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SUMMARY

—

[ The natural frequencies, nodal points and mode functions for transverse
vibration of tapered beams are presented in this report.

The beams considered have the cross-sectional area bounded by the curve

B Y
y z =
BRI S
with the thickness h and width b varying along the beam according to the rela-

Y

tions o
- X _ X
h—ho(—[) and b—bo(—l)

where B, ¥, ¢ and ¥ are positive constants not necessarily integers. { _—
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INTRODUCTION

1. Statement of the Problem

The geometrical properties of solid bodies generated by revolving

the line defined as

.%.QJFI’}Y{\B“ (4. 1)*

and of bodies bounded by the surface defined as

g + }%ly =1 (4. 2)

x| ¢ y
EAEat |

have been published in the first and second reports [1, 2 ]** under this grant,
The current report treats the dynamic response of a general class of tapered
beams. The shape of beams includes the bodies generated by Egs. (4.1) and
(4.2) with the parameter @ = 1. Special cases of bodies of the above shapes have
been tested widely in NACA and NASA reports as well as in the technical journals,
[3, 4, 5, 6, 7] . Beams of special shapes also have been applied as designs for

high speed machine guns as reported in a recent paper by Elder [8] .

To achieve more nearly complete information on the applications of
this class of bodies, the results for the mode functions and for the natural
frequencies of vibration of tapered beams are presented in this report. This
report includes much of the existing data as special cases. The results appear
in tables and in graphical form. The complete and detailed derivations are reported
by Wang [9] .
2. Profiles of the Beams

The beams whose flexural rigidity and mass per unit length vary according

to two arbitrary powers of the longitudinal coordinate are considered in this report.

The relationship of the variations may be written as
_ X.m
El= Eo IO (7)

. X n (4.3)
pPA = POAO (7)

*  The notation (4. 1) is adopted to aid in cross-referencing equations from the
first three reports under this grant.

**  Number in brackets refer to the References.




-where EOIo is the bending rigidity and pvo is the mass per unit length at the
larger end of the beam where X =/,

The relations of Eq. (4.3) can be considered as a homogeneous beam
with the moment of inertia and cross-sectional area varying with powers m
and n respectively. The relations can be applied for a general class of cross-
sections with varying thickness and varying width. An important group of beam
shapes can be'considered as shown in Fig. 1. The cross-section of the beam is

symmetrical and its first quadrant is bounded by the curve of the equation
B LY
@ +@ =1 (4.4)

where b represents half of the width and h represents half of the thickness of
the beam. These parameters vary according to the relations

» ¢
X _ X
b = bo (z—) ) h = ho (7) (4.5)

The constants ¥ and ¢ are positive but not necessarily integers.

The selection of different values for the parameters y and f in Eq. (4.4)
permits the cross-scction of the beam to be varied from the diamond shape,
v = : 1, through the elliptical shape, v = = 2, to the rectangular shape,
vand 3 >>1, The moment of inertia and the area for this group of cross-aection

may Dbe expressed in terms of y and B [10] , which gives

“F(%-:A 1) F(§+ D] i+

4 2!
I=-b h - (=)
3 oo L I’(%+g+l) Y/
(4. 6)
| 1 -
T'(=+1) I'(x+1) v+d
P(§+§+I)

Comparison of Egs. (4. 6) with Egs. (4. 3) yields the relationships

m=y + 3, n=y+¢




The beam described by Egs. (4.3) can also be considered as a nonhomo-
geneous beam with uniform cross-section, provided the modulus of elasticity and
the density vary as powers m and n. The longitudinal vibration of beams of this

type has been treated by Lindholm and Doshi [ll] .




