equilibrium (g; = %) so that
C = %,C. In addition, we can derive the linear relationship between the effective
pressure (p¢) and volume fraction

ps= —%trt‘; = —ssps%%s = —Cps(er — &)
which is similar in form to the one heuristically proposed by Terzaghi. Equation
(80) can be interpreted physically in a manner similar to the previous example.
As the overburden pressure is increased, & decreases, and since u,i is constant at
equilibrium (see Equation (65)), then tr v{ increases. Hence, the chemical energy
required to insert a solid particle into the compressed system is greater than at the
unstressed (initial) state.

Example 3: Swelling Pressure Experiment. _

To illustrate the influence of the hydration stress tensor, tg, on Aul we consider
the classical reverse osmosis swelling pressure experiment of Low [56] or Achanta
et al. [2]. As depicted in Figure 1 (c), a saturated mixture of montmorillonite clay
and adsorbed (incompressible) fluid is separated from a bulk (nonadsorbed) fluid
by a semi-permeable membrane which only allows fluid to pass. An overburden
pressure is applied to the clay mixture and the shrinkage due to the loss of fluid
is recorded. As in the previous example, gravity is assumed negligible and each
phase is assumed to be composed of the same N miscible components where
the concentrations of some of these components within a phase may be zero. It
is assumed the clay mineral consists of flat plates and the clay medium is such
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that the flat plates are parallel so that the effective stress tensor, t¢, is negligible.
Consequently, Equation (75) reduces to
Apl = —BA0AL 81)
ps 0g
Next, following Achanta et al. [2], we will show that, in contrast with the
previous example, Au{ appears inversely proportional to the volume fraction, &;.
Begin by assuming the macroscopic solid phase stress tensor in the clay mixture is
negligible (t; = 0) so that all the overburden pressure is supported by the adsorbed
liquid (recall that the total stress is given by &t + &it;). Since we have already
assumed t¢ is negligible, the equation for the solid phase stress tensor (38) reduces
to

€
pl=—t, (82)
&s
where we have used the equilibrium condition p; = py (Equation (53)). This tells
us that the pressure in the adsorbed fluid is balanced by the hydration forces (oth-
erwise all the fluid would pass through the membrane with minimal applied pres-
sure). Taking the trace of (82), using definition (31) and using the same reasoning
as in Equations (73)—~(75), we have for the one-dimensional case,
= ——tr(t) = —. 83

P=3e (t) = ap 5 (83)
Moreover, by design we have that the concentrations of all constituents are con-
stant. Since the scalar chemical potentials of the liquid phase are constant at equi-
librium (Equation (65)) we have that the Gibb’s free energy is also constant by
(48), i.e.,

1
Gy = A + —p; = const.
Pi

Hence, since adsorbed water was assumed incompressible

8A| . 1 8p1

ag Py 08

or when combining with (83)

a
pi=—az". (84)
&
Upon integrating and using the condition that when & = 1, the pressure in the

adsorbed fluid, p,, is equal to the bulk fluid pressure, ps, we get

=L | (85)
&
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Combining (83) and (81) and eliminating p, using (85) gives

LIS D D N L G i (86)
3 Ps &1Ps :

We note that Ap/ is never zero due to the assumption that there is always some hy-
dration force between the adsorbed liquid and solid phase. We conclude, contrary
to the Terzaghi problem, that increasing the overburden pressure, which causes &
to decrease, results in a decrease in the magnitude of the tr v. Hence it is easier
to insert a solid particle into a compressed swelling media. This can be physically
attributed to the stronger adsorption forces in the compressed system due to the
closer proximity of the liquid and solid phases.

As was done in [2], we can rewrite the above result in terms of the separation
of platelets, . Denote the thickness of a clay platelet by A, so that the volume
fraction can be expressed as

A
Y
Using (87), we can express (84) in terms of the separation between platelets as

)\.2 8p|
T rA)—=-—p.
(As+)ax P

@7)

3|

At high moisture contents, A < A2 /s and hence after integrating we obtain

p1 = prexp(As/A),

where the thickness of the solid platelets, A, is assumed constant. This result is
identical to the swelling pressure result obtained empirically by Low [56]. Thus,
by rewriting the dependency of Auf in (86) in terms of A gives the alternative
expression

Apl = —g-f exp(hs/A).

