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AFIT/GSO/ENY/02-4

Abstract

Previous efforts have been directed at the guidance and control of free flying
satellites clusters using reaction thrusters. A Tethered Formation of Satellites with
distributed sensors has great potential to enhance surveillance and imaging of earth objects.
To maintain the shape of the formation and keep the tethers in tension, the system needs to
be spinning. To take the advantages of distributed sensors, the spin axis of the formation
must have a component on nadir direction. General study has been focused on a planar
formation and the results showed that Earth pointing configurations are not stable. This
study demonstrates that spin stabilization and the use of gravity gradient for formation
flight with tethered satellites reduce the necessity of thrusters for station keeping
maneuvers. A tethered satellite formation, which consists of three satellites at the corners
of an equilateral triangle, and two end bodies at the opposite side of this triangular plane is
studied to obtain the stability based on the Likins-Pringle equilibrium for rigid satellites,
for long period. Parameters that affect the stability of the tethered formation and the
application of the Likins-Pringle relative equilibrium to the tethered formation are
presented in this study. Equilibrium conditions for the tethered formation and the stable
formation design for a long period are demonstrated. Depending on the size of the
formation and the mass ratio of the satellites to end bodies, long-term stability is

achievable for a continuously earth-pointing tethered satellite formation.
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STABILITY OF A TETHERED SATELLITE FORMATION

ABOUT THE LIKINS-PRINGLE EQUILIBRIA

1. Introduction

1.1 Motivation

Using a satellite cluster for a space mission has become an interesting subject in
recent years. Using several small satellites in a cluster instead of a large satellite has
numerous advantages. For some space missions such as surveillance or terrain mapping,
in order to improve resolution, the sensors must have a large aperture, which directly
increases the size and the mass of the satellite. On the other hand the size of the satellite
is limited by the capability of the launch vehicles. However with distributed sensors, it
may be possible to achieve a resolution that cannot be attained with a single satellite.

In some applications, each small satellite in the cluster communicates with the
others and shares the processing, information and mission functions. A cluster of this
kind might be used to form a large aperture. While current developments may allow
apertures the size of meters, it may be possible to form an aperture with the size of
kilometers with distributed satellites. This feature can be useful for space based radar and
remote sensing missions, which require large aperture products to achieve acceptable area

coverage and precision or lower resolution [1].
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Satellites formations have received a lot of attention in recent years and have been
the subject of many research efforts. The U.S. Air Force is exploring formations for use
in surveillance, passive radiometry, terrain mapping, navigation, communications and
ground target identification as mentioned in the research of Irvin [2].

Unfortunately to keep the group of satellites in relatively close proximity in a
formation may require significant fuel expenditure [3]. Station keeping maneuvers and
burns to keep the formation are due to the perturbations and unmodeled forces. An
alternate concept is to form a formation with small satellites, using tethers between these
satellites in the formation [4]. Instead of using thrusters for each satellite for all station

keeping maneuvers, using a tether between satellites would reduce the fuel consumption.

1.2 Problem Statement

Although using tethers between satellites in the formation is beneficial to reduce
the fuel consumption, a stable configuration must be found in order to make the idea
practical. All the satellites in the formation have different forces than a single satellite in
orbit. While the main force is the gravitational force on the satellites, there are also
tension forces through the tether on the satellites in the formation. To keep the formation
in a desired configuration, tethers between the satellites must be in tension. These tension
forces will help to rigidize the tethered satellite system and keep the formation from
collapsing or otherwise altering its shape.

The center of mass of the formation follows an orbital path that is assumed to be

elliptical. However satellites in the tethered formation have affects on each other with the
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tension force through the tethers between them. Thus the dynamics of a tethered satellite
formation are affected by the tensional forces. These additional forces on a satellite cause
the satellite to behave in a non-Keplerian manner [5] [6].

Since the studied application of the tethered formation is Earth surveillance and
sensing, the system must be designed so the sub satellites are widely distributed about the
nadir directions. Previous studies have been focused on a planar formation and the results
showed that Earth pointing configuration is not stable.

For the stability of the tethered formation, to use the benefits of the gravity
gradient forces, two end bodies are placed at the opposite side of the triangular plane of

the satellites as in Figure 1.1.

1.end body

Sat 3
Sat 1

Sat 2

2.end body

Fig 1.1 Tethered Formation



1.3 Objectives

The goal of this thesis is to demonstrate a stable tethered satellite formation for a
long period. This thesis focused on a closed-loop formation with two end bodies at the
opposite sides of the triangular plane of the satellites as shown in Figl.1. Since the
application of the tethered formation is Earth surveillance and sensing, the system will be
designed so the sub satellites will be widely distributed about the nadir directions. To find
the stability condition and the equilibrium position of the tethered formation about the
nadir direction, analysis of Likins-Pringle relative equilibrium and the possibility of using
this equilibrium will be addressed.

Stability of the formation will be analyzed for a range of spin rates, formation
sizes and formation masses. Due to the complexity of the dynamics, the equations of
motion will be solved numerically. Parameters that affect the stability of the formation

will be presented with the results.
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I1. Background and Previous Research

In this chapter benefits of using tethers in space will be presented with some
possible applications. Research about tethered satellite systems and the dynamics and

modeling of tethers will be presented.

2.1 Possible Space Missions With Tethers

Over the last two decades, engineers have realized the potential benefits of tethers
in space. It has been pointed out that it is possible to use a tether between different bodies
for many space missions.

Using tethers between distributed satellites to form a large aperture is a possible
way of increasing the capability of a surveillance system. The physical size of an
aperture, which directly relates to the achievable resolution, is limited by the launch
vehicle capacity. On the other hand, the properties of an earth surveillance system can be
increased with distributed small satellite connected with tethers.

Creating artificial gravity with the rotation of two bodies connected with tethers is
an important issue for long duration manned space flights. To separate an orbital station
into two parts connected by a tether and spin the system about its center of mass is the
basic idea of creating artificial gravity. As it is mentioned in reference Dynamics of

Space Tether Systems, Chobotov was the first investigator to present a detailed dynamic
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analysis of this motion and Gemini 11 was the first spacecraft to demonstrate this
concept in 1966, which connected to the rocket stage Agena with tether [7].

Docking of the orbiter to a remote tethered unit, which is separated with a long
tether from the station, is one possible way to avoid docking impacts on the station and
to save considerable amount of fuel during maneuvering in this step [7].

An orbiting interferometer, which has different receivers connected by tethers
could be beneficial to provide high resolution.

Scientific measurements in the atmosphere at altitudes of about 100 km could be
possible with tethered units, which are connected to the orbiter at higher altitude. This
altitude of atmosphere is not accessible for aircraft because of the low density and also is
not accessible for the spacecraft because of the high density for space missions at the
same time. However an atmospheric probe, which is connected to the orbiter with a very
long tether can solve this problem [7].

A tethered unit, which can be deployed from a spacecraft into a dense atmospheric
layer can transfer the aerodynamic breaking force to the vehicle through the tether. After
the desired reentry conditions are reached, the tethered unit can be separated from the
orbiter. During this maneuver it is possible to save a considerable amount of fuel [7] [8].

Another useful application of tethers in space is the electrodynamic tether system,
which has a conducting tether deployed from the station. Interaction between the tether
and the geomagnetic field of earth could supply enough power for orbital maneuvering

of the station [7].

2.2



2.2 Previous Research

There has been a great deal of research about tethers in space over the past two
decades. Most of this research is related to the dynamics and modeling of the tethers and

tethered satellite systems. This research will be presented in two different sections.

2.2.1 Tether Modeling

In order to design missions and predict the behaviour of the tethered satellite
system, engineers had to develop some techniques to model the tether. While most of the
researchers have considered massless tether for the satellite formation, some engineers
have modeled the tether with different techniques. To model the tethers, which are used
in tethered satellite system, some methods must be used to discritize the continuous
tether. There are some basic differences between discrete and continuous systems.
Primarily, discrete systems have a finite number of degrees of freedom, and continuous
systems have an infinite number of degrees of freedom. Discrete systems are governed
by ordinary differential equations while continuous systems by partial differential
equations [9]. The difficulties in obtaining closed-form solutions to problems of
continuous systems can be summarized as the difficulty of solving the partial differential
equations of the continuous systems. So to get closed-form solutions for a tether, it
should be discritized by some techniques. Approximate solutions for the continuous
systems generally involve discritization of the systems, and these approximate solutions
differ from each other with the discritization technique that is used [10].

