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THEORETICAL STUDY OF ZERO-FIELD ELECTRON WORK 

FUNCTION OF METAL IMMERSED IN GAS - 

DIRECT APPLICATION TO CESIUM 

THERMIONIC DIODE 

by Keung P. Luke and John R. Smith 

Lewis Research Center 

SUMMARY 

( It is veil known that adsorbed gas on a metal surface can change signifi- 
cantly the electron work function of that metal.f This phenomenon is of great 
importance in the field of gaseous thermionic energy conversion. 

In an effort to obtain an analytic relation that can predict quantita- 
tively this phenomenon, the variation in the zero-field electron work function cl, 
of a metal immersed in a gas is studied.  This study begins with a general con- 
sideration of the dipole moment, the effective polarizability, the mutual in- 
teraction energy, and the desorption rate of a system of gas particles adsorbed 
on a metal surface.  With the aid of several simplifying assumptions, two equa- 
tions are then derived that relate the change in the zero-field electron work 
function of the metal to its surface temperature and the gas pressure and X&&.- 
peraturaj^^^an example, the change in the zero-field electron work function 
of tungsten immersed in a cesium vapor \ Ape \is computed and plotted against 
the ratio of the tungsten surface temperature to the cesium reservoir tempera- 
ture! at cesium'reservoir temperatures TCs of 300°, 400°, 470°, 473°, 500°, 
ah<T"600° K/>:-It is found that the computed values of Ape at TCs = 470°, 
473°, and 500° K fit very well the experimental data of Houston and of 
Breitwieser on the cesium-tungsten system at the corresponding cesium reservoir 
temperatures. 

_/_< 

INTRODUCTION 

;>^T )- -•7/-  ■  /It is now generally agreed that in the near future cesium thermionic con- 
verters will play a significant role in the conversion of solar and nuclear 
energy into electrical energy for space application.  It is important, there- 
fore, to understand the basic physics of this type of converter.  In particu- 
lar, the dependence of the zero-field electron work function of the emitter on 
the emitter temperature and cesium reservoir temperature in a cesium thermionic 



diode is of great importance and interest. 
I 

In this report the variation in the zero-field electron work function of a 
metal immersed in a gas is studied.  This study is divided into three main sec- 
tions.  The first section, CHANGE IN WORK FUNCTION AGAINST COVERAGE, and the 
related appendixes D, E, and F present a general consideration of the dipole 
moment, effective polarizability, and interaction energy of a system of gas 
particles adsorbed on a metal surface.  A general equation is derived for the 
dipole moment of the i"*3*1 adsorbed particle as a function of the configuration, 
dipole moment, and polarizability of the other adsorbed particles.  With one 
important difference this general equation is reduced to a "well-known form with 
the assumptions that the configuration is a Topping square array and that the 
dipole moments as well as the polarizabilities of the adsorbed particles are 
identical.  It will be seen that this difference is in the definition of the 
effective polarizability associated with each adsorbed particle. 

The section COVERAGE AGAINST SURFACE TEMPERATURE, GAS PRESSURE, AND TEM- 
PERATURE deals with the adsorption and desorption rate of gas particles at and 
from a metal surface, respectively. A general equation is derived for the to- 
tal desorption rate of adsorbed particles.  Equating this desorption rate to 
the adsorption rate of impinging gas particles leads to a relation from which 
the gas coverage can be calculated as a function of physical parameters and the 
empirical variables:  surface temperature of the metal, gas pressure, and tem- 
perature . 

The section APPLICATION TO CESIUM-TUNGSTEN SYSTEM describes a method for 
determining from experimental data values of parameters to be used in the pre- 
viously mentioned sections.  These parameters are the magnitude of the effec- 
tive dipole moment  Imeff |  an<^ ^cxe  effective polarizability a-eff of each ad- 
sorbed particle, its desorption energy cp Q at zero coverage, and its equilib- 
rium distance  z0/2 from the metal surface.  The values of these parameters 

are determined by this simple method for the cesium-tungsten system.  Computed 
curves for the change in zero-field electron work function Ape against the 
ratio of tungsten surface temperature to cesium reservoir temperature TS/TQS 

are then presented and compared with the experimental data of Houston (ref. l) 
and Roland Breitwieser (unpublished data obtained at the NASA Lewis Research 
Center). 

In short, the problem considered in the section CHANGE IN WORK FUNCTION 
AGAINST COVERAGE is illustrated in figures l(a) and (b).  The problem consid- 
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(a) Effect on electron emission. (b) Mutual interaction among adsorbed (c) Amount absorbed. 

gas particles. 

Figure 1. - Adsorption of gas particles on metal surface. 



erea in the section COVERAGE AGAINST SURFACE TEMPERATURE, GAS PRESSURE, AND 
TEMPERATURE is illustrated in figures 1(b) and (c). 

Nearly all the working equations used in the text are derived in appen- 
dixes B to G, which may he consulted to obtain a more detailed understanding of 

these equations. 

In all the analyses the dipole associated with each adsorbed particle has 
been treated as an ideal dipole.  In addition, it is assumed that the dipole 
field experienced by each adsorbed particle is uniform and equal to the value 
at the surface of the metal.  The validity of these treatments is examined _m 
appendix H.  Finally, in appendix I graphs of the Richardson-Dushman equation 

are presented. 

CHANGE IN WORK FUNCTION AGAINST COVERAGE 

When atoms are adsorbed on a metal surface they can be either polarized or 
ionized and polarized by the metal surface (see appendix D).  These polarized 
adatoms (adsorbed atoms) or polarized adions (adsorbed ions), together with 
their respective images inside the metal, form an electrical double layer on 
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(c) Side view; fraction of adsorption sites occupied, e> 0. 

Figure 2. - Topping square array dipole configuration. 



the metal surface.  Depending on the polarity of this electrical double layer, 
the electrons leaving the metal surface are either accelerated or retarded "by 
it.  Thus, the electron work function of a metal with an adsorbed layer of gas 
particles on its surface will be changed (refs. 2 to 4).  The magnitude of this 
change is considered in this section. 

The model shown in figure 2 is used.  All the adsorbed gas particles exist 
on the surface in an identical state, each possesses the identical scalar po- 
larizability of CLQ,  and each locates at the same equilibrium distance of ZQ/2 

from the surface.  The effective dipole moment meff associated with each ad- 
sorbed particle at zero coverage is identical and points in a direction perpen- 
dicular to the surface; that is, meff = ^Sg^lo, where n is a unit vector 
normal to and coming out of the surface.  The configuration of these dipoles is 
that of the planar Topping square array (ref. 5, see figs. 2(b) and (c) also), 
and there is an infinite number of them on the surface (but the surface density 
is finite). 

The equation (derived in appendix C) for the change in the zero-field 
electron work function of the metal given by this model is 

Ape = -2rteNs(peff • fi)0 (C5) 

(Symbols are defined in appendix A.) 

An equation for Peff (derived in appendix D) is 

meff 
Peff =  : 7TT? (D25) 

1 + 9.033 a„^(N e)5/^ ^eff^ 

where a-eff is given by the relation 

2aQ 
aeff ' 2a,0 

"   z3 Z0 

(D24) 

Equation (D25) has been used by deBoer (ref. 6), Ehrlich and Hudda (ref. 7), 
Zingerman, Ishchuk, and Morozovskii (ref. 8), and Gyftopoulous and Levine 
(ref. 9).  None of these scientists, however, have taken into consideration the 
effect of the metal surface on the value of the effective polar!zability to be 
used in equation (D25).  It should be noted that according to equation (D24) 
this effective polarizability is at least twice the polarizability of the ad- 
sorbed particle. 

Combining equations (C5) and (D25) yields 

-2rteNq(m_f.f. • n)0 
*Pe = ,  _  ef* 7^ (1) 

1 + 9.033 <xeff(Nse)
3/2 



This is the desired equation for the variation in the zero-field electron work 
function of a metal covered by up to one monolayer (i.e., 6 =  1) of adsorhed 
gas particles. 

COVERAGE AGAIWST SURFACE TEMPERATURE, 

GAS PRESSURE, AND TEMPERATURE 

The surface of a metal immersed in a gas is constantly bombarded "by the 
gas particles. At steady state the adsorption rate of impinging gas particles 
is balanced by the desorption rate of adsorbed particles, thus keeping the 
fractional coverage of the adsorbed particles on the metal surface 9 at a 
constant value.  In this section the kinetic method of equating the adsorption 
to the desorption rate is used to derive an equation for this fractional cover- 
age as a function of the metal surface temperature, gas pressure, and tempera- 

ture. 