3. Symbols

X horizontal coordinate along the length of the beam
y vertical coordinate perpendicular to X
z horizontal coordinate perpendicular to X

4 reference length of the beam

L actual beam length
b half the width of the beam
h half the thickness of the beam
b0 the width of the beam at the larger end
ho the thickness of the beam at the larger end
X dimensionless abscissa, X/{
a exponent of (X/£)
B exponent of (y/h)
% exponent of (z/ b)
] exponent of x for ‘width variation
¢ exponent of x for thickness variation
m exponent of x for area moment of inertia variation
n exponent of x for cross-sectional area variation
El bending rigidity of the beam (elastic modulus times moment

of inertia of the cross-section)
PA mass per unit length of the beam
e =4-m+n
XF)
x 3

p. dx

S
w circular frequency
p eigenvalue |, pAO£4w2/(EIO)
s indicial root
0F3 generalized hypergeometric  function
y(x) mode function




influence function for beam deflections

kernel of homogeneous integral equations
truncation of the beam, dimensionless; see Fig. 1
coefficients of the series

sUp 6VQ _sVp 6uQ

radius of gyration
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SOLUTIONS OF MODE FUNCTIONS

Neglecting rotatory inertia, the differential equation for the mode functions

of vibrating beams is given as

&2 42 )
—== EI(X) ?{2 - Ay =0 (4.7)
dx dx

For a homogeneous beam, having the profile described by the relations

m n

- X _ X
1=1 () and A=A _(7) (4. 8)
Eq. (4.7) can be expanded as
4 3 2
x49——¥ + 2mx3 ay + m(m—l)x2 ay. pxey =0 (4.9
4 3 ‘ 2
dx dx dx

where x = X/2) , p = pAoﬂ4w2/ (EIO) and 6=4 - m+n.

Upon introducing the differential operator 6X to represent X Elqi , Eq. (4.9)

may be written as
5 (5. -1) (b.+m - 2) (5_+ _3)y-pxy= 0 | 4.10
L6, - (¢ tm-2) (@ +m-3)ypxy (4.10)
Let u=x6 and let 6 =u—d— thus 6 y = 06%68"
u du ’ x7 u?
and Eq. (4.10) yields

. 1 m-2 m-3 P _
6, (6, -g) (6, Tg) Gt )Y gn =0 (4.11)

Equation (4.11) is a type of generalized hypergeometric equation [12] , which
possesses a general solution with linear combinations of four generalized hyper-

geometric functions. It can be written as

V=AY, T Ay HAgYy o T ALYy (4.12)




where each series, in hypergeometric Series notation, is defined as

- oy .1 m-2 m-3. p
1
yl=ug OF (-,l+l,l+m_l, 1+m_2,—%u)
S] 0 S €]
2-m
B 1 m-1 -2 p (4.13)
Y' u F(:l-—: l—"”_"'_;l_———;'—'_u)
3-m '
e 1 m-2 m-3 p
V3. = U OFS(’1+6’1 - , 1 5 ,-;;u)

provided that m is not an integer. When m is an integer, then logarithmic terms

appear in the general solution.
The solutions of the differential equation (4. 10) also can be obtained by the
standard series method, the method of Frobenius. The series in Eq. (4.12) will

have the form
s & ro
Vg =X ) a X (4.14)
r=0
with the recurrence formular of the coefficients being

(4.15)

= p
dy (s+1p) (s+rA-1) (s+r6+m -2)(s+r6 + m - 3) a1

where s =0, 1, 2-m and 3-m are the roots of the indicial equation.

When the parameter m is an integer, then two equal roots of s may exist for
the indicial equation or the denominator of the recurrence formula of Eq. (4.15)
becomes zero. When equal roots occur, the series solutions of Eq. (4.13) are
dependent on each other. When the denominator of the recurrence formula is zero,
the series solutions are meaningless. In these cases, by applying the theorems due

to Frobenius [13] , the independent series solution for the repeated root, s = SO,

5y =logx - (y),,

0 o]
So [ 1 1 1 1 4.16
- X (—:——._,.._. -+ - + _+ R __.___) a Xr@ ( N )
/[, 1/, s +mB s +Mp-1 s +mMA+m-2 s_+ MO+ m- r
r=1 'n=1 © © ©




