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Pulse Propagation and Bistatic Scattering

Abstract

A set of pulse-propagation coupling equations is derived. They couple the output electrical
signal at a point element in a receive array to the transmitted electrical signal at the input to a
transmit array via the complex frequency response of a fluid medium (e.g., air or water). The pulse-
propagation coupling equations are based on linear, time-variant, space-variant, filter theory, the
principles of complex aperture theory and array theory, and solving a linear wave equation, which
includes satisfying all boundary conditions, including the boundary condition at the source. They
can be used to accurately model the propagation of small-amplitude acoustic pulses in the ocean for
a bistatic scattering problem. Three different bistatic scattering problems are considered: 1) no
motion, 2) only the discrete point scatterer is in motion, and 3) all three platforms (the transmitter,
discrete point scatterer, and receiver) are in motion. Specific examples on the use of the pulse-
propagation coupling equations are given for the three different bistatic scattering problems.

1 Introduction

The main purpose of this report is to establish a mathematical framework that can be used to
accurately model the propagation of small-amplitude acoustic pulses in the ocean for a bistatic
scattering problem. Since we are dealing with small-amplitude acoustic pulses, a linear wave
equation accurately describes the propagation of sound between source, discrete point scatterer, and
receiver. As a result, we treat the propagation of small-amplitude acoustic pulses in the ocean as
transmission through a linear, time-variant, space-variant filter. Treating the ocean medium as a
linear filter is valid because we are trying to solve a linear wave equation. _

Part 2 of this report provides necessary background information on some of the principles of
linear, time-variant, space-variant filter theory and how it relates to solving a linear wave equation. In
particular, Section 2.1 introduces the time-variant, space-variant, complex frequency response of
the ocean, which is shown to be the time-harmonic solution of a linear wave equation when the
source distribution is a time-harmonic point source. Three different examples are worked out in
Section 2.1.

Section 2.2 deals with the main problem of pulse propagation from a linear systems theory
point of view. In this section we derive a set of equations that we refer to as the pulse-propagation
coupling equations. They couple the output electrical signal at a point element in a receive array to
the transmitted electrical signal at the input to a transmit array via the complex frequency response
of a fluid medium (e.g., air or water). The pulse-propagation coupling equations are based on
linear, time-variant, space-variant, filter theory, the principles of complex aperture theory and
array theory, and solving a linear wave equation, which includes satisfying all boundary
conditions, including the boundary condition at the source. They provide a consistent, logical, and
straightforward mathematical framework for the solution of small-amplitude, acoustic, pulse-
propagation problems. The main features of the pulse-propagation coupling equations are as
follows: 1) transmitted electrical signals are modeled as amplitude-and-angle-modulated carriers,
2) both the transmit and receive apertures are modeled as volume, conformal arrays composed of
unevenly-spaced, complex-weighted, point elements (this type of model for both of the apertures
allows for maximum flexibility), 3) the complex weights are frequency dependent and allow for
beamforming, 4) the performance of the point elements in both the transmit and receive arrays are
characterized by frequency-dependent, transmitter and receiver sensitivity functions, and 35) the
solution of a linear wave equation is given by the complex frequency response of the fluid medium.
It is important to note that attention to all proper units of measurement are taken into account in



order to ensure the accurate prediction of signal strength levels at each element in a receive array.
This is especially important, for example, in order to obtain accurate probability of detection results.

Part 3 of this report is devoted to the derivation of the complex frequency response of the
ocean for three different bistatic scattering problems. Scatter from a discrete point scatterer is
modeled via the scattering amplitude function, which is a complex function (magnitude and phase)
and is, in general, a function of frequency, the direction of wave propagation from the source to the
scatterer, and the direction of wave propagation from the scatterer to the receiver. In addition to the
scattering amplitude function, frequency-dependent attenuation is taken into account in order to
model the propagation of sound from transmitter to discrete point scatterer, and from discrete point
scatterer to receiver. Section 3.1 is devoted to the first bistatic scattering problem, which involves no
motion - the transmitter, the discrete point scatterer, and the receiver are not in motion. Section 3.2 is
devoted to the second bistatic scattering problem where only the discrete point scatterer is in motion,
and Section 3.3 is devoted to the third bistatic scattering problem where all three platforms are in
motion. The dimensionless, time-compression / time-stretch factor is discussed in Sections 3.2 and
3.3 due to the consideration of motion. The time-compression / time-stretch factor takes into
account the relativistic effects of motion and provides for accurate time delay and Doppler shift
values. In addition to other examples, specific examples on the use of the pulse-propagation
coupling equations are given in all three sections of Part 3 for the three different bistatic scattering

problems.

2  The Ocean Medium As A Linear, Time-Variant, Space-Variant Filter

2.1 Complex Frequency Response Of The Ocean

The propagation of small-amplitude acoustic signals in the ocean medium can be described
by the following linear, three-dimensional, inhomogeneous wave equation:

(92
Vo Iu(tT) = =7 Y (D) = %, (.T), (2.1-1)

1
c*(r)

where y,,(,r) is the velocity potential at time ¢ and position r = (x,y,z) with units of squared-
meters per second, x,,(,r) is the source distribution at time ¢ and position r with units of inverse
seconds, and c(r) is the speed of sound in meters per second, shown as a function of position r.
The source distribution represents the volume flow rate (source strength) per unit volume of fluid.
The solution of (2.1-1) can be obtained by treating the ocean medium as a linear, time-variant,
space-variant filter. Treating the ocean medium as a linear filter is valid because we are trying to
solve a linear wave equation. The time-variant property of the filter allows for motion and the
possibility that the properties of the ocean medium may change with time. The space-variant
property of the filter allows for the presence of boundaries, both the speed of sound and the
ambient (equilibrium) density of the ocean medium as functions of position (spatial coordinates),
and discrete point scatterers.

Figure 2.1-1 is an illustration of a linear, time-variant, space-variant, ocean-medium filter with
input-output relationship given by [1]

O E B IENCR SUM (R IR YEN" (2.1-2)

where the source distribution x,,(z,r) is the input acoustic signal to the filter, h,, (t,r|t0,ro) is the
time-variant, space-variant, impulse response (Green’s function) of the filter, that is, it is the
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Figure 2.1-1. Illustration of a linear, time-variant, space-variant, ocean-medium filter.



response of the filter at time 7 and position r = (x,y,z) due to the application of a unit-amplitude
impulse at time ¢, and position ¥, = (x,, ¥,,2,), the velocity potential y,,(z,r) is the output acoustic
signal from the filter, and dr, = dx, dy, dz,. Therefore, the right-hand side of (2.1-2) is shorthand

notation for a four-fold integral. Note that (2.1-2) is not a multidimensional convolution integral.
Equation (2.1-2) is the solution of the linear wave equation given by (2.1-1).

Also shown in Fig. 2.1-1 is the time-variant, space-variant, transfer function H), (t,r |7 v) of
the ocean-medium filter defined by [1]

Hy(tx|£,9) & [ [ hy(tx]15.5, ) expl—j27f (s = 1;)lexpl+j27v e (v = x)]dsy dr,

co Mmoo

= [~ [ my(t.x 0,5, )expl=j2mf (1 = 1)) dt, expl+j2mv e (r — x;)]dr,

—00 & ~00

= J.: HM(t,rlf,rO)exp[+j27zvo (r-r,)]dr,,

(2.1-3)

where f represents input (transmitted) frequency components in hertz, v= (fxo Jy» f7) is a three-
dimensional vector whose components are input (transmitted) spatial frequencies in cycles per
meterinthe X, Y, and Z directions, respectively, dr, = dx, dy, dz,, and

H,(tr|f.n,)= .[:hM(t,r 4T, )expl—j27f (t — 1)1 dk, (2.1-4)

is the time-variant, space-variant, complex frequency response of the ocean at frequency f hertz.
Similarly [1],

fov)expl[+j27f (¢ —t,)]exp[—j27v e (r — x,)ldf dv

hM(t,r|to,r0) 2 J:JLHM(t,r

=J. _[ H,(t.r

—00 o —00

f v) exp[—j27rve (r —x,)ldvexp[+j27nf(t — t,)1df

= [7 H,, (x| f.x,)expl+j2mf e - 1)),

(2.1-5)

where dv = df, df, df,. From the right-hand side of (2.1-5), it can be seen that the complex
frequency response HM(t,r| f,ro) can be obtained from the transfer function HM(t,r f,v) as

follows:

H, (x| f.5) = [ H,(6x]f,v)expl-j2nve (r ~r)]dv. (2.1-6)




Equation (2.1-6) is the inverse of the last relationship shown in (2.1-3).

The strategy that we are going to follow is to first find time-harmonic solutions of the linear
wave equation for various bistatic scattering problems, and then, by using Fourier transform
techniques, we will obtain the corresponding pulse solutions. Recall that a time-harmonic acoustic
field is one whose value at any time and point in space depends on a single frequency component.

For convenience, let us rewrite (2.1-2) as follows:

t,,8)dt,dg. (2.1-7)

@D =[xt Dby (e
Let the source distribution x 1 (2,T) be motionless and time-harmonic, that is,
xy (1) = x; ,,(v)exp(+j27 1), (2.1-8)

where x » () is the spatial-dependent part (with units of inverse seconds) of the motionless, time-
harmonic source distribution. Substituting (2.1-8) into (2.1-7) yields

@D =[x, @[ by (t.x|1,,Q)exp(+j2mfty )ty dC, 2.1-9)

and upon multiplying the right-hand side of (2.1-9) by
exp(—j2nft)exp(+j2nft) =1,

we obtain the following expression for the output acoustic signal (velocity potential) from a linear,
time-variant, space-variant, ocean-medium filter:

f.C)dCexp(+j2xf?), (2.1-10)

Yt =[x Hy (1

where H,, (t,r | £ ro) is the time-variant, space-variant, complex frequency response of the ocean at

frequency f hertz given by (2.1-4).
If the source distribution x,,(z,r) is a motionless, time-harmonic, point source with units of
inverse seconds, then (2.1-8) is still applicable but

X (1) =86(r —1,), (2.1-11)

where S, is the source strength in cubic meters per second and the impulse function d(r —r,), with
units of inverse cubic meters, represents a point source at ¥, = (X,,Y,,Z,)- Substituting (2.1-11) into
(2.1-10) yields

.1, )exp(+ j2mft), 2.1-12)

Y (t.x) = S H, (t.r

where HM(t,r f,ro) is given by (2.1-4).

Different forms of the input-output relationship given by (2.1-2) and the time-variant, space-
variant, complex frequency response given by (2.1-4) can be obtained by considering the following
three examples.




Example 2.1-1 Time-Invariant, Space-Invariant, Ocean-Medium Filters

If the ocean-medium filter is time-invariant and space-invariant, then [1]

Py (1.1 15,0, ) = By (1 = £, = ), (2.1-13)

that is, the impulse response depends only on the time difference T =1t—t, and the vector spatial
difference R =r —r,. The time difference 7 is a measure of how long ago the impulse was applied,

or the travel time between source and field points. The vector spatial difference R corresponds to
the distance and direction between source and field points. The magnitude of the vector spatial

difference |R|=|r—r,| is a measure of how far away the impulse was applied, or the distance
traveled between source and field points. Substituting (2.1-13) into (2.1-2) yields

&)= [ [ 30Ty Vg (¢ = 10,7 =1ty iy, (2.1-14)

which is a multidimensional convolution integral as expected. In addition, substituting (2.1-13) into
(2.1-4) yields

Hy(t.r|f.0) = [ Ryt~ t,x — ;) expl—j27f (2 = 15))dty . (2.1-15)

If we let T =1 —1,.then dr, = —d7 and (2.1-15) reduces to

H,,(t.x|f.5)= [ hy(T.r —x,)exp(=j27f7)d7
= F{h,(t,r-x,)} (2.1-16)
=H,(f,r-r,).

If the source distribution is motionless and time-harmonic [see (2.1-8)] and the ocean-
medium filter is time-invariant and space-invariant, then substituting (2.1-16) into (2.1-10) yields
the following expression for the output acoustic signal (velocity potential) from the ocean-medium

filter:

Y (tT) =Y, 4, (T)exp(+j27f1), (2.1-17)

where

Yy (0 =X, (O*H, (f,1) = f:xf,M(C)HM(f,r— £)dt (2.1-18)




and the time-invariant, space-invariant, complex frequency response of the ocean at frequency f
hertz is given by [see (2.1-16)]

Hy,(for—1) = E{h,(t.r =)} = [, (z,r -1, exp(~j2mfr)dT. (2.1-19)

Furthermore, if the source distribution is a motionless, time-harmonic, point source, then (2.1-8)
and (2.1-11) are applicable, and upon substituting (2.1-11) into (2.1-18), we obtain

yf'M(r)=SOHM(f,r—r0), (2.1-20)

where H,,(f,r—r,) is given by (2.1-19).
For example, the impulse response of an ideal (nonviscous), unbounded, homogeneous,
ocean medium is given by [2, 3]

1 -—
hM(t’rlto’l'o) =hy(t—1,F ~5,) = "ma[f — _l‘l:c_rOl)- (2.1-21)
0

Equation (2.1-21) indicates that the ocean-medium filter is fime-invariant (no motion and the
properties of the medium between source and field points do not change with time) and space-
invariant (unbounded, homogeneous medium with no discrete point scatterers between source and
field points). If we let 7=r—¢,, then substituting (2.1-21) into (2.1-19) yields the following
expression for the time-invariant, space-invariant, complex frequency response of the ocean at
frequency f hertz:

exp(—jk]r—r0|)
H (fr-r,)=- -
w(for—1p) pr - (2.1-22)
where
k=2nflc=2rn/A (2.1-23)

is the wavenumber with units of radians per meter, ¢ is the constant speed of sound of the
homogeneous ocean medium in meters per second, and A is the wavelength in meters. Note that
H, (f,r—r,) given by (2.1-22) is an exact solution of the following lossless, inhomogeneous,

Helmbholtz equation [4, 5]:
V2H,(f.r—1,)+kH, (f,r—5,)=8(r - x,). (2.1-24)

Also note that A, (t —t,,r —r,) given by (2.1-21) can be used in (2.1-14) and that H, (f,r—r,)
given by (2.1-22) can be used in both (2.1-18) and (2.1-20), and that



exp(~Jklr]) (2.1-25)

HM(f7r)=_ 477:[["

Example 2.1-2 Time-Invariant, Space-Variant, Ocean-Medium Filters

If the ocean-medium filter is time-invariant and space-variant, then [1]

hag (1,7 16,0,) = By (£ — 10,7 |y, (2.1-26)

that is, the impulse response depends on the time difference T =t —t,. The time difference 7 is a
measure of how long ago the impulse was applied, or the travel time between source and field
points. Substituting (2.1-26) into (2.1-2) yields

V@D = [ [ 2t ¥y (£ = 10,7 |, )t iy (2.1-27)

In addition, substituting (2.1-26) into (2.1-4) yields

HM(t,r

fir)= J.:,hM(t — 1,7 | 1 )exp[—j27f (t — 1)1 dt,. (2.1-28)

If welet T=t—1,, then drf, = —dt and (2.1-28) reduces to

HM(t,r|f,r0) = fth(T,rI r, )exp(—j27f7)dT
= F{h,(z.r|r,)} (2.1-29)

= H,(f.r|x).

If the source distribution is motionless and time-harmonic [see (2.1-8)] and the ocean-
medium filter is time-invariant and space-variant, then substituting (2.1-29) into (2.1-10) yields the
following expression for the output acoustic signal (velocity potential) from the ocean-medium

filter:

YD) =[x, @ H,( f.x|C)dlexp(+j2xf1), (2.1-30)

where the time-invariant, space-variant, complex frequency response of the ocean at frequency f
hertz is given by [see(2.1-29)]

Hy( f.r|5) = E{hy(t.x|5)} = [ (7.5 |5 )exp(=j2nf7)dr. (2.1-31)




Furthermore, if the source distribution is a motionless, time-harmonic, point source, then (2.1-8)
and (2.1-11) are applicable, and upon substituting either (2.1-11) into (2.1-30), or (2.1-29) into
(2.1-12), we obtain

Yu(t.x) = S, H,,( f.x|x,)exp(+j27fe), (2.1-32)

where H M( for| ro) is given by (2.1-31). Several different examples of H M( forl ro) are given next.

A simple waveguide model of the ocean is illustrated in Fig. 2.1-2 where p,c,;, p,¢,, and p,c,
are the characteristic impedances of fluid media I (air), II (seawater), and III (ocean bottom),
respectively. The parameters p, and ¢;, i =1,2,3, are the constant ambient (equilibrium) densities
(in kilograms per cubic meter) and speeds of sound (in meters per second) in each of the three fluid
media, respectively. Both the ocean surface and ocean bottom are modeled as plane, parallel
boundaries, and the ocean is D meters deep. The source distribution is a motionless, time-
harmonic, point source [see (2.1-8) and (2.1-11)] located in medium II at horizontal range r =0
meters and depth y = y, meters where the cylindrical coordinates (r,¢,y) are illustrated in Fig. 2.1-
3.

If the ocean surface is modeled as an ideal pressure-release boundary and the ocean bottom
is modeled as an ideal rigid boundary, then it can be shown that the time-invariant, space-variant,
complex frequency response of the ocean at frequency f hertz is given by [6]

N,-1
HM(f,rIro) = HM(f, r,q),y[yo) = —j-é—lb- 2 sin(kyz'nyo)Héz)(k,“r)sin(kyz.ny), 0<y<D,
n=0
(2.1-33)
where
N,= INT[l[‘IDf - ID +1 (2.1-34)
2] ¢

is the total number of propagating normal modes excited by the source frequency f hertz, H (o)
is the zeroth-order Hankel function of the second kind,

L kJ1-(£/f?,  F2f., 0,135
=i (L IF -1, F< £

is the propagation-vector component in the horizontal radial direction, in radians per meter, of the
nth normal mode,

k,=2nf/c, =27/, (2.1-36)

is the wavenumber in medium II in radians per meter,



I pc 7

Yo i
II p,c,
X
D
I p,c,
Y

Figure 2.1-2. Simple waveguide model of the ocean where p,c, p,c,, and p;c, are the

characteristic impedances of fluid media I (air), II (seawater), and III (ocean bottom),
respectively. The source distribution is a motionless, time-harmonic, point source located in

medium II at horizontal range r = 0 meters and depth y =y, meters.
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Figure 2.1-3. The cylindrical coordinates (7,9, ).
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5= (2—"5)& (2.1-37)

is the cutoff frequency in hertz of the nth normal mode, and

2n+)m
ky, =—F"— 2.1-38
Y2.n 2D ( )

is the propagation-vector component in the depth direction, in radians per meter, of the nth normal
mode. Note that in the far-field, that is, when k,2 r>>1,

r

"2.n

By inspecting (2.1-33), it can be seen that the complex frequency response depends on the actual
values of the depth coordinates of the field point (y) and the point source (y,) and not on their
difference. This is an indication that the medium is space-variant in the depth direction.