Adsorption Rate 

The adsorption rate of impinging gas particles is assumed here to be given 

by the relation 

Desorption Rate 

The equation to be derived here for the desorption rate is based on a spe- 
cific model of the desorption process and desorption energy of the adsorbed 
particles.  This model contains the following features: 

(1) There is an infinite number (but finite surface density) of adsorbed 

particles on the surface. 

(2) All adsorbed particles are alike. 

(3) An adsorbed particle can desorb as an atom or as an ion. 

(4) The ratio of ion to atom desorption rate is given by the Saha-Langmuir 

equation (ref. 10) 

(5) The atom desorption rate is given by the equation 



Nsef(e) 
v0 = 

T0 eXp V kTr 
%. 

where 

f(0) 

Ns0 

ln[0f(e)] 

term accounting for short-range repulsive forces that act 
when adsorbed particles come into contact (ref. 11), 

r^e exp(i~b) 
surface density of adsorbed particles 

Langmuir's S term given by relation 

ln[0f(0)] = S = ln(~~^ + Y~e>  e^ (85) of ref- 11 

and eq. (8) of ref. 12 

[T0/f(9)]exp 
>cPa 
kT~~ ]  average time an adsorbed particle spends on surface before 

s/    desorbing as an atom 

(6) The change Ape in the electron work function and the change Apa in 
the atom desorption energy are for the case in which the model for the adsorbed 
particles is identical to the one used in the section CHANGE IN WORK FUNCTION 
AGAINST COVERAGE. 

The total desorption rate  v from a unit surface area is given by the 
relation 

v  = va + vi = 
Nqef(e) 

'0 
exp 

-<P« a 
kTc 

according to the previous model.  Substituting 

cpe = cpeo 
+ ^e 

<Pa = ^a0 + ^Pa 

and equation  (G7)  for    Ap      into equation  (3)   leads to the result 

(3) 

(4) 

Ks0f(0) 
v = — — exp <( 

T0 

^aO 4a 
1 + 

eff 

xeff 

"0/L 
"eff I 

(2*eNB 

ML 
1 + — exp 

cpe0 - I + Ape 

(5) 



which is the desired equation for the total desorption rate. 

Coverage at Steady-State Condition 

At the steady-state condition the adsorption rate of impinging gas parti- 
cles is halanced by the desorption rate of adsorbed particles.  Thus, setting 
equation (2) equal to equation (5) yields 

r 
~\ 

rpg 
(^jTiiigkTg)1/2 

N„0f(e) 

a 

<PaO- 4a 
,! + ■ 

eff 

eff 
m. eff I 

(2iteW  )' 

ZVcp, 

exp< kTc 

^ 
J 

X 
CD,- 

1 + — exp 
CO, 

cpe0  "  T + ^e 
kT„ 

(6a) 

When the logarithm of both sides of equation (6a)  is taken and the equation is 
rearranged,  the following equation relating    6,  pg,  Tg,  and    Ts     is  obtained: 

a, 

^aO 4a, 
1  + 

eff 

eff 

4 
m, eff I (2*eN  )' 

^PP 

kT„<ln p     + In 
TT0(1  - 

^©(ZjtmJtTj1/2 

1 In 
">i           /^eO  -  I  + ^ 

1   +    exp      rTp  
^a V kTs 

(6b) 

APPLICATION TO CESIUM-TUNGSTEN SYSTEM 

In this section equations (l) and (6b) will be used to compute the varia- 
tion in the zero-field electron work function of tungsten immersed in cesium 



vapor as a function of the tungsten surface temperature and the cesium reser- 
voir temperature.  For this application p , Ta,  and m  in equation (6b) are 

replaced by PQS, TQS, and HIQS, respectively, and meff • n in equation (1) is 

replaced by +|meff>| ,   since it is known experimentally (see, e.g., ref. 12) that 

adsorbed cesium lovers the electron work function of tungsten.  Thus, for a 
cesium-tungsten system, equations (l) and (6b) become 

2*eNs|meff| 

1 + 9.033 aeff(Ns0) TJz (7) 

-tPaO Leff 

a, eff 

"0  /L 
m, eff I 

(2rteNs)
2 

'App 

kTs1ln PCs  + ln 
TT0(1  -  0) 

Ns0(2JcmCskTCs)
1/2 1 - 

In 
">i    /9e0 - I + ^P£ 1 + — exp I  ——  
^a    V     kT„ (e) 

In these two expressions the independent variables are 1U  and T , the de- 

pendent variables are Ape and 0, and the parameters are j,  Wg, TQ, cpe0, I, 

u>±/u>&)  tXgf-f, |mef;f j , pCs, cpaQ^ and zQ.  The next step is to choose or deter- 

mine an appropriate value for each of these parameters. 

Values for Parameters y, Ng, x0, cpeQ, I, and üJ±/( (ür, 

The following values are  chosen for    j,  Ng,   T0,  cpeQ,   I,  and    CJO./C 

r = 1.0  (ref.   12) ^ 

Ws  = 4.8xl014/sq cm (ref.   12) 

<X> 

r0 = HxlO""13 sec   (ref.   13) 

cpe0  = 4.59  ev 

I = 3.89  ev  (ref.   14) 

^i/^a = 1/2  (ref-   15) 

> (9) 

J 



It should be mentioned that the previous value for TQ is determined ex- 

perimentally for the case of cesium ions desorbing from a polycrystalline tung- 
sten surface.  It is, however, a fairly representative value of xQ because 

other experimental data (refs. 15 to 17) and theory (ref. 18) on adsorption 

time show that TQ is generally in the range 10"12 to 10""14 second. 

The value of 4.59 electron volts chosen for the bare electron work func- 
tion of tungsten cpe0 is the average of the values 4.62, 4.56, and 4.60 elec- 

tron volts.  The first value is given by Taylor and Langmuir (ref. 12), while 
the second and third values are determined from the respective thermionic data 
of Houston (ref. l) and Breitwieser. 

Values for Parameters a eff and m eff I 

To obtain values for aeff and  |ineff I > equation (10) is fitted to the 

data of Taylor and Langmuir (ref. 12) for -Ape against 6    for cesium on 
tungsten in the range 0 < 6 <  0.63.  The resultant equation is 

App 
-8.75 e 

1 +1.77 372 
(10) 

which yields 

s- 

$ 

.3 .4 .5 .6 .7 
Fraction of adsorption sites occupied, e 

Figure 3. - Comparison of result computed from equation (10) with data of Taylor and 
Langmuir (ref. 12), cesium-tungsten system. 



m. eff I 9.70 Dehyes1 

aeff = 18-7 A3 

(ID 

Note that Ape is now expressed solely in terms of 0.  Equation (10), to- 
gether with the data of reference 12,   is plotted in figure 3.  It is shown 
there that equation (10) represents the data to within 2 percent up to a cover- 
age of 0.65. 

Values for Parameter PQS 

For the values of Vn-t  the data of Taylor and Langmuir on the vapor pres- 
sure of cesium (ref. 19) will he used.  Their data are expressed in the form 

In pCs = A 
B 

T (12) 
Cs 

where p^  is in millimeters of mercury and where A and B depend on Tp 
as follows: 

Tc* 3' °K A B 

224 to 302 17 70 9300 

302 to 408 16 17 8820 

408 to 551 15 76 8660 

551 to 745 15. 38 8440 

Values for Parameters cp Q and ZQ 

Values for the two remaining parameters cp~ and z0 are now to he de- 
termined.  For this purpose, equations (6t>) and (12) are combined, and the 
values given for N , XQ,   liSg^l ,  and a

eff in equations (9) and (ll) are sub- 
stituted into the resultant equation to ohtain 

One Debye equals 10~18 (statcoulomb)(centimeter). 

