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ABSTRACT 

In active sonar systems, detection is the process of deciding if a target 
echo is present in a return. This is often accomplished by an operator who 
examines the sonar receiver output and decides if any portion of it is larger 
than the expected response due to reverberation. Detection may also be ac- 
complished automatically using a processor that sets a threshold based on a 
sampling of the receiver output. In this report, a detection processor developed 
under the task NAV 99/027 is presented for use in active sonar systems that rSJ> 
process returns incoherently.   The statistics of the receiver output of such a g_"   1 
system follows the two-parameter gamma probability density function (PDF). f'   *■> 
Consequently, the detection processor computes the detection threshold as a ^ 
non-linear function of the ratio of two ranked values of the receiver output. f    >^ 
The result is a detection processor that exhibits a false alarm probability that ^yQ 
is bounded within ten percent of a design value regardless of the values of the ^..   ^ 
gamma PDF parameters. %*#"■% 
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A Parameter-Insensitive False Alarm Rate Detection 
Processor 

EXECUTIVE SUMMARY 

In active sonar systems, detection is the process of deciding if a target echo is present in 
a sonar return. This is often accomplished by an operator who examines the sonar receiver 
output and decides if any portion of the output is larger than the expected response due 
to reverberation. If so, then a target is declared to be present at the range and bearing 
associated with the "peak" in the receiver output. 

When ping cycles are short or alert periods are long, operators may become unreliable 
and falsely dismiss echoes that indicate the presence of a target. In light of this, it is 
desirable to employ algorithms that automatically detect the presence of a possible target, 
thus freeing the operator for other tasks, including the further processing of a return to 
classify the exact nature of a detected echo. Commonly, such processors are designed to 
maintain a constant probability of false alarm per display resolution cell, which is usually 
between 10-6 and 10-3. Such processors use samples of the receiver output to implicitly 
estimate the parameters of its statistical model and appropriately set a detection threshold. 
Any portion of the receiver output exceeding this threshold is flagged as a possible target. 

In this report, a detection processor developed under the Navy sponsored task NAV 
99/027 is presented for use in active sonar systems that process returns incoherently. 
The statistics of the receiver output of such a system follows the two-parameter gamma 
probability density function (PDF). Consequently, the detection processor computes the 
detection threshold as a non-linear function of the ratio of two ranked values of the receiver 
output samples. The result is a detection processor that exhibits a false alarm probability 
that is bounded within some range around its design value regardless of the true values 
of the gamma PDF parameters. Hence, the processor is said to exhibit a "parameter- 
insensitive" false alarm rate. 

This report documents a technique for deriving "parameter-insensitive-false-alarm- 
rate" (PIFAR) detection processors. A design example is presented. The coefficients of 
the polynomial approximations to the detection processor non-linearity, which are needed 
to implement the processor, are tabulated in Appendix A. 
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1    Introduction 

AU active sonar systems process echoes to produce an image of the tactical area sur- 
rounding the source and the processing platform. In the case of systems that incoherently 
process echoes, the signals from the receiver array are often beamformed and then passed 
through one or more bandpass filters to yield a range-bearing or bearing-Doppler map. 
These maps are examined by an operator whose principal task is to decide if any feature 
of the map is indicative of a target. Generally speaking, this amounts to examining any 
peak ("hot spot") and declaring it a potential target when its value is significantly higher 
than the average level of the surrounding area in the map. 

This process of target detection can be automated, thereby reducing the operator task 
load. This requires a statistical model for the data in the map from which an appropriate 
detection processor may be found. The common class of processors used to accomplish 
automatic detection is referred to as "constant-false-alarm-rate" (CFAR) detection pro- 
cessors. 

To date, nearly every CFAR detection processor reported in the literature is based on a 
statistical model that is dependent upon a single, unknown parameter that is proportional 
to the expected magnitude or power of the data. In our work, we have found that a 
two-parameter model may be more appropriate, so that none of the algorithms reported 
in the literature can be used1. This additional parameter does not describe the power of 
the data, but the general shape of its probability density function (PDF). 

The class of detection processors presented in this report have been developed for 
use in an incoherent sonar system whose receiver output (the range-bearing map) follows 
a gamma PDF, a statistical model that is described by a "scale parameter," which is 
proportional to the power, and a "shape parameter." In effect, the processor estimates 
the power of the data from which a detection threshold is derived, the threshold being 
insensitive to the value of the shape parameter. 

The remainder of this report begins with a general review of the conventional CFAR 
approach to detection. This follows with a description of the new approach where proces- 
sors are designed to be insensitive to the value of the shape parameter of the statistical 
model of the sonar receiver output. A recursive technique for deriving these "parameter- 
insensitive" detection processors is then presented. The report concludes with an analysis 
of their performance. 