A second example of a time-invariant, space-variant, complex frequency response can be
obtained by reconsidering the simple waveguide model of the ocean illustrated in Fig. 2.1-2. If the
ocean surface is once again modeled as an ideal pressure-release boundary as before, and if the
ocean bottom is now modeled as the boundary between two different fluid media instead of being
modeled as an ideal rigid boundary, then it can be shown that the fime-invariant, space-variant,
complex frequency response of the ocean at frequency f hertz for a fast fluid-bottom is given by

[7]

N, -1

1 -1 .
Hy,(fr|5)=Hy(f.r.0:y]%)= —jZ Y E; 151n(k},2'"y0)H[§2)(k,“ r)sm(kyz.ny), 0<y<D,
n=0
(2.1-40)
where
N,= INT(-l—[M—ID +1 (2.1-41)
2 c,

is the total number of trapped (propagating) normal modes excited by the source frequency f hertz,
B.=sin"(c,/c;), € >6 (2.1-42)
is the critical angle of incidence,

o 2ke.D- sin(2k,, D)—2(p,/p,)’ tan(ky, D)sin’ (kD)
" 4k,

(2.1-43)
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is the “energy” in meters of the nth eigenfunction, H{”(e) is the zeroth-order Hankel function of
the second kind,

k, =k;sinB,, (2.1-44)

r

is the propagation-vector component in the horizontal radial direction, in radians per meter, of the
nth normal mode (see Fig. 2.1-4),

k, =k,cosB,, (2.1-45)

is the propagation-vector component in the depth direction, in radians per meter, of the nth normal
mode (see Fig. 2.1-4),

k,=2nf/c, = 2m[A, (2.1-46)

is the wavenumber in medium II in radians per meter, and the angles of propagation f,,,
n=0,1,...,N,—1, (see Fig. 2.1-4) are the roots of the following transcendental equation:

¢, COS
tan[ = Dcosﬂz,,. ek ﬁz'" =0, >6, B.< Bln <7/2.

2 2\/( i ﬁz,"/ i ﬁ{.‘) 1
(2'|-4;)

The far-field approximation of H.>(e) is given by (2.1-39). By inspecting (2.1-40), it can be seen
that the complex frequency response depends on the actual values of the depth coordinates of the
field point ( y) and the point source (y,) and not on their difference. This is an indication that the
medium is space-variant in the depth direction.

A third and final example of a time-invariant, space-variant, complex frequency response can
be obtained by reconsidering the simple waveguide model of the ocean illustrated in Fig. 2.1-2. If
both the ocean surface and the ocean bottom are modeled as boundaries between two different fluid
media, then it can be shown that the time-invariant, space-variant, complex frequency response of
the ocean at frequency f hertz is given by [8]

HM(f,r|r0)= HM(f,r"P,)’I)’o)
.1 (7 F(k, . ,
el _(_kr,zy—()){R” exp ks, (v + ¥9)) + exp 4k, (v = )]}

xJo(k,k, dk,,  0<y<y,

(2.1-48)

when the field point is at a depth between the ocean surface and the point source (0 < y < y,), and
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Figure 2.1-4. The propagation vector k,, of the nth trapped (propagating) normal mode in
medium II. Note that Ikzy,, =k, =27f/c,. Also shown are the angle of propagation f3,, and the
scalar propagation-vector components k,_ and ky in the horizontal range r and depth Y
directions, respectively.
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HM(f’rer) = HM(f’r’¢’yly0)

= +j Z%JO 5%2’—2’—){1321 exp|—jky, (3 + )| + exp|—jky, (y - yo)]}

xJy (k. r)k, dk,, Y% <y<D,

(2.1-49)

when the field point is at a depth between the point source and the ocean bottom (y, <y < D),
where

1+ R, exp|-j2k, (D-7v)
Flk,,y) = ——2 il = y], (2.1-50)
1- Ry, Ry exp(~j2k,, D)

F(k,,y)=F(k., )| _, . (2.1-51)
Pk, — Pk

2= AT (2.1-52)
plk}’z + pzkyl

and

_Ps k)’z — P, ky3

= (2.1-53)
Psky, + P, ky,

23

are the plane-wave velocity potential reflection coefficients at the ocean surface and ocean bottom,

respectively,
JE-K2,  K<E,  i=123,
ky = (2.1-54)

—iJE-k,  K>E, =123

are the propagation-vector components in the depth direction, in radians per meter, in media I, I,
and III, respectively,

k=2nflc, =123, (2.1-55)

are the wavenumbers in radians per meter in media I, I, and IH, respectively, and J,(®) is the
zeroth-order Bessel function of the first kind. Note that in the far-field, that is, when &k, r >>1,

Jkr)= |2 cos(k,r—z), kr>>1. (2.1-56)
k. r 4
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Note that the function F(k,,y) in the integrand of (2.1-49) is not evaluated at y = y,. By inspecting
(2.1-48) and (2.1-49), it can be seen that the complex frequency response depends on the actual
values of the depth coordinates of the field point (y) and the point source (,) and rot on their
difference. This is an indication that the medium is space-variant in the depth direction.

Example 2.1-3 Time-Variant, Space-Invariant, Ocean-Medium Filters

If the ocean-medium filter is zime-variant and space-invariant, then [1]

Ry (61 |1,05) = by (1.0 =13 | 1), (2.1-57)

that is, the impulse response depends on the vector spatial difference R =r —r,. The vector spatial
difference R corresponds to the distance and direction between source and field points. The
magnitude of the vector spatial difference |R|=|r —r,| is a measure of how far away the impulse

was applied, or the distance traveled between source and field points. Substituting (2.1-57) into
(2.1-2) yields

@D =[xt 1)y (1.0~ 1, | 1)ty . (2.1-58)

In addition, substituting (2.1-57) into (2.1-4) yields

H (1) = [ lor = nJexplo 2 et

= H,(t.r-1,|f).

(2.1-59)

If the source distribution is motionless and time-harmonic [see (2.1-8)] and the ocean-
medium filter is time-variant and space-invariant, then substituting (2.1-59) into (2.1-10) yields the
following expression for the output acoustic signal (velocity potential) from the ocean-medium
filter:

@0 =[x, @ H,(t.,x = | f)dCexp(+j27f1)
(2.1-60)

= [xf,M(r)THM(t,r|f)]exp(+j27zft),

where the time-variant, space-invariant, complex frequency response of the ocean at frequency f
hertz is given by [see (2.1-59)]

HM(t,r— I, |f) = J‘:hM(t,r—ro Ito)exp[—jZﬂ:f(t —1,)]dt,. (2.1-61)
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Furthermore, if the source distribution is a motionless, time-harmonic, point source, then (2.1-8)
and (2.1-11) are applicable, and upon substituting either (2.1-11) into (2.1-60), or (2.1-59) into
(2.1-12), we obtain

Yu(t:6) = S, H, (6.0 - 1, | f ) exp(+ 27 ), (2.1-62)

where H,,(t,r—x,|f) is given by (2.1-61).

2.2 Pulse Propagation In The Ocean

Before we can discuss the pulse-propagation problem in this section, we need to introduce
two coupling equations. The first coupling equation is the transmit-aperture coupling equation and
is given by (see [9] and Fig. 2.2-1)

(60 = [ X(f.0)A(f.D)exp(+i2nfo)df, (22-1)

where x,,(z,r) is the input acoustic signal (source distribution) to the fluid medium with units of
inverse seconds (volume flow rate per unit volume of fluid) at time ¢ and position r = (x,y,z) of the
transmit aperture,

X(f.r) = E{x(t0)} = [ x(t.v)exp(~j2zfr)dt (2.2-2)

is the complex frequency spectrum of the input electrical signal at position r=(x,y,z) of the
transmit aperture with units of volts per hertz, x(z,r) is the input electrical signal to the transmit
aperture at time ¢ and position r=(x,y,z) with units of volts, and A,(f,r) is the complex

frequency response (amplitude and phase) at position r=(x,y,z) of the transmit aperture, also
known as the complex transmit aperture function, with units of inverse-seconds per volt, where f
represents input or transmitted frequencies in hertz. Equation (2.2-1) represents the coupling of the
input electrical signal to the fluid medium, that is, the production of the input acoustic signal (source
distribution) due to the input electrical signal via the transmit aperture whose performance is
described, in part. by the complex transmit aperture function. Another useful result can be obtained
from (2.2-1) as follows. Since

% (6,0 = FH{X(f,0) AL (f.0)}, (2.2-3)
then
X, (f,r)= F{x,t,0)} = L x,,(t,r)exp(—j2mft)dt 22.4)
= X(f.r)A(f.p),
or,
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Figure 2.2-1. Block diagram model of small-amplitude pulse propagation.




Xy (f.r)y=X(f,r)A(f.r), (2.2-5)

where X,,(f.r) is the complex frequency spectrum of the input acoustic signal (source
distribution) at position r = (x,y,z) of the transmit aperture with units of inverse-seconds per hertz
(see [9] and Fig. 2.2-1).

The second coupling equation is the receive-aperture coupling equation and is given by (see
[9] and Fig. 2.2-1)

yex) = [ ¥, (nx) Anr)exp(+j2ant)dn, (2.2-6)

where y(z,r) is the output electrical signal from the receive aperture at time ¢ and position
r = (x,y,z) with units of volts,

Y, (n.x) = F{y, 00} = [y, (t.x)exp(=j2nnr)ds @22-7)

is the complex frequency spectrum of the acoustic signal (velocity potential) incident upon the
receive aperture at position r = (x,y,z) with units of (mz/ sec) / Hz, y,(t,r) is the acoustic signal
(velocity potential) incident upon the receive aperture at time ¢ and position r = (x,y,z) with units of
squared-meters per second, and A.(7,r) is the complex frequency response (amplitude and phase)
at position r = (x,y,z) of the receive aperture, also known as the complex receive aperture function,
with units of V/ (mz/ sec), where 7] represents output or received frequencies in hertz. Note that in

general, 7] # f . Equation (2.2-6) represents the coupling of the fluid medium to the output electrical
signal, that is, the production of the output electrical signal due to the input acoustic signal via the
receive aperture whose performance is described, in part, by the complex receive aperture function.
Another useful result can be obtained from (2.2-6) as follows. Since

y(t,r) = E Y, (n,0) A,(n.r)}, (2.2-8)
then
¥(n.r)= E{y.0} = [_yt.o)exp(-j2mns)dr (229
= Y,,(n,r) Ay (n,1),
or,
Y(n,r)=Y,,(n,r)A;(n,r), (2.2-10)

where Y(n,r) is the complex frequency spectrum of the output electrical signal at position
r = (x,,z) of the receive aperture with units of volts per hertz (see [9] and Fig. 2.2-1).
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Now that we have introduced the two coupling equations, we will next show how to use them
to solve the pulse-propagation problem. Recall from Section 2.1 that x,(z,r) and y,(sr) are
related by the following linear, three-dimensional, inhomogeneous wave equation [see 2.1-DI:

1 9
Viy, (t, 1)~ oyl y,, (6, 1) = x,,(2,r). (2.2-11)

Also recall from Section 2.1 that the solution of (2.2-11) is given by [see (2.1-2)]
@) = [ [yt Wy (1, | 20T, )t iy (2.2-12)

where h,, (t,rlto,ro) is the time-variant, space-variant, impulse response (Green’s function) of the
medium filter (see Fig. 2.2-1), that is, it is the response of the filter at time 7 and position
r=(x,yz) due to the application of a unit-amplitude impulse at time 7, and position
r, = (X, Yo»2,)- Substituting the first coupling equation given by (2.2-1) into (2.2-12) and making
use of (2.1-4) yields

@)= [ [7 X(FR)Ar(f.0) Hy (x| £o5,)dry exp(+j2aft)df, | (2.2-13)

where
H,, (65 f.50) 2 [ by (x| 1.1, )expl—j2mf (¢ = )]ty (2.2-14)

is the time-variant, space-variant, complex frequency response of the ocean at frequency f hertz.
[see (2.1-4) and Fig. 2.2-1]. Note that since the impulse response of the ocean medium

hy(t.r] 5T, ) is a real function,

fir)- (2.2-15)

H;(t.x|-f.x,) = H,(t.r

Equation (2.2-13) is a general solution for the acoustic signal (velocity potential) that is
incident upon the receive aperture. It can be used in conjunction with (2.2-6) and (2.2-7) to solve
for the output electrical signal from the receive aperture. Before we discuss how to simplify (2.2-
13) in order to solve real-world, pulse-propagation problems, let us make the following interesting
observation. If we refer back to the time-harmonic solution given by (2.1-10), and if we set
X #(©)=X(£.8)A;(f,0), then (2.2-13) can be interpreted as being equal to the integration of the
time-harmonic solution given by (2.1-10) over all the frequency components contained in the
complex frequency spectrum of the input electrical signal applied to the transmit aperture.

We begin the simplification of (2.2-13) by assuming that an identical input electrical signal is

applied at all spatial locations r, of the transmit aperture, that is,
x(t,xy) = x(t) (2.2-16)

so that [see (2.2-2)]
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X(f.x)=X(f). (2.2-17)

Equations (2.2-16) and (2.2-17) are, in fact, valid in the vast majority of real-world, practical
problems. For example, in most practical situations, an identical input electrical signal is applied to
all elements in a transmit array before the application of complex weights for beamforming
purposes. Substituting (2.2-17) into (2.2-13) yields

@D =" X(F) [ Ar(f.5) Hy(t.x|£.5,) dr, exp(+j2mfr)df (2.2-18)

Equation (2.2-18) can be simplified by specifying the transmit aperture. In this paper, both the
transmit and receive apertures will be modeled as volume, conformal arrays composed of unevenly-
spaced, complex-weighted, point elements. This type of model for both of the apertures will give us
maximum flexibility. Therefore, the complex transmit aperture function is given by

N
Ar(fimy) = Xer (IS ())d(r - 1), (2.2-19)

where N7 is the total number of elements in the transmit array,

cr ()= a5 (f)exp[+j6; ()] (2.2-20)

is the dimensionless, frequency-dependent complex weight associated with element i in the transmit
array, where a; (f) and 9T.~ (f) are real, frequency-dependent, amplitude and phase weights,

respectively, S, (f) is the frequency-dependent transmitter sensitivity of element i in the transmit
array with units of (m3/ sec) / Vv, I, = (xTi Y121 ) is the position vector to element i in the transmit
array, and the impulse function §(r, —r;.), with units of inverse cubic meters, represents a point
element at r, = (x,,y;,2; ). The real amplitude weights are dimensionless and are even functions
of frequency,‘that is‘, o

ap(=f)=a;(f), (2.2-21)
and the real phase weights, with units of radians, are odd functions of frequency, that is,

0, (=f)=-6.(f). (2.2-22)
Therefore,

¢, (=f)=c(f). (2.2-23)

In addition, since the point elements are electroacoustic transducers with real impulse-response
functions,

St.(=f) =S8 (f)- (2.2-24)
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Because of (2.2-23) and (2.2-24),

AL(—f,1) = A (foKy). (2.2-25)

Substituting (2.2-19) into (2.2-18) yields

Nr
yu@0) = [ X(f) D er (£)8,(F) Hy( x| foxy Jexp+j2mfridf (2.2-26)

or
Ny
w0 =Y [ X(P)er (N8N Hy(tx|fox JexpCej2nfidf.  (22:27)

Equation (2.2-27) indicates that the acoustic signal (velocity potential) y,,(#,r) incident upon the
receive aperture at time # and position r = (x,,z) is equal to the sum of the contributions from each

element in the transmit array.

Equation (2.2-27) can be simplified by specifying the class of transmitted electrical signals to
be considered. Typical transmitted electrical signals used in active radar and sonar systems can be
modeled as amplitude-and-angle-modulated carriers as follows [10]:

t—OjT)

x(®)=Aa(t) cos[27r fit+ 6(t)]rect( (2.2-28)

where A is the amplitude scaling factor with units of volts, a(¢) is a dimensionless amplitude-
modulating signal where |a(t)| <1, f, is the carrier frequency in hertz, 6(t) is an angle-modulating

signal (also known as the phase deviation) with units of radians, cos(2zf.t) is the carrier
waveform, and

- 1, 0<t<T,
rect(t O'ST) = . (2.2-29)
T 0, otherwise,

is the rectangle function where T is the pulse length in seconds. The corresponding complex
envelope of x(t), denoted by X(2), is given by [10]

(2.2-30)

50 = Aatexpl+ 700 reet 3T ).

provided that f, > W, where W is the bandwidth of X(r) in hertz. The amplitude-and-angle-
modulated carrier x(¢) is a real, bandpass signal whose magnitude spectrum |X(f )| is centered

about f ==f, hertz, where

X(f)=E{x(} = [ x()exp(-j2nfr)dr. (2.2-31)
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However, its complex envelope X(#) is a complex, baseband signal whose magnitude spectrum
l}? (f )I is centered about f = 0 hertz, where

X(f)=E{x)} = [ #)exp(-j2nfr)dr. (2.2-32)

The relationship between X( f) and X( f)is given by [11]

X(f)=05[X(f - £)+X(-[ £+ £])] (2.2-33)

Substituting (2.2-33) into (2.2-27) and making use of (2.2-15), (2.2-23), and (2.2-24) yields
Yu(t.r) =Re{3, ¢, D) exp(+j2nf.0)}, (2.2-34)

where

F+ o5 )exp(+j2mfr)df

Su@r= 3, [T R(er(F+ LIS, (f + ) Hy(1r
- (2.2-35)

is the complex envelope of y, (z,r). Equations (2.2-34) and (2.2-35) describe the acoustic signal
(velocity potential) y,(z,r) that is incident upon the receive aperture at time ¢ and position
r=(x,y,z) in terms of its complex envelope ¥,,(¢,r). What we need to do next is to turn our
attention to the receive aperture itself so that we can predict the output electrical signal from the
receive aperture.