1.0 



-cpa0+ 0.78611 + 
18.7 Zkpp 

8.75 0 

T, Cs 

B T Cs 
11,606  11,606 

A + In 7.02xl0~
6(l - 0) 

T: Cs 

ln-^1 + — exp 
11,606 

T„ (T /T_ ) 
(0.70 + ApJ (is: 

In this equation cpaQ 
and TQS are in °K. 

is in electron volts, ZQ is in units of A, and T£ 

The values of in and ZQ are now determined by fitting the computed 

curve of -Ape against TS/TQS to Houston's data (ref. 1) for cesium on tung- 
sten over the range 0 < -Ape < 2.9 electron volts.  This range is chosen be- 
cause, for -Ape > 2.9 electron volts, the curve of -Ape against 6 computed 
from equation (10) starts to deviate from the data of Taylor and Langmuir (see 
fig. 3).  Before taking this step, however, it should be mentioned that 
Houston's data were taken by collecting electrons emitted by a hot surface 
(emitter) with an accelerating field. Although the field helps the electrons 
to escape from the emitter, it also turns back the cesium ions desorbed from 
it.  The result is that the total desorption rate v of the adsorbed cesium 
particles corresponding to the experimental condition encountered in Houston's 
experiment is equal to the atom desorption rate Therefore, the term 

exp 11,606   /„ „_   .  \ 
ll   A? \   (0-70 + ^Pe) 

which represents the ratio of cesium ion to cesium atom desorption rate, may be 
dropped from equation (13).  The result is 

-cpa0+ 0.786(1 +i§|7 1 - 
Ape 

8.75 0 

T Cs 
B T Cs 

11,606  11,606 
A + In 7.02xl0"

6(l - 6) 

T"I7^ 
Cs 

(14) 

11 



Wow the step of fitting the computed curve of -Ape against TS/TQS to 
Houston's data at Tr = 473° K may he taken.  This computed curve is obtained 
by eliminating 6    from equations (10) and (14).  The values of cp ~ and z. 
determined by this method at T Cs 

473° K 
0 

are 

^aO 2.71 ev 
(15) 

z„ = 3.00 A 

When these values of cpaQ and ZQ are substituted into equations (13) and 
(14), the following equations corresponding to the cases for  v^ ^ 0 and 
VJ = 0 are obtained: 

For v±  / 0: 

-1.37 - 1.34 
Ape 

8.75 e 

T, 

LCs 

B T, Cs 
11,606  11,606 

A + In 7.02xl0"
b(l 

Wt 

r^r -M1 + \ exp ^°^(0.70+ApJ 
TCs(Ts/TCs) 

(16) 

For vi = 0: 

-1.37 - 1.34 
Z*pp 

8.75 0 

Cs 

B T Cs 
11,606  11,606 

'A + In 7.02xl0~
6(l - 0) 
T7T 

LCs 
i - e (17) 

Computed Curves of -Ape Against TS/TQS 

Comparison With Data 

Equation (17), together with equation (10), is now used to compute points 
for the curves of -Ape against TS/TCS at various values of TCg.  These 
curves are represented by the solid lines shown in figure 4. 

12 
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(b) Cesium reservoir temperature, 470° K. Comparison of result 
computed from equations (10) and (17) with Breitwieser's data. 

nrg 

Ratio of emitter surface temperature to cesium reservoir temperature, Ts/ TCs 

(c) Cesium reservoir temperature, 500° K.  Comparison of result 
computed from equations (10) and (17) with Breitwieser's data. 

(d) Cesium reservoir temperatures, 300°, 400°, 500°, and 600° K. 
Computed from equations (10) and (17). 

Figure 4. - Change in electron work function of tungsten emitter immersed in cesium vapor as function of ratio of emitter surface temperature 

to cesium reservoir temperature. 
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Figure 4(a) compares the computed curves of -Acpe against Ts/TCs with 

In this figure the data are the dis- the data of reference 1 at 
crete points. 

T Cs 473° K. 
The dotted curve (vi ^ 0) is determined from equations (10) and 

(l6), and, as pointed out before, the solid curve (v, = 0) is computed from 
equations (lO) and (17).  For -Ape > 1.05 electron volts, both computed curves 
merge together and fit data points quite well.  For  -Ape < 1.05 electron 
volts, however, the solid curve follows the data more closely than the dotted 
curve. 

As an additional check on the theory- proposed here, especially equations 
(10) and (17), the computed curves 
of -Acpe against Ts/TCs at 
Tr,a = 470° and 500° K are compared 
with Breitwieser s data^ at the 
corresponding cesium reservoir 
temperatures in figures 4(h) and 
(c).  Again, the fit between the 
computed curves and the experimen- 
tal data is quite satisfactory. 

To show the effect of in- 
creasing the cesium reservoir tem- 
perature, the computed curves of 
-Ape against TS/TQS at 
TCs = 300°, 400°, 500°, and 600° K 
are presented in figure 4(d). 
These curves show that, at con- 
stant TS/TQS, -Ape  increases 
with increasing TCs for T

S/TQS 

greater than about 3, but in- 
creases with decreasing Tp  for 

1000 1500 2000 2500 3000 

Emitter surface temperature, Ts, °K 

3500 

Figure 5. - Computed saturation electron current density of tungsten 
emitter immersed in cesium vapor as function of emitter surface 
temperature at cesium reservoir temperatures.  Results computed 
from equations (10), (17), and (ID by using 4.59 electron volts for 
bare emitter work function. 

Ts/T, Cs smaller than about 3. 

Finally, figure 5 is pre- 
sented to show the range of the 
saturation current density of a 
tungsten emitter in a cesium diode 
as the cesium reservoir tempera- 
ture is raised from 0° K (vacuum) 
to 400° K, to 500° K, and finally 
to 600° K.  The points for these 
saturation current curves are de- 
termined from equations (10) and 
(17), a bare tungsten work func- 

Breitwieser's data were taken with a planar cesium diode.  The emitter 
structure was formed from tungsten oriented to expose the (110) plane at the 
emitter surface (ref. 20).  The -^pe of the emitter was determined from its 
electron saturation current (collected with an accelerating field) and from a 
bare emitter work function cp ~ of 4.60 electron volts. ^eO 
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tion of 4.59 electron volts, and graphs of the Rlchardson-Dushman equation pre- 
sented in appendix I.  The values of Js at TCg = 600° K are, in general, 
several orders of magnitude larger than those at TCg = 400° K. 

Comments on Values of CGQ, ZQ, cpaQ, and [me;f:f| 

It is worthwhile to comment briefly on the values of a.Q, zQ, cpa0, and 
Im ffI  determined in this section for the cesium-tungsten system.  These 

values are 

cc 
a0 = 2 

eff 
a 

1 + 
eff 

(see eqs. (D24), (ll), and (15)), 

= 5.50 A" 

zQ  = 3.00 A 

^aO = 2.71 ev 

(see eq. (15)), and 

(see eq. (ll)) 

|meff| =9.70 Debyes 

In the following table aQ is compared with the polar!zability of a free 
cesium ion a  ,  and a free cesium atom cc n: Cs+ Csw 

aCs+,exp> A 2.42 to 3.14 Refs. 21 to 24 

aCs+,calc> A 5.60 Ref. 25 

an   0    >   A5 

Csu,exp 
48, 52.5 Refs. 26, 27 

aCs0,calc^ A 
67.7 Ref. 28 

aQ, A
3 5.50 Present report 

It is seen that aQ is about equal to aCg+ calc, but about twice as large as 
a.n + .If it is assumed that the experimental value of ccn + is a more Cs ,exp ^b 
reliable value of <x„ + than the calculated value, then it may be concluded 

us 
that the cesium adsorbed on a tungsten surface is at least partially ionized. 
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In the following table ZQ/2 is compared with the radius of a cesium ion 

RQS + , the radius of a cesium atom RcsO.> and Becker's values of  ZQ/2 ^or  a 

cesium ion adsorbed on the (lOO) plane (ZQ/2)10Q 
and" on 't-he (110) plane 

(
Z
Q/2)]_]_O  of tungsten: 

RCs+,exp> A 1.65 to 1.89 Refs. 29, 
30 (p. 92), 31 

Cs , exp' 2.35, 2.62 Refs. 30 (p. 403), 32 

(z0/2)100, A 0.8 Ref. 33 (p. 153) 

(z0/2)no, A 1.2 Ref. 33 (p. 153) 

z0/2, A 1.50 Present report 

This comparison shows that the value of ZQ/2 determined in this section is 
not inconsistent with the picture of a partially ionized cesium particle ad- 
sorbed on an atomically rough tungsten surface. 

