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ABSTRACT
NONNEGATIVE MATRICES WITH PRESCRIBED SPECTRA

Patricia D. Egleston

Nonnegative matrices are rectangular arrays of nonnegative real numbers. Non-
negative matrices are prevalent in many areas of study. Statistics, Economics, and
Chemistry are examples of disciplines that use nonnegative matrices. In this disserta-
tion we examined and prod;lced new results on nonnegative matrices with prescribed
spectra. This problem is called the nonnegative inverse eigenvalue problem (NIEP).
The NIEP asks which lists of n complex numbers occur as the spectrum of an n x 1,
entry-wise nonnegative matrix. A recent paper by Leal-Duarte and Johnson stated,
“this problem has attracted considerable attention over 50 years and, despite many
exciting partial results, remains quite unresolved.” In this dissertation we solved the
NIEP for certain lists of four complex numbers.

Since the general NIEP is difficult to resolve, two natﬁral variations were consid-
ered. The real nonnegative inverse eigenvalue problem (RNIEP) asks which lists of n
real numbers occur as the spectrum of a nonnegative n x n matrix. The symmetric

nonnegative inverse eigenvalue problem (SNIEP) asks which lists of n real numbers
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oécur as the spectrum of a nonnegative n x n matrix. The symmetric nonnegative
inverse eigenvalue problem (SNIEP) asks which lists of n real numbers occur as the
spectrum of a symmetric nonnegative n x n matrix. We resolved the SNIEP in most
of the cases for lists of five real numbers and lists of six real numbers. In a paper
by Johnson, Laffey, and Loewy, it was shown that the RNIEP and the SNIEP are
different problems. We have shown that the smallest list size in which the RNIEP
and the SNIEP are different is five.

A matrix A = [a;;] is said fo be subordinate to a given graph G if whenever vertex
v; and v; are not adjacent then entry a;; = 0. We resolved some cases of the NIEP
where the realizing nonnegative matrix was subordinate to a bipartite graph.

In conclusion, the results in this dissertation have taken us several steps closer to

the resolution of one of the outstanding problems in matrix theory.
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CHAPTER 1

Introduction

We will be studying the nonnegative inverse eigenvalue problem (NIEP). The
NIEP is to determine necessary and sufficient conditions for a list of 7 complex
numbers to be the spectrum of a nonnegative n x n matrix. While this problem is
simple and very easy to understand, it remains unsolved. This problem has been the
subject of much study over the last 50 years giving various partial solutions. In this
dissertation we resolve some of the special cases of the NIEP.

The next seven chapters of this dissertation present a potpourri of results. Because
of the diversity of material presented, we dedicate Chapters 2, 3, and 5 to presenting
background information regarding the subproblems for which we have new results.
We present our new results in Chapters 4, 6, 7, and 8.

We begin with a discussion of nonnegative matrices with various known pertinent
res"ults and theorems in Chapter 2. In Chapter 3, we examine the development of the
NIEP. In this chapter we give the results of Suleimanova, Perfect, Loewy, and London
regarding their solutions to subproblems of the NIEP. Here we see the solutions to the
9 x 2 and 3 x 3 NIEP as well as the trace zero solutions to a list of four or five complex
numbers. We then examine the history of the real and symmetric nonnegative inverse

eigenvalue problems in Chapter 5. Here we have the results of Johnson et.al. regarding
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the difference between the two problems. We present the sufficient conditions of
Salzmann, Kellogg, Fiedler, Borobia, and Radwan regarding the real nonnegative
inverse eigenvalue problem (RNIEP) or the symmetric nonnegative inverse eigenvalue
problem (SNIEP), and conclude with a brief discussion on the Soules construction of
a symmetric nonnegative matrix.

We present new results in Chapters 4, 6, 7, and 8. In Chapter 4, we present the
partial solution to the NEIP in regard to a list of four complex numbers with nonzero
trace with our main result in Theorem 14. Chapter 6 contains the analysis of a list of
five real nﬁmbers and shows that this is the smallest list in which the two problems,
the RNIEP and SNIEP, are different. This is presented in Corollary 4. In Chapter 7,
we analyze the list of six real numbers relative to the RNIEP and SNIEP and resolve
many cases. Finally, the last chapter of results, Chaﬁter 8, contains a partial solution
to the question of when a list of complex numbers that sums to zero is the spectrum

of a nonnegative matrix subordinate to a bipartite graph.



CHAPTER 2

Nonnegative Matrices

Nonnegative matrices are used in many areas of pure and applied mathematics.
Numerical analysis, statistics, molecular chemistry, and economics are examples of
areas where nonnegative matrices appear. For instance, the Leontief input-output
matrix in economics is a nonnegative matrix. In combinatorics, the adjacency matrix
of a graph is nonnegative. A matrix where each entry represents the probability of
occurrence is nonnegati\}e.

Throughout this dissertation we will restrict our attention to the matrices that are
square with real or complex entries. We will define a matrix A to be a nonnegative
matriz if every entry of A is real and nonnegative, and a matrix A to be a positive
matriz if every entry of A is real and positive. We will denote a nonnegative matrix
Aby A > 0 and a positive matrix A by A > 0. An order relation between two real
métrices, A and B, will be defined as follows. We write A>Bif A—B > 0and
A> Bif A— B > 0. Furthermore, given A = [a;;], we define |A| to be the matrix
containing the absolute values of the entries of A. T hat is, |A| = [|ai;|]. Note that
for any A, |A| 2 0.

The notation M, will denote the set of all n x n matrices with complex entries.

Given a matrix A € M, and z € C™, we consider solutions to the equation Az = Az,

3



where r # 0 and ) is a complex number. If a number ) and a nonzero vector z satisfy
this equation, then X is called an eigenvalue of A and z is called an eigenvector of A
associated with A. Notice that the collection of eigenvectors associated with A and the
zero vector form a subspace of C" called the eigenspace of A. Associated with the
matrix A is an nt* degree polynomial p(\) = det(A — A). The eigenvalues of A may
also be defined as the n roots of the polynomial p (A). We call this polynomial the
cﬁamcterz’stic polynomial of A. The set of eigenvalues of A is called the spectrum of
A and is denoted o(A). The spectral radius of A, denoted p(A), is the noﬂnegative
real number defined by p (4) = maz{|A|: X € o (A)}. |

In this dissertation we will use the following vector norms on C™.
1. the sum norm or l; norm on C™ given by ||z|l; = |z1] + -+ + |Znl,

9. the maz norm or lo, norm on C™ given by ||z||e = maz{|z1|,. .., ||}, and

N

3. the Euclidean norm or lp norm on C™ given by ||zll2 = (i |zi*) 2.

The unit ball {z : ||z|| < 1} of C™ is compact in any of the vector norms.
Associated with each vector norm on C™ is a natural matrix norm on M, that is
induced by the vector norm as foliows. Define || - || on M, by ||A]| = maz)z=1lAz||.
One such norm is the spectral norm or the operator norm induced by the Euclidean
norm on C™. This spectral norm is denoted ||A||l2 and is equivalently defined as
Alle = maz{VA: X € o (4*A)}. Tt is known that for any matrix norm || 4| > p (4)

and the spectral radius formula is given by p (A) = kli}n;.o IlAkH%.




When investigating the spectrum of a given matrix, it is often useful to find
special properties of the spectrum without finding all the eigenvalues. Note that for

the following real matrix

B =

then the spectrum o (B) = {—2, —3} is real and negative. In neither case does the
spectral radius p(A) = 1 and o (B) = 3 belong to the respective spectrum.

Considering the fact that real matrices may have only complex eigenvalues or only
nonpositive eigenvalues, it is remarkable to note that a nonnegative matrix must have
at least one positive eigenvalue. More precisely, the spectral radius of a nonnegative
matrix must be an eigenvalue.

We begin the discussion of nonnegative matrices with the result of O. Perron [26].
In_ 1907, Perron studied positive square matrices. He found that a positive square
matrix always has its spectral radius as an element of the spectrum. Therefore we
call the spectral radius of a positive or nonnegative matrix A the Perron root. An
eigenvector associated with the Perron root is called the Perron vector. The following

due to Perron [26] states the conditions on both the Perron root and the Perron vector.




Theorem 1 (Perron’s Theorem). [11] If A € M, and A >0, then
1. p(A) >0
2. p(A) is an eigenvalue of A;
3. there is an z € C™ with z > 0 and Az = p(A) z;
4. p(A) is an algebraically (and hence geometrically) simple eigenvalue of A;

5. |\ < p(A) for every eigenvalue A # p (A), that is, p (A) is the unique eigenvalue

of mazimum modulus.

Notice that in addition to the Perron root being an element of the spectrum, both
the Perron root and the Perron vector of a positive matrix must be positive.

G. Frobenius extended many of Perron’s results to irreducible, nonnegative ma-
trices. Recall that a matrix, A, is said to be reducible if there exists a permutation

matrix P € M, such that

B C
PTAP =

0 D

where B and D are square matrices and 0 is a zero matrix. An irreducible matriz is
therefore a matrix which is not reducible. Frobenius [9] proved that for an irreducible,
nonnegative matrix, A, p (A) is positive and belongs to the spectrum of A. Frobenius
also proved that the Perron vector remains positive. All of these results are given in

the following theorem called the Perron-Frobenius Theorem.




Theorem 2 (Perron-Frobenius Theorem). [11] Let A € My and suppose that A

is irreducible and nonnegative. Then
1. p(A) >0,
2. p(A) is an eigenvalue of A;
9. there is an © € C™ with © > 0 such that Az = p(A) z; and
4. p(A) is an algebraically (and hence geometrically) simple eigenvalue of A.
The result (5) of Perron’s Theorem is no longer true when A>0 When A2>0
and irreducible we have the following result.

Theorem 3. [11] Let A € M,,. Suppose A is nonnegative and irreducible and suppose
the set S = {\1 = p(A), Xa, ..., A} of eigenvalues of mazimum modulus p (A) has
ezactly k distinct elements. Then each eigenvalue \; € S has algebraic multiplicity

2nit

one, and S = {e7* p(A):t=0,1,...,k— 1}. Moreover if A is any eigenvalue of A,

then eZ5* X is an eigenvalue for allt=0,1,...,k— L.

" Notice that the necessary requirements, (1) the Perron root being positive and
belonging to the spectrum and (2) the Perron vector being positive, are maintained
as in Perron’s Theorem but now the matrix no longer must be strictly positive. This
raises a natural question. Can we remove the irreducibility condition from the Perron-

Frobenius Theorem? In order to investigate this question, we will need Theorem 4.



Theorem 4. [11] Let A, B € M,. If |A| < B, then

p(A) < p(|A]) < p(B). In particular if 0 < A < B, then p(A) < p(B).

Proof. For every m = 1,2,... we have |[A™| < |A|™ < B™. Hence for the spectral
norm, ||A™||, < || |A|™ l|l2 < |B™|}s for all m = 1,2,.... By using the spectral radius
formula we deduce that p(4) < p(JA]) < p(B). If 0 < A < B, then p(4) <

p(B). O

In the Perron-Frobenius Theorem, the requirement of the matrix A being irre-
ducible as well as nonnegative led to the necessary condition that the Perron vector
is positive. When the matrix A is just nonnegative, the condition becomes that the
Perron vector is nonnegative. The condition that p (A) be an element of the spectrum

still holds true. These facts are proved in Theorem 5.

Theorem 5. [11] If A € M, and A > 0, then p(A) is an eigenvalue of A and there

is a nonnegative vector > 0, = # 0, such that Az = p(A)z

Proof. Let € > 0. Define A(e) = [a;; + €] > 0. Let  (¢) represent the Perron vector
of A (¢) such that z (¢) > 0 and Y z (¢); = 1. As the set of vectors {z (¢): € >0} is
i=1

contained in the compact set {z : £ € C™,||z||, < 1}, there is a monotone decreasing
sequence €1, €g,... with limeg = 0 such that limz (ex) = = exists. Since z (gx) > 0
k—o0 k—»00

for all k = 1, 2, ..., it must be that z zklima: (ex) = 0. Note, z = 0 is impossible
since }:xz = hm Z (ex); = 1. By Theorem 4, we have p (A (ex)) = p(A(er41)) 2

—1 k—o00 i=1

> p(A)forallk =1,2,.... So the sequence of real numbers {p(A(ek))tro12.. 1



a monotone decreasing sequence. Therefore p = klim p (A (ex)) exists and p = p (A).
—00
Now because Az = klglgoA (ex) (k) = klim p(A(er)) z (ex) = pz and z # 0, it follows
: )

that p is an eigenvalue of A so p < p(A). Thus p=p (A). O

The following result will be used in Chapters 4 and 8. We state it here for reference.

Define a matrix B as follows

0 Big 0 -+ 0 T
0 0 Bags 0
B =
0 0 0  Bk-1k
LBk’l o -~ 0 0 ]
where the block Bj ;i1 18 nj X nj41 forj=1,...,k—1and Bi1 is np x my to be in

super diagonal form [22]. This form has a special relationship with its eigenvalues

as Theorem 6 shows.

Theorem 6. [22] Let A be an n x n compler matriz in super diagonal form and
suppose that wi, ...,wn are the nonzero eigenvalues of the product AygAsz- - Ak
The spectrum of A consists of the n — km zeros and the km k™ roots of the numbers

Wiy« o yWm-

The discoveries of Perron and Frobenius have given some powerful necessary con-
ditions in the study of nonnegative matrices. The spectrum of a nonnegative matrix
must contain the Perron root which is positive in all cases except the zero matrix

where it is zero, and the Perron vector must be nonnegative. For example we can

9



deduce that a list of negative numbers will never be the spectrum of any nonnegative

matrix. This is because the Perron root is not part of the set. So addressing the

special properties of nonnegative matrices has become a source of interesting mathe-

matical problems, we will explore some of these ideas in the remaining chapters.
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CHAPTER 3

Nonnegative Inverse Eigenvalue Problem

3.1 Beginning of the Nonnegative Inverse Eigenvalue Problem

Tn 1938 Kolmogorov asked when is a given complex number an eigenvalue of a
nonnegative matrix. When there is no restriction on the order of the matrix, then
any complex number is an eigenvalue of some nonnegative matrix. A simple solution
comes from Minc [22]: if @+ B3, where a and 8 are any real numbers, is the complex

number in question, then the circulant matrix

- E
lof 18] 0 0
0 lef 8] O
Ao, B) =
0 0 |of |6
181 0 0 lal
will have |o & |8] and |a| £ |8|i as eigenvalues. Now let B (o, B) be the 8 x 8 matrix
0  Axh)
B(a, ) =
Ao, B) 0

Theorem 6 shows that the eigenvalues of B (a, 8) are % |e| & |8] and = la| £ |8} 1.
Note that one of the last four eigenvalues is the given a + Bi.

It can be easily shown that a single complex number with imaginary part not
equal to zero cannot be an eigenvalue of nonnegative matrices of order 1 or order 2.

11




In the case of an order 1 nonnegative matrix, there is exactly one eigenvalue, namely
the Perron root. Since any complex root of a characteristic polynomial with real
coefficients must occur with its conjugate pair, in the case of an order 2 nonnegative
matrix we know that if one root is complex then so is the second. But one root
must be the real Perron root and so the second must be real also, thereby eliminating
the possibility of a corﬁplex root. Therefore, the smallest dimension for which a
complex number with nonzero imaginary part can be an element of the spectrum of
a nonnegative matrix is n = 3. The general problem as set above by Kolmogorov
without any restriction on the matrix thus has a complete solution. To extend this
problem it becomes necessary to restrict the question to certain classes of nonnegative
matrices: e.g. stochastic matrices, doubly stochastic matrices, nonnegative circulants.
Recall that a stochastic matriz is a nonnegative matrix with all row sums equal to
one, and a doubly stochastic matriz is a stochastic matrix with the added restriction
that all column sums equal one. History credits Dmitriev and Dynkin [5, 6] for partial
resulfs in the case of stochastic matrices and Karpelevich [14] for completely solving

it.

3.2 Growth of the Nonnegative Inverse Eigenvalue Problem

In 1949 Suleimanova [32] extended Kolmogorov’s question to what is now called
the nonnegative inverse eigenvalue problem (NIEP). The NIEP is to determine neces-
sary and sufficient conditions for a list of n complez numbers to be the spectrum of a

nonnegative n X n matriz. Suleimanova answered this question when the list of length

12



n consists of only real numbers where exactly one number is positive. Suleimanova’s
sufficient condition for o = {A;, A, ..., An} where Ay > 02 Ap 2 -+ 2 An to be the
spectrum of a nonnegative matrix is that il)\j > 0. We will prove Suleimanova’s
_ iz
result in Chapter 5. But note for now that this result can be extended to any list
of real numbers o = {1, A2, A3, .- y An} such that A; + ,\Zo Aj = 0. Here the Perron
i<

root dominates the sum of all the negative numbers. This extension is due to Perfect

and is discussed further in Chapter 5.

3.3 Necessary Conditions for the NIEP

If a matrix A is nonnegative then its trace must be nonnegative. Since powers
of A are nonnegative so are their traces. This necessary condition is described as
follows: Let A be an n x n nonnegative matrix. Suppose o = {A1y.--, A} is the list
of eigenvalues (repeats included) of A. Then define the k** moment s; = Xn: M=

=1

trace (A*) for k = 1, 2, .... The necessary condition can be stated as s = 0 for
k=1,2,....

Since the characteristic polynomial of a nonnegative matrix has only real coeffi-
ciénts, the complex eigenvalues must occur in conjugate pairs. This is indicated by
the necessary condition & = o where & = {A1,..., An}-

The third cdndition due to Johnson, Loewy and London is described in the fol-
lowing theorem. The condition appeared first in Loewy and London [20]. Johnson
independently found the condition in [12]. We will henceforth call this necessary -

condition the JLL condition.
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Theorem 7. [20] Leto = {A1, Ag, -+, A} be the set of eigenvalues of a nonnegative

n x n matriz A = [a;;]. Then si* < ™ s for kym =1, 2, ...

“Proof. Consider the diagonal matrix D = diag (a1, a2, Q33 -+, ann) and let A =
C + D. Since A is nonnegative so are C and D. It follows that A™ — C™ — D™ for
m =1, 2, ... is nonnegative too. This gives trace (A™) > trace (C™) + trace (D™) =
trace (C™) + znjl af}.

_ . m
Then by Holder’s inequality we have, <Z aii> < n™ 1Y a7, Therefore,
i=1 i

trace (A™) = Sm,

n
> trace (C™) + z aly

=1

s, > n™ Mrace (C™) + 0™ E al

n m
> n™ race (C™) + (Z aii>
= n™ Yrace (C™) + (s1)™
Which results in n” s, — s™ > n™ trace (C™). But since trace (c™ 20
this implies n™ 's,, — s7 > 0 which then gives nmls, > sP for m=1, 2, ...

Applying this inequality (which is true for k = 1) to the nonnegative matrix A¥, we

get s < ™ lspy, forall k,m=1,2, ...

14



Given a list ¢ = {A1, A, ..., An}, We summarize the four necessary conditions for

the NIEP below.
1. If p=mazicicn{|Ni] s Ai € 0}, then p €0 (Perron root condition),
9. & = 0, i.e., o must be closed under conjugation,

n
3. .M >0frk=1,2,.., 18, all moments are nonnegative, and
i=1

4. the JLL condition: s < n™ 'sgm forall k,m =1,2,....

We say that a list 0 = {A1,..., An} Of length n is realizable by an n x n nonnegative
(resp. symmetric nonnegative) matrix if there exists a matrix A > 0 (resp. symmetric
matrix A > 0) such that o (A) is the given list o.

