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INTRODUCTION 

Bond evaluation between a thin coating and the substrate is an important and subtle 
problem. Achenbach and Epstein (ref 1) have modeled the coating/substrate bond using the 
acoustic boundary conditions between the two systems. They defined two types of boundary 
conditions for smooth and welded bonds, respectively. The analysis presented was based on the 
propagation model of straight-crested Rayleigh waves. We have extended the model to account 
for an annular acoustic source. 

Rayleigh waves are nondispersive on an uncoated surface. In general, they are dispersive 
when generated on the coated surface of the sample. These waves travel along the surface, and 
their energy is contained within a depth approximately equal to their wavelength (Figure 1). At 
the high frequencies the acoustic wavelength is smaller than the coating thickness, and the wave 
mostly propagates within the coating. As the wavelength of the wave is increased, at lower 
frequencies, more and more acoustic energy penetrates into the substrate material and for large 
enough wavelengths, the wave propagates mostly in the substrate. The interface causes 
interesting dispersion effects; for wavelengths close to the thickness of the coating, the effect of 
the interface between the coating and the substrate is maximum. 
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Figure 1. Schematic of surface waves of different frequencies 
traveling in a layered material with a welded bond. 

The Rayleigh waves are generated at the surface, and their amplitude is of the order of 
nanometers. The coating thicknesses here are in the milli-inch range. 



It turns out that the coupling of the waves between the substrate and layer is dependent on 
the nature of the bond, or on the boundary conditions, i.e., the conditions of stress and 
displacement transmittal between coating and substrate. We can define two different boundary 
conditions: 

• Good bond between the coating and substrate (welded contact) 
• Poor bond (smooth contact) 

In the case of the welded contact, all the stresses and displacements are continuous across 
the interface. In the case of the smooth contact, the normal stresses and displacements are 
continuous and the shear stresses in the plane of the interface are zero. These conditions are used 
to theoretically calculate the phase and group velocity of the Rayleigh wave as a function of the 
wave's frequency. This is the so-called dispersion relation. 

The results relevant to the proposed model were obtained using experiments on coated 
samples. Surface waves were generated on the sample using a short laser pulse, and a Michelson 
optical interferometer was used to detect the normal displacement of the surface at the detection 
point. In order to improve the signal-to-noise ratio, circularly-crested surface waves were used. 
The surface wave is generated in a circle, and detection is performed on the converging waves at 
the center of the annulus. Using this approach originally proposed by Cielo et al. (ref 2), we 
were able to obtain higher acoustic energy at the detection point without having to increase the 
generation power beyond the ablation threshold. 

The validity of the resulting dispersion matrices (ref 1), which involve straight-crested 
waves, was not heretofore examined for the condition of annular generation. We present herein 
the analytic solution for circularly-crested waves converging to a point. The 6x6 matrix resulting 
from Achenbach and Epstein's (ref 1) solution for straight-crested waves becomes a 9x9 matrix 
for circularly-crested waves in our analysis. We show that the latter reduces to Achenbach and 
Epstein's matrix when the condition of zero torque on the surface is imposed. 

In order to extract the dispersion relation from the experimental data, the signals were 
analyzed using wavelet signal processing. The details of this procedure and the experimental 
results are given below. 

MODEL OF PROPAGATION ALONG A COATED SURFACE 

Waves that propagate along the free surface of a semi-infinite solid travel as Rayleigh 
surface waves. Achenbach and Epstein (ref 1) provide a two-dimensional analysis with various 
boundary conditions for straight-crested free waves in a system consisting of layer (coating) and 
half space (substrate). They have solved for the dispersion relation in two dimensions, r and z. 
Here we solve the axisymmetric case in the coordinate system r, z, and 9, as depicted in Figure 2. 



Layer 

Half space 

Figure 2. Schematic representation of the layer and half space 
model used in the theoretical calculations. 