The series solution for the root, s =8 which makes the recurrence formula

of the coefficients undefined, is given by

y. = logx - (y) _
bl S Sl

1 Ool 1 - 1 1 ro
+x { +> LS 81 L(ernﬁ s+n9 1 s+1]91—m 3t Y- prieeg )]‘S:S a_x }(4,17)

n=1 1
Again, when ©= 0, the series of Eq. (4.14), does not apply. For this case,
the recurrence formula of the coefficients is again undefined; however, Eq. (4.10)

is then of the Euler-Cauchy type for which a general solution always exists of the

form
s s s s
y=A1xl+A2x2+A3x3+A4x4 (4.18)
where S1» Sy Sy and s, are the roots of the auxiliary equation
s(s - 1)(s+m-2)(s+m-3) -p=0 (4.19)

Vibration can occur only when Eq. (4. 19) has two or four non-real roots. This
condition introduces the trigonometric functionof logx into the solution for y.

Suppose S1» 8, are two real roots and S5, S, axe two complex roots represented

4

+ i ., then the solution for the normal function has the form

by e tixy,

51 S2 %1
y=AX +A2x +X [ABCOS(QZIOgX)+A

1 sin (o 2log x)] (4. 20)

4




FREQUENCY EQUATIONS AND NODAL POINTS

To establish the frequency equations for tapered beams with different
end conditions, two separate geometrical catagories of beams are treated.
First, the complete tapered beam, which is gradually narrowed toward a point,
is considered. The end coordinates of the beam are o and £. Next, the truncated
beam, with end coordinates c-£ and £, as indicated in Fig. 1, is considered. The
origin, for the truncated beam lies beyond the end of the beam and serves as

a reference point for the variation of the area moment of inertia and for the cross-

sectional area of the beam.

1. Complete Tapered Beams

Since one end of the beam is at the origin, the arbitrary constants A3
and A4 in the general solution, Eq. (4.12), must vanish if finite values exist for
the deflection, moment and shear at the end x = 0. Hence, the general solution of
the mode function for beams with any combination of parameters m and n can be
written as

y=AP+AQ (4.21)

1
where P and Q are the series of Y, and y, as defined in Eq. (4.13). The frequency
equation is then obtained using the boundary conditions at X = £, that is, at x = 1.

Three different cases are considered below.,
A, Cantilever Beams

The base of the beam is fixed and the tip is free. Both the deflection
and slope vanish at x = 1. Application of the boundary conditions to Eq. (4. 21)

and elimination of the constants A 1 and A 2 yields the frequency equation

Pos - QdX , atx = 1 (4. 22)

Representation of &'p- SVQ - 6Vp 6uQ in symbolic form as PuQv yields the
relations PuQv= -PVQu and & (PuQqu-l) Qu+2 Using this notation, the

frequency equation yields

1 _ _
iPQl =0 , atx =1 (4.23)

10



Since P and Q are in series form, as in Eq. (4.14), their derivatives and products
are in series form as well.
Let the serics be defined as U = PQl. Then U is a solution of a fifth ordex

differential equation
(6-1) (6+m-2) (6+m-3) (6+m-4) (6+2m-5) U+2 (26+0+2m-6) pXeU:O (4. 24)

Solving Eq. (4.24) and comparing the corresponding terms of U with Eq. (4. 23)
the series which satisfies both Eq. (4.24) and (4. 23) is established as

v o]
U= Z arprxl+r6 (4. 25)
r=0
Substitution of U into Eq. (4. 23) yields the frequency equation as a polynomial of p

™18

r -_—
ap = 0 (4. 26)

=0

with the recurrence formula of coefficients

.- -2(2:0 - 0+ 2m-4)
I ro(rA+m-1) (x0+m-2) (ro+m-3) (r6+2m-4)