2    CFAR Processing 

Consider the case of a sonar receiver that produces a conventional "B-scan," which 
displays the return echo amplitude or power as a function of range only. Because the 
receiver possesses a fixed range resolution, which is related to the echo's time length and 
bandwidth, the receiver output can be divided into "bins" or "cells" of equal width in 

1CFAR processors have been designed for two-parameter statistical models but with the assumption 
that one of the parameters is known apriori, thus effectively reducing the problem to that of the one- 
parameter case. An exception to this is the work of Refs. [1] and [2], although their technique appears to 
be specific to the Weibull distribution. 
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range. Values of the output can be sampled at the centre of each cell. Detection amounts 
to comparing the receiver output samples to a threshold, 7, and declaring a target present 
if any of the values exceeds it. 

In sonar systems, it is often the case that the statistical nature of receiver output 
is constant-a single PDF models all the data-but the power (expected square value) of 
the output is different at each point in range. This labours the detection processor with 
the additional task of estimating the PDF parameter that relates directly to the power. 
The structure of a detection processor for performing these tasks is shown in Fig. 1. It 
draws samples from the "data cells," X\,..., XN, that are used to compute a threshold 
to which the "test cell" value, T, is compared. This threshold is expressed as a product of 
the estimate of the data's expected power, Y, and an appropriately chosen "multiplier," 
ß. Moreover, the threshold should be set so as not to allow too many detections to 
occur, thereby overloading the operator. Therefore, the probability of a false alarm-the 
probability of a single receiver output exceeding the threshold when no target is present-is 
usually quite small in practice. Typical values range from 10~6 to 10-3. If the cumulative 
distribution function (CDF) of the test cell sample, Fx(t), is known (no target assumed 
to be present), then the probability of false alarm is given by 

roo 

Pfa(ß)=        [l-FT(ßy)}fY(y)dy, 
Jo 

(1) 

where fy(y) is the PDF of the data's expected power. In most cases, there will be no 
analytic form for the multiplier, so a numerical technique, such as Newton's method, must 
be employed to find it. 

Matched-Filter 
Receiver 
Output 

Figure 1: The generic CFAR detection processor architecture. 

Under the assumptions stated above, the resulting detection processor exhibits a con- 
stant false alarm probability. Thus, such processors are referred to as "constant-false- 
alarm-rate" (CFAR) detection processors. A number of techniques have been reported 
that yield the CFAR detection processor as defined by Eq. (1) for several families of sta- 
tistical models, each having their own advantages and disadvantages. For example, the 
values of the data cells can be averaged to yield an estimate of the power, which is known 
as "cell-averaging CFAR" (CA-CFAR) [3]. This technique provides a low-variance esti- 
mate of the power, but can yield high threshold levels if a target return is present in one 
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of the data cells. This may be corrected by using a trimmed-mean technique (TM-CFAR) 
[4] or order statistics (OS-CFAR) [5, 6]to discard the non-representative data cell values, 
thus rendering a robust threshold. 

3    PIFAR Processing 

The detection processor presented in this report is developed for an incoherent sonar 
system. A common operation in the incoherent detection of signals is quadratic detection, 
which consists of the summation of the squares of many independent samples. In effect 
the detector is measuring the energy of the echo returns. If the samples follow a zero 
mean Gaussian random process then the detector output will be gamma distributed (with 
a shape parameter equal to half the total number of samples in the sum). Here, we assume 
that the detector output in the absence of a target follows a gamma distribution with no 
restrictions on its shape parameter. The form of the gamma PDF is given by 

'*w=H^(frcxpB)'        <2) 

where X a random variable respresenting the energy of the receiver response to ocean 
reverberation, and b and c are the scale and shape parameters of the distribution, respec- 
tively. 

Because the gamma PDF is defined by two parameters, the threshold may be set using 
estimates of both parameters. In this case, two statistics based on the data cells must be 
used, and so we propose the following generalisation of the false alarm probability defined 
in Eq. (1): 

/■oo    roo 

Pfa(ß)= /     [l-FT(ß(x,y)y)}fx,Y(x,y)dxdy. (3) 
Jo   Jo 

Here, X and Y are statistics that in some way measure the shape and scale parameters 
respectively and fx,y(x,y) is their joint PDF. We need only choose the functional rela- 
tionships between these statistics and the data cells so that the PDF in the integrand 
can be evaluated. Furthermore, we should choose these statistics so that the resulting 
detection processor is insensitive to target returns falling within the data cells. 

