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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D-1259 

UNIFIED NOTCH-STRENGTH ANALYSIS 

^\r> FOR WROUGHT ALUMINUM ALLOYS    / '     4 

By Paul Kuhn and I. E. Figge 

L    '        - SUMMARY 
1 / 
7 '•-■       - ■■'        ." 
k A-simple engineering method is presented for predicting the strength 
3    ,   of notched parts made from wrought aluminum alloys under static loading 

or under repeated loading near the fatigue limit. Assumed to be known 
are tensile strength, elongation, and modulus of elasticity; in certain 
cases, the stress-strain curve must he known; also needed are "Neuber 

v   constants," which are given in the report. Notch configurations ranging 
from mild notches to cracks are considered. A large number of compari- 
sons between experimental and predicted results are presented. 

INTRODUCTION 

Almost all component parts of structures and machines incorporate 
changes of cross section or notches which act as stress raisers. Elas- 
ticians have devoted much attention to the problem of stress concentra- 
tion and have provided many solutions based on the theory of elasticity. 
Over 20 years ago, sufficient work had been accomplished to justify the 
publication of a book by H. Neuber devoted exclusively to the theory of 
stresses around notches (ref. l). 

At the same time, a large body of experimental knowledge had been 
accumulated by engineers on the strength of notched parts subjected 
either to static loading or to fatigue loading. As a result, it was 
known long before the publication of Neuber's book that experimental 

1    factors derived from strength tests were always lower than the theoreti- 
cal factors derived from the theory of elasticity. 

In the static-strength design of metal parts, the elastic theory 
of notches was disregarded completely with good justification.  Struc- 
tural metals cease to be elastic and become plastic before failure takes 
place. If the material is assumed to be perfectly plastic, there is no 
stress concentration in a notched member; the stress is uniformly dis- 
tributed over the net section, and failure may be assumed to take place 
when this stress becomes equal to the tensile strength of the material. 



This failure "theory" is much simpler than the theory based on the 
assumption of elasticity - so simple, in fact, that it was used as 
standard procedure long before there was a formal theory of plasticity - 
and it has been proven to be adequate for many practical design purposes 
by a century of experience. 

In fatigue-strength design, on the other hand, stress concentrations 
are very important and must-be taken into account - a fact which was 
established by Wöhler about a century ago from the same set of tests 
which established definitely that fatigue failure is a problem separate 
and distinct from static failure.  Stress-concentration factors derived       L 
from fatigue tests were found to be less than the theoretical ( elastic )      1 
factors; this was true even in cases where the peak stress was well 7 
within the elastic limit of the material, so that plastic behavior could      4 
not be used as the basis of explanation. About 50 years ago, it was 5 
established that series of geometrically similar specimens from the same 
material showed fatigue factors which increased as the size of the speci- 
men increased, and that the fatigue factors appeared to approach the 
theoretical factor as an asymptotic limit. This "size effect" was 
ascribed by a number of writers to the fact that engineering metals 
have a granular structure, whereas the theory of elasticity assumes the 
material to be a homogeneous continuum, that is to say, devoid^of any 
structure. It will be termed herein the "material size effect" J.n 
order to distinguish it from other size effects (which will be dis- 
cussed briefly later). This term is considered to be more descriptive 
than the term "geometric size effect" used previously (ref. 2). 

Recognizing that theoretical factors are not directly applicable 
to engineering strength design, Neuber included in his book (ref. l) a 
scheme for correcting the theoretical factors to "technical factors on 
the basis of a simple theory of material size effect. The correction ^ 
scheme involves a new materials constant p'  (termed "Neuber constant 
in ref. 3) which must be determined by tests. Neuber evaluated this 
constant for mild steel from some published high-precision strain meas- 
urements on notched specimens; he made no attempt to demonstrate that 
the "size-corrected factors" are applicable to strength design, either 
static or fatigue. 

Neuber's scheme was developed in reference 3 into a method for pre- 
dicting fatigue factors applicable to the design of steel parts at 
stresses near the fatigue limit. A first attempt at a similar applica- 
tion to aluminum alloys (ref. 2) was only moderately successful, partly 
because the available test data covered a much smaller range of con- 
figurations and material properties than the data for steel. 

When aircraft accidents focused attention on the problem of esti- 
mating the static strength of parts containing fatigue cracks, it was 
recognized that this problem, also, could be treated by the theory of 



size effect together with a suitable theory of placticity effects. A 
method was published for aluminum alloys (ref. h)  which employed Neuber's 
scheme for size-effect correction. In addition, however, this method 
introduced the concept of an "effective tip radius" for cracks, a con- 
cept which does not appear in the original Neuber scheme. The Neuber 
constants appropriate to this method differ somewhat from those that 
appeared in reference 2 for fatigue applications; it may be well to 
emphasize that the Neuber constant is not a directly measurable physi- 
cal quantity, but a mathematical abstraction to which numbers can be 
assigned only in connection with a well-defined procedure of calculation. 

The present paper presents a unified method, employing a single 
set of Neüber constants applicable to wrought aluminum alloys,, for 
predicting: ~~K7~7,</ 30Z1**' 

(1) The strength of not ehe charts under repeated loading at zero        £ 
mean stress near the fatigue limit L f 

(2) The strength of notched parts made from sheet or bar (essen- 
tially two-dimensional) under static tensile loading, with main emphasis 
on sharp notches and cracks        ~~~~      // / 

For a method of such wide scope, it is not feasible to arrive at simple 
and precise numbers for the accuracy of prediction achieved; a large 
number of test results are therefore shown so that the reader may form 
his own opinion of the accuracy that may be expected. A simple engi- 
neering method for predicting notch strength - fatigue or static - cannot 
be expected to have a very high accuracy. However, the experimental evi- 
dence indicates that errors of prediction attributable to weakness of the 
method are of the same order as inconsistencies in test results attrib- 
utable either to imperfect test techniques or to variability of material. 

SYMBOLS 

a half-length of internal notch, in. 

B flow-restraint factor (fig. 5) 

c distance from axis of symmetry to base of notch, in. 

d notch depth, in. 

E modulus of elasticity, ksi 

ER n secant modulus corresponding to the net-section stress, ksi 



Es p     secant modulus corresponding to the peak stress, ksi 

Es u     secant modulus corresponding to the stress at the ultimate 
load, ksi 

e        elongation in 2-inch gage length, in./in. 

KQ theoretical stress-concentration factor for a circular hole 
in a sheet 

Kp       theoretical stress-concentration factor for a deep notch L 
1 
7 

Kp       stress-concentration factor effective in fatigue ^ 

K]j       stress-concentration factor corrected for size effect (Neuber 
factor) 

Kp stress-concentration factor in plastic range 

Kß theoretical stress-concentration factor for a shallow notch 

Krp theoretical stress-concentration factor 

KJIJJ asymptotic limit of KJJ as p -> 0 

Ku static notch strength factor 

Ku       calculated static notch strength factor corrected for flow 
restraint 

k        elongation correction factor 

N        number of cycles 

JE^       tensile strength of notched specimen in which buckling is 
prevented (based on net section before loading starts), ksi 

E^       tensile strength of notched specimen in which buckling is not 
prevented, ksi 

t        specimen thickness, in. 

w        specimen width, in. 

p        notch radius, in. 

3 



p'       material constant (Neuber constant), in. 

au       ultimate tensile strength, ksi 

a        yield strength (0.2-percent offset), ksi 

a>        flank angle, radians or deg 

(jug       effective flank angle, radians or deg 

METHOD OF CALCULATION 

Outline of Method 

The distribution of stress over the net section of a notched part 
is not uniform. Following conventional practice, a nominal stress on 
the net section is calculated by elementary theory. The peak stress in 
the section (at or near the root of the notch) can then be expressed as 
the product of the nominal net-section stress and a factor of stress 
concentration. Failure is assumed to take place when the peak stress 
reaches the fatigue limit or the ultimate tensile strength of the 
material, as the case may be. fThe method to be discussedj then,/is 
the method of calculating the appropriate factor of stress concentration.! 

1— 
' The first step consists in determining the theoretical factor K^. 

The second step consists in correcting the factor Kjp for material size 

effect. The size-corrected factor is designated Kjj,| because the cor- 

rection is made by means of a formula proposed by Neuber. The factor 
KJJ constitutes the predicted value of the stress-concentration factor 

for fully reversed fatigue loading at stresses near the fatigue limit. 
FFor the prediction of ultimate (static) strength of a notched specimen, 
a third step is necessary: the factor KJJ is corrected for plasticity 

effect and thus becomes the static notch strength factor Ku 

In the case of cracks, the root radius p is immeasurably small 
and consequently not known. It is therefore impossible to calculate a 
value of Kip; nevertheless, a value of % can be calculated, which 

is a major contribution of the theory of size effect. In this limiting 
case, the formula for % has an especially simple relation to the 

formula for Kj; the symbol KJU is therefore used to denote the value 

of KJJ for cracks (p -» 0). 

if 
fe 
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In the following sections, the individual steps in the method are 
discussed in more detail, and size effects in general are briefly- 
discussed. 