B. Antisymmetrical Mode Vibration of Free-Free Beams

Tapered beams with both ends free are considered to consist of two equél
halves fitted together at their large ends as shown in Fig. 2. Each half is a
section of a solid which has the profile shown in Fig. 1. When the beam vibrates
in the antisymmetrical mode, the deflection and the bending moment are zero at

the middle section where the two halves are joined together, that is
2
y=0 and EI(x)d—%=0 atx =1
dx

Substitution of these conditions into Eq. (4. 21) and applying the differential

operator PuQv , the frequency equation becomes

1
2
X

where U = PQ2 - PQl‘ The function U is a solution of a fifth order differential

U=0 atx =1 (4. 28)




12

equation
(6-0-1) (6+m-4) (6+m-3) (§+2m-5) (6 +m-2) U"+2(26—|-9+2m—6)per =0 (4. 29)

Hence, the frequency equation may again be represented by a polynomial of p, of
the form of Eq. (4. 26), with the coefficients
-2(2r8+ 6+ 2m-4)

a_ = ~ -1 (4.30)
o (r0+6+m-1) (r0+0+m-2) r6+6+m-3) (r6+0+2m-4) = ’

The locations of the nodes for the normal mode vibration, can be obtained
by substituting the corresponding natural frequency, P;» into Eq. (4. 21) and
solving for x with y equal to zero. Since P and Q are generalized hypergeometric
functions, the equation, which gives the nodal points for cantilever beams and

free-free beams of antisymmetrical mode, can be represented by

. 0
| m-1 m-2 Vi m- 2 m-3 | X
1 -2 m-3 pi 1 m-1 m-2, x| _

. -—— m . —— — a— U —_—) =
XgF g gy 1=~ 1+=— ,34) oFg e, 1=, 1+ ==5p, 2 = 0

C. Symmetrical Mode Vibration of Free-Free Beams

For the symmetrical mode vibration of the free-free beam, Fig. 2, the
slope and shear are zero at the middle section of the beam, hence
2

=

vy _g and L E10) $¥ = 0 atx =1

dx dx '
dx
Upon substituting the end conditions into Eq. (4.21) and using the notation PuQv’

o

the frequency equation may be written as

dX(’““3 U)= 0 (4.32)

at x = 1, where

U = PQg + (m-3) PQ,- (m-2) PQ,



As discussed in the previous sections, U may be represented by a series which

is a solution of a sixth order differential equation
(6-6-1) (6 -6+m-2) (6 -6+m-3) (6 +m-4) (6+m-3) (5+2m-5)U
+2(26+6+2m-6) (6+m-3)px° U = 0 (4.33)

Substituting the solution U into Eq. (4.32) and evaluating at x= 1, gives the

equation for the eigenvalues p as

i (ro+6+m-2) arpr =0 (4. 34)
r=0

with the recurrence formulas for the coefficients

. -2(2r6+6+2m-4) . (4. 35)
ro(ro+m-1) (re+6+m-2) (ro+6+m-3) (x6+6+2m-4) r-1

The locations of the nodes for the normal mode vibration in this case can be solved

from the equation

p. ) )
! oFs & g4l gymil o meZ. 1
(6+1) (6+m-1) (6+m-2) o 0 6 6
( 1 m-1 m-2 P | Foe1-ln m-2 |, m-3 xe)
+ B (142, 14022, 1+ ; 5 1-2, 14—, I+ —=; p——y
03 A A 0 g | 073 0 6 o gt
%% | m-2 m-3 . P

(6 = 1) (8+m-2) (H+m-3)

0
1 m-1 m-2 X
1=, 14—, 1+ —=;p.=g)| = 4,36

13




2, Truncated Tapered Beams

A. Exact Solutions

A beam which is gradually reduced to a small cross-section instead of
to a point, may be considered as a beam truncated at the location x = ¢ as
shown in Fig. 1. The total length of the beam is (1 - c) + £, where £ is a
reference length for the tapering. Since the beam does not start from the
origin, the general solution of the mode function must be written in the form
of'Eq. (4.12) with four series. By substituting the end conditions into the mode
function, a fourth order determinant equation of the eigenvalues p may be

obtained,
Consider the case for a cantilever beam; the end conditions are

y=vy'=0 atx =1
and EIy"=(EIy")'=0 at x

1

C

which gives the frequency equation

=0 (4.37)