The equation of equilibrium in terms of displacements can be written as 

{A + 2ju)V{V-ü)-/Nx{Vxü)-p^- = 0 
at 

(1) 

where A and ju are the Lame constants, p is the material density, and w is the displacement. 
Using the Helmholtz decomposition (ref 3), the displacement can be expressed using scalar and 
vector potentials as 

with 

ü=V^+Vx^ 

V-y/ = 0 

(2) 

(3) 

It can be shown that the equation of motion can be reduced to the solutions of the following 
scalar and vector equations: 

V72-     1  o2W = o 2rk   l ay 
v,2 dt2 vy- 

V2 dt2 

where the shear and longitudinal bulk velocities are respectively 

v,2 = 

= 0 (4) 

V2=^ r2 _ A + 2/J. 
(5) 



Assuming for the time-dependence a factor of the form eto, and depicting c as the 
velocity of the wave, we can define for the layer 

„2    i    c 2    *    c co 
(6) 

The same equations apply for the half space by substituting b to the subscript a. The 
solution of equation (4) in the layer can be written as 
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The solution of equation (4) in the half space is as follows: 

0b{r,z,e) = {AbJo{kr)e-^}e" (7b) 
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Computing the displacements from equation (2) above and using stress-strain relations 
for the axisymmetric case, we have the following pertinent quantities for the regions 1 and 2: 
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The Bessel functions in the above are either Jn (qkr) or Jn (skr), with proper subscripts 
depending on the associated exponential terms. 

So far the analysis has focused on plane harmonic waves with real phase velocities and 
wave numbers that propagate in the system of coating and substrate. The relationship between 
the velocity and the frequency is determined by the boundary conditions between coating and 
substrate. The two types of bonds discussed here impose different boundary conditions, hence 
result in different dispersion relations. 



The boundary conditions to be imposed are functions of the bond between the layer and 
half space. For the welded contact, the boundary conditions are 

OZa=0,TrZa=0,xK=0atz = -H (17) 
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For the smooth contact, the boundary conditions are 
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These boundary conditions lead to a set of nine homogenous equations involving 
geometric parameters, elastic constants, frequency, and acoustic velocity. For the solution to 
exist, the 9x9 determinant of homogeneous equations has to vanish. The zeros of the 
determinant lead to dispersion curves. 
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In this case the determinant is given by 
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As already indicated, the acoustic waves generated in our tests are axisymmetric in 
nature. In addition torsional modes, even if generated by mode conversion, cannot be detected 
by the interferometer. From equation (21), the determinant can be decomposed as a product of 
two subdeterminants D = D1»D2, where Dl is the upper left-hand corner determinant 
corresponding to the nontorsion components of the wave, and D2 is the lower right-hand corner 
determinant corresponding to torsion modes. This separation can also be verified if we apply the 
following boundary conditions in addition to those applied for normal stresses and displacements 
shown in equation (20): 
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It can be shown that D2=0 corresponds to (the nondispersive) shear horizontal modes of 
a two-dimensional layer on an elastic foundation. The above determinant equation (23), with 
slight modifications, is identical to that of the plane-strain solution given by Achenbach and 
Epstein (ref 1). Hence the dispersion for all modes is identical to that of a planar system. To 
confirm this hypothesis, a series of experiments was carried out in which the dispersion curves 
were generated with a series of diminishing arcs vanishing to a point. It was found that the 
measured dispersion curves were invariant. 

The contour plot for the subdeterminant D for the welded contact is shown in the top row 
of Figure 3 for the two possible cases in which the coating is acoustically stiffer than the 
substrate (left image) or the opposite (right image). Here the value of the determinant D is 
plotted in pseudo-color on a logarithmic scale. The (darkest) points in the frequency-velocity 
plane with a high density of contours represent the solutions to the modified Achenbach and 
Epstein (ref 1) model. 
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Figure 3. Theoretical phase velocity dispersion contours calculated from the experimental 
parameters for the following cases: coating acoustically more stiff (left) and less stiff than the 
substrate (right), welded contact (a), and smooth contact (b). Note: the 1 and 2 refer to the 
Rayleigh velocities of the layer and substrate, respectively. 