In light of these requirements, we chose X and Y to be order statistics because such 
detection processors are robust against multiple target returns appearing in the data cells. 
Thus, if X\,... XN are the original values of the data cells, let Y\,... Y}v be these values 
after ordering in ascending magnitude (i.e., Yi < l^+i). By using Yi < Yj, let 

Z = \n(Yj/Yi), (4) 

which is a statistic that is insensitive to any scaling2. Next, choose X = Yi and Y = Yj, 
the larger of the two order statistics. In this case, Eq. (3) becomes 

/•OO     roo 

Pfa(ß) =        /    [1 - FT(ß(z)y)} fz,Y(z, y) dz dy, (5) 
Jo   Jo 

2This is easy to see, for if Yi —> aYi and Yj —>• aYj for some constant a, the statistic Z is unchanged. 
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where fx,y{x,y) is related to fz,y(z,y) via a transformation of random variables such 
that 

fz,y(z, y) = ye~zfx,y{ye~z, y). (6) 

In turn, the joint PDF for X and Y is just the joint PDF for a pair of order statistics, 
which is given by 

fx,Y(xiV)     = (i-iy.(j-i-iy.(N-j)\ 

x[jv5(y)-i;V<(*)]J","1As(») 

x[l-.Fy}(y)]       u(y-x), 

[Frt(x)rl MM 

(7) 

where «(•) denotes the unit step function [7] and fx{-) and Fx(-) are the PDF and CDF 
of the values of each data cell, respectively. Thus, through substitution, the integrand of 
Eq. (5) can be evaluated if the PDF and CDF for each data cell are known. The structure 
of the PIFAR processes as described by Eqs. (5) through (7) is shown in Fig. 2. 

Matched-Filter 

x, Guard Cells T Guard Cells -**+; xN 
Output 

< '    '"     ' '                                                         1 ' " 
ORDER 

Yi K 
' ' .   J r • 
• 

Z Non-linearity 
ßm(S A »{> y 

, i 

1 threshold 

1 = 
0 = 

Target 
No Target 

X" ̂ >V 

^?^" 

Figure 2: The PIFAR detection processor architecture. 

The values of i and j, the rank orders, are arbitrary, although some thought reveals 
what could be considered "best choices" in light of some trade offs. Roughly speaking, the 
shape parameter provides a measure of the "width" of the PDF, fx(x). Consequently, it 
is reasonable to expect that by choosing two order statistics that are significantly different 
in rank, a PIFAR detection processor's performance would be insensitive to the shape 
parameter. It follows that i = 1 and j = N would be the best choices. On the other 
hand, CFAR algorithms based on order statistics are known to be insensitive to target or 
false target responses appearing in the data cells, particularly if the median value of the 
ranked cell values is used. This would imply that i and j should be equal to the integer 
nearest or equal to N/2. A compromise between these two competing properties can be 
made by choosing i — K and j = 3K with K equal to the integer closest to JV/4. A 
similar observation regarding the choice of rank orders have been made for order statistic 
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CFAR detection processors designed for detecting targets in radar clutter that follows the 
two-parameter Weibull PDF [2]. 

Examination of Eq. (5) reveals that designing a detection processor amounts to finding 
a function, ß(-), that yields an integral that is equal to Pfa regardless of the shape param- 
eter of the statistical model for the data cells. Unfortunately, there does not appear to be 
a way to solve this integral equation in general. Nevertheless, there is a way to recursively 
find a function, /?(•), such that false alarm probability is insensitive to the shape parameter. 
Thus, a detection processor based on such a nonlinearity yields a "parameter-insensitive 
false alarm rate" (PIEAR), and so it is called a "PIFAR detection processor." 

4    PIFAR Detection Processor Design 

The integral equation in Eq. (5) cannot be solved in closed form. Consequently, a 
recursive technique for solving the integral equation was developed and is outlined below. 

Starting with an initial guess for /?(•), the multiplier is repeatedly perturbed until 
the resulting Pfa is sufficiently close to a constant design value, Pfa, over the range of 
shape parameters likely to be encountered in practice. A technique for perturbing the 
multiplier was deduced by examining the first variation of the integral expressing the Pfa 

as a functional of the multiplier, which is given by 

where 

d f°° 
5Pfa(ß,rj) = lim -i-Pfaiß + er?) = - /    / (z\ß, b, c) r,{z)dz, 

e-yO de Jo 

I(z\ß,b,c) = J^ jTVi(z) (|)Cexp (-^) h,Y(z,y)dy. 

(8) 

(9) 
T(c)Jo   "     K~'\bJ  "^ V       b 

Though expressed as a double integral, the first variation suggests how a perturbation to 
the multiplier may be chosen. First, if any perturbation of the multiplier is proportional 
to the integral in Eq. (9) it will surely change the value of Pfa. Second, for any value of c, 
the sign of the perturbation should be proportional to sign of the difference Pfa(c) — Pfa- 
Third, any perturbation should be proportional to the relative difference in size, which may 
be expressed logarithmically. These observations justifies the following heuristic choice for 
the perturbation: 

w = "E Sgn (Pfa(Cm) ~ Pfa) 

^ (cm + 1) max21 (z\ß, b, Cm) 
In Pfa(Cm)\ 

Pfa     ) 
I{z\ß,b,Cm). (10) 

The summation over a range of shape parameter values results in a non-linearity that yields 
a processor that is insensitive to the shape parameter. With Eq. (10), the multiplier can be 
found by first choosing an initial functional form for ß(-) and then repeatedly perturbing 
it using Eq. (10). In practice, a workable choice for the values of the shape parameter in 
Eq. (10) is 