It is easy to give examples that conditions (1), (2), and (3) are not sufficient.
Let o = {1,1,—2,—%,—2}. By the Perron-Frobenius Theorem, since the maximal
element is not simple, the realizing matrix must be reducible. However, the given list o
cannot be divided into two sublists each satisfying all the necessary conditions (1), (2),
and (3).

" Now condition (4) does not follow from conditions (1), (2), and (3). We see this
by an example. Suppose o = {V/2,i,—i}, then (1) - (3) are satisfied but (4) fails for
k=1and m=2.

For n > 4 condition (4) is not sufficient. To see this consider o = {V2,/2,1, —1}.
It is easy to check that o satisfies conditions (1) - (4). If o is the set of eigenvalues

of a nonnegative matrix A, then according to the Perron-Frobenius Theorem A is
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reducible. Hence {\/5, i, —i} must be realizable by some nonnegative matrix. But we

have already seen that is not possible.

3.4 Stochastic Inverse Eigenvalue Problem

Many subproblems have emerged from the NIEP because of its complexity. The
stochastic inverse eigenvalue problem is one of these which is to determine necessary
and sufficient conditions for a list of 7 complex numbers to be the spectrum of a
stochastic n x n matrix. The next result shows that when there exists a nonnegative
matrix A with spectrum o = {1, A2, As,..., A} and positive Perron vector, then

A71A is diagonally similar to a stochastic matrix.

Theorem 8. [22] If A is a nonnegative matriz with Perron root Ay and a positive

Perron vector, then ATA is diagonally similar to a stochastic matriz.

Proof. Let z = (z1, 22, ..., zn)T be the positive Perron vector of A. If D =
diag (€1, T2, ..., Tn), then z = Du where u = (1, 1, ..., 1)7. As 1 is the Per-
ron root of D=1 (\{'A) D = A\'D7'AD, we have A\['D7'ADu = MDAz =
A['D-')\¢ = D'z = u. Therefore u is the Perron vector of

A!D7'AD = D! (A\{'A) D. And since a square nonnegative matrix A is stochastic
ifand only ifu=(1, 1, ..., 1)T is an eigenvector corresponding to the Perron root

1 of A, we have the desired result. O

Johnson discusses the stochastic inverse eigenvalue problem in [12]. He calls it the

row stochastic eigenvalue problem. The Perron root of a row stochastic matrix is one;
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and, if the Perron root is normalized to be one in the NIEP, then the row stochastic
eigenvalue problem is equivalent to the NIEP. (The list {0,0,...,0} is omitted as we
have the zero matrix as a solution.) If 4 is an arbitrary n x n nonnegative matrix,

then A is permutationally similar to

Ay 0 W
PTAP =
Lx A
where A; is n; x n;, 4 = 1,...,m, and irreducible. The A; are called the irreducible

components of A and, of course, if A itself is irreducible, then m = 1. Now o (4) =
U, o (A;) which is the same as o (A1 @ - - - &® Ap). Since each A; is irreducible, it has
a positive Perron vector ; corresponding to its Pérron root A;. If D; is the positive
diagonal matrix obtained by placing the entries of z; in order, down the diagonal,
then D7 1 4,D; has all its row sums equal to A; using Theorem 8. We may assume
that )\; > 0. If A is initially normalized so that A\; = 1 = maZigigmMi, and A;; is

arbitrarily chosen to be n; x ny, 1 =2,...,m, with nonnegative entries and row sums

1 — A;, then
: [ |
DA Dy 0 e 0
A21 D2—1A2D2 SN 0
A= 0
Am 0 e D;.LlAmDm
L B

is row stochastic and satisfies o <A) = o (A). Thus we have the equivalence of the
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row stochastic inverse eigenvalue problem and the (normalized) NIEP.

While the row stochastic inverse eigenvalue problem is equivalent to the NIEP, the
doubly stochastic inverse eigenvalue problem, is not. This question is addressed by
Johnson. Johnson [12] gave necessary and sufficient conditions on a list of 7 complex
numbers so that it is the spectrum of a doubly stochastic matrix. Recall a doubly
stochastic matriz is a square matrix that has row sum one and column sum one.
The following two observations show that the doubly stochastic inverse eigenvalue
problem is equivalent to the row stochastic inverse eigenvalue problem for the 2 x 2

case, and not equivalent for n > 3.

1. Every 2 x 2 row stochastic matrix is similar to a doubly stochastic matrix.

Proof. A 2 x 2 row stochastic matrix has the general form

a l-«a
g 1-p

for 0 < @, B < 1, which is similar to
1-fta 1l-oif

2 2

l-a+8 1-f+a
2 2

a doubly stochastic matrix. O

9. There exist row stochastic matrices that are not similar to any doubly stochastic

matrix for order 3 or more.
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Proof. Consider the following row stochastic matrix,

A is not similar to any doubly stochastic matrix. For if one did exist, it would
have the form
a b l1—a—b»

B = c d 1—c—d

Ll—a—-c 1-b—d a+b+c+d-1

So for A and B to be similar, both the traces and the 2 x 2 principal minor

sums would have to be equal. Thus,

(a) 2(a+d)+(b+c)—1=0and

(b) 3(ad—bc)+ (a+d)+2(b+c)—2=-L

But since the (3,3) entry of B must be nonnegative, this means a+d > 1—(b+c).
By (a), we have 2 (a + d) = 1 — (b + ¢) resulting in the conclusion that a+d =0
implying a = 0 and d = 0. This means that b +c¢ = 1. This makes (b) become
3(—bc) = —3b(1 — b) = —1 or equivalently b(1 —b) = 1. This has no solution

for 0 < b < 1 showing that such a B cannot exist. _ O

For more information regarding the doubly stochastic matrix see [12]. We will now

return to the NIEP and discuss some known solutions.
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3.5 2 x 2 and 3 x 3 NIEP Solutions

Two cases of the NIEP are completely solved. The two cases are when o = {1, A2}
and when ¢ = {\1, A2, A\3}. We will begin when the set o contains two numbers. We
observed in this case A\; and A, must be real.

The list 0 = {\;, Ao} must satisfy Ay + g > 0 where A = |A2]. The following
(symmetric) nonnegative matrix realizes o:

)\1-{")\2 )\1-—A2

1
A=3
A1 — A2 AL+ A

Now in the case when o = {1, Ag, A3}, Loewy and London [20] found the necessary

and sufficient conditions. They are given in Theorem 9.

Theorem 9. [20] Let o = {1, A2, A3} be a list of three complez numbers, and assume

that o satisfies the following conditions
1. %2%?,{')\’! : N\ €0} €0,
2. 6 =0,
3 s1 =M+ X+ A3 20, and
4. 82 < 3sa.

Then o is realized by a nonnegative matriz A.

Proof. If o is real, the result will follow from Suleimanova’s result or Perfect’s result
mentioned earlier.
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If o is complex, then o = {pe, pe™,r}, where 0 < 6§ < 7r- and 0 < p < 7. As
we know the hypotheses (1)-(4) are homogeneous, we may assume p = 1. This gives
o={e® e r} where 0 <O <mandr>1.

Now, the trace condition §; = A1 + A2+ A3 > 0 and 0 = {e® e~ r} imply
2cosf +r > 0; and substituting into s3 < 3s; the information o = {e e 1},
implies 3 (2 cos 20 + r2) — (2cosf +71)° > 0.

Thus, (r —2cos (37 +0)) (r ~ 2cos (ir —6)) > 0 follows.

But for 0 < 0 < 7, r > 1, we have 7 — 2cos(%7r+9) >0 whjch means 7 —

2cos (3m —6) 2 0.

So, if ¢ is of the form o = {e, =%, }, then our last two hypotheses become

1. 2cosf +r > 0 and

2. 7 —2cos (3r — ) > 0 respectively.

Now construct a nonnegative matrix A having o = {e?,e™%,r} as its spectrum. Let

U be the orthogonal matrix

\/5\/3_—1-1

Sl
N

and let




Then we have,

UTJU =10 0 0

LOOO

So o = {ei e~ r} is the spectrum of the real matrix

7 0 0

A'=10 cosf sinb

LO —sinf cosf

Therefore, by the matrix multiplication

A=UAUT =

—7' 0 0- ‘ -0 0 0 T

—Ulo 0 o|UT+U |0 cosf sing|U"
LO 0 0_ LO —siné cos 9-

= %’rJ

—cos®  cos(3m+0) cos (37— 0)

- % cos (ir—8)  —cos®  cos (37 +6)

cos (37 +6) cos (37— 9) —cosf |
It follows that A is ﬁonnegative. 0

The following geometrical interpretation of Theorem 9 comes from the work of

Dmitriev and Dynkin [5, 6].



Corollary 1. [5, 6] o = {r, pe®, pe™*} where 0 < p < r is the set of eigenvalues of
a nonnegative matriz if and only if pe' belongs to the closed triangle whose vertices
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This ends the solution of the NIEP for any lists of length two or three. The
next section provides the solution to lists of length four or five when the sum of the

numbers in the list is zero. This is called the trace zero NIEP.

3.6 Trace Zero NIEP

A special set of matrices are those with trace zero. If A > 0 and trace (A) = 0, then
it follows that the main diagonal entries must be zero. Reams [29] completely solved

the trace zero NIEP for lists of length four as we see in the following Theorem 10.

Theorem 10. [29] Let 0 = {1, Ao, A3, Aa} be a list of four complex numbers. If
s1=0,8 >0, s3 20, and 454 2> s%, then there exists a nonnegative 4 X 4 matriz

with spectrum o.

Proof. Notice that the last inequality among the hypotheses of the theorem is the
JLL condition with n =4, k =2, and m = 2.

Let
D1 =)\1+)\2+)\3+)\4,

Po = AMAg + AAs + A+ Ao A3 + Ao Ay + A3Ag,
p3 = A1A2Az + A1A2Ag + A1A3zAg + Ao AzAd, and
P4 = MA2A3Ag.
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i.e. p1,D2, P, Pa are Newton’s elementary symmetric polynomials.

Newton’s identities for symmetric functions [33] state that

s1—p1 =0,

Sy — 151+ 2p2 = 0,

S3 — p182 + P28y — 3p3 = 0, and

S4 — P183 + P2S2 — p3s1+4ps = 0.

We can write these equations in matrix form with a companion matrix as

0 1 O
0 0 1
0 0 O

L"p4 P3 —pP2 P

- -

—4

0

-3

0

0

-2

-

0

0

-1

—81 -3 0

—82 —8 -2
—83 —89 —81
—84 —83 —82

L

Letting p; = s; = 0 and multiplying both sides on the right by

diog (4,4, =4,
0
0
0
L_p4

—1) we get
1 0 0
0 1 0
0 0 1
p3 —p2 O

N

24

0100T
2.0 1 0
2% 01

1)



1t is easily verified that

-1000W~]L -1 000W
0 1 00 0 1 00
%3010_—%5010
3501 % %0

B oo lo 1 o ow—1000W [ Lo o
o 1 o0o0/lo o 1 ofl{o 100 2 0 10
—= 0 10 0001%010_%%01
R N R U B bl A

Finally, performing a similarity on this matrix we have

‘ 1T 1T 1T ]
1 0 00 0 1 0 Ol|1 0O 0O 0 1 0 0
01 00 2 0 1 0/f{0 1 00 2 0 1 0
0 010 % 2 0 1 0 0 10 % 0 0 1
0 2 0 1| |32 s 2 0|0 -2 0 1 4sa=s3 sz s ()
|V 12 IR 12 6 | | 12 ] 16 12 4 ]

which is nonnegative and similar to the companion matrix with eigenvalues A1, Ao, A3,

A4 as required. O

Reams gave sufficient conditions for the trace zero NIEP for the lists of five num-
bers. The 5 x 5 trace zero NIEP was completely solved by Laffey and Meehan [18].

Since the proof involves results from combinatorics, we merely state the results.
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‘Theorem 11. [18] Let A1, A2, A3, Ay, As be compler numbers and let s = ME4AF+
MF A+ NE - NF fork =1,2, ... . Assume sy = 0. Then o = {1, Mg, A3, Ag, A5}
is thé spectrum of a nonnegative 5 x 5 matriz if and only if the following conditions

hold:
1. s 20 fork =1, 2,3, 4,5,
2. 4s4 > s%, and

8. 1285 — 58983 + 583 /484 — 55 = 0.

A refinement of the JLL condition in the case of trace zero lists of odd length

comes from Laffey and Meehan [17]. Laffey and Meehan’s result above uses this

refinement in condition (2).

Theorem 12. [17] Let A be a nonnegative n x n matriz with trace (A) = 0. Then,

if n is odd, (n— 1) sy > 82, that is, (n — 1) trace (AY) > (trace (A2)).

This inequality is the best possible. Consider the matrix for odd n,

A= ®-- @ @ [0],
10 10

gives an example that shows Theorem 12 fails when 7 is even.
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This concludes the known results regarding the NIEP for lists of length n < 5.

In the next chapter will return to the list of four complex numbers in an attempt to

solve the general NIEP.
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CHAPTER 4

Lists of Length Four

In this chapter, we will examine a list of four complex numbers. We first review
what has been solved in the smaller dimensions.

The 1 x 1 case is trivial. Clearly the eigenvalue must be nonnegative to satisfy
- the Perron root condition and so 1 x 1 nonnegative matrix is the Perron root. Now,
when the list contains two elements, the eigenvalues must be real. This is because
the characteristic polynomial of a nonnegative matrix has real coefficients, so the
eigenvalues must occur in conjugate pairs. As one must be the Perron root, the other
cannot be a complex number with nonzero imaginary part. We have seen the solution
to this case in Chapter 3.

Now in the case where the list has three elements, we have seen in Chapter 3 that
Theorem 9 by Loewy and London solves the NIEP. The conditions frdm Theorem 9
are not sufficient for the list of four complek numbers. To see this, consider o =
{\/5, V2,1, —i}. As this set satisfies all the necessary conditions, it appears to be a
good candidate for the spectrum of a 4 x 4 nonﬁegative matrix. But according to
the Perron-Frobenius Theorem, if ¢ is realizable by a nonnegative matrix then it is
reducible. The only possible partition requires the grouping & = {1, —i,\/i}_. But

this & fails the necessary requirements to be a spectrum of a 3 x 3 nonnegative matrix
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(as seen in Chépter 3), so o cannot be the spectrum of a 4 x 4 nonnegative matrix.

Thus in search of sufficient conditions for a solution to the NIEP for lists of four
numbers, we divide the problem into two pérts, One is when o is real, and the other
is when ¢ has two complex numbers which are complex conjugates of each other. The
first one has a complete solution given by Loewy and London which will be presented
in Chapter 6. But for the second case, when o = {1, Ay, a + bi, a — bi} where A; is
the Perron root, ), is real, and b # 0, no solution is found in the literature. We will
begin with the case where we have normalized the spectrum by dividing by A1 and
setting a = 0.

41  NIEP for o = {1, ), bi, —bi}

We will analyze the list o = {1, \, b, —bi}. If b # 0, we know that nonnegative
matrices with ¢ as spectrum cannot be symmetric since symmetric matrices have real
spectra.

Analysis on the ) and b helps us limit the region under consideration. Clearly, as
1 is the Perron root, then both —1 < A< 1and —1 < b < 1 must be true. Moreover,
as we have both bi and —bi, we may assume 0 < b < 1. So when we graph the region,
we have a rectangular region in terms of A and b where ~1 <A< land 0<bd< 1.
Since o must satisfy the the JLL condition, the region for possible A and b becomes
smaller. The necessary condition 4s, > s? gives 4 (1 + X2 —2b") > (1 + A)2. This
in turn restricts the region to 0 < b < \/1’\2—“524\*'—3 and —1 € X < 1. No other JLL

inequality restricts the region further.
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Figure 1: Regions for {1, A, b1, —bi}

We will denote the regions possible by the following:

1. Region I will be for the area defined when —1 < A < 0 and

“[&
N
S
N

\/§ (3)2 — 2) +3),
2. Region II will cover the area for —1 < A< 0and 0 < b < V3

3

3. Region IIT has area 0 < A< 1and 0< b < @, and

4. Region IV covers the area defined by 0 < A < 1 and @ <bK \/é (322 —2X +3).

W_e prove that for (A,b) in regions I, II, or III there exist nonnegative matrices
whose spectrum is {1, A, b — bi}. However, region IV is still unknown at the time of

this submission.
411 Solution of o = {1, \,b¢, —bi} when A= —1and 0 < b< 1

A solution to this case which realizes regions I and II is relatively simple. Consider
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the following matrix:

-

1+b6 1=

1-b 14b(

0 0
1 0 0
A=—
1—-b5 1+b

0

0

0

1+6 1-b6 0

Here o (4) = {1,—-1,bi,-bi} for 0 < b < 1. We prove this construction by using

Theorem 6.

Theorem 13. Let o = {1,—1, b, —ib} be such that 0 < b < 1. Then o is the spectrum

of the nonnegative matriz A where

| =
o
o
—

!
el
—
-+
S

Proof. Let
1 1+b 1-5
Arg ==
1-b 1+0b
and
1 1-b6 145
Ay = =
14+b 1-0
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Then -
1+b 1-b| |1—=b 140
AjgAy) = —

1

RN -

Ll——b 1+b] {1+b0 1-0

2(1+0b)(1—-b) (1+b)°+(1-0)

NN

L(1+b)2+(1—b)2 2(1+b)(1-0b)

2(1—b%) 2+ 2

!
4
L2+2b2 2(1—0?)
1 1-52 140
)
L1+b2 1—b?

The characteristic polynomial of A; 2A4; is

§—1(1-0) —3(1+0%) (5 1—b2>2 (1+b2)2
—\"7 T2 T\ 2
~La+?) 6-3(01-0)

=& - (1-b") 60
=(-1)(6+b).
Now, setting the characteristic polynomial equal to zero gives § =1 or § = —b%. But

by Theorem 6, we know the eigenvalues of the matrix A are just the square roots of

5. This shows that the spectrum of A is o = {1, -1, bi, —bi}. 0O
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412  Solution of o = {1, ), bi,—bi} when 0 < b < 2 and 0 < A < 1
In this case (), b) belongs to region III. An example of a nonnegative matrix in

this region is:

[ ]
Lgoo
0z 20
A= 3 3
0012
030 3
where o (A) = {1, 1,3, -3},

Note that in general, the list {1,b:, —bi} for 0 < b < \/T'g satisfies Corollary 1.

Hence there exists 4; > 0 with spectrum {1,bi, —bi}. Since A > 0 the nonnegative

matrix A =[A] @ 4, is

B 0 0 0 _
A | L 1(v3b+1) 1(1-V3b)
0 @-v) 3 Ha+vE)
o j(eva) B0-vE)

which realizes o.

"Therefore, a solution exists to the NIEP for o = {1,.)\, bi, —bi} with Perron root 1
When0<b<‘/T§and0<)\<1.
413  Solution of o = {1, ), bi,—bi} when 0 < b < % and —1 < )\ <0

Here we examine region II. We saw in Chapter 3 that Reams [29] completely solved

the NIEP for a list of four numbers that have trace zero. The sufficient conditions
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are s =0, 83 20, 53 20, and 4s4 > s2. The solution due to Reams is

0 1 00
2.0 10

A= (2)
20 0 1

454—-8% 83 53 0
16 12 4

We will use this result to find the solution for region II. The solution is given in

Theorem 14.

414 Solution of o = {1,A,bi,~bi} when %3 < b < {/3(3V — 21 +3) and
-1<A<0
Here we examine region I. Recall the upper limit for b in region I comes from the

JLL inequality
2 < sy (14+0) <4(1+X —2b%)

& 14224+ 22 <4+ 4)\% — 8b?