Theoretical Factors of Stress Concentration 

' Theoretical factors of stress concentration Kp are derived by 

the theory of elasticityJwhich assumes materials to be elastic, iso- 
tropic, and homogeneous. /Reference 1 is a standard reference for theo- 
retical factors.! Formulas and nomograms excerpted from this book have 
been published^ several places, such as reference 5- A comprehensive 
collection of formulas and graphs for practical use is given in refer-        ' 
ence 6. When a theoretical solution is not available for a specific 
configuration, photoelastic results may be used, since they are equiva- 
lent to theoretical solutions in principle. 

There is currently a very strong interest in measuring and defining 
the static strength of sheet material containing sharp notches and 
cracks; as mentioned previously, a main objective of this paper is to 
deal with this problem. The most important theoretical factors needed 
for this application are given in appendix A. 

Examination of the literature shows that theoretical factors for 
practical configurations are generally obtained by interpolating in 
some fashion between simple cases for which mathematical solutions are 
available.  The accuracy of the theoretical factors is therefore ques- 
tionable in most cases. 

Size Effects 

In the introduction it was stated that the stress-concentration 
factors of notches are modified by a "material size effect, "^and that 
there are also other size effects on strength. At presentj^Tbhree dis- 
tinct types of size effect are generally recognized (under a variety of 
names): 

(1) Metallurgical size effects 

(2) Statistical size effects 

(5) Material size effects  / 

Metallurgical size effects arise from two main factors. The first 
one is the difference in the rates of cooling between a large and a small 
piece when cast metal solidifies or when a wrought metal is quenched in 



heat treatment. The second factor is the difference in the amount of 
cold or hot work done, for instance, in processing an ingot into either 
a thick plate or a thin sheet. 

The statistical size effect arises from the fact that failure in a 
practical material starts at a weak spot. A large piece of material 
contains more weak spots than a small piece; consequently, it is prob- 
able that the weakest spot in a large piece is worse than the weakest 
spot in a small piece. 

The material size effect, as mentioned in the introduction, is 
usually ascribed to the fact that engineering metals are not homogeneous 
but have a structure composed of grains. It is not possible at present 
to give any detailed explanation of how the existence of a grain struc- 
ture produces a size effect; it is possible only to make some general 
observations which hint at the reasons. One observation is that similar 
specimens of different sizes made from the same material are not truly 
similar (physically similar), because the grain size does not vary with 
the specimen size. Another observation is that the properties of engi- 
neering metals (alloys) such as modulus of elasticity and tensile 
strength are conventionally measured on a gross scale - that is, they 
are measured as averages over volumes of material containing extremely 
large numbers of grains. Measured on this scale, the material is 
usually fairly isotropic, whereas individual grains are known to be 
decidedly anisotropic in many cases. Whatever the detailed reasons may 
be, the result of the material size effect is that geometrically simi-    ^ v 

{] 
lar notched specimens show less and less notch effect as the absolute 
size of the specimen decreases. 

f  )' 

u The present paper will concern itself only with material size effect. 
Some brief comments are therefore desirable at this point with regard to 
interaction between material size effect on the one hand and metallurgi- 
cal or statistical size effect on the other hand. 

One facet of metallurgical size effect is that the strength may 
vary significantly across the thickness of a thick part. Obviously the 
problem of estimating the strength of a notched part becomes extremely 
complex in such cases, and nothing useful can be said in a few words. 
For the present paper, it will be assumed that metallurgical size effects 
resulting in nonuniform properties across the thickness are absent. Other 
metallurgical size effects, such as the difference between the tensile 
strengths or elongations of a thin sheet and a heavy plate, are assumed 
to be taken into account by using properties determined on appropriate 
specimens. 

Statistical size effects depend on the volume of material involved. 
The method of correcting for material size effect proposed in the present 
paper involves the use of a Neuber constant p' which is determined and 
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verified by tests on specimens of various sizes.  Consequently, the 
method may be considered to include automatically some allowance for 
statistical size effect. Whether this allowance is always adequate, 
only future research and experience can show. The excellent correla- 
tions obtained in tests of series of geometrically similar specimens 
made of steel (ref. 3) suggest that separate allowances for statistical 
size effects are not needed at the present state of the art of predicting 
the strength of notched parts.  (Statistical considerations are, of 
course, the only method of approach known when strength comparisons are 
made, for instance, of the strengths of constant-section shafts of the 
same diameter and various lengths.) 

It should be noted that the division of size effects into the three 7 
types listed is based simply on historical development, rather than on k 
a logical system of classification. In other words, the terms metal- 3 
lurgical, statistical, and material size effect do not define clearly 
distinct types of size effect. The last two terms, in particular, tend 
to define the method of analytical approach rather than the physical 
phenomenon itself. Failure to recognize this state of affairs has some- 
times resulted in confusion as evidenced in papers and discussions in 
engineering societies. 

Approaches to Material Size Effects 

Because the material size effect on notch strength is generally 
attributed to the existence of a grain structure, several authors have 
investigated the correlation between size effect and physical grain 
size of some specific materials. However, these approaches have not 
been developed into general prediction methods. 

The method proposed by Neuber in reference 1, which forms the basis 
for the method of the present paper, does not consider the actual grain 
structure but introduces an idealized grain or "block" structure. This 
structure is a mathematical abstraction which has no known (direct) 
relation to the physically observable grain structure, except that the 
mathematical "grain" appears to be several times larger - perhaps one 
order of magnitude larger - than the physical grain size in steels. 
The mathematical theory of the stress distribution in the block struc- 
ture assumes that the stress is uniform over each block. No detailed 
physical reasoning was advanced by Neuber (or any subsequent authors) 
as to why this block model of the material should give better results 
than the continuum model used in the conventional theory of elasticity. 
In essence, the block-model approach rests simply on the empirical 
observation that the smaller the notch radius, the more the experi- 
mental factor lies below the theoretical factor. The approach is thus 
strictly phenomenological. 



Some authors have approached the problem by using as controlling 
parameter the volume of material which is stressed higher than, say, 
95 percent of the peak stress. Other authors have used the stress gra- 
dient associated with the notch as a control parameter. These two 
approaches and the Neuber block approach are essentially equivalent; 
the choice between them is largely a matter of personal preference. 
This does not mean that the various published theories based on these 
approaches are identical, because additional assumptions are needed to 
formulate a complete theory; for instance, the 95-percent value quoted 
above may either be assumed to apply to all materials or it may be 
assumed to vary as a function of some material characteristics. 

The stress-gradient approach may perhaps be regarded as preferable 
to the block approach because it permits a slightly more natural inclu- 
sion of the size effect on unnotched parts in bending, as a result of 
the linear stress distribution given by the elementary bending theory. 
However, as developed at present, the approach is more cumbersome for 
application to notched parts, which constitute a much larger problem in 
practice than unnotched parts. n/ 

Correction for Material Size Effect ' 

The approach to the size-effect problem used by Neuber has been 
outlined in the preceding section. The correction for size effect pro- 
posed by Neuber in reference 1 consists essentially in the simple 
formula 

Km - 1 
% = 1 +  — (1) 

1 + 

where Km is the theoretical factor of stress concentration as before, 

KJJ is the factor corrected for size effect (hereafter termed "Neuber 

factor" as in ref. 5), a>    is the flank angle (fig. 1(a)),  p is the 
root radius of the notch, and p1  is a material constant, called the 
Neuber constant in reference 5- In Neuber's derivation,  p'  represents 
the "radius" of the block which he postulates to be the fictitious 
building unit of the material. 

The flank angle was introduced by Neuber into formula (l) on the 
basis of considerations separate from the consideration of the block 
concept,  (it should be noted that in Neüber's scheme for estimating 
Km values, the flank angle does not appear at all.) The analysis of 

fatigue-test data has led a number of investigators to the conclusion 
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that formula (l) exaggerates the effect of varying the flank angle in t 

the range from zero to about 2 radians (ll4°), where practically all 
tests have "been made.  Some investigators therefore drop the flank-angle 
term in formula (l) completely; that is, they set a> equal to 0 in 
formula (l) regardless of the actual value of the angle. This procedure 
is felt to be somewhat drastic; on the other hand, the available data 
are inadequate to establish empirical factors. For the purposes of the 
present paper, a compromise has been made by writing formula (l) in the 
modified form 

KN = 1 +  (la) 

where    <ue =-ai   for   a> < 2 radians. 

1 + -£— ,/£- 7 

3 

When a> ->rt, the notch disappears, and consequently there is neither 
notch effect nor material size effect. When u) becomes large, the 
radius p is generally large, and the result is a notch factor so close 
to unity that size-effect correction is unimportant. Consequently, no 
attempt is made here to suggest a value for <% when CD > 2 radians. 

In reference 3 it was shown that the Neuber constant p1  for steels 
could be taken to be a function of the tensile strength of the material, 

shown graphically as a curve of /pT plotted against tensile strength. 
In the present investigation it was found that two curves are required 
for wrought aluminum alloys (fig. 2), one for alloys in T condition 
(heat-treated) and one for alloys in 0 (annealed) or H (strain- 
hardened) condition. Like the curve for steels given in reference 3, 
the curves shown in figure 2 were obtained by a trial-and-error pro- 
cedure based on the analysis of notch-fatigue data. It may be seen 

that for heat-treated aluminum alloys, the quantity yp'  ranges from 

about 0.5 to 0.12 in.1/2; compared on the basis of equal strength- 

density ratios, the quantity (p*     for heat-treated aluminum alloys 
averages about three times the corresponding value for low-alloy steels 
as given in reference 2. 

