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1 Summary

Image processing typically involves the processing of large quantities of data by computa-
tionally intensive and mathematically complex numerical procedures. A key task in image
processing is to search for transforms that faithfully and efficiently represent image data.
The choice of a transform in a specific application can depend on a wide range of possi-
bly conflicting criteria, including the nature of the redundancies and noise introduced by
sensors and image propagation medium characteristics, the overall accuracy, stability and
computational cost of utilizing the transform and the underlying processing strategy.

This report addresses the need to design and implemented application specific algorithms
for automated target detection and classification by providing novel image transforms from
nonabelian group harmonic analysis. Our methods include procedures for incorporating
prior knowledge of target size and shape as inputs to thresh-holding and filtering of spectral
coefficients defined by unitary operators associated to nonabelian groups. By operating on
spectral coefficients, these operators can be targeted to specific tasks at a level of detail
not available in traditional transform methods including Fourier methods, discrete cosine
transform methods and more recently developed wavelet methods. When combined with
a corresponding analysis of target signal’s unique structures and textural properties, our
methods provide powerful tools for detection and classification and protection from false
detection.

We have investigated the use of group theory for producing transformations that will
incorporate several classes of prior image information. Identification of image properties
which can be addressed in a group theoretic framework is a part of our ongoing research.

Our efforts have been focused on constructing transforms for discriminating particular
geometric properties in images as well as locating the occurrences of such geometry. Encoding
of prescribed pattern into an invariant subspace is a design process, based on selection
of a nonabelian group. Once this encoding is completed however, locating the pattern is
automatic. Compared to methods based on matched filter processing, the nonabelian group
projection methods will be global, and can encode multi-dimensional geometric information
that are independent of precise pixel values, or pixel-to-pixel variances.

For applications to image processing, especially for composite, iterative processing, the
software library of the unitary transforms of complete systems of orthogonal idempotents
and associated projection operators are being extended and structured based on both the
image processing characteristics and group theoretic properties of the projection operators.
These operators are tested extensively for performance in severe additive and multiplicative
noises.
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2 Introduction

During the last ten years considerable effort has taken place to extend the range of ap-
plicability of nonabelian group methods to the design of new filters and spectral analysis
methodologies [8, 9, 5], as an image processing tool (11, 13, 19, 20].

Many efforts at finding a significant role for nonabelian group theory in DSP and image
processing applications as well as in coding and communication theory have been limited by
some or all of the following.

e The choice of an appropriate group or groups in a given application is not obvious.

o The lack of a large class of groups whose harmonic analysis is sufficiently understood
for meaningful applications. '

e The absence of a conceptual framework which relates group harmonic analysis to phys-
ically interpretable results.

o Fast algorithms may exist but are difficult to code as they do not easily lend themselves
to modification.

e The lack of relevant models for applications which are not only a rephrasing of known
methods or what is immediately available.

The language of group algebras over the complex field will be used throughout. Some
readers may be more familiar with the identification of the group algebra CG with the
space of all complex valued functions on G under G-convolution. Harmonic analysis over G
usually includes a description of the (left) G-invariant and irreducible G-invariant subspaces
and direct sum decompositions of CG into irreducible G-invariant subspaces.

For an abelian group A, complete answers to these problems can be given in terms of
the characters of A. Moreover, these descriptions are especially simple. For example the
irreducible A-invariant subspaces coincide with the one-dimensional subspaces spanned by
the characters. The characters of A determine an orthogonal basis of CA and the finite
Fourier transform relates the delta basis A of CA with the basis of characters of CA. This
is an extremely nice answer for applications since the characters of A can be physically
interpreted as frequencies.