&0< 32 -2)+ (3-8),
which is a quadratic inequality in b and A where the roots of 0 = 322 —2X+ (3 — 8b?)
in terms of b are A = é (2 + /96b% — 32). Now since A is a real number it follows

that 96b% — 32 > 0 & 9652 > 32 & b2 > 1 & b > ¥, Moreover, A = § is a double

)

root to the quadratic equation when b =

Now b = \/%- (3A2 — 2X + 3) is a root of the equation b? = 1 (3)\* — 21 + 3) from
the JLL inequality. But b is assumed to be a real number; so to verify this, we observe

that 3A2—2X+3 > 0 for all real ) as the roots of this quadratic are complex numbers.
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.For—1</\<0and

)

< b < 4/ (3M\2 =2\ + 3) there exists a nonnegative

matrix realizing o = {1, \, bi, —bi} as its spectrum and we prove this in Theorem 14.

415  Solution of o = {1, bi,—bi} when % < b < g (3\2 — 2) + 3) and

0< ALl

This is region IV. Recall the upper limit for b in region IV comes from the JLL

inequality. For 0 < A < 3 and @ <b < (3)\2 — 2X + 3) Theorem 14 provides a

[o 3t

nonnegative matrix that realizes 0. The remaining part of region IV when % <A<l
is still unresolved at the time of this submission.
4.1.6 Results

The following theorem gives a nonnegative matrix realizing o = {1, )\, bi, —bi}
when (), b) belongs to regions I, II and parts of IV. Recall we completely solved

region I1I in section (4.1.2). A part of this result is found in Reams [28].

Theorem 14. Let o = {1, \, bi, —bi} where =1 <A < 0 and

0<b< (/1B -20+3) or0< A< and ¥ < b < /3 (33 — 21 +3). Suppose
o satisfies all the necessary conditions of the NIEP. Then a nonnegative matriz B
which realizes o as its spectrum is A+ %’AI where A is Reams’ solution (2) for the

list {1 — 12\ — LA bi — LA —bi - L2} and I is the identity matriz.

Proof. Suppose {1, A, bi, —bi} can be realized by a nonnegative matrix B with con-

stant diagonal entries then B — 1—}"—[ has trace zero. A matrix with eigenvalues of
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B — 2], namely {1 - L2 N~ LA bi — LA b - 112} is given by Reams as

i T
0 1 00
2 0 10
A= , :
2 0 01
15-(2)" & 8 0
L 16 12 4 ]

where s; are the moments corresponding to the eigenvaﬂues of B — -1—251 . If we show
A > 0 then it follows A + 1-441[ > 0 and the spectrum of A + 1—1‘—)‘[ is the list
{1, A, bi, —bi}. We will analyze the entries of A.

Throughout, s; will denote the ith moment of the eigenvalues of B, namely ¢ =
{1, ), bi,—bi}. Note that we replace 1+ A with s; in the following calculations. To
show the (2,1) and (4,3) entries are nonnegative we need only show that s, > 0.

Now,

s, = trace (A?)

2
= trace ([B — —1—:—/\1} )

T4+A_ (14N
_ 2 _ ASal A
= trace (B 5 B+ 6 I

Y (14 1)

= trace (B%) — 1—2—tmce(B) + trace(I)

1+ A 1+ A)?
+( )

=85~ — 81 % 4
= 39 %s% + 211-3%

= 8y isf

= ; (45— 5Y)
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By assumption o satisfies the JLL conditions, so we have 4s; > s2. Thus 4s, — 220

from which follows the desired conclusion of s, > 0 for ~1 < A < tand 0 < b <

JE@x2—22+3).
To show the (3,1) and (4, 2) entries are nonnegative we need to show that 55 2 0.

Now,

s3 = trace (A?)
_ s
—tmcqu 4I] )
2 3
— trace (33 _3 <1—Z-’§) B+ 3(1—%}% B- (-1-%’—\) I)

_ 83— 65152 + 53
= . ,
Reams [29] shows that if ¢ = {r, A2, A3, s} where r is the Perron root, then

8s3 — 65159 + 83 = 3(r+)\2-/\3—-/\4)(r—)\2+/\3—/\4)(r—/\2~—/\3+/\4). So in
our case we have r = 1, Ay = X, A3 = bi, and Ay = —bi. With substifution and
recalling 1 + A > 0 from the Perron root condition, we have
8s3 — 65152 + 85 =3 (1 + A) (1 — A+ 2bi) (1 — X — 2b0)
=3(1+A) [(1- )+ 4b7]
> 0.

Thus s3 > 0. Now to show the (4, 1) entry is nonnegative we will need the equivalent
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of s, in terms of the moments of B.

Sy = trace (A%)

4
= trace ([B — Lﬁ[] )
4
2 3 4
e (-1 (B2) w0 12) o () B () /)

S ss+3s2 5‘11_{_3‘%
= 84 — —8989 — — + —
4TS TR 98 T 64
3 9 3 4
= §4 — 8183 + —S8789 — —Sy.
4 153 812 6481

Therefore

C 2 3 3 1 2
484 — (32) =4 (84 — 8183 + 58382 - 62{5’%) — (Z (482 e S%))
1654 — 165183 + 8s2s, — 452 — s
= 1 )

Rewriting the numerator using s;, Sz, S3, and 4 in terms of 1, b, and A, we have

1654 — 165153 + 85255 — 453 — st

= 16(1+ X +2b%) — 16 (1 + A) (14 A3) +8(1+ X1)* (1 + 3% —20%) — (14N
—4(1+ A% — 202

— 3+ 16b% — 4\ — 3262 4 2X% — 423 4+ 3\*

— 902 4 37% — \ (44 4)2 + 326%) + (3 + 160

which has positive terms with the only possible exception of X (4 +4)% + 32b7).

But this term is nonnegative when —1 < A < 0. Therefore, for =1 < A € 0 and

0<b< \/% (3X2 — 2X + 3) we have 4s, — (s’z)2 > 0. Thus B is nonnegative.

Assume 0 € A £ % and 133 <b< \/% (322 — 2) + 3). Consider from above, the

polynomial P (A,b) = 3% — 4X3 +2)2 —4 (80> +1) A + (16b% + 3) over 0 < A < 3§
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“[%
N
<o
N

and —‘g—g- <b< \/g, a rectangle which contains the region 0 < A £ and

1
3

\/-;-73,\2 " 9x+3). We will show P (A,b) > 0 in this rectangle.

Now
dP 3 2 2
-5 = 12V - 1272 + 4\ — 4 (86" + 1)

=4 [3X% = 3X + A — (80" +1)]
<4(3)\3—3>\2+)\——1§1->
usmgb_fand';;;_36A2—24A+4~4(9A2—6A+1)_4(3A—1) ,s0 & <0
on [0,§]x[—‘§_§,\/§] and ¢ d,\2 > 0.

Hence P (),b) is decreasing and concave up for (), b) in the rectangle. Z—)\f =0

when )\ = % for b in [{—3-, \/g]. Note that (A, b) = (%, —‘—/,;) and (\,b) = (0, %) are

points on the parabola coming from the JLL condition.

Now, P (L,b) = 1664 — 28 + % with P(%,—S\C) = 0and P(3/3) = %
Consider & (3,b) = 64b( ) (b—i— lﬁ) This shows ¢ (1,0) > 0 if —‘é—g <b<
/- Clearly P(0,8) > 0 for % <b </

Since P (), b) is decreasing and concave up with respect to A on |0, 1 x[-?,
and P(0,) > 0, P (L,6) > 0 for ¥ < b < \/t it follows that P (),b) > 0 for
(X,b) in [0, 3 [ ﬂ Since this contains the region 0 < A < 3 and —‘éf— <b<

L (322 — 2) + 3) it follows that 4s, > (32) :

Thus A is nonnegative as claimed. ]
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As an example, the following nonnegative matrix realizes {1, NEX —/35 i}

which is in the left portion of region IV.

1043 7
1608 0 1

4190 1043 g 7T
{_110592 13824

A final observation occurs when we attempt to use the following result in the
unknown case. Here we can construct various real matrices having the spectrum

{1, A, bi, —bi}. This method did not always provide nonnegative matrices.

Theorem 15. [2] {1, )2, ..., As} is realizable by a nonnegative matriz if and only if
there erists some real matriz B of order n — 1 with spectrum {Xa,...,An} and some

(n — 1)-simplez S C R** with 0"~ € S such that BS C 5.

In our case {1, A, bi, —bi} is realizable by a nonnegative matrix if and only if there
exists a 3 x 3 real matrix B with spectrum {\, b7, —bi} and a tetrahedron S containing
(0,0,0) such that point p = (p1,p2,p3) € S =B [pl,pg,pg]T €S.

There are many choices for B with spectrum {2}, bi, —bi}. One such matrix is

[ T
0 -5 0
b 0 0
0 0 A
L J

Now consider the tetrahedron with vertices v; = (zi,y:,2) for i = 1,2,3,4. The
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centroid of the tetrahedron with vertices vy, v, vs,v4 18

centroid = ((Il + 2o+ 23+ 2134) s (yl 4+ Y2 + Y3 + y4) . (Z1 + 29 + 23 + Z4)) .

N

This centroid divides the line segment joining a vertex to the centroid of the opposite
face in the ratio 3:1. The centroid of the face triangle is the intersection of all its
medians.

Seiect vg = (0,0,3). We desire the tetrahedron to be oriented so that the centroid
is located at the origin. Then the other end of the line segment joining vy to the
centroid is (0,0, —1). Note this point is the centroid of the triangle formed by v1, v,
and vs.

Let the vertices be vy = (1,0, 21), v2 = (22,%2, 22), V3 = (73,y3,23), and vg4 =

(0,0, 3). Thus the centroid of this tetrahedron is

centroid = ((IEl + I + 233) s (’y2 + yg) , (21 + 29+ 23 + 3)) .

N

This gives vz = (—1 — T2, —Y2, —21 — 22 — 3).

To use Theorem 15 we consider the real matrix

o—bo1
B=1p 0 0
L()OA_

where we are rotating a tetrahedron by 90 degrees and shrinking it by b relative to
the zy-plane and then compressing it by A along the z-axis. We want to know if every
point in the tetrahedron when acted on by B will remain in the original tetrahedron.
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As a tetrahedron is a convex set, any point p = (p1,pe,ps) in the tetrahedron can
be described by the convex sum p = 2;1:1 t;v; where t; > 0 for i = 1,2,3,4 and
Z?:l ti=1.

We can then test to see if there exists a nonnegative matrix associated with o =

{1, )\, —bi, bi} by solving the following system of linear equations for the coefficients

t, ta, b, ta: ] S
Ty To T3 T4l |t —bp,
Vi Y2 Yz Yal |to B bps
21 2o 23 24| |f3 Ap3
L1 1 1 1_ _t4_ ] 1 |

Here p = (p1, p2, p3) belonged to the original tetrahedron.

Now the matrix 3 ?
Ty T2 T3 T4
Y1 Y2 Yz Ya

Z1 22 R3 24

1 1 1 1

is nonsingular by construction as the vertices are noncoplanar; therefore, we may find
its inverse tc; solve for the coeflicients.

Since the extreme points of the tetrahedron are its vertices, if the vertices when
acted upon by B remain part of the original tetrahedron, then every point of the tetra-
hedron when acted on by B will remain part of the original tetrahedron. Therefore

we need to test those four vertices, v; for i = 1,2, 3, 4, by solving for their correspond-
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ing coefficients. If these coefficients remain nonnegative then the matrix ¢’ whose
columns are the coefficients corresponding to v; for 1 = 1,2, 3,4 will be a nonnegative
matrix realizing o using Theorem 15.

Consider the following example. Let v; = (4,0, —4) and v, = (~1,5,—1). Then
vy = (—3,—5,2) while vq = (0,0, 3). Solving this problem with Mathematica when

A =2 and b= 0.6, we find the matrix C is approximately

o -

0.3622 0.0206 0.5339 0.0833
0.7222  0.6806 —0.4361 0.0833

0.2422  0.8001 —0.1261 0.0833

-0.3267 -0.5017 —0.1261 0.75
Notice this attempt fails to take vy, vq, v3 into the original tetrahedron as each convex
sum coefficient fails to be nonnegative, but the matrix C does indeed have spectrum

{1,2,0.6i,—0.61}.

4.2 NIEP for o = {1, A, a + bi, a — bi}

Let us now consider the following four cases relative to the complete list of four

numbers where a # 0.

1. Consider A = 1 and a? + b < 1. Since the Perron root is repéated any non-
negative matrix realizing o must be reducible. By the sufficient conditions for
{1,a + bi,a — bi} to be realizable by a nonnegative matrix from Theorem 9.

They are

(a) 1+ 2a > 0, the trace is nonnegative, and
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(b) (1+2a)? < 3 (1 + 2 — 20%), from the JLL condition.

If (a) and (b) are satisfied, then by Theorem 9 there exists a nonnegative matrix,
A, realizing {1,a + bi,a — bi}. Using this matrix, we obtain the following

reducible nonnegative matrix having spectrum o.

. Suppose A = —1 and a* + b* < 1. Then ¢ = {1,—1,a + bi,a — bi}, and for
the trace condition to hold we need a > 0. Should a nonnegative matrix exist
having such a spectrum, it could not be reducible as no partition would work
with the A = —1. Therefore, the only possible nonnegative matrix must be

irreducible.

Since |-1| = 1 we have S = {1, —1} in Theorem 3. This means a -+ bi and a —bi
are on the imaginary axis giving a = 0. Since a® + 2 <1lweget—-1<b<l

But we have seen solutions to {1, —1,bi, —bi} for 0 < b < 1 in subsection (4.1.1).

A= —1and a2 + b2 = 1. Then we have four eigenvalues of the same modulus
and they must occur at 1, —1, ¢, —i. Therefore, the only possible spectrum
with these conditions that have a nonnegative matrix associated with it is o =

{1,-1,4,—i}. We have seen such a matrix in subsection (4.1.1).

. Suppose A = 1 and a2 + b = 1. By the Perron-Froebenius Theorem we know a

repeating Perron root requires the nonnegative matrix with spectrum o to be
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reducible. Therefore the only possibility is when az:bi is in the closed triangular
region with vertices 1, e%i,e‘zg_i and thus {1,a + bi,a — bi} is the spectrum of

some nonnegative 3 x 3 matrix from Corollary 1, call it B. Then .

realizes o = {1,1,a + bi,a — bi}.

5. Suppose |A| < 1 and a® +b? = 1. If we consider an irreducible nonnegative
matrix then we must abide by Theorem 3 which says that if we have three
values with modulus one, the remaining value A must have two other distinct
numbers in o with the same modulus as A. That is not possible. When we
consider the reducible nonnegative matrix, then a = bi must be in the closed
triangular region with vertices 1, e%i, e=% and \ > 0. In this case, Corollary 1

guarantees B > 0 with spectrum {1,a +bi,a — bi}. Then

has spectrum o.
6. Suppose |A| < 1 and a? +b? < 1. This case is still unresolved.

As 2 final result of this chapter we make the following observation.
The example below shows that it is not possible to solve the 4 x 4 NIEP by

considering only matrices whose main diagonal elements are equal as in Theorem 14.
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Suppose 0 = {r,A\,a + bi,a — bi} has such a solution, then Reams’ expression for
S3 :3(T‘+A2‘~)\3—)\4) (7‘—/\2+)\3—-)\4) (7“‘)\2—/\3"“)\4) giVGS
s3 = 3(r+A—2a)(r —A+2bi) (r —A—2bi) > 0. This implies (r + X —2a) > 0.

But for the following matrix from [28]

[ 1
0 6 0 0
PRI
Li-n ¥ b+
Ll %+% %"—% lél' |

the spectrum is o (A) = {6,—1,3+4,3—i}. Here (r+ A —2a) =6-1-6=-1<0.
Hence {6,~1,3 + 7,3 — i} cannot be realized by a matrix B > 0 with equal entriés
along the main diagonal.
4.3 Conclusion

In this chapter we have identified nonnegative matrices realizing a list of four
complex nﬁmbers. In the case where o = {1, A, bi, —bi}, the main result is Theorem 14
which summarizes the known regions. A part of region IV is still unresolved. In the
general case we addressed the boundary point possibilities leaving open the case when
o ={1,\ a+bi,a — bi} where |\| <1 and a® +b* < 1.

We also have a construction technique to find matrices having certain lists as spec-
trums using Theorem 15 and Mathematica. Although this process was not fruitful
in providing a nonnegative matrix, it gave the opportunity to test many different real

matrices.
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CHAPTER 5

Real versus Symmetric Nonnegative Inverse Eigenvalue Problem

The general NIEP is open. Some progress has been made in the problem of the
existence of a nonnegative matrix with a prescribed real spectrum. Chapter 5 focuses

on lists of real numbers.

5.1 Real Nonnegative Inverse Eigenvalue Problem (RNIEP)

The RNIEP is a subproblem of the NIEP with one additional constraint. The
RNIEP restricts the elements of ¢ = {A1, A2y - -+, An} to be from the set of real
numbers. The RNIEP is to determine the mecessary and sufficient conditions on
o={A, Mgy -..; A} C R so that there exists a nonnegative matriz having o as its
spectrum.

- As we have seen in Chapter 3, Suleimanova [32] gave a sufficient condition for the
existence of a nonnegative matrix when the list contains real numbers. The simple

proof given here for Suleimanova’s Theorem is due to Perfect {24].
Theorem 16. [22] Let 0 = {\1, Az, ..., An} be a list of n real numbers satisfying

MAdF A 20

Aj <0, for j =2, 3,...,n.
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Then, there erists a nonnegative n x n matriz with spectrum o.

Proof. Let

We assert that all ¢, cs,...c, must be positive. For the polynomial f(~X) =
n . )

(=)™ | A" + 32 (=1) ' ¢;A*7| has exactly (n — 1) positive roots. Therefore, by
i=1

Descartes’ rule of signs, the number of variations of sign in the sequence

n—1
1701)—'6%03)—647"'7(_1) Cn

is exactly (n —1). However, ¢; = A; + A2 + - -+ + A, is nonnegative, and it follows

that all the other ¢; must be positive. Hence the companion matrix of f(A),

- 1
0 1 0 0 0
0 O 1 0 0
0 0 1
Cn Cp-1 Cp-2 .o Cy C1
L i
is nonnegative and has eigenvalues Ay, Ag, ..., Aq.
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The following corollaries are due to Perfect [24].
Corollary 2. [22] Let 0 = {\1, Aa, ..., A} be a list of n real numbers where

>\1>/\22"'2)\p>0>>‘p+1>"‘>)\n and

Al+>\p+1+"'+)\n>0.

Proof. Use the proof of Theorem 16 to construct a nonnegative
(n—p+1) x (n—p+1) matrix B with eigenvalues A1, Ap41, Apy2, - -+ ,An. Then the

nonnegative matrix B @ diag (As, . . ., Ap) has spectrum o. a

Corollary 3. [22] Let o be a list of n real numbers, and suppose that it is possible
to partition o into sublists in such a way that (i) each sublist contains one or more
nonnegative numbers and (i3) the sum of the negative numbers (if any) in each sublist
does not exceed the largest positive number in the sublist. Then o is the spectrum of

a nonnegative matriz.

The proof of this corollary follows from applying Corollary 2 to each of the sublists
and taking a direct sum of nonnegative matrices.

Suleimanova also presented the following conjecture in 1965 regarding the RNIEP.
Conjecture: If the numbers 1, Ay, . . ., Ay satisfy 1+ S >0, fork=1,2,3,...,

and |\;| < 1for ¢ =2,3,...,n, then the numbers are eigenvalues of some stochastic

matrix.
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This conjecture is not satisfied for n > 5 as the list {1,1, —%, —%, —2} with re-
peated Perron root, satisfies the hypotheses but cannot be the spectrum of a non-
negative matrix as seen in Chapter 3. Although this conjecture is not true, it was
Suleimanova’s work which inspired many new results in the RNIEP. One improvement

to Suleimanova’s condition comes from Salzmann [30].