N W S
X=C X=C X=C X=C

o™y [(xmy'l')']x [ ] )]

X=C =C X=C

where Vo' Y1 Youm and V3. are defined by Eqgs. (4.13), (4.16), or (4.17).

14



B. Approximate Solutions

The calculation of the natural frequencies from the characteristic
equation, Eq. (4.37), involves tedious numerical computations since each
element in the determinant is a combination of generalized hypergeometric
series. For practical purposes and in order to supply results to check the
exact solutions, two approximate methods are introduced for calculating the
upper bound and the lower bound of the approximate fundamental frequencies.

The Ritz method is one of the approximate methods which has been
widely used to determine the upper bound of the natural frequencies for elastic
systems. The frequency of the fundamental mode is calculated by minimizing
the expression for the energies, which, for beams having the prescribed profile

is
1

1
quzz n 2
p= x (- 2) dx X'y dx (4.38)
dx
c

Cc

As an example, consider a cantilever beam.In order to satisfy the boundary
conditions at free end, a one term approximation is assumed for the second

derivative of the beam deflection, as

y" = 12a (x - c)’ (4.39)
Integration of Eq. (4.39) gives the deflection curve

y=a [(x-c)4+C X+CZJ

1
where Cl = -4 (1 - c:)3 and C2 = 4(1 -0)3 -1 -c)4 in order to satisfy the boundary
conditions y =y' =0 atx = 1.

The lower bound approximate frequency of the fundamental mode is obtained

from the expression

15




1

p=l// K (£, £ dE (4.41)

-’

C

where

K &, £) =%§—° " U &, &) (4.42)

is the kernel of a homogeneous integral equation for the beam profile of current
interest. The influence function for beam deflections, U (x, £), is the static
deflection of the beam at x with a unit load applied at a distance § measured from

the origin. For a cantilever beam, U (x, £) can be expressed as

3
U, &) =2 [———1——— Smo__E 2w
I, (2-m) (3-m) (1-m) (2-m)
+(2_m)g - (l-m) X - (S_m)g N (2‘m) :I (4.: 43)
(1-m)(2-m) (2-m) (3-m)
for m# 1, 2 and 3, and
U, ) = i [x—z- Ex(logx-1) -x -&-i—l} form=1
’ El, L2 8 2 ’
3 .
U, §) = Ezl l:x(log x-1) + E(log x-x) + £ + 1:] , form =2 (4, 44)
0
3
U(X’g)zEEIO I:x(l—%)-logx-f-;+§—l} , form=3

16



NUMERICAL RESULTS AND DISCUSSION OF TABLES

1. Natural Frequencies and Nodal Points for Complete Tapered Beams

The natural frequencies for different vibrational modes of complete
tapered beams can be calculated by solving for the roots of polynominals of
Egs. (4.26) and (4.34). The coefficients of the polynominals, for cantilever
beams, for free-free beams executing antisymmetrical vibrational modes and
for free-free beams executing symmetrical vibrational modes, can be gener-
ated from Eqgs. (4.27), (4.30) and (4. 35) respectively. The recurrence form-
ulas indicate that the coefficients reduce rapidly as the number of terms in-
creases. Therefore, in the numerical calculations, the first five frequencies
are computed with the first sixteen terms of the series. Computer programs
are written to generate the coefficients as well as to solve for the roots.