Cm = Cmin + {Cmax ~ Cmin)(.m - 1)/M     for m = 1,. .. , Af, (11) 

with Cmin — 5, Cmax = 40 and M = 35. Furthermore, a = 0.25 was empirically found to 
be a good choice. 
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The initial choice of ß(z) was a piecewise linear interpolation between the values of the 
multiplier found by solving Eq. (1) for each Cm and associating it with the average value 
of Z found by numerically evaluating 

roo 
zfz,Y{z,y)dzdy. (12) 

roo    re 

Jo   Jo 

Because in practice it is impossible to optimise the detection processor for all possible 
values of the shape parameter, hard limits are established on the range of possible values 
for the multiplier. Written as ßi and ßu to denote the lowest and highest values for the 
multiplier, these limits are used when Z either falls below ZL or exceeds ZH- The values 
of zi and ZH are initially set equal to the expected values of Z that are computed for c\ 
and CM- 

It can be seen that as the shape parameter decreases, the tail of the gamma probability 
density function becomes broader, thus implying that the detection threshold should in- 
crease with respect to the mean. Accordingly, it is reasonable to expect that the mapping 
ß(-) is an increasing monotonic function. If the mapping is perturbed by blindly applying 
Eq. (10), there is risk of causing it to become non-increasing. This was remedied by ad- 
justing the array holding the samples of the multiplier. Starting from the middle element 
of the array, the samples were made to increase after each perturbation by ensuring that 
by stepping from sample to sample in the forward (backward) direction that each sample 
was made to be at least as large as (no larger than) the previous sample. 

After the recursive procedure outlined has been employed, the samples of the non- 
linearity may be stored for use in a real-world detection processor, though this was found 
to be unnecessary. A more compact way of storing the function is to fit it to a polynomial 
in the interval [ZL,ZH]- This may be accomplished using a least squares approach subject 
to the contraint that the polynomial matches the value of the non-linearity at ZL and ZJJ. 

PIFAR processor non-linearities were computed for i = K, j = 3K and K equal to 
11, 13, 15, 17, 19, 21, 23, 25 and 27. These non-linearities are well approximated by 
eighth-order polynomials, the coefficients of which are listed in Appendix A. 

5    Design Example 

Consider designing a PIFAR detection processor for Pfa = 10-4 with N = 60, i = 
60/4 = 15 and j = 3i = 45. 

Application of the algorithm for finding the non-linearity, ß(-), outlined in the previous 
section requires several integrals to be numerically evaluated. This was done by converting 
them into rectangular sums derived from uniformly sampling an interval or region. In the 
case of Eq. (5), the integrands were computed over a region centred approximately at the 
peak of the integrand that contained at least 99% of the area under the surface of the 
integrand. The area was sampled as a uniform grid with 30 samples along the y axis and 
35 samples along the z axis. This grid was also used to evaluate the integrals in Eqs. (9) 
and(12). 

Of course, the non-linearity, ß(-), must also be discretised and this was done using a 
step size that is 1/4-th the size of the smallest step size for z that is used to evaluate the 
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double integral in Eq. (5). This is the same step size used to discretise the perturbations 
defined by Eq. (10). When the discretised version of ß(-) is used to compute the integrand 
of Eq. (5), the values required are found through interpolation. 

The discrete values of the shape parameter used to compute the perturbation of /?(•) 
described by Eq. (10) were chosen using Eq. (11) with Cmin = 5, Cmax — 40 and M = 35. 
For all of the polynomial approximations to the non-linearities reported in Appendix A, 
Cmin = 2 and Cmax = 40. For the parameter, a, used to scale the perturbations, a value of 
0.5 was used. 

Using the step sizes and various parameter values described above, the non-linear 
multiplier was computed using 15 iterations according the prescription outlined in the 
previous section. Fig. 3 shows the value of Pfa as a function of shape parameter for the 
initial and final (optimised) non-linearity. The figure reveals that for 5 < c < 30, the final 
non-linearity is within 10% of the objective value of P/a = 10~4. Fig. 4 shows the initial 
and final non-linearities. The final non-linearity was fitted to an 8-th order polynomial 
between ZL and ZH- The values of these bounds and the coefficients of this polynomial 
are listed in tables in Appendix A. The difference between /?(•) and its polynomial fit is 
quite close, and would not be clearly observable if plotted in Fig. 4. It was found that 
the polynomial fit actually reduced the error between the design value, P/0, and its actual 
value shown in Fig. 3 for 20 < c < 35, although this would also not be clearly visible in 
the figure. 
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Figure 3: The initial and final curves of the probability of false alarm as a function of the 
shape for the design example of a PIFAR processor for N = 60 with i = 15 and j = 45. 