The factor % constitutes the predicted value of the fatigue 

factor for fully reversed loading at stresses near the fatigue limit. 
It also serves as the basis for computing static strength factors, 
which will be discussed later. 
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Sharp Notches and Cracks 

When the notch radius p is small compared with the depth of the 
notch and the width of the net section, all formulas for theoretical 
factors may be written in the form 

Constant 
% « 1 +  —  

L which is often useful when dealing with sharp notches. 
1 
7 For U-notches and slots, the flank angle a> is zero. For such 
k cases, substitution of the expression above into formula (l) yields in 
3 the limit, as p approaches zero, 

.    v   _ v    i . Constant fo\ % = 1% = 1 +  —— {2) 
u VP' 

It will be noted that this expression is identical with the expression 
for Krp, except that p1 has taken the place of p. The value of p' 
is finite except for perfectly brittle materials. Thus, if p is 
decreased indefinitely for a notch while the other dimensions remain 
fixed, the value of Kjj given by formula (l) tends toward a finite 

limit (Krpu), as long as p'  is finite, while the theoretical factor 

Krp tends toward infinity. Because the expressions for Kj and the 

limiting value of Kjj are identical, the symbol Kjj^j has been chosen 

to denote the latter. 

For cracks, the tip radius is indefinite but extremely small; 

microscopic observations suggest that it is well under 10""4" inch. Cal- 
—h culations for aluminum alloys show that for p = 10  inch, the differ- 

ence between Kjpjj and KJJ is only a few percent. Thus, the use of 
KUJ 

for cracks is justified. The use of K^ instead of % might 
also be acceptable for a notch with a very small radius, but the com- 
putational advantage gained by using Krpjj instead of % is usually 
negligible. 

Numerical examples for the computation of Kp^ are included in 
appendix B. 
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Remarks on Effect of Size Variations 

In order to demonstrate the large changes in factors which result 
from varying the size of a part, a set of calculated curves is shown in 
figure 5. The configuration assumed corresponds to figure l(a) (sheet 

with 60° V-notches), with - = 0.15 and w either 1 inch or 36 inches. 

The material is assumed to have au = 68 ksi, which results in 

l/p^ = 0.1^5 in.1/2 according to figure 2. Figure 3 shows Kgijj, curves 

of %, and, so far as possible,  Kg>.  Two general observations may be        L 

made on this figure. 1 
7 

The first observation is that the relation between the Neuber factor      k 
and the theoretical factor is so tenuous that the theoretical factor Kip       3 

cannot be regarded as a directly useful quantity when the notch radius 
lies between the smallest value likely to be produced in a controlled 

manner (say 10"^" inch) and the largest value shown (p = 0.1 inch).  The 
factor Kgi approaches direct usefulness only when p becomes larger 

than 0.1 inch.  Radii of this magnitude are encountered in actual parts • 
of fair size; however, actual parts for small machinery and notched /. 
specimens used for materials testing generally have notch radii well 
below 0.1 inch. 

The second observation concerns geometric similarity.  Points such 
as A and A', or B and B', represent geometrically similar speci- 
mens.  (The flank angle and the ratio d/w are identical for both 
curves.  Thus, to find a point A1  which represents a specimen geo- 
metrically similar to A, it is only necessary to find the point at 
which the radius p is 36 times larger than for point A.) It is 
obvious that there are great differences in the Neuber factors, in 
spite of geometric similarity; in fact, the range of factors for the 
1-inch-wide specimens does not even overlap the range of factors for 
the 36-inch specimens.  In the range of proportions where size effect 
is important, the law of mechanical similitude (geometrically similar 
structures behave similarly when subjected to the same stress) is 
invalid, and it is futile to search for nondimensional plotting param- 
eters to simplify the relations as was sometimes done in the past by 
experimenters. 

Finally, figure 3 indicates that\fatigue factors can be very large 
if the specimen is large; for instance, for a specimen width of 36 inches j? 

and a notch radius of 0.001 inch, the predicted fatigue factor is about 1TJ_ . 
The frequently heard statement that large fatigue factors cannot be real- 
ized physically is based on improper generalizations of test results 
obtained on small specimens. 
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Correction for Plasticity Effect / ' c>  * f)'"'"''  ^ 

In the elastic range, the stress distribution in the vicinity of a 
notch shows characteristically a high peak at the bottom of the notch. 
As the load on a notched specimen is increased, the peak stress will 
eventually reach the yield value and will no longer be proportional to 
the load. With further increase in load, the stress distribution will 
become more and more uniform, and the factor of stress concentration 
will approach unity more and more closely as the plastic region extends. 

L For the case of a circular hole in an infinitely wide sheet, Stowell 
1 has given a simple formula (ref. 7) which corrects the theoretical 
7 (elastic) factor for the effect of plasticity.  For application to other 
k notch configurations, this formula was generalized in reference 8 to read 
3 

Kp = 1 + (K, - l)hüL (5) 
•c's,n 

where Kp denotes the factor of stress concentration in the plastic 

range,  Eg p the secant modulus corresponding to the peak stress, and 

Es n the secant modulus corresponding to the net-section stress. For 

all practical applications, KJJ should be substituted for K^ in 

formula (3) in order to take care of size effect; as written( with Kp 

instead of KJJ) formula (3) is valid only for ideal material which is 

ideally brittle (p1 = 0). 

In first approximation, a notched specimen may be assumed to frac- 
ture when the peak stress at the bottom of the notch becomes equal to 
the tensile ultimate stress. If the subscript u is used to designate 
values appropriate to this special case, the (size-corrected) equation (3) 
becomes 

Es,u Ku = 1 + (% - 1)-^ (>0 
Es,n 

where E„ ., is the secant modulus corresponding to the stress at the 

ultimate load of a simple tension specimen. In reference k,  values of 
Es u were obtained from stress-strain curves.  In general, complete 

stress-strain curves (up to failure) are not available, but the perma- 
nent elongation measured after failure is a property which is univer- 
sally determined as a materials property. The modulus Eg u can be 

estimated from this elongation e by the formula 



ih 

Es u - —^rs (5) s>u  n  keE 
1 +   

°u 

where E is the elastic (Young's) modulus, while k is a factor some- 
what less than unity which corrects for the fact that the elongation 
measured after fracture includes some nonuniform elongation that takes 
place after the maximum load ("ultimate load") is exceeded. For all 
calculations shown in this paper, the value of 0.8 was used for k. 

L 
The use of formula (5) eliminates the need for a stress-strain 1 

curve, provided the net-section stress is below the proportional limit        7 
so that Es n = E in equation (k).    This condition is fulfilled in the       k 

great majority of the tests discussed later in this paper; it may not * 
be fulfilled when the notch is a very short crack, or when a machined 
notch is either very shallow or has a fairly large radius.  In such 
cases, with Eg n a variable, the direct use of equation (U) becomes 

awkward because the solution must be effected by trial and error.  To 
avoid this difficulty, a curve of Ku against KN can be computed for 

a given stress-strain curve by solving equation (k)  for % and assuming 

a series of values for the net-section stress at failure.  Some typical 
curves of this nature are shown in figure k.    When K^ is sufficiently 

large to keep the net-section stress below the limit of proportionality, 
the curves are straight lines. For 7075-T6 sheet, the curve deviates 
from the straight line for % < 3 but only slightly. For the 202*)- alloy, 
however, the straight-line portions of the curves begin near or beyond the 
right-hand border of figure k. 

Secondary Corrections 

The corrections of the stress-concentration factor for material 
size effect and for plasticity effect are generally the most important 
ones. However,jtwo other corrections may be sufficiently important to 
require application in some cases A   Both are entirely empirical and 
based on very meager data; they-should therefore be regarded as stopgap 
formulas subject to improvement either by theory orrby analysis of more 
extensive sets of data when they become available. /The two corrections 
are a "flow-restraint" correction and a buckling correction. 

V ^ 
The theoretical factor of stress concentration is the ratio of peak 

stress to average stress over the net section; this factor is, by its 
nature, always larger than unity. The experimental factor for ultimate 
strength can be defined as the ratio of ultimate stress of the material, 
measured on specimens without notches, to net-section stress at failure 

x. 
o 
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of the notched specimen,  (it is presumed here that conventional engi- 
neering methods are used, that is, the load used for computing the 
stress is the maximum load developed in the test and the area used is 
that measured before the test begins.) 

It has been known for decades that the experimental ultimate- 
strength factor for ductile materials can be substantially less than 
unity.  In the face of the fact that a stress-concentration factor must 
be larger than unity, this observation can be explained only by the 
assumption that material at a notched section may develop a higher 
strength than a specimen devoid of notches. The increase in strength 
is attributed to restraint against flow of the metal in the notch region, 
exerted by the material in the adjacent regions which are under a lower 
stress. 

Although a large amount of research has been devoted to the prob- 
lems of fracture, particularly under conditions of restrained flow, there 
is little or no information for practical design use. In order to round 
out this paper, an empirical formula has been devised which has given 
reasonable accuracy in predicting the tensile strength of notched sheet 
specimens.  (The formula is not applicable if the cross section of the 
specimen approaches a square or circle.) It consists of a correction 
factor applied to the factor Ku given by formula (k)  and results in 
the corrected factor 

KU* s^  (6) 
1 + B -£ tanh -£- 

°u    P' 

where B is a function of Kp given by the graph in figure 5. It may 

be noted that the correction is most important for rather mild notches, 
having a maximum value at Kj « 3- For very sharp notches or cracks, 

on the one hand, or very mild notches on the other hand, it becomes 
negligible. 

