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ON THE DESIGN OF AN OPTIMAL WAVEFORM TO MAXIMIZE 
SCATTERING FROM A FIAT PIATE AND A CONE 

1.   INTRODUCTION 

It is well known that a cone or a flat plate has very small radar cross 
section, except that it may have a specular reflection in a certain direction. 
The question is whether it is possible to design a waveform that amy yield a 
maximum reflection from a cone or a flat metal plate in a desired direction. 
This report examines such a possibility. To simplify the problem, the edge 
effect and creeping waves are neglected. We first review the general scatter- 

I     ing problem of a flat plate and a cone. 

2.  SCATTERING FIELD 

The discussion of the scattering problem will be restricted to the case 
of an obstacle of infinite conductivity.  The problem with which we are 
concerned is the following:  Given a primary system of sources that produce 
an electromagnetic field E±,   K±;   an infinite conducting body is introduced 
into the field and it is required to find the new field E, H. The solution to 
our problem is based on the superposition principle.  On introducing the body 
into the field of the sources a distribution of current and charge is induced 
over its surface.  We then have two component fields; one arising from the 
induced distribution over the body and the second arising from the currents 
and charges in the source system.  The total E, H results from the super- 
position of the component fields.  The interaction between the body and the 
source system - and the total field E, H - can be analyzed as a superposition 
of multiple scattering processes.  First we consider the interaction of the 
body with the original field Ei, H-£, assuming no change in the source currents. 
The body sets up scattered fields, Es, Hs arising from an induced distribution 
over its surface. The scattered wave falling on the source-system conductors 
induces a current distribution that gives rise to a secondary scattered field 
si'> Hi'«  Tne interaction of the secondary field with the body is again a 
scattering process leading to an induced distribution over the body and a 
scattered field Es*, Hs', and so on. The total induced distribution over the 
body is the sum of the distribution associated with the component scattered 
waves Es, Es'..., and the resultant distribution in the source system in the 
sum of the distributions associated with Ej^, E±' ..., respectively.  If the 
distance R between the source system and the body is large compared with the 
dimensions of either, the scattering processes of order higher than the first 
can generally be neglected; for example, in general the ratio |K±"|/|E±| 
evaluated at the body is of the order 1/R2, and the ratio | E±" | / J E - | is 
of the order 1/RA.  This condition is usually met in our examples, and the 
multiple scattering will be neglected in the following study.  With atten- 
tion restricted to a single scattering process, our problem is that of 
finding the scattered field Es, Hs set up by an infinite conducting body 
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when it is introduced into an initial field E±,  %; the total field is then 

"^■"5 +1^ (la) 

H - % + Hs (lb) 

Let S be the scattering body; n is unit vector normal to the boundary 
surface of the body S, directed outward into the surrounding space.  Since 
the conductivity of the body is infinite, the total field E, H is zero 
everywhere inside the body S; that is 

Hs 

- El (2a) 

(2b) 

Boundary conditions require that on the surface of the scattering body 

"iTxir^ 0 (3a) 

~n~<lf= 0 (3b) 

One thus has 

n x 2S = -n X Ej_ 

n • Hs = -n • HH[_. 

The surface current is 

J = n x H. 

(4a) 

(4b) 

(5) 

The vector potential A is related to the surface current density J by 
the following relation 

* - ^ 1«-)=^ *• 4-rrR 
(6) 

where r' is a position vector of current density J and R is the distance fro: 
a current element to the field point, 

R = |r - r'| 

as shown in Fig. (1), and, 

k0 = 2TT/X 

is  the wave number. 

Since H = —  'xA 

(7) 

one has 

Hs -  -    j Jx7 
 ..   exp(jk R) —» o 

4TTR 
ds, 

(8) 

(9) 
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According to Maxwell's equations in a source free region, 

T- q-^-V xlf (10) 

Eo = -7^-   J Vx JxV 
exp(jk R)' 

o 

OS    L. 
ds. (11) 

One can show that, in a far zone region, 

R - [7~-" r' 

r-r«r' 

exp(jk R) 
= - expHk^'r-r«^) R 

A  . 
where r is a unit vector in the r direction, and 

4r.„ _ ,_A-Ts"l~ "Jko ____, .,  ,  ,., A-r,A (12) 
r-fexp j kQ (r-r • r' )J ^ -^- exp (-j kQr) exp (j kj?- r ') r 

Inserting this relation into equation (9), we obtain 
—».       j k f ^ . A —» 
Hs = 4iF exP(-Jk0

r>   J Jx* exp(jk r«r')ds. (13) 
s 

Similarly one can show 

~^s = Air1 exPHkQr)  j   [(r-TSr-T) exp(jk r-Ods. (14) 
s L      J 

Accordingly to the boundary condition of eq. (4a) one finds 

-nxE". = |j£ exp (-j kQr) J nx T(r 7) r-Tl exp (j kQr -T') ds. (15) 