For finite groups G = A 4 B, the semidirect product of normal abelian subgroup A
with an abelian subgroup B, the characters of A and B play an equally important but more
complicated role in the harmonic analysis of A 4 B. We have developed harmonic analysis of
such groups and directly linked this harmonic analysis to familiar DSP and image processing
concepts. Moreover we have developed for groups G = A 4B

e algorithms for computing bases of irreducible G-invariant subspaces and bases compat-
ible with direct sum decompositions of CG into G-invariant and irreducible G-invariant
subspaces (spectral bases).

e fast algorithms for representing data, i.e., elements in CG over spectral bases.




AF98T009 Phase II Final Report: Introduction 6

e an extensive new class of fast unitary transforms for data analysis.

The direct sum decompositions of CG studied in this work are closely related to but are
significantly different from those leading up to the Fourier transform of CG (10, 26]. Our
decompositions are finer but are not generally uniquely determined.

We have extended our computational nonabelian group harmonic analysis technology
to include semidirect products of the form G = A 4 H, where A is an abelian group and
H = B JC is the semidirect product of abelian groups B and C. In previous efforts,
complete systems of primitive, pairwise orthogonal idempotents were built from characters
of abelian groups. The current effort is based on

o adapting the Mackey-Wigner little group theorem to an algorithm for constructing such
systems for general semidirect products A 4 H, where A is abelian and H is arbitrary.
This algorithm depends on knowing such systems for certain subgroups of H.

e extending the results on abelian group characters to general one-dimensional characters
of nonabelian groups.

The complete algorithm computes systems of primitive, pairwise orthogonal idempotents
for the groups G under study in terms of extensions of abelian group characters to one-
dimensional characters of subgroups of G.

For a finite group G of the form A ¢ (B 4 C), where A, B and C are abelian groups, we
have developed algorithms for constructing

e a complete primitive idempotent system in KG.

e a basis for each of the irreducible G-invariant subspaces generated by the primitive
idempotents of the system.

e the expansion coefficients of a € KG relative to the resulting basis of KG.

Algorithms for convolutions are investigated based on Wedderburn structure theorem.
Compared to previous efforts, convolutions will be described in terms of two-sided G-
invariant subspaces of CG.

We have generalized the computational nonabelian group harmonic analysis technology
by developing the theory and algorithms for abelian extensions. The previous efforts have
been based on

e adapting the Mackey-Wigner (M-W) little group theorem to an algorithm for con-
structing such systems for general semidirect products A ¢ H, where A is abelian and
H is arbitrary. This algorithm depends on knowing such systems for certain subgroups

of H.

e extending the results on abelian group characters to general one-dimensional characters
of nonabelian groups.
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The complete algorithm computes systems of primitive, pairwise orthogonal idempotents
for the groups G under study in terms of extensions of abelian group characters to one-
dimensional characters of subgroups of G. A theorem of Wigner and Mackey provides a
framework for constructing complete systems of primitive, pairwise orthogonal idempotents
for semidirect product groups. However, M-W little group theorem requires knowledge
of complete systems of primitive, pairwise orthogonal idempotents for certain subgroups
of H even for semidirect product groups. The framework of abelian extensions simplifies
algorithms, as well as includes groups not covered by the previous methods.
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3 Mathematical Results

3.1 Introduction

From a mathematical perspective, a significant part of classical digital signal processing
(DSP) can be viewed as topics in finite abelian group harmonic analysis {1, 6, 16, 4]. Fun-
damental DSP operations such as convolution and the Fourier transform can be identified
with group algebra multiplication and group algebra direct sum decompositions into irre-
ducible group invariant subspaces. This interplay, often implicit, has been responsible for
fast algorithms such as the FFT [7], the use of FF'T in computing large size convolutions
and correlations, and more recently for the development of polynomial transforms [27, 25]
for computing convolutions. '

However pleasing, at least to the mathematically inclined, and useful this group theoretic
approach to DSP, it is based on a seemingly magical relationship between DSP applications
and finite abelian group harmonic analysis and the simplicity of this harmonic analysis. This
magic can be explained by the powerful role played by abelian group characters in providing
all that is required for finite abelian group harmonic analysis and the physical interpretation
of these characters as frequency.