6    Performance 

Performance of a detector is most commonly expressed by fixing the probability of false 
alarm and then listing the probability of detection for a range of SNRs. This is possible if 
a statistical model is available that describes the behaviour of the receiver output when a 
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0.5 1 
Log Order Statistic Ratio, Z 

Figure 4: The initial and final curves for the PIFAR processor non-linearity for the design 
example for N = 60 with i = 15 and j = 45. 

target return is present in the received echo. Such a model is often specific to the target, 
so for this analysis, which is to be generic, it is unreasonable to assume any specific model. 
The next best thing is to simply set the false alarm rate (based on an analysis of the 
system's operational use), use it to set the per-cell false alarm probability and accept the 
resulting probability of detection. 

Since the PIFAR detector effectively estimates the statistical parameters of the envi- 
ronment and sets the threshold based on these estimates, it is reasonable to expect some 
loss of performance with respect to the ability to detect the target. Indeed, it is well known 
that CFAR detectors always exhibit detection probabilities that are lower than those ex- 
hibited by detection processors that clairvoyantly know the exact values of the statistical 
parameters of the environment. The difference between the detection probabilities of the 
two detectors is expressed by the "SNR loss," defined to be the increase in SNR required 
for the PIFAR detection processor to exhibit the same referenced Pd as the clairvoyant 
detection processor. This is illustrated in Fig. 5 where the referenced Pi is 0.5, the most 
common reference value quoted in the literature. 

The SNR loss is also dependent upon the target characteristics, but fortunately it can 
be estimated from the average detection threshold [8]: 

/•OO    rOO 

ADT(c) = E{ß(z)y} = /     /    ß(z)yfz,Y(z, y) dz dy. 
Jo   Jo 

The SNR loss (SNRL) with respect to the clairvoyant detector is defined as 

„,mr , .      ADT(c) 
SNRL(c) = — , 

(13) 

(14) 

where jc is the detection threshold found by solving 

fOO 

'7c 

^ roo 

Pfa =   /      fx(x)dx, 
Jlc 

(15) 
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Figure 5: Depiction of the SNR loss between and ideal processor and a CFAR detection 
processor. SNR loss is commonly defined as the difference is SNR between the ROC curves 
for a specified probability of detection, which in this case is 0.5. 

and fx(x) is the gamma PDF as defined in Eq. (2). The SNR loss with respect to the 
OS-CFAR detector is 

SN^=mm- (16) 

where ßo is the multiplier for the OS-CFAR detector [5]. Both the clairvoyant and OS- 
CFAR detectors assume the value of the shape parameter is known. Thus, the SNRL 
varies with respect to the value of the shape parameter, so an overall measure of SNR loss 
is the average SNR loss that is defined to be 

1 fCmax 
ASNRL =  /        SNRL(c) dc (17) 

where [cmin, Cmax] is the specified shape parameter design range for the PIFAR detection 
processor. 

Figures 6 through 9 display the ASNRL for the processors whose non-linearities are 
approximated by the polynomials whose coefficients are listed in Appendix A. These av- 
erages were computed over the interval 5 < c < 30 and are displayed as a function of the 
number of data cells, N. Note that with respect to the clairvoyant detector the ASNRL 
is generally below 1 dB, which is generally considered to be an acceptable loss. Also note 
that as the number of cells increases, the SNRL decreases. This is as expected, because 
increasing the number of data cells increases the quality of data presented to the detection 
processor leading to an improved effective estimate of the shape parameter. 
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Figure 6: The average SNR loss (ASNRL) in dB as a function of the number of data 
cells (N) for PIFAR processors with a design probability of false alarm o/10-3. For these 
processors, N = A.K, I = K and j = 3K where K is an integer. 
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Figure 7: The average SNR loss (ASNRL) in dB as a function of the number of data 
cells (N) for PIFAR processors with a design probability of false alarm of 10~4. For these 
processors, N = 4K, I = K and j = 3ÜT where K is an integer. 
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Figure 8: The average SNR loss (ASNRL) in dB as a function of the number of data 
cells (N) for PIFAR processors with a design probability of false alarm of 10-5. For these 
processors, N = AK, I = K and j — ZK where K is an integer. 
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Figure 9: The average SNR loss (ASNRL) in dB as a function of the number of data 
cells (N) for PIFAR processors with a design probability of false alarm of 10-6. For these 
processors, N = AK, I = K and j = 3K where K is an integer. 
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7    Conclusion 

This report documents a detection processor that may be used in an active, incoherent 
sonar system provided that the receiver output follows a gamma PDF whose shape param- 
eter is between 5 and 30. The numerical algorithm used for designing PIFAR detection 
processors described in this report may certainly be applied to design PIFAR detection 
processors for other ranges of the shape parameters. If the shape parameter is always 
expected to be large (c > 40) then it is probably reasonable to assume that the receiver 
output follows a Gaussian PDF. In this case it is more appropriate to use a detection pro- 
cessor that is specifically designed for such a statistical model. Furthermore, it is possible 
that PIFAR detection processors can be designed for other statistical models, such as the 
K-type PDF, that are commonly encountered in active systems in which sonar returns are 
coherently processed. 