The second, or buckling, correction applies to sheet tension speci- 
mens containing an internal transverse slot or crack, such as shown in 
figure l(b). Examination of the stresses in such a specimen shows that 
there are compressive stresses in the transverse direction, approxi- 
mately parallel to and close to the boundaries of the slot. If the 
sheet is thin, these compressive stresses cause buckling of the lips 
of the slot out of the original plane of the sheet and thus cause 
stresses which add to those due to the stress-raising action of the 
slot in the unbuckled sheet. If desired, these additional stresses due 
to buckling can be eliminated in tests by using guide plates on both 
sides of the sheet. The use of such guide plates is fairly standard 
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practice in fatigue tests, but has not been general practice in (static) 
tensile tests. When no guide plates are used, a correction should be 
made for the buckling effect. 

Since the distribution of the stresses around the slot is highly 
nonuniform, a theory for the buckling stress would be rather difficult 
to derive, and the theory for the stresses arising from the postbuckling 
deformation would be even more difficult. No attempt appears to have 
been made to develop such a theory. Experimental evidence has shown 
that the buckling effect is important only in rather extreme cases - 
thin sheets with long slots or cracks.  Consequently, it is felt that L 
as an interim measure, a simple empirical correction may be regarded as       1 
acceptable. The correction is incorporated in the formula 7 

S/ = sji - 0.001 £a) (7) 

where S^    denotes the predicted net-section failing stress when buck- 

ling is not prevented, while S^    denotes the predicted stress when 

buckling is prevented.  (^ equals a^JK^    or au/Ku*, but the latter 

case is unlikely to occur in practice.) 

EXPERIMENTAL EVIDENCE 

General Discussion 

The methods of predicting fatigue and static notch factors pre- 
sented in this paper rest on a theory of size effect. This theory is 
an "engineering" or "working" theory, terms which are meant to imply 
that no claim is made for great depth of the physical foundations. As 
a matter of principle, a theory of this type should be substantiated by 
a volume of test data commensurate with the scope claimed for the theory - 
a principle unfortunately often violated in the literature.  In an attempt 
to honor this principle/a rather large set of comparisons between test 
results and predictions'is presented/in the following sections. 

In some types of tests, it is~possible to achieve test accuracies 
of a few percent and to demonstrate that the repeatability of the tests 
is of the same order. In such circumstances, differences between theory 
and tests which amount to, say, 20 percent can and must be attributed 
essentially to weakness of the theory. However, in the field of notch 
strength (fatigue or static), the test accuracy and repeatability are 
not within a few percent at present. While there has been a vast amount 
of discussion on the subject of scatter in fatigue life, there has been 
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almost no discussion of scatter in fatigue factors. As a result, some 
investigators tend to consider fatigue factors as very precisely estab- 
lished values; some effort has therefore been made in the follwing dis- 
cussions to point out test evidence which shows that the precision and 
repeatability of experimental fatigue factors (and also of static notch 
factors) are not very high at present. Anticipating the more detailed 
discussions, it may be stated here that test errors in the general 
sense (including inadequate sample size) may well contribute about as 
much to differences between test and prediction as weaknesses of the 
prediction method. 

r~ / '     Fatigue Factors/ 

The usefulness of formula (l) for computing fatigue factors for 
low-alloy steels was shown in reference 3. In particular, this refer- 
ence shows several series of tests which demonstrate very directly and 
convincingly the ability of the formula to predict the effect of size 
variations on geometrically similar specimens. The discussion on the 
prediction of fatigue factors for aluminum alloys in the present paper 
is therefore less extensive. 

A proper assessment of the accuracy of prediction can be made only 
in the light of adequate awareness of possible test errors.  Conse- 
quently, one section will discuss some sets of tests which indicate 
directly - that is, without reference to predictions - the magnitude of 
possible test inaccuracies; comparisons between tests and predictions 
are given only in a cursory manner in this section. Another section 
will give a comprehensive discussion of comparisons between tests and 
predictions for all the available data. 

Accuracy and adequacy of fatigue test data.-[The test data utilized 
in this investigation were obtained from references 9 to 33. 1 

The accuracy and adequacy of fatigue test data depend on the fol- 
lowing main items: 

(1) Minimization of errors in the measurements of specimen dimen- 
sions and test loads 

(2) Minimization of stresses due to eccentricities and machine 
vibrations 

(3) Minimization of surface stresses due to machining and polishing 

(k)  Testing of a sufficiently large number of specimens to obtain 
a good statistical average 

A 
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Other items that may require attention are corrosion effects and 
proper control of heat treatment.  With regard to the measurement of 
specimen dimensions, it should be remarked that specifying narrow tol- 
erances for small notch radii on the drawing is not a substitute for 
measuring these radii, as some experimenters trustingly assume. 

It is beyond the scope of this paper to discuss these test problems 
in detail. However, detail plots of some test data will be shown to 
give indications of possible test inaccuracies. 

Figure 6 gives plots of Kp values derived from tabulated fatigue 

data in references 10(a) and 10(b). The following observations may be 
made with regard to this figure: 

(1) At N = 10  cycles, two alloys show differences of l6 percent 
and 25 percent, respectively, between the 1951 and the 1955 data.  Both 
alloys were well established and tested before 1951; it may be supposed, 
therefore, that the differences reflect mainly uncertainties in fairing 
the S-N curves rather than differences in the curves brought about by 
the addition of extensive new test data.  (if this supposition were dis- 
proved, one would be forced to the even more dismaying conclusion that 
fatigue data more than k  years old should not be used.) 

(2) For two of the alloys shown in figure 6, the value of Kp at 

N = 10? is 20 to 25 percent higher than at N = 5 X 10 , the nominal 
fatigue limit. Now, it appears to be at least tacitly agreed among 
fatigue engineers that the fatigue factor is a single-valued function 
of the stress level. If this point of view is accepted, then it must 
be concluded that the curve of Kp against cycle number should rise 
monotonically toward a maximum at the fatigue limit. A maximum at a 
lower number of cycles must then be interpreted as resulting from inac- 
curate determination of the basic S-N curves (plain and notched). 

Thus, the data shown in figure 6 suggest from two different con- 
siderations (differences between 1951 and 1955 values; shapes of curves) 
that two Kj- values determined under nominally (or essentially) identi- 

cal conditions may differ from each other by 15 to 25 percent. 

The predicted factors KJJ are shown in figure 6 as horizontal 

lines beginning at the fatigue limit (N = 5 X 10°). The agreement with 
the experimental values is satisfactory except for 202*<-T4 alloy. 

Figure 7 shows experimental and calculated factors for two series 
of tests on British alloys (ref. 52). In all tests the notch configura- 
tion was the same except for the flank angle, which is given by the 
abscissa scale. For D.T.D.683 (similar to 7075-T6, naturally aged, 
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extruded), the agreement "between test and calculation is satisfactory, the 
largest difference being lk  percent. For B.S.S.6L1, on the other hand, 
the test points are consistently higher than the predictions (on the 
average about 17 percent). In the absence of evidence to the contrary, 
this systematic difference can only be charged to weakness of the pre- 
diction method. In addition, the point at co = 30° is apparently out 
of line. This error, which is about 20 percent, must presumably be 
charged to test error. 

Very instructive - and dismaying - is a study of two investigations 
of size effect on rotating beams. The first investigation (ref. 15) 
showed a trend opposite to the trend generally observed: the fatigue 
factor decreased with increasing size of the specimens. In an attempt 
to clear up this anomaly, another investigation was undertaken (ref. 16), 
in which the specimen configurations of the first investigation were 
duplicated insofar as practicable, changes being made only so far as 
necessary to accommodate the testing machines available in the second 
laboratory. 

Figure 8(a) shows the fatigue factors KF obtained. Circles 

denote the factors reported from the first investigation. Factors 
obtained in the second investigation are shown as bars, as reported by 
the investigators, based on their estimates of uncertainties of deter- 
mination. Also shown is the curve of factors % calculated by the 
present procedure. The following two observations may be made on 
figure 8(a). 

(1) The agreement between the results of the two investigations is 

reasonable for the largest test specimens (l inch and ly  inches). It 

deteriorates as the specimens become smaller; for the smallest speci- 
mens, one laboratory gives a factor Kp about 50 percent higher than 

the other laboratory. 

(2) The uncertainty band estimated by the second group of investi- 
gators is about ±17 percent. 

Figure 8(b) shows the fatigue limits (unnotched and notched) from 
which the fatigue factors shown in figure 8(a) were derived» Again, 
the agreement is either reasonable, or quite good, for the two largest 
sizes. There is also rather good agreement for the smallest sizes of 
the notched configuration, but a large disagreement for the smallest 
unnotched specimens. For the l/k~  and l/2-inch specimens - which 
bracket the usual range of rotating-beam sizes - the agreement is very 
poor, with differences up to 30 percent. 
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The examples shown were culled from published data. They indicate 
,^   clearly thatjthe accuracy and repeatability of fatigue data currently        * 
^   available from the literature are rather poor.) Obvious test errors 
%   larger than 20 percent can occur in one out of six sets of tests run 

">^   concurrently in one laboratory, and repeat tests in a different labora- 
tory can show differences of the same order or larger. 