The most commonly used techniques to discretize the continuous tether are the

assumed mode method and discritization with particles (bead model). Discritization with
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particles method models the tether with small masses connected with massless tethers.

All the external forces can be applied to these small particles and it is possible to obtain

ordinary differential equations.

Figure 2.1 Bead Model for Tether [7]

Forces on the particles can be shown as:

F. F F.
A A
m, A
mi— A/ N '\ mz+l
7, i N
yi—] yi yi+1
\ Y
N M N

Figure 2.2 Forces on the Tether [7]

The assumed modes method discretizes the continuous system prior to the
derivations of the equations of motion. The solution for the system is assumed in a finite

series form of space-dependent functions, but the coefficients are time-dependent
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generalized coordinates instead of being constant. This series is substituted in a kinetic
and potential energy, thus reducing them to discrete form, and the equations of motion
are derived by means of Lagrange’s equations [10].

Biesbroek et. al.[11] has compared the results of two different modeling methods
of tethers. These two methods are the bead model and the continuum tether model. A
comparison of two computer simulation models has been given by the author. These two
simulations are TETSIM (bead model) and DATES (continuum tether). In this report it is
pointed out that when a tether is modeled with beads, which are connected by
inextensible and massless lines, it is possible to obtain accurate results for many
applications. And also it is possible to reduce the simulation time with bead model, even
if many beads are used.

Modi et. al.[12] have studied the dynamics and control of tethered spacecraft
during deployment and retrieval. In this research, the author has examined some of the
important aspects of the other studies about tethered systems, which include the
modeling of tethers and system dynamics and control.

Dynamic behavior of a tethered system in elliptical orbits has been investigated by
Takeichi et. al.[13]. For this study, the tethered system is modeled with a combination of
rigid bodies, and the effects of tether elasticity and atmospheric drag is studied.

Dynamical characteristics of a tethered stabilized satellite have been researched by
Ashenberg et.al.[14]. It is pointed out by the author that, attaching a tether with a mass at
the opposite of the satellites would increase the stability of the satellite. In this work,

stability characteristics of a tethered satellite have been presented.
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Zhu et. al.[14] has focused on the dynamical model and the mathematical
formulations of tethered systems with two satellites on a line. He presented two
dynamical models and formulations in his report for the tethered satellite system, which
has a subsatellite and one main satellite with a point mass much greater than the
subsatellite. For the first model, an elastic continuum is used to model the tether with
mass and he has assumed the tether would remain straight. In the second model tether
between the main satellites and subsatellites is modeled with discrete masses, which are
connected with massless springs. For the second model the main satellite has much
greater mass than the subsatellite, so he assumed that the center of mass of the tethered

system is located at the main satellite.

2.2.2 Multi- Satellites

Although most research has focused on the tethered satellite systems with two end
bodies, there are some others which have focused on the tethered systems with
multibodies such as Kalantzis et. al. [15]. In this report the equations of motion for a
multi-satellite tethered system in a Keplerian orbit are derived. His model considers a
multi-satellite system which the satellites in the formation are connected to each other by
flexible tethers. Equations for the model have been derived using the Lagrangian
approach, and a continuum model has been used for tethers. Assumed mode methods is
used to discritize the deformations of the tethers.

DeCou[16] has focused on an orbiting stellar interferometer which has three
distributed satellites at the corners of an equilateral triangle. This satellite formation

system is determined that it is spinning around the axis, which is perpendicular to the
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formation plane. Centrifugal force created by the spinning of the formation keeps the
tether taut. For this system, gravity gradient, solar radiation pressure and thermal
expansion forces are taken into account as a perturbation forces. Tethers between the
satellites are determined under the influence of the centrifugal force and modeled with
small point masses. Solution for the static problem has been obtained by deriving the
nonlinear differential equations, which relate the position of each tether point to the
tension at each point. Numerical solutions for these equations are presented. For this
study it is assumed that three satellites at the corners of the equilateral triangle follow a
circular path by spinning the formation around the axis perpendicular to the plane. The
spin rate for DeCou’s formation is much greater than the orbital mean motion, so the spin
axis maintains a nearly inertially fixed direction.

Tragesser [4] has focused on a satellite ring as DeCou. Tethers are used to reduce
propulsive station keeping maneuvers to maintain the formation. Earth surveillance is the
desired application for this project, so the tethered satellite system is designed so the
relative spin axis of the formation has a component along nadir direction. Unlike
DeCou’s work, Tragesser’s formation spins at a rate comparable to the orbital motion.
Conical equilibrium has been chosen to get the maximum projected area onto the earth
for surveillance besides stability. Satellite formation has composed of three satellites at
the corners of an equilateral triangle and the tethers between these satellites have been
modeled with an arbitrary number of point masses. A common law of elasticity has been
used to find the tension force on the tether. Likins-Pringle relative equilibria [17] for the

conical case has been used to find the angle between the spin axis and orbit normal to
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maximize the projected area onto the earth. As a result of this paper it is observed that
the rigid body equilibrium doesn’t give the same stability results for flexible systems.

Williams and Moore have examined the feasibility of a multi-tether system that is
very similar to the one presented here. They focused on tethered satellite formations
which have the spin axis aligned with the nadir direction. To use the gravity gradient
effect for stability, they have studied a configuration with four satellites on the plane
perpendicular to the spin axis and two anchor satellites at the opposite sides of this plane.
This tethered satellite configuration also has a central tether between these two anchor
satellites. In this research all the tethers are assumed as massless and remain straight
during the motion. Clohessy-Wiltshire equations are used to describe the equations of
motion of the satellites with respect to the center of mass of the entire system. The
authors presented a stable configuration with small periodic oscillations of two degrees
about the velocity vector of the reference orbit [20].

This thesis builds on this previous work to show that the nadir-oriented formation
of Williams and Moore is actually an approximation of the Likins-Pringle relative
equilibria for rigid bodies. Using this theory, this thesis demonstrates that there exists a

range of stable configurations within a couple degrees of nadir.
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II1. Methodology

In this chapter, modeling of the tethered satellite system will be presented.
Orientation of the TSS will be given and for the stability of the formation system, spin
stabilization on orbit will be explained. Likins-Pringle relative equilibrium concept for
the spinning rigid body will be revisited and it will be adapted to the tethered satellite

system.

3.1 Nominal Design

The formation design for this thesis is comprised of three satellites at the corners of an
equilateral triangle and two end masses at the opposite side of this triangular plane with
the same distance from the triangular plane. The three satellites and the two end bodies
are considered as point masses. Tethers are placed between the satellites and between the
end bodies and satellites with the same properties as shown in Figure 3.1 in the body
fixed reference frame.

Because the formation is axisymmetrical, the center of mass of the system is at
the center of the triangular plane. In the Figure 3.1, L represents the distance between two
end bodies and D is used for the distance between the satellites. All the tethers in the
formation are assumed as extensible and remain straight during the motion. Modeling of

the tethers will be discussed in Chapter 4 with more detail.
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1. end body

S

2. end body

Figure 3.1 TSS Model

The three satellites are at the corners of an equilateral triangle can be shown in

Figure 3.2.
Sat 2

S
(9%}

Sat 3
E > Sat 1

b

Figure 3.2 Satellites on triangular plane

3.2



where c is the distance between the satellites and the center of mass and b is equals to 2
of the distance between satellites.
Positions of the satellites and the end bodies with respect to the center of mass in

the body frame F, can be written by geometry of the system as:

(a) 7 =[o -L/2 0]

(b) 75=[0 L/2 0]

(¢c) 7'=]-D/2 0 DI2VB)|

(d) 72=o 0 D3

(e) 7.=|pr2 0 DI2V3) 3.1)
where 77 and 7, denotes the two end bodies, and 7, 7.5 and 7., denotes three satellites.
By using these equations, the distance of each mass to the center of mass can be found as:
—b

r

el

— |=b
- re2

=L/2 (3.2)

—=b
T

s1

—=b
= 2

=|r| = /3 (3.3)

For the orientation of the formation in body frame the inertias of each mass with

respect to the center of mass are:

L'/4 0 0
I,=m,/ 0 0 0 (3.4)

0 I*/4

L’'/4 0 0
I,=m,| 0 0 0 (3.5)

0 0 I*/4
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1s3 :ms3 0

5

8]

0
D
3
0

0 (3.6)

(3.7)

0 (3.8)
D2

4

where m, and m,, denotes the mass of the end bodies and m_ denotes the mass of the

satellites. For the TSS model mass of the satellites are equal to each other, and so the

mass of the satellites can be denoted as m_ and the mass of the end bodies can be denoted

as m, . Therefore the total inertia of the system is:

m,L>  D’m, ]
s t— 0 0 I, 0 0
I= 0 D’m 0 =0 I, 0 (3.9)
2 2
O 0 meL +Dms O 0 It
L 2 2

The tethered satellite system, which consists of distributed satellite on a
equilateral triangle, must rotate about the axis perpendicular to the plane to keep the

tether in tension and to rigidize the system. Without spinning it is not possible to maintain
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the stability of the satellite formation with flexible tethers. It is possible to rigidize the
system by spinning the formation about the axis perpendicular to the plane of the

satellites.