12 
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Appendix A:     Polynomial Approximations to 
PIFAR Detector Non-Linearities 

The following four tables list the coefficients of polynomial approximations to a PI- 
FAR detection processor non-linearity, /?(•). This included the polynomial coefficients 
(68,67,..., feo), as well as the their argument limits (zL and zH) and bounds (bL and bH)- 
The approximations are evaluated as follows: 

ß(Z) « { 
bL for Z < ZL, 

ZUokZ1   ioxzL<Z<ZH, (Al) 
bn for ZH < Z. 

where 
Z = ]n{Yj/Yi) (A2) 

and Yi and Yj are respectively the i-th and j-th rank ordered values for the data cell values 

with Yi < Yj. 

PIFAR detection processor non-linearities can be designed for false alarm probabilities 
that are between those listed in the tables. Let P/B>1 = KT"-1 < l(Tn = Pfa,2 for some 
choice of integers n, N, i and j. The non-linearity 

ß(z) = wßiiz) + (1 - w)fo(z), (A3) 

with 0 < w < 1, yields a PIFAR detection processor whose design probability of false 
alarm, Pfa, is given by 

logiotö«) = w log10(P/«,i) + (1 - «;) log10(P/«,2) (A4) 

where ß\{z) and /32(^) axe the non-linearities for PIFAR detection processors with design 
false alarm probabilities P/a>i and P/a,2- The error between the actual and design false 
alarm probabilities of this "interpolated" detection processor will not be any greater than 
the errors of the original detection processors. 

14 
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Table Al: Argument limits and bounds for the eighth-order polynomial approximations to 
PIFAR detection processor non-linearities, where N is the number of data cells and i and 
j are the rank orders. 

Pfa N i 3 bL bH ZL ZH 

10~3 44 11 33 1.39454732 3.86121982 0.16866630 1.02227487 

It)"3 52 13 39 1.40095829 3.79427733 0.17631236 1.02220431 

i(H 60 15 45 1.40478272 3.75969079 0.18359136 1.02367210 

l(Ta 68 17 51 1.40797416 3.72850078 0.18826883 1.02431758 

io-ä 
76 19 57 1.41048830 3.70234778 0.19081198 1.02399012 

10-3 84 21 63 1.41207546 3.68442101 0.19373351 1.02486708 

10-3 92 23 69 1.41318252 3.66873238 0.19583288 1.02573532 

i(H 100 25 75 1.41370261 3.65397254 0.19680136 1.02641047 

10-3 108 27 81 1.41231875 3.65019669 0.19757824 1.02717994 

10-4 44 11 33 1.49474675 4.98615043 0.14821107 1.02283892 

10-4 52 13 39 1.50453487 4.88953094 0.15877295 1.02269018 

10-4 60 15 45 1.50818873 4.85274491 0.16840863 1.02422700 

10-4 68 17 51 1.51345454 4.80826047 0.17508106 1.02452170 
10-4 76 19 57 1.51778182 4.77057835 0.18021780 1.02370808 
10-4 84 21 63 1.52131394 4.74627490 0.18378082 1.02419922 

IQ"4 92 23 69 1.52433689 4.72484829 0.18717261 1.02484775 

If)"4 100 25 75 1.52679106 4.70398248 0.18879006 1.02535105 
IQ"4 108 27 81 1.52881390 4.68589780 0.19051139 1.02584550 

IG-5 44 11 33 1.57608395 6.15243956 0.13906782 1.02520394 

IQ-5 52 13 39 1.58562470 6.03313677 0.14879656 1.02465305 

lO"5 60 15 45 1.59448884 5.96348300 0.15695205 1.02601756 
10-5 68 17 51 1.60638648 5.87171391 0.16386281 1.02524225 
10-5 76 19 57 1.61031725 5.83370751 0.16954886 1.02380844 

10-5 84 21 63 1.61880805 5.78000769 0.17409797 1.02397569 

10-5 92 23 69 1.62344193 5.75197894 0.17878542 1.02421199 
10-5 100 25 75 1.62711023 5.72514742 0.18093757 1.02438771 
10-5 108 27 81 1.62540493 5.73577227 0.18240055 1.02404116 

10~6 44 11 33 1.65164957 7.41817475 0.12778637 1.02302368 

10~ö 52 13 39 1.67014117 7.18032974 0.13872140 1.02483661 
10~ö 60 15 45 1.68358192 7.04763233 0.14808194 1.02726286 
10-6 68 17 51 1.68975462 6.96177664 0.15498250 1.02730956 

10-6 76 19 57 1.69685879 6.89207546 0.16068364 1.02519294 

lO-0 84 21 63 1.70271217 6.84816946 0.16548193 1.02472627 

10-6 92 23 69 1.70834514 6.81013699 0.17002270 1.02444524 

10~6 100 25 75 1.71316599 6.77508826 0.17332235 1.02413375 
10"b 108 27 81 1.71778859 6.74443454 0.17648727 1.02377344 
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Table A2: Coefficients 65 through b8 for the eighth-order polynomial approximations to 
PIFAR detection processor non-linearities, where N is the number of data cells and i and 

j are the rank orders. 