The exponents, for a uniform beam, are ¢ =¢ =0or m =0, 6 =4,

and the frequency equation for cantilever beams, Eq. (4.26), becomes

= _ v E

((4 lr)) v p)f =0 (4. 45)
r=0

2 P A,

where p= w (=— B I ) ﬁ as defined earlier. Let the beam length be L,
which is equal to 4 © for the complete tapered beam, and let the frequency

constant K be p . Then the natural frequency can be represented as

EL
w= \/‘ / (4. 46)

The first five frequency constants, K, for uniform cantilever beams are ob-

tained from Eq. (4.45) using the first 16 terms of the series. These frequency

constants are
3.51601, 22.0345, 61.6972, 120.911, 199.860
The substitution of each frequency into Eq. (4.31) establishes the locations

the nodes for the corresponding natural frequency, which are given in the

following table.

17
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Uniform Cantilever Beam

frequency
) ¢ mode constant; K locations of nodes, (X/L)

.00 .00 1st 3.51601 1.00000

2nd 22.03449 .21656 1,00000

3rd 61.69721  .13232  .49645 1.00000

4th 120.90191  .09444 .35591 .64166 1,00000

5th 199.85953 .07345 .27678 .50009 .72125 1. 00000
In the table, the first two columns display the combinations of the exponents ¥
and ¢, the third and fourth columns indicate corresponding modes and their
natural frequencies. The remaining columns show the locations of the nodes
for different modes.

For cantilever beams with other combinations of ¢ and ¢, the re-
sults for frequencies and nodes for the first five modes are listed in Table 1.
Page one of Table 1 lists data for the combinations of 3 and ¢ corresponding
to beams of constant thickness with width varying as pr‘ Page two of the table
lists corresponding data for beams of constant width with thickness varying as
xd‘). The frequency data of these two cases are also plotted in Figs. 3 and 4 as
the ratio of frequencies of tapered beams to those of uniform beams. Fig. 5
indicates the variation of the ratio of frequencies for the beams with taper both
in width and thickness according to x¢, The ratio of frequencies for the first
three modes, for 81 combinations of ¥ and ¢, are plotted in Fig. 6 in three
dimensional form. The figures reveal the variation of the natural frequencies
of different modes as the taper of the beam varies. It is of interest to note that
the frequencies of the fundamental mode increase when the beams taper either
in width or in thickness. The frequencies of the higher modes increase as the
taper of the width increases, that is, as § decreases. The higher mode fre-
quencies decrease as the taper on the thickness increases, that is, as ¢
increases.

The shapes of the first four normal modes for the vibration of tapered
cantilever beams are plotted in Figs. 7, 8 and 9. Fig. 7 shows the change of
mode shapes and the shifting of the nodal points for constant thickness beams
as the exponent ¢ increases. Fig. 8 shows those for beams with constant
width and varying thickness. Fig. 9 displays those for beams with both width
and thickness varying as a same power of x, thatis ¢ =¢. The amplitudes

of the deflections are noimalized to the deflection at the free end.



For free-free beams of antisymmetrical and symmetrical mode vibra -
tion, the frequency constant K and the nodal points are also computed. For a
uniform free-free beam, vibrating in antisymmetrical modes, the frequencies
can be obtained from Eq. (4.20) with coefficients given by Eq. (4. 30) and with
m = 0, U =4, that is

%8

IR G .
Z @r+3) (4p) =0 (4. 47)
r=0

The substitution of the first five roots of Eq. (4.47) into Eq. (4.31) gives the

locations of the nodes for the corresponding mode. The results are listed as

follows:
Uniform Free-Free Beam of Antisymmetrical Mode
frequency
P o mode constant, K locations of nodes (X/L)

.00 .00 1st 5.59332 . 44832
2nd 30.22585 . 18889 .71161
3rd 74.63888  .12020 . 45291 . 81825
4th  138.79131 .08814 .33213 . 60005 . 86666
5th  222.68295 06959 . 26221 . 47372 . 68421 89474

The results for other combinations of ¥ and ¢ are listed in Table 2 in the same
order as in Table 1. The variation of the ratio of the frequencies of tapered
beams to the frequencics of uniform beams are plotted in Fig. 10. The nodal
points listed here are for one half of the beam length. The nodes of the other
half of the beam are symmetrically located. The notation L represents half
the total length of the free-free beam.