Recall that both the transmit and receive apertures are being modeled as volume, conformal
arrays composed of unevenly-spaced, complex-weighted, point elements. Therefore, the complex
receive aperture function is given by

A= Y e, S, -1, ), (2.2-36)

n=1

where N, is the total number of elements in the receive array,

cr (M =ag (n)eXP[+j9Rn (n)] (2.2-37)

is the dimensionless, frequency-dependent complex weight associated with element n in the receive
array, where a, (1) and 6, (1) are real, frequency-dependent, amplitude and phase weights,

respectively, Sp (1) is the frequency-dependent receiver sensitivity of element n in the receive
array with units of (V-m?*)/(m’/sec), or V/ ((m2/ sec)/ ms), r, =(Xg .Y .2z, ) is the position
vector to element n in the receive array, and the impulse function 6(r -1, ), with units of inverse
cubic meters, represents a point element at ry =(x ,Y¥z ,Zz ). The real amplitude weights are
dimensionless and are even functions of frequency, that is,
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ag (=1 =ag (M), (2.2-38)

and the real phase weights, with units of radians, are odd functions of frequency, that s,

O (=) =—6 (). (2.2-39)

Therefore,

cp (=M =cg (M. (2.2-40)

In addition, since the point elements are electroacoustic transducers with real impulse-response
functions,

Sp (=M= Sg_ (7). (2.2-41)

Because of (2.2-40) and (2.2-41),

Ay(-1,1) = A(n,). (2.2-42)

Substituting (2.2-36) into (2.2-6) yields
Ne
¥ =Y [ Y,m0cq (NS, (Mexp+j2ant)dnd(r —xy ), (2.2-43)
n=1

or

Woxe )= [ V(g Jeg (M Sy, (Mexp(+j2nmndn,  n=12,... Ny,

(2.2-44)

where y(z,r ) is the output electrical signal from element rn in the receive array at time ¢ and
position I, = (X, .V, .Zg, ) Withunits of volts,

Yy (1.5x) = F{ 3 10 )} = [ 3tk Yexp(=j2mnr) dt (2.2-45)

is the complex frequency spectrum of the acoustic signal (velocity potential) incident upon element
n in the receive array at 7] hertz and position r; = (xz ¥z »Zg,) with units of (mz/ sec) / Hz [see
(2.2-7)),
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YutTe ) = Re{ 5 (1,55 exp(+j27f, z)} (2.2-46)

is the acoustic signal (velocity potential) incident upon element » in the receive array at time ¢ and
position r, = (x; ,¥g 2, ) with units of squared-meters per second [see (2.2-34)], and

Sutre)= X [T R(NIer(f+ )S,(F+ f) (6 |£+ ok Jexptejonfords

(2.2-47)

is the complex envelope of y,(f,r) [see (2.2-35)]. Equations (2.2-44) through (2.2-47) are the
pulse-propagation coupling equations. They couple the output electrical signal at a point element in
a receive array to the transmitted electrical signal at the input to a transmit array via the complex
frequency response of a fluid medium (e.g., air or water). The pulse-propagation coupling
equations are based on linear, time-variant, space-variant, filter theory, the principles of complex
aperture theory and array theory, and solving the linear wave equation. They provide a consistent,
logical, and straightforward mathematical framework for the solution of small-amplitude, acoustic,
pulse-propagation problems. Examples on the use of the pulse-propagation coupling equations are
given in Section 3.

3  Bistatic Scattering
3.1 No Motion

In this section we will analyze the bistatic scattering problem shown in Fig. 3.1-1. The
transmitter, the discrete point scatterer, and the receiver are not in motion. For example purposes,
they are placed in deep water so that the ocean medium can be treated as being unbounded, that is,
there are no boundaries and, hence, no reflections. The speed of sound and ambient density are
constants. Although the propagation of sound between the source and discrete point scatterer, and
between the discrete point scatterer and receiver can be treated as transmission through linear, time-
invariant, space-invariant filters; the overall solution for this bistatic scattering problem corresponds
to transmission through a linear, time-invariant, space-variant filter. The presence of a discrete point
scatterer in an unbounded, homogeneous fluid medium (i.e., a fluid medium with constant speed of
sound and ambient density) causes the medium to be space-variant.

Let the source distribution x,,(¢,r) be a motionless, time-harmonic, point source with units of

inverse seconds, that is, let [see (2.1-8) and (2.1-11)]
x,,(2,1r) = S,0(r — ry)exp(+j27ft), (3.1-1)

where S, is the source strength in cubic meters per second and the impulse function 6(r —r,), with
units of inverse cubic meters, represents a point source at I, =(X,,Y,,%,). The propagation of
sound between the source and discrete point scatterer can be modeled as transmission through a
linear, time-invariant, space-invariant, filter. Therefore, the acoustic field (velocity potential)
incident upon the discrete point scatterer at r, =(x,,¥,,z,) is given by [see (2.1-17), (2.1-20), and
(2.1-22)]
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Figure 3.1-1. Bistatic scattering geometry. Point 0, F(x), is the transmitter; point 1, F(r;), is
the discrete point scatterer; and point 2, B(r,), is the receiver. None of the platforms are in
motion.
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Yu(&5) =Y, (1) exp(+j27ft), (3.1-2)

where

exp(—jklrl—r0|)
Arc|n-x|

yf,M(rx):SoHM(f’I}—ro):—So (3.1-3)

As can be seen from Fig. 3.1-1, the position vector from the point source to the discrete point
scatterer is given by

o =4~ X (3.1-4)

Therefore, (3.1-3) can be rewritten as

exp(— jklro'll) .

3.1-5
471, (3:1-3)

V@) =S Hy(fxg,)=—5,

In order to compute the acoustic signal incident upon the receiver, we treat the discrete point
scatterer as another motionless, time-harmonic, point source with units of inverse seconds, that is,
let [see (3.1-1) and Fig. 3.1-2]

Xy, (2,x) = §;8(r — 1) exp(+ j27 ft), (3.1-6)

where S; is the source strength in cubic meters per second and the impulse function 8(r —r,), with
units of inverse cubic meters, represents a point source at r, = (x,,¥;,2,). The source strength S is
given by

So = Y5 ®)&:( frRorz)s (3.1-7)

where y, ,,(r;) is the spatial-dependent part of the time-harmonic velocity potential at r; with units

of squared-meters per second, given by either (3.1-3) or (3.1-5), and gl( £ ﬁo,l’ﬁ’l,z) is the
scattering amplitude function of the discrete point scatterer with units of meters. The unit of meters
for the scattering amplitude function represents an effective scattering length that may be larger or
smaller than the actual length of the scatterer. The scattering amplitude function is a complex
function (magnitude and phase) and is, in general, a function of frequency, the direction of wave
propagation from the source to the scatterer (7,,), and the direction of wave propagation from the
scatterer to the receiver (7, ,) (see either Fig. 3.1-1 or Fig. 3.1-2) [12].

The propagation of sound between the discrete point scatterer and receiver can also be

modeled as transmission through a linear, time-invariant, space-invariant filter. Therefore, the
acoustic field (velocity potential) incident upon the receiver at r, = (x,,y,,2,) due to a point source
at , =(x,,y,,z,) is given by [see (2.1-17), (2.1-20), and (2.1-22)]

Y (t.1y) = ¥ 4y () exp(+j27ft), (319

where
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Figure 3.1-2. Bistatic scattering geometry. Both the transmitter at point 0, Fy(ry), and the
discrete point scatterer at point 1, B(r,), are time-harmonic point sources. None of the platforms
are in motion.
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exp(—jk|r2 —rll)

szl o

Yeu() = SoHu(fir,—-1)=-5

As can be seen from either Fig. 3.1-1 or Fig. 3.1-2, the position vector from the discrete point
scatterer to the receiver is given by

r,=L-r. (3.1-10)
Therefore, (3.1-9) can be rewritten as

exp(— jklrml)

3.1-11
4zfr, (-1-11)

yf.M(r2) = S(;HM(f’rl,Z) ==5

Let us now begin the process of obtaining final expressions for both the time-harmonic
velocity potential and acoustic pressure incident upon the receiver. Substituting (3.1-7) and (3.1-5)
into (3.1-11) yields

V@) = SoHy (f:50.) 81 Frfig iy ) Hy(foy), (3.1-12)
or, equivalently,
V@) =S Hy( f.55]1,), (3.1-13)
where
Hy( f.5|5) = Hy(£ir, )8, Fhigyhi s ) Hy (£o1,5)

exp[— jk(lro,ll + Irml)]
167z2|r0,1”r1,2‘

= gl(f’ﬁo,pﬁl,z) (3.1-14)

exp[—jk(|r1 —T|+|r, - 1'1[)]
167%|x, — 1|, — 3

= gl(f’no,vnl,z)

Note that if the bistatuc scattering problem shown in Fig. 3.1-1 corresponded to transmission
through a space-invanant filter, then the complex frequency response given by (3.1-14) would be a
function of the vector spatial difference r, — r;,, which it is not. Also note that in order to model the

effects of frequency-dependent attenuation, simply replace the real wavenumber k given by (2.1-
23) with the following complex wavenumber K :

K=k-jo(f), (3.1-15)

where a(f) is the real, frequency-dependent, attenuation coefficient in nepers per meter. In
addition to being real quantities, both k& and a( f) are positive.
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With the use of (2.1-23), (3.1-8), (3.1-13), and (3.1-14); and by replacing the real
wavenumber k in (3.1-14) with the complex wavenumber K given by (3.1-15), we can summarize
our results as follows: for the bistatic scattering problem shown in Fig. 3.1-1, the time-harmonic
velocity potential in squared-meters per second incident upon the receiver at r, = (x,,,,2,), due to
a time-harmonic point source at I, = (x,,¥,,Z,) and a discrete point scatterer at r, =(x;,;,%), 18

given by

Yu(t.5) = S, Hy( .1, |5 )exp(+j2zfe), 127, (3.1-16)

where S, is the source strength in cubic meters per second,

_oexplmal f)(r+n,) )
HM(f7r2lr()):gl(f’nO,l’nl.Z) [ 16721 :,1 = ]exp(—]ZﬂfT) (3.1-17)
01712

is the time-invariant, space-variant, complex frequency response of the ocean at frequency f hertz,
gl( Fofig ﬁm) is the scattering amplitude function of the discrete point scatterer in meters,

r -
g = 2 = 10 (3.1-18)
rm‘ 5 x| »
and
r -
A=t = 2T (3.1-19)

are the dimensionless unit vectors in the directions measured from the source to the discrete point
scatterer, and from the discrete point scatterer to the receiver, respectively, a(f) is the real,
frequency-dependent, attenuation coefficient in nepers per meter,

Yy, T
= = (3.1-20)

is the time delay in seconds (the amount of time it takes for the transmitted acoustic signal to begin
to appear at the receiver), and

Toa= Iro,ll = |r1 "rol (3.1-21)
and
r1,2=|r1.2|=|r2_r1| (3.1-22)

are the distances (ranges) in meters measured from the source to the discrete point scatterer, and
from the discrete point scatterer to the receiver, respectively.
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The general relationship between the acoustic pressure p(t,r) in pascals (Pa) and the velocity
potential y, (z,r) in squared-meters per second is given by

ptr)=-p, (r)%yM(r,r), (3.1-23)

where p,(r) is the ambient (equilibrium) density of the ocean in kilograms per cubic meter, shown

as a function of position r=(x,y,z). Note that 1Pa=1N/m® where 1N =1kg-m/sec’.
Therefore, upon substituting (3.1-16) into (3.1-23), and since the ambient density is constant in our
problem, the acoustic pressure in pascals incident upon the receiver at r, = (x,,y,,2,) is given by

p(t.5) ==j27f0,S, HM(f’rZ IrO)exp(+j27:ft), 127, (3.1-24)

where H M( i lro) is given by (3.1-17). Note that (3.1-24) can be rewritten as
p(t.x,) = p,(x,)exp(+j27ft), t27, (3.1-25)
where the spatial-dependent part of the time-harmonic acoustic pressure in pascals is given by
p;(x,) = =j27fp, S, Hy( £.1; |1, ). (3.1-26)

Let us next relate the scattering amplitude function, the differential scattering cross section,
and target strength of the discrete point scatterer. The target strength (TS) is defined as follows
[13]:

O'd(f’ﬁo,l’ﬁlﬂ)

ref

TS = 1010g10[ ]dB re A, (3.1-27)

where [12, 13]

|:r12,2 Iavg,(rz)}= |gl(f,iio’l,ﬁl'z)|2 (3.1-28)

avg; \ "1

L% Sardad

is the differential scattering cross section with units of squared meters, 1,,, (r;)and [,,, (r,) are the
time-average, incident and scattered intensities, respectively, with units of watts per squared meter,
g,( f,ﬁo'l,le‘z) is the scattering amplitude function of the discrete point scatterer with units of

meters, and A_ is a reference cross-sectional area commonly chosen to be equal to 1 m®.
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Example 3.1-1 Monostatic Scattering Geometry

For a monostatic (backscatter) scattering geometry, both the transmitter and receiver are
located at the same position, that is,

rL=1I. (3.1-29)
Therefore (see Fig. 3.1-1),
N2~ T, (3.1-30)
and
fiy, = —Ty.- (3.1-31)

With the use of (3.1-30) and (3.1-31), the time-invariant, space-variant, complex frequency
response of the ocean given by (3.1-17) reduces to

exp|-2a( )res]

s exp(—j27fT), (3.1-32)
0,1

HM(f’rZ Iro) = gl(f’ﬁo,v_ﬁo.x)

where 7, , is given by (3.1-18),

(3.1-33)

is the time delay in seconds, and r,, is given by (3.1-21).

Example 3.1-2 Pulse Propagation

In this example we will demonstrate how to use the pulse-propagation coupling equations
given by (2.2-44) through (2.2-47) for the bistatic scattering problem shown in Fig. 3.1-1. We
begin by evaluating (2.2-47), which is repeated below for convenience:

Nr oo
Su(tr )= Y [ X(F)eq (f+ 5, + )18 [ £ + fory Jexpr2m 0 df,
(2.2-47)

where ¥,,(1,r; ) is the complex envelope of the acoustic signal (velocity potential) incident upon
element 7 in the receive array at time 7 and position ¥ =(x ,¥g ,Zg,) With units of squared-

meters per second.
The complex frequency response of the ocean that describes the bistatic scattering problem

shown in Fig. 3.1-1 is given by (3.1-17) and is time-invariant and space-variant. Therefore [see
(2.1-29)],

H,(tr|f.n,) = H,( f.r|x,), ‘ (3.1-34)
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and as a result,

Hy (6, |7+ £y )= Ho( £+ fore |57 (3.1-35)

Substituting (3.1-17) into (3.1-35) yields

expl-a(f + £)(ry 1+ 1ix)]

2
167 rilig,

HM(t’rR,,lf'*'f;’rTi):gl(f'*'ﬁ’ﬁr,.,vﬁl,k,,) exp[—j27t(f+fc)rri,&],

(3.1-36)
where [see (3.1-18)]
fig, = ;: - 2':: (3.1-37)
and [see (3.1-19)]
L (3.1-38)

Ryg, =
Irl.R,,I Tr, — rll

are the dimensionless unit vectors in the directions measured from element i in the transmit array to
the discrete point scatterer, and from the discrete point scatterer to element n in the receive array,
respectively,

Tpathg,

Trp, = (3.1-39)

is the time delay in seconds (the amount of time it takes for the acoustic signal transmitted from
element { in the transmit array to begin to appear at element »n in the receive array) [see (3.1-20)],
and [see (3.1-21)]

rpa=[t =6 -1 (3.1-40)
and [see (3.1-22)]

Nr,= Irl,R,,l= IrR,,"rll (3.1-41)

are the distances (ranges) in meters measured from element i in the transmit array to the discrete
point scatterer, and from the discrete point scatterer to element # in the receive array, respectively.
Substituting (3.1-36) into (2.2-47) yields

Su(tre )= [T % o (Nexplti2nf(t—1, o )|df exp(-j2nfit, 5 ) (3.1-42)
i=1

or
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Nr
Tyt V=D, %7 p (1=Tp 5 )eXP(—j2f,T7 ) (3.1-43)

i=1
where

exp[—oz(f+fc)(rrh1 + g, )]

2
16771, (g,

X ()= R()er (f+ £S5 (f + 81 [+ fofin v, )
(3.1-44)
and |

%0 0= FM % o (D)= [ X o (Dexp(ri2nfidf (3.1-45)

Equation (3.1-43) indicates that the complex envelope, (2.1 ), of the acoustic signal (velocity

potential) incident upon element # in the receive array is equal to the sum of time-delayed, modified
versions of the complex envelopes of the transmitted electrical signals from each element in the
transmit array. Equation (3.1-44) shows how the frequency spectrum of the complex envelope of
the transmitted electrical signal, X(f), gets modified by various other important frequency-
dependent functions in order to produce the complex envelope, Yu(t.1z ), of the acoustic signal

(velocity potential) incident upon element 7 in the receive array.
If we next substitute (3.1-43) into (2.2-46), then we obtain

Nr
Yty )= 3 Re{T, o (1= Joxp #7221t = - (3.1-46)
i=1

Since x(t) given by (2.2-28) and X(z) given by (2.2-30) are related by

x(2) = Re{%(t)exp(+j27f.1)} (3.1-47)
if we let
Xy, ()= Re[%,  (exp(+j27f D)}, (3.1-48)
then (3.1-46) can be rewritten as
NT
Yyt )= D, X7 p (1=Tp 2 )- (3.1-49)

i=1

Substituting (3.1-49) into (2.2-45) yields

N
Y, (0,5 )= Y, X7z (MeXp(=j27NT7, 5 ), (3.1-50)
i=1
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and upon substituting (3.1-50) into (2.2-44), we obtain

Ny -
W)=Y J._NX’T:,Rn(n)exp[+j27z:n(t—’L'TE‘R")]dr], n=12,...,N,,  (3.1-51)
i=1

or, finally,
NT
YO )= Y Xf p (E=Tp ), n=12,.,Np, (3.1-52)
i=1
where
X7 o ()= X7 5 (Mg (M) Sy, (M) (3.1-53)
and
x7.x,(0)= Ei‘{X’Tf,Rn(ﬂ)} = fi X7 (Mexp(+j2ant)dn. (3.1-54)

Equation (3.1-52) indicates that the output electrical signal y(z,r; ) from element » in the receive
array at time ¢ and position r, =(x; ,Yz 2z ) With units of volts is equal to the sum of time-

delayed, modified versions of the transmitted electrical signals from each element in the transmit
array.