Accuracy of prediction of fatigue factors.- Reference 9 is a survey 
of work done over a period of more than two decades by the research lab- 
oratories of the Aluminum Company of America to study and establish the 
properties of alloys produced by this company.  It constitutes an L 
unusually cohesive set of data, having been obtained in one laboratory        1 
under the same direction for the entire time. The data on tensile 7 
strengths and on fatigue limits for unnotched and notched specimens k 
presented in figure 2 of reference 9 were therefore used as the main 3 

basis for establishing the curve of |[p^ versus 0U shown in figure 2 

of the present paper. The specimens used in these fatigue tests were 
rotating beams with a 60° V-notch having a root radius of 0.0002 inch 
and a %> value of about 19- 

Figure 9 shows experimental values of Kp (symbols), determined 

from the data given in figure 2 of reference 9, and curves of % com- 

puted by using figure 2 of the present paper.  Since p' was established 
essentially by fitting these data, figure 9 shows only the quality of the 
fit obtained on the base data. The largest difference between experi- 
mental and predicted factors occurs at 0U = 68 ksi for 202^-T3 alloy, 

with the predicted factor 20 percent higher than the experimental factor. 
The next largest difference is 10 percent. 

Figure 10, consisting of six plots, constitutes a summary of com- 
parisons between experimental factors Kp    and computed factors % 

for fatigue data contained in references 10 to 33. The plots show the 
relation between the ratio %/Kp- (ratio of calculated to experimental 

factor) and the notch radius. This type of plot, used first in refer- 
ence 3, gives a picture of the overall agreement between experimental 
and predicted results. The notch radius, rather than the theoretical 
factor Krp> was chosen as parameter for the comparison plots because 

the accuracy of the machined radius obviously becomes more questionable 
as the radius becomes smaller, and consequently more disagreement 
between calculation and experimental results may be expected for small 
radii. In order to aid in the appraisal of the plots, scatter bands of 
±10 percent and ±20 percent have been indicated. More detailed infor- 
mation is given in table I. 
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An explanation is appropriate with regard to the %/KF ratios 

for D.T.D.646B alloy listed in table l(e). It will be noted that the 
numbers tabulated are not simply the ratios %/Kp, but K^/l.35%- 

The authors of reference 31 discuss the fact that the specimens which 
they used to determine the plain (unnotched) fatigue limit were, in 
fact, not plain; a parallel-sided central portion was joined to wider 
end portions by fillets. The stress-concentration factor for these 
specimens was calculated to be 1.35 by the authors of reference 31. 

Table II gives a summary of the comparisons shown in tables l(a) 
to 1(d) and figures 10(a) to 10(d), that is, for 2021+ and 7075 alloy. 
The average value of the ratio %/KF ranges from 1.00 to 1.09 and 

indicates a reasonably close overall agreement that tends to be slightly 
conservative, a result which was aimed at in deciding on the curves of 

Jp*    versus au. For the axial-load tests on either 2021+ or 7075 alloy, 

only 15 percent of the points fall outside the ±20 percent scatter band. 
For the rotating-beam tests, the percentage falling outside the f20 per- 
cent band increases to nearly 30 percent for the 7O75 alloy and to 
50 percent for the 2024 alloy. The last group is somewhat disappointing; 
however, it is the smallest group (12 points, against 2k  to 56 for the 
other three groups). Moreover, the highest as well as the two lowest 
values of %/KJP are based on data from the same laboratory, an obser- 

vation which suggests the possibility of inadequate test data. 

On the basis of the data analyzed in this paper, then, it may be 
said that the chance of a prediction error being larger than 20 percent 
is about 1 in 5 for axially loaded parts and somewhat larger for rotating 
beams. The chance of a test error being larger than 20 percent cannot 
be estimated because of paucity of data; however, the discussion in the 
preceding section suggests that this chance is not very much less than 1 
in 5. Thus, it may be said that the accuracy of prediction is probably 
only slightly inferior to the accuracy of the data currently available. 

Critique of method for predicting fatigue factors.- The prediction 
method presented employs a material constant p" which was derived from 
the currently available test data. Thus, the method is, in principle, 
simply a correlation of available test data on the basis of a rather 
crude mathematical model which expresses size effect. 

Under these circumstances, the accuracy of the prediction method 
can be, at best, only equal to the accuracy of the test data available. 
The prediction method in its present form apparently falls somewhat 
short of this best possible accuracy.  Some improvement of the accuracy 
of prediction might be achieved by a more searching analysis, possibly 
by some modification of the method. An improvement approaching an order 
of magnitude, however (say a reduction of prediction errors from 
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20 percent to 3 percent), would not be possible unless and until the 
accuracy of the test data available is improved by about an order of 
magnitude by increasing the number of tests by at least one order of 
magnitude. Before such large test series are initiated, it would be 
well to study the effects of some variables - in particular, surface 
stresses due to machining and polishing - more carefully than has been 
done heretofore. With better knowledge of such effects, the prediction 
accuracy might be improved by introducing suitable correction factors. 

The use of Neuber's unit-block concept, which leads to formula (l), 
is only one of a number of approaches to the problem of size effect. L 
Some authors have suggested the use of the stress gradient at the point       1 
of peak stress as a parameter for correlation. The stress-gradient 7 
approach and the unit-block approach are obviously closely related in k 
principle. The former appears to offer some advantages and some dis- 3 
advantages over the latter, but so far, it has apparently not been 
developed into a method of reasonable scope.  Studies on the basis of 
stress gradient should lead to a better knowledge of size effect in 
bending, encountered for instance in rotating beams (without notches). 
A study of this last item is also highly desirable for better evalua- 
tion of fatigue factors derived from rotating-beam tests. ( 

) Static Notch Factors j 

The evidence on static notch factors presented herein, consisting 
of experimental factors and corresponding predicted factors, is divided 
into two groups. The first group consists of specimens containing 
actual or simulated cracks; the information on this group is presented 
in the form of plots (figs. 11 to 13) and is discussed in some detail 
because there is currently a strong interest in the problem of strength 
of cracked parts. The second group consists of specimens with machined 
notches; information on this group is presented in tabular form only 
(table III) and is discussed only briefly. 

All the static notch factors were obtained for this paper by using 
the maximum load carried by the specimen, divided by the net area 
existing before the test load was applied. 

Sources of data.-'The experimental evidence was obtained from ref- 
erences K,   22, 23, 2k,   27, 3^, 35, and 36.  Also included are some 

Almost half the data on sheet speci- 
lished data from the Lockheed 

unpublished NASA and Lockheed data. 
"\ t\; mens with simulated cracks are unpu 

v K- 
Aircraft Corporation, California Division. The courtesy of the Lockheed 
Corporation in granting permission to present these data is gratefully 
acknowledged. These data will hereafter be designated as Lockheed data. 
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Materials properties used in calculations.- For the calculation of 
fatigue factors, it is necessary to know only the tensile strength of 
the material; even this property enters into the calculation only indi- 
rectly (to determine p')> and the calculation is not sensitive to nor- 
mal variations of the strength value. For the calculation of static 
notch strength on the other hand, it is necessary to know tensile 
strength, modulus, and elongation (or stress-strain curve), and the cal- 
culation may be fairly sensitive to changes in these quantities. The 
materials properties used in the calculations therefore require some 
discussion. 

L 
1 For the research purpose of demonstrating the accuracy of the pro- 
7 posed method, it would be desirable to use actual material properties 

% as determined by coupon tests. Actual material properties were conse- 
3 quently used for plate specimens, bar specimens, and the narrowest sheet 

specimens, w = 2=^ inches (with edge notches). 

Preliminary calculations for all sheet specimens wider than 2— inches 

with internal notches (cracks or saw cuts) were based on typical material 
properties taken from reference 37 because only a limited number of 
coupon data were available. These calculations showed a number of very 
unconservative strength predictions for 7075 sheet specimens; inspection 
of the test data indicated large scatter in some test series. The num- 
ber and magnitude of the prediction errors on the unconservative side 
were considered objectionable in view of the potential use of the method 
for calculating the strength of damaged structures in accordance with 
airworthiness requirements. A reasonably rational modification of the 
method was therefore sought which would substantially reduce the number 
of definitely unconservative predictions. The modification employed 
for the final calculations was the use of minimum rather than typical 

elongation for 7075 sheet specimens except the 2^ - inch-wide edge-notch 

specimens. 

Calculations for clad material were made as follows: The factor 
Ku was calculated by using the properties of the core material; this 
factor was then divided into the tensile strength of the clad material 
to obtain the net-section stress, and finally the buckling correction 
was applied. The material properties are given on each plot in fig- 
ures 11 to 13. 