There are three types of equilibria for the spinning rigid body, these are
cylindrical, hyperbolic and conical equilibria (Fig 3.3). For the cylindrical and hyperbolic
cases, because of the direction of the spin axis, the satellites’ path forms a line when
projected onto the Earth’s surface. These formations do not take advantage of the
distribution of sensors. On the other hand for the conical case, the spin axis has a
component in the nadir direction, so the projection of the formation enhances Earth

sensing capability.

(a) Thomson Equilibrium - Cylindrical Case (b} Likins- Pringle Equilibrium — Hyperbolic Case  (c) Likins-Pringle Equilibrium — Conical Case

Figure 3.3 Types of relative equilibrium for a spinning symmetrical satellite [17]

This thesis will focus on the conical type of equilibria to increase the projection of
the satellite on the Earth’s surface. In the following sections Likins-Pringle relative
equilibrium concept will be represented and then adapted to the satellite formation with

flexible tethers.
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For an axisymmetrical satellite with axial and transverse inertias /, and I,

respectively, the simplest case is to maintain the spin axis nominally normal to the orbit,

without any gravity gradient torque on the satellite [17].

3.1.1 Thomson Equilibrium

An explanation of the Thomson Equilibrium will help to explain the Likins-
Pringle conical equilibrium, used in the formation design. For this equilibrium, the

satellite is assumed an axisymmetrical rigid body with the transverse and axial inertias /,

and /, respectively. The reference motion for the Thomson equilibrium is in Figure 3.4

Figure 3.4 Thomson equilibrium [17]

For this reference motion four frames are used, which are the body frame, orbital

frame, inertial frame, and reference spin frame.
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F, : Body fixed principal-axis frame

F, : Orbital frame
F : Inertial frame
F, : Reference spin frame

The reference spin frame, F , rotates about the a, axis with respect to F, at rate

a

V. Transformation between the reference spin frame and inertial frame is:
cos(t) 0 —sin(W)
R“=R,(w)=| 0 1 0 (3.10)
sin(t) 0 cos(\)
where R“ indicates the transformation between the reference spin frame F,and F, , and
R, indicates the rotation matrix about i th axis.

For the reference motion, body frame F, and the reference spin frame F, are

aligned, but with small excursions & . The linearized transformation between these

frames is:

R =|-a, 1 a, (3.11)

The relationship between the orbital frame F, and the inertial frame F, is:
cos(w.t) 0 sin(w,t)
R =R, (~w.t) = 0 1 0 (3.12)

—sin(w.t) 0 cos(w,t)

where ¢, is the nominal motion.
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By using these relationships, transformation between the body frame F, and the
orbital frame F, can be calculated:
R" =R™R“R* = R™R“(R")’ (3.13)
From equation (3.10) and (3.12)
RY(RY =R,(W)R,(w.t) = R,[(V + w,)t] (3.14)
Substitution (3.14) into (3.13) yields:

1 a, -—a,||cos(V+w.)) 0 —sin((V+w.))
R* =|-a, 1 a, 0 1 0 (3.15)
a, -—a, 1 sin((V+w,)t) 0 cos((V+w,))

The reference satellite is an axisymmetrical rigid body. The axial inertia is /, and
transverse inertia is /,, and because of the symmetry I, =/, =/, and [, =1,. The

angular velocity of this satellite with respect to the inertial frame can be written using the
relations between the frames. The body frame is aligned with the reference spin frame

with small excursions and the reference frame rotates about the a, axis with respect to
the inertial frame.
——=bi _ —=ba ——ai
w”" =w™ +w (3.16)
For small a; this can be approximated by:
@" =ab, +a,b, +a,b, +va, (3.17)
The last term of this equation can be transformed into the body frame by using

the transformation between body frame and reference spin frame as:
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0 1 a, -a,
va, =R™|v|=|-a, 1 a, ||v (3.18)
0 a, -al 1

(=]

va, = a3|/131 + |/152 —all/IS3 (3.19)

By substituting the equation (3.19) into equation (3.17), the angular velocity of the

satellite in body frame is:
D" =l b, +al b, + i b, (3.20)
@" = @b, +d,b, + b, +a,vb, + Vb, —a b, (3.21)
where @ indicates the components of the angular velocity for l;i axis. Equating
components of (3.20) and (3.21) gives:
(i) @"=d +ay
(i) w" =a,+v
(iii) " =a,-a,v (3.22)
To find the equations of motion it is needed to calculate the gravity gradient
torque for the reference satellites. Gravity gradient torque depends on the position of the
satellite with respect to the inertial frame and the inertias of the satellite. Gravity gradient

torque of the satellite in the body frame is:
M=M b +M,b,+M,b, (3.23)
where M, is a scalar value and indicates the magnitude of the gravity gradient torque

for the bAl. axis. The components of the gravity gradient torque are given by [18]:
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(i) M, =#vz(,-1,)

_r_5
. _3u
(11) Mz __5XZ(It _[t)
r

(iii) M, =3—/jxv(la -1 (3.24)
r

where X, Y and Z are the position of the satellite in body frame with respect to the

inertial frame:
7" =Xb, +Yb, +Zb, (3.25)
These coordinates can be found with the transformation between the orbital frame

and the body frame as:

0
F o=ré, =R"™|0 (3.26)

7

1 a, -—a,||cos(V+w,)t) 0 —sin((V+w,)t)||0
PPel-a, 1 a, 0 1 0 0 (3.27)
a, -—a, 1 sin((V+w,)t) 0 cos((V+w.)et) || r

—rsin(V+w, )t —a, cos(V +w,)t 151
7o =| ayrsin(v +w)t +a,rcos(V +w,)t || b, (3.28)
—a,rsin(V +w, )t +rcos(V +w. )t 153
Therefore the coordinates X, Y and Z are:
(1) X=-rsin(V+a,)t—a,cos(V+aw,)t
(ii) Y=a,rsin(V+a,)t+a,rcos(V+aw,)t
(iii) Z=-a,rsin(Vv+w,)t+rcos(V+aw,)t (3.29)
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Substituting these values into the gravity gradient equations and ignoring the

higher order terms yields:

M, = 3—‘5’r2 (1, - 1)@, sin[(v + @, )]cos[(v + @, )] + @, cos’[(v + @, )} (3.30)
r

M, =0 (3.31)

M, =2H 21 =1 )~ a, sin*[v + @, )] -, sinl(v + e, )]cos[(v + @, )} (3.32)
r
For a circular reference orbit the first term can be simplified as:

ﬁsrz :%:w

] (3.33)
r

~

The equations of motion can be written [18]:
(i) 1"+, -1 & =M,
(i) I,0," +(I, 1) e =M,
(iii) 1)+, -1)d =M, (3.34)

where the term )" indicates the derivation of the angular velocity and can be written by

taking the derivatives of the equations (3.22).
(i) @"=d +ay
(ii) @"” =d,
(iii) @ =d, -ayv (3.35)

Substituting the gravity gradient torques and the derivatives of the angular

velocity into equations (3.34), (Appendix B) the linearized equations of motion can be

written as:
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d, + (1= kv, +kvia, +3a’k, (a,c+a,s)c =0 (3.36)

d,=0 (3.37)
a, —(1—k,)va, +kvia, +3wk,(a,c+a,s)s =0 (3.38)
where:
s=sin(V+aw, )t c=cos(V+aw,)t w, = % and
1 -1
k, = “l : (3.39)

The linearized equations of motion include time variable coefficients because of
the nominal motion of the satellite and the reference spin rate. It is possible to simplify
these equations by transforming them to a new set of coordinates that will eliminate the
periodic coefficients. The new parameters are defined by Hughes as[17]:

(1) py@® =a,@)cos(V+aw,)t+a,(t)sin(V +w, )t

(ii)  y,(O=a,()

(i) p, ()2 —a,(6)sin(V + @, )t +a, (£)cos(V + &, )t (3.40)

Substituting these new parameters into the equations (3.36) through (3.38), the

equations of motion can be written as:

Vi =V +20, +kV)y, +[k,Gw! —vw,) =, (v +w,)ly, =0 (3.41)
y, =0 (3.42)
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These three equations now have constant coefficients. The new variables y,, y,,
y;can be explained as three small angles between the orbital plane F, and a new frame

F., which is assumed identical with orbital frame for the reference motion.