The following table presents the value of cpaQ determined in this section 
and those reported in references 12 and 33: 

^aO^exp' ev 2.79 Ref. 12 

^a0,exp' ev 2.40 Ref. 33 (p. 152) 

^aO' ev 2.71 Present report 

It is interesting to note that the value of 
falls close to the value of reference 12. 

determined in this section 

Finally, it is seen that 

lmeffl > Zez0 for  Ze < 0.674 e 

This fact is also consistent with the model of an adsorbed cesium particle 
existing in a polarized, partially ionized (Ze < 0.674 e) state on the tungsten 
surface because (see fig. 10(b)) 

m eff I ZezQ = 2|m2| > 0 for  Ze < 0.674 e 

In summary, it may be stated that the values of <XQ, ZQ, and  Im ffI  de- 
termined in this section are internally consistent and seem to indicate that 
the adsorbed cesium exists in a polarized, partially ionized state on the tung- 
sten surface. 
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CONCLUDING REMARKS 

In this report experimental data have been correlated hy means of analytic 
expressions derived from an explicit model of the adsorbed particle-metal sur- 
face interaction.  This model gives to the metal surface a hitherto unrecog- 
nized role in the adsorption and desorption processes.  It is shown herein that 
the effective polarizability of an adsorbed particle and the variation with 
coverage of the effective electric field acting on it is increased by the pres- 
ence of the metal surface. 

No consideration is given here to the dependence of various adsorption 
phenomena investigated herein on the orientation (Miller index) of the metal 
surface.  Also, the possibility that the adsorbed particles may exist on the 
surface in both the atomic and the ionic state is not considered. 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, March 23, 1964 
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APPENDIX A 

SYMBOLS 

A       constant in cesium vapor pressure equation, eq. (12) 

AQ       emission constant in Richardson-Dushman equation, eq. (il) 

sd area of metal surface 

a       one-half of distance between positive and negative charges of elec- 
tric dipole, fig. 6 

a vector pointing from negative to positive end of dipole 

a/a unit vector pointing from negative to positive end of dipole 

B constant in cesium vapor pressure equation, eq. (12) 

b distance between nearest neighbors in Topping square array, fig. 2(b) 

E       electric field 

—> 
Eg^j.     effective electric field acting on adsorbed particle 

Eg-ff     column matrix with elements of Ee~~ -,, E ^ o>   '   '   ' >  Eeff oa> 

Eik      electric field intensity at r.  produced by dipole located at r. 
k 

Eik id   electric field intensity at r^ produced by ideal.dipole located 
at rk 

—> 
Eik nid  electric field intensity at r.  produced by nonideal dipole located 

at rk 

Ein      electric field inside continuous dipole layer 

—> 
E.       electric field in region between two sheets of charges of opposite 

sign 

—> 
Ep       electric field produced by dipole at point P 

—> 
Ep iä    electric field produced by ideal dipole at point P, eq. (B3) 

—> 
Ep nid   electric field produced by nonideal dipole at point P, eq. (B5) 

e        electronic charge, 4.8xl0--1-^, esu 

f(0)     part of Langmuir's S term, =  expl- -] 
A.  -   0 \L  -   Gj 
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I ionization potential 

i radial unit vector in polar coordinate 

i tangential unit vector in polar coordinate 

J saturation current density s 

k Boltzmann's constant, -,.. „Q„ ev/°K 

k' defined by eq. (C6) 

m magnitude of m 

m dipole moment 

mass of cesium atom mCs 

meff 

Seff 

m-. 

■eff 

effective dipole moment associated with adsorbed particle at zero 
coverage, fig. 2(a) 

column matrix with elements of meff j_>  meff 2>   '   '   ' >  meff *>> 
eq. (Dll) ' ' 

m     mass of gas particle 

dipole associated with adion and its image, fig. 10(b) 

dipole associated with an adatom, fig. 10(a) m2 

K      number of adsorption sites per unit area on metal surface 
s 

n      number of particles 

n      unit vector normal to and coming out of surface 

p      cesium vapor pressure, eq. (12) 
OS 

p      effective dipole associated with adsorbed particle at coverage 0 > 0, 
fig. 2(c) 

p column matrix with elements of Peff q; Peff 2>   '   '   ' >  peff c 
eq. (D10) '      ' ' 

<p ff> statistical average of Peff, defined by eq. (E2) 

p gas pressure 

R n radius of cesium atom 
Csu 

R„ , radius of cesium ion 
Cs+ 
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r     magnitude of r 

—>■ 

r     positional vector 

r/r   unit vector pointing from center of dipole to point P, fig. 6 

r„    radius of circle with center at origin 

r_    distance from negative end of dipole to point P, fig. 6 

r+    distance from positive end of dipole to point P, fig. 6 

S diagonal matrix with elements of 2/(zn) , 2/(z„) , •   •   •,   2/(zn) , 
eq. (D20) 

T temperature, °K 

T square matrix, eq_. (D9) 

T cesium reservoir temperature, °K 

T gas temperature, °K 

T surface temperature, °K 

t transposed matrix 

U unitary matrix 

V total potential energy of adsorbed particles, eq. (Fl) 

V 7 total mutual electrostatic energy of adsorbed particles, eq. (F2) 

V total external energy of adsorbed particles, eq_. (F4) 

V.- total internal energy of adsorbed particles, eq. (F3) 

v mutual electrostatic energy between two adsorbed particles, eq_. (E6) 

W total interaction energy between adsorbed particles and metal surface, 
eq. (Fl) 

w interaction energy between single adsorbed particle and metal surface, 
eq. (E6) 

x x-coordinate 

y y-coordinate 

Ze charge on adion, fig. 10(b) 
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Z1 classical configuration integral for one particle, eq. (E7) 

Z classical configuration integral for infinite number of ad- 
°° sorbed particles, eq. (E3) 

z distance above metal surface, fig. 8 

z one-half of equilibrium distance of adsorbed particle from 
metal surface, figs. 2(a), 2(c), 10(b), and 11 

a polarizability 

diagonal matrix with elements    a-j_,  a2,   '   •   •, ccra,   eq.   (D19) 

polarizability of cesium atom 

polarizability of cesium ion 

effective polarizability associated with adsorbed particle 

a 

*Csl 

aCs+ 

aeff 

a diagonal matrix with elements aeff -^ 
a
eff %>'''> 

■     a „„  , eq. (D8) eff,oo'  ^ N 

a polarizability of adsorbed gas particle 

ß angle between positional vector r and dipole m, fig. 6 

T sticking coefficient, probability that gas particle strik- 
ing metal surface will be adsorbed, eq. (2) 

£ polar angle of positional vector rk 

^ angle between peff i and vector pointing from center of 
p _ .     to center'of kth adsorbed particle 
^eff ,i 

A matrix defined by eq. (D22) 

0 fraction of adsorption sites occupied 

|j, arrival rate, eq. (2) 

v total desorption rate, eq. (5) 

atom desorption rate 

ion desorption rate 

p(n)(r-,,- • • ,r )  distribution function for n particles, eq. (E5) 

p(2)(r ,r )        pair distribution function, eq. (E6) 

p(3)(rn,r?,r^)     distribution function for three particles, eq. (E8) 

va 

vi 
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T mean adsorption lifetime 

TQ constant in equation for adsorption lifetime 

$p    potential produced by dipole at point P 

Ap change in desorption energy 

, cpa atom desorption energy at coverage 0 > 0 

Apa change in atom desorption energy, eg. (G7) 

9aQ atom desorption energy at zero coverage 

<Pe electron work function at coverage 0 > 0 , 

Ape change in electron work function,  eg. (l) 

cpe0 electron work function at zero coverage 

9i E   potential energy of adion in effective field E ff,  eg. (G3) 

cpQ desorption energy at zero coverage 

u>a statistical weighting factor for atom 

^ion statistical weighting factor for ion 

Subscripts: 

exp experimental 

calc calculated 

id ideal 

i,j,k,Z,m  ith, jth, kth, Zth, and mth adsorbed particles, 0,1,2,- • • 

nid nonideal 

x adsorbed particle, x=i, j, k, I,   • • • 
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APPENDIX B 

GENERAL EQUATION FOR ELECTRIC FIELD OF ELECTRIC DIPOLE (IDEAL 

AND NONIDEAL) AS FUNCTION OF DISTANCE FROM DIPOLE 

In this report the physical model used for each adsorbed particle is the 
electric dipole.  In calculating the electric field produced "by these dipoles, 
it is not clear whether they should be considered as ideal or nonideal dipoles. 
(These two terms will be defined later.)  In order to see the difference in the 
electric field produced by an ideal and a nonideal dipole and how this differ- 
ence arises, an equation for the electric field of an ideal and a nonideal di- 
pole is derived and compared in this appendix. 