S

8. Conclusions

Within the framework of hybrid mixture theory for multicomponent single-phase
flow in a colloidal porous medium, we have introduced a novel definition of the
macroscale chemical potential. Unlike Bowen’s tensorial chemical potential, this
new chemical potential is a scalar which satisfies three properties consistent with
the classical Gibbsian chemical potential for a single phase medium: (1) it is a
scalar; (2) at equilibrium, the chemical potential of a single constituent in different
phases is the same; and (3) the chemical potential is the driving force for diffusive
flow (generalized Fick’s law). After defining this chemical potential, the aforemen-
tioned properties were derived by exploiting the entropy inequality and using a
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generalized Gibbs—Duhem relation. Of particular note is that we used a Lagrange
multiplier to enforce the gradient of the relationship between the diffusive velocit-
ies (3). Further, near-equilibrium results were obtained by linearizing coefficients
which were not necessarily zero at equilibrium. This is an extension to what has
been traditionally done [1, 45] where coefficients of constitutive variables such as
D,e;/Dt and ¢! are linearized about equilibrium. Here we have linearized about
variables which are not constitutive, but are explicitly related to other independent
variables, e.g., u{,l" . In fact, one can linearize the coefficient of any variable (inde-
pendent, constitutive, or directly dependent), using Equation (67); howeyver, it may
not be trivial to determine the coefficient at equilibrium. It should be noted that
this philosophy cannot be applied when deriving nonequilibrium or equilibrium
results, as the argument requires the entropy inequality to be expressed as linear
combinations of variables which are independent.

From the entropy inequality, we rederived in a unified manner macroscopic con-
stitutive results which captured the physics of swelling particles. Principle results
include:

(1) A modified effective stress principle for swelling porous media which incor-
porates an additional stress component (t!) accounting for hydration stresses
of physico-chemical nature.

(2) A modified form of Darcy’s law governing the flow of vicinal water which
involves an additional interaction potential gradient accounting for the ad-
sorptive character of the clay platelets.

(3) The appearance of a retardation viscosity coefficient (u,) as a natural con-
sequence of the topological law [18] used to close the system. Among other
effects this coefficient led to a viscoelastic behavior for the volumetric stresses
even though the solid is considered a priori to be elastic. The coefficient may
provide an important rational basis for the rheology of polymers and thin films
as it may account for the re-ordering of the vicinal water molecules as they
are disturbed. In contrast, for a granular media there is very little ordering
of the bulk liquid phase and consequently, we may expect very little viscous
behavior in such a medium due to this mechanism.

(4) Improved forms of Fick’s law and the adsorption/desorption relationship betwee
phases, which are not dependent upon the labeling of the constituents.

9. Appendix A. Definition of Macroscopic Bulk Variables

The following formulas are the relationships between the microscale and macro-
scale (continuum scale) variables. In previous papers [9, 11, 12, 40], the relation-
4

ships are derived assuming small perturbations so that ¥ =y andy — T/r—a
0. Here we have made no such assumptions.
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- 1 ,
Fa(x, = —— o) (r, )Ye(r, 1) dv(&) (average mass over 8Vy)
[6Vea| Jsv
. 1 , .
(), 1) = A f Ul (r, 1)ya(r, 1) dv(€) (volume average of property ¥)
al J§V

— 1 . , . ;
X, = — f ol (r, )Yl (x, ) ya (r, 1) dv(€) (mass average of property /).
Pl |8Va| Jov

A few notes regarding the notation follow. In surface integrals, the unit normal
outward vector n, indicates the surface integral should be evaluated in the limit as
the af-interface is approached from the a-side. A above the variable is used to
emphasize that the quantity represents a transfer from the other phase or from other
constituents.

—y

Pl =pl, (88)
ool |
ci="te (89)
Pa _
A
, 90
Eg 15V (90)
vi=vi, 1)
. i , . ,
= — i(wl, —v/) - n,da, 92)
“ TV Jing "
G 2 | (93)
U = (t)° + pivivi — pivivi”, (94)
g=g, (95)
T = 1 ‘(tf+pjvj(wj —v/)) -n,da -
* l8V| 8Aup of *
_ Yo f P! (Wi = v/) 1y da, (%6)
18V Jsaus
B = capl@ +7V = Fiv)), @7
Ej =E7 +vivim —ivi.vi, (98)

L= (@) + V) — v+

s . . . .A_a . . . . ke
+pIVI(ET + ivi i) — plvi(E) + 3V - Vi), 99
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hi=hi"+gi-vi —gl-vl, (100)

~; 1 , . . S .

) = — (qf + v+ (E7 + 3v/ - v)pl(wig — vf)) Ny da —
18V Jsa4s

vé /‘ ( . i .
- . t/ + p/v/ (W, — V) ) -nyda —
18V Jsags g )

—_—
Ei+3ivi.vi —vi.v o .
_< 2 o a)/ p}(w‘-iﬂ_vl).nada_.
8Aup

18V
\ viewl . —vi) - n. da (101)
I P’V (W — ¥ )-n "
18V Jsa0s g i
/= sap;<EJ +i v —il v+
+(EI + %vj .vj)?fa —(EJ + %vj -vf)“’r‘;'), (102)
o= (103)
¢4 = (@) + plvin] — pivi (104)
bl = 57", (105)
AJ‘ 1 . = > j .
P, = —- (@ + p'n' (Wog — V') My da —
18V Jsaas
_ T pi(wly — v) g da, (106)
18V Jsa,
7 = cupd (7" + 70" —7ind), 107
o~ —_—x
A=A (108)
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