Transformation between the orbital frame and the new frame, which is called

stroboscopic frame by Hughes, is [17]:

1 Vs —V,
R=|-y, 1 (3.44)
V. =N 1

Because all perturbations occur between these two frames, transformation
between the body fixed frame and stroboscopic frame is:
R” =R,[(v+w,)t] (3.45)
It is easy to see that R” R* must be equal to R™R“:
R™ R" = R™ R“ (3.46)
The transformation between the stroboscopic frame and the inertial frame is:
R" =R* R“ (3.47)
And the transformation between reference spin frame and the inertial frame is:
R =R, (1) (3.48)
Substituting the equations (3.47) and (3.48) into the equation (3.46) gives:
R,[(V+W)IR* R, (—w,)= R" R, (1) (3.49)
Transformation between stroboscopic frame and the orbital frame becomes:

R* =R,[-(V+w)t]R" R,[(V +w,)t] (3.50)
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As a result the transformation matrix between stroboscopic frame and the orbital

frame can be written as:

1 |2 A c 0 s| 1 a, -a,||c 0 -s
-y, 1 v, =10 1 0fj-a, 1 a, 01 0
v, VY 1 -s 0 c||la, -al 1 s 0 ¢

where:

c=cos[(V+a,)t] and s=sin[(V+a,t)]

Multiplying out equation (3.51), gives:

1 | 2 A c’+s’ a,c—a,s  —a,(c’ +s?)
-y, 1 Vv, |F| —asctas c’+s’ a,s+ac
v, -y 1 a,(c*+s*) —a,s+ac c’+s’

where:
cos’[(V + w, )t]+sin’[(V + w, )t]=1
Equating elements of each matrix on both side of equation (3.53) gives:
(1) py@ =a,@)cos(V+w, )t+a,(t)sin(V +w, )t
(i) yO=2a,0)
(1) y,(O)=-a,()sin(V+a, )t +a,(t)cos(V +a, )t

which agrees with equations (3.40).
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3.1.2 The Likins-Pringle Relative Equilibria

The Likins-Pringle relative equilibria extend the Thomson equilibria to the case
where the spin axis is not normal to the orbital plane [17]. The term “relative
equilibrium” denotes a spin axis that remains fixed with respect to the orbital frame F..
Likins-Pringle relative equilibria allow a non zero torque unlike the Thomson equilibria,
where the spin axis is normal to the orbit and the gravitational torque disappears. If the

stroboscopic frame F| is defined as the frame intermediate to the body frame F, and the
orbital frame F,, the transformation between these frames is:

R™ =R”R* and R" =R,[(Vv+w,)] (3.56)

In the Thomson equilibrium for the reference motion without any perturbation,

R* is equal to unit matrix. For the Likins-Pringle relative equilibrium it is a constant

matrix, but not equal to the unit matrix.
R* =R} R/ (®) (3.57)
The term R indicates the small excursion angles between the stroboscopic frame
and the orbital frame, and ® 1is the rotation angle about the forward direction of the
orbital frame ¢, .
The absolute angular velocity of the satellite is:
" =w"” +w" (3.58)
D" =(v+w)b, +R*®" (3.59)
The angular velocity of the satellite in stroboscopic frame is:

@" = R[-(vV +@)]|@" +@" (3.60)
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The absolute angular velocity of the stroboscopic frame F, is:
W' =w" +w" (3.61)
Equation (3.61) includes the nominal motion and the small excursion angles. The
term @™ indicates the angular velocity due to the excursion angles. For small excursion
angles y, equation (3.61) can be approximated by:
W = Y8, + .8, + V.8, —w.C, (3.62)
The last term of the equation (3.62) can be transformed into the stroboscopic

frame by using the transformation between the orbital frame F and the stroboscopic

frame F, as:
0
-—W.C,=R* | —w, |=-w.c; (3.63)
0

where the term c; is the second column of the rotation matrix R* .

For the equilibrium condition without any perturbation:

@ =0 (3.64)

Therefore the absolute angular velocity of stroboscopic frame is:
W'==w. c, 8 ~w, 58, ~w. cl 8, (3.65)

where the terms c; indicates the elements of the rotation matrix R*.

Substituting equation (3.65) into the equation (3.60), the angular velocity of the

satellite in stroboscopic frame becomes:

W' =w s w5, +w, s, (3.66)
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where the scalar terms in the equation (3.66):
(1) W ==, ¢},
(i) w=-w.c,+*V+w,)
(1ii) W, =—W. c3, (3.67)
To formulate the equations of motion in the stroboscopic frame F,, gravity

gradient torque in this frame can be found by the equation for the symmetrical

satellite[17]:

M. =M, 5, +M,5,+M, 3, (3.68)

(It - Ia )053653
M, =3¢} 0 (3.69)
(I, = 1)ei5¢x

Equations of motion become:

(i) 1&"+(,-1)&'w =M,

(i) I,o," +(, - 1)l =M,

(iii) L&l +(I, = 1) =M, (3.70)
Differentiation of the angular velocity can be calculated with the equation:

b
w" = 7‘55)“ +w" xw” (3.71)

Thus the derivation of the angular velocity of the satellite in stroboscopic frame is:

W'=w c,(V+w)s —w c,(V+w,)s, (3.72)
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substituting equations (3.67), (3.69) and (3.72) into equations (3.70), the nontrivial

components of the equation of motion are:
(i) k,Gench —chey) +(1+E)(1+V)cs, =0
(i) k,Beyely —enen) A +k)(1+0)e), =0 (3.73)
where k, =(I,—-1,)/1, and V=v/a,. These equations are satisfied in Thomson
equilibrium by considering R* as a unit matrix. For the Likins-Pringle equilibrium
multiply equation (3.73 i) by ¢/,, and (3.73 ii) by c;, and subtract to get:
k,c5, (e300 —¢y¢3,) =0 (3.74)
By using the relationships between the elements of R™ the expression in the
parentheses is equal to ¢;, (Appendix B). So the final form of the equilibrium conditions
shows that there are two types of Likins-Pringle equilibria conditions:
(1) ¢;=0; ¢,%#0
(i1) ¢ #20; ¢, =0 (3.75)
For the equation (3.75 i) the spin axis p, is normal to the vertical axis of the orbit
frame ¢, but not normal to the forward direction of the orbit frame¢,, so the spin axis

generates a hyperboloid in inertial space (Figure 3.3). However this condition is not the
interest of this study. On the other hand the equation (3.75 ii) implies that the spin axis is
normal to the forward direction but not to the vertical, and the spin axis produces a cone

in inertial space. The results for conical case can be obtained by solving equations (3.731)

and (3.73 ii) for ¢;; 20 and ¢;, =0.
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(1)

From Appendix B:

S — S S — S s s — s s : s —
C33 = C11Cy T €16y = (53 =0, since ¢ =0

b4 A R— N s _ .8 N S —_ .8 N 1 [ —
(11) €3, =c¢)65 —C¢\C = €3 =—c)C5y since ¢, =0 then

N
o = _Cxn
3=

s
11

Substituting (3.76 1) and (3.76 i1) into (3.73 1) yields:

c s s s .S AN
k, (3(_%)(011022) —Cyey) (k)1 +V)e;, =0

11
k,(—4c,c3) +(1+k )1 +V)e3, =0
From Appendix B:

: N — N S — N S S -_— N S : N
(1) €3 =¢yC3, — €505 = ¢y TCpcy since ¢, =0

b N —_— ) s s s N — ) N b ) —
(11) ¢, =CC3 —C5Chy = €, =Cypc;  since ¢, =0 then

S
s =%
23 p
31

Substituting (3.78 1) and (3.78 i1) into the equation (3.73 ii) yields:

CS s s s s AN S
k, (3£(_Cizcél) —cyen) T (1 +k)A+V)e, =0

S

31
k,(4cyc,)+(1+k)1+V)c), =0
As aresult, equations (3.77) and (3.79) become:
(i)  ci[—dk,cy, +(1+k)1+V)]=0

(i) efl-4k,es, +(1+k)(1+0)] =0
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Since c5, would be zero when both ¢/, and c;, are zero, these equations can only

be satisfied when the expression in the parenthesis is zero. The solution for these
equations is given by:

(A+k)1+V)

m (3.81)

L — [ — a0
¢, =0 ¢y, =cosP=
t

where @ is the constant rotation angle about the forward axis of the orbit frame.
The transformation between the stroboscopic frame F,and the orbital frame F,
1s:

R* =R, R, (D) (3.82)
where @ is the constant tilt of the spin axis about the forward direction of the orbit
frame and ) represents the three small angles which allow small attitude excursions
about the nominal motion. Therefore the transformation matrix between the stroboscopic

frame and the orbital frame is:

1 | 2 7| 0 0
R*=|-y, 1 Y, 1|0 cos® sin® (3.83)
v, -y, 1 0 —-sin® cos®

By using these relationships, the linearized equations of motion are given by
Hughes as [17]:
(i)  J—(+k)(w sin®)y, —(1+3k,)(w, cos®P)y, — 4k, (w, sin®)’y, =0
(1) V, t(@w,sm®P)p, =0

(iii)  J, +(1+3k )@ cosP)y, —3k,a’y, =0 (3.84)
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Because it is impossible to maintain the stability for the spin rate of spinning

satellite, this research is only concerned with the stability of the spin axis (i.e. y, and y;).
After integrating the second equation and substitution in the first equation, new equations
for the angles ), and y, can be found [17].

(i) =143k, )W, cos®)y, +(1=3k,)(w, sin®)’y, =0

(ii) p, +(1+3k,)w, cosP)y, —3k,w’y, =0 (3.85)

The characteristic equations for these two equations are:

(Lj +h (L] +b, =0 (3.86)
w. w,

b, =1+3k, +9k} =9k, (1+ kt)sin” ® (3.87)
b, = =3k, (1-3k,)sin’ @ (3.88)
The necessary and sufficient conditions for infinitesimal stability are:

b, >0

The regions in which these conditions are satisfied are shown in Figure 3.5. The
initial design of the TSS will be based on these stable regions from the rigid body

analysis.
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Figure 3.5 Stability Diagram for the Likins-Pringle Equilibria [17]
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3.2 Design of a Tethered Satellite System

The tethered satellite system which is the subject of this thesis consists of three
satellites at the corners of an equilateral triangle with the same mass, and two end bodies
at the opposite sides of this triangular plane. Satellites and end bodies masses are

considered as point masses. The tethered satellite system is shown in Figure 3.6

1. end body

2. end body

Figure 3.6 Design Of The tethered Satellite System

In Figure 3.6 mass of the satellites are given by m_ and the mass of the end bodies are
given by the termm, . D gives the distance between the satellites in equilateral plane, and

L is the distance between the two end bodies. Because of the axisymmetry of the
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formation, the center of mass of the system is on the triangular plane and at the center of

the this triangular plane. Position of the satellites and the end bodies with respect to the

center of mass of the system are:

(a) 75=[0 -2/2 ]
(b) 7= z/2 0
(¢) 7=|-D/2 0 DI
(d) 7= o -D/\3
(e) 7.=|p/2 0 DI2\3)| (3.89)
and the total inertias of the system is:
[=1,+1,+1 +1,+1, (3.90)

where the terms /,, and /, are the inertias of the end bodies, and the terms /,, /,, and

I, indicate the inertias of the satellites

m,L>  D’m, ]
5 + 5 0 0 I, 0 0
I= 0 Dzms 0 =10 1, O (3.91)
2 2
L 2 2]

where the axial and transverse inertias are /, and [, respectively. The variable £, is

defined as:

ko=e T (3.92)

3.24



Substituting in the inertias for the TSS yields:

2 2
d’m - m,L N d m,
r == 2 2
a m, L’ N d’m,
2 2

(3.93)

To analyze the parameter £, , it is possible to define non-dimensional variables:

and =" (3.94)

m

e

d=

~| S

Therefore equation (3.93), can be expressed as:

_md? -1

k=
md? +1

(3.95)

Figure shows the &, parameters for different values of d and parameters.

kt

0 0.1 oz 03 04 05 0B 07 08 09 1
oL

Figure 3.7 k, Values for Mass and Size Ratios
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The Likins-Pringle relative equilibria states that there is a constant rotation angle
about the forward direction (¢,) of the orbit. The spin axis of the satellite generates a
cone in inertial space [17], and the rotation angle about the forward direction gives the

half cone angle. The equation for the half cone angle is:

(1+k)1+V)

m (3.96)

N — -9
¢y, =cosP=
t

where: k, =—— and v = (3.97)

14

wc
Reference frames for this orientation and the half cone angle is shown in Figure 3.8.
Note that the spin axis of the formation is §,, so a half cone angle of 90° implies the

formation is aligned with the local vertical.

> | ¢1,8,

~
(o)
W

Figure 3.8 Reference Frames

3.26



To analyze the effects of the spin rate and the distance parameters of the TSS
design on the equilibrium position of the formation, equation (3.96) can be used. Figure

3.8 shows the half-cone angle for different L/D and spin ratios with constant mass ratio of

m, /m,=2.

110

105 -} -

100 F---f -}

95 -

Half Cone Angle

85 -

80
0

Figure 3.9 Half-Cone Angle for Different Spin Rates

In Figure 3.9 the half cone angle increases with increasing positive spin rate V or
decreasing size ratio L/ D . To obtain the equilibrium position of the tethered formation
at nadir direction the half-cone angle should be 90° deg, which is achievable with the spin

rate:

(3.97)

<
I
|

—
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According to equation (3.56), this spin rate implies that the satellite doesn’t spin
about its symmetry axis with respect to the stroboscopic frame. However a tethered
satellite system, which consists of distributed satellites must rotate about the symmetry
axis to rigidize the system and to obtain the stability. The spin rate about the symmetry

axis of the tethered formation with respect to the stroboscopic frame is:

n V+a,
v, = < (3.98)
a)C
Substituting V into the equation (3.98) yields:
V., =V +1 (3.99)

By using this relationship it can be seen that there is symmetry in the Figure 3.8
for the:

D=0 (3.100)

This result implies that positive spin rates about the symmetry axis l;z in the body
frame gives the half-cone angle greater than 90° degree and negative spin rates about the
symmetry axis Z;2 in the body frame gives the half-cone angle less than 90° degree.

The other way to get a half-cone angle closer to 90 degree is to increase the size
ratio of formation, which is denoted by L/D in Figure 3.9. Increasing the distance
between the two end bodies increases the ratio L/ D and causes to the half-cone angle to
approach 90°, which implies the spin axis is on the nadir direction.

To analyze the effects of all parameters of the TSS design, (spin rate, mass ratio

and the size ratio) on the equilibrium position of the formation on the orbit, non—

dimensional variables in equation 3.94 and equation 3.95 can be used. By using the non-
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dimensional variables k, and the spin rate V, the rotation angle about the forward orbit

direction is shown in Figure 3.10.

180
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140

N
N
o

Half Cone Angle

Figure 3.10 Half-Cone Angle for Conical Stability

For the Figure 3.10 there is symmetry for the half cone angle about the spin rate:
v=-1 (3.101)
As with the analysis before, this implies that the satellite does not spin with respect to
the stroboscopic frame. To design a tethered formation in the stability region, which has
the spin axis closer to the nadir direction, the spin rate should be as small as possible and

the variable £, must be negative and close to —1.
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IV.  Analysis and Results

To analyze the dynamics of the tethered satellite system, equations of motion for
each satellite are developed and solved numerically. In this chapter, forces on the
satellites and the end bodies will be determined. In this study, perturbation forces like
earth oblateness, gravity effect of sun or the gravity effect of moon are not considered.