Theorem 17 (Salzmann’s Theorem). [30] Let Ay 2 A 2 -+ 2 A, be real numbers

such that

n
1. 3 (N4 Anciv1) <y A wheni=2,3, ..., (%], and
=1

e

2. Ai 2 0.

i=1
Then there exists an n x n nonnegative diagonalizable matriz having

o = {A\1, Ao, ..., M} as its spectrum. Furthermore if the inequalities (1) and (2)

are strict, then there ezists a positive diagonalizable matriz with spectrum o.

Qalzmann’s condition clearly extends Suleimanova’s condition. Moreover, if we
consider ¢ = {7,2,-2, -3, —3}, by Corollary 3, there is a nonnegative reducible
métrix A with spectrum o. However Salzmann’s theorem shows that A must be
similar to a positive and thus an irreducible matrix.

Kellogg [15] produced a set of sufficient conditions to solve Ithe RNIEP. He noticed
that if there exists a real matrix A having spectrum o = {1, A2, ..., An} such that
M > Nl for2 <5 <n, then A is similar to a positive rﬁatrix provided that o’s
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elements meet certain conditions. Theorem 18 contains Kellogg’s sufficient conditions

for a real matrix having spectrum o to be similar to a positive matrix.

" Theorem 18. [15] Let A be a real matriz having real eigenvalues A, Az, ..., An Such
that Ay > Ao = -+ = Ay and Ay > |\\n|. Let v be the greatest integer with A, > 0.
Define §; = Apyo—s fori=2,...,s=n—r+1 and
K={ie{2...,min{rs}t}: N+8& <0} IfA+ I; h()\i+5i) + 8, > 0 for all
ieK,i<
heK and if A+ EK (A +6;) + Xs: 16]- > 0 then A is similar to a positive matriz.
i€ j=r+

Kellogg proved Theorem 18 by using the following ideas. Since A is a real matrix
having real eigenvalues g, Ag,..., An such that Ay > Ag 2 -+- 2 A, and A; > |Anl,
then A is similar to a strictly positive matrix if and only if there is an (n — 1)-simplex
S in the set of vectors orthogonal to AT’s eigenspace for A; such that AS C A\iSo-
Here S; is defined to be the interior of S where S excludes any points of S that
require a zero coefficient on any of the n — 1 vertices of S in writing the convex sum
to obtain the points. Kellogg produced a real (n — 1) x (n — 1) matrix A having the
normalized eigenvalues 1, :\\Jl, - %’f and showed that A takes S into Sg.

It was Fiedler [7] who observed that changing the strict iﬁequalities in Kellogg’s
conditions’allowed Theorem 18 to apply to nonnegative matrices. In T heérem 19,

Fiedler gives the extenstion of Theorem 18 for the nonnegative case. We call this as

Kellogg’s Theorem.
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Theorem 19 (Kellogg’s Theorem). (7] Let A\y 2 dg 2 - = A, AL 2 | A, and
let r be the greatest integer with A, > 0. Let 6; = Apjo—i fori=2,...,s =n—r+1L
Define K = {i € {2,...,min{r,s}} : i+ 6 <0} If \x+ > (M+8&)+d 20

ieK i<h

Jorallh € K andif i+ S (\+8)+ > 6 2 0theno = {A, dg, ..o, A} is

icK j=r+1

the spectrum of some n X n nonnegative matric.

In the following, Fiedler [7] also gives sufficient conditions for a set of real numbers

to be the spectrum of a nonnegative matrix.

Theorem 20 (Fiedler’s Theorem). [7] If Ay 2 Ay 2 -+- > Ay and Ay + A, +

n n—1
YN = 33 A+ Al then o = {1, g, ..., A} is the spectrum of some n X
j=1 i=2

n nonnegative matriz.

Fiedler proved that if the conditions of Salzmann’s Theorem are satisfied, then the
conditions of Fiedler’s Theorem are satisfied; moreover, if the conditions of Fiedler’s
Theorem are satisfied then the conditions of Kellogg’s Theorem are satisfied. That
is Salzmann = Fiedler = Kellogg. None of the converses are true. To see this
consider oy = {5,4, —2, —4} and 05 = {3,2,—1, —1, —3}. Here notice that o, satisfies
Fiedler’s condition but not Salzmann’s and that o, satisfies Kellogg’s condition but
not Fiedler’s. Therefore the most general sufficient condition from the above theorems
comes from Kellogg.

But even Kellogg’s Theorem has its limitations. Notice that the set
o = {1,0.6,-0.3,—0.35,—0.45, —0.5} does not satisfy Kellogg’s Theorem, and conse-
quently none of the prior theorems can identify o is a spectrum of some nonnegative
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matrix. As it turns out, o is the spectrum of a 6 x 6 nonnegative matrix. Borobia

proved this. Borobia [2] was able to extended Kellogg’s conditions in Theorem 21.

Theorem 21 (Borobia’s Theorem). [2] Let o = {A1, Ao, .-, An} be a set of real
numbers with \; = Xp = -++ = An. Let  be the greatest integer with A = 0. If some
partition JyU -+ U Js of J = {Arg1, -+ -5 A} ezists such that Ay 2 Ap 2 -+ 2 A =
| SSA> Y A2 Y A satisfies Kellogg’s Theorem, then o is the spectrum of
PENA AETg-1 NETy

some m X n nonnegative matriz.

To see an application of Borobia’s Theorem we return to the example

o = {1,0.6,—0.3,—0.35,—0.45, —0.5}. Kellogg’s Theorem fails for this o because
here we have K = 0 as 0.6 + (=0.5) > 0 but 1+ (—0.3) + (—0.35) + (—0.45) 2 0.
Therefore we partition ¢ in the following way: {1,0.6,(-0.3) + (—0.35), (—0.45) +
(—0.5)}. Now applying Kellogg’s Theorem to {1,0.6,-0.65, —0.95}, we have K = {2}
as 0.6 + (—0.95) < 0. So checking the remaining conditions we have 1 + (—0.95) > 0
and 1 + 0.6 + (—0.65) + (—0.95) > 0; therefore, there exists a nonnegative matrix

realizing o by Borobia’s Theorem.

5.2 Symmetric Nonnegative Inverse Eigenvalue Problem (SNIEP)

One additional restriction to the RNIEP gives the SNIEP. The SNIEP requires
finding necessary and sufficient conditions on o = {1, Aoy ooy A} C R so that
there exists an n X n symmetric nonnegative matriz having o as its spectrum.

Fiedler [7] proved that the conditions of Kellogg’s Theorem are also sufficient for
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the existence of a symmetric nonnegative matrix. This result is in Theorem 22.

Theorem 22. [7] Let A\; > Ay > -+ > A\, satisfy the conditions of Kellogg’s The-

orem. Then there ezxists an n x-n symmetric nonnegative matriz with eigenvalues

AL Ay el A

Soules [31] gives a sufficient condition using the all one’s vector as the Perron vector
for the existence of a symmetric nonnegative matrix having real o as its spectrum.

His conditions are in Theorem 23. We will discuss Soules construction further in

Chapter 6.

Theorem 23. [31] Let [1,1,..., 1]T be the Perron vector corresponding to the Perron

root Ai. Let A\; = Ao > A\, and n+2)\1 + (ni_;)l(m—i-l))Q + 3 A(’;cff“ 0 where

m = [%] then there exists an n x n symmetric, doubly stochastic matriz A such
that {1, Ag, ..., A} is the spectrum of M A

Radwan [27] shows that the conditions of Theorem 22 and the conditions of The-
orem 23 are not comparable. For example, o; = {5,3,—2,—2,~2, —2} satisfies
Theorem 23 but not Theorem 22, and oy = {5,3, -2, —2, —4} satisfies Theorem 22
but not Theorem 23. Radwan also pbints out that Theorem 22 does not work for

o= {9,6,—2,—4, —4, —4}; however, the following Theorem 24 does.

Theorem 24 (Loewy’s Theorem). [27] Let Ay > A > 0 2 A3 = -+ 2 A, be

real numbers. If for some partition Jy U Jo of J = {—=X3,—A4,...,—An}, we have

2D aen A2 Den A ond dim1Ai = 0, then {1, g, ..., An} s the spectrum of

some n X n symmetric nonnegative matriz.
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As Loewy’s Theorem is applicable to a o containing exactly two positive elements,
the question arises as to whether or not a general partitioning can be used for the
SNIEP. Here is where a result similar to Borobia’s Theorem for the RNIEP would
be useful in the SNIEP. Radwan answers this question. Radwan [27] proved that the
conditions of Borobia’s Theorem are also sufficient for the existence of a symmetric

nonnegative matrix. This result is in the following Theorem 25.

Theorem 25 (Radwan’s Theorem). [27] Let Ay 2 Ag 2 -+ > Ay = 0 be nonneg-
ative numbers and py = pp = -+ = pn > 0 be positive numbers. Let S be an integer

such that 1 < S < N. Let JJUJ,U---UJ; be an S-partition of J = {1, tos--» un}

where S p 2 Yo p =2 3, p DefineT; = Spfrj=12,...,581If

BEJL peJa peJs HEJ;
os = {1, A2, -oy Am, =Ts, —Ts-y, oo —Ty} satisfies the hypotheses of Kellogg’s
Theorem, then o = {1, Az, ...y AMy —HN, —HN-15 -+ —u,} is the spectrum of

some (M + N +1) x (M + N + 1) symmetric nonnegative matriz.

A nice result due to Fiedler helps in the construction of symmetric nonnegative
matrices when spectra of two symmetric nonnegative matrices are known. In [7], we
find the following two theorems to be very useful in this construction. We use Sy
to denote the set of lists of length n realizable by an n x n symmetric nonnegative

matrix.

Theorem 26 (Fiedler’s Symmetric Theorem). (7] If {a1, 09, - .., 0m} € Sm with
oy as the Perron root, {B1,Bs, - - ,Bn} € Sn with By as the Perron root, and oy = P,
then for any o 2 0, {o1 + 0,81 — 0,0, ooy Om, Boy .oy Bn} € Sman-
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Theorem 27. [7] Let A be a symmetric m x m matriz with eigenvalues o, ..., 0m
and let u, |jullz = 1, be a unit eigenvector corresponding to i; let B be a symmetric
n x n matriz with eigenvalues Pi, ..., B and let v, |[vlla = 1, be a unit eigenvector

corresponding to 8. Then for any p, the matriz

' A puT
C =
pvul B
has eigenvalues oy, - .., Qm, By - -, By V1, V2, where 71,72 are eigenvalues of the ma-
triz
oy p
C =
p B

5.3 The RNIEP and the SNIEP are Different

The RNIEP and the SNIEP are not equivalent problems. In the case when o =

{A1, A2y ..., A} is real we consider both the RNIEP and the SNIEP. We will restate

the question:

1. the real nonnegative inverse eigenvalue problem (RNIEP) asks which lists of n

real numbers occur as the spectrum of a nonnegative matrix A € Mn, and

9. the symmetric nonnegative inverse eigenvalue problem (SNIEP) asks which lists.

of n real numbers occur as the spectrum of a symmetric nonnegative matrix

A€ M,.

Obviously, if the SNIEP has a solution for a given o then the RNIEP also has a
solution. In particular, in the case A; 2 Ay > -+ = A, 2 0 then both problems
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trivially have a solution, namely the diagonal matrix D = diag (A, Az, - .-+ An). When
at least one of the \’s is negative, are these problems equivalent? In other words, if
there is a solution for the RNIEP does it imply there is a solution for the SNIEP?
This question was raised by Hershkowitz [10] in 1978.

We have seen several sufficient conditions for the RNIEP in the previous sections.
We also have seen that all those conditions actually solve the SNIEP. But in 1996,
Johnson, Laffey, and Loewy showed that the two problems are different.

The following is a brief description of the result of Johnson, Laffey, and Loewy
[13]. According to Boyle and Handelman (3] if Ay,..., An meet certain conditions,
it is possible to append sufficiently many Q’s: Mgl = Apg2 = 00 = Am = 0 so
that AL, ..., Ay Antls Ant2, ' * » Am are the eigenvalues of a positive matrix A € M,.
However, m and rank A may have to be large relative to n. It is possible to give
examples for which m must be very large. If A were a symmetric nonnegative matrix,
then rank A would be very low relative to m. In [13], it is shown that if A€ Mpis
a sufficiently low rank nonnegative matrix, then there is another nonnegative matrix.
A € M, with m' < m such that the nonzero part of the spectrum of A agrees Wit’;h
that of A. This rules out the possibility of the SNIEP having a solution for certain
lists for which the Boyle and Handelman result guarantees a solution to the RNIEP.

As a specific example, consider n = 6 and \; = V5l4+6 A =X3 =M =1, and
A5 = Ag = —3 for small e > 0. For e > 0, {M1, A2, A, Mg, As, Ag} satisfies the Boyle

and Handelman conditions. For each m > 6, there is an €, > 0 such that at least
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m — 6 0’s must be added to obtain the nonnegative realization A € M, guaranteed
by Boyle and Handelman. Consider m = 22. For some €y > 0, Johnson, Laffey
and Loewy show that there is no symmetric nonnegative matrix of any order whose
nonzero spectrum is Ai, Az, A3, Ag, A5, A

In Chapter 6, we will discuss the results that show for lists of length n < 4 the
RNIEP and the SNIEP are equivalent. But knowing that the RNIEP and the SNIEP
are different in general, what is the smallest list for which they are different? We will
show in Chapter 6 that the RNIEP and the SNIEP are different for lists of length

five.
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CHAPTER 6

Lists of Length Five

In this chapter we derive new results concerning the RNIEP and the SNIEP. Recall
that the RNIEP is to determine the necessary and sufficient conditions for a list of n
real numbers, o = {A\;, Mg, ..., An}, to be the spectrum of some nonnegative matrix.
The SNIEP is similar with the only difference being that o must now be the spectrum
of some symmetric nonnegative matrix. In this chapter we will consider the values
of o to always be ordered such that Ay = A 2 -+ 2 As where A1 = |Ax]- In other
words, A; will be the Perron root should a nonnegative matrix exist. Of course we
already have seen some necessary conditions for a real o such as the moments must
be nonnegative, the Perron root must be a part of o, and the JLL condition must
hold. These conditions are sufficient in lists of four or fewer real numbers and we will
see this in the section (6.2). These conditions are not sufficient in lists of five or more
real numbers, and we will see this in section (6.2). We begin by stating some recent
results concerning the RNIEP and the SNIEP in the case where n < 4 in section

(6.1). It is for these smaller dimensions that the problems are equivalent.
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6.1 The Soules Approach'to the SNIEP

Two recent papers, McDonald and Neumann [21] and Knudsen and McDonald
[16], discuss the Soules approach to the SNIEP for n < 5. A list of n reai numbers,
{1, Ay, ..., A} satisfying the conditions 1 > |A;| fori=2,3,...,n and 1+ X9+ +
An > 0 define a polytope in R" called the trace nonnegative polytope denoted by
Tn. Any list of n real numbers realizable as the spectrum of a symmetric nonnegative
matrix must be in this polytope 7, however for n > 5, 7, contains points which are not
spectrum of ‘any symmetric nonnegative matrices. For example, {1,1, —%, —%, —%}
and {1, %, %, —1—1} are not the spectrum of any nonnegative matrix as the first one
fails to be reducible as there is a repeating Perron root and the second one fails the
moment condition as s3 # 0. Therefore we denote by S, the set of points in 7, that
are realized as spectrums of symmetric, nonnegative matrices.

Soules [31] developed a method of constructing symmetric nonnegative matrices
whose eigenvalues satisfy A\; > Xy > -+ = A,. Starting with a vector z > 0, Soules
shows how to construct an orthogonal matrix R, called the Soules matrix, such that
for A = diag (A1, A2, ..., A\,) the matrix A = RART has nonnegative off-diagonal
ent"ries. He shows that all off-diagonal entries are positive if and only if A1 > Ao
Soules then finds sufﬁcien‘p conditions on );’s which guarantee the diagonal entries of

A = RART are also nonnegative. In this construction from Chapter 5 Theorem 23,

the positive vector z becomes the Perron vector of A corresponding to AL

Let the Soules set &, be the set of all lists {\;, A2, ..., An} for which there is a
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Soules matrix R such that RART > 0 where A = diag (A1, A2y .. Ag). Forn =3

and n = 4, McDonald and Newmann [21] show that &, = S, = T,. In Knudsen

and McDonald it is shown that {1, L+3v5 14348 =1=35 '713‘/5} is in S5 but not in
G5 showing that G; is properly contained in Ss. We saw earlier that Ss is properly
contained in Ts.

The following interesting lemma by McDonald and Neumann [21] gives a condi-

tion relative to the spectrum of a 5 x 5 irreducible symmetric nonnegative matrix.

Although it is a simple condition, it is a useful result for our work in section (6.3).

Lemma 1. [21] Let A be a 5 x 5 irreducible nonnegative symmetric matric with
eigenvalues {1,/\2,/\3,/\4,)\‘5} where 1> A = A3 = A 2 Xs = —1. Then —(X5) +
trace (A) = Ay. Moreover, if some eigenvector of A corresponding to Ay has only one

positive or one negative entry, then trace (A) 2 Ao

Proof. If As > 0, then —As + trace(4) = 1+ X+ Az + A1 = Mg since A has all
nonnegative eigenvalues.

If \s < O, then let B = A — \;I where A = [a;;] for 1,7 = 1,2,3,4,5. By this
definition, since B has all nonnegative eigenvalues and is Hermitian, B is a positive
semidefinite matrix. Since A is negative, B is also a symmetric nonnegative matrix.
Let = be the Perron vector for the Perron root, 1 — As, associated with matrix B.
Then by the Perron-Frobenius Theorem z > 0 and can be chosen so that ||z|j2 = 1.
Let y be the eigenvector corresponding to Xy — A5 associated with matrix B. Sincé B |

is symmetric, zTy = 0. This forces y to have at least one negative entry and at least
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one positive entry. As y has five entries, this means y or —y has at most two positive
entries. Let us assume y has at most two positive entries located at the top of the
vector. Now let y be represented by the two vectors y; and yo where 7 contains the
positive part of y and y, contains the nonpositive part of y. Partition B appropriately

for y so that

Consider the two cases:

1. Suppose y; contains exactly two elements. Then we partition B so that By is
2 x 2 and By is 3 x 3. Thus we have Byyr + Biays = (A2 — As)y1. Then
as Bioys < 0, we have Byy; = (A2 — Xs)y1. Since B is nonnegative and
semidefinite, so is B;; and we can conclude that by the definition of B = A—As/

that .
trace (A) - 2)\5 2 a1 + aog — 2/\5

= trace (B11)
> p(Bu)

2 A — As.

Therefore, — (Xs) + trace (A) = As.
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2. Suppose y; contains one element. Then by a similar argument where Bj; is a
1 x 1 matrix, we have
trace (A) — As 2 a1 — As
= trace (B11)
> p(Bn)

> A= As

giving trace (A) = Aq.
o

In section (6.3) we show that, except for two partially known cases, every other

possible list of five real numbers satisfying certain sufficient conditions are in Ss.

6.2 Equivalence of RNIEP and SNIEP for n < 4

In the case of lists of four real numbers, Loewy and London [20] have a construc-
tion technique solving the RNIEP. This is discussed in Theorem 28. The following
symmetric constructions are from Wuwen’s paper [34]. In these constructions, Wuwen

uses Theorem 27 due to Fiedler.