3.2 Discrete Point Scatterer In Motion

In this section we will analyze the bistatic scattering problem shown in Fig. 3.2-1. The
transmitter and receiver are not in motion. Only the discrete point scatterer is in motion. For
example purposes, all three platforms are placed in deep water so that the ocean medium can be
treated as being unbounded, that is, there are no boundaries and, hence, no reflections. The speed of
sound and ambient density are constants. Although the propagation of sound between the source
and discrete point scatterer, and between the discrete point scatterer and receiver can be treated as
transmission through linear, time-variant, space-invariant filters; the overall solution for this bistatic
scattering problem corresponds to transmission through a linear, time-variant, space-variant filter.
The presence of a discrete point scatterer in an unbounded, homogeneous fluid medium (i.e., a fluid
medium with constant speed of sound and ambient density) causes the medium to be space-variant.

Let the source distribution x,,(#,r) be a motionless, time-harmonic, point source with units of

inverse seconds, that is, let [see (2.1-8) and (2.1-11)}
X,,(2,¥) = 5, 6(r — 1)) exp(+j27 f1), (3.2-1)

where S, is the source strength in cubic meters per second and the impulse function &(r —r,), with
units of inverse cubic meters, represents a point source at x, = (x,,,,Z,). The velocity vector of the
discrete point scatterer, V,, is given by

vV, =V, (3.2-2)
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Figure 3.2-1. Bistatic scattering geometry when motion begins at time ¢ =£,=0 seconds. Point O,
P,(r,), is the transmitter; point 1, B(r;), is the discrete point scatterer; and point 2, B(r,), is the
receiver. Only the discrete point scatterer is in motion.

36




where V, is the speed in meters per second and 7, is the dimensionless unit vector in the direction

of V,. The velocity vector given by (3.2-2) is constant, that is, both the speed and direction are
constants - there is no acceleration. Motion begins at time ¢ =z, =0 seconds.

Since the discrete point scatterer is now in motion, the position vector from the origin to the
discrete point scatterer, denoted by &,(#), is a function of time given by

B ()=r+AtV, t20, (3.2-3)

where 1, =(x,,y,,z) is the position vector from the origin to the discrete point scatterer when
motion begins at time ¢ = ¢, = 0 seconds (see Fig. 3.2-1), and

At=t—1,, 121,

3.2-4
=1, t20. ( )
Note that 2,(0) =r,.
When the transmitted acoustic field is first incident upon the discrete point scatterer at some
time ¢’ seconds where ¢’ > 0, the position vector from the origin to the discrete point scatterer is
given by [see (3.2-3) and Fig. 3.2-2]

r=2,{)=r5+At'V, >0, (3.2-5)
where

A=t -1, t'>t,
, (3.2-6)
=t, t'>0.

The propagation of sound between the source and discrete point scatterer can be modeled as
transmission through a linear, time-variant, space-invariant filter. Therefore, the acoustic field
(velocity potential) incident upon the discrete point scatterer at time ¢’ and position r, = (x], ¥,z )
is given by [see (2.1-62)]

Yutr)=S, HM(t’,rl’- I, |f)exp(+j27zft’)

T (3.2-7)
=-S5, exp( ]k’]r, l'ol) exp(+j2nft’), >0,
4r|r) - x|
where
H, (15 -1, |f)=—exp(—1klr‘ ) (3.2-8)

47|r! - x|

By referring to Fig. 3.2-2, we can express the position vector from the point source to the
discrete point scatterer at time ¢’ as

Iy, =TI — I, (3.2-9)
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Figure 3.2-2. Bistatic scattering geometry when the transmitted acoustic field is first incident
upon the discrete point scatterer at time ¢ seconds. Point 0, Fy(x,), is the transmitter; point 1,

B(x,), is the discrete point scatterer; and point 2, P,(r,), is the receiver. Only the discrete point
scatterer is in motion.
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and upon substituting (3.2-5) into (3.2-9), we obtain
T, = Toufig =T+ AV, (3.2-10)

where r,, is given by (3.1-4). Therefore, (3.2-7) and (3.2-8) can be rewritten as

V(') = Sy Hy (1,15, | f)exp(j2mft')

—ik|r’ (3.2-11)
—Soﬂ]—]—c’ro—'ll)exp(ﬁ%zﬂ’), >0,
47z|r3,1|
and
H, (x5, f) = ~ix—pz(—:—§,—féi). (3.2-12)
0,1

In order to compute the acoustic signal incident upon the receiver, we treat the discrete point
scatterer at time ¢>¢" and position 1, as another motionless, time-harmonic, point source with
units of inverse seconds, that is, let [see (3.2-1) and Fig. 3.2-2]

x,,(t,1) = S;8(r — 1) )exp(+ 27 ft), (3.2-13)

where S; is the source strength in cubic meters per second and the impulse function 6(r—ry),
with units of inverse cubic meters, represents a point source at r; = (x;,;,2 ). The source strength
S, is given by

S = SoHy (.5, £ )ou( £:772), (3.2-14)

where g,( fofig iy 2) is the scattering amplitude function of the discrete point scatterer with units
of meters as discussed in Section 3.1. The unit of meters for the scattering amplitude function
represents an effective scattering length that may be larger or smaller than the actual length of the
scatterer. As we discussed in Section 3.1, the scattering amplitude function is a complex function
(magnitude and phase) and is, in general, a function of frequency, the direction of wave propagation
from the source to the scatterer, and the direction of wave propagation from the scatterer to the
receiver [12]. Since the discrete point scatterer is now in motion and the transmitted acoustic field is
first incident upon the discrete point scatterer at time ¢’, the direction of wave propagation from the
source to the scatterer is given by the dimensionless unit vector 7y, (see Fig. 3.2-2). Similarly,
since the discrete point scatterer is being treated as another point source at time ¢’ and position r;,
the direction of wave propagation from the scatterer to the receiver is given by the dimensionless
unit vector 7;, (see Fig. 3.2-2).

The propagation of sound between the discrete point scatterer and receiver can also be
modeled as transmission through a linear, time-variant, space-invariant filter. The scattered
acoustic field is first incident upon the receiver at some time ¢ seconds where ¢ >’ > 0. Therefore,
the acoustic field (velocity potential) incident upon the receiver at time ¢ and position &, = (x,,y,,2,)
due to a point source at 1] = (x;,y;,z, ) is given by [see (2.1-62)]
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Yu(tn) = S(;HM(t,r2 -r |f)exp(+j27zft)

—jk|r, — 1’ (3.2-15)
"'-S(;exp( J |l'2 I I)exp(+j2n'ft), 1> 150,
47z'|r2—r1’|
where
exp(—jk|r, —x/
H, (1.6, - x| f) =~ pl-klr ‘l). (3.2-16)

4z|r,—x/ |

By referring to Fig. 3.2-2, we can express the position vector from the discrete point scatterer
to the receiver at time ¢’ as

r,=r,-r, (3.2-17)

and upon substituting (3.2-5) into (3.2-17), we obtain

[, = 1,0, =1,- AV, (3.2-18)

where r,, is given by (3.1-10). Therefore, (3.2-15) and (3.2-16) can be rewritten as

V(1) = Sy Hy (1,575 f ) exp(+i27f1)

—jk|x! (3.2-19)
= —S(;Mexp(ﬂznﬂ), t>t">0,
47r]r1’,2|
and
Hy (t, | f ) = —i)—(?‘—g%—rf—'z—u. (3.2-20)
1,2

Let us now begin the process of obtaining final expressions for both the time-harmonic
velocity potential and acoustic pressure incident upon the receiver. Substituting (3.2-14) into (3.2-

19) yields

£) & £7 oL By (00| f)expCrizmfe), 15150,

V(1) = Sy Hy (2,15,
(3.2-21)

or, equivalently,

Yut.) =S, Hy (.5, | f.1,Jexp(+j27fr),  1>1">0, (3.2-22)

where
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/)

f)gl( f:ﬁé,l»’%z)HM(t’r;,z

exp[—jk(lré,ll'*' ]l‘f,zl)]
167>

H,(t.x,|f.r) = HM(t’,r(’)']

- Ay A7
= gl(f’no,l’nl.Z)

r(,),l r{,z
exp[—jk([r1 —1, + A V| +|5, - r, - AY 1[)]
167°|r,— 1, + A’ V|5, — 1, — A’ V|

_ Ay Ay
= gl(f’no,l’nl,Z)

2

(3.2-23)
At’ is given by (3.2-6), and
l.'/
t=t"+ l—’—2| (3.2-24)
c
or
rl
t’=t—|;—’2l. (3.2-25)

Note that if the bistatic scattering problem shown in Fig. 3.2-1 corresponded to transmission
through a space-invariant filter, then the complex frequency response given by (3.2-23) would be a
function of the vector spatial difference r, — r,, which it is not.

In order to simplify the complex frequency response given by (3.2-23), we need to derive

approximate, simplified expressions for the ranges |r(’ml and |rl"2|. Let us begin with Ir(’m|. Since

f=rfer),, (3.2-26)

Xo:
substituting (3.2-10) into (3.2-26) yields

P2 (1, + AV, o (r,, + AP V). (3.2-27)

4
Ty,

Expanding the right-hand side of (3.2-27) and taking the square root of both sides of the resulting
equation yields

212
Toa|="Tos| 1+ i(ﬁo,l o V)AL + Rar ) (3.2-28)
rO,l rO,l
or
i 2
r(’).l =rp,31+2 har (ﬁo,x i ﬁvl )+ l VA1 . (3.2-29)
Toq 2 1y,
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Equations (3.2-28) and (3.2-29) are exact expressions for the range Ir(','ll. What we need to
do next is to derive a valid binomial expansion of the square-root factor in (3.2-29) in order to

simplify the expression for the range |rg,|. Equation (3.2-29) can be rewritten as
, b b
o1 =r0,1mzro,1 1+"2"‘?+”' ’ <1, (3.2-30)
where
VAY | . At
b=2U080 (5 eh, )+ VAL | (3.2-31)
Foa 2 1y,

Note that (3.2-30) is valid only if |b| <1, where b is given by (3.2-31). If we impose the more
stringent criterion that

W YMAT o1, (3.2-32)
"1
or
V.AY
187 < 0.05, (3.2-33)
Yo

then we can use only the first two terms in the binomial expansion. For example, since the
maximum positive value of the dot product term in (3.2-31) is +1, and if (3.2-33) is satisfied, then

|b| <0.1(1 +0.025)
<0.1025 << 1.

(3.2-34)

Therefore, if (3.2-33) is satisfied, then we can use only the first two terms in the binomial expansion
in (3.2-30). Doing so yields

(3.2-35)

7
To.1
To,1

=1y, + V;At’{(ﬁo_] o)+ % VA1 }

Equation (3.2-35) can be simplified further if we can justify neglecting the second term inside
the square brackets. Consider the following criterion: the second term inside the square brackets in

(3.2-35) can be neglected if

>10L %42 (3.2-36)
Yo

,nO,I *ny,
or
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|cosa| 25 VAt ,
o1

(3.2-37)

where « is the angle between the two unit vectors 7, and 7, . The following two ranges of values
for the angle o will satisfy (3.2-37):

0°<a< cos‘l(S ﬁ} (3.2-38)
To1
and
180° — cos"(S-V‘—At—] < o <180°. (3.2-39)
o

For example, if VlAt’/ r,,=0.05 [see (3.2-33)], then 0°<x<75.5° and 104.5°< ¢ <180° will
satisfy (3.2-37). Therefore, if (3.2-37) is satisfied, then (3.2-35) reduces to

r(,J,ll = 1o, + (7, @ VAT (3.2-40)

Equation (3.2-40) is our desired simplified expression for the range Ir{,_ll. Let us next derive a

similar expression for the range lrl”zl .
Since

‘=rf, 01, (3.2-41)

I,
substituting (3.2-18) into (3.2-41) yields

= (r, - APV, e (r,, - AF'V)). (3.2-42)

’
L3P

Expanding the right-hand side of (3.2-42) and taking the square root of both sides of the resulting
equation yields _

7
I,

no

512
=N |:1 - r_2—(ﬁ1,2 * VDAY + (K‘é‘t“} jl ) (3.2-43)
1,2

or
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’
r1,2

1,2

12
VAY . . ’
=r, {1 -2 ‘r {( Ay Ay )~ 1 Ver’ }} . (3.2-44)

Equations (3.2-43) and (3.2-44) are exact expressions for the range r{,|. What we need to
do next is to derive a valid binomial expansion of the square-root factor in (3.2-44) in order to

simplify the expression for the range |r;,|. Equation (3.2-44) can be rewritten as
, b b
6o =rpT=b =, 15— = . pl<1, (3.2-45)
’ ’ ' 2 8
where
RPAL (ﬁl,zoﬁvl)—lmt : (3.2-46)
T 2 n,

Note that (3.2-45) is valid only if |b|<1, where b is given by (3.2-46). If we impose the more
stringent criterion that

2 VAT 01, (3.2-47)
N2
or
V. At
187 0,05, (3.2-48)
)

then we can use only the first two terms in the binomial expansion. For example, since the
maximum negative value of the dot product term in (3.2-46) is -1, and if (3.2-48) is satisfied, then

|b|s 0.1(1+0.025)
<0.1025<<1.

(3.2-49)

Therefore, if (3.2-48) is satisfied, then we can use only the first two terms in the binomial expansion
in (3.2-45). Doing so yields

(3.2-50)

’ ’ A A 1 VAt,
|r1,2Izr1,2"V;At [(nl,Z.n’Vl)__z_ . :l

n,

Equation (3.2-50) can be simplified further if we can justify neglecting the second term inside
the square brackets. Consider the following criterion: the second term inside the square brackets in

(3.2-50) can be neglected if




fﬁl‘zoﬁwlzm% har, (3.2-51)

2

or

VAY
|cos B> 5225, (3.2-52)

1,2

where B is the angle between the two unit vectors f,, and ﬁvl. The following two ranges of values
for the angle f will satisfy (3.2-52):

0°<B< cos'{SKA—t) (3.2-53)
N,
and
180° — cos'l(S -VI—AiJ < B<180°. (32-54)
N,

For example, if VIAY [1,,=0.05 [see (3.2-48)], then 0°< $<75.5° and 104.5°< B <180° will
satisfy (3.2-52). Therefore, if (3.2-52) is satisfied, then (3.2-50) reduces to

4
L,

=n,— (A, e V)AL (3.2-55)

Equation (3.2-55) is our desired simplified expression for the range |r,"2l. We are now in a position

to simplify the complex frequency response given by (3.2-23).
We begin the simplification of the complex frequency response given by (3.2-23) by

approximating the amplitude factor 1/ ( r, 2l).-With the use of (3.2-40) and (3.2-55), we can

’
LY

express the ranges [ry | and ,rl”zl as follows:
It = rou |1+ 22 cosar (3.2-56)
To,1
and
|~ naf1- 28 cos | (3.2-57)
N2
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where « is the angle between the two unit vectors 7, , and fiy, , and B is the angle between the two
unit vectors 7, , and 7, . With the use of (3.2-33) and (3.2-48), (3.2-56) and (3.2-57) reduce to

o] = 70, (3.2-58)
and
lrl,,Zl =N (3.2-59)
respectively. Therefore,
1 1
, ;= . (3.2-60)

4
l'1,2I To1712

/7
Tou

are acceptable to approximate the

Although these approximations of the ranges |r{,v1‘ and |r{,
amplitude factor, they are not acceptable to approximate the phase factor exp[-— jk(|r(’),1| + Irl’zl)] in

(3.2-23).
Let us approximate the phase factor exp[— jk(lr{,v1|+|rl’,2|)] next. Adding (3.2-40) and (3.2-

55) yields

[ +[x1a] = 7o+ ra+ [(Roy = Firn) @ Vi [AT, (3.2-61)

where At’ is given by (3.2-6). Substituting (3.2-55) into (3.2-25), and since At' =1t [see (3.2-6)],
we obtain

Ar et _fp D2 (3.2-62)
-5 ¢/ '
where
-
W= -———""26 ! (3.2-63)

is the dimensionless, normalized (normalized by the constant speed of sound c¢) radial-component
of V, in the direction fi, ,. Substituting (3.2-62) into (3.2-61) yields

o]+ | = rout o= (s - l)c[t - %2-] (3.2-64)

or
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’
T

+|6o|= 1yt = (5= Det+(s=Dr, (3.2-65)

where
1-B5)
= = g0 (3.2-66)
1,2
is the dimensionless, time-compression / time-stretch factor, and
n, eV
= (3:2-67)

is the dimensionless, normalized (normalized by the constant speed of sound c) radial-component
of 'V, in the direction 7, ,. With the use of (3.2-65), the phase factor can be expressed as follows:

exp[‘jk( |6+ ’r{_zl)] = exp|+j27f (s - l)t]exp{— i2n f{% +(s—1) ﬁcl J}

(3.2-68)
or
expl~jk({[x5. |+ |ri])] = exe[+ 727 fs(t - )] exp(=j2m o), (3.2-69)
where
f=1[ro+<s—1>”—'2] (3:2-70)
N c

is the time delay in seconds (the amount of time it takes for the transmitted acoustic signal to begin
to appear at the receiver), and

ry,+n
o= 2 (32-71)

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver

are in motion.
As we discussed in Section 3.1, in order to model the effects of frequency-dependent

attenuation, simply replace the real wavenumber & given by (2.1-23) with the following complex
wavenumber K [see (3.1-15)]:
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K=k-ja(f), (3.2-72)

where o(f) is the real, frequency-dependent, attenuation coefficient in nepers per meter. In
addition to being real quantities, both k and a( f) are positive. Replacing the real wavenumber k

in the phase factor exp[— jk('r(’)'ll+[rl”2’)] with the complex wavenumber K given by (3.2-72)
yields

)] (3.2-73)

’
r1,2

exp| K (|rs, |+ [e72])] = exp[ sk [ra| ] Jexe] - o) i +

where the phase factor exp[— jk(lr(’,yl|+ r, )] is given by (3.2-69). As far as the decaying

exponential exp[— o f )( lr(’,_1|+ I, )] is concerned, we use the following approximation for the

rather than (3.2-65):

distance lr(’M’ +

7
I

ro|+ lrl,,2| =laTha (3.2-74)

so that

exp[—a(f)(lrgvll + |r1’2|)] = exp[—oz(f)(ro_1 + rl,Z)]' (3.2-75)

Equation (3.2-74) can be justified as follows. Since for all real-world problems V; /c <<1, the result
is that |80} << 1 and | B3| <<1 [see (3.2-67) and (3.2-63), respectively]. Therefore, s =1 [see (3.2-

66)] and as a result, the third term in (3.2-64) can be neglected resulting in (3.2-74).