Since the incident field E± is known for a given field point, the only 
unknown in this equation is the current density J. Thus, if this integral 
equation is solved, one can find the current density J*which in turn will 
determine the scattered field E^ and Hs. Solving this integral equation in 
general is not easy. Many approximate methods have been implemented. One of 
the most interesting approaches is that of geometrical optics. The geometri- 
cal-optics method can furnish no information on the structure of the scattered 
field and that results from deviations from geometrical propagation of the 
reflected wavefront. By geometrical optics this wave is discontinuous 
(geometrical shadow behind the reflector), and it is well known that in the 
presence of a discontinuity geometrical optics does not give accurate results. 
The deviations decrease in significance as the wavelength goes to zero; the 
geometrical-optics method is to be regarded as a zero wavelength approximation 
to the scattered field. 
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The current-distribution method which will be formulated in this section 
leads to a better approximation for the scattered field and also makes possible 
the analysis of secondary effects such as the reaction of the reflector on 
the sources. The cardinal feature of the method is that it attempts to 
approximate the current distribution over the surface of the reflector; the 
scattered field is obtained from the current distribution by Eqs. (13) and 
(14) and is thus an electromagnetic fie^d that satisfies Maxwell's equations. 
We shall be interested primarily in the far-zone field of the current 
distribution in obtaining the composite pattern of the reflector and the 
sources. 

The current distribution over the reflector is obtained on the basis of 
geometrical optics, which can be expected to yield good results only if the 
reflector is far enough from the sources for the field of these to be described 
adequately in terms of wavefronts and rays. On the basis of ray optics there 
is a sharply defined shadow region behind the reflector in which the total 
field is equal to zero. According to the boundary condition, since the total 
field is zero, the current distribution over the shadow area is zero. It is 
a matter of experience that the shadow region is more sharply defined the 
smaller the wavelength and the larger the ratio of the reflector dimensions 
to the wavelength. The first assumption of our approximation technique, 
then, is that there is not current over the shadow area of the reflector. 
The current distribution over the illuminated region of S is obtained on the 
assumption that at every point the incident field is reflected as though ar. 
infinite plane wave were incident.on the infinite tangent plane. Let E^, H^ 
again be the initial field; let s0 be a unit vector in the direction of the 
Poynting vector, that is, along the incident ray. If n is the unit vector 
normal to the surface at the point of incidence and si a unit vector in the 
direction of the reflected ray, the surface current density is 

J = 2 (axHi) 

= 2 (—)  nxS xE. 
y     o .i 
o 

(16) 

where £Q and y0 are respectively the permitivity and permeability of the 
medium. 

It is evident that the assumption of Ihis approach is that the radii cf 
curvature of the incident wavefront are large compared with the wavelength as 
are also the radii of curvature of the reflector. Our problem seems to meet 
all these conditions. 

3.   SCATTERING FIELD OF A FIAT PLATE 

Let a flat plate lie in the x-y plane as shown in Figure 2. Let this 
plate have an infinite length in the y-direction, this then simplifies this 
problem to one-dimension. The length of the plate in the x direction is 
assumed to be 2L. Let a plane wave propagate in the S0 direction as shown ir. 
Figure 2. Assumed that the incident E-field is linearly polarized in the ~- 
direction and 

=■1 E y (17a) 
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E- exp [-jtot+j27r|sineoJ (17b) 

where 90 is the angle between S^ and the normal of the boundary. This angle 
is positive when it is clockwise. In our example this 60 is negative. 
According to eq. (16) the current density is 

£ 
,h       n   A T- 2 (-s-^cosey. (18) 

V 

Consider a far zone field point along the "i^ direction which is an angle e-, 
with respect to the normal- The reflected E-field, according to Eq. (14) is: 

L     £ 
Es = 2^ exp(-jkQr) J    (^^cosG^  .  exp r-jüJt+27Tx/X(sin6o+sinei)l dx  (19) 

"A* o J 

where r   is   the   distance   from   the   origin  (or   reference 'point)   to   the   field 
point.     Integrating Eq.   (19)  one  finds. 

_♦      cos8„ sin2TTL/A(sin9 +sine.)   . ,nn. 
Ls TTr eXpC jWt JVJ (sine    + sine,) y 

o      1 

Several interesting points may be drawn from this result. 

(a) The reflected wave is also linearly polarized. 

(b) The Es has a maximum magnitude along a direction 6^ 
= ~eo. 

(c) when A = °° , the Eg becomes an impulse function all its energy 
will be reflected at a direction 8i = -6^,. This is exactly what geometrical 
optics predicts. 