1. Consider a list of length one. Clearly A; > 0 and hence A = [ )\1] will do.

9. For a list of length two, o = {A;, Ay} must satisfy A; + Ao > 0 where A, > |Aa.
An example of a symmetric nonnegative matrix with o as its spectrum is:

LI +2e A=

44.
2

Al— A2 A+
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3. Now we consider a list of length three. In this case where o = {1, A2, A3} CR,
/\1 + /\2 + )\3 2 0, /\1 > l>‘2| for 1 = 2, 3 and )\1 P )\2 P /\3 the following

possibilities arise:

(a) if A1 = A2 > 0 > A3, then an example of a symmetric nonnegative matrix

realizing o as its spectrum is:

Ait+Az A=A 0

2 2
A= |u=x a2
2 2

LO 0 X

(b) if Ay = 0 > Ay > )3, then an example of a symmetric nonnegative matrix

realizing o as its spectrum is:

AM+de+FAz  ArtAde—A3  V—=2MA2
2 2 2

A= | Mtde=A3  AiddetAs V=212
2 2 2
vV—=2X1)2 V=212 0
L 2 2 i

4. Next we present two results for the case of n = 4. Here 0 = {1, A2, As, A} C
R, A=A = A 2 Mg, and Ay > |A] for i = 2, 3, 4. The RNIEP solution given
in the next theorem is due to Loewy and London [20].
Theorem 28. [20] Let 0 = {A1, Ao, A3, M} be a set of four real numbers, and
assume that o satisfies maziica | Ni| € 0 and s = A1+ Az + A3+ Ay =2 0. Then

o is the set of eigenvalues of a nonnegative matriz A.

Proof. Assume that A\; > Ay > A3 > A4 and we have the Perron root require-
ment, |A;| < Ay, for ¢ =2,3,4.
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If X, s, As > 0, A is the matrix A = diag (A, Az, Xs, M-
If Ao, Az, As < 0, the assertion follows from Theorem 16.
IfAe € 0, Ay, A3 > 0, o is realized by the nonnegative matrix

[ i
A4+ X 0O

-\ 0 0 D
A=

0 0 X O

0 0 0 A

S

If Az, Ag $ 0, A, > 0 we distinguish between two cases:

(a) A2+ X3 2 0, and
(b) Az +iAs <O,
In case (d), o is realized by the nonnegative matrix

Az + Az Aj 0 0
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In case (b), o is realized by the matrix A = Udiag (A1, A, As, As) UT where

U is the orthogonal matrix

B T
11 1 1
-1 -1 1 1
U=-=
1 -1 -1 1
-1 1 -11
I ]

The entries of A are,

a11 = G2 = @33 = Gga = A1 + Ag+ A3+ M 2 0,
a12=a21;a34=a43:—A1—A2+A3+A4>0,
a13?631=az4=a42=)\1—>\2">\3+)\4>0,
Q14 = Qg = 03 = a3 = —A1 + A — A3+ Ay 20,

and hence A is a nonnegative matrix. O

The solution to the SNIEP for a list of four real numbers was presented by
Wuwen [34]. The construction techniques require the same sufficient conditions

as those in Theorem 28.

(a) If A1 = A2 > A3 > Mg > 0 then A = diag (A1, Az, A3, A\y) realizes o as its

spectrurm.

(b) If Ay = Ag = A3 = 0 > Ay, then an example of a symmetric nonnegative
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matrix realizing o as its spectrum is:
B 1

AM+M A=A O 0
1 A1 — A M+ O 0

0 0 20 0

LO 0 0 23

() A = A=0>X32>Agand A 2 |As], then an example of a symmetric

nonnegative matrix realizing o as its spectrum is:

| 1
M+ A=\ 0 0
T YRS VS VI VR 0
A:§
0 0 Ao+ A3 A2 — A3
] .0 0 Ao — A3 Ag+ A3

(d) A > A2 20> X3 = Ag and Ag < |A3), then an example of a symmetric

nonnegative matrix realizing o as its spectrum is:

r .

MAdo+d+d M+A+rg—XA 0 )

MHA+A3— A A+ A+ A3+ A\ 0 )

N

) 0 0 —2);

4] ) —2X3 O

.

where § = \/’— (Az + )\3) (Al + /\3)
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(e) f A1 2 0> Ay 2 A3 2 Ay, using

-

)\1+)\2+)\3+/\4 )\1+)\2+/\3+)\4 \/~2(>\1+/\2)>\3

[N R

AMAA+A+d M+d+d+d /=204 ) As ]

L\/—2 Or+22) A V=2(A1+ A2) A3 0

- -

VoYW
1
U = y
200t ey |V
ST

and § = /=M1 )\g, then an example of a symmetric nonnegative matrix

realizing o as its spectrum 1is:

B {u
A=
ul 0
This completes the case where the RNIEP and the SNIEP are equivalent. Al-
though Johnson, Laffey and Loewy [13] proved the two problems are not equivalent
for all dimensions, it was an existence proof as described in Chapter 5. In section
(6.3) we analyze the case where 0 = {1, Az, A3, Ag, As} in terms of the RNIEP and the

SNIEP. We show that the list of five real numbers is the first time the two problems

are not equivalent.

6.3 Lists of Five Real Numbers

The following addresses the SNIEP in the case where the lists contain five real
numbers. That is, given a list of five real numbers o = {1, A2, Az, Ag, As} such that
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LA 2 A= A2 M2 s,

2. A\ = MaTigigs |Ails

3. 8, 20fork=1,2,3,... and
4. JLL condition

we determine sufficient conditions for o to be the spectrum of a 5 x 5 symmetric
nonnegative matrix. In the analysis, we first attempt to use the conditions from
Kellogg’s Theorem to determine if there exists a nonnegative matrix and thus a
symmetric nonnegative matrix due to a result of Fiedler. We do so by examining
the pairing of positive numbers in the list with nonpositive numbers in the list. For
example if Ay 2> A 2‘)\3 >0 2 )\4' > )s then the pairs in question are Ao with
X5 and A3 with Ay If Ag + A5 < 0 and A; + As < 0 then the set K = {2,3} in
Kellogg’s conditions. The remaining conditions are then satisfied if Ay + As = 0,
AL+ (A4 As) + A 2 0,and Ap+ (ha +As) + (As + A4) > 0. If there are cases where
Kellogg’s conditions do not apply, for instance in our example when Ay + (A2 +As) +
A4 < 0, then we attempt to partition o and use the conditions from Borobia’s Theorem
or Radwan’s Theorem to see if there exists a symmetric nonnegative matrix. The final
goal of each case is a construction technique showing a symmetric nonnegative matrix
realizing o as its spectrum. Many times we will use Fiedler’s result from Theorem 27.

The following figures show the possible positive and nonpositive distribution of

five real numbers. The break down from each are the possible outcomes based on
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Kellogg’s conditions. Each branch further divides out when we apply Borobia’s par-

titioning scheme.

A 2A, 24202450
3

A >02A, 24,24, 24

A +A,<0 A, +4,20 A, +A, <0 A, +A,20
E| , see Figure 4

024,24, +4, O24;+4,+4
see Figure 3

A, +A,+4,<0 Ay +A, 44,20
3
A +A,+24,<0 AL +A,+4,20
unknown E|

Figure 2: List of Five Real Numbers
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A 2A, 224, 24,50
3

A >022, 24,24, 2 4

Ay +As<0 A, +A,20 A, +A5<0 A, +45 20

3 A see Figure 4

024,24, +A, 024 +24, +1

: Figurez/\‘

Ay + A, + A, +A,<0 A, + A+, +2,20
3

A+A+ 4, +4,<0 A+A+A,+A,20
absorbed into prior unknown 3

Figure 3: List of Five Real Numbers
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A2A,2A2A, 2450
3

A,>02A, 24, 24, 24

A2A, 5024, 24,24 A2A,2A 502424 A 2424245024

A+A<0 A, +A20 A, +A;<0 A, +A4. 20

3 see figures
2and3
A +4,<0 A, +4,20 Ay +4, <0 A, +4,20
3 3 3
A +A, +A,+A;<0 A +A, + A, +2,20
unknown 3

Figure 4: List of Five Real Numbers

Our answers to the SNIEP for lists of five real numbers lie in the results of the

following cases.

631 /\1>0>)\2>)\3>A4>/\5
By Suleimanova’s Theorem and Theorem 27, there exists a 5 x 5 nonnegative,

symmetric matrix having spectrum {1, A2, A3, A4, As}. A construction is as follows:

F(A1+Fr2+A3+Aa+As) La+Hre+Aa+Aa=2s) 34/ —2(0+det+As)hs @
A= L+ tAa+Aa—As) F(ArHA2+A3+Aa+2s) 1/ =200 +22+23)As a

Ly/—20n 2223 $4/—200+A2+2s)M 0 b
a a b 0
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vV —(A1+A2) A3V A +Aa+A3 V= (A1t+A2)A3

V20u+Hde+As~Ae)

V) VIR :
. Since A; has eigenvalues
V2 +A2+A3—As)

where a =
A1+ g, A3, Ag, and A5 where A; + )y is the Perron root, we know that the normalized
‘Perron vector u of A\; + )\ is nonnegative. So using Theorem 27, with matrix B = [0],
which has Perron root 0 and Perron vector v = [1], we find p = v/=A1As > 0 which
makes the following matrix symmetric and nonnegative. Thus,

Ay puT

A=
pvul 0

is nonnegative and has the spectrum {1, Ag, A3, Ag, A5}

6.3.2 MZ2X>02 3202 A

1. If Ay + X5 < 0 then Kellogg’s conditions are satisfied. That is A; + As > 0 and
A+ (A2 + Xs) + A3 + Mg = 0 because the first is the Perron root condition and
the second is the trace nonnegative condition. This means {A1, Ag, As; Mgy As}
is the spectrum of some nonnegative symmetric matrix. An example of such a

matrix using Theorem 27 is

A1 —e+A3+As AM—et+dz—As /—2(A1—€)X3 ) ')
A 1 | M—etda=As Ai—e+As+As /=201 —€)3 1) 5

T 9 | V200-e2s /-2(h—e)s 0 p p
] 4 p Ag+e+As Ag+e—As
) é P Ag+e—As Aate+As
where § = —YeQu—g)yhi—e-)s VEvai—e—a and € > 0 satisfying Ay —€ 2 A9

\/5—/\1‘—\/5 IXESY, ,,0'_\/_ sA,+3’
and /\2+€+/\5/0.

2. For all remaining subcases, Ay + As > 0 must be true. So one of the following
partitions of the set ¢ must apply.
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(a) If )\1 2 A>02 )\5 > /\3 + A\ and Ay + Az + )\4 = 0. Then the fOHOWiI’lg

matrix is symmetric, nonnegative, and has spectrum {A;, Az, Az, A, Ast

A+ A+ A+ A=Ay V=2XA3 0 0
Ao+ A3— A A+ A3+ A V-2 A3 0 0
1
A=51 VEINN V=2 0 0 0
0 0 0 A+ A= A5
0 0 0 M =X A1+ As

(b) If A > Ao > 02> A5 > A3+ Ay where Ay + A3+ Ay < 0 but AM+A3+ XA 20,

then the following matrix is symmetric, nonnegative and has the desired

spectrum {A1, Ao, Az, Ag, A5}

A2+XA5 A2—As 0 0 0
Aa—As Ao+As 0 0 0

A= 1 0 0 Ar+A3+Aq A1t+Az—Ag v/ —2(A14+23)Ae
21 0 0 MHd—d At 3/-20u+As)ha |

0 0 v/=20u+Xa)A V=2(A1+23) A4 0

If Ay > X > 0> A5 > A3 + M\ and no previous conditions such as (2a)
or (2b), then we can form certain conclusions about the problem. First, if
a solution exists, it must be an irreducible matrix. Second, A3 # 0. Third
the two restrictions that 0 > A5 > A3 -+ A4 and Ay + A5 > 0 must apply.

For the first conclusion, we rule out a repeatiﬁg Perron root. Suppose
A1 = A, then the partitioning {);, \s} and {X2, A3, A4}, must be spectra
of 2 x 2 and 3 x 3 nonnegative matrices respectively. But then we have
M+ A3+ A = Ao+ A3 + Ay < 0 which contradicts the necessary trace
condition. In the case of A\, # A, if the matrix is reducible some partition
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must occur among the list of five numbers. However the weakest partition
of {\1, A3, A4} cannot occur since we are not assuming (2b). But any other
partition is worse since A3 + Ay = A; + A; for any 4, j = 3,4,5 with ¢ # j.
This means \; will never dominate the sum of any two of the nonpositive

entries; therefore, no other partition will work.

The second conclusion that A3 # 0 is because A\; + A3 + Ay < 0. As we
must satisfy the Perron root condition that A; + A4 > 0, adding a zero will

not make A; + Az + Aq < 0.

In the third conclusion, the first restriction is derived from the inequalities
0> X3 =AM 2 X5 and A\ + A3+ Xy < 0. As we no longer have Perron root
domination with this partition and A;+ s > 0, we realize that A5 > Az+Aq.
The second restriction is apparent from the nonnegative trace condition,
MFX+d3+M+A =0 Forif g+ X5 =0 then Ay + A3+ A3 20
contradicting A; + Az + Ay < 0. Hence Ap + A5 > 0.
An additional observation is that this case requires 2Ao > A;. We find this
fo be true since Ay + A3 > 0 and Ao+ Ay > O giving 2o > — (A3 + ) and
since A\; + A3 + Ay < 0 giving — (A3 + A4) > A;. Putting it all together we
have 2X3 > — (A3 + Ag) > Ap.
Therefore, the complete set of restrictions for this case are:
LAIS>A>0>A32 02 A

ii. Aa+2A5>0



iii. A3+ Mg < As, and

v, A;+ A3+ Ay <0.

As of this submission, we have examples of lists satisfying the prescribed

restrictions and realized by nonnegative matrices and also examples of lists

that meet the restrictions that cannot be spectrums of any nonnegative
matrix. We prove that there does not exist any symmetric nonnegative
matrix having spectrum with the prescribed restrictions and also prove

that if a nonnegative matrix does exist, it must be irreducible. The proof

and details are in the conclusion section (6.4) of this chapter.

M2 >02

A+t Asand Ao+ A3+ A+ A5 2>

0, then the following

matrix is symmetric, nonnegative, and has spectrum {\;, A2, Az, Ag, A5}

A2+A3+A4+As

A2+A3+Ae—As

Aa+Az+Ag—As

A2+A3+Ag+As

DO

1/ —2(A2+A3)Ae
vV —2(x2+2A3)Ag

(€ IfAr =X > 03

As = 0, then the following symmetric nonnegative matrix has spectrum

{)‘la )‘Za )‘3) )‘4) AS}

\/~—2()\2+/\3)>\4 \/—2()\2 +A3) A4 0
V=2223v2002+23) /-X233v/200+23)  _2v/Agi3)4
L \/52+A3—A4 \/A2+A3—~/\4 \A2+33~A4

0 0 0

A1+Az+Ag+As AtHAs+Aa=As 4/ =2(A1+A3) A4
1 AM+A3+Ag—As A1+Az+Aa+As 4/ =2(A1+A3) A
A=~
9 | V—20ua3)rs /20 +2s)N 0
\/—)\1)\3\/2(>\1+A3) \/—Xlz\a\/Q(Al-l-X;;) 2\/A1)\3/\4
VAr+ig—xy VATHA3 =Xy VAT FA3-2yq
0 0 0
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2{—)2)\3\/2(X2+)\3) 0
VA2+Az—Aq

1{—«\2A3\/2(A2+A3) 0
VA2+Az-Aq

24/AaAz Ay
VAg+Az—Ag
0 0
0 22

0

A3+ A+ A5, Ao+ A3+ A0+ 25 <0, and Ay + A3+ g+

V= ,\1,\ VLB i
)\1+)\3—A

V=A12A3v2(01+23) 0
VA1+Az—Ag

23{A1A3)\4 0
\/A1+>\3—A4

0 0

0 2X2




MZ22A>02 022

(a) If g+ X5 <0, A3+ Ay <0, and Ay + Xo + Ay + A5 > 0, then Kellogg’s

conditions are satisfied and by Theorem 27, there exists a symmetric non-
negative matrix having spectrum {A;, A2, A3, A4, As}. An example of such

is the following matrix.

Ar+As3+Ae+As Ai+de+da—As 4

1 | ArHdedAa—As Ai+Aa+Ag+As 6

A== ] s 0
2 3 ]

0

0 0

—9g

where § = \/— ()\2 + /\4) (/\1 -+ /\4)

(b) If A\ + X5 < 0, A3 + Ay > 0, then the following matrix has spectrum

{)\la )‘27 A3: A47 A5}

A +As AL — A5 0 0 0
AL—As A+ As 0 0 0

1
A:_é_ 0 0 )\3-{“)\4 )\3—)\4 0
0 0 M=y A3+XAs O
0 0 0 0 29

() If dg+ A5 > 0, A3 + Ay < 0, then the following matrix has spectrum
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{Als )‘Qa AS) )\47 A5}

[N

Ao+ A5
Ay — As
0
0

0

A2 = As
Az + As
0
0

0

0

0
AL+ Ag
A — Aq

0

0

0
AL — Ag
AL+ A\

0

0
0
0
0

2X3

(d) If Ay + X5 = 0, A3 + Ay > 0, then the following matrix has spectrum

{)‘11 )‘27 )\3> )‘47 A5}

DN |

A2+ s
Ao — As
0
0

0

L

Ay = Xs
A2+ As
0
0

0

0

0
Ag + Ay
Az — g

0

0

0
Az — Aq
Az + Ay

0

0
0

2

(e) If)\2+)\5 < 0, A3+ Ay <0, and )\1+)\2+)\4+)\5 < 0 where A\, >

Ay = A3 > 0 > As > s, then Kellogg’s conditions are not satisfied. For

Borobia’s conditions partitioning can only happen in one way; namely,

‘)\12,\2>A3>O>A4+)\5.

Moreover, we can deduce additional restrictions. For if A\; = A it is not

possible to partition the list to get a reducible matrix realizing the lists as

its spectrum. If Ay = 0 then Ay +Xa+ A+ A5 < 0 becomes A;+ A+ A5 < 0.

Since A; + X5 > 0 and )y > 0 this cannot happen. Therefore we have the
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following inequalities A\; > Ay = A3 > 0> Ay > As.

Borobia’s conditions are not satisfied in this partition where we group A4
and A5 together because the Perron root does not dominate the sum of A4
and As. This is apparent from the restriction A; + A2 + Ag + A5 < 0 which
implies A\; + Ay + As < 0. Therefore we still end up with the restriction
of Ay + Ay + A5 < 0 and do not have any nonnegative solution from this

partition.

As of this submission, we have examples of lists satisfying the restrictions
and that are realized by nonnegative or symmetric nonnegative matrices.
Soule’s construction of a symmetric nonnegative matrix with the assump-
tion that the all one’s vector is the Perron vector does not work nor does
Theorem 27 as this set cannot have a reducible nonnegative matrix for a
solution. This is apparent when we try to partition the positive eigenval-
ues with the negative ones and still meet the necessary conditions for a
nonnegative solution. A detailed summary is provided in the conclusion of

this chapter.
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6.3.4 A1>>\2>/\3>)\4>0>>\5

As A1 4+ A5 > 0, the symmetric nonnegative matrix realizing o is given by

-

AM+A M- 0 0 0

AM=X M+ 0 0 O

m.
I
|

0 0 2% 0 0
0 0 0 2x O
0 0 0 0 2\

6.3.5 MZ2X22M20>0

Then A = diag (A1, A2, A3, Ag, As) is a symmetric nonnegative matrix realizing o.