Special features of specimens with cracks.- Several special fea- 
tures of the specimens with cracks and of the presentation of the data 
obtained on some series deserve some discussion. 
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The NASA (NACA) specimens contained large circular holes as initial 
stress raisers to produce fatigue cracks; the static tests under dis- 
cussion here thus deal with hole-plus-crack configurations.  It is well 
known that the stress-concentration factor of such a configuration is 
the same as that of a crack-alone configuration with the same tip-to-tip 
length, provided that this tip-to-tip length is substantially larger 
than the diameter of the hole. For configurations of holes with short 
cracks, no theory has been developed. A rough estimate was therefore 
made of the region in which a hole-plus-crack configuration might be 
expected to differ from a crack-alone configuration, and this region is 
shown in figures 11 and 13 as a stippled area. Only a few test points        L 
lie in or close to this region. 1 

A feature common to the majority of the specimens is the simulation      k 
of cracks by jeweler's saw cuts 0.008 to 0.013 inch wide. A few early        3 
tests made in various laboratories had indicated that in aluminum-alloy 
sheet, such a saw cut gave about the same result as a fatigue crack of 
the same length. When tests were made in. larger numbers, however, it 
became apparent that a difference between cracks and saw cuts can be 
found, although it may be obscured by test scatter. 

As far as computation is concerned, the saw cut poses the diffi- 
culty of an indefinite geometry at the corners.  If the corners were 
truly sharp (zero radius), the theoretical factor of stress concentra- 
tion would be infinite, and the factor Ku would be the same as for a 

crack. However, since the saw teeth are not infinitely sharp, the cor- 
ners of the cut will be rounded off somewhat.  In view of these con- 
siderations, it was decided to show two computed curves for all test 
series with saw cuts. For one curve, the notch configuration is assumed 
to be a crack with zero tip radius. For the other curve, the notch con- 
figuration is assumed to be a slot with a semicircular end (tip radius 
equal to one-half the width of the saw cut). 

The Lockheed tests of specimens 20 inches wide (fig. ll(b), lower 
part) and of some of the specimens 9 inches wide (fig. 11(c), lower 
part, and fig. ll(d), upper left) were made for two thicknesses, in 
both grain directions (longitudinal and transverse), and were made in 
duplicate.  The test results were pooled for each width; thus, each 
test point represents the average of eight tests, while the tick marks 
on the vertical bars show the highest and the lowest test value. 

Finally, some explanation of the edge-notched specimens shown in 
figure 11(e) seems desirable. When the basic specimens with simicircular 
edge notches were subjected to fatigue loading, cracking took place in 
all cases only on one side. On a specimen with a crack on one- side only, 
the line of action of the force applied by the grips would not pass 
through the center of the net section, and the formulas for symmetrical 
notches would not be applicable. In order to make these formulas 
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applicable, the specimens were "symmetrized" either by removing material 
(right-hand sketch) or by making a saw cut of the same depth as the 
crack on the opposite side of the specimen (center sketch). 

In a few tests, buckling at the edges of an internal crack or saw 
cut was prevented by guide plates. These tests are referred to as 
"guided" and are indicated by special symbols. 

Results and discussion of specimens with cracks.- The results for 
specimens with cracks are shown in figures 11 to 13 arranged in the fol- 
lowing order: 

(1) Sheet specimens, arranged in decreasing order of width (fig. 11) 

(2) Plate specimens (fig. 12) 

(3) Bar specimens (fig. 13) 

Sheet specimens are of two types: with internal cracks (figs. ll(a) 
to 11(d)) and with edge cracks (fig. 11(e)). 

The tests on sheet specimens (fig. 11) constitute the largest part 
of the data. As mentioned previously, calculations were based on typi- 
cal properties (with the exception of the NASA test on 5052-Ejh  and the 
NASA tests on specimens with edge notches). The comparison between tests 
and calculations thus affords an index of the accuracy with which the 
strength of an actual production structure would be predicted by a struc- 
tural designer. On the other hand, the data are not very suitable for 
discussing in any detail the "resolution power" of the theory and possi- 
ble improvements; these questions will be discussed briefly under the 
heading "Critique of method for predicting static notch strength." 

Inspection of all parts of figure 11 indicates that the goal of a 
slightly conservative method of prediction has been achieved reasonably 
well if p = 0 is used. Unconservative predictions are largely con- 
fined to the 9-inch specimens of clad 2024-T3 (fig. ll(c), lower left), 
for which the data show large scatter and are open to some doubt. 

Attention is called to the fact that a generally conservative pre- 
diction was achieved for 7075-T6 by using minimum rather than typical 
elongation. As a result, some predictions for this material are quite 
conservative (l2-inch specimens, fig. ll(c), upper right). The point 

2a 
at — = 0.26 in this figure suggests the scatter that may be experi- 

enced in data for this material, being obviously much higher than the 
points to either side of it. 
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In the figures pertaining to tests with saw cuts, it may be observed 
that the difference between the calculated curve for cracks (p = 0) and 
that for slots (p = one-half width of saw cut) is negligible for 6o6l-T4, 
the most ductile material (fig. 11(d)), becomes significant for 2024-T3, 
and becomes quite large for 7O75-T6. 

In figure ll(e) it may be observed that test results for saw cuts 
(circle symbols) lie entirely (for 2024-T3) or largely (for 7O75-T6) on 
the upper edge of the scatter band formed by cracked specimens. Thus, 
there is a significant difference between cracks and saw cuts.  In addi- 
tion, it may be noted that the calculation for the slot configuration is      L 
still somewhat conservative as the upper limit for the sawcuts. However,      1 
for wide specimens (35, 30, and 20 inches, figs. ll(a) and 11(b)), the        7 
calculation of saw cuts as slots is unconservative. From these observa-      4 
tions, the conclusion may be drawn that jeweler's saw cuts should always      3 
be calculated as cracks if a conservative prediction is desired.  On the 
other hand, test results as high as those predicted by a slot calcula- 
tion should not be a cause for surprise. 

Recent research indicates that the static strength of specimens 
with fatigue cracks is influenced by the magnitude of the fatigue stress 
at which the crack was generated.  However, results in this area are too 
few to justify discussion here other than to call attention to the fact 
that in future tests the fatigue stress should be recorded; the best 
test practice is to complete the fatigue test at the lowest theory 
level. 

For 2024-T3 and 7O75-T6, a wide range of specimen geometry is 
covered in the tests shown. The results show that the thoery deals 
adequately with the effects of geometry over the range covered. They 
also indicate that the simple adaptation of the method to clad materials 
is satisfactory for these materials. 

Concerning the ability of the theory to deal adequately with a wide 
range of ultimate strength and elongation, the evidence available at 
present is rather limited.  Results for sheet materials other than 2024-T3 
and 7075-T6 are shown in figure ll(d).  For clad 2024-T8l, the prediction 
is somewhat conservative, but may be considered acceptable because the 
calculated slot curve agrees closely with the average test points. For 
5052-H34, the prediction for the Lockheed tests (upper right of fig. 11(d)) 
is very conservative (based on typical properties).  Check tests were 
therefore made at the NASA Langley Research Center (lower right). For 
these tests, actual material properties were determined, and the uncer- 
tainty about notch configuration was eliminated by terminating the saw 
cuts with semicircles, produced by drawing nylon threads impregnated 
with abrasive repeatedly over the ends of the cut. The agreement between 
experimental and calculated results is better, on the average, for these 
check tests than for the original tests. 
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For the 606l-Tk  material (fig. ll(d), lower left), the predictions 
are extremely conservative.  Circumstantial evidence suggests the possi- 
bility that the actual tensile strength may have been substantially 
higher than the typical value used in the calculation. If this possi- 
bility is discounted, then the method of prediction becomes suspect.  A 
general study of comparisons between tests and predictions (including 
materials other than aluminum alloys) suggests that the method may 
become excessively conservative for highly ductile materials. For- 
mula (5) suggests that ductility might be measured for this purpose by 
the quantity eE/cxu (in effect, the ratio of elastic modulus to secant 

k        modulus for ultimate strength). For 606l-lk material, this quantity is 
1        63, while for the other aluminum alloys covered by this investigation, 
7        the quantity ranges from Ik  to 36. Thus, by this criterion, 606l-T!+ 
^        material represents an extreme case of high ductility. Evidence on 
5        other extreme cases suggests that formula (k)  might be improved by a 

modification: the modulus Es n should perhaps be based not on the 

net-section stress, but on some stress intermediate between the net- 
section stress and the gross-section stress. Available test evidence 
is too scanty and too uncertain, however, to do more than suggest that 
a modification might be appropriate. 

The plate specimens (fig. 12) were made from 1-inch-thick plate, 
machined down to O.25 inch at the test section. The agreement with the 
calculations (based on actual properties) is satisfactory for all four 
materials, the predictions tending to be slightly conservative. 

The bar specimens (fig. 13) were O.75 inch thick and thus represent 
the largest thickness tested. For 202^-TU, the prediction is again 
slightly conservative. For 7075-T6, however, the prediction is somewhat 
unconservative, in spite of the fact that the calculation was based on 
the listed minimum elongation (7 percent) instead of the actual elonga- 
tion of 10.8 percent. This test series, then, suggests that thickness 
effects (variation of stress through thickness and attendant biaxiality 
effects on material) may become significant for the proportions of these 
specimens. 

Overall conclusions may be drawn as follows for specimens with cracks: 

(1) Predictions tending to be slightly conservative may be expected 
for thicknesses up to somewhat less than J>/k  inch. For larger thick- 
nesses, the predictions may become unconservative. 

(2) The predictions appear to be very conservative for highly duc- 
tile materials (eEJon > 50). 