Smooth Contact 

For the case where the bond between the layer and substrate transmits no shear stresses or 
displacements (smooth contact), the boundary conditions are given in equations (19) and (20). 
These conditions lead to a new set of nine homogenous conditions. The determinant is given by 

(26) 
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Again, as can be seen from above equation that the determinant can be decomposed as a 
product of two subdeterminants, D = D1»D2 where D2 corresponds to torsional modes and 
Dl given below is nontorsional part. 

The determinant Dl is given by 
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The above determinant, with slight modifications, is identical to that for plane-strain 
given by Achenbach and Epstein (ref 1) for the smooth contact conditions. Hence the dispersion 
for all modes is identical to that of the corresponding planar system. 

The contour plot for the subdeterminant D for the case of smooth contact is shown in the 
bottom row of Figure 3 for the two possible cases in which the coating is acoustically suffer than 
the substrate (left image) or the opposite (right image). For the case of suffer coating and welded 
contact, the determinant does not attain a zero but a local minimum that is between the shear 
velocity of the layer and the Rayleigh velocity of the coating. 

The dispersion curves have been obtained from analysis using the above formulation for 
the cases that have been experimentally studied and are shown in Figure 4. The material 
properties used to generate these curves (acoustic velocities and coating thickness) were taken 
from values for the materials being experimentally examined. It has to be noted that the group 
velocity, instead of the phase velocity is presented here. The reason for this approach will be 
clear in the next sections, but it is linked to the need of comparing theoretical to experimental 
curves. 
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Figure 4. Theoretical dispersion curves calculated from the experimental parameters for 
the following cases: coating acoustically more stiff (left) and less stiff than the substrate 
(right); welded contact (a) and smooth contact (b). Note: VRa and VRb are the Rayleigh 
velocities of the layer and substrate, respectively. 

EXPERIMENTAL DETAILS 

Samples Used in This Work 

The "welded" boundary condition was achieved by electrodeposition of chromium on 
steel and sputtering of tantalum on steel. We tried to approximate the "smooth" coupling 
conditions by resorting to very thin epoxy bonds for coupling acoustically "stiffer" on "softer" 
and "softer" on "stiffer" coating on substrate specimens (see Table 1). 
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Table 1. Sample Parameters 

Coating Acoustically Less 
Stiff Than Substrate 

Coating Acoustically More 
Stiff Than Substrate 

Sample Tantalum on Steel Chromium on Steel 
Welded   Method Sputtered Electrodeposited 
Contact   Coating 

Thickness 
0.0035 Inch 0.0036 Inch 

Sample Tantalum on Steel Nickel on Copper 
Smooth   Method Epoxied Epoxied 
Contact   Coating 

Thickness 
0.005 Inch 0.005 Inch 

Laser Generation and Detection of Surface Waves 

A "LaserWave" system (ref 4) was used for our study. The system is illustrated in Figure 
5. The Nd:YAG laser, with 532-nm wavelength, was used to generate the ultrasonic surface 
wave along a circle. The other parameters of interest include a 100-mJ energy/pulse and 5 to 7 
nsec pulse width with a 10 Hz pulse repetition rate. Both the pulse width in time and in space 
contribute to the frequency content of the pulse. A Michelson interferometer is the means of 
detection for the surface waves at the center of the generated annulus. The HeNe detection laser 
provides 10 mW CW power, at a wavelength of 632.8-nm. For an isotropic surface, the waves 
generated at the annulus all arrive at the center at the same time. In this way, the amplitude of 
the surface wave is enhanced, resulting in an improved signal-to-noise ratio without ablation. In 
order to make the system more rugged and to simplify its operations, the Michelson 
interferometer arms are not temperature and vibration stabilized. 