Consider the dipole shown in figure 6.  The 
following equation is given for the potential $p: 

a/ a 

Figure 6. - Dipole geometry. 

Ze Ze 
r (Bl) 

If the dipole m is an ideal dipole (i.e., 2a 
approaches zero and Ze approaches infinity in 
such a way that the product 2Zea remains con- 
stant and equal to m), then it may be shown that 

$p 
m (B2) 

The electric field Ep corresponding to this 
potential is 

P,id -\®i 

3m • r m (B3) 

This is the desired equation for the field produced by an ideal dipole.  In 
addition, it should be noted that it is also the correct equation for the field 
produced by a nonideal (2a > 0) dipole in the region in which the condition 
r/2a » 1 holds. As the value of r/2a approaches 1, however, the equation 
to be derived next for the field should be used. 

Equation (Bl) is again considered.  In terms of the polar coordinates r 
and ß, it may be written as follows: 

 Ze  
&p - —     ; T72 

(a6 + rG  -  2ar cos ß) 

Ze 

(a2 + r2 + 2ar cos ß) 
I72 (B4) 
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The field corresponding to the potential given by equation (B4) is 

EP,nid = ~^P 

Ze(l - | cos ßj 

n   a2  2a    JV^ 1 + ^ " T cos ß 

Zefl + ^ cos ßj 

1 + ^ + f cos p 

+ i 
m 

P 2r3 
sin ß 

1 

^1 + ^ - f cos ß^ 
,3/2 
 1  

I       a2  2a    Ä^ ^1 + - + - cos ßj 
(B5) 
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Figure 7. - Comparison of electric field strength produced 
by ideal dipole to field strength produced by nonideal di- 
pole. 

For the important special case where 
ß  = 90°,   equation (B5)  "becomes 

■? t     m 
EP,nid - xß r3 

1 + 
a 2W2" 

(Be; 

The deviation of the electric field 
of an ideal dipole from that of a non- 
ideal dipole or a real dipole at 
ß = 90° is shown in figure 1,  which is a 
plot of the ratio 

^ = (l + ft 
EL  .    V   r2 
P,nid 

3/2 
(B7) 

against r/2a.  It is seen that this 
deviation amounts to +40 percent at 
r/2a = 1 and +1 percent at  r/2a = 6. 
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APPENDIX C 

EFFECT OF DISCRETE LAYER OF ADSORBED GAS .PARTICLES ON ZERO-FIELD 

ELECTRON WORK FUNCTION OF METALLIC SUBSTRATE 

In this appendix the effect of a discrete layer of adsorbed gas particles 
on the zero-field electron work function of the metallic substrate is examined. 

The method used and the result obtained herein are 
taken from the work of Gavrikyuk (ref. 34).  The 
same model is used here as in the section CHANGE 
IN WORK FUNCTION AGAINST COVERAGE.  This model is 
shown in figure 8. 

There is an infinite number (but a finite 
surface density) of adsorbed particles, and all 
adsorbed particles exist in the same state on the 
surface.  Each one is represented by an electric 
dipole, which, together with its own image in the 
metal, forms an effective dipole with effective 
moment peff and effective polarizability aeff, 
which are the same for all the adsorbed particles. 
These effective dipoles take on a planar configu- 
ration so that the plane passing through the cen- 
ters of all these dipoles coincides with the metal 
surface. 

^ Peff k   Metal sur,ace 

\{\,\M    '   <x.y.0) 

Figure 8. - Electric field intensity produced at 
(0,0, z) by dipole peff k  located at (xk,yk,0). 

Metal surface coincides with x, y-plane at 
z-0. 

distance above this plane, rk(
xk> 

dipole, and (E^^) 

kth 

The metal surface is the x,y-plane, z is the 
yk, 0) is the location of the kth effective 

is the electric field intensity produced at the point 

effective dipole (see fig. (0,0,z) by the 

surface at the point (0,0,0) is acted on by the field 

An electron leaving the 

E 
k=l 

'eff,k- The change 

in work function for this electron is then given by minus the work done on it 
by this field as it goes from the point (0,0",0) to the point (0,0,~); "that is. 

Ap = e 

CO 

T.r 
k=l 

Eeff,k • fi dz (CD 

where n is an unit vector normal to and coming out of the x,y-plane.  Substi- 
tuting equation (B3) from appendix B for Eeff k in the previous expression 
leads to the result 
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Ape = epeff • fi 

CO u 2       JZ 2z^  - r. k 

(^ - 4) 
5/2 dz 

L k=l Z->oo 

(C2) 

or 

^e =  "ePeff * fi 

(z2 + r. kJ 
L   k=i Z~»oo 

(C3) 

Since there  is an infinite number of adsorbed particles,   equation  (C3)   can be 
evaluated by the following summation-integration method: 

^Pe =  "ePeff • n 

(*2 + 4) 
B72 + 4zN e 

/it/2      f 

r dr d( 

2   ,      2< 
(** +r^) 

B72 

k=l Z->oo 

= -ePgff • fi z 
L   k=l 

\3/2 
+ 23tN0e 

/  2  ^    2\°/^ "     /   2  ^    2Y 
lz    + rkJ lz    +ro) 

I72 (C4) 

Z->co 

or 

Apö  =  -2*eNs(peff • n)6 (C5) 

where    TQ    is the radius  of a circle with its  center at the origin.     It  is re- 
lated to    k'     by the equation 

k' 

jtr 
2 s^ 
0 

(C6) 

It should be added here that the usual and simpler derivation of equation 
(C5) is made by assuming the dipole layer to be continuous as shown in fig- 
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ure  9.     In this case,   it can "be  shown by 
E=o Gauss's  law that  in the region outside the 

ffffff&&mi&SS&Sm~r   ^Metal two  sheets of charges the electric field is 
^E^T^^^+^T / surface      zero'     In the reSion between the charges peff z0;^ the electric field is given by the relation 

——eeoeeeeeoeeeee© L 
Figure 9. -Continuous dipole layer.                                                          _>.                       Ppff /      \ 

Ein = -** ^ *B° (C7) 

The change in work function for an electron leaving the metal surface is then 
given by the equation 

r l/2 60/     ^ 
App  = e   / Ein • n dz (C8) 

'0 

Substituting equation (C7) for Ein in equation (C8) yields 

Ape = -2rteWs(peff • n)0 (C9) 

which is the same as equation (C5). 

It is interesting to note that, as long as the dipole layer is infinite in 
extent, the discrete or the continuous dipole layer assumption leads to an 
identical expression for the change in the electron work function of the metal. 
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APPENDIX D 

GENERAL EQUATION FOR EFFECTIVE DIPOLE MOMENT ON ith 

ADSORBED PARTICLE IN PRESENCE OF INFINITE 

NUMBER OF OTHER ADSORBED PARTICLES 

An atom adsorbed on a metal surface interacts with that surface.  For this 
reason the electron distribution around its nucleus is distorted.  Depending on 
the magnitude of this distortion, the atom could be classified either as polar- 
ized or as ionized and polarized (refs. 2 to 4).  This polarized adatom (ad- 
sorbed atom) or polarized adion (adsorbed ion), together with its respective 
image inside the metal, then forms a dipole with effective moment meff    For a 
polarized adatom mef--p is equal to twice the dipole moment nig of the polar- 
ized adatom alone (fig. 10(a)). For a polarized adion, it is equal to the sum 

Polarized 
adatom-.. 

Metal 
surface 

'/////yf    ^'ty///////////////////// 
I mage -.j      ^     \ / 

[       !m2    ' I 

.-Resultant 
effective 
dipole 

Polarized 
adion--. 

Metal 
surface 

"%7/. "'eff   ^^i 

(a) Polarized adatom, meff - 2m2. 

'/////////f 
Image- /_  J 

\     i 

(b) Polarized adion, m^ ■ fr^ + 2m?, where  ffij - Zezg. 