(3) For materials which exhibit appreciable scatter, it may be 
necessary to make an allowance for scatter if the number of unconservative 
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predictions is to be minimized. For 7075 alloy, this allowance can be 
made by using minimum elongation in the calculation. 

Although saw cuts have been used as laboratory substitutes for cracks, 
they should not occur in actual structures; consequently, the question 
of predicting the strength of parts with saw cuts in rather academic. 
The tests indicate that bracketing calculations may be made by assuming 
the cut to act either as a crack or as a slot (with semicircular ends). 

Results for specimens with machined notches.- Results for specimens 
with machined notches are presented in table III. It will be noted that L 
a very wide range of notch acuteness is covered, in that KVp varies 1 
from 1.5 to 58.  Calculations were based on actual properties, except 7 
that for 7O75-T6 the minimum elongation as listed in reference 57 was * 
used. 5 

Inspection of the tables shows that for more than 75 percent of 
the tests, the prediction error is not more than 5 percent. Nominally 
identical specimens with 60° V-notches show ratios of calculated to 
experimental factors Ku ranging from O.95 to O.96 for the 202*4-T3 
material, and ratios ranging from 0.88 to 1.00 for the 7O75-T6 material. 
Thus, for the latter material, the accuracy of prediction appears to be 
determined mostly by scatter of the material properties. For 202*4~T3 
material, on the other hand, prediction errors apparently should be 
attributed more to the prediction method than to material scatter. 

Critique of method for predicting static notch strength.- The agree- 
ment between prediction and test for the rather large volume of data 
presented indicates that the strength-prediction method offered has merit 
for engineering use. However, the test data available are not as exten- 
sive in some respects as might be desired. It seems appropriate, there- 
fore, to discuss a number of considerations, partly to help in evaluating 
the method, partly - and more importantly - to indicate research which 
seems desirable to either confirm the method or modify it. 

In the calculation of the net-section stress and of the factor of 
stress concentration, use is made of the initial notch configuration 
which exists before loading is started, and the maximum load carried by 
the specimen is considered to be the failing load. This procedure dis- 
regards the observed fact that in some materials, a slow extension of 
the crack begins at a load measurably below the maximum load; thus, the 
geometry of the part at the instant of failure (i.e., complete fracture) 
is not the geometry assumed in the calculation. From the physical point 
of view, this must be regarded as a weakness of the method, and it is 
possible that elimination of this weakness may result in improvement of 
the strength predictions.  It should be emphasized, however, that any 
procedure which involves measuring the actual crack length at the 
instant of failure is a testing procedure, not a prediction procedure; 
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a prediction procedure must logically be based entirely on knowledge 
which is available before the loading begins. 

Intuitively, one may assume that fracture behavior is associated 
with ductility, which is measured most often by elongation on a rather 
large gage length, a 2-inch gage length being probably the most common 
one. However, fracture begins as a crack of microscopic or bubmicro- 
scopic width.  It may be, therefore, that elongation values based on a 
very small or zero gage length are a better basis for fracture calcula- 
tions; reduction in area might be considered as a measure of elongation 

L        with zero gage length.  To serve as a basis for calculations on sheet 
1        specimens, the reduction of area should be measured on sheet specimens. 
7        Such measurements have not been widely made in the past; consequently, 
k it was not possible to examine the merit of this idea on the basis of 
3        available data. 

As mentioned under the heading "Materials properties used in calcu- 
lations," minimum rather than typical elongation values were used for 
707*5 alloy. This modification of procedure might be regarded as a 
special allowance for elongation values of 7075 alloy, which shows more 
scatter than 2024 alloys. However, there is at present no proof that 
scatter in elongation is indeed the main reason for scatter in notch 
strength.  Some investigation of this question would be desirable. 

The factor k in formula (5) is intended nominally to convert from 
total to uniform elongation. The value of k = 0.8 used in all calcu- 
lations for this paper is a rounded-off average for the 2024-T3, 2024-Ik, 
and 7075-T6 material used in the NASA tests. The use of this value for 
other alloys constitutes a simplifying assumption; it is possible that 
future research paying specific attention to this point might result in 
an improvement of the prediction method by introducing either the uni- 
form elongation or a variable factor k. 

With regard to the use of equation (k),   two questions appear to be 
in need of investigation. Equation (k)  represents the application of 
equation (3) to the special case in which the load is sufficiently high 
to cause failure. Equation (3) is a generalization of the theory devel- 
oped by Stowell on the assumption that the plastic strains are small, (of 
the same order as the elastic strains). In a specimen made of ductile 
material, the plastic strains at failure are an order of magnitude larger 
than the elastic strains.  Consequently, the accuracy of Stowell's theory 
for describing conditions near failure might be questioned.  It is well 
known, for instance, that a notch radius may be increased substantially 
in the process of loading before failure takes place. 

The second question regarding equation (k)  (or eq. (3)) concerns 
the use of the modulus Es n, the secant modulus corresponding to the 
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net-section stress.  Stowell's derivation was for a hole in a sheet of 
infinite width; in such a case, net-section stress and gross-section 
stress are equal, and Stowell actually defined the reference stress as 
the stress at a large distance from the hole. The use of the net-section 
stress in equations (3) and (k)  thus represents an interpretation of 
Stowell's theory for conditions not covered by the theory. The use of 
this interpretation is based on the fact that it has given good correla- 
tion with the great majority of the test results available. However, 
for some tests of highly ductile materials (especially mild steels), the 
predictions have been unduly conservative. Examination of the calcula- 
tions for these cases suggests that the secant modulus in question should     I 
perhaps be based not on the net-section stress, but on some stress inter-      1 
mediate between the net-section and the gross-section stress. "( 

k 

Finally, the theoretical factors of stress concentration should be       I 
refined in some cases. The most commonly used formulas for the theoreti- 
cal factors are valid only when the length of the notch (or slot or crack) 
is substantially greater than the thickness of the material. When the 
length of the notch is less than the thickness of the material, some 
attention should be given to the fact that the stress varies across the 
thickness. This situation is most likely to arise in practice when the 
absolute thickness of the material is large, which brings in the addi- 
tional complication of differences in material properties due to metal- 
lurgical effects. Finally, directional effects may be significant, for 
instance, in forgings. It is clear, therefore, that the prediction 
method should not be applied blindly in these unexplored areas, and that 
additional checks and development of the method are highly desirable. 

CONCLUDING REMARKS 

A method is presented in this paper by means of which fatigue notch 
factors and static notch factors can be predicted for parts made of 
wrought aluminum alloys. Probable limitations and desirable improve- 
ments of the method are pointed out. The first part of the method (pre- 
diction of fatigue factors) has been applied previously to low-alloy 
steels. Preliminary explorations indicate that the second part of the 
method (prediction of static notch or crack strength) should be useful 
for steels and titanium alloys. A correlation of fatigue and static 
notch strengths, however, for steels or titanium alloys does not appear 
to be feasible at present. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Air Force Base, Va., February 27, 1962. 
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APPENDIX A 

THEORETICAL FACTORS OF STRESS CONCENTRATION FOR 

SHEET SPECIMENS IN TENSION 

The notch configurations used for notch tests on sheet material 
comprise external and internal notches (fig. l). 

For an external notch (edge V-notch as in fig. l(a)), the procedure 
given in reference 1 is as follows: 

(l) Obtain a shallow-notch factor Kg by means of the formula 

d 
KB - i + 2 ||ii (8) 

(2) Obtain a deep-notch factor Kj) by use of formula {69),  chap- 
ter IV of reference 1. For convenience, this factor is given graphi- 
cally in figure Ik  for values of c/p up to about 9. For values of c/p 
beyond the limits of the graph, the asymptotic limit expression valid for 
large values of c/p may be used: 

«b-l/f (9) 

(Note that at the limit of the graph, the error due to using eq. (9) 
would be slightly over 2 percent.) 

(3) Combine YLQ    and Kj) into the final theoretical factor by 

means of the formula 

^      (KS-1)(KD-12_ (io) 

K«s -1)2 + (% -1)2 

For an internal notch, assumed to be an ellipse (fig. 1(b)), the 
following procedure was used in reference k  and is adopted here: 

(l) The theoretical factor KQ for a circular hole with a diameter 

equal to 2a in a sheet of width w is found. Figure 15' gives KQ 

in graphical form. 
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(2) The theoretical factor for the elliptical hole is assumed to be 
given by the expression 

% « 1 + (Kc " 1) iff M 

For a transverse crack of length 2a, application of formulas (2) 
and (ll) gives 

L 
1 
7 
14- 

5 
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APPENDIX B 

NUMERICAL EXAMPLES 

For all numerical examples, the material is assumed to be 202^-T3, 
with au = 70 ksi and ay = 50 ksi. 

Fatigue Factor 

The fatigue factor is computed for the specimen shown in the fol- 
lowing sketch: 

Notch radius 
p = 0.005 in, [S       J) = 60° 

n~r 
Sketch 1 

From equations (8) and (9), respectively, 

KS = 1 + 2' 
'0.15 

0.005 
= 11.95 

and 

■»-US-"-® 



B, . i +   (">-»>(S>-g»   - 8.25 

31» 

From equation (lO), 

[rp = 1 +  

^(10.95)2 + (9-65) 

From figure 2, 

f^7 = 0.3M in.1/2 

Finally, from equation (la), 

% = 1 +  — 77  = 5-10 
1 + ___ 

« - I Jo.005 

Static Notch Strength Factors 

Symmetrical edge notch.- The static notch strength factor is com- 
puted for the specimen shown in sketch 1. The Neuber factor % is 

obtained in the same manner as in the previous example.  Thus 

% = 3-10 

Then from figure k, 

*u = i'28 

Finally, the flow-restraint correction is applied according to 
equation (6): 

K* = h^ä  = 1.26 
^ ^/50\    0.005 

1 + 0.096^)tanh —^ 

where B = O.O96 is obtained from figure 5. 