Pfa N i 3 b8 67 be h 
10~3 44 11 33 -183.91514677 949.92372623 -2064.45869504 2460.19952451 

10~3 52 13 39 -135.46790789 740.71790896 -1686.94077877 2085.49411736 

If)"3 60 15 45 -122.65906772 731.78447496 -1789.29683925 2349.13036033 

10~3 68 17 51 -49.11856651 395.30211642 -1151.10691467 1698.63469976 

10-3 76 19 57 92.73980786 -297.15516773 273.09937515 91.49289604 

10-3 84 21 63 166.67209015 -658.21012531 1011.40055232 -730.37228035 

10-3 92 23 69 227.59671548 -968.48037201 1673.46729205 -1500.73087701 

10-3 100 25 75 285.60355634 -1277.96379676 2365.08523288 -2344.41263832 

10-3 108 27 81 322.39054325 -1470.76942863 2784.28948254 -2836.77943231 

10-4 44 11 33 -376.01304082 1791.63004715 -3575.98701302 3888.85304522 

10-4 52 13 39 -410.57224268 2004.44207351 -4094.23511184 4546.44869008 

10-4 60 15 45 -493.87466150 2522.58031973 -5401.97290687 6309.57454635 

10-4 68 17 51 -419.66065932 2241.14127632 -5000.93959143 6069.41970903 

10-4 76 19 57 -259.00754858 1524.39834607 -3678.16012406 4762.52382852 

IQ"4 84 21 63 -10.55600443 358.87126120 -1385.60834319 2303.65898419 

IQ"4 92 23 69 187.83974531 -587.70710612 506.51409264 243.82608576 

If)"4 100 25 75 409.46960084 -1687.31102183 2803.10525355 -2384.43324889 

ID"4 108 27 81 563.10842177 -2463.28535712 4449.41442149 -4294.01683559 

IO-5 44 11 33 -1095.89873609 5167.48955684 -10245.79807493 11119.38595813 

IQ"5 52 13 39 -1146.78025800 5454.36042841 -10898.09184510 11909.93947152 

10~5 60 15 45 -1131.60402686 5484.69676199 -11157.23176359 12399.75177906 

If)-5 68 17 51 -1032.68459893 5131.38566528 -10692.32803417 12150.49759723 

IG"5 76 19 57 -884.90462837 4549.73148801 -9791.72029575 11477.25848417 

IQ"5 84 21 63 -494.68347457 2762.21218960 -6367.32799391 7906.58905873 

IQ"5 92 23 69 -225.01018766 1547.55182133 -4096.45549789 5623.51976470 

IQ"5 100 25 75 162.30474529 -302.32857071 -382.59982011 1545.03206306 

IQ"5 108 27 81 559.44327760 -2161.19178803 3272.35491913 -2380.59724226 

10~6 44 11 33 -531.86557821 2734.17278842 -5964.57543081 7200.11347411 

io-e 52 13 39 -1258.66712834 5902.11086601 -11626.26358086 12542.97551529 

io~6 60 15 45 -1680.09633139 7944.28023825 -15745.22669074 17023.35148612 

io~6 68 17 51 -1773.66953309 8513.22391107 -17128.59457528 18796.23479738 

10~ö 76 19 57 -1690.59650616 8270.86626223 -16955.76142102 18948.29898314 

io-b 84 21 63 -1418.00579711 7141.89553376 -15048.04277044 17256.12162002 

io~b 92 23 69 -1089.77314080 5732.52262691 -12558.13991222 14917.80373211 

io-b 100 25 75 -658.62221814 3776.00301163 -8852.54782323 11110.17263411 

10"b 108 27 81 -204.16377317 1681.97867321 -4818.91920654 6887.76003722 
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Table A3: Coefficients b\ through 64 for the eighth-order polynomial approximations to 
PIFAR detection processor non-linearities, where N is the number of data cells and i and 
j are the rank orders. 