For some mathematicians, this group interpretation of DSP has raised the potential of
an equally important application of nonabelian group harmonic analysis to DSP, especially
in the construction of group transforms and group filters generalizing the classical Fourier
transform and convolutional filters. The works of R. Holmes [14, 15], M. Karpovski and E.
Trachtenberg [18] are the basis of much of the research in this direction. Similar ideas in
coding theory have been introduced by F.J. MacWilliams [21]. These efforts have shown some
promise but for the most part are more interesting to mathematicians than DSP engineers.
A more successful application has been to fast algorithm design (2, 3, 10, 22, 23},

During the last ten years considerable effort has taken place to extend the success and
range of applicability of nonabelian group methods to the design of new filters and spectral
analysis methodologies [5, 8, 9], as an image processing tool {11, 13, 19, 20] and most recently
as an image processing tool combined with graph theoretic modeling of image data (12, 24].

Many efforts at finding a significant role for nonabelian group theory in DSP and imaging
applications as well as in coding and communication theory have been limited by some or
all of the following.

e The choice of an appropriate group or groups in a given application is not obvious.
Often the groups considered are those which are best known to the researcher.

e The lack of a large class of groups whose harmonic analysis is sufficiently understood
for meaningful applications. Often the dihedral group with or without justification is
the test example.

o The need to develop a conceptual framework which relates group harmonic analysis to
physically interpretable results.

e TFast algorithms may exist but are difficult to code as they do not easily lend themselves
to modification.
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o Relevant models for applications which are not only a rephrasing of known methods
or what is immediately available.

The finite nonabelian groups in this study have the form G = A 4 B, the semidirect
product of a normal abelian group A with an abelian group B. We will extend the results
to finite groups A 4 H, where H is an arbitrary group whose harmonic analysis is known.
This includes finite groups of the form A 4 (B 4 C), where A, B and C are abelian groups
and in particular all crystallographic groups.

In the applications part, we will see how these nonabelian groups provide for new classes
of imaging and DSP models.

The language of group algebras usually over the complex field will be used throughout.
Some readers may be more familiar with the identification of the group algebra CG with the
space of all complex valued functions on G under G-convolution. Harmonic analysis over G
usually includes a description of the (left) G-invariant and irreducible G-invariant subspaces
and direct sum decompositions of CG into irreducible G-invariant subspaces.

For an abelian group A, complete answers to these problems can be given in terms of
the characters of A. Moreover, these descriptions are especially simple. For example the
irreducible A-invariant subspaces coincide with the one-dimensional subspaces spanned by
the characters. The characters of A determine an orthogonal basis of CA and the finite
Fourier transform relates the delta basis A of CA with the basis of characters of A. This
is an extremely nice answer for applications since the characters of A can be physically
interpreted as frequencies.

For finite groups A 4 B, the characters of A and B play an equally important but more
complicated role in the harmonic analysis of A J B. In this section, we will present the
mathematical basis for G = A J B and extensions to A 4 (B 4 C) and beyond for developing

e algorithms for computing bases of irreducible G-invariant subspaces and bases compat-
ible with direct sum decompositions of CG into G-invariant and irreducible G-invariant
subspaces (spectral bases).

e fast algorithms for representing data, i.e., elements in CG over spectral bases.
e an extensive new class of fast unitary transforms for data analysis.

We will have as a result a large class of nonabelian groups with the potential of wide
applicability to DSP and image processing whose harmonic analysis is known in detail. This
harmonic analysis is based on abelian group characters which directly link this harmonic
analysis to familiar DSP and imaging concepts.

The direct sum decompositions of CG studied in this work are closely related to but are
significantly different from those leading up to the Fourier transform of CG [10, 26]. Our
decompositions are finer but are not generally uniquely determined.

Throughout this section, A and B denote finite abelian groups with composition given
by multiplication. The identity is always denoted by 1 and the inverse of z € A by z~!. The
order of a set is the number of elements in the set.
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For much of the general theory K denotes a field, finite or infinite, whose characteristic
does not divide the orders of A and B. However for DSP and imaging applications, K is the
field of complex numbers.