6.4 Conclusion

There are two cases from the above where we have examples but no definite
conclusions. However, in one of the cases we prove there does not exist a symmetric
nonnegative matrix having the list of five real numbers as a spectrum and in the other
case we have examples of symmetric nonnegative matrices with spectra satisfying the

conditions. The following is a summary of the restrictions on the two cases.
1. A1 > A > 0> A3 2 Ay > A5 with restrictions
(a) A2+ A5 > 0,
(b) Az + Ay < X5, and

(C) AL+ A3+ A <0

80



2. M == A>02> A 2 A5 with restrictioné
(@) A1 > X2 A3>0> X 2 A,
(b) A+ A5 <0,
() M+ A < 0, and
(d) A+ X+ A+ X5 <0.
In case (1), we prove that there does not exist a solution to the SNIEP.

Theorem 29. If 0 = {1, Ao, A3, Aa, As} be a list of real numbers satisfying the fol-

lowing:
LAM>XM>0> A2 2 s,
2. Mo+ X5 >0,
3. A5 > A3+ Ay, and
4o M+ A3+ A <0,

then there does not exist a 5 x 5 symmetric nonnegative matriz having spectrum
{1, X2, A3, Mgy As}. Moreover, the only nonnegative matriz that may realize o as its

spectrum must be irreducible.

Proof. Without loss of generality we assume the list of numbers is normalized. Then
there are two cases to consider. If a nonnegative matrix realizes o as its spectrum, it

would need to be reducible or irreducible.
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1. The reducible case: Although a discussion was presented in the prior section
concerning this case we repeat it here. If a nonnegative reducible matrix realizes
o, then we should be able to partition the list o so that each sublist would be
the spectrum of a smaller nonnegative matrix. But this is impoésible. As we
must put two nonpositive values with one positive value for a partition to work,
the smallest negative sum a positive value must dominate is A3 + A4 with the
remaining negative value A; to be dominated by the remaining positive value.
The first restriction comes from A3 + Ay > A; + A; for any combination of
1,7 = 3,4,5 with ¢ # j. Considering the choices, we can either match the
Perron root A\; or Ay with A3 + Ag. Since Ay > Ay and Ay + A5 > 0 the best
partition is {A;, As, A¢} and {),, As}. But, the first list fails the trace condition
as A; + A3 + Ay < 0. Therefore since we can do no better than dominating the
sum of A3 + A4 with a positive value, there cannot exist any nonnegative matrix

having o = {A1, g, A3, A4, As} as its spectrum.

2. Suppose o is reaiized by a symmetric nonnegative matrix which is irreducible.
By Lemma 1, we have — (\s)+trace (A) = Ay +Aa+A3+Ag = Ap but this implies
A1+ Az + A4 > 0 which contradicts the last condition in the hypothesis of this
theorem. Therefore, there does not exist an irreducible symmetric nonnegative

matrix realizing o.

So for a list of five real numbers satisfying the restrictions of Theorem 29 to be the

spectrum of a nonnegative matrix, the solution set of nonnegative matrices excludes
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symmetric matrices and excludes reducible matrices. O

The above theorem does not answer whether or not the restrictions are sufficient for
there to exist a 5 x 5 irreducible, nonnegative, nonsymmetric matrix. We can prove
they are not sufficient by the following examples. Consider the lists {5,4, —3, -3, -3}
and {8,7,—4,—5,—6}. They satisfy the conditions of Theorem 29; however, the
refined JLL necessary condition that 4s, > s3 discussed in Chapter 5 fails as 4496 2
4624 for list one and 69392 # 144400 for list two. Therefore these lists cannot be
spectrums of some nonnegative 5 x 5 matrix.

As discussed in Chapter 3, Laffey and Meehan [18] discovered the necessary and
sufficient conditions for a list of 5 complex numbers summing to zero to be the eigen-
valuesofa5x 5 nonpegative matrix. In this particular case we have examples of lists
of five real numbers for which the conditions of Theorem 29 are met and for which
Theorem 11 can be applied. Consider the list ¢ = {97,71, —44, —54, =70} which
satisfies the restrictions. For this list we get the following nonnegative matrix having
o as its spectrum. Mathematica was used to create this matrix using Laffey and

Meehan’s construction.

- 0 1 0 0 ()1

12;01 + 3\/?4—12—8—6?f 0 1 . 0 0

A= 0 0 0 1 0
0 0 0 0 1

L (14157354960 + 20548080+/418657) 0 228312 2% — WAET
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From this case we derive the following Corollary 4.

Corollary 4. In the case of a list of five real numbers, the two problems, the RNIEP

and the SNIEP, are different.

Proof. Consider the list ¢ = {97,71,—44,~54,—70}. This list has trace zero and
satisfies Laffey and Meehan’s conditions. Hence there exists a matrix A > 0 such
that the spectrum of A is the given list.

The list also satisfies conditions of Theorem 29. Therefore there does not exist

a symmetric nonnegative matrix realizing the given list as its spectrum. Hence the

SNIEP and the RNIEP are different for lists of length five. O

In case (2), we give examples that there do exist symmetric nonnegative matrices
and hence nonnegative matrices having o = {1, g, A3, Ag, As} as a spectrum. The

following examples are symmetric.

0 903 43 151 641
903 94 634 138 24
A= 143 634 96 767 1

151 138 767 44 691

641 24 1 691 O

has the spectrum o = {1657.8406, 439.1386, 342.1249, —1043.4224, —1161.6816}.
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40 436 838 2 167
436 0 0 177 730
B=1838 0 18 840 319

2 177 840 97 831

167 730 319 851 4
has the spectrum o = {1827.3721, 358.2611, 210.4551, —997.7358, —1239.'3515}.

One last example of this case comes from Reams [29]. The list 0 = {6,1,1, —4, 4}
satisfies all the conditions of Theorem 29 in this case and does have a trace zero

nonnegative matrix having o as its spectrum.

Theorem 30. Let 0 = {\;, Ao, A3, Aa, As} be a list of five real numbers satisfying the

following conditions:
1. Ao+ X5 <0,
2. A3+ A <0,
3. M+ + N+ A5<0, and
4o A1> A2 A3>0> M 2 s,
A nonnegative matriz realizing o cannot be reducible.

Proof. Let o satisfy the given conditions. For there to exist a nonnegative reducible
matrix having o as its spectrum, it must be possible to partition o into smaller lists
which are the spectra of smaller matrices. As A; + A5 > 0 and we have the given
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condition that A\; + Ao + Ay + A5 < 0, the two imply Ay + Ay < 0. Therefore as A,
does not dominate either of the negative values )4 or As, it cannot be the Perron root
for any smaller matrix. Since A; + Ay + As5 < 0 we cannot partition all the negative
values with A;. Hence if a matrix should exist with o as its spectrum, it would have

to be irreducible. O

As we have seen, this problem has many different facets to’ it. While the RNIEP is
equivalent to the SNIEP in many céses, we now know in case (1) the two problems are
indeed différent. It is unclear whether or not the RNIEP and the SNIEP are different
in the latter case (2). As both of the cases require irreducible matrices for possible

solutions, more construction techniques or existence proofs need to be developed.
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CHAPTER 7

Lists of Length Six

As we have seen in Chapter 6, the 5 x 5 case is the first case in which the RNIEP
and SNIEP are different. The process of analyzing this difference came from breaking
down the possible positive and nonpositive numbers in the list of five real numbers
and trying to apply Kellogg’s and Borobia’s conditions. We continue this process
on the list of six real numbers, o = {A;, A2, A3, Ay, A5, X6}, that satisfy the following

conditions. No one has looked at this scenario in the literature as of this submission.
LAZX22M2 2\,
2. A1 = mazigige [Nl
3. s, 20fork=1,2,3,..., and
4. JLL condition.

Our goal is to identify sufficient conditions that prove the existence of symmetric

nonnegative matrices having the spectrum o = {1, Ay, A3, A4, X5, A6}
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7.1 Lists of Six Real Numbers

7.1.1 M>0Z202202 2 X

In this case since A; dominates the sum of the negative eigenvalues, we know
by Suleimanova’s condition that there exists a nonnegative matrix having o as its
spectrum. Moreover, using Theorem 27 we can construct a symmetric nonnegative

matrix with o as its spectrum.

7.1.2 AMZA>02X2M2 2N

We begin our analysis of this by applying Kellogg’s conditions which identify those
élements that belong to the set K. In this distribution of numbers we have only the
pairing of Ay + Ag to analyze. The possible results from this lead to three main cases

with subcases hinging on the remaining Kellogg’s conditions.

1. If Ay + A¢ < 0, then we have K = {2}. The remaining Kellogg’s conditions to
check are that A; + g > 0 and A; + (A2 + X¢) + A3+ Ay + As > 0. Both of these
conditions musf be true as the first is the Perron root condition and the second

- is the nonnegative trace condition. So A; + A¢ < 0 implies Kellogg’s conditions
are satisfied so by Theorem 22, we know there exists a symmetric nonnegative

matrix having o as the spectrum.

2. If A2+ X > 0, then we have K = . The remaining condition to check is

whether Ay + A3 + A4 + A5 > 0. First we will assume this condition holds.
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So for A\; + A3 + Ay + A5 > 0 we know by a corollary of Suleimanova’s Theo-
rem, there exists a symmetric nonnegative 4 x 4 matrix, A;, having spectrum
o (A1) = {A1, A3, Ag, As}. We also know there exists a symmetric nonnegative 2
x 2 matrix, Ay, having spectrum o (As) = {A2, Ag} since Ay + Ag > 0. Putting

the two together, we find the symmetric nonnegative matrix, B,

such that o (B) = {1, A9, A3, Ag, A5, A6}

. If)\2+/\6>0and

A+ A3+ A+ A5 <0, (3)

then Kellogg’s conditions are not met. We now try to partition and apply
Bordbia’s conditions. Note, to apply Borobia’s conditions to any partition, we
must assume the Perron root condition holds for that partition. This means A;
is greater than the absolute value of the most negative sum in thé partition.

When the Perron root condition fails for the partition, we will list it as the last

~ subcase.

() If Ay > XAy >0 > Ag = A3+ Mg+ As. Then in order to apply Borobia’s
conditions, we must satisfy the Perron root condition, that is A; + A3 +
A4+ As > 0. But this is not possible given (3). Therefore we conclude this

particular partition gives us no useful information.
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As an individual partition we may gain nothing, but applying this idea to

the general partition of A\; > Ao > 0 2 A\; 2 Aj+ e+ Ay where 3, 7, k,m are

distinct elements from {3,4,5,6}, we are able to remove these partitions -

from contention. This is because Az + Ay + Xs = A; + Aj + A for any
combination of the nonpositive numbers. Therefore since the Perron root
condition fails when considering the most negative sum Az + A4 + A5 it will
fail for any other sum of three distinct nonpositive numbers also.
IF AL > A >0 Xg+ XM+ X5 = X Then we try to apply Kellogg’s
conditions to the list of four elements o7 = {1, A, Az + Aa+ A5, A6} Since
X2 + )¢ is nonnegative on the original o, we know K = (). However we get
the next implication
M+ + A5 = A=

M+ +XM+A2A+X220
contradicting (3). Thus this partition cannot work.
If A = A >0 32 A3+ X = s + Xg. Here we try to apply Kellogg’s
conditions on the set o1 = {A1, A, Az + Ag, As+ X} AL+ A5+ A 2 0 we
satisfy the required Perron root condition. So assuming this is true, there

are two subcases dependent on the sign of Ay + As + Ag.

i. If Ay + As + Ag < 0, then K = {2}. Checking the remaining condition
of A\ + As + X¢ > 0 which we've assumed to be true, we have the

existence of a symmetric nonnegative matrix having spectrum
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| 0 = {1, A2, A3, A4, A5, A6} by Radwan [27].
i, If Ao+ X5 4+ X 2 0, then K = 0. So by Suleimanova’s condition and
Fiedler, we know theré exist symmetric nonnegative 3 x 3 matrices 4,
with o (A1) = {1, A, A} and Ay with o (Ay) = {Ag, As, e} Thus

the symmetric matrix B defined by

has spectrum o.

iii. When the Perron root condition is not satisfied, that is A\; + A5+ X <
0, we cannot apply Radwan’s result. This means the existence of a

symmetric nonnegative matrix or a nonnegative matrix is unknown in

this case.

(d) Suppose A1 = Ay > 0 = Ag+A5 = M+ Xg. Let oy = {1, A2, Ag+ s, At A}
i If Ao 4+ Ay + X6 < 0, then applying Kellogg’s conditions to o, we have
K = {2}. Then by the assumption that A\; + Ay + g = 0 all of
Kellogg’s conditions are met and we have the existence of a symmetric

nonnegative matrix from Radwan’s Theorem.
. If Adg + Ay + A6 2> 0, then applying Kellogg’s conditions to o; we have
K = 0. Assuming A; + Aq + Ag > 0, we may construct a symmetric
| nonnegapive matrix B having spectrum o from two smaller 3 x 3 sym-
metric nonnegative matrices A; and A; where o (4;) = {A1, A3, As}
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iii.

and o (Ag) = {/\2, /\4, /\5} Here

has spectrum o.

When the Perron root condition is not satisfied, that is A\ + \g +
X¢ < 0, we cannot apply Radwan’s result. This means the existence
of a symmetric nonnegative matrix or a nonnegative matrix is still

unknown.

(e) Suppose A; = Ay > 0 > Mg+ > A+ As. Let o1 = {A1, Ao, Mg+ X6, Mg+ s}

1.

ii.

If A2 + Ay + A5 < 0, then applying Kellogg’s conditions to o; we have
K = {2}. Then by the assumption that A; + As + A5 3> 0 we have the
existence of a symmetric nonnegative matrix from Radwan’s Theorem.
If Ao + Ay + A5 > 0, then applying Kellogg’s conditions to o; we have
K = 0. Assuming A\, + Xy + s > 0, we may construct a symmetric
nonnegative matrix B having spectrum o from two smaller 3 x 3 sym-
metric nonnegative matrices 4; and A, where o (A1) = {A1, 23, X6}

and o (A3) = {Ag, Ay, As}. Here

has spectrum o.
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iii. When the Perron root condition is not satisfied, that is A + Ay + As <
0, we cannot apply Radwan’s result. This means the existence of a

symmetric nonnegative matrix or a nonnegative matrix is unknown.
(f) Suppose )\1 Z A 0 >\4+)\5 >\3+/\6 Let g = {)\1, )\2, )\4'{")\5, )\3"{‘)\6}

i If Ao + A3 + Ag < 0, then applying Kellogg’s conditions to o; we have
K = {2}. Then by the assumption that A1 + A3+ Ag = 0 we have the
existence of a symmetric nonnegative matrix from Radwan’s Theorem.

ii. If Ay + Az + X = 0, then applying Kellogg’s conditions to o1 we have
K — (. Since Ay + Az + Ag = 0 it follows that Ay + Az + ¢ = 0, so we
may construct a symmetric nonnegative matrix B having spectrum o

from two smaller 3 x 3 symmetric nonnegative matrices A; and A,

where o (Al) = {)\1,)\4, )\5} and o (A2) = {)\2,)\3, )\6} Here

has spectrum o.
iii. When the Perron root condition is not satisfied, that is A\; + Az + e <
0, we cannot apply Radwan’s result. This means the existence of a

symmetric nonnegative matrix or a nonnegative matrix is unknown.

(g) Note, that to completely analyze all partitions we must consider the case
where A = X2 > 02 M+ X 2 A3+ As But this is impossible given our
initial assumptions that Az > Ay and A5 2> A
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(h) Suppose A; = X2 > 02 A3 > Mg 2 Xs + Ae.

i.

il.

iil.

If Ay + Xs + A < 0, then K = {2} in Kellogg’s conditions. Assuming
AL+ s+ g = 0 and Ay + (M2 + As + Ag) + A + Ag > 0, there exists a
symmetric nonnegative matrix having o as the spectrum by Radwan’s
Theorem.

If Ay As+)g > 0, then K = 0. Since Mg+ As+As 2 0= Ait+As+As 2>
0, we get Ay + X3+ A = A+ A5+ A 2 0. This guarantees the
existence of two symmetric nonnegative 3 x 3 matrices, A; and A,
where o (A;) = {A1,ds, Aa} and o (Az) = {A2, A5, A6}, So we may

construct the symmetric nonnegative matrix

B =

which has the desired spectrum o.
When the Perron root condition is not satisfied, that is A1 + As +
X¢ < 0, we cannot apply Radwan’s result. This means the existence

of a symmetric nonnegative matrix or a nonnegative matrix is still

unknown.

(i) Suppose A1 2 A2 > 02 A3 2 A5 2 A4 + A6

i, If Ay + Xs + Xg < 0, then K = {2}. And by Radwan’s Theorem, since

M + A+ X¢ = 0 by assumption and A; + (A2 + A+ )+ A3+ A5 2 0,
there exists a symmetric nonnegative matrix having o as the spectrum.
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il.

iil.

If A\g+ Mg+ A = 0, then K = 0. Assume A; + Ag+ Ag > 0. Notice also
that since Az + X5 = Ay + Xg, we have Ay + Az + A5 2 A + A+ Ag 2

0. The conditions give the existence of two symmetric nonnegative
3 x 3 matrices, A; and Ay where o (4;) = {A, A3, As} and o (4;) =

{A2, A4, A6 }. So we may construct the symmetric nonnegative matrix
B =

which has the desired spectrum o.
When the Perron root condition is not satisfied, that is A; -+ Ag +
X¢ < 0, we cannot apply Radwan’s result. This means the existence

of a symmetric nonnegative matrix or a nonnegative matrix is still

unknown.

(j) Suppose A\; = Aa > 02 Ay 2 A5 2 Az + A

i.

ii.

If Ay + A3 + Xg < 0, then K = {2}. Assume A + A3 + X¢ 2 0. By
Radwan’s Theorem, since A\; + A3 + Xg > 0 and A; + (A2 + A3+ X¢) +
A1+ s = 0, there exists a symmetric nonnegative matrix having o as
the spectrum.

If Ay + A3 + Ag > 0, then K = §. Continuing with the constraints we
check if A} + A3 + Ag = 0 and A; + Ag + As > 0. The first one is true
because A\ + A3 + A = A2 + A3 + A¢ = 0 but the second one has no
guarantee. Now we must consider the sign of A; + A + As.
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ii.

i.

If \;+Aa+Xs > 0 then we have two symmetric nonnegative 3 x 3 matri-
ces, A; and A, where o (4;) = {1, A, As} and 0 (A4p) = {2, Az, Mg}

So we may construct the symmetric nonnegative matrix

which has the desired spectrum o.
A +M+ X< 0 we cannot apply Radwan’s result. This means the
existence of a symmetric nonnegative matrix or a nonnegative matrix

is still unknown.

When the Perron root condition is not satisfied, that is Ay 4+ Az +
)¢ < 0, we cannot apply Radwan’s result. This means the existence
of a symmetric nonnegative matrix or a nonnegative matrix is still

unknown.

(k) Suppose AL 2 A >02 A3 = A = A+ /\5.