Pfa N i 3 &4 &3 h 61 

If)"3 44 11 33 -1752.75783591 759.51481746 -193.27948489 29.11329183 

i(H 52 13 39 -1526.40760660 674.16016589 -174.13940117 26.75321256 

10"a 60 15 45 -1812.38621964 840.17653174 -227.62948246 35.60643898 

10"a 68 17 51 -1426.33965498 705.59089484 -201.40483667 33.05807238 

10-3 76 19 57 -341.17298712 257.96091684 -91.56315038 18.37795237 

10-3 84 21 63 201.00554157 42.03461711 -41.15259358 12.06266741 

10-3 92 23 69 733.71357160 -181.33110577 14.11274485 4.67063422 

10-3 100 25 75 1346.77869619 -452.44499941 85.21798811 -5.45599732 

10-3 108 27 81 1687.13179995 -593.62404877 119.44409729 -9.91396782 

10-4 44 11 33 -2503.62122268 964.24387424 -212.24733163 28.24673098 

10-4 52 13 39 -2982.70245149 1172.45107165 -265.94577928 35.55251410 

10-4 60 15 45 -4377.18550994 1835.91540436 -450.76265723 62.75940973 

10-4 68 17 51 -4365.65497368 1896.52809799 -482.57207911 69.21762071 

10-4 76 19 57 -3619.25448293 1649.54262448 -438.20276943 65.53785803 

10-4 84 21 63 -2053.50464960 1046.47734744 -301.78112074 48.97785195 

10-4 92 23 69 -724.50841029 529.07004642 -183.84673434 34.61990403 

io~4 100 25 75 1072.04974171 -219.49377515 1.22111631 9.80544259 
10-4 108 27 81 2391.89074129 -774.15884891 139.17417506 -8.75980089 

IQ"5 44 11 33 -7185.02915042 2800.69278004 -632.76383943 80.73185499 

IQ"5 52 13 39 -7755.36533342 3058.96047700 -705.06755244 91.42053636 

IQ"5 60 15 45 -8204.51933241 3290.91251528 -774.02596319 101.99627294 

IC)-5 68 17 51 -8197.71073929 3342.57990019 -797.84949685 106.30011241 

IQ"5 76 19 57 -7982.33849056 3356.52380054 -827.32779266 113.52029754 

lO"5 84 21 63 -5771.86835527 2527.03117587 -644.08224981 91.76443942 

10-5 92 23 69 -4435.91176956 2068.25503509 -556.01755472 83.41164200 

10-5 100 25 75 -1766.08339319 1005.52239521 -305.71916599 51.51560267 

10-5 108 27 81 739.27277277 38.81946223 -86.59263107 24.82456041 

10-b 44 11 33 -5209.30165390 2258.34386769 -553.36458101 76.38759215 

10-6 52 13 39 -8079.55413482 3153.11079932 -715.49522400 92.17956839 

10-6 60 15 45 -10935.78816776 4245.43019478 -962.22604401 122.05783080 

10"6 68 17 51 -12254.48606915 4833.00633441 -1116.11617402 143.32446012 

10~ö 76 19 57 -12573.30667397 5046.38651258 -1187.04036191 154.75419784 

10-6 84 21 63 -11732.80684593 4819.87416267 -1159.82887412 154.51432626 

10~e 92 23 69 -10475.71004332 4434.36310992 -1097.71952454 150.32561575 

10-6 100 25 75 -8165.77099428 3592.24814417 -918.87984855 130.12417840 

10~6 108 27 81 -5551.52214064 2617.41972818 -706.45292716 105.44332593 
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Table A4: Coefficient b0 (additive constant) for the eighth-order polynomial approxima- 
tions to PIFAR detection processor non-linearities, where N is the number of data cells 
and i and j are the rank orders. 

Pfa N i 3 bo 
10~3 44 11 33 -0.53510906 

io-a 52 13 39 -0.43104319 

KTa 60 15 45 -1.02633239 

io~a 68 17 51 -0.94733160 

io~a 76 19 57 -0.13611938 

lO-3 84 21 63 0.18315889 

10~a 92 23 69 0.58807933 

10~a 100 25 75 1.18395235 

10~a 108 27 81 1.42091253 

10~4 44 11 33 -0.20353823 
10-4 52 13 39 -0.63137657 
10-4 60 15 45 -2.26562180 
10-4 68 17 51 -2.75439162 

IO-4 76 19 57 -2.68696206 

IO-4 84 21 63 -1.87238485 

IO-4 92 23 69 -1.16815499 

lO"4 100 25 75 0.20586533 

IO-4 108 27 81 1.23485859 

10"5 44 11 33 -2.76805851 

lO"5 52 13 39 -3.44173854 

lO-* 60 15 45 -4.11843726 

lO-5 68 17 51 -4.42999976 

lO-5 76 19 57 -5.01031179 

lO"5 84 21 63 -3.96760849 

lO"5 92 23 69 -3.70623457 

lO-5 100 25 75 -2.03313535 

lO-5 108 27 81 -0.70158373 

io-b 44 11 33 -2.61777238 

io~b 52 13 39 -3.34080968 

io~6 60 15 45 -4.87639251 

10~ö 68 17 51 -6.09670987 

io~ö 76 19 57 -6.83541254 

10~ö 84 21 63 -7.00473622 

io~6 92 23 69 -6.99746448 

10~6 100 25 75 -6.08620722 
10-e 108 27 81 -4.93214678 
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bounded within ten percent of a design value regardless of the values of the gamma PDF parameters. 
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