Resultant 
effective 
dipole 

Figure 10. - Polarized adatom and adion and images inside metal. 

of the dipole moment m-j_ of the adion and its image plus twice the dipole mo- 
ment mg of the polarized adion (fig. 10(b)). 

Since in the first approximation an adsorbed particle is equivalent to an 
electric dipole, it will interact with other adsorbed particles through its di- 
pole field.  The result is that the effective dipole moment of an adsorbed par- 
ticle in the presence of other adsorbed particles is changed to a new value. 
An equation for this new value is derived in this appendix. 

The model to be used is illustrated in figure 11.  The cc's are the po- 

7Z77,Za, I 

Metal 
dipole-^    ^    surface. 

^. meff,j5Bfe m?,\i ^peff,i 5^z0,j 

'ij 

Effective °k        Meta| 

dlpole-TC^     surface- 

^ peff, j W/. z0, k 
I 

\ Peff, k vm 

\_y 

rJk 

(a) Fraction of adsorption sites occupied, e - 0. (b) Fraction of adsorption sites occupied, e> 0. 

Figure 11. - Model of adsorbed particles. 
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larizabilities of the adsorbed particles, the meff's and pgff's are their 

effective dipole moments at zero coverage and at coverage 0, respectively, the 
z^'s are twice the distances from their centers to the metal surface, and the 
"0 
r 's are the distances between^their centers.  Note also that the center of 

each dipole lies on the metal sur- 
face and that its direction is per- 
pendicular to this surface. 

meff, i + 

aiEeff, 

Resultant 
effective 
dipole 

'////////>■ *&   peff, i 

V.     / 

-Metal 
surface Let Eeff i te 'the e:ffec"tive 

Figure 12. - Model illustrating change in effective dipole moment of adsorbed 
particles in presence of other adsorbed particles. 

tive dipole moment Peff ± 

dipole field acting on the ith ad- 
sorbed particle. Because of this 
field the effective dipole moment 
m ff 1 of this particle is changed 

by l  _ 
iven by the relation (see fig. 12)) 

Sa^Egf-f. j_ to yield a new effec- 

Peff,i = meff ,i + 2cciEeff ,i (Dl) 

The effective dipole field Eeff ±    consists of the field %i±    produced 

by the image of the dipole a.^ett ±  'induced in the ith adsorbed particle by 
CO 

,eff i and the field ]T Eik produced by all the other effective dipoles 

' k=l 

Mi 
(adsorbed particles); that is, 

E 

E eff 

00 

,1 = Eü + E E 
k=l 
Mi 

ik (D2) 

The assumption (examined in appendix H) that the field Eik acting on the 

ith adsorbed particle is uniform and equal to E"ik at the surface yields 

and 

Eii = 2 

Eik = 

aiEeff,i 

"0,i 

peff,k 

-ik 

(D3) 

(D4) 

Substituting equations (D3) and (D4) into equation (D2) leads to the im- 

portant new result 
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CO 

i - i y *eff,i go"" / 

3   k=l 

peff,k 

r3 rik 
(D5) 

Using the previous expression for Eeff i in equation (Dl) yields the follow- 
ing equation for p „„ .: 

Peff 

00 

,1 -  meff,i 2a~ / 
•eff.k  . 

> i = 1, 2, (D6) 

z3 .  k=l 
O'1 k^i 

■lk 

In matrix notation equation (D6) becomes 

Eeff = Seff - Seff ^ ^ff 

or 

(U + o^ T)^ « m^ (D7) 

where U is a unit matrix and %>ff,  T, P^f, and m^f are defined as 
follows: 

2an 

2a-, 
0     0 

"0,1 

2teff 

2a. 

2a- 

"0,2 

2a 

2a„ 
1 - 

^0,00 

(DB) 
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T 

1 1 

r3 r12 T-3 r13 

0 
1 

21 r3 r23 

rcol       roo2 

Eeff 

Peff,l 

peff,2 

Peff,o 

r2oo (D9) 

(D10) 

mc :ff 

meff,l 
—*• 
meff,2 

m, 

(Dll) 

eff,o 

Solving for    Peff    yields 

Eeff =  (H + 2eff D^Seff <D12) 

where the right  inverse matrix  (U + o^^ T)"1    is  defined hy the condition 

(U + «teff D"1  (H + 2teff I)   = 2 

Expanding (U + a^ T)"1 in a series yields (within the limit of convergence 
of the series) 

Eeff = [u " 2feff 1 + (°teff D2 " (2eff T)3 + • • -]meff (D13) 
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The l^    component of P^-p is then given by the equation 

= m. Jeff,i _ J11eff ,1 

00 00      00 

Zaeff,i-r-+)  /  aeff;i T" 
rik  / j/     ' rij 

k=l k=l ,1=1 k=l j=l 

1        1 
3~ aeff,j ~3~ 

jk 

CO     CO 

a 1 a a 
1 

k=l j=l 1=1 

k/j tfl l^± 

eff.i 3  eft,I    3  eff,j  3 
■±l lj "Jk 

meff,k   (D14) 

where &eff x is the effective polarizability of the x^*1 adsorbed particle 
and is defined as follows: 

2a. 
a, ■eff,x 

x 
2a x - i, j,  k, Z, (D15) 
x 

^0,x 

Equation (D14) is the desired relation for the effective dipole moment of 
the  fth adsorbed particle in the presence of the metal surface and all the 
other adsorbed particles.  Substituting it (after changing the subscript i 
to k) for Pe;f-f k in equation (D5) leads to the following result for the ef- 
fective dipole field E ^ ^: 

E eff 

00 

, i      2an-   /   v.3 
1 - —^  Z-/  ik 

Zn •  k=l 
°'1  k/i 

m eff,k 

00 

-Z 
m=l 
m/k 

a 
1 

eff.k r3 
km 

CO       CO 

zz 
m=l j=l 
m^j j/k 

a a. eff,k 3 "-eff,Z r3 
kj 

1_ 
3 
jm 

CO     00       CO 

-ZZZ^ 1 

m=l j=l  Z=l 
m^J j^  Vk 

k ^T "-eff,Z -3- ^effj ^T r.°,       rV.       r? kZ        Zj        jm 

meff_,m (D16) 
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r 
In matrix notation the previous expression takes the form 

E _. = (U - «, S^TfU +a -- T)-1 ^eff ±.1      Eeff 

or 

(D17) 

lef f = ^ Sef f 

in which a, S, E~~, and A are defined as follows: 

a = 

ax  0   0 

0   ag  0 

0   0   0 

0 

0 

(D18) 

(D19 

Jo,i 

0 

L 

"0,2 

E. ff 

E eff,l 

Eeff,2 

.Jieff,oo_ 

0,co I 

(D20) 

(D21) 

A = (U - a S)~1 T(U + aeff T)' (D22) 

A simple and useful expression can be obtained for Ppff by placing the 

following additional restriction on the model for the adsorbed particles.  The 
configuration of the effective dipoles associated with the adsorbed particles 
is that of the Topping square array (ref. 5) as shown in figure 2(b) (see p. 3). 
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The length of the side fa of each unit square making up the Topping square 
array is related to the surface density of adsorbed particles O fay the 
relation 

When this restriction is incorporated into equation (D14), there results 

?eff -  =SS-=  <D23> 

Using Topping's value of 9.033/fa3 for 

and the effective polarizafaility expression (eq. (D15)) 

2aQ 
a. ■ef f " —ä£ 

" z3 Z0 

leads to the result 

™eff 

(D24) 

eff  1 + 9.033 aeff(Ns0)
3/2 

(D25) 

It should fae noted that the nev and unique feature in this equation is that 
aeff> wh^h is given fay equation (D24),   is not the polarizafaility of the ad- 
sorbed particle. 
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APPENDIX E 

DETERMINATION OF AVERAGE DIPOLE MOMENT OF ith ADSORBED PARTICLE 

IN PRESENCE OF INFINITE NUMBER OF OTHER ADSORBED PARTICLES - 

DISTRIBUTION FUNCTION METHOD 

Adsorbed particles have certain mobility on the surface of their adsor- 
bent For this reason the distribution of these particles on the surface con- 
stantly changes with time, and the effective dipole moment associated with each 
of these particles fluctuates around its average value. An equation is derived 
herein for this average value by the method of classical statistical mechanics. 
While this equation does not lend itself to evaluation, it nevertheless affords 
a degree of insight into the problem. 