To keep the tethered satellites at the desired positions with respect to the each
other, the system must rotate at some minimum rate. Parameters that affect the minimum
spin rate will be explained below.

Numerical solutions for the equations of motion will be explained using the
Likins-Pringle equilibria. The stability region will be presented where the tethered
satellite system is stable (by the definition of the stability used for this study). Specific
examples in this region will be explained in more detail. Stability of the systems for these
examples will be discussed and the parameters which have effects on the stability of the

systems will be explained.

4.1. Equations of Motion

The equation of motion for a satellite in a inverse square gravity field is [19]:

mit ==H (4.1)
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where 4 is the earth gravitational parameters, m is the mass of the satellite and 7 denotes

the position of the satellite from the center of the earth. However, due to the perturbing
forces transmitted to the satellites through the tethers, the motion of each satellite in a
tethered system is non-Keplerian. For a simple tethered satellite system, where the tether
is considered as a massless and extensible string, forces on the particles can be shown in

Figure 4.1 [18].

Figure 4.1 Three Satellites With Tethers

Three satellites, which are connected to each other with tethers are shown in
Figure 4.1. Their distances from the center of the earth are presented with 7, vectors.
There are two types of forces on each satellite, which are the gravitational force and the
tension force. Gravitational force depends on the distance of satellite from the center of
the earth, and tension force depends on the distance between satellites and the tether

length. Equations of motion for each satellite are:

4.2



m, 7 == HM g, T 42)
ad 2

my == HMp g Te g T 43)
|772| |r12 |V32|

my 7, == g g, I (4.4)
7| 7

where m; is the mass of the satellite and, T}, is the tension force between bodies i and

and:

n,=r,—r and 1, =r, - (4.5)

V..
The ﬁ terms show the direction of the tension force.
7.
ij

Magnitude of the tension force can be given by [7]:

T = EqF’_FI‘_l’/) if l’f<‘7‘_7f‘ (4.6)
' 0 i 1) [r-7 '

where E is the tether extension stiffness and /; is the unstretched tether length. It is

obvious that the tension force occurs only when the distance between the satellites is
greater than its initial value and there is no compressive force.

With these basic equations, equations of motion for the Tethered Satellite System
model, which consists of three satellites at the corners of an equilateral triangle and two
end bodies at opposite side of this plane, connected with massless and elastic tether to
each other can be presented. Figure 4.2 shows the orientation of the tethered satellite

system on orbit.
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4.2 Minimum Spin Rate For Stability

For a rigid satellite formation system, rotation of the system can be used for
attitude control. On the other hand, the tethered satellite system with flexible tethers must
rotate to keep the satellites in the formation at their nominal position with respect to each
other. The TSS considered for this study consists of three satellites and two end bodies.
The three satellites are placed on a triangular plane. With some simple analysis it is
possible to determine the minimum spin rate to keep the formation from collapsing.

The aim here is to keep the triangular plane of three satellites perpendicular to the
nadir direction as much as possible. It is not possible to keep the satellites on a planar
shape with a definite distance to each other without spinning. Minimum spin rate for the
tethered satellite system can be found by assuming the spin axis of the tethered system is
aligned with the nadir direction.

For the TSS model, the angular velocity of the system normal to the orbital plane

can be calculated from the orbital mean motion:
% (4.12)
The centrifugal force is:

F =mra) (4.13)
Thus for the TSS model the net force on the end bodies in the formation is:

F, =F,+F, (4.14)

net
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Figure 4.3 External Forces on the first end body

External forces on the first end body are presented in Figure 4.3, and by using the

distance of the end body from the center of the earth:

FIeb = (rc'm - L / 2) é\.3

(4.15)

where r, denotes the distance of the center of mass of the system from the center of the

earth. Gravitational force on the first end body is:

__Hm, _
- 5 Vent

F

gl —

rebl

where m, 1s the mass of the end body.
Substitute the equation (4.15) into the equation (4.16):

Fo=—— MM _1/2)e

o, L2

The centrifugal force on the particle is:

T = = 2
F'cle _merebl w,

(e

4.6

(4.16)

4.17)
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Substituting the equations (4.12) and (4.15) into the equation (4.18) the centrifugal force

on the end body is:

=m,(r,, ~L/2) £ ¢, (4.20)

cm

F.

cle

Thus the net external force is:

_netl :_L}(ch _L/2)63 +me(rcm _L/z)#c’\} (421)
(7., =L/2)| Ton
7_—'lSl
) T
Fnet
T,

183

Figure 4.4 Net Forces on The End Body

D/\3

L/2

Figure 4.5 Tension Force On A Tether

4.7



The total force on the first end body and the tension force on the tether are
presented in Figure 4.4 and Figure 4.5. For these figures 7, denotes the tension force
between the first end body and the satellite. L is the distance of the end body from the

center of the mass of the system and D is the distance of the satellites from the center of

mass. The angle between the symmetry axis and the tether is:

D/\3
/2

@ =arctan

(4.22)

Because of the axisymmetry of the TSS model tension force on the tethers
attached to the end body are approximately equal to each other in magnitude, so:

F, l=]_’ cosd (4.23)

netl 1si

[98)

Thus the tension force on the tether is:

T = I?netl 1

=l 4.24
Lsi 3 cos 0 ( )
where T, denotes the tension force on the tether between the first end body and the i th

satellite.
By using the same method for the second end body, which is at the opposite side of
the triangular plane, the total force can be calculated. Position of the second end body is:

’726b :(rcm + L/Z) é3 (425)

Gravitational force on the first end body is:

F,,==—=", (4.26)

Substituting the equation (4.25) into the equation (4.26):
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12,2 ?Ls(rm +L/2)¢, (4.27)
(r,, + L/2)|

The centrifugal force on the particle is:

Fo,=mF,y, & (4.28)

[& c

Substituting equations (4.12) and (4.25) into equation (4.28) the centrifugal force

on the end body is:

Fcle

=m,(r,, +L/2) £ ¢, (4.29)

cm

Thus the net external force is:

Fo,=-—tMe o wL12)e, +m,(r, +L12) Pt (4.30)

net2 (rcm +L/2)|3 r

the geometry is similar to the first end body, so the tension force on the tethers
between the second end body and the satellites are:
— _F., 1

— © net2

L= 4.31
2si 3 COSH ( )

The forces on the satellites, which are placed on the equilateral triangular plane,
are the tether tension forces, the centrifugal force due to the spinning of the formation,

and the gravitational force.

T]Si 4/(-\]_’2 y

\4

gzsi

Figure 4.6 Forces On The Satellites
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Where T, and T, denote the tension forces, F,_,denotes the component of the

gzsi

gravitational force in z direction and F,, denotes the centrifugal force on the satellites.

Here F,, is the centrifugal force due to the spinning of the satellite. The component of

the angular velocity due to the rotation of the formation around the earth is not included
in this analysis since it will vary depending upon the location of the satellites.
The total force on the satellite is:

= +7——;si + 7_—'2si + Ichi (432)

tot ~ * gzsi
The centrifugal force on the satellites due to the spinning around the axis

perpendicular to the triangular plane is:

Fo=m 2 (4.33)

csi s \/g K

where the term V_ denotes the spin rate about the axis perpendicular to the plane
with respect to the stroboscopic frame, and m_ is the mass of the satellites.
V,=V+a, (4.34)

To get the equilibrium spin rate, set F,, in equation (4.32) equal to zero and solve

fot

for v_:

b=

K m D gzi +7_ﬂ1si +]_-'2.w') (435)

This is the minimum spin rate to keep the tethers in tension. Figure 4.7 shows the

values of the v, for arange of L/D and m,/m,.
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Figure 4.7 Minimum Spin Rate For Stability

Figure 4.7 shows that the minimum spin rate increases with the mass ratio, which
is the ratio of the mass of the end body to the mass of the satellite for this figure. Also,
the minimum spin rate doesn’t depend on the distance between the end bodies. For the
mass ratio 0.5 the minimum spin rate is approximately the V2 times greater than the

nominal motion &, .
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4.3 Simulation Results

The possibility of using Likins-Pringle relative equilibria for the design of the
tethered satellite formation is demonstrated using numerical simulation. The equations of
motion have been solved numerically because of their complexity.