External crack.- The static notch strength factor is computed for 
the specimen shown in sketch 2: 
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f   f   t 
— v=1.0 ■ 

|—2c=.70*-| 

k- d=.l5 

m 
Sketch 2 

The factors Kg and KD are computed from formulas (8) and (9), 
respectively, with p' substituted for p; then Kr^ is computed 

from formula (10). Thus 

and 

Km = Kmji — 1 + 
(KS- l)(KD- 1) 

1/(KS- I)
2
+ (KD- i) 

\/(5.37)2+ (^)2 

Finally, from figure 4, 

Ku = C = !-32 

(The final static strength factor K^* is equal to K^ for a crack 

since tanh — » 0. 
P1 
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Internal crack.- The static notch strength factor is computed for 
the specimen shown in sketch 5: 

L_L_L 

l~n 
Sketch 3 

From equation (12), 

%N " 1 +  (*C "  1) ^ " 1 +  (2-62 -  ijjfgl - *■ 09 

where K^ = 2.62 is obtained from figure 15. Then from figure k, 

Ku =1^* = l.Jl 

L 
1 
7 
4 
3 
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TABLE III.- EXPERIMENTAL AND COMPUTED STATIC NOTCH FACTORS 

(a) Specimens with circular holes 

*9 

Hole 
Gross radius, Calc. Exp. 

Ku /Ku Material width, 
in. 

9, 
in. 

KT KN KU* Ku 
Ref. 

202U-T5 4.0 0.062 2.91 2.25 1.08 I.l6 0.93 24 
4.0 .125 2.82 2.31 1.09 1.14 •95 24 
4.0 .250 2.67 2.31 1.09 1.14 •95 24 
4.0 .500 2.43 2.20 1.08 1.08 1.00 24 
4.0 1.00 2.16 2.02 1.07 1.03 1.04 24 
2.0 .032 2.91 2.08 1.07 1.12 .96 24 

2.0 .062 2.82 2.17 1.07 I.l6 .92 24 
2.0 .125 2.67 2.20 1.08 1.14 .95 24 
2.0 .250 2.43 2.12 1.07 1.10 .97 24 
2.0 .500 2.16 1.97 1.07 1.08 ■ 99 24 

• 5 .016 2.82 I.85 I.09 1.09 1.00 24 
• 5 .032 2.67 1.94 1.05 1.07 .98 24 

• 5 .062 2.43 1.92 1.05 1.04 1.01 24 
• 5 .125 2.16 1.84 1.05 1.06 .99 24 

35.0 .50 2.92 2.6l 1.10 1.24 .89 4 
12.0 • 50 2.77 2.48 1.09 1.119 .92 4 

■\ ' 1.0 .094 2.54 2.06 1.06 1.08 .98 (a) 
2024-T4 7-5 •25 2.81 2.39 1.13 1.13 1.00 36 

7075-T6 4.0 .062 2.91 2.26 • 98 1.04 .94 24 
4.0 .125 2.82 2.34 •99 1.03 •96 24 
4.0 1.00 2.16 2.04 •97 1.00 .97 24 
4.0 .052 2.91 2.11 • 97 1.00 .97 24 
2.0 .062 2.82 2.21 .98 1.04 .94 24 
2.0 .500 2.16 1.98 •97 .96 1.01 24 

•5 .016 2.16 1.89 • 99 .96 1.03 24 
• 5 .062 2.43 1.95 • 96 .94 1.02 24 
• 5 .125 2.16 1.85 .96 1.00 •96 24 

35-0 .50 2.92 2.63 1.01 1.01 1.00 4 
12.0 .50 2.77 2.50 .99 1.03 .96 4 

S ' 7.50 .25 2.81 2.46 .96 1.00 .96 36 

2014-T6 7-50 .25 2.81 2.40 .95 1.03 .92 36 
6061-T6 7.50 .25 2.81 2.29 .89 .99 .90 36 

aNASA unpublished data. 
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TABLE III- EXPERIMENTAL AND COMPUTED STATIC NOTCH FACTORS - Continued 

(b) Specimens with internal notches 

Material 
Gross 
width, 
in. 

Notch 
length, 

in. 

Root 
radius, 

P> 
in. 

Kj % 
Calc. Exp. 

Ku 
Ku /Ku Ref. 

2024-T3 12.0 2.46 
b0.002 38.3 10.02 1.46 1.50 0.97 4 

2024-T4 7.50 1.51 
c.125 4.72 3.86 1.20 1.31 .92 36 

2014-T6 7.50 1.51 
c.125 4.72 3.88 1.05 1.10 • 95 3b 

6061-T6 7.50 1.69 
c.125 4.82 3.72 • 96 •99 • 97 36 

7075-T6 7.50 1.54 
c.125 4.61 3.90 1.15 1.14 1.01 36 

^Thread cut. 
cStop drilled at end of crack. 
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TABLE III.- EXPERIMENTAL AND COMPUTED STATIC NOTCH FACTORS - Continued 

(c) Specimens with U-notches 

Hole 
Gross Notch radius, Calc. Exp. 

Ku /Ku Material width, 
in. 

depth, 
in. 

P, 
in. 

Bp KN 
< *u 

Ref. 

2024-T3 12.0 1.75 0.875 2-57 2.37 1.08 1.04 1.08 4 
2.25 •575 •575 1.88 1.72 1.06 • 98 •98 4 

12.0 2.0 .005 27.5 9.83 1.40 1.48 • 95 4 
12.0 2.0 .005 27.5 9.83 1.40 1.43 .98 (a) 
2.25 •575 . .76O 1.50 1.43 1.06 .96 1.10 27 
2.25 •575 .5175 2.00 1.80 1.06 • 98 1.08 23 

2.25 •575 • 057 4.00 2.89 1.13 l.ll 1.02 23 
2.25 • 575 .03125 5.00 3.25 1.17 1.17 1.00 23 
1.516 .0095 • 0035 4.00 1.90 1.17 1.19 • 99 25 

\ / 4.10 1.30 .071 4.00 2.86 1.13 1.05 I.O7 25 
7075-T6 12.0 1.75 .875 2.57 2.38 •98 • 97 1.01 4 

2.25 • 375 •375 1.88 1.73 •96 .92 1.04 4 

12.0 1.75 .005 27.5 10.26 2.00 2.08 • 96 4 
12.0 1.75 .005 27.5 10.26 2.00 2.25 • 89 4 
2.25 • 575 .760 1.50 1.44 .98 • 95 1.03 27 
2.25 • 575 .3175 2.00 1.82 •96 • 94 1.02 25 
2.25 • 575 • 057 4.00 2.96 1.05 1.00 1.05 25 
2.25 • 575 .03125 5.00 3-55 1.11 1.06 1.05 25 

1.516 .0093 .0035 4.00 1.95 1.08 1.08 1.00 25 
\ 1 4.10 1.30 .071 4.00 3.03 1.05 1.03 1.02 25 

6061-T6 2.25 • 375 .3175 2.00 1.74 .89 .94 •95 56 
2.25 • 375 .3175 2.00 1.74 .89 .96 •93 56 
2.25 • 375 • 3175 2.00 1.74 .89 .96 •93 56 
2.25 • 575 •057 4.00 2.61 • 93 .94 • 99 56 

\ ' 2.25 • 575 •057 '4.00 2.6l • 95 .95 .98 56 

aNASA unpublished data. 



52 

TABLE III.- EXPERIMENTAL AND COMPUTED STATIC NOTCH FACTORS - Concluded 

(d) Specimens with 60° V-notches 

L 
1 

7 
k 
3 

Root 

Material 
Gross 
width, 
in. 

Notch 
depth, 
in. 

radius, 

P> 
in. 

KT % 
Calc. 
KU* 

Exp. 
Ku 

Ku*/ Ku Ref. 

202l*-T3 12.0 2.0 0.005 27.3 8.80 I.36 1.1*6 0.93 1* 
12.0 2.0 .005 27.3 8.80 I.36 1.1*5 .95 (a) 
12.0 2.0 .005 27.3 8.80 I.36 1.42 .96 (a) 

\ i 12.0 2.0 .005 27.3 8.80 I.36 1.1*5 .<* (a) 

7075-T6 12.0 2.0 .005 27.3 9.22 1.89 2.15 .88 1* 
12.0 2.0 .005 27.3 9.22 I.89 1.90 1.00 (a) 
12.0 2.0 .005 27.3 9.22 I.89 2.02 • 93 (a) 

\ i 12.0 2.0 .005 27.3 9.22 1.89 2.11* .88 (a) 

aNASA unpublished data. 
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(a) 202^-T5 aluminum-alloy specimens, axial load. 

Figure 10.- Ratio of predicted to experimental fatigue factors as a func- 
tion of notch radius. 
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Figure 10.- Continued. 
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