The model to be used for the adsorbed particles is the same as the one 
used in appendix D to derive the general equation (D14) for the effective di- 
pole moment p „- . , except for the following additional restrictions: 

61 I y  -L 

(1) The effective dipole moment at zero coverage associated with each ad- 

sorbed particle is identical; that is, 

*eff,1 = *eff,2 = • * ' = meff>a>  = meff 

(2) The polarizability of each adsorbed particle is identical; that is, 

al = a2 = * * * = aoo = a0 

(3) The distance from the center of each adsorbed particle to the surface 
of the adsorbent is identical; that is, 

z0,l = z0,2 = • • ' z0,co = z0 

Imposing these three restrictions on the general equation (D14) for 
pff .  leads to the result 

Peff,i = I1 ~  aeff 

CO °°       °° 

1 - CW-F ? -?T  + aeff /   /  ..3 „3 
  __      jk 
k=l k=l 5=1 
k^i k£) j^i 

00       00       00 

/   J /   J /   J r±l Tlj  rjk 

-ae3ff >   >   >  4--^4-+- • -Kff  (El) 

k=l j=l 1=1 
Mj &l     ifr 
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An expression is now to be derived for the statistical average of V^-P-P  -t 

given by equation (El).  Since Pg-p-p ^  is a function of the interdipole dis- 

tances only, its statistical average <PP-p-p •?> is (ref. 35) 

<Peff,i> 
J ''M*effA exp^) i • dr. 

(E2) 

where dr-j_ • • • dr^, V, and Zm are, respectively, the coordinates, total po- 

tential energy, and configurational integral of the adsorbed particles. A gen- 
eral equation is derived in appendix D for Peff -j;  and Zm    is given by 

/ " l   eXP(" 5^1 
d? (E3) 

Equation (E2)   can also be written in the form 

<Peff,i> = meff 1   ~ 

Leff 

(Ns0)2^2 

// 

i- p(2)(r'i,r*k)d?i d?k 
rik 

aeff /   f f    1       1       (3)/-    -»    -  x-- 
—TTTE III   ~T~ ~3~ p     (ri>rvrk)dri 

^ xij xjk 

dr . dr. 

,(n), 

(E4) 

where p^  (r-i, ■ • •, r ) is the distribution function.  It is defined in ref- 

erences 36 and 37 as follows: 

>(n)(?!,   •   •   •,  ?n)  =/•   •   •   f P(n)(?!,   •   •   •, ?n)d?1 

/ •  M exp(- 

dr„ 

kTpn+1 dr 

X 
z» 

(E5) 

,(n), The quantity p^^rn, • • •, r )dr-|_ * " * ^rn has the physical significance 

that it is the probability of finding any one of the adsorbed particles located 
in the volume element dr-,  with center at r-,, any other in dTo with center 

at v?,  and so forth, irrespective of the location of the other adsorbed par- 
ticles. 

The appropriate expression to be used for p^ '(r,,r?) in equation (E5) 

has recently been derived by Hill and Saito (ref. 37).  In terms of the symbols 
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used in this report, the relation for p(2)(r1;>r2) is 

(2)(r\;?k)  = (NS0)2 

w.\ /   Wi 
expl- ^exp - j^exp^    kT 

v. ik 

P^   '^±,rk 

% 
xl - '■/Ie^i exp 

Wi, 

M\ 

v 
exp 

ik 
kT 

1 dri 1 dr,  drv 

./-(-ä)K äM aH -  Z-,   / exp - dV + (E6) 

■where Zn  represents the configurational integral for one particle, or, 

It can be shown that p^3^ (^i^j ^k^ is 

p(3)(?i,?1,?k) 

(E7) 

= (Ns6)
; 

■w. 

kT 

v. 
exp[- ^jexpj- j^jexp^- j^jexpj- 

v. k v. . + v., + v., 
ij  ik  jk 

kT 
(1- • • •)   (E8) 

Combining equations (E5), (E6), and (E8) yields 

<Peff,i> = meff 

xeff   / /    1 
v,-   + vv  + v_,v\/        K. ,       i        k ^ vik\|-,       "s exp( ^ )ll        z kT 

aeff    f[fl__±_ '_ *1 + ^,i + "k+ vi.i +Ylk+ vjk)(1 

tojr 

■ )&± d?J d?k 

(E9) 
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Only the first two terms of p(2)(rjL^rk) and the first term of p(3) (r^r . ,rk) 
are written out in equation (E9).  This means that the average operation speci- 
fied by this equation gives the correct average value of p ff ±    only if the 
i   adsorbed particle does not interact with more than two of'its neighbors at 
any one time.  At surface coverage greater than about one-third, additional 
terms from pC2), pi5),   p(4), and so forth must be included. 

Equation (E9) as it stands is extremely difficult to evaluate numerically, 
but it does show clearly how the various interaction energy terms enter into 
the determination of the average value of the effective dipole moment feff ±. 
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APPENDIX F 

GENERAL EQUATION FOR MUTUAL ELECTROSTATIC POTENTIAL ENERGY 

OF GAS PARTICLES ADSORBED ON METAL SURFACE 

As indicated in appendix D, atoms adsorbed on a metal surface are polar- 
ized, or both ionized and polarized "by the surface.  In either case the ad- 
sorbed particle and its image constitute to first order an electric dipole. As 
a result, a system of adsorbed particles will have a mutual electrostatic po- 
tential energy Vei  in addition to its interaction energy ¥ with the sur- 
face.  Thus, the total energy V of the system is given by 

V = W + VeZ (Fl) 

In this appendix a general equation is derived for Vg^.  The model and symbols 
used are identical to those in appendix D (see figs. 11 and 12, pp. 28 and 29). 
The energy Yel    may be split into the internal energy Vin and the external 
energy Vex; that is, 

VeZ = Vin + Vex (F2) 

The internal energy Vin is the polarization energy, which is given by the 
equation 

CO 

Peff,i/2 peff,i 
Vin= ) / Eeff,i'd—2 

Seff,i/2 

00 ^ 

V    /*Eeff,i » 

i=l 

= IZaÄff,i-Eeff,i W 
i=l 

The external energy is the effective dipole field interaction energy of the 
adsorbed particles, which is given by the equation 

OO 

ZPeff,: 

2 

V  = -  \  l^zi. lp„ . (F4) vex     /    2    eff,i 

i=l 
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Combining equations (F2), (F3), and (F4) yields 

Yel = \    YJ    (aAff ,i ' feff ,1 " %tt ' \ff ,i) (F5) 

i=l 

In matrix notation equation (F5) takes the form 

Yel  = |(Sff at^eff "Erff *eff) (F6) 

Substituting equations (D18) and (D12) of appendix D into the previous expres- 
sion for E ff and Peff, respectively, leads to the result 

VeZ = | Uä Seff )* H? + [(U + 2teff I)"1 Eeff] p 2eff (F7) 

which is the desired result. 
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APPENDIX G 

VARIATION IN ATOM DESORPTION ENERGY WITH COVERAGE 

When an atom is adsorbed on a metal surface, it stays on the surface for 
an average time x "before desorbing as an atom or as an ion.  In general, the 
mean adsorption time T of the adsorbed particle may he expressed in the form 
T = [T0/f(6)]exp[(cp0 + Ap)/kTB], where TQ is a constant, cpQ is its desorp- 
tion energy when there are no other particles adsorbed on the surface, and Ap 
is the change in its desorption energy when it is surrounded by other adsorbed 
particles.  In this appendix, an equation is derived for the change Acpa in 
the desorption energy cpa of an adsorbed particle desorbing as an atom. 

The two models shown, respectively, in figure 10 (see p. 28) in appendix D 
are used for the adsorbed particles.  In the first model the adsorbed particles 
are represented by polarized adatoms (adsorbed atoms), while in the second 
model they are represented by polarized adions (adsorbed ions)Vi The common 
features of these two models are as follows (see fig. 2, p. 3 also): 

(1) There is an infinite number (but finite surface density) of adsorbed 
particles on the surface. 

(2) All adsorbed particles are alike; that is, they are either all polar- 
ized adatoms or all polarized adions. 