(d) In order to achieve any significant level of scattering energy along 
a direction other than 5i = -90, the dimension L must be in the same order as 
that of the wavelength X. However, in that case, the edge effect must be 
taken into account which has been neglected in this analysis. From this one 
may conclude that for a flat plate which has a much greater dimension than 
the wavelength of the incident wave, the reflected wave has maximum energy 
along the direction 9i = -60 as geometrical optics predicts. Negligible 
energy will be scattered at any other direction. To achieve scattering energy 
at any other direction, the wavelength of the incident wave must be in the 
same order as that of the plate size. In that case, the edge effect will be 
dominant. Hence, one must use this edge effect to design a waveform to 
achieve a maximum scattering at a desired direction. 

4.   BACKSCATTERING FROM A CONE 

The analysis presented here follows very close Kennaugh's work^1). Let 
a cone have its axis along z axis as shown in Fig. 3. Since this cone is 
symmetrical, this problem is essentially two-dimensional. 

BCrr rnov ai/an *u\< 



A surface current distribution J over the surface S shown in Fig. 3 
produces a radiated field intensity Es at large distance r along the negative 
2 axis, given by 

r    jay E * - **—=■ exp 
s    ATTr  r [j (wt-kor)] J ( (J-x)exp(-2jk z)ds (21) 

Let the incident wave be polarized in the x direction such that: 

^ = exp j(üJt-kQz) 

According to Eq.   (16) 

T»  2   (^-)h exp[j(0Jt-koz)J   n 
A 

x y 

(22) 

(23) 

where n is a unit  vector  normal  to  the  surface   S  (see    Fig.   3). 
becomes 

iw (    ,\ A  A 
E  (jw)   = ^— exp(jiot-jk r)     \     x-n:;yexp(-2jk z)ds 

s 2TTrc o J o 

The Es  the 

(2i) 

=  2irc" exP(jwt •1 N f      A    A 
-jkor)     J    z-n exp(-2jk z)ds. 

Mow z«nds  = -dAz,  where A2  is   the  projection of  the  scatterer surface betve« 
z=0 and a cutting plane at  z upon xy plane,  it  follows 

.1+ dA 
exp(-2jtoz/c) (—j—)dz. Es(ju)  = 2^c"exp   (Jwt-Jkor)  \ ex~'  ,4-~/-w—^- (25) 

dA 
Since 7—    = 0,   at z=0- and z*£+ and when    integrating by parts,   one  finds 

-jk r /.£+ 
E  (jco)  =  e 4TT°    exp(jwt) exp(-2jü)z/c) 

J0- 

d2A 

dz 
dz 

Let   t'   =2 z/c 

•1, ^+ d A 

c e"jkor ,.   „f        -j«f —Idf 
J       e dz' Vjw)  = 2^?r—eXp(jWt)J       e 

Ö 

(25) 

e-jk r 
§    47Tr°    exp(jut) -F(ju) C") 
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this filter is then  £ 
d? 

For a *one with circular croas section 

\z - :rtan2o»r2 

(28) 

■I P(t) -]s(t-r)f(T)dT 
(29) 

ptlr output3!:^^1 and f(0 iS the iOPUlSe "SP°n8e 0f *• «*«. Tho 

|P(t)|2 - |Js(t-T)f(T) dT|2 

and according to Schwartz's inequality 

|P(t)|2<J|s(t-0|2dT.Jjf(T)|2dT. 

Therefore, the maximum power output occurs when 

S(-T) - f(r). 

(30) 

(31) 

(32) 

the effect of «.continuity at the tip and end of the cone is ignore™.' 

5.   CONCLUSION 

scnttJrJS^I ir/POrtKWe haVe revlewed the gen«al scattering problem.  The 
scattered field can be computed from the current distribution on the scatter«M 

telki      ZV*   " iS reqUired t0 SOlve an ""Wien equation in o der to determine this current distribution.  One s'.-olifiAd m*f-h«7 *« I 
geometrical optics to approximate the current d^^o^^le L teri™ 

slatted" SSTt^J"?? 3re mCC* ^ aPPr°aCh iS ^- -e"etr
a nr heg 

PUte  t is shot?ri I  < ,WaVeS are reflected f™» a conducting flat piate.  It is shown that in order to have any enerev reflect *n * AI?~~+I 
other than the direction predicted by geometrical optics  the plate size mu" 

tWs condeiSiaomne ttaV" 'S ^T^ °f the lnCldent ™e  «o-er -de this condition, the edge effect may be dominant. We also reviewed the reauired 
waveform which may yield high hack scattering power from a cone By us"? 

2S2 oac^catter^r^ th3t ' "^ ^ ^^ «-^«« ^ ^ 
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FIELO POINT 

Fig. 1 — An arbitrary current source 
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Fig. 2 — Incident and reflected plane wave 

SURFACE S 

— Z 

Fig. 3 — Geometry of a flat cone 
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