Focusing Lens Sample 
Axicon 

VAG 

LHeNe} 

Photo-detector . 

Generation Laser . 
Detection Laser 

Figure 5. Schematic diagram of the pulsed laser showing annular 
generation with Michelson interferometer detection at the center. 
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A drawback to this approach is that a low frequency modulation of the optical signal is 
added to the ultrasonic pulse. Background vibrations of only a few micrometers will cause 
significant modulation in the interferometer signal, as illustrated in Figure 6. To a first-order 
approximation, the sensitivity of the interferometer to the ultrasonic signal is a function of the 
derivative of the low frequency component signal. As a result, the ultrasonic signal is multiplied 
by an amplification coefficient that varies between -1 and 1. Using an analog high-pass filter 
and a digital processing algorithm filters out this imposed modulation, due to the out-of-phase 
arrival of the laser radiation from the signal and reference arm. 

Low Frequency Noise 

Figure 6. Ultrasonic signals (a), (b), and (c), superimposed on low frequency 
background noise from a nonstabilized interferometer output. 

The first step in the algorithm is to filter out the low frequency modulation by using an 
analog high-pass filter with maximally-flat delay characteristics. The result of such an operation 
is shown in Figure 7. The three signals represent the different situations that can occur. Figure 
7a shows the result of an ultrasonic signal detected at a point of low sensitivity (at the peak or 
valley of the low frequency modulation signal). In order to ensure that the signal is detected, 
averaging of 50 to 100 successive laser pulses is commonly utilized. Using a pulse repetition 
rate of 10 Hz, this results in actual measurement rates of 0.5 to 0.1 per second. Unfortunately, an 
added complication is that even if the sensitivity is at maximum, a 180-degree phase shift can' 
occur, as shown in Figures 7b and 7c. Because of these phase changes, a phase compensating 
mechanism must be employed for effective averaging, otherwise cancellation of echoes could 
occur, as shown in Figure 8. 
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Figure 7. Ultrasonic signals (a), (b), and (c) seen in Figure 3 

after filtering out low frequency noise. 
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Figure 8. Demonstration of signal averaging without phase compensation. 
The waveform in (c) is the result of the average of the waveforms in (a) and (b). 

Phase compensation (Figure 9) is thus used in conjunction with signal averaging to attain 
the greatest amplitude for the final signal. When two signals of opposite phase and equal 
amplitude, seen in Figures 8a and 8b, are averaged the result is a signal with zero amplitude, seen 
as Figure 8c. However, if the signal in Figure 8b is phase compensated, i.e., its phase is adjusted 
to match the phase of the other signal, shown in Figure 8a, the resulting average signal has the 
same amplitude, as seen in Figure 9c. 
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Figure 9. Demonstration of signal averaging with the use of phase compensation by 
selecting the point in time that corresponds to the dashed line. The waveform 

in (c) is the result of the average of the waveforms in (a) and (b). 

The signal processing and averaging and wavelet analysis were all implemented in a 
LAB VIEW program that will be described in a separate report. 
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WAVELET APPROACH TO ESTIMATE DISPERSION CURVES 

From wave theory, it is known that the ultrasonic signal can be expressed as a linear 
combination of mono-frequency harmonic functions. The dispersion relation describes the 
relationship between the frequency/and the phase velocity v. For a nondispersive sample such 
as an uncoated substrate, the dispersion relation is constant and all the wave components travel 
with the same phase velocity, which in this case corresponds to the group velocity. The signal 
thus maintains the same shape as generated. From experiments, we have found it to be 
approximately Gaussian in shape. On this basis, we approximate the converging ultrasonic 
surface wave signal generated by an impulse laser impinging in an annulus as a set of Gaussian 
signals, each having its own center frequency and its own Gaussian envelope. 

d 

f(t) = ^ane   *    e       ^  ^W) (28) 
n n 

where n is the number of Gaussian packets with amplitude an, decay parameter ßn, and center 
frequency (On. The radius of the circular annulus is d and vn is the group velocity of the packet. 
For a dispersive medium vn is a function of üJ„. d remains the same for all packets. 