If Ay + X + A5 < 0, then K = {2}. By Radwan’s Theorem, since
AL+ Mg+ X5 = 0 by assumption and A + (A2 + Ay + As) + A+ A >

there exists a symmetric nonnegative matrix having o as the spectrum.

ii. If Ay + A + A5 = 0, then K = 0. Continuing with the constraints we

check if Ay + Mg + A5 = 0 and A; + Az + A¢ > 0. The first one is true
because A} + A1 + A5 = Ao+ Ag + A5 = 0 but the second one has no
guarantee. Now we must consider the sign of M\ + A3 + X6
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If \;+A3+Xg = 0 then we have two symmetric nonnegative 3 x 3 matri-
ces, A; and A, where o (4;) = {A1, A3, A} and 0 (A2) = {Aa, Ay, A5}

So we may construct the symmetric nonnegative matrix

which has the desired spectrum o.
If \; + X3 + X < 0 we cannot apply Radwan’s result. This means the
existence of a symmetric nonnegative matrix or a nonnegative matrix
is still unknown.

iii. When the Perron root condition is not satisfied, that is A; + A4 +
A5 < 0, we cannot apply Radwan’s result. This means the existence
of a symmetric nonnegative matrix or a nonnegative matrix is still

unknown.
(1) Suppose A1 = Ao > 02 A3 2 Ag+ A5 2 A
i. If Ay + X < 0, then K = {2}. Our next conditions to satisfy are
M+ X = 0and A+ (M2 +Xg) + A3 + Ag + A5 > 0. Both of these
are true. The first is because of the Perron root condition on o. The
second is the nonnegative trace condition. Here Radwan’s Theorem
applies and we have the existence of a symmetric nonnegative matrix

having o as the spectrum.
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ii. If Ay + g = 0, then K = §. Checking the next condition of Kellogg,

we see A; + Az + Ay + A5 # 0 because of (3).

Hence, this particular partition gains no further restrictions for the exis-
tence of symmetric nonnegative matrices or nonnegative matrices. We do
however point out that no other partition A; 2 A >0 X2 A+ A2 A6

works for i, §, k being nonrepeating elements from {3,4,5}.
(m) Suppose A; = Ay >0 > A3+ Ay 2 A5 = Xe.

i. If Ay + Xg < O, then K = {2}. Our next conditions to satisfy are
M+ Xg = 0and A\ +(A\g + X¢)+A3+Aa+As > 0. Both of these are true.
The first is because of the Perron root condition on o. The second is
the nonnegative trace condition. Here Radwan’s result applies and we
have the existence of a symmetric nonnegative matrix having o as the
spectrum.

ii. If Ay + Xg > 0, then K = 0. Checking the next condition of Kellogg,
we see Ay + A3 + A4 + A5 # 0 because of (3). Hence, this particular
partition gains no further restrictions for the existence of symmetric

nonnegative matrices or nonnegative matrices.

7.1.3 )\12)\22)\3>0>/\4>/\52)\6
In this particular distribution of numbers we find many more cases because we

have more positive values to match up with negative ones. For example, the straight
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application of Kellogg’s conditions requires us to analyze Ay + Ag and Az + A5 to

determine whether or not 2,3 € K. We will consider all possible outcomes through

the following.

1. If

Ay + g < 0 (4)

and

X3+ A5 <0, (5)

then K = {2,3}. We will examine the different outcomes of the remaining
conditions of Kellogg, that is A, + s = 0, At + (A2 + X¢) + A5 2 0, and A +
(A2 + Ag) + (A3 + As) + Ay = 0. The first and third are true by the necessary
conditions on o with regard to the Perron root condition and the nonnegative

trace condition. The second condition need not be true.

(a) If A + (A + Xe) + As = 0, then as we satisfy all of Kellogg’s conditions,
we have by Fiedler’s result a symmetric nonnegative matrix.
(b) If

A+ (Mg + Ae) + A5 <0, (6)

then Kellogg’s conditions are not satisfied. Note that M+ (Mg + Ag)+As <0
gives

M+A=0 (7)
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due to the nonnegative trace requirement. In this case where Kellogg’s
conditions are not met, we try partitioning to use Borobia’s and Radwan’s

results to further resolve the problem.

L IF A = Ao = A3 > 02> Mg = A5+ Ag. Then to make this partition
viable, we must héwe A+ A5+ A¢ > 0. But this clearly contradicts (6)
as Ay > 0. Therefore this partition fails to give new information.

i, IE AL = A2 = A3 > 0 2> A5 = Mg+ A, then the following cases analyze
the possible K sets for Borobia’s conditions.

A If A+ X+ X < 0and A3+ As < 0, then K = {2,3}. Then
Borobia’s and Radwan’s conditions are satisfied if A; + A+Xre 20
and A, + (A + Mg+ Ag) + A5 > 0. The condition A\ +Ag+ A =0
may or may not be true. For this case we will assume it is, but we
will address when it does not in the final case of this partition. But
the second condition A; + (Mg + Mg + Xg) + As > 0 cannot be true
as it contradicts (6). Therefore this partition when K = {2,3}
cannot happen.

B. If \y+Aa+Xs < 0and A3+ Xs > 0, then K = {2}. But A3+X5 2 0

contradicts (5). Therefore this partition cannot happen.

C. If >\2+)\4+)\6 2 0 and )\3‘1‘)\5 < 0, then K = {3} But )‘2+)‘4+)\6 P

0 contradicts (4). Therefore this partition cannot happen.

D. If Ay + X+ Xs = 0 and A3+ As > 0, then K = (¢. But again, each
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condition contradicts either (4) or (5). Therefore this partition

cannot happen.

E. If \; + s+ X < 0, then the Perron root condition is not satisfied
in this partition. Then this partition does not resolve whether or
not there exists a symmetric nonnegative matrix or a nonnegative
matrix having ¢ as a spectrum.

i, IEA; = X = A3 > 02> Ag = Ay + As, then the following cases analyze
the possible K sets for Borobia’s conditions.

A Tfd+M+ X <0and A3+ A <0, then K = {2,3}. Then
Borobia’s and Radwan’s conditions are satisfied if A+ + A5 2 0
and A, + (Mg + Ay + As) + A > 0. The condition M+A+A20
may or may not be true. For this case we will assume it is, but we
will address when it does not in the final case of this partition. But
the second condition A; + (Mg + Mg + As) + A¢ > 0 cannot be true
as it contradicts (6). Therefore this partition when K = {2,3}
cannot happen.

B. If Ao+ X4+ X5 < 0and A3+ X 2 0, then K = {2}. But A3+2X6 2 0
contradicts (5). Therefore this partition cannot happen.

C. If Ap+Ma+)s = 0and A3+)g < 0, then K = {3}. But AatAgt+As 2
0 contradicts 0 > Ag+Xs = Ag+As+ A5 using (4) and the partition

(iii). Therefore this partition cannot happen.
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D. If \y+ A+ As > 0 and A3 + A > 0, then K = (. But again,
each condition contradicts known prior conditions. Therefore this
partition cannot happen.

E. If \; + A4 + A5 < 0, then the Perron root condition is not satisfied
with this partition. Then this partition does not resolve whether or
not there exists a symmetric nonnegative matrix or a nonnegative
matrix having o as a spectrum.

iv. X = Ao = A3 > 0 > Mg+ Xs > A, then we show fhat the only
viable case for K is when K = {2,3}. This means the inequalities
Ao + A < 0 and Az + Ag + A5 < 0 are true. We know they must be
because of (4) and (5). These conditions rule out any other possible
K. So in this only viable case, for the remaining conditions to be true
we need A+ g = 0and Ap + (A2 + ) + As+ A5 2 0. Unfortunately
the second one contradicts (6). Therefore even this case fails.

v. A = A2 > A3 > 0 = A+ As + Ag, then to discuss Borobia’s and
Radwan’s conditions we must have A\, + Ay + As + Xe 2 0. But clearly

this contradicts (6), so this partition gains us nothing.
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The previous partitions were based on the original distribution of A; >
Ao = A3 > 02 Mg > A5 > A where
Ay + Ag <0,
A3+ As < 0,
A+ (A2 + A6) + X5 <0, and
As+ Ay = 0.
2. Let us now address the case where we have K = {2} with regard to the original

spreadof/\l2/\22)\3>02/\4>>\5>/\6. If
A+ A <0 (8)

and

Xa+ X5 =0, (9)
then K = {2}. We will examine the different outcomes of the remaining condi-
tions of Kellogg, that is A; + A¢ = 0, and Ay + (A2 + Ag) + Ag > 0. The first is
true by the necessary condition on ¢ with regard to the Perron root condition.

The second condition need not be true. We will analyze this in the following.

(a) If A\; + Xg = 0 and Ay + (A2 + X¢) + Ay > 0, then Kellogg's Theorem ap-
plies and by Fiedler’s result we know there exists a symmetric nonnegative
matrix having ¢ as the spectrum.

(b) If

AL+ (Mg + Ag) + Ay <0, (10)
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Kellogg’s conditions fail. This leaves us with Borobia’s and Radwan’s
results which allow for partitions. The following cases consider all possible

partitions.

i TEAL 3 Ao > A3 > 03 Ag = Aa + As, then consider

o1 = {1, A2, Agy Xey A+ As}. We will analyze the possible K sets from

applying the conditions to 0.

A, If A4+ M+ )5 < 0and A3+ Ag < 0, then K = {2, 3}. Combine this
with the Perron root condition by assuming that A, + A+ A5 >0,
then we need only consider the inequality Mt(Ag + Ag + As)+Ag =
0. Unfortunately this final inequality contradicts (10). Therefore
this case cannot happen.

B. If \g+ A+ X5 < 0and A3+ X 2> 0, then K = {2}. But A3+2X6 20
contradicts (8), so this case cannot happen.

C.IEd+A+As 20 then using (8) and the partition we get 0>
Ao+ Ag = Ay + Ay + As which is a contradiction. So we have ruled
out K = {3} and K = 0.

D. If \; + M+ s < 0, then we do not satisfy the Perron root condition
with this partition. Therefore we do not know whether or not there
exists a symmetric nonnegative matrix or a nonnegative matrix

having o as a spectrum.
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i If Ar 2 A2 2 A > 02 Ay = As + e, then consider

o1 = {A1, A2, A3, Ag, As + Ae}. But this set fails the Perron root condi-

tion, that is Ay + As + Ag > 0 because it contradicts (10). Therefore,

this partition does not give us anything new.

i, A = Ao = A3 > 02> A5 = A+X6. Then consider o1 = {A1, A2, Az, As, Agt
Xs}. We will analyze the possible K sets from applying Kellogg’s con-
ditions to o;.

A I+ M+2s < 0and A3+ A5 <0, then K = {2,3}. Combine this
with the Perron root condition by assuming that A; +As+Xs 2 0,
then we need only consider the inequality M+ + As+ Xe)+As =
0. Unfortunately this final inequality contradicts (10). Therefore
this case cannot happen.

B. If Ay + M+ Xg < 0 and Az + A5 > 0, then K = {2}. But to apply
Borobia’s and Radwan’s conditions, we need M+ M+ 20
This inequality contradicts (10) so this case cannot occur.

C. If A\g+ s+ X = 0, then we contradict (8). It follows that K = {3}
and K = () cannot occur.

D. If \;+ M+ < 0, then we do not satisfy the Perron root condition
with this partition. Therefore we do not know whether or not there
exists a symmetric nonnegative matrix or a nonnegative matrix

having ¢ as a spectrum.
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iv. X = A = A3 > 0= A+ X5 2 X, then consider
o1 = {1, A2, Ag, Aa+ As, Ag}. We will analyze the possible K sets from

applying Kellogg’s conditions to o.

A If A+ X6 < 0 and A3 + Ag + A5 < 0, then K = {2,3}. Here the
necessary Perron root condition is met since that A; + As = 0 for
o. Hence we need only consider the inequality A; + (A2 + Xe) +
A + X5 = 0. Unfortunately this final inequality contradicts (10).

Therefore this case cannot happen.

B.If \g+ X < 0 and A3 + XA+ A5 > 0, then K = {2}. Then
we may subdivide o, into o2 = {A1, X}, 03 = {X3, Mg, A5}, and
o4 = {X2}. Each of these lists satisfy Suleimanova’s condition to
be the spectrums of symmetric nonnegative matrices, Ay, Az, and
A, respectively. Therefore a symmetric nonnegative matrix having

o as its spectrum is

C. If Ay + A¢ 3 0 it contradicts (8). So it follows that K = {3} and

K = () cannot occur.

D. If A\ = Mo = A3 >0 = A+ A5+ . Then the only possible group-

ing under question is Az + Ay + As + Ag. As we must satisfy (10),
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this expression must be negative, that is dg + Ag + A5 + As < 0.
Therefore the only element in the K set for this partition is 2. As
AL + M+ s + Ag < 0 because of (10), we find the Perron root
condition fails for this partition. Therefore this partition gives no
new information to the problem.

The previous partitions were based on the original distribution of six

real numbers where

AMZAZA>02M2 %2

A3+ A5 20,
AL+ ()\2 +>‘6) + Ay <0, and

A3+ As 2 0.

3. Let us now address the case where we have K = {3} with regard to the original
spread of Ay 2 A2 2 Ag > 02 A 2 A5 = X6 I
Az + X 20 (11)
and
A3+ A5 <0, (12)
then K = {3}. We will examine the different outcomes of the remaining con-
ditions of Kellogg, that is Ay + s 2 0, and A\ + (A3 + As) + A1 2 0. The first
is true by the Perron root condition on o. The second condition need not be

true. We will analyze this in the following.
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(a) If Ay + A5 > 0 and A + (A3 + As) + Ag > 0, then Kellogg’s Theorem ap-

plies and by Fiedler’s result we know there exists a symmetric nonnegative

matrix having o as the spectrum.

(b) If

A+ (/\3 + )\5) + A <0, (13)

then Kellogg’s conditions fail. This leaves us with Borobia’s and Radwan’s

results which require partitions. The following cases consider all possible

partitions.

i.

ii.

ii.

iv.

M2 >02M2 \s + Xg. This partition does not apply as
the Perron root condition fails, that is A1 + (As + Ae) # 0 by (13).
A A=A >02 X 2 M+ e This partition does not apply as
the Perron root condition fails, that is Ay + (s + Xe) # 0 by (13).
A A2A>02 A2+ A This partition does not apply as
the Perron root condition fails, that is A; + (Mg + As) # 0 by (13).
FAM>X2d>02 M+ 2 Xg. This parﬁition cannot occur

because Ay + M +As = A+ A 2 0isa contradiction to (13).

M S A=A > 02 M+ A5t e This partition cannot occur given

the restriction from (13). That is 0 > A+Fdo+Ag+As > IYEDIYE e DY

fails the Perron root condition.
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The previous partitions were based on the original distribution of six number

where

)\1>>\22)\3>0>)\4>)\52>\6,
)‘2+)‘6>07
)\3+>\5<0, and

A+ (A3 +As) + A <0
4. Let us now address the case where we have K = 0 with regard to the original
spread of \; 2> A2 2 A3 > 03 M= X2 Ag. For K= 0 then we must have Az +
X¢ = 0, and Az+As 2 0. But since A;+As > 0 we satisfy the sufficient conditions
necessary for there to exist three 2 x 2 symmetric nonnegative matrices, A1, Aa,
and A having spectrums o (A1) = {A\, A}, 0(A2) = {)2, A6}, and o (A3) =
{As, As}. So we may construct the symmetric nonnegative matrix

A1001

realizing o as its spectrum.

7.1.4 )\12/\2>>\32>\4>02)\52)\6
In this particular distribution the straight application of Kellogg’s conditions re-
quires us to analyze Ay + Ag and Az + As t0 determine whether or not 2, 3ec K. We

will consider all possible outcomes through the following.

109




1.

If

Ay + /\6 <0 (14)

and

Az + A5 <0, (15)

then K = {2,3}. We will examine the different outcomes of the remaining
conditions of Kellogg, that is A1 + As > 0, A1 + (A2 + Xe) + X5 > 0, and AL+
(A2 + Xe)+ (A3 + As) = 0. The first is true by the necessary condition on o with
regard to the Perron root condition. The second condition need not be true. The
third condition depends on the second. Notice that if A\ 4+ (D2 +2e) + 25 20,
then A; + (A2 + Xe) + (A3 +As) < 0 cannot happen for A3 > 0. So we may
conclude the only viable condition is the second one, that is M+ (X2 + Ae)+As 2
0. If this condition is satisfied there is a symmetric nonnegative matrix whose

spectrum is o.

Suppose

AL+ ()\2 + >\6) 4+ X5 < 0, (16)

we find that o does not satisfy the Kellogg conditions. Let us consider the
following partition to see if this distribution may be solved using Borobia’s and
Radwan’s conditions. If Ay = A 2 A3 2 A > 0 > A5 + X¢. This partition does
not apply as the Perron root condition fails, that is Ay + As + As < 0 because

of (16).
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I
Ao+ A <0 (17)

and

A3+ X5 =0, (18)

then K = {2}. Again, using the Perron root condition from o and (16) we can
find symmetric nonnegative matrices, A; and A, such that o (4;) = {1, A¢} and

0 (Ag) = {X3,As}. Using these, we can construct the symmetric nonnegative

I

matrix ; _\
A 0 0 O
0 A, 0 O
B =
0 0 X O
L 0 0 0 X\
having spectrum o.
M+2A 20 (19)
and
A3+ A5 <0, (20)

then K = {3}. Again, using the Perron root condition from & and (19) we can
find symmetric nonnegative matrices, A and A, such that o (4;) = {1, As} and

o (Ag) = {Xa, Ae}. Using these, we can construct the symmetric nonnegative
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matrix

A, 0 O 0-1
0 A, 0 O
B =
0 0 XA O
0 0 0 M\
L _
having spectrum o.
4. If
Ay + Ag 2 0 (21)
and
A3+ A5 20, (22)

then K = 0. Again, using (21) and (22) we can find symmetric nonnegative ma-
trices, A; and A such that o (A1) = {Xa2, X} and 0 (A2) = {\s, As}. Therefore,

we can construct the symmetric nonnegative matrix

] |

A 0 0 O

0 A 0 0
B =

0 0 M\ O

(0 0 0 A

having spectrum o.

7.1.5 >\12)\22)\32>\42)\5>02)\6
In this particular distribution we find a simple solution from the necessary Perron
root condition, that is A;+X¢ 2 0. With \p, \g as the eigenvalues of a 2 x 2 symmetric

112




nonnegative matrix, we can easily find a symmetric nonnegative matrix having o as
its spectrum. The following is one such matrix.

i 1

Mide Mzda 0 0 0 O

7.2 Additional Results

In chapter 6 we have a useful result from McDonald and Neumann [21] in regard
to an irreducible 5 x 5 nonnegative symmetric matrix having eigenvalues 1 > Ay 2
A3 = Mg = A5 = —1 where 1 is the Perron root. A similar result is obtained in higher
dimensions. We give a proof in the same lines of McDonald and Newmann for a list

of six real numbers and then generalize it to a list of n real numbers.
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Theorem 31. Let A be a 6 x 6 irreducible nonnegative symmetric matriz with eigen-
values {1,)\2, /\3,)\4,/\5, Ae} where 1 2 Az P Ag Z )\4 > )\5 2 )\5 2 —1. Then
—2)\g + trace (A) 2 Ao

Moreover, if some eigenvector of A corresponding to Ay has

1. exactly two positive or ezactly two negative entries, then —Xe -+ trace (A) 2 A2

or

2. ezactly one positive or ezactly one negative entry, then trace (A) 2 X

Proof. Let A = [a;;] where 4,7 = 1,2,3,4,5,6, be an irreducible nonnegative sym-

metric matrix with eigenvalues {1, A2, As, A1, A5, Ag} where 1 > Ao = A3 2 M 2

Xs > X¢ > —1. First suppose A¢ 2 0. Then —Xg + trace(4) = —As + '26:1)\i =
i=

14 Ao+ A+ Ag + A5 = Ao, since A\ >0fori=1,2,...,6.

Now suppose A¢ < 0. Then let B = A — X¢I. B is positive semidefinite since B
is symmetric and has nonnegative eigenvalues, that is o (B) = {1— Ags A2 — Aes Az —
Xe, A — g, As — X6, 0}. And since A is nonnegative, we find that A — )] = B is also
nonnegative. Therefore B is positive semidefinite, nonnegative, and symmetric.