For free-free beams of symmetrical mode vibration, the frequencies
and nodal points are evaluated from Egs. (4. 34) and (4. 36) respectively. The
results are listed in Table 3. For a uniform beam, the frequency equation is
given as

00

___(_"_l_)r_ L
IZO ) (4p) (4. 48)

which gives the first five roots and the corresponding nodes as follows:
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Uniform Free-Free Beam of Symmetrical Mode

frequency
b ¢ mode constant, K locations of nodes (X/L)

.00 .00 st 15.41821 .2642 1,0000
2nd 49.96486 . 1469 . 5336 1.0000
3rd 104. 24769 . 1017 . 3832 .6924  1.0000
4th 178.26972 ,0778 .2931 . 5295 L7647 1,0000
5th 272,03098 .0630 . 2372 . 4286 .6190 . 8095 1. 0000
The above calculated results for frequencies and nodes for general
tapered beams are checked with existing results of some special cases which

appear in References [14, 15, 16, 17, 18, 19, 20] .

2. Natural Frequencies of Truncated Beams

For truncated cantilever beams the frequency constants, K in Eq.
(4.46), are the roots of Eq. (4.37). The numerical results are obtained by
using the method of regula falsi. The series involved in each of the elements
of Eq. (4.37) are calculated using 16 terms. The frequency constants K for
the first two vibrational modes are presented in Table 4 for beams truncated
at 0.2 fand at 0.4 £, The combinations of the exponents ¥ and ¢ again
include the beams with constant thickness, with constant width and with both
thickness and width varying as the same power.

The upper bound and the lower bound approximations for the funda-
mental natural frequencies are calculated for six different degrees of trunca-
tion as well as for complete tapered beams. The values for the lower bound
approximation are evaluated from Eq. (4.41) with the kernel defined in Eq.
(4.42). The values of the upper bound approximation are evaluated from Eq.
(4. 38) with the deflection curve defined as Eq. (4.40). The approximate values
of K are listed in Table 5 with 84 different combinations of ¥ and ¢.

Comparisons of the correct frequencies of truncated beams with the
approximate frequencies appear in Figs. 12, 13 and 14. The results for con-
stant thickness beams with varying width appear in Fig. 12, while Fig. 13
displays results for constant width beams with varying thickness and Fig. 14
gives the results for beams for which both width and thickness vary. The fre-
quencies of the upper bound approximation for constant thickness beams are
closer to the correct results than those for constant width beams. This im-
plies that the assumed deflection curve is more nearly correct for the con-

stant thickness beams. The lower bound approximations also yield more nearly



correct results for beams with constant thickness than for beams with constant
width. This is true because the frequencies of the higher modes for constant

thickness beams are larger than those for constant width beams.

3. Radii of Gyration of Cross-Section
The evaluation of circular frequencies from the frequency constants K,
as defined in Eq. (4.46), involves the calculation of the radius of gyration,
1/2
(IO/AO) .

moments of inertia and the cross-sectional areas with different values of y and

For the beams with cross-sections bounded by Eq. (4.4), the area

B were listed in the first report [1] . The radius of gyration of the cross-

section at the large end of the beam, calculated from Eq. (4.6), is

1,1

3
S+ T(=+z 1D
i&:% F(Ei ) (71' g (4. 49)

h, T(g+D (5 +5 D

The results of Eq. (4.49) are listed in Table 6 with the same combinations of «

and B as those used in the first report.
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TABLE 1.
¥ o
.10 .00
.20 .00
.30 .00
.40 .00
;50 .00
.60 .00
.80 .00
1.00 .00