The example provided here is a tethered satellite formation in a circular orbit with
a radius of 8000 km. The formation is shown in Figure 4.8. Tether extension stiffness is

assumed as 10° and constant for all simulations.
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Figure 4.8 Reference Tethered Formation in the Body Frame
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The formations parameters are:

m, =m,, =m,,=m =200kg (Mass of the satellites)
Mgt = Mopogy =M, =100kg (Mass of the end bodies)
L =80km (distance between two end bodies)
D =10km (distance between satellites)
w, = 4 (nominal motion of the tethered formation)
rcm
vV, =2%w, (spin rate with respect to the stroboscopic frame)

Transverse and axial inertias of the formation are:

2 2
] _m.L +D m

, = =330,000
2

I,=D’m_ =20,000
Substituting the spin rateV_ into equation (4.34):

V=V, -, = 3%,

c

Then the spin ratio is:

The inertia ratio £, is:

k, =——1=-0.9394

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

For the equilibrium position of the tethered formation the half cone angle is:

(I+k)A+V)

O} :arccos( j:88.1514 deg

t

4.13

(4.41)



The angle between the spin axis and the nadir direction is:
90 - @ =1.8486
Figure 4.9 shows the orientation of the reference tethered formation in the orbital frame

with an angle of 1.8486 degree between the spin axis and the nadir direction.

cl

Figure 4.9 Tethered formation on the Orbital frame

With this orientation the satellites follow a circular path because of the formation
spin, and the projection of the satellites on the Earth surface will be approximately a
circle. Figure 4.10 shows the satellites and end bodies during 60 orbits in the orbital
frame and Figure 4.11 shows the formation on the s;-s; plane of the stroboscopic frame.
Tethers between the satellites and the end bodies are not shown to simplify the figure.
Simulation results of this configuration show that the tethered formation is stable up to 60

orbits. After 60 orbits the satellites in the formation depart from their initial position.
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Figure 4.10 Formation During 60 Orbits in Orbital Frame
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Figure 4.11 Positions of the Satellites and the End Bodies

in the Stroboscopic Frame
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4.4. Analysis of the Design Parameters
In this section the parameters that affect the stability of the tethered formation will
be investigated. Stability of the tethered formation is affected by:
Spin rate of the formation
Mass ratio

Size of the formation

4.4.1. Spin Rate

Spin rate of the tethered formation changes the rotation angle, ®, about the ¢,

axis. Increasing spin rate would decrease the rotation angle and the tethered formation
will be less stable. Effects of the spin rate on the stability of the formation are
investigated here for a different spin rate. The same mass and the size ratio of the
reference configuration have been used.

For the spin rate vV, = -3* «_, half cone angle will be ® =87.2265. This spin rate

is higher than the spin rate, which is presented as a reference in the previous section. This
configuration of the tethered formation is not stable for long period of time, and after the
second orbit tethered formation begins to depart from the desired configuration. Figure
4.12 shows the positions of the satellites and the end bodies after the second orbit in
orbital frame. Figure 4.13 shows the positions of the satellites and the end bodies in the
stroboscopic frame for the same orbits.

This simulation demonstrates that the stability of the tethered formation decreases

with the increasing spin rate with respect to the stroboscopic frame.
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Figure 4.12 Positions of the Satellites and the End Bodies in
The Orbital Frame for Higher Spin Rate
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Figure 4.13 Positions of the Satellites and the End Bodies in
The Stroboscopic Frame for Higher Spin Rate
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For this configuration, satellites and the end bodies begin to depart from the initial
position in the second orbit and for long period this deviation will be worse. This
behavior of the tethered formation can be explained by the reduced half cone angle. The
formation spin axis is farther from the nadir direction, so gravity gradient torques
destabilize the system. Figure 4.14 shows the configuration of the tethered formation

after 10 orbits.
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Figure 4.14 Tethered Formation with Higher Spin Rate
After 10 Orbits in Body Frame
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4.4.2 Mass Ratio

The mass ratio of the tethered formation changes the minimum spin rate of the

configurations and the inertia ratio, k,. Different values for k, cause a different half cone

angle and orientation on the orbit. Effects of the mass ratio on the stability of the
formation are investigated here for a different mass ratio. The same spin rate and the size
ratio of the reference configuration have been used.

For the mass ratio m /m, =3, half cone angle will be ® =87.1810. This mass
ratio of m_/m, is higher than the mass ratio, which is presented as a reference in the

previous section. The tethered configuration is not stable for long period of time. After
the fifth orbit, the tethered formation begins to depart from the desired configuration.
Figure 4.15 shows the positions of the satellites and the end bodies during eighth orbit in
orbital frame. Figure 4.16 shows the positions of the satellites and the end bodies in
stroboscopic frame.

This simulation demonstrates that the stability of the tethered formation

decreases with the increasing mass ratio between the satellites and the end bodies.
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The Stroboscopic Frame for Higher Mass Ratio
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Figure 4.17 shows the tethered satellite formation configuration after 10 orbits.
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Figure 4.17 Tethered Formation with Higher Mass Ratio
After 20 Orbits in Body Frame

4.4.3. Size of the Formation

The size ratio of the tethered formation changes the value of the inertia ratio, k,.
Different values for k, will cause a different half cone angle and orientation in the orbit.

Effects of the size ratio on the stability of the formation are investigated here for a
different size ratio. The same spin rate and the mass ratio of the reference configuration

have been used.
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For the size ratio L/D=9, half cone angle will be ® =88.5493. This size ratio of
L/D is higher than the size ratio, which is presented as a reference in the previous section.
Figure 4.18 shows the positions of the satellites and the end bodies for three orbits
between the 65 and the 68 orbits in the orbital frame. Figure 4.19 shows the positions of
the satellites and the end bodies in the stroboscopic frame for the same orbits. After 68
orbits the shape of the formation begins to deform. This simulation demonstrates that the
half cone angle increases with increasing size ratio and the angle between the spin axis
and the nadir direction decreases with higher size ratio. Therefore increasing the size ratio

increases the stability of the tethered formation.
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Figure 4.18 Positions of the Satellites and the End Bodies in the
Orbital Frame for Higher Size Ratio
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Figure 4.19 Positions of the Satellites and the End Bodies in the
Stroboscopic Frame for Higher Size Ratio

Figure 4.20 shows the tethered satellite formation configuration after 80 orbits.

Figure 4.20 Tethered Formation with Higher Size Ratio
After 80 Orbits in Body Frame
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4.5 Stable Configurations

Simulation results show that the stability period of the tethered satellite formation
depends on the configuration of the system. The half cone angle, which is the result of the
design parameters, determines the stability of the tethered formation. Because of the
gravity gradient force, configurations, which have the spin axis closer to the nadir
direction, are more stable than the other configurations. The tethered formation which has
the spin axis aligned with the nadir direction would be stable for very long time.
However, to maintain such configuration is not possible for the non-rigid tethered
satellite formation because of the minimum spin rate constraint.

Analysis shows that the stability decreases dramatically for the tethered formation
configurations which have a half cone angle smaller than 88 degrees. Because of this a
simulation has been set up to find the stable configurations with a minimum 88 degrees
half cone angle; that is, the maximum deviation of the spin axis from the nadir direction
is allowed to be 2 degrees. Figure 4.21 shows the stable configurations of tethered
satellite formation with the half cone angle between 88°and 90° degrees for the spin rate
with respect to the stroboscopic frame on the order of the orbital rate, which is:

v+,
w

c

v =

s

(4.42)

and the size ratio of L/D in the range between 6 and 15. This plot supports the
conclusions of the previous sections. The stability increases with larger L/D and lower

spin rates (up to the minimum spin rate).
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V. Conclusions and Recommendations

Likins-Pringle relative equilibrium has been analyzed for the possibility of using
this equilibrium to find the stable configurations of the tethered formation about near-
nadir directions. Since the application of the tethered formation is Earth surveillance and
sensing, the system was designed so the sub satellites are widely distributed about the
nadir directions. Two end bodies, which are placed at the opposite side of the triangular
plane help for the system stability by using the gravity gradient force.

Stability of the tethered satellite system depends on several design parameters.
Obtaining a stable tethered satellite formation with a spin axis perfectly aligned with the
nadir direction is not possible. However it is possible to obtain a stable formation system,
which has an angle between the spin axis and the nadir direction from very small values
to about 2 degrees.