With the use of (3.2-22), (3.2-23), (3.2-60), (3.2-73), (3.2-69), and (3.2-75); we can
summarize our results as follows: for the bistatic scattering problem shown in Fig. 3.2-1, the time-
harmonic velocity potential in squared-meters per second incident upon the receiver at
r, = (X,,%,,2,), due to a time-harmonic point source at I, = (x,,,,%,) and a moving discrete point

scatterer initially at r, = (x,,¥,,2,), is given by

Yu(t.) = S, H,y, (.5, | f.1, Jexp(+j2nfr), 127, (3.2-76)

where S, is the source strength in cubic meters per second,

) exp[—a(f)(ry;+7,,)]

+i2nfs(t—71 —Jj27ft
T exp[+j27fs(t — T)|exp(—j2nft)

H, (65| £.5) = &, 75 0077,

(3.2-77)
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is the time-variant, space-variant, complex frequency response of the ocean at frequency f hertz,
gl( fig .0y 2) is the scattering amplitude function of the discrete point scatterer in meters, 7, and
fi; , are the dimensionless unit vectors in the directions measured from the source to the discrete
point scatterer, and from the discrete point scatterer to the receiver, when the transmitted acoustic

field is first incident upon the discrete point scatterer at time #’, respectively, a(f) is the real,
frequency-dependent, attenuation coefficient in nepers per meter,

1- (1)

§= 1_—;12;’ (32-78)

is the dimensionless, time-compression / time-stretch factor [see (3.2-66)],

Ao oV,
= (3.2-79)

is the dimensionless, normalized (normalized by the constant speed of sound c) radial-component
of V, in the direction 7, [see (3.2-67)],

@ _ 2® A\
12 —

(3.2-80)

is the dimensionless, normalized (normalized by the constant speed of sound c) radial-component
of 'V, in the direction 7, , [see (3.2-63)],

r=l[10+(s—1)ﬁ‘—2:| (3.2-81)
A) c

is the time delay in seconds (the amount of time it takes for the transmitted acoustic signal to begin
to appear at the receiver) [see (3.2-70)],

r,,+r
ro=—9ic—‘~2 (3.2-82)

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver
are in motion [see (3.2-71)], and

o1 = |Fou| =1 — o] (3.2-83)
and

n,= Irl.Z{ = lr,_ - rll (3.2-84)
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are the distances (ranges) in meters measured from the source to the discrete point scatterer, and
from the discrete point scatterer to the receiver, respectively [see (3.1-21) and (3.1-22)], when

motion begins at time ¢ = ¢, = 0 seconds.
In order to evaluate the scattering amplitude function gl( fs ﬁgyl,le"z), we need to derive
expressions for the unit vectors 7y, and 7 ,. In general,

fig, = i}l (3.2-85)
r0,1
and
fy,= i{'z, (3.2-86)
T2
where [see (3.2-10)]
Yo, = 13,5, =T, + A"V, (3.2-87)
and [see (3.2-18)]
X ,=1,0,=1,-At'V, (3.2-88)
where
701 = |To. (3.2-89)
and
N2 =[Cia|- (3.2-90)
Recall that the parameter At” is given by [see (3.2-6)]
A'=t—-1t, t'>t, (3.2.91)
=7, t' >0,

where ¢’ is the time instant when the transmitted acoustic field is first incident upon the discrete
point scatterer and 7, = 0 seconds is the time instant when motion begins. What we need to do next
is to derive an expression for Az’ to be substituted into (3.2-87) and (3.2-88) so that the unit

vectors given by (3.2-85) and (3.2-86) can be computed.
The time delay 7 (the amount of time it takes for the transmitted acoustic signal to begin to

appear at the receiver) can be expressed as (see Fig. 3.2-2)
=T T2 (3.2:92)
c ¢

T
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Since

r = cAt, (3.2-93)

substituting (3.2-55) and (3.2-93) into (3.2-92) yields

1 r
A= gm[ ‘Cz} (3.2-94)

where 7 is given by (3.2-81), r,, is given by (3.2-84), and ) is given by (3.2-80). Equation (3.2-

94) is the desired expression for A¢’ that will allow us to compute the unit vectors according to
(3.2-85) through (3.2-90). Note that (3.2-94) can also be obtained directly from (3.2-62) as
follows. If time 7 in (3.2-62) is set equal to the time instant when the scattered acoustic field begins
to appear at the receiver, that is, if ¢ = 7, then (3.2-62) reduces to (3.2-94). The parameter Az’ given
by (3.2-94) is a constant whereas At’ given by (3.2-62) is a function of time ¢ where ¢ > 7.

The general relationship between the acoustic pressure p(z,r) in pascals (Pa) and the velocity
potential y,,(z,r) in squared-meters per second is given by

p@tr)= "Po(l')gt‘)’M(l‘, r), (3.2-95)

where p,(r) is the ambient (equilibrium) density of the ocean in kilograms per cubic meter, shown

as a function of position r=(x,y,z). Note that 1Pa=1N/m* where 1N =1kg-m/sec’.
Substituting (3.2-77) into (3.2-76) yields

exp|—a( £) (1, +1,)]
167 TorTia

Ay s

yu(tn) = Sogl(f"ov 12) exp[+j27fs(t - 1)), 127

(3.2-96)

Substituting (3.2-96) into (3.2-95), and since the unit vectors 7y, and 7/, are constants, and the
ambient density is constant in our problem, the acoustic pressure in pascals incident upon the
receiver at I, = (x,,Y,,2,) is given by

p(t,5,) = —j27fsp, S, H,, (1.5, | f.x, Jexp(+j2mfe),  t27, (3.2-97)

where H,,(t.1,|f.x,) is given by (3.2-77).
Let us next relate the scattering amplitude function, the differential scattering cross section,
and target strength of the discrete point scatterer. The target strength (TS) is defined as follows

{13]:
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N/ ~r
O'd(f’no,vnx,z)

ref

TS = lOlogw[ :ldB re A, (3.2-98)

where [12, 13]

(3.2-99)

;
ra—e°

P L, (1) ] |8 £ A0)]
L,(x)) | (=)

A7 Ay A :
O'd(f,no,l,nlyz) = lim ,:

is the differential scattering cross section with units of squared meters, I, (r/) and I, (r,) are
the time-average, incident and scattered intensities, respectively, with units of watts per squared
meter, gl( farg .0 2) is the scattering amplitude function of the discrete point scatterer with units

of meters, and A is a reference cross-sectional area commonly chosen to be equal to 1 m’.

Example 3.2-1 Discrete Point Scatterer In Motion - Monostatic Scattering Geometry

~ In this example the discrete point scatterer is in motion with constant velocity vector V,, but
the scattering geometry is monostatic versus bistatic. For a monostatic (backscatter) scattering
geometry, both the transmitter and receiver are located at the same position, that is,

I,=I,. (3.2-100)
Therefore (see Fig. 3.2-2),
Nn2=Tou (3.2-101)
fiy, = =My, (3.2-102)
2= T (3.2-103)
and
i, ==y, (3.2-104)

With the use of (3.2-101), (3.2-102), and (3.2-104), the time-variant, space-variant, complex
frequency response of the ocean given by (3.2-77) reduces to

exp|-2a(f)7,, ]

(arnr. ) exp[+j27fs(t - T)]exp(—j27f1),
0,1

Hy, (.5, | f.5) = &0 fofig 10— 75, )
(3.2-105)

where 7, is given by (3.2-85), (3.2-87), and (3.2-94),
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-

1- (1)
s= =B (3.2-106)

1+

is the dimensionless, time-compression / time-stretch factor,

i, @V,
g‘i SR TR (3.2-107)
is the dimensionless, normalized radial-component of V, in the direction 7,,,
1 70,1
T=—|Ty+(s—-1)— (3.2-108)
s c
is the time delay in seconds,
21y,
Ty= — (3.2-109)
c

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver
are in motion, and r,, is given by (3.2-83).

Example 3.2-2 No Motion - Bistatic And Monostatic Scattering Geometries

We begin this example by considering the case when the discrete point scatterer is not in
motion and the scattering geometry is bistatic. Therefore,

V=0, . (3.2-110)
and as a result,
s=1. (3.2-111)
Furthermore (see Fig. 3.2-2),
T01=Tous (3.2-112)
Ao, = Tloys (3.2-113)
Na=Tias (3.2-114)
and
=Py, (3.2-115)

With the use of (3.2-111), (3.2-113), and (3.2-115), the time-variant, space-variant, complex
frequency response of the ocean given by (3.2-77) reduces to the exact time-invariant, space-
variant, complex frequency response of the ocean given by (3.1-17), that is,
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Hm(t’rz |f,ro) = HM( fon Iro) = gl(f’ﬁo.pﬁl,z) CXP[”a(f)("o,l i 7‘1,2)] exp(—j27f7),

167* ToiTin
(3.2-116)
where 7, and 7, , are given by (3.1-18) and (3.1-19), respectively,
Foat 12
= 3.2-117
" ( )

is the time delay in seconds, and r,, and r,, are given by (3.2-83) and (3.2-84), respectively.

If the discrete point scatterer is not in motion and the scattering geometry is monostatic, then
with the use of (3.2-101) and (3.2-102), the time-invariant, space-variant, complex frequency
response of the ocean given by (3.2-116) reduces to the exact time-invariant, space-variant, complex
frequency response of the ocean given by (3.1-32), that is,

exp[—2 o(f) ro,l]
(4mr, )’

exp(—j27f7),

HM(t’rZ f’ro) = HM(f’rZ lro) = gl(f’ﬁo,l’—ﬁo.l)

(3.2-118)

where 7, is given by (3.1-18),

_ 2y,

T= (3.2-119)
c

is the time delay in seconds, and r,, is given by (3.2-83).

Example 3.2-3 Pulse Propagation

In this example we will demonstrate how to use the pulse-propagation coupling equations
given by (2.2-44) through (2.2-47) for the bistatic scattering problem shown in Fig. 3.2-1. We
begin by evaluating (2.2-47), which is repeated below for convenience:

Nro. L
utre )= 3 [T X()er (4 £S5 (f+ O H (e |+ for Jexp(hiznfo)df

(2.2-47)

where ¥, (2,1 ) is the complex envelope of the acoustic signal (velocity potential) incident upon
element n in the receive array at time ¢ and position I = (X ,Y -2z, ) With units of squared-

meters per second.
The time-variant, space-variant, complex frequency response of the ocean that describes the

bistatic scattering problem shown in Fig. 3.2-1 is given by (3.2-77). Therefore
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exp[—a(f+fc)(rn'l+ N, )]

(t | 8 |f+fc,rr) g1(f+fcvnr g, )

167> rrahig,
xexp[—j27r(f+fc)t],
(3.2-120)
where
1— ﬁ(l)
TR, T 72 Bm (3.2-121)
is the dimensionless, time-compression / time-stretch factor [see (3.2-78)],
n., oV
B =Ll (3.2-122)
o c

is the dimensionless, normalized radial-component of V, in the direction ﬁn 1 [see (3.2-79) and
(3.1-37)],

I _ n’l,R,l ¢ Vl
LR,

(3.2-123)

is the dimensionless, normalized radial-component of V, in the direction #, , [see (3.2-80) and
(3.1-38)],

r
TR~ 1 [TO"'(ST,-,R,._D l,:" ] (3.2-124)

5T,.R,

is the time delay in seconds (the amount of time it takes for the acoustic signal transmitted from
element i in the transmit array to begin to appear at element » in the receive array) [see (3.2-81)],

r-,+r
Lt LR, (3.2-125)

1l

To
c

is the time delay in seconds when neither the discrete point scatterer nor the transmit and receive
arrays are in motion [see (3.2-82)], and

o=t = |6 -1 (3.2-126)
and

ik, =|Fue, | = [Fe, =T (3.2-127)
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are the distances (ranges) in meters measured from element i in the transmit array to the discrete
point scatterer, and from the discrete point scatterer to element » in the receive array, respectively
[see (3.2-83) and (3.2-84)], when motion begins at time ¢ =1,= 0 seconds.

In addition, in order to evaluate the scattering amplitude function, we need the following
equations:

r/
Ay = (3.2-128)
7.1
and
rl
i g, = (3.2-129)
rl,R '

are the dimensionless unit vectors in the directions measured from element i in the transmit array to
the discrete point scatterer, and from the discrete point scatterer to element n in the receive array,
when the transmitted acoustic field is first incident upon the discrete point scatterer at time #’,
respectively [see (3.2-85) and (3.2-86)], where [see (3.2-87)]

r,=1,, +ArY, (3.2-130)

and [see (3.2-88)]
I =T~ AV, (3.2-131)

where r; = —r; and r,, =r; —I are the position vectors measured from element i in the

transmit array to the discrete point scatterer, and from the discrete point scatterer to element n in the
receive array, respectively [see (3.1-4) and (3.1-10)], when motion begins at time #z =#,=0 seconds,

where [see (3.2-94)]

’ 1 rl.R,l
At = -i-?_ﬁ-?T TT,-,R,,_ c B (3.2"132)
LR,

Substituting (3.2-120) into (2.2-47) yields

Nr o .
Sty )= 3% [ %p o (Frexp| 4722 5y 5 (1 =Ty g )| exp[+127f. 57 5, (1 =Ty, ] exp(=i27 L0,

i=1

(3.2-133)
or
NT
St )= 3 ¥ o (5 o [ =T 2 DEXD[+)27f, (57,2, 1)t)exp(=727f, 51 2, r.,):

i=1

(3.2-134)
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where

X X . exp|—a(f+ f)(rp ,+ng)
X;.-.R,,(f)zX(f)CT,.(f+f;)STi(f+fc)gl<f+fc’ﬁ’rhl’ﬁ;jn) [ : . ]

167* Iralig,
(3.2-135)

and
% n O=F % o (H}=[ % o (Nexpt+j2mfr)ds . (3.2-136)

Equation (3.2-134) indicates that the complex envelope, J,,(z,x; ), of the acoustic signal (velocity

potential) incident upon element #n in the receive array is equal to the sum of time-compressed /
time-stretched, time-delayed, Doppler shifted, modified versions of the complex envelopes of the
transmitted electrical signals from each element in the transmit array. The amount of Doppler shift
in hertz is given by

¢7;"Rn= (ST‘,,R,‘_ l)f; (3.2-137)

Equation (3.2-135) shows how the frequency spectrum of the complex envelope of the transmitted

electrical signal, X( f), gets modified by various other important frequency-dependent functions in
order to produce the complex envelope, 3,,(¢,x;, ), of the acoustic signal (velocity potential) incident

upon element 7 in the receive array.
Before continuing with the analysis, several comments concerning the dimensionless, time-

compression / time-stretch factor s, , and (3.2-137) are in order. There are three ranges of values
for s, p ;nmamely, s; , =1, s; , >1,and s; , <1. When s; ; =1, this is an indication that there is

no time compression or time stretch, and as a result, there is no change in signal bandwidth. Also,
when s . =1, ¢, , =0; thatis, there is no Doppler shift [see (3.2-137)]. For example, if there is

no motion, then the velocity vector of the discrete point scatterer is equal to the zero vector.
Therefore, both beta parameters are equal to zero and, as a result, s, R,= 1. When SR> 1, this is

an indication of time compression, that is, the duration of the received signal given by (3.2-134) is
decreased (compared to the duration of the transmitted signal) resulting in an increase in signal
bandwidth. Also, when s; , >1, ¢, , >0; which indicates a positive Doppler shift [see (3.2-137)].

Finally, when Sr.r, < 1, this is an indication of time stretch, that is, the duration of the received signal

is increased (compared to the duration of the transmitted signal) resulting in a decrease in signal
bandwidth. Also, when s; , <1, ¢, . <0; which indicates a negative Doppler shift [see (3.2-

137)].
If we next substitute (3.2-134) into (2.2-46), then we obtain

Ny
Yultr,) = 3 RelF7 o (510,11~ T DeXp[+127f. 57 5 (1= 77|} (32138)
i=1
Since x(t) given by (2.2-28) and X(r) given by (2.2-30) are related by

x(t) = Re{x(t)exp(+ j27f.1)}, (3.2-139)
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x7 z, ()= Re{fc’r,._kn(t) exp(+j27f, t)}, (3.2-140)

then (3.2-138) can be rewritten as

NT
YT )= X, X5 g (5p o [1=T7 2 D (3.2-141)

i=1
Substituting (3.2-141) into (2.2-45) yields

N
T 1 , .
Y, (N1, ) = z ——lXTi’R”(n/sTi'R")exp(—J27rnTTi‘Rn), (3.2-142)

i=1 |51 g,

and upon substituting (3.2-142) into (2.2-44), we obtain

Ne o
ytx )= [ Xy o (expl+i2nn(t -ty )]dn,  n=12...N,  (32:143)
i=1

or, finally,
NT
YtxR )= D Xy g (1=Tp )y M=L2,..,Ng, (3.2-144)
i=1
where
r” 1 4
X7 r, (M= |—~)X 7or, (/57 », )¢, () Sk, (1) (3.2-145)
57k,
and
Xy 5 (= F X7 o (0} = [ X7 (mexp(+j2zne)dn. (3.2-146)

Equation (3.2-144) indicates that the output electrical signal y(2,x ) from element n in the receive
array at time 7 and position r, =(x; ,¥z ,Zg ) With units of volts is equal to the sum of time-
delayed, modified versions of the transmitted electrical signals from each element in the transmit
array.