(3) The polarizability aQ of each adsorbed particle and its effective 
dipole moments m ff and peff at zero coverage and at coverage 0, respec- 
tively, are the same as any other adsorbed particles on the surface. 

(4) The center of each effective dipole lies on the surface plane of the 
metal, and its direction is perpendicular to this plane. 

(5) The dipoles have the Topping square array configuration.  The distance 
between adjacent dipoles b is related to the surface density Ng9 of ad- 
sorbed particles at all coverages by l/b2 = Ng0. 

The method to be used for determining Apa is identical to the one used 
in appendix F to derive the mutual electrostatic potential energy for the ad- 
sorbed particles.  Applying this method to the case where the adsorbed parti- 
cles are represented by polarized adatoms leads to the following expression 

for Zkpa: 

^Pa = " [2  a0|Eeff|  " -f1- Eeffj (&D 

The first term within the parenthesis in equation (Gl) is the polarization en- 
ergy, and the second term is the interaction energy of the adsorbed particles 
and the effective dipole field acting on them, where E ^ is the effective 
dipole field introduced by equation (Dl) in appendix D. 
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For the case in which the adsorbed particles are represented "by polarized 
adions, 

^Pa = " (j ao! Eeff I  -    2    ' Eeff + <Pi,EeffJ (G2) 

Since the surface plane of the metal is an equipotential plane,  cp^ -g   can he 
determined as follows: ' 

.z0/2 

^eff / Jo 
<Pi,Eeff = "      I ZeEeff-ndz 

z0 
=  -Eeff • nZe — 

= "^eff * ~2~ (G3) 

In the previous derivation E ^^    is assumed constant over the distance 

0 < z < -. 

Substituting equation (G3) for (cp^)-rp    in equation (G2) leads to the 
result 'eff 

^Pa = " f | a0|Seff|2 - -T1' Eeff j (G4) 

which is identical to equation (Gl). For this reason, regardless of which of 
the two models shown in figure 10 (see p. 28) is used for the adsorbed parti- 
cles, the previous expression can be used to determine Apa. 

The next step is to express the right side of equation (G4) in terms of 
the parameters Im .»J ,  a nf, N , and z^/2 and the variable 0. Using the 
definitions for &eff    an<3- ^&ff    introduced in appendix D (see eqs. (D15) and 
(Dl)) leads to the result 

^---^^(iSeffl2- ISeffl2) «55> 

Applying equation (C5) and 
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to equation (G5) yields 

peff • n  = ±|peff| (G6) 

a 
1 + 

Ap, a 4a 

eff 

'eff 
m. eff I 

4Tt2e%| * e 

Ap. 
(G7) 

Equation (G7) applies to both models of adsorbed particles shown in fig- 
ure 10 (see p. 28).  Care must be taken in applying equation (G7),  however, 
since the definition of meff depends on which model is used. 
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APPENDIX H 

EXAMINATION OF VALIDITY OP IDEAL DIPOLE AND 

UNIFORM FIELD ASSUMPTIONS 

Throughout this report the effective dipole associated with each adsorbed 
particle has been treated as an ideal dipole; that is, equation (B3) instead of 

(B5) is used to represent the field pro- 
duced "by each effective dipole.  In addi- 
tion, it is assumed that the dipole field 
acting on each adsorbed particle is uni- 
form and equal to the value at the sur- 
face.  The validity of both of these as- 
sumptions is now examined. 

Adsorbed 
particle 

Metal 
surface 

i 

Figure 13, - Model of adsorbed particles used for checking 
Ideal dipole and uniform field assumptions. 

pole to the field (Eik^ld)z=0 

(Eik,nid)z=0 

With the aid of equations (B3), (B6), 
and figure 13, it may be shown that at the 
metal surface the ratio of the field 

(Eik nid' -n Prod-Uced by a nonideal di- 
produced by an ideal dipole is 

(E ik,id)z=o 
1 + 

rik 

-1-3/2 

(HI) 

Also, it may be shown that the ratio of the normal component (to the surface) 
of the field (E^ id) _  /<? produced by an ideal dipole at the center of the 

adsorbed particle to the field (E^ i(j)    at the surface is 

(Eik,id)z=Zo/2 

(E ik,id^z=o 
1 - 3(cos T]ik)' (H2) 

Using 3.00 A for ZQ (see eq. (15)), the Topping square array for the di- 
pole configuration, and 4.8xl0l4 per square centimeter for the maximum surface 
density of adsorbed particles yields 

Z-/   *•   ik,nid^z=:c 
k=l 

1>kii 

Z,   (Eik,id)z==0 
k=l 
k/i 

> 0.916 for     0 < Ns0 < 4.8xl014/sq cm (H3) 
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and 

2,   ^Eik,id)z=z ,/2 

1 > 

k=l 
k^i 

2/   (Eik,id) 
k=l 
k/i 

> 0.826 for    0 < W 0 < 4.8xl01'1/sq. cm (H4) 

z=0 

Since 

/ j  Eik,nid 

/      00 \ 

2^  Eik,nid 
\ 

k=l 
k/i ^_, 

k=l 

CO 

Li Eik,id 

V Mi      / z=z0/2 

V   E / v     ik,id 
k=l W    / 

(H5) 

z=0 

it follows that 

2>   (Eik,nid)z=zn/2 
k=l 

1>^ > 0.756 for    0 < N„0 < 4.8xl014/sq cm      (H6) 

LJ   
K
  ik,id;

z=o 
k=l 
k=/i 

From the foregoing analysis, it may be seen that the ideal dipole and the 
uniform field assumptions introduce a maximum error of +24 percent into the 
field calculation.  Because of this error, the values of aeff and zQ deter- 
mined in this report are also too large by zero to +24 percent and zero to 
+7 percent (in the first approximation), respectively.  The error is zero at 
zero coverage and rises to its maximum value at coverage of unity. 
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APPENDIX I 

GRAPHS OF RICHARDSON-DUSHMAN EQUATION 

Thermionic emission of a metal is generally represented "by the Richardson- 
Dushman equation 

js=V2exp(-^f) (ii) 

For the rapid determination of Jg from known values of cpe and T, or 
cpe from known values of Js and T, a series of eight graphs of the 
Richardson-Dushman equation is presented in figure 14.  In these graphs Js is 
plotted against T with cpe as the parameter.  The range of Jg, 1,  and cpe 
are as follows: Jg, 10"

9 to 10+3 amperes per square centimeter; T, 500° to 
3500° Kj cpe, 0.5 to 8.0 electron volts, which is increased in steps of 
Ape = 0.05 electron volt.  The values AQ = 120 amperes per square centimeter 
per (°K)  and k = 1/11,606 electron volts per °K were used for the calcula- 
tions. 
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(a) Saturation current density, 10° to W amperes per 

Figure 14. - Graphs of Richardson- 
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1200 1300 1400 1500 

square centimeter; temperature, 500° to 2000° K. 

Dushman equation (eq. (ID). 
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Figure 14. - Continued.  Graphs of 
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1200     1300 1400 1500 1600      1700 1800       1900       2000-, 
10° 

1900 2000 

square centimeter; temperature, 500° to 2000° K. 

Richardson-Dushman equation (eq. (ID). 
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(c) Saturation current density, 10"° to lO"-3 ampere per 

Figure 14. -Continued.  Graphs of 
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1200     1300 1400 1500 1600 1700 1800 1900 2000 

square centimeter-, temperature, 500° to 2000° K. 

Richardson-Dushman equation (eq. (ID). 
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(d) Saturation current density, 10"9 to 10"6 ampere per 

Figure 14. -Continued.  Graphs of 
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1200 1300 1400 1500 1600 1700 1800 1900 2000 

1900 2000 

square centimeter; temperature, 500° to 2000° K. 

Richardson-Dushman equation (eq. (ID). 
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(e) Saturation current density, 10° to 103 amperes per 

Figure 14. - Continued.  Graphs of 
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3200 

square centimeter-, temperature, 2000° to 3500° K. 

Richardson-Dushman equation (eq. (ID). 
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(f) Saturation current density, 10"3 to 10° amperes per 

Figure 14.-Continued.  Graphs of 
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3300 3400 3500 

square centimeter; temperature, 2000° to 3500° K. 

Richardson-Dushman equation (eq. (ID). 
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Figure 14. - Continued.  Graphs of 
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