As previously noted, Rayleigh surface waves become dispersive in the presence of a 
coating layer. Since each wave component propagates with a different phase velocity, the initial 
shape of the transient waveform is distorted in time. By determining the time of arrival of the 
various wave components as a function of the frequency, the group velocity versus frequency 
curve can be extracted. Experimentally such dispersion gives the relation between frequency (On 
and group velocity vn. It depends on the material properties of the coating and substrate as well 
as the quality of the bond. Estimation of the dispersion curve is central in characterizing the 
quality of the bond. Since each packet is Gaussian, a wavelet transform with a frequency 
modulated Gabor mother wavelet, which is also Gaussian, is thought to lead to an optimum 
correlation determination (ref 5). 

The continuous wavelet transform of f(t) is defined by (ref 5) 

Wf(u,s)= f f(t)±^*{lZ±)dt (29) 

with frequency scaling s and time delay u. The modulated wavelet with a Gabor window is 
given by (ref 5) 

y/(t) = eiTng{t) (30) 

1        -?- 
g(t) = Te 2°2 (31) 

(KG2 j* 
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2 

with center frequency r\ and variance of — 

The Fourier transform of the wavelet is given by 

;      a* 
sco-rif " I— . i     ->    —      sar-j]) 

y7(co) = 4sy/(sa)) = (47ts2<j2 )4e 2 (32) 

The wavelet transform can also be expressed as a convolution integral between the signal and the 
wavelet and its scaled versions. 

Wf(u,s) = (f(t),Wus) = / * F,(M) (33) 

where 

ijfs(t) = J=¥*(-t-) (34) 
«Js s 

But convolution in the time domain is equivalent to multiplication in the frequency domain, 
hence using the FFT of the signal and the wavelets, the numerical integration is replaced by the 
dot product of two vectors leading to a fairly fast computation using MATLAB. 

If the signal is expressed by a sum of Gaussian packets, as shown in equation (28), the 
wavelet transform can also be expressed by a sum of wavelet transforms as 

W/(M,s)=£Wjf>,:0 (35) 
n 

We can rewrite the single Gaussian packet as 

fn=ane^
ß" V^(M') (36) 

and its wavelet transform is calculated as 

1    *,t-u Wfn(u,S) = (fn,¥us) =  ifJt )-=y'( )dt 

= aJ4a27T)4 ßn ^Le'C0ju~'-'>e r> e l r' ] e l    ^r" 

(37) 

2 /?2    ,   T .2^.2 with Yn  =ßl+2s2a 
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It can be shown that the wavelet transform can be used as an energy density function in 
the time-frequency plane. The modulus of the wavelet transform is 

\Wfn(u,s^ = an(4(T2x)~<ßnl±e[r" U[   Sr"    > (38) 
in 

The above expression consists of two decaying exponentials, one in the time domain and the 
other in the frequency domain with its maximum value at a single point given by the coordinates 

u  = t  = n n 
V 

d 
(39) 

L = = *>„ (40) 

The same analysis is done for each component in equations (28) and (35). The curve 
formed by the calculated maxima with coordinates (un ,%n) is called the ridge of the wavelet 

transform of the signal, and it represents the group delay versus center frequency of the various 
signal packets. This is the experimental dispersion curve of group delay as a function of 
frequency. 

Once the transform is carried out, the dispersion curve becomes the locus of the ridges of 
the transform in the frequency-velocity plane (ref 6). As an example of this procedure, let us 
consider a signal composed of the sum of five different signal packets of frequencies 10,20, 30, 
40, and 50 MHz. The five signals are represented in Figure 10a. The magnitude of the 
correspondent wavelet transforms is plotted in Figure 10b as pseudo-color images. It can be seen 
that the peaks of the image of the wavelet transforms are at the right locations in frequency and 
time domains. 
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Figure 10. Signal wave packets at different frequencies and group 
velocities (left) and their corresponding wavelet transforms (right). 