3.3 All Three Platforms In Motion
In this section we will analyze the bistatic scattering problem shown in Fig. 3.3-1. All three
platforms - the transmitter, discrete point scatterer, and receiver - are in motion. For example

purposes, they are placed in deep water so that the ocean medium can be treated as being
unbounded, that is, there are no boundaries and, hence, no reflections. The speed of sound and
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Figure 3.3-1. Bistatic scattering geometry when motion begins at time ¢ = ¢,= 0 seconds. Point 0,
Ry(x,), is the transmitter; point 1, F(r;), is the discrete point scatterer; and point 2, P, (r,), is the
receiver. All three platforms are in motion.
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ambient density are constants. Although the propagation of sound between the source and discrete
point scatterer, and between the discrete point scatterer and receiver can be treated as transmission
through linear, time-variant, space-invariant filters; the overall solution for this bistatic scattering
problem corresponds to transmission through a linear, time-variant, space-variant filter. The
presence of a discrete point scatterer in an unbounded, homogeneous fluid medium (ie., a fluid
medium with constant speed of sound and ambient density) causes the medium to be space-variant.
The velocity vectors of the transmitter, V,, the discrete point scatterer, V,, and the receiver, V,,

are given by

V, = Vyhy,, (3.3-1)

Vi =Wy, (3.3-2)
and

V, = Vi, , (3.3-3)

where V,, V, and V, are the speeds in meters per second of the transmitter, the discrete point
scatterer, and the receiver, respectively, and ﬁvo, ﬁv, , and ﬁv2 are the dimensionless unit vectors in
the directions of V,, V,, and V,, respectively. The velocity vectors given by (3.3-1) through (3.3-3)
are constant, that is, the speeds and directions are constants - there is no acceleration. Motion

begins at time ¢ = t, = 0 seconds.
Since all three platforms are now in motion, the position vectors from the origin to the
transmitter, discrete point scatterer, and receiver - denoted by &,(¢), &,(¢), and &, (2), respectively -

are functions of time given by

2,() =1, +AtV,, 1>0, (3.3-4)

2()=r+AtV, 120, (3.3-5)
and |

Z,{@)=r,+AtV,, t20, (3.3-6)

where 1, = (X,,p,20)> I, = (X, %1,2,), and T, = (x,,¥,,2,) are the position vectors from the origin to
the transmitter, discrete point scatterer, and receiver, respectively, when motion begins at time
t =1,=0 seconds (see Fig. 3.3-1), and

At=t-1t,, t=t,,
=1, t=0.

(3.3-7)

Note that 2,(0)=x,, B,(0)=r,, and &,(0)=r,. Instead of trying to solve this bistatic scattering
problem directly with all three platforms in motion, we will first create an equivalent problem
involving the transmitter and the discrete point scatterer where we can treat the transmitter (sound
source) as being motionless. We will then create a second equivalent problem involving the discrete
point scatterer and the receiver where we can treat the discrete point scatterer (acting as a sound
source) as being motionless. This can be accomplished by working with relative velocity vectors.
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When motion begins at time ¢ =7,=0 seconds, the scalar component of V, in the direction
of V, is given by (see Fig. 3.3-2)

iy ® Vo= i, @ Vi, = Vy(Ry @y, ). (3.3-8)

Therefore, the velocity vector of the discrete point scatterer relative to the velocity vector of the
transmitter in the direction of the velocity vector of the discrete point scatterer ﬁv, is given by

Vio =V~ (A, e V), = [v1 ~ Vy (i, @ iy, )]ﬁvl. (3.3-9)

By using the relative velocity vector V, ,, the transmitter (sound source) can be treated as being
motionless. Therefore, when motion begins at time f=1¢,=0 seconds, the source distribution

x,,(¢,r) will be treated as a motionless, time-harmonic, point source with units of inverse seconds,
that is, let [see (2.1-8) and (2.1-11)]

x,,(t,r) = S,0(r —x,)exp(+j27ft), (3.3-10)

where S, is the source strength in cubic meters per second and the impulse function &(r —r,), with
units of inverse cubic meters, represents a point source at I, = (X,,Y,,%,). In addition, since we are
now working with the relative velocity vector V, ,, we need to introduce the new position vector

2= +AtV,,, 20, (3.3-11)

where Ar is given by (3.3-7). Compare (3.3-11) with (3.3-5). Note that 2"*(0) =r,. Also note
that if the transmitter is not in motion, then V;=0, and as a result, V,, =V, [see (3.3-9)] and
240 (1) = 2,(¢) [see (3.3-11) and (3.3-5)]. And if the discrete point scatterer is not in motion, then
V,=0 and the relative velocity vector V,, given by (3.3-9) is undefined. In this case we set
V,, =0, and as aresult, 2"V (1) =2,(#) =1,.

When the transmitted acoustic field is first incident upon the discrete point scatterer at some

time ¢’ seconds where ¢" > 0, the position vector from the origin to the discrete point scatterer is
given by [see (3.3-11) and Fig. 3.3-3]

r=2")=r+A'V,,, >0, (3.3-12)
where

At'=1t—t,, t'>t,

3.3-13
=t t'>0. ( )

The propagation of sound between the source and discrete point scatterer can be modeled as
transmission through a linear, time-variant, space-invariant filter. Therefore, the acoustic field
(velocity potential) incident upon the discrete point scatterer at time ¢’ and position ¥, = (x{,[,2/)
is given by [see (2.1-62)]
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Figure 3.3-2. Scalar component of V, in the direction of V,.
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Figure 3.3-3. Bistatic scattering geometry when the transmitted acoustic field is first incident
upon the discrete point scatterer at time ¢’ seconds and when the scattered acoustic field is first
incident upon the receiver at time ¢ seconds where >t >1, (z,=0). Point 0, Fy(x,), is the
transmitter; point 1, F,(r;), is the discrete point scatterer; and point 2, B (r,), is the receiver. All
three platforms are in motion.
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('R = SOHM(II’IE,_I'O If)CXP(+j2”fl")

e (3.3-14)
=—SOeXP( J ,Ir‘ rol)exp(+j27rft’), >0,
47x/ - x|
where
exp|—jk|r/ —
HM(I’,I‘{—ro If)z" piﬂjr,_l”()l)' (3.3-15)
1 0

By referring to Fig. 3.3-3, we can express the position vector from the point source to the
discrete point scatterer at time ¢’ as

I, =T — Xy, (3.3-16)

and upon substituting (3.3-12) into (3.3-16), we obtain

X, =0l =T, + AV, (3.3-17)

where r,, is given by (3.1-4). Therefore, (3.3-14) and (3.3-15) can be rewritten as

()= SOHM(t,’r(,).I f)eXp("'jz”ft,)
—ikly (3.3-18)
= —SOMeXPHjZnﬂ’), t'>0,
472:[r0'1|
and
L, . exp(—jk 1’6,1])
H(rw ) == (3:3-19)

Let us now create a similar equivalent problem involving the discrete point scatterer and the
receiver where we can treat the discrete point scatterer (acting as a sound source) as being
motionless. When the transmitted acoustic field is first incident upon the discrete point scatterer at
time #’ > 0 seconds, the position vector from the origin to the receiver is given by [see (3.3-6) and
Fig. 3.3-3]

r=2,")=r,+Ar'V,, >0, (3.3-20)

where At’ is given by (3.3-13). Equation (3.3-20) indicates that after At’ seconds, the receiver -
independent of the transmitter and the discrete point scatterer - travels an additional distance of
At’V, meters in the direction 7, (see Fig. 3.3-3). Also at time ¢’, the scalar component of V, in

the direction of V, is given by (see Fig. 3.3-4)
A, o V,=h, e VA, = V(A *A,). (3.3-21)
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Figure 3.3-4. Scalar component of V, in the direction of V,.
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Therefore, the velocity vector of the receiver relative to the velocity vector of the discrete point
scatterer in the direction of the velocity vector of the receiver #,, is given by

V,, =V, = (A, @ V)i, =[V, = V,(iy, iy, )]y, (3.3-22)

By using the relative velocity vector V, ,, the discrete point scatterer (acting as a sound source) can

be treated as being motionless. Therefore, in order to compute the acoustic signal at the receiver, we
treat the discrete point scatterer at time ¢ >¢” and position r; as another motionless, time-harmonic,

point source with units of inverse seconds, that is, let [see (3.3-10) and Fig. 3.3-3]
x;,(2,x) = S;6(r — 1) Yexp(+j27nft), (3.3-23)

where S, is the source strength in cubic meters per second and the impulse function o(r-r),
4

with units of inverse cubic meters, represents a point source at I, = (x;,¥;,2, ), where 1/ is given by
(3.3-12). The source strength S; will be given later.
Since we are now working with the relative velocity vector V,,, we need to introduce the new

position vector

2;2.1)0) =r,+At"V,,, t2t'>0, (3.3-24)

where

At"=t-t, t>t">0, (3.3-25)

and rj is given by (3.3-20). Compare (3.3-24) with (3.3-6). Note that ®;*"(¢") =r; . Also note that
if the discrete point scatterer is not in motion, then V,=0, and as a result, V,, =V, [see (3.3-22)]
and 22V (1) = ®,(¢) for >t >0 [see (3.3-24) and (3.3-6)]. And if the receiver is not in motion,
then V, =0 and the relative velocity vector V,, given by (3.3-22) is undefined. In this case we set

V,,=0, and as a result, ;" (r) = ®,(t) ==, for 12¢">0.

When the scattered acoustic field is first incident upon the receiver at some time ¢ seconds
where > ¢’ > 0, the position vector from the origin to the receiver is given by [see (3.3-24) and Fig.
3.3-3]

rzl/ — 252’1)(t) —_ l‘z, + AI”VZ.I’ t>t'>0, (3.3-26)

where Az” is given by (3.3-25). Equation (3.3-26) indicates that after Az” seconds, the receiver
travels an additional distance of Az”V,, meters in the direction 7, (see Fig. 3.3-3). By referring to

Fig. 3.3-3, it can be seen that
r,=n -, (3.3-27)

where r{, is the position vector between the discrete point scatterer and the receiver at time
¢t >t > 0. Substituting (3.3-12) and (3.3-26) into (3.3-27) yields
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), =oAL, =1, +AY(V, =V, ) + AV, (3.3-28)

where r,, is given by (3.1-10). Equation (3.3-28) can also be obtained directly from Fig. 3.3-3 -
without the use of (3.3-27) - simply by using vector addition. Doing so yields

r, =A== AV 1, + AYV, + A"V, |

4 ” (33"29)
=1, +AF(V, = V) +A" V.

The propagation of sound between the discrete point scatterer and receiver can also be
modeled as transmission through a linear, time-variant, space-invariant filter. Therefore, the

7 )

acoustic field (velocity potential) incident upon the receiver at time ¢ and position r;’ = (x3,5,2;

’

due to a point source at 1y = (x,y;,2, ) is given by [see (2.1-62)]

Yu(t.x)) = S;H, (.57 — ¥/ | f)exp(+ 27 )

ikl -y (3.3-30)
=_sgexP( ke - x I)exp(+j27zft), t>¢>0,

4z|ry —x]
where
., expl—jk|r, —r/
HM-(t,r2 v |f)=— ( ~ 2 - : |> (3.3-31)
4r\ry -,
With the use of (3.3-27), (3.3-30) and (3.3-31) can be rewritten as
Yu(tx)) = S Hyy (X0 f Jexp(+ 2 f1)
exp{—jk|r}. (3.3-32)
= —-Sg—(-—-—,l,—li)—exp(+j27rft), t>t'>0,
4r\ry,
and
. exp|—jk|ry,
H,(t.x5|f)= ——-—(—————J (3.3-33)
47 1‘1,2[
The source strength S; is given by [see (3.3-18)]
So =So HM(t,’r(,),l f)gl(f’ﬁ(;,l’ﬁll.,z)’ (3.3-34)

where g,( £ ﬁ(;'l,ﬁ{,’z) is the scattering amplitude function of the discrete point scatterer with units
of meters as discussed in Section 3.1. The unit of meters for the scattering amplitude function
represents an effective scattering length that may be larger or smaller than the actual length of the
scatterer. As we discussed in Section 3.1, the scattering amplitude function is a complex function
(magnitude and phase) and is, in general, a function of frequency, the direction of wave propagation
from the source to the scatterer, and the direction of wave propagation from the scatterer to the
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receiver [12]. Since the transmitted acoustic field is first incident upon the discrete point scatterer at
time ¢, the direction of wave propagation from the source to the scatterer is given by the
dimensionless unit vector 7, (see Fig. 3.3-3). Similarly, since the discrete point scatterer is being
treated as another point source at time ¢’ and position 1], and the scattered acoustic field is first
incident upon the receiver at time ¢ >¢’> 0, the direction of wave propagation from the scatterer to
the receiver is given by the dimensionless unit vector 7, (see Fig. 3.3-3).

Let us now begin the process of obtaining final expressions for both the time-harmonic
velocity potential and acoustic pressure incident upon the receiver. Substituting (3.3-34) into (3.3-
32) yields

f)exp(+ 2nfr), t>t'>0,

Yur 003"y = Sy Hy (105 | £) 8 o7 10 ) Hg (171

(3.3-35)
or, equivalently,
Y1) = S, Hy (657 | f.x,)exp(+j22fr),  1>1">0, (3.3-36)
where
H, (157 | £.1) = Hy (15| £) &0 £o105) H(1.702] )
exp|—jk(|x] | +|r7”
7

e[ k([r s+ AV [+ - + ATV, — Vi) +arV,,)|
=& fofg i) 167°|r, — 1, + A¥’ ol -+ APV, = V,) +AL"V, |

2

(3.3-37)

At is given by (3.3-13), V,, is given by (3.3-9), At” is given by (3.3-25), V,, is given by (3.3-
22), and

’ rl’-lz
t=t +——, (3.3-38)
C
or
rll
=122 (3.3-39)
C

Note that if the bistatic scattering problem shown in Fig. 3.3-1 corresponded to transmission
through a space-invariant filter, then the complex frequency response given by (3.3-37) would be a
function of the vector spatial difference r;’ —r,, which it is not [r}’ is given by (3.3-26)].
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In order to simplify the complex frequency response given by (3.3-37), we need to derive

approximate, simplified expressions for the ranges Ir(’,,ll and |r/,|. Let us begin with |r{,‘1|. Since
4 2 4 4
Foa| =To,1®Xo1» (3.3-40)
substituting (3.3-17) into (3.3-40) yields
2
ry,| = (o, + A"V ) e (r,, +Ar'V,,). (3.3-41)

Expanding the right-hand side of (3.3-41) and taking the square root of both sides of the resulting
equation yields

5,12
A V. At
Tou|=Tou 1+_2'°‘(n0.1°V1,o)At,+ —— ; (3.3-42)
To. To,1
or
VoA VoA 12
t’ t
rg,|= 1,114+ 22 (ﬁo,l°ﬁv,)+l——‘£— : (3.3-43)
o1 2 1y,

Equations (3.3-42) and (3.3-43) are exact expressions for the range |r(’,,1|. What we need to
do next is to derive a valid binomial expansion of the square-root factor in (3.3-43) in order to

simplify the expression for the range |rg,|. Equation (3.3-43) can be rewritten as
, b b
o | =roN1+b=ry, 1+—2———8—+--- , |b| <1, (3.3-44)
where
VoA . . Vo At
b=2-10—|(f,,0h,)+ 1587 ) (3.3-45)
To, 2y,

Note that (3.3-44) is valid only if |b|<1, where b is given by (3.3-45). If we impose the more
stringent criterion that

V. AY
22088 (01, (3.3-46)

To,1

or
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VAt
—2— <0.05, (3.3-47)

Yo

then we can use only the first two terms in the binomial expansion. For example, since the
maximum positive value of the dot product term in (3.3-45) is +1, and if (3.3-47) is satisfied, then

|b| <0.1(1+0.025)
<0.1025 << 1.