For this study the tethers between the satellites and the end bodies are considered
as massless, extensible tethers. For the future study, the tethers should be modeled with
one of the discritization methods to more accurately model the flexible nature of the
tethers.

For this study the effects of the air drag, moon’s gravitational force or the
gravitational force of the sun are not considered. For the future study about the tethered
satellite formation these perturbation forces should be taken into account and the effects

of these forces on the stability of the tethered formation should be demonstrated.
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Appendix A

Linearized Solution of the Equations of Motion

Equations of motion in the linearized form:

(i) a,+(-k)va, +kv’a, +3w’k,(a,c+a,s)c =0

(ii) a,=0
(iii) &, —(1—k,)va, +kv’a, +3w’k,(a,c+a,s)s =0 (A.1)
where,
s =sin(V + @, )t c=cos(V+a,)t w, = % and
1, -1
k, = “1 ! (A.2)

The linearized equations of motion include time variable coefficient because of
the nominal motion of the satellite and the reference spin rate. It is possible to simplify
these equations by transforming them to a new set of coordinates that will eliminate the

periodic coefficients. The new parameters are defined as [17]:

(1) y@ =a(t)cos(V+aw, )t +a,(t)sin(V+a,)t

(ii)  y,(0=a,()

(i) yy()2 —a,(6)sin(v + @, )t +a, (t)cos(V + &, )t (A.3)



Equation (A.1 1) implies that the satellite is unstable about the spin axis. Thus for

the stability about the other two axis the equations of motion can be written in matrix

{1 0}[6’7’1} { 0 (l—kt)v}{d]}
+ +
0 1|la,| |-0-k)v 0 a,

3aw’k,c’ + kv’ 3wk, sc a | |0
3wk, sc 3w'k,s® +kv?||la,] |0

And the new set of coordinates:

MR "

Inverting and taking derivatives of this equation gives a,,a,,d,, a,,d,,d, in

form as:

(A.4)

terms of the new set of coordinates y,,V;,V,, Vs,V Vs:

HERWIA

By taking the derivative of the equation (A.6):
a, s 1Y ¢ sl

P=V+a,) (A.8)

where,

And the second derivative of this equation is:

1o e e € 4 S A 14
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By adding the similar terms:
a, s ooc lh IR E -s Tc]lV;
. . . al dl ﬁl . . .
Substituting the equations for, a | P into the equations of motion

yields:

e e e

3w’k,c’ +kVv? 3wk, sc c =s|{n|_1|0 (A.10)
3wk, sc 3a’k,s* +kvi||s ¢ |lys] |0 '

Note that:

L TR e
-s cl||l ¢ -s ¢’ +s? 0 1 0
-s —c| _|c —s||0 -1 A1
c -s| s c|l1 o0 (A.12)

Substituting the equation (A.12) into the equation (A.10):
B 4 4 e e g
s c v 1 0|y, |2 -(1-k)v 0 |2
0 -1 0 1-k ’ z 0
) A=k iy |, | 3wk +kv 02 Vil (A13)
1 0 |-(-k)w 0 Vs 0 kv |V 0

Thus:
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Simplifying the equation (A.13):

c - 1% N 0 —2p+(-k)| Yy N
s C Vs 2p—(1-k,) 0 Vs

_ 2 _ 2 0
p-+p(l—k,)v+3wk, +kyv 2 0 2 Vil (A.14)
0 4 +p(1_kt)V+ktV y3 0

Since:

c -5
det[ } =120 (A.15)
S C

The term in the parenthesis in the equation (A.14) must be equal to zero to satisfy

the equation:

HVH 0 —2p+(1—k,)v}{yl} N
,V3 2p—(1_kt) 0 }73

— 2 - 2 0
p - +pd-k)V+3wk, +kv 2 0 2 Vil (A.15)
0 —p tp(-k)W+kv |V, 0

Substituting the equation (A.8) into the equation (A.15):
pP=(V+a,)
Elements of the equation become:

—2p+(I-kW=-2v+a)+(1-k )W

(A.16)
=-V+2w, +k,V)
2p—-(1-kw=2(w+aw,)-(1-k,)v
p=(=kW=2v+e)=(1-k) AL
=v+2w, +kVv
_p2+p(1_kt)|/+3wc2kt+ktV:_(V+wc)2+(V+wc)(1_kt)|/+3wc2kt+ktv
= —Vw, - - kVw, + 3k’ A.18)
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—p +p(-k )V +kV =-(V+w) +(V+w)1 -k )V +ky?
=—vw, - —k Vo, (A.19)
=_(ktva)c +wc(V+a)c))

Substitute the equations (A.16) through (A.19) into the equation (A.15), equation

of motion in the matrix form becomes:

1% N 0 -(V+2w. +kV) ||V N
A V+2w, +kyVv) 0 Y,

(A.20)
k(Qw —vw,)-w,(V+w,) 0 vi|_[o
O _(ktvwc +wc(V+wc)) y3 O
Finally the equations of motion can be written as:
(i) -(+2w, +kv)y, +(k Gw —vw,) —@.(v +,))y, =0
(i) /=0
(ifi)  Jy +(v+20, +kV)Y, == (k Ve, + 6, (v +6,))y, =0 (A21)
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Appendix B

Rotation Matrix

All vectors represented by their components with respect to the reference frame.
This representation is relative to the selected reference frame, and it is possible to write
the same vector with respect to another reference frame. To write the vector in another
reference frame, transformation is used between these reference frames. Rotation matrix
gives the transformation of any reference frame to another. Elements of the rotation
matrix show the relationship between the axes of two reference frames, and they are the
cosine of the angles between each axes of the reference frames. Because of this, rotation

matrix is also called as the direction cosine matrix [18].

a,b,
A
r
| ¥ .
bZ
53
> 4
o,
a, X
b,

Figure B.1 Rotation of the Reference Frame
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=a

= rady F 1,0, Y150, (B.1)
The term 7“ is the representation of 7 vector in F, frame.

Fl= rblel +rb2[;2 +rb3[;3 (B.2)
The term 7" is the representation of 7 vector in F, frame. Transformation between the

F frame and F, frame can be shown by using the rotation matrix:

F, =R"™F, where R"is the rotation matrix R™ =|c,, c,, Cu (B.3)

b, €1 Cn Cp a,
by |=|¢cy ¢y Cyn||a, (B.4)
b, Gy Cxnp Ca3| | G3

From the equation above, the relation between these two frames F, and F, can be

written for each l;l , 132 and 133 [17]:

A

(1) b, =¢a, +cpa, +ca,

A

(ii) b, =cya, +cpa, +cya,

A

(iii) by =cyd, +Cyd, +cyd (B.5)

By using the cross product rule equations for the relation between the axis can be

written:
a, x a, = a, a, x a, = a, a, xa, =a, (B.6)

b x Z;Z = 53 b, x 53 :Z;l b, xb = l;z (B.7)

From the equations (B.5):
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A

b, = (c,a, +cpa, +cya;) x (cy,a, +c5,a, +c5545)

A

by = (€yCs3 = Cp3C3,)A; F(Cp3C5) =€y C33)A, +(Cp C3y = CpyC5 )5 (B.8)

A

b2:33x5

A

b, = (c;a, +cya, tegay) x (¢4, tepa, te;a;)

A~

b, =(C5,€15 = C33¢1,)a; +(C35¢), = C5,013)a, +(C3,¢,, —C350),)ds (B.9)
b,=b, x b,
by = (c,a, *+cp,a, +Cl3&3) x (¢ya, +cpa, +C23d3)

A

by = (c,Cy3 = €15C5 ), +(€15C5 =€1€23)ay F(C)1C5y = €15C4,)a,5 (B.10)
With the equations above, nine relationships between the elements of rotation

matrix can be defined [17]:

Cli = CpC33 —CxCy Cy1 = C3Ci3 ~C3Cyy
Cip = Cp3C3 ~CyC3 Cy = C33C) ~C3,Cp5
Ci3 = Cy1Cqp T CyuCy (B.11) Cy3 = C31Cpp ~C3,Cy (B.12)

C31 = C1pCa3 T C13Cp
C3p = C13C ~CpiCas

C33 = €€y T €1y (B.13)
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