}Let r be the Perron vector corresponding to the Perron root 1 — X¢ for B. By
the Perron-Frobenius Theorem z > 0. So we may choose Z such that ||z]]2 = 1. Let
y be an eigenvector corresponding to Ap — g Since B is symmetric, Ty = 0 so we
may conclude that y has at least one negative entry and at least one positive entry.
As y has six entries, then either y or —y has at most three positive entries. Without
loss of generality let y contain at most three positive entries positioned at the top
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of the vector. Let y; be the positive part of y, and y, be the nonpositive part of y.

Therefore

n
'y::

Y2
Partition B to match y. So when y; is 3 x 1 then
B B |n Buiy + Bile
By1 Bz |2 Bay1 + Baaye
where By is 3 x 3 and Bjg is 3 x 3.
Then By + Biye = (A2 — Xe) 11 and since Biays < 0 it follows that Buy 2

(A2 — X¢) y1- Now as B is nonnegative and semidefinite, so is By, therefore as

a1 — e a12 a3
By = a1 a2 — Ae Qo3 )
| oa a3? ass — e

we have

trace (Bll) = qay; + Qg2 + 033 — 3
< ayy + Qoo + 033 + Qs + as5 — 36

= trace (A) — 3.

Now the Perron root p (By;) satisfies p (Bi1) 2 A2 — s Therefore —3Xs +trace (A) >
trace (Byy) > p(Bu) > A2 — Ae giving our desired conclusion —2Xg + trace (4) = As.
A similar process applies when y; is 2 X 1or1x 1. In the first case, this implies
By is a 2 x 2 matrix and By is a 4 x 4 matrix, so By = (he — Xg) y1 SO we have
—9Xg + trace (A) > trace (Bi1) 2 p(B1) 2 X2 — /\6 giving — g + trace (A) = A,
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When y; is 1 x 1, then —Ag + trace (A) > trace (Bu) 2 p(Bi) 2 X2 — e

Therefore, trace (A) = X O
An easy generalization of the brevious result is

Theorem 32. Let A be an n x n irreducible nonnegative symmetric matriz with eigen-
values {1, \g, ..., An} where 12 Xg > -+ 2 An 2 —1, then (4 —n) A, + trace (A) > |

Ag.

Another simple result uses the ideas from Perfect and Reams [29]. Let Ay, Ag, .-+, A6
be the eigenvalues of a 6 x 6 matrix, A. We may represent by p; the sum of all ith

products of the eigenvalues as follows:

2. pp = Az + A1 + Mg + A1As + ArAe + Aoz + Ag Ay + dods + Aodg + AsAg +

AsAs + A3 + AgAs + Agdg + As A6,
3. D3 = /\1)\2/\3 + .- + /\4)‘5/\61
4. pgy = MAadzAg + -+ A3 dgAs g,

d5. ps = )\1)\2/\3)\4A5 + )‘1>\2)\3>\4/\6 + )\1)\2)\3/\5)\5 + Alx\g)\4)\5)\6 + Al)\g)\4)\5/\5 +
)‘2/\3)\4)\5)‘67 and

6. Des = /\1>\2/\3}\4>\5>\6-

Notice that p; is the trace of A, pg is the determinant of A, and the characteristic
polynomial equation of A is A® — p1A® + paX* — p3A3 + pgA? — psA +pg = 0.
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Recall Newton’s identities for symmetric functions [11], state

51— N =0,
sg — 81 +2p2 =0,

83 — P1So + 281 — 3p3 =0,

54— P153 + Pas2 — p3s1 + P =0,

S5 — P14 -+ Pas3 — P3s2 T Pas1 — Ps =0,

S6 — D155 + DaSa — D383 + PaSz — PsS1+ D6 = 0.

Now solving for the coefficients in terms of the moments when the trace of

that is p; = 0, we find:

pp=s=0
1
P2 = —582
1
p3s = 553
2p3 — Sa
Ps = 1
4
85 —2s4
-8
—p38g + D203 + S5
Ps = 5
s
)
D383 — Se — P2S4 — P4S2
Pe = 6
%?-83 — Sg + 3'2184 — 53:8_2_5582
- 6
_ 8s2 — 353 — 2456 +185254
B 144
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Using the above with the knowledge that pg is the determinant of A we have the

following special case of the JLL condition.

Theorem 33. Let A be a singular, trace zero, 6 x 6 matriz with spectrum o =

{/\1, /\2, A3, )\4, /\5, /\6} Then 336 2 Sg.

Proof. As A is singular we know pg = 0. Therefore,

-—2485 + 188284 + 88% - 353 =0

35y (654 — 53) = 2436 — 853
but s5 > 0 and the JLL inequality gives 6s4 — 392 = 0, so

2456 — 852 2 0

2
3s¢ = 3.

7.3 Conclusion

This chapter analyzes the possible outcomes for lists of six real numbers in order
to solve the SNIEP and the RNIEP, and resolves 65 out of a possible 79 cases for the
SNIEP.

We now turn to the final chapter of new results regarding the NIEP where we have
added a twist to the problem. Here we address whether or not a list of n numbers

can be the spectrum of a nonnegative matrix that is subordinate to a bipartite graph.

118



CHAPTER 8

NIEP for Matrices Subordinate to a Given Graph

8.1 Graph Version of the NIEP

Although most of this dissertation has addressed the NIEP in a general setting
mathematically it is natural to consider a graph version of the NIEP. Recall a graph,
G, is a set of vertices, {v1,vs, .. .,v,} and a set of edges, {e1, €, ..., em} that connect
vertices. We will consider simple graphs with no loops or multiple edges. A directed
graph is one in which there is a direction associated with each edge. The graph
theoretic version of the NIEP requires that if two vertices do not have an edge between
them in a given graph G, then the matrix realizing o = {Ay,. .., An} must have a
zero entry in that position. So for a directed graph where the edge has direction from
Uk t0 Vs, the realizing matrix A = (a;;) must have a zero entry in ag. If the graph
is undirected, then a realizing matrix A = (a;;) must have zeroes located in the ags
and ag; entries when v, and v, are not joined by an edge. We say an n X n matrix
A = (a;;) is subordinate to a graph G if a;; # 0 for i # j implies that there is an edge
in G connecting vertex v; with v;. Note that the diagonal entries are unrestricted.

The Graph Nonnegative Inverse Eigenvalue Problem (G-NIEP) relative to a graph

G on n vertices asks to identify the necessary and sufficient conditions for lists of n
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complez numbers to occur as the eigenvalues of a nonnegative matriz subordinate to
the given graph G. Similarly we define the G-RNIEP and the G-SNIEP. Notice that
in the G-SNIEP the graph G must be undirected and the list of n numbers must be
real as the realizing matrices are symmetric. Leal-Duarte and Johnson point out in
their paper [19] that requiring the realizing matrix to be subordinate to G rather than
having the graph of the realizing matrix be exactly G, guarantees that the solution
set to each problem is always a closed set.

When we select the type of graph we open a gamut of new problems. In our case
we will restrict ourselves to the G-NIEP when the graph in question is a bipartite
graph. A bipartite graph is an undirected graph G in which the vertices may be
partitioned into two parts in such a way that all edges have a vertex in each part.
A complete bipartite graph is a bipartite graph having all allowed edges. Associated
with each (bipartite) graph is a matching number denoted m = m (G). The matching
number of any graph is the maximum number of vertex disjoint edges of the graph.
In the case of a bipartite graph, m (G) is less than or equal to the smaller number
of the vertices in its parts. In the case where G is a complete bipartite graph, m (G)
wiil equal the smaller cardinality of the two parts.

Some answers are already known regarding these problems. Leal-Duarte and
Johnson [19] resolved the G-SNIEP for matrices subordinate to a bipartite graph.

We will discuss their result in the next section.
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8.2 G-SNIEP for Matrices Subordinate to a Bipartite Graph

In the paper by Leal-Duarte and Johnson [19], we find that simple linear inequal-
ities are all that are necessary and sufficient to describe a solution to the G-SNIEP
for matrices subordinate to a bipartite graph. Their solution for o = {A1, A2, An}
where \y = Ao 2+ = M and A + Ap 2 0, st
( )
A+ A 20

A+ A1 20

ﬁ )‘m + )‘n—m+1 2 0 L (23)

)\m+1 2 0

k /\n—m 20

/

where m = m (G). If n is even, where m (G) = in, the lower single entry inequalities
do not occur. The following lemmas walk us through the proof given by Leal-Duarte
and Johnson that (23) gives a complete solution to the G-SNIEP for matrices subor-
dinate to a bipartite graph. The first lemma shows the necessity of these inequalities,
while the second lemma shows the sufficiency for the existence of a symmetric non-

negative matrix subordinate to G.

Lemma 2. [19] Let G be a bipartite graph on n vertices with matching number m and
suppose that A is a symmetric nonnegative matric subordinate to G. The eigenvalues
of A satisfy the inequalities of (23).
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Proof. Let A = D + B where D is a nonnegative diagonal matrix and B is a non-
negative symmetric matrix with diagonal entries all zero. Then rank (B) € 2m(G).
This is because no submatrix whose size is larger than 2m (G) can have a nonzero
term in its determinant. Also as B is similar to —B via the signature matrix with 1’s
in the diagonal entries corresponding to one of the parts of G and -1's in the other

diagonal entries, we have

Hn = —H1

Hn—1 = —H2

Hn—m+1 = —Hm
Pm+1 =0
Hn—m = 0

in which py > - -+ > p, are the eigenvalues of B. But, since D is positive semidefinite,

we have, using the Weyl inequalities [11], that

Xi = pq,fori=1,...,n
in which A\; > --- = )\, are the eigenvalues of A. It follows that the \;’s satisfy the
inequalities (23). a

Lemma 3. [19] Let G be a bipartite graph on n vertices with matching number m
and suppose that Ay > -+ > A, satisfy the inequalities of (23). Then there ezists a
nonnegative symmetric n X n matriz subordinate to G with eigenvalues Ay, ..., An-
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Proof. As we have seen in Chapter 5, for any two real numbers « and f such that
a+ B > 0 there is a 2 x 2 symmetric nonnegative matrix having eigenvalues « and
B. Now, consider a collection of edges of G that realize m (G). Suppose, without
loss of generality, that they are {1,2}, {3,4}, ..., {2m — 1,2m}. Construct a 2 x
2 symmetric nonnegative matrix with eigenvalues A;, A, and call it A;, and repeat
this process constructing a 2 x 2 symmetric nonnegative matrix with eigenvalues
A, An_g+1 and calling it A for k = 2,...,m. Further let the 1 x 1 matrix 4; = (Al
forj=m+1,...,n—-m. Now A; @ @ An @ An1 © D Ap-pn 18 a symmetric

nonnegative n x n matrix with eigenvalues Ay,..., A, that is subordinate to G. O

Now combining the two lemmas together, Leal-Duarte and Johnson give the simple

yet elegant result.

Theorem 34. [19] Let G be a bipartite graph on n vertices with matching number m.
There is a symmetric nonnegative n x n matriz subordinate to G and with eigenvalues

M, ..., A\n if and only if Ay, ..., A\, satisfy the inequalities (23).

We state a few more results derived by Leal-Duarte and Johnson from Theorem 34
and the notion of independence number of a graph. The independence number,
denoted 7 (G), of an undirected graph G is the maximum number of vertices of G
among which there are no edges. In the case of a bipartite graph G, i (G) =n-m(G).
The first result gives an upper bound on the‘number of negative and nonnegative
eigenvalues a symmetric nonnegative matrix subordinate to a bipartite graph can

have. The second result puts a lower bound on the number of nonnegative eigenvalues
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a symmetric nonnegative matrix subordinate to an undirected graph can have.

Corollary 5. [19] An n x n symmetric nonnegative matriz subordinate to the bipartite
graph G, has at most m (G) negative eigenvalues and at least n —m (G) nonnegative

eigenvalues.

Theorem 35. [19] An n x n symmetric nonnegative matriz subordinate to the undi-

rected graph G has at least i (G) nonnegative eigenvalues.

Since this section wraps up the solution to the G-SNIEP for matrices subordinate

to a bipartite graph and does so with relative simplicity, we consider next the G-
NIEP problem for a bipartite graph G. We'll see in the next section that although
the G-NIEP is a natural extension, a solution may not have the same simplicity and

elegance that the G-SNIEP solution does.

8.3 G-NIEP for Matrices Subordinate to a Bipartite Graph

Let us consider a list of complex numbers o = {A1, A2, .. -, An} where A; > || for
all i =2,...,n. We'll try to find necessary and sufficient conditions on such a list to
solve the G-NIEP for trace zero nonnegative matrices subordinate to a bipartite graph
G. We already know certain necessary conditions on o namely: o is closed under
complex conjugation, the Perron root must be an element of o, the moments must
be nonnegative, and the JLL condition must hold. In addition to these, the following
theorem gives two more necessary conditions for a spectrum of a non-symmetric,

nonnegative, trace zero matrix subordinate to a bipartite graph.
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Theorem 36. Let A be a non-symmetric, nonnegative, trace zero n X n matriz subor-

dinate to a bipartite graph. Then o (A) = {A1, Ae, ..+, An} must satisfy the following:
1. o (A) is closed under multiplication by -1 and

2. fnis odd, then 0 € o (A).

Proof. Let 0 (A) = {)1, Ag, ..., Ag} be the spectrum of a non-symmetric, nonnegative,
trace zero n x m matrix, A, subordinate to a bipartite graph. Then o is a subset of
the complex numbers and must contain the Perron root because A is nonnegative.
We also have that ‘Zjl \; = 0 by the trace zero assumption.
=
As o is the set of roots of the characteristic equation for A which has real coeffi-
cients, we know it must be closed under complex conjugation.

We may consider A to be permutation similar to the nonnegative matrix having

the form

O11 A12 (24)

Ay 02

where 015 is the k x k zero matrix and Oy is the (n — k) x (n — k) zero matrix. This is
because A is subordinate to a bipartite graph where we are assuming the two vertex
disjoint subsets have cardinalities k and n — k. So without loss of generality let A be
of this form. Then by Theorem 6, we know that the eigenvalues of this matrix are
the square roots of the eigenvalues of the product A;3Ay which is a k x k matrix.
This means we have at most 2k nonzero eigenvalues where the remaining n — 2k

eigenvalues must be zero for k < %. Now since the product A;2A42 1s a nonnegative
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matrix, we have the spectrum of AqpAs; to be closed under complex conjugation. So
for rei? € o (A12As1), it follows that re™ € o (A12An). Therefore the square roots of
. these two numbers will be in ¢ (4). That is, +/re7 € o (A) and iﬁe%ﬁ € o (A).
As this is at most four eigenvalues and contains the additive inverse of each one, we
find that o (4) is closed under multiplication by -1.

Now due to the restriction that o (A) is closed under multiplication by -1, we find
that the natural pairing of \; € o (A) with —); € o (A) can be done. So if n is odd,
trace (A) = 0 requires that the remaining unpaired eigenvalues must be zero. Thus

0 € o (A). ' O

The next result allows us to construct a matrix having o = {£v/A1, -, £V}

when we know of a nonnegative matrix having A, ..., A\, as its eigenvalues.

Theorem 37. Let A be a nonnegative n X n matric having eigenvalues Ay, A2,y e ey Ane

Then the matriz B defined by

where I is the n x n identity matriz, is a nonnegative, trace zero, n x 2n matriz

subordinate to a bipartite graph with matching number n. Moreover, the eigenvalues

of B are £/, £V, ..., £V n.

Proof. Using Theorem 6, let Ay = I and A5 = A where each oneisannxn matrix
. Then the eigenvalues of Ay Ayp = A = A are indeed the eigenvalues of A. Then we

find by Theorem 6, that the eigenvalues of B are indeed £v/1, VA2, - £VA0. O
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Theorem 36 and Corollary 37 are used for solving the G-NIEP subordinate to
a bipartite graph in the case where o = {A1, As,..., Ay} contains seven or fewer
elements. We can construct solutions to these cases using the results from prior
chapters.

Let us consider the following cases for the G-NIEP for trace zero matrices subor-

dinate to a bipartite graph. Let A; be the Perron root in all cases.

1. In the case where o = {\;}, the only solution is when A; = 0. Then such a
nonnegative, trace zero matrix is the zero matrix, and it is subordinate to a

bipartite graph with one vertex and no edges.

2. Consider the case where ¢ = {A;, M\o}. First of all, to satisfy Theorem 36,

Ay = —A;. This means ), is real since A; is. The solution to such a set
g = {)\1, —>\1} is:
0 X
As =
10

This matrix has eigenvalues +); and is subordinate to a bipartite graph on two

vertices.

3. Consider the case where o = {\1, A, A3}. As we know, since A; € o it follows

that —\; € o too. Without loss of generality, let A, = —X;. Since the trace is
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zero, we have A3 = 0. Thus using the result from (2), we have

0 X 0
Az=11 0 0
0 0 O
L i

This is a nonnegative matrix subordinate to a bipartite graph having three

vertices with matching number 1.

. Consider the case where o = {\1, Az, A3, \¢}. We may assume A» = —A; and
As = —)3. Note that A3 could be a pure imaginary number or a real number.
Since A2 could be negative, a necessary requirement for a 2 x 2 matrix with
eigenvalues A2, A2 to exist is that A? + A7 > 0. But this requirement follows

from the necessary condition on o that A; > |As|.

Therefore using

5 A2 -2 M4+ A

DN} =

FBLEPLIIPY
we find a nonnegative matrix subordinate to a bipartite graph on four vertices

with matching number 2 using Theorem 37, namely

0 B

Il

Ay
I 0

. Consider the case where 0 = {\1, A2, A3, Mg, As}. Using Theorem 36 we know
that one of the values in ¢ must be 0, so assume As; = 0. Then the remaining
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numbers must satisfy the conditions from (4). Let 4, be the nonnegative ma-
trix having eigenvalues A;, Ay, A3, \s. Then the following nonnegative matrix is
subordinate to a bipartite graph on five vertices with matching number 2 and

has eigenvalues Aj, Mg, A3, Ay, As.

Ay O
A5:

0 0

. Consider the case where o = {\;, Ay, A3, A4, As, A }. This is the first time a
complex number with nonzero real part and nonzero imaginary part, may be
an element of o. This is because o must be closed under complex conjugation
and additive inverse, and have the Perron root as an element. For notation

purposes, let A; and A;4, for i odd, be the additive inverses of each other.

Therefore we can use the 3 x 3 symmetric nonnegative solution from Theorem 9
to construct the nonnegative matrix A having the eigenvalues A2, A2, A2, Then
by Theorem 37, we have the nonnegative matrix subordinate to a bipartite
graph on six vertices with matching number 3. For example,

- -
0002 3 4
0 00°©6 7 8

0004677
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is a matrix subordinate to the complete bipartite graph K33 and

0 (B) = {£4.03997, £ (0.408884 — 0.5725974) , + (0.408884 + 0.5725971) }.

7. Consider the case where o = {\, Az, A, Ag, A5, s, Ar}. By Theorem 36 as seven
is odd, we know that one of the eigenvalues of o must be zero. So we may use
the construction technique of (6) to create a nonnegative matrix, B, having

‘spectrum ¢ — {0}. Then our solution for a nonnegative matrix subordinate to

a bipartite graph on seven vertices with matching number 3 is

B 0

0 0

8.4 Conclusion
While this chapter gives a partial solution to the G-NIEP for bipartite graphs,
it becomes apparent that continuing on in this fashion requires the solution to the

NIEP in the general setting.
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