(3.3-48)

Therefore, if (3.3-47) is satisfied, then we can use only the first two terms in the binomial expansion
in (3.3-44). Doing so yields

V4
Lo

A V., At
zro,1+Vl_oAf’[(no.l°nvl)+—21— <2 } (3.3-49)

Tou

Equation (3.3-49) can be simplified further if we can justify neglecting the second term inside
the square brackets. Consider the following criterion: the second term inside the square brackets in

(3.3-49) can be neglected if

A A V, At
Ay, ® Ay, zmlﬁ——, (3.3-50)
’ ! 2 r,
or
V, A
|cosa|2 51—, (3.3-51)

0.1

where « is the angle between the two unit vectors 7, and szl. The following two ranges of values
for the angle « will satisfy (3.3-51):

V. At
0°<a< cos‘l(S——‘—'o—— (3.3-52)
%o
and
V. At
180° — COS'I[S——IQ——j < <180°. (3.3-53)
o1

For example, if V| At’ / ro, = 0.05 [see (3.3-47)], then 0°<x<75.5° and 104.5°< ¢ <180° will
satisfy (3.3-51). Therefore, if (3.3-51) is satisfied, then (3.3-49) reduces to
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1+ (A, @V AL (3.3-54)

/ —~
Iro,l

Equation (3.3-54) is our desired simplified expression for the range

similar expression for the range |rl”2|
Since

(3.3-55)

”
— M2

substituting (3.3-29) into (3.3-55) yields

=[r, +A7(V, =V, )+ AV, Jo[r, +AC(V, -V, ) + A7V, | (3.3-56)

Expanding the right-hand side of (3.3-56) and taking the square root of both sides of the resulting
equation yields

2 2
A V _V At, ~ V At”
=r 2{1 + _r2 [nm o(V, - Vl,o)] At/_l_[l__z_lg_'___J + ri(nm o 2,1)At”+[ 21 J
1.2

N2 1,2 n»

”

o=

2

1/2
At'Ar”
+2-———[v2,1 o(V, - VLO)]} ,

N2
(3.3-57)
or
V. At A
=r {1—2 = [( Ay, @iy )+ — (V("V°nv) VI-O)]
Tia 2n,
V At At A A
(i o)+ 3 —(Va = ol o1, )
T, 27'1,2
o o 12
t” t” ’
+2 -2l (ﬁl'zoﬁvz)+“'2—’l——+A_t(V2_Vl,O(ﬁVx.ﬁVz)) )
W) 2, N2
(3.3-58)

Equations (3.3-57) and (3.3-58) are exact expressions for the range lrl’le. What we need to
do next is to derive a valid binomial expansion of the square-root factor in (3.3-57) in order to
”.|. We begin the simplification process by neglecting those

terms in (3.3-57) involving A’ and At” squared and the cross product term involving At’Az”.
Doing so yields

71



2
I, z"1_2\/1+bzr1‘2(1+-§——%+---), |b|<1, (3.3-59)
where
2 n ’ - ”
b= {20 (V, = Vi) A"+ G0 Vo)A . (3.3-60)
1,2

Note that the binomial expansion in (3.3-59) is valid only if || <1, where b is given by (3.3-60).
Assuming that |b| <1 and if we use only the first two terms in the binomial expansion in (3.3-59),
then

=1, +[A, 0 (V, = V)| AL+ (R, oV, )AL, (3.3-61)

77
I,

Equation (3.3-61) is our desired simplified expression for the range Irl'le. We are now in a position

to simplify the complex frequency response given by (3.3-37).
We begin the simplification of the complex frequency response given by (3.3-37) by

approximating the amplitude factor 1 . With the use of (3.3-54) and (3.3-61), we can
p

’ ”
Lo.1||T12

express the ranges Ir(’,,ll and lrl”2| as follows:

V. At
lré,llzro,l{H = cosa} (3.3-62)

Toa

where « is the angle between the two unit vectors 7,, and 7, , and

”
r1.2

N2 "2

n V,-V.)|AY (7 ”
=r1,z{1+["‘~2’( VAT e Vs J (3.3-63)

With the use of (3.3-47) in (3.3-62), and upon neglecting the second and third terms inside the
square brackets in (3.3-63), (3.3-62) and (3.3-63) reduce to

X0 = To. (3.3-64)
and
RSP (3.3-65)
respectively. Therefore,
1 1
' (3.3-66)

" :
r1,2| Toa T2

7
Lo
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”] are acceptable to approximate the

Although these approximations of the ranges Ir(;1

amplitude factor, they are not acceptable to approximate the phase factor exp[ Jjk ’rm

(3.3-37).
Let us approximate the phase factor exp[— ﬂ’c(lr(j‘1

61) yields

/)] next. Adding (3.3-54) and (3.3-

¥ 1 =hythat { [( Aoy~ fiy,)® Vl,o] +(f;, 2)}At'+ (A, 0V, A", (3.3-67)

where At” is given by (3.3-13) and At” is given by (3.3-25). Substituting (3.3-61) into (3.3-39),
and since At’=1’ [see (3.3-13)], we obtain

N t__r.li _ *(V,-Vi,) Af — n,oV,, A" (3.3-68)

c’ C C

The parameter At”, given by (3.3-25), can be rewritten as follows:

At"=t-t
, , (3.3-69)
=t—t,—(t'-1,), 1>t >1,
or
At"=t—-t,—At', t>t'>t,
(3.3-70)
=t—Al, t>t'>0,
where At’ is given by (3.3-13). Substituting (3.3-70) into (3.3-68) yields
o .
Ar= 1- B ﬂ(Z) @D {[l - »Bg,zz'l)]t - 'LCZ'}, (3.3-71)
where
S eV
gl (33-72)

is the dimensionless, normalized (normalized by the constant speed of sound c¢) radial-component
of V, in the direction 7, ,,

.V,
0.0 ""zc Lo (33-73)
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is the dimensionless, normalized (normalized by the constant speed of sound c) radial-component
of V,, in the direction #, ,, and

en_ ha® V.,
12 =

(3.3-74)
C

is the dimensionless, normalized (normalized by the constant speed of sound c¢) radial-component
of V,, in the direction fi, ,. Substituting (3.3-70) and (3.3-71) into (3.3-67) yields

+ B

s—1
= r0'1+r1_2—-(s—1)ct+—lj——(3_l)—rl,2, (3.3-75)
1,2

+

/7 7
Foqf 7|12

where
1=t i- )
= [1 _ (1,0)] +[ @) _ (2,1)] (3.3-76)
1,2 1,2 1,2
is the dimensionless, time-compression / time-stretch factor, and
iy, ®V,
o= = (3.3-77)

is the dimensionless, normalized (normalized by the constant speed of sound c) radial-component
of V,, in the direction #,,. With the use of (3.3-75), the phase factor can be expressed as follows:

; . s—1+ B3V r
)] = exp[+j27f (s - Dt]exP{’JZ”fl:To + 1— <2,11')2 ==t

exp|—Jjk(|rg .|+ [Tt
[ (I 0 1| 1.2 2 .
(3.3-78)
or
exP[‘j"(|r3J| T )] ~ exp[+/27fs(t = T)]exp(~ j27f1), (3.3-79)
where
1 s=1+ B30
7= EI:TO t——pan Béf - (3.3-80)
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is the time delay in seconds (the amount of time it takes for the transmitted acoustic signal to begin
to appear at the receiver), and

ToatH
Ty=——12 (3.3-81)

C

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver

are in motion.
As we discussed in Section 3.1, in order to model the effects of frequency-dependent

attenuation, simply replace the real wavenumber k given by (2.1-23) with the following complex
wavenumber K [see (3.1-15)]:

K=k-ja(f), (3.3-82)

where a(f) is the real, frequency-dependent, attenuation coefficient in nepers per meter. In
addition to being real quantities, both k and a(f) are positive. Replacing the real wavenumber &

)] with the complex wavenumber K given by (3.3-82)

27
53

in the phase factor exp[— jk(|r6,11+
yields

exp[—jK(|r6.1|+|rf,'z|)] = eXp[— jk(,r3,1| +|rl’f2|)]exp[—a( f )(|r6,1|+ ry, )], (3.3-83)

where the phase factor exp[— jk(lr(’)'ll+|rl’,'2l)] is given by (3.3-79). As far as the decaying

+ )] is concerned, we use the following approximation for the

exponential exp[— a(f )(
rather than (3.3-75):

’ ”
o1l 7T 2

distance |r(’)'1| +

I,
lr(’),ll + |r1’,2| =rathe (3.3-84)

so that

r”
I,

e"p["“(f )(Ieaal+ )] = exp[~(f) (o, +1,)) (3.3-85)

Equation (3.3-84) can be justified as follows. Since for all real-world problems V,,/c<<1,
V,,/c<<1,and V, [c <<1, the result is that lﬁf,f3°)|<<1,_|ﬂ§?2'"|<< 1, |ﬂ§f5°)|<<l, and |ﬁ§f2’l<<l
[see (3.3-77), (3.3-74), (3.3-73), and (3.3-72), respectively]. Therefore, s =1 [see (3.3-76)] and
since ] ﬁff"z")| << 1, the third and fourth terms in (3.3-75) can be neglected resulting in (3.3-84).

With the use of (3.3-36), (3.3-37), (3.3-66), (3.3-83), (3.3-79), and (3.3-85); we can
summarize our results as follows: for the bistatic scattering problem shown in Fig. 3.3-1, the time-
harmonic velocity potential in squared-meters per second incident upon the receiver at
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= (x{,y2,2)), due to a moving time-harmonic point source initially at ¥, =(xy,Ys.%) and a
movmg discrete point scatterer initially at r; = (x;,,,2,), is given by

Yut.1)) = SoHy (1.5 | .1, Jexp(+j27fe), 127, (3.3-86)

where S, is the source strength in cubic meters per second,

exp[— o f)(ry,+ 1, )] .

xp|+72nfs(t—7T —j2nft
6 . p[+j2mfs(t —7)|exp(-j27ft)

H, (1 | £.5,) = & £7515805)

(3.3-87)

is the time-variant, space-variant, complex frequency response of the ocean at frequency f hertz,

gl( fig .0y 2) is the scattering amplitude function of the discrete point scatterer in meters, 7, is
the dimensionless unit vector in the direction measured from the source to the discrete pomt
scatterer when the transmitted acoustic field is first incident upon the discrete point scatterer, 7, is
the dimensionless unit vector in the direction measured from the discrete point scatterer to the
receiver when the scattered acoustic field is first incident upon the receiver, a(f) is the real,
frequency-dependent, attenuation coefficient in nepers per meter,

1- 0] - g&Y
- [1_[. 5150?]1‘*'][[ gzz) __1'2 ;2,1)] (3.3-88)

is the dimensionless, time-compression / time-stretch factor [see (3.3-76)],

Ay, ®V,
a0 _ _Q_IC_LP_ (3.3-89)

is the dimensionless, normalized (normalized by the constant speed of sound c) radial-component
of V,, in the direction 7, [see (3.3-77)],

oV,
5221) nl.z - 2,1 (3.3-90)

is the dimensionless, normalized (normalized by the constant speed of sound ¢) radial-component
of V,, in the direction 7, , [see (3.3-74)],

n.eV,
5120) 1,2 . 1,0 (33 _ 91)
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is the dimensionless, normalized (normalized by the constant speed of sound c) radial-component
of V,, in the direction 7, , [see (3.3-73)],

o MoV,

2= (3.3-92)
c

is the dimensionless, normalized (normalized by the constant speed of sound ¢) radial-component
of V, in the direction 7, , [see (3.3-72)],

V, = V,= (i, o V)i, =[Vi = Vy(iy, @y, )]y, (33-93)

is the velocity vector of the discrete point scatterer relative to the velocity vector of the transmitter in
the direction of the velocity vector of the discrete point scatterer ﬁv, [see (3.3-9)],

V,, =V, =Gy, @ Vi, =[V, = Vi(Giy, o )]y, (3.3-94)

is the velocity vector of the receiver relative to the velocity vector of the discrete point scatterer in the
direction of the velocity vector of the receiver ﬁvz [see (3.3-22)],

1 s=1+BGY r,
— ;[TO t—pah mz;;f 172 (3.3-95)

is the time delay in seconds (the amount of time it takes for the transmitted acoustic signal to begin
to appear at the receiver) [see (3.3-80)],

r..+r
ro=—°—"—c—1’3 (3.3-96)

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver
are in motion [see (3.3-81)], and

.= |r0,1| = Irx - rol (3.3-97)
and
no=r| = -x) (3.3-98)

are the distances (ranges) in meters measured from the source to the discrete point scatterer, and
from the discrete point scatterer to the receiver, respectively [see (3.1-21) and (3.1-22)], when
motion begins at time ¢ = #,= 0 seconds. Recall that if the discrete point scatterer is not in motion,
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then V,= 0 and the relative velocity vector V,, given by (3.3-93) is undefined. In this case we set
V,, = 0. Similarly, if the receiver is not in motion, then V,=0 and the relative velocity vector V,,
given by (3.3-94) is undefined. In this case we set V,,=0. The position vector from the origin to
the receiver when the scattered acoustic field is incident upon the receiver is given by [see (3.3-26),

(3.3-20), and (3.3-70)]

where At’ is given by (3.3-71) and the relative velocity vector V,, is given by (3.3-94).

ry=r,+At’'V,+(t-At")V,,, 127,

(3.3-99)

In order to evaluate the scattering amplitude function gl( £ fz{,‘l,ﬁl’y’z), we need to derive
expressions for the unit vectors 7, and 7", In general,

and

where [see (3.3-17)]

and [see (3.3-28)]

where

and

V2 .Y S ,
Xo1=To1Mo 1 =TFo T ATV,

I, =150, =1, +AT(V, =V, ) +At"V,

I P
Toa= er,l

n
h2=|T2

.

Recall that the parameters At’ and At” are given by [see (3.3-13) and (3.3-70)]

and

At'=t'—t,, t'>t,
=, t'>0,
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(3.3-101)

(3.3-102)

(3.3-103)

(3.3-104)

(3.3-105)

(3.3-106)




At"=t—t,—At, t>t'>1,

(3.3-107)
=t—At, t>t">0,

where ¢’ is the time instant when the transmitted acoustic field is first incident upon the discrete

point scatterer and ¢, = 0 is the time instant when motion begins. If time # in (3.3-107) is set equal

to the time instant when the scattered acoustic field begins to appear at the receiver, that is, if =17,

then (3.3-107) reduces to

At"=1-Ar. (3.3-108)

What we need to do next is to derive an expression for Az’ to be substituted into (3.3-102), (3.3-
108), and (3.3-103) so that the unit vectors given by (3.3-100) and (3.3-101) can be computed.

The time delay 7 (the amount of time it takes for the transmitted acoustic signal to begin to
appear at the receiver) can be expressed as (see Fig. 3.3-3)

ot I (3.3-109)
C
Since
roa= A, (3.3-110)
substituting (3.3-61), (3.3-108), and (3.3-110) into (3.3-109) yields
Ar'= 1- gD ﬁ(Z) @D {[ -B3|T p }’ (3.3-111)

where 7 is given by (3.3-95), r,, is given by (3.3-98), and the three beta parameters are given by

(3.3-90) through (3.3-92). Equation (3.3-111) is the desired expression for Az’ that will allow us to
compute the unit vectors according to (3.3-100) through (3.3-105) and (3.3-108). Note that (3.3-
111) can also be obtained directly from (3.3-71) as follows. If time ¢ in (3.3-71) is set equal to the
time instant when the scattered acoustic field begins to appear at the receiver, that is, if ¢ = 7, then
(3.3-71) reduces to (3.3-111). The parameter Az’ given by (3.3-111) is a constant whereas At’
given by (3.3-71) is a function of time ¢ where 1 2 7.

The general relationship between the acoustic pressure p(t,r) in pascals (Pa) and the velocity

potential y,,(z,r) in squared-meters per second is given by

p(r,r>=—p0(r)%yM<r,r>, (33-112)

where p,(r) is the ambient (equilibrium) density of the ocean in kilograms per cubic meter, shown

as a function of position r=(x,y,z). Note that 1Pa=1N/m* where 1N =1kg-m/sec’.
Substituting (3.3-87) into (3.3-86) yields
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exp[+i2nfs(t-1)], 127

) exp[-—a(f)(ro_[ +r, )]

)’M(tsrzﬂ) = Sogl(fsﬁ(;,l’ﬁll,,z 1671,_2’,0’1 Tia
(3.3-113)

Substituting (3.3-113) into (3.3-112), and since the unit vectors 7, and 7", are constants, and the
ambient density is constant in our problem, the acoustic pressure in pascals incident upon the

” 1 _n”

receiver at r;” = (x;,y;,2; ) is given by

p(t,x) = =21 fsp, Sy Hy (1.5 | o6 Jexp(+j27fe), 127, (3.3-114)

where H,,(t.x)|f, r,) is given by (3.3-87).
Let us next relate the scattering amplitude function, the differential scattering cross section,
and target strength of the discrete point scatterer. The target strength (TS) is defined as follows

[13]:

o, fo7g 111
_d.(f___ol__l_2):l dBre A, (3.3-115)

ref

TS & 101ogw[

where [12, 13]

Y4

2
r” 2[ el g f’fl, N
(r12) avg,,( 2 ) — ’ 1( 0’12 1'2)7 (3.3-116)
Iavg,- (rl ) (4ﬂ)

”
ria—2e°

0, fR5A) 2 Tim {

is the differential scattering cross section with units of squared meters, 1, (r;) and I, (r,) are
the time-average. incident and scattered intensities, respectively, with units of watts per squared
meter, 81( fs ﬁg_,.:’:,’f:) is the scattering amplitude function of the discrete point scatterer with units

of meters, and A_, is a reference cross-sectional area commonly chosen to be equal to 1 m’.

Example 3.3-1 Monostatic Scattering Geometry

We begin this example by considering the case when all three platforms are in motion with
constant velocity vectors V,, V,, and V,, but the scattering geometry is monostatic versus bistatic.
For a monostatic (backscatter) scattering geometry, both the transmitter and receiver are located at
the same position, that s,

L,=1I,. (3.3-117)
Therefore (see Fig. 3.3-1),
V, =Y, (3.3-118)
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N2= oo (3.3-119)
and
Ay, =—Hy,. (3.3-120)

With the use of (3.3-118) through (3.3-120), the time-variant, space-variant, complex frequency
response of the ocean given by (3.3-87) reduces to

exp[-2a(f)r,,]
(4rr, )’

H,(t.x) exp[+j27fs(t — T)|exp(-j2nft),

) gl(f’ A(;l’ﬁl”2)

(3.3-121)

where r;’ is given by (3.3-99) and (3.3-111), 71, is given by (3.3-100), (3.3-102), and (3.3-111),

A, is given by (3.3-101), (3.3-103), (3.3-108), and (3.3-111), B%V=—-BEY, ALY =_pguo,

). _RQ)
1,2 0,1°?