MODE

18T
2ND
3RD
4TH
5TH

1ST
2ND
3RD
4TH
5TH

1ST
2ND
3RD
4TH
5TH

1ST
2ND
3RD
4TH
5TH

15T
2ND
3RD
4TH
5TH

18T
2ND
3RD
4TH
5TH

187
2ND
3RD
4TH
5TH

1sT
2ND
3RD
4TH
5TH

FREQUENCY
CONSTANT, K

3.84759
22.91518
63.04715

122.74233
202.191156

4.18617
23.79954
64.40342

124.58941
204.525963

4.53188
24.68792
65.76605

126.44310
206.87497

4,88482
25.58063
67.13513

128.30356
209.22717

5.24506
26.47796
68.51067

130.17072
211.58626

5.61263
27.38C15
69.89271

132.04458
213.95227

6.36984
29.19990
T2.67645

135.81270
218.70500

7.15646
31.04131
75.48660

139.60798
223.48545

1.00000
«2305%
«14189
.10160
07916

1.00090
« 24375
«15195
10851
.084685

1.00020
«25626
.15985
.11513
.09006

1.00000
.26812
.16831
.12166
09527

1.00000
227941
« 17647
.12793
. 10035

1.00000
. 29017
.18434
« 13402
.10529

1.00002
.31028
19930
14570
«11482

1.00000
32874
.21333
.15678
.12392

NATURAL FREQUENCIES AND NODES FOR TAPERED CANTILEVER BEAMS

LOCATIONS OF NODES (X/L)

1.00009
+ 50266
.36153
28164

1.00000
»53861
«36696
.28636

1.00000
«51432
«37221
« 23095

1.00000
«51982
« 37731
« 29542

1.000003
«52511
38225
« 29977

1.00000
53022
+38705
30402

1.00000
.53992
«39625
.31221

1.00000
«54900
40498
«32004

1.00000
« 64453
.50319

1.00000
264732
«50624

1.00009
.65005
.50922

1.00003
« 65272
«51215

1.00000
-65533
.51502

1.00000
. 65788
.51783

1.006000
.66281
»52331

1.00009
«66755
+52860

1.00000
« 72293

1.00000
. 72459

1.00000
.72621

1.00000
.72781

1.00000
. 72938

1.00000
. 73092

1.00000
« 13394

1.00000
. 73685

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000
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TABLE 1.
¥ o
.00 .10
<00 .20
.00 .30
.00 .40
.00 .50
.00 .60
.00 .80
.00 1.00

MODE

1587
2ND
3RD
4TH
5TH

18T
2ND
3RD
4TH
5TH

15T
2ND
3RD
4TH
STH

18T
2ND
3RD
4TH
5TH

18T
2ND
3RD
4TH
5TH

15T
2ND
3RD
4TH
5TH

18T
2ND
3RD
4TH
5TH

157
2ND
3RD
4TH
5TH

FREQUENCY
CONSTANT, K

3.75540
21.53823
58.22532

112.59111
184.78438

3.98423
20.99322
54.81987

104.564557
170.27172

4.20172
20.40273
51.48127
96.76554

156.32171

4.40698
19.76973
48.20998
89.25128

142.93450

4.59896
19.09684
45.00642
82.00310

130.11026

4.77655
18.38646
41.87105
75.02126

117.84916

5.08332
16.86125
35.80663
61.85787
95.01719

5.31510
15.20717
30.01981
49,76335
T4.44003

1.00000
«22510
«13605
- 09607
.07402

1.00000
«23211
.13863
.09677
.07380

1.00000
«23769
.14012
« 09660
.07285

1.00000
«24191
« 14058
+09560
.07123

1.00000
« 24483
«14003
.09381
. 06896

1.00000
«24647
«13849
.09126
.06610

1.00000
.24588
«13245
«08395
.05871

1.20000
«23980
.12230
«07376
. 04931

NATURAL FREQUENCIES AND NODES FOR TAPERED CANTILEVER BEAMS

LOCAT