TIME-FREQUENCY RESOLUTION 

The time-frequency resolution of the selected modulated Gabor wavelet depends on its 
time-frequency spread. y/{t) is centered at t = 0, therefore yf^it) is centered at t = u, i.e., 

«= j'Kcof* (41) 

The variance is given by 

s2<rt
2= \(t-uf\y/Jt\2dt = 

„2_2 2   , S   <J (42) 

with 

°? = \(t)2\v(tfdt (43) 
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The Fourier transform is given by 

\frus{0)) = 4~sHsO))e-ica' (44) 

with 

y/(a>) = (47t<T2 )4e 2 (45) 

The center frequency of the transform is defined by 

^=toWjd>\2da> (46) 

The energy spread of y/us (co) around — is defined by 
s 

^=-U(»-^H2<*=^4 2*1'""     " '""""' ""    2<rV 

with 

(47) 

^2=^)(co-V)2\w(0))\2dcD (48) 

Dimensions of the Heisenberg box in the time and frequency domains are s<Jt and —- 

respectively, and the uncertainty is given by equality 
s 

2       2        1 
°t°c>  =- (49) 

Thus the modulated Gabor Gaussians have minimum joint frequency localization and are called 
Gabor chirps. 

RESULTS 

Experimental Results 

The experimental signals and their measured dispersion curves are given in Figure 11. 
The experimental dispersion curves in Figure 11 should be compared with the theoretical plots of 
Figure 4. For specifics on the specimens, please refer to Table 1. 
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For the "welded" coatings, tantalum on steel evinces a monotonic increase in frequency. 
This presents graphic experimental evidence of the results of the coupling of the Rayleigh waves 
across the coating interface. For the shorter wavelengths, only the tantalum velocity is exhibited; 
and as the wavelength is increased, the wave samples more of the substrate and the combined 
velocity at each frequency becomes a compromise that seems to reflect the relative coating and 
substrate thickness sampled, in addition to the elastic properties. For chromium electroplated on 
steel, the same effects are seen, but the Rayleigh velocities have the opposite relationship. Here 
the chromium component of the signal arrives first, since the Rayleigh velocity of the chromium 
is greater than that for steel. 

For the epoxied coatings, which we used to simulate the "smooth" contact, we see a 
frequency-modulated signal in both cases. We infer that different frequencies arrive at the 
sensor at the same time and are superposed. Here it is more difficult to discern visually the 
arrival time for lower or higher frequencies, since the different frequencies "beat" against each 
other. This is resolved by the wavelet analysis. The location and the depth of the dip are due to 
the depth of penetration of the different frequencies and the material they encounter at these 
depths. 

Analytic Results 

As stated previously, we have extended Achenbach and Epstein's (ref 1) wave analysis of 
straight-crested surface waves for layer on half space to circularly-crested waves emanating from 
an annular source. We have shown that the results are similar for zero torque boundary 
conditions. We have also proven analytically that for Gaussian wavelets and a signal made up of 
Gaussian components the result of the wavelet analysis is a velocity frequency relationship for 
the signal. 

DISCUSSION 

The general aim of a work of this nature would be to differentiate nondestructively 
between what would empirically prove to be a good and a bad coating. This breaks down into 
evaluation of the bond (adhesion) and coating itself (cohesion). The determinants given in 
equation (23), which are for welded bonds, have been used previously to obtain thickness and 
elastic properties of welded coatings, with an input of only one or two other elastic properties. 
Regarding the bond adhesion as stated above, we took Achenbach and Epstein (ref 1) as the 
starting point. The ideal would have been to have an independent quantitative measure of bond 
quality for our coatings, even obtained destructively, and then to obtain the dispersion through 
our measurements. The dispersion could then be correlated with the independent test. We are 
still trying to find a satisfactory reference technique for evaluating or grading the quality of a 
bond destructively or nondestructively for our type of coating. 