[1 (10>][1+ <21>]
[1+B(10)] [ @ _ gll)] _ (3.3-122)

is the dimensionless, time-compression / time-stretch factor,

L0) _ AN

0.1 (3.3-123)
c
is the dimensionless, normalized radial-component of V|, in the direction 7, ,,
pon=oa® Vo (3.3-124)
c
is the dimensionless, normalized radial-component of V,, in the direction 7 ,,
g, 0V, 7y, @V,
@ Doa® T2 T Yo (3.3-125)
c
is the dimensionless, normalized radial-component of V, =V, in the direction 7,
Vio = V= (By, o V)i, = [V - Vi (i, o 8, )|, (3.3-126)

is the velocity vector of the discrete point scatterer relative to the velocity vector of the transmitter in
the direction of the velocity vector of the discrete point scatterer fi,,
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V, =V,- (flv2 * Vi, = [V2 ~ Wiy, ﬁv’ )] ", (3.3-127)

= Vo= (Ay, * VA, =[Vo = Vi(Giy, o Ay,

is the velocity vector of the receiver relative to the velocity vector of the discrete point scatterer in the
direction of the velocity vector of the receiver i, = f, ,

1 s"l_.Bgzil) 0.1
T=—|Tyg+ ——7—— 3.3-128
s{ O 1+ BEY ( )
is the time delay in seconds,
2r,,
Ty=— (3.3-129)
c

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver
are in motion, and r,, is given by (3.3-97).
If both the transmitter and receiver are not in motion, then

V, =V, =0. (3.3-130)

Therefore,

Vo=V, (3.3-131)

and since the relative velocity vector V,, given by (3.3-127) is undefined when V, =V, =0, we set

V,,=0. (3.3-132)
In addition (see Fig. 3.3-3),
Na=T,=Tg, (3.3-133)
and
A=A, =—fg,, (3.3-134)
and from (3.3-99),
r,=r,. (3.3-135)

With the use of (3.3-130) through (3.3-132), (3.3-134), and (3.3-135), the time-variant, space-
variant, complex frequency response of the ocean given by (3.3-121) reduces to

exp[—2a(f)r0,l]

(@arr,,) exp|+27fs (t - 7)]exp(=j27f1),
0,1

f’ro) = gl(f’ﬁ(,),l’—ﬁ(;.l)

HM(z,r2

(3.3-136)
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where 7], is given by (3.3-100), (3.3-102), and (3.3-111), BLP=pBY, BE=-BE" =0,

10— _p1o _ _gh) B2 __p@) _q
1,2 0,1 0,1° 1,2 0,1 ?
1-BW
5= ——--ﬁ—(",—; (3.3-137)
1 + ﬁo,l
is the dimensionless, time-compression / time-stretch factor,
n,, eV,
oy =——t (3.3-138)
is the dimensionless, normalized radial-component of 'V, in the direction 7,
1 7o,
T=—Ty+(s—-1)— (3.3-139)
s c
is the time delay in seconds,
2r,,
Ty= — (3.3-140)
c

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver
are in motion, and r,, is given by (3.3-97). Note that (3.3-136) through (3.3-140) are identical with
(3.2-105) through (3.2-109), respectively, derived in Example 3.2-1.

Finally, if in addition to both the transmitter and receiver not being in motion, the discrete
point scatterer is also not in motion, then

V,=0. (3.3-141)
Therefore,
s=1, (3.3-142)
and from Fig. 3.3-3,
701= To (3.3-143)
and
figs = Tlg - (3.3-144)

With the use of (3.3-142) and (3.3-144), the time-variant, space-variant, complex frequency
response of the ocean given by (3.3-136) reduces to the following exact time-invariant, space-
variant, complex frequency response of the ocean:
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-2
HM(t’rZ |f’r0) = HM( [ lro) = gl(f’ﬁo,v"ﬁo.l) eXP[(4ﬂ‘:(J;2)ro,1] exp(—j27fT),
0.1

(3.3-145)

where 7, is given by (3.1-18),

2
r=2lo (3.3-146)

is the time delay in seconds, and 7, is given by (3.3-97). Note that (3.3-145) and (3.3-146) are
identical with (3.1-32) and (3.1-33), respectively, derived in Example 3.1-1, and with (3.2-118) and
(3.2-119), respectively, derived in Example 3.2-2.

Example 3.3-2 Bistatic Scattering Geometry

We begin this example by considering the case when only the discrete point scatterer is in
motion with constant velocity vector V, and the scattering geometry is bistatic. Therefore,

V,=0 (3.3-147)
and
Vv, =0, (3.3-148)
and as a result,
Vo=V (3.3-149)

and since the relative velocity vector V,, given by (3.3-94) is undefined when V, = 0, we set

V,,=0. (3.3-150)
In addition (see Fig. 3.3-3),
na=ng (3.3-151)
and
Ay = 1t 5 (3.3-152)
and from (3.3-99),
r,=r, (3.3-153)

With the use of (3.3-148) through (3.3-150), (3.3-152), and (3.3-153), the time-variant, space-
variant, complex frequency response of the ocean given by (3.3-87) reduces to
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)exp[— a(f) (1, + 1)

H, (tr
M( 2 1671’2r0_l T2

faro) = 31(f,ﬁ<’),1’ﬁ1,.2

exp[+j27fs(t - T)|exp(—j2nf1),

(3.3-154)

where 7, is given by (3.2-85), (3.2-87), and (3.2-94), 7], is given by (3.2-86), (3.2-88), and (3.2-

94),
_1-Bs)
1- B

is the dimensionless, time-compression / time-stretch factor,

S

w_ Vi
0.1~

is the dimensionless, normalized radial-component of V, in the direction 7,

w_ MV

127

is the dimensionless, normalized radial-component of V, in the direction 7, ,,

r=—1-{ro+(s—1)rl—'2}
0y c

is the time delay in seconds,

_Toatho
=
c

(3.3-155)

(3.3-156)

(3.3-157)

(3.3-158)

(3.3-159)

is the time delay in seconds when neither the discrete point scatterer nor the transmitter and receiver
are in motion, and r,, and r,, are given by (3.3-97) and (3.3-98), respectively. Note that (3.3-154)

through (3.3-159) are identical with (3.2-77) through (3.2-82), respectively.
Finally, if the discrete point scatterer is not in motion, then

Vv, =0.
Therefore,
s=1,
and from Fig. 3.3-3,
Tea=Top>
ﬁg.l = ﬁO.l 4
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(3.3-161)

(3.3-162)
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rl’,2 =7, (3.3-164)

and

ALy = P, (3.3-165)

With the use of (3.3-161), (3.3-163), and (3.3-165), the time-variant, space-variant, complex
frequency response of the ocean given by (3.3-154) reduces to the following exact time-invariant,
space-variant, complex frequency response of the ocean:

. exp[—- a( f) (1, + 1, )]

HM(t’r2 Ifsro) = HM( fox |ro) = g1(fsﬁo.1’n1,2) exp(—j27f7),

167 1,1,
(3.3-166)
where 7, and 7, , are given by (3.1-18) and (3.1-19), respectively,
Toat N
= L 3.3-167
p ( )

is the time delay in seconds, and 7, and r,, are given by (3.3-97) and (3.3-98), respectively. Note
that (3.3-166) and (3.3-167) are identical with (3.1-17) and (3.1-20), respectively, and with (3.2-
116) and (3.2-117), respectively, derived in Example 3.2-2.

Example 3.3-3 Pulse Propagation
In this example we will demonstrate how to use the pulse-propagation coupling equations

given by (2.2-44) through (2.2-47) for the bistatic scattering problem shown in Fig. 3.3-1. We
begin by evaluating (2.2-47), which is repeated below for convenience:

Ny oo
Sutxf) =3 [T X Ieq (f+ £S5 (f+ I Hy( 017 |f + foky JexpCri2nfordf

(2.2-47)

where ¥,,(z,ry ) is the complex envelope of the acoustic signal (velocity potential) incident upon
element n in the receive array at time ¢ and position Iy =(x7 ,¥g ,Zz,) Wwith units of squared-

meters per second.
The time-variant, space-variant, complex frequency response of the ocean that describes the

bistatic scattering problem shown in Fig. 3.3-1 is given by (3.3-87). Therefore

exp[—a(f+fc)(rriyl+r1,Rn )]

2
1671y 1k,

oo o) a 7o)

xexp[-j27( f + £)1],
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(3.3-168)

where

[1- e ][1- B

Sy &= , (3.3-169)
[1- B0 ]+ [ B%,- ]
is the dimensionless, time-compression / time-stretch factor [see (3.3-88)],
f., oV,
00 DL . = (3.3-170)

is the dimensionless, normalized radial-component of V,, in the direction 7, , [see (3.3-89) and
(3.1-37)],
ﬁl,R,, V.,

2,n _
LR, =

(3.3-171)
c

is the dimensionless, normalized radial-component of V, in the direction 7, ; [see (3.3-90) and

(3.1-38)],

fi,g®V,

a0 2h 2 (3.3-172)
c

is the dimensionless, normalized radial-component of V, , in the direction 7, , [see (3.3-91) and

(3.1-38)],

2) _ n’],R,,.VZ
LR, —

(3.3-173)

is the dimensionless, normalized radial-component of V, in the direction 7, , [see (3.3-92) and
(3.1-38)],

Vio =V, = (i, @ Vo), = [V, = Vo iy, @ Ay )|y (3.3-174)

is the velocity vector of the discrete point scatterer relative to the velocity vector of the transmitter in
the direction of the velocity vector of the discrete point scatterer ﬁv. [see (3.3-93)],

V,, =V, = (i, o Vi, =[V, = Vi(Gy, » 2y, )|y, (3.3-175)

is the velocity vector of the receiver relative to the velocity vector of the discrete point scatterer in the
direction of the velocity vector of the receiver sz2 [see (3.3-94)],

@1
1 Srr,—1+ ﬁx.k,, T,
Tr g, = To+ 1= BeD (3.3-176)
ST,.R, LR, ¢
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is the time delay in seconds (the amount of time it takes for the acoustic signal transmitted from
element i in the transmit array to begin to appear at element # in the receive array) [see (3.3-95)],

Vo, t 1,
7,= ”_C”*- (3.3-177)

is the time delay in seconds when neither the discrete point scatterer nor the transmit and receive
arrays are in motion [see (3.3-96)], and

=[] =61 (3.3-178)

and

=|r,, -1 (3.3-179)

e, = ’r].R,,

are the distances (ranges) in meters measured from element i in the transmit array to the discrete
point scatterer, and from the discrete point scatterer to element 7 in the receive array, respectively
[see (3.3-97) and (3.3-98)], when motion begins at time ¢ =f,= 0 seconds.

The position vector from the origin to element n in the receive array when the scattered
acoustic field is incident upon element » is given by [see (3.3-99)]

Iy =T, +A'V,+(1-A)V,, 12Tr g s (3.3-180)

where 1, is the position vector from the origin to element » in the receive array when motion
begins at time ¢ = #,= 0 seconds, and [see (3.3-71)]

1 { N.r
AF = [1- a’”]t—#- (27, .. - (3.3-181)
(1,0) (2) (2,1) LR, 4 T..R,
1- ﬁl,R,, + ﬁl,R,,— LR, 4

In addition, in order to evaluate the scattering amplitude function, we need the following
equations:

I
Ay = (3.3-182)

is the dimensionless unit vector in the direction measured from element i in the transmit array to the
discrete point scatterer when the transmitted acoustic field is first incident upon the discrete point

scatterer at time ¢’ [see (3.3-100)], and

TI.
L (3.3-183)

is the dimensionless unit vector in the direction measured from the discrete point scatterer to
element 7 in the receive array when the scattered acoustic field is first incident upon element » [see

(3.3-101)], where [see (3.3-102)]
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r;},l =rp,+ AV, (3.3-184)

and [see (3.3-103)]

I =T +AC(V, =V, ) +A"V, (3.3-185)
where [see (3.1-4)]
D T (3.3-186)
and [see (3.1-10)]
L =I —I (3.3-187)

are the position vectors measured from element i in the transmit array to the discrete point scatterer,
and from the discrete point scatterer to element » in the receive array, respectively, when motion

begins at time ¢ = 7, = 0 seconds, where [see (3.3-111)]

.
IN% {[1— ol "’*"} (3.3-188)
n i n C

1
1- B+ B - BE
and [see (3.3-108)]

At"=1, . ~AY, (3.3-189)

where At is given by (3.3-188). Note that the parameter Az’ given by (3.3-181) is a function of
time ¢ whereas At” given by (3.3-188) depends on the time-delay 7; , .

Substituting (3.3-168) into (2.2-47) yields

Ny o
5utrg) =3 [ X o (Frexp[+i2mfsy o (2= Ty 5 A exp[+ 122, 57,5, (£ = T 0 |exp(=1271,0),
i=1

(3.3-190)
or
Nr
Fu(t ) = 2{ % 5,555, [0= T, 5 DEXD[+ 21, (57, 5, = De|eXP(= 127, 87, T1.1,)»
(3.3-191)
where

)exp[—a(f+ Jrg + g, )]

2
167 ralig,

%; 0 (1) =X(F)eq(F+ £IS,(F+ FI8( £+ oty i,

(3.3-192)

89



and
% 0= F % o (D} = [ & 1, (frexp+j2nfrrdf . (3.3-193)

Equation (3.3-191) indicates that the complex envelope, ¥,, (t,r,’{n ), of the acoustic signal (velocity

potential) incident upon element n in the receive array is equal to the sum of time-compressed /
time-stretched, time-delayed, Doppler shifted, modified versions of the complex envelopes of the
transmitted electrical signals from each element in the transmit array. The amount of Doppler shift

in hertz is given by
Orr= (ST,.,R,,_ Df.. (3.3-194)

Equation (3.3-192) shows how the frequency spectrum of the complex envelope of the transmitted
electrical signal, X( f), gets modified by various other important frequency-dependent functions in
order to produce the complex envelope, ,,(z,x; ), of the acoustic signal (velocity potential) incident

upon element 7 in the receive array.
Before continuing with the analysis, several comments concerning the dimensionless, time-

compression / time-stretch factor s;. , and (3.3-194) are in order. There are three ranges of values
for s; p ;namely, s; x =1, 57 5 >1,and s; p <1. When s, p = 1, this is an indication that there is

no time compression or time stretch, and as a result, there is no change in signal bandwidth. Also,
when Sror, = 1, ¢7} R= 0; that is, there is no Doppler shift [see (3.3-194)]. For example, if there is

no motion, then all three velocity vectors are equal to the zero vector. Therefore, all four beta
parameters are equal to zero and, as a result, s, , = 1. When s, , >1, this is an indication of time

compression, that is, the duration of the received signal given by (3.3-191) is decreased (compared
to the duration of the transmitted signal) resulting in an increase in signal bandwidth. Also, when
Sr.r,> 1, ¢T,- R> 0; which indicates a positive Doppler shift [see (3.3-194)]. Finally, when Sr.r, < 1,

this is an indication of time stretch, that is, the duration of the received signal is increased
(compared to the duration of the transmitted signal) resulting in a decrease in signal bandwidth.
Also, when Srr < 1, ¢T.~ &< 0; which indicates a negative Doppler shift [see (3.3-194)].

If we next substitute (3.3-191) into (2.2-46), then we obtain
Nt
I (1) = D Rel%% o (57 [1= T Dexp[+720f, 57.,(1 = Tr s, |} 33195
i=1 .

Since x(z) given by (2.2-28) and X(t) given by (2.2-30) are related by
x(t) = Re{x()exp(+j27f.1)}, (3.3-196)
if we let
X, (0 = Re{%, 5, (exp(+j2nf0)}, (3.3-197)

then (3.3-195) can be rewritten as
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Ny
I &XR )= D X7 o (Sp x [1=Tp 5 1). (3.3-198)
i=1
Substituting (3.3-198) into (2.2-45) yields

X7 x, (/51 r, )EXP(=j27INT; ), (3.3-199)

Y, (nry )= Zl

STRl

and upon substituting (3.3-199) into (2.2-44), we obtain

Vo) = Zf X7 o (exp[+2nn(t =170 )]dN,  n=12,...N,, (3.3-200)

or, finally,
NT
YEIR )= X7 o (1=Tr )y n=12,.. N, (3.3-201)
where
” 1 ’
X7z, (M= X7 &, (/57 2, )¢, (M) Sg (M) (3.3-202)
[see|
and
%5 2. (0= FX7 . =" X7, (mexp(+j2zannan. (3.3-203)

Equation (3.3-201) indicates that the output electrical signal y(z,rz ) from element » in the receive
array at time ¢ and position ry =(x ,Yz ,Z¢ ) With units of Volts is equal to the sum of time-

delayed, modified versions of the transmitted electrical signals from each element in the transmit
array.
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4  Summary

A set of pulse-propagation coupling equations was successfully derived. They couple the
output electrical signal at a point element in a receive array to the transmitted electrical signal at the
input to a transmit array via the complex frequency response of a fluid medium (e.g., air or water).
The pulse-propagation coupling equations are based on linear, time-variant, space-variant, filter
theory, the principles of complex aperture theory and array theory, and solving a linear wave
equation, which includes satisfying all boundary conditions, including the boundary condition at the
source. The time-variant, space-variant, complex frequency response of the ocean was shown to be
the time-harmonic solution of a linear wave equation when the source distribution is a time-
harmonic point source.

The pulse-propagation coupling equations provide a consistent, logical, and straightforward
mathematical framework that can be used to accurately model the propagation of small-amplitude
acoustic pulses in the ocean for a bistatic scattering problem. The main features of the pulse-
propagation coupling equations are as follows: 1) transmitted electrical signals are modeled as
amplitude-and-angle-modulated carriers, 2) both the transmit and receive apertures are modeled as
volume, conformal arrays composed of unevenly-spaced, complex-weighted, point elements (this
type of model for both of the apertures allows for maximum flexibility), 3) the complex weights are
frequency dependent and allow for beamforming, 4) the performance of the point elements in both
the transmit and receive arrays are characterized by frequency-dependent, transmitter and receiver
sensitivity functions, and 5) the solution of a linear wave equation is given by the complex
frequency response of the fluid medium. It is important to note that attention to all proper units of
measurement were taken into account in order to ensure the accurate prediction of signal strength
levels at each element in a receive array. This is especially important, for example, in order to obtain
accurate probability of detection results.

Derivations of the complex frequency response of the ocean for the following three different
bistatic scattering problems were performed: 1) no motion, 2) only the discrete point scatterer is in
motion, and 3) all three platforms (the transmitter, discrete point scatterer, and receiver) are in
motion. Specific examples on the use of the pulse-propagation coupling equations were given for
the three different bistatic scattering problems. Scatter from a discrete point scatterer was modeled
via the scattering amplitude function, which is a complex function (magnitude and phase) and is, in
general, a function of frequency, the direction of wave propagation from the source to the scatterer,
and the direction of wave propagation from the scatterer to the receiver. In addition to the scattering
amplitude function, frequency-dependent attenuation was taken into account in order to model the
propagation of sound from transmitter to discrete point scatterer, and from discrete point scatterer to
receiver. The dimensionless, time-compression / time-stretch factor was derived and discussed for
the two bistatic scattering problems involving motion. The time-compression / time-stretch factor
takes into account the relativistic effects of motion and provides for accurate time delay and Doppler
shift values.
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