Achenbach and Epstein's (ref 1) suggestion of a liquid coupling between the layer and the 
substrate to achieve a "smooth contact" was not useful in our case, because no evidence of 
coating-substrate interaction could be found in the dispersion curve. Our attempts to produce 
electroplated chromium coatings with poor bonds also were not successful from our perspective. 
At present, the only way that a coating can be evaluated is through actual use. Even then all of 
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the coating does not react the same way. Coating failure seems to be of a statistical nature 
similar to fatigue failure. Some portion of the coating has a flaw, which is exacerbated through 
use, and which spoils its protective effect either locally or by spreading to cause more damage. 
Further, at present, there is a possibility that even if our dispersion curves indicated a welded 
bond, its adhesion could be poor. In that case, a procedure similar to a "proof test would have 
to be followed. The system of coating and substrate would be subjected to substantial external 
stress and/or temperature pulses prior to this test. If a "welded" dispersion curve results from our 
tests, the bond could be said to be "good." 

Several other research groups have tried to evaluate the gradation of coating quality, with 
free wave techniques (refs 7-12). These researchers were able to produce such gradation, each 
with different techniques but in each case, there were actual physical property differences in a 
region at and near the interface, an interlayer. Each of these research groups resorted to a three- 
layer analysis of the bond. The quality of the bond was tied in to the thickness of the third layer. 

Four samples were measured for our experiment, as seen in Table 1, and used to simulate 
the welded and smooth contacts, and the slow on fast and and fast on slow conditions. Two 
samples were prepared by thin epoxy bonds; one was prepared by sputtering and one by 
electroplating. The results shown in Figure 11 indicate a satisfactory matching of the theory and 
experiment for the "welded" coatings and an indication of the characteristics of the smooth 
contact for the epoxied coating. Up to now, it was not possible for us to produce a "pure" 
coating-substrate combination that would test as a smooth bond. That is why we used epoxy, 
which acts as a third layer and approaches the smooth contact condition as the thickness 
decreases. 

CONCLUSIONS 

Rayleigh surfaces waves were generated and detected in coated materials with different 
bond qualities. Wavelet analysis was used to obtain dispersion curves of these signals. An 
analytic proof was provided as to the validity of this technique. Theoretical and experimental 
dispersion curves were obtained for four different cases and compared. The theoretical 
dispersion curves were obtained from theory based around Achenbach and Epstein (ref 1). To 
match our experiment, we have done the analysis for annular generation, which does not result in 
straight-crested waves as in Achenbach and Epstein (ref 1). However, in the absence of torsional 
deformation, the dispersion curves are identical to those of the straight-crested case. 

As indicated in Table 1, to achieve the welded bond we used chromium electrodeposited 
on steel and tantalum sputtered on steel. The dispersion curves we obtained using wavelets in 
both cases show the shape one would expect from the analysis, with the high and low frequency 
values of the Rayleigh velocity corresponding to the coating and substrate, respectively, and a 
smooth transition between these two values at the intermediate frequencies. As Table 1 also 
shows, we epoxied sheets of tantalum and nickel on steel and copper, respectively. We did this 
to try to approximate the smooth boundary condition between layer and half space. The 
dispersion curves thus obtained have the approximate shape found from the analysis, but show a 
more pronounced dip in the low frequency region. The low frequency end of the curves gives 
the substrate Rayleigh velocity, whereas the higher frequency end gives the velocity for the 
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coating. Even the raw data from the interferometer (after averaging) indicates that a clear 
differentiation can be made between the welded bond of tantalum sputtered on steel and the 
approximation of the smooth bond obtained by the tantalum sheet epoxied to steel. The 
dispersion curves certainly show that difference, as well as the differences in relative stiffness 
between coating and substrate. 
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