3.2 Abelian group A
3.2.1 Characters of Finite Abelian Groups

Suppose A is a finite abelian group of order N. A mapping 7: A — C* is called a character
of A if 7 is a homomorphism of the group A into the multiplicative group C* of nonzero
elements in C,

7(zy) = 7(z)7(y), =,y € A.
Denote by A* the set of all characters of A.
Denote by Uy(C) the multiplicative group of all N-th roots of unity in C. Un(C) is a

cyclic subgroup of C* of order N. Since every x € A satisfies ¥ =1, 7(z) € Un(C), for
every character 7 of A.

In the following examples Cy is the cyclic group of order N having generator .
Example 1 There exists N characters of Cy over C defined by
T(z) =€V, 0<n<N.

Consider the direct product Cy, x Ch, of cyclic groups Cy, and Cl,. Denoting generators

of Cy, and Cy, by z; and z,, every element in Cy, X Cp, can be written uniquely in the
form

117?1(1232, 0<ny; <Ny, 0 <ny < Ns.

The characters of C, X Cy, are completely determined by the characters of Cy, and Ch,.
If 7 is a character of C, X Ch,, we can define characters 7, and 7, of Cy, and C, by

m(z1) = 7(x), T2(z2) = 7(22).
7 is completely determined by 71 and 7, by
(P zh?) = ni(z1)™ m2(z2)™?, 0<np < Ni, 0<np <Ny,

and we can write 7 = 71 ® 7. Conversely, if 7, and 7, are characters of Cy, and Cl,, then
71 ® T2 is a character of Cn, x Ch,.

Example 2 The N; N, characters
Tn, n=(n17n2)) OSn1<N11 OSn2<N2a
of Cp, x Cl, are defined by

2mi AL o272
Ta(zTah?) =" Mg M 0<my < N, 0 <mg < Na.
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The results of this section easily extend to an arbitrary finite number of cyclic groups
A=Cpn, X+ X Cnp.
Each character 7 of A is uniquely represented by
T=T1® - ®7r,

where 7, is a character of CNT,'l < r < R. Since every finite abelian group A is the product
of a finite number of finite cyclic groups, this completes the description of A* for every finite
abelian group A.

3.2.2 Group algebra of A

The group algebra CA of A over C is the C-vector space of all formal sums

f=2 fl@z, [fl2)eC,

z€EA

with C-algebra multiplication

fg=>_ (Z f(m)g(x’ly)> y, f,9€CA

yEA \z€A

Denote by L(A; C), the C-vector space of all C-valued functions on A. Every f € L(A:
C) defines a formal sum in CA )
f=> fla)

z€EA

and we can identify the C-vector space CA with the C-vector space L(A4; C). The multipli-
cation f - g in CA corresponds to the standard convolution in L(A4;C)

Fraw)=> f(z)9(z'y), weA f g€L(4C).

z€A

Under this identification the delta function &, y € A corresponds to the formal sum in CA

Z by(z)z

TEA
which we denote by y. In this way, we can view A as a subset of CA. A is a basis of the
C-vector space CA and CA has dimension N, the order of A. The identity 1 in A is the
identity of the C-algebra CA.

We will usually use the term basis for any subset of vector space which if ordered is a

basis in the usual sense. In summation expressions, there is no loss in doing so. However
whenever matrices are involved, an ordering must be specified even if implicitly.

Foryec Aand f € CA
yf = flewz =3 fly o)z

z€EA z€EA
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We call yf the translation of f by y. The term f(y~'z) in the right-hand summation
identifies yf with the usual definition of translation in engineering terminology. For y € A,
the operator L(y) of CA defined by

Liy)f=yf, [fe€CA

is a linear isomorphism of the C-vector space CA.
A subspace V of the C-vector space CA is called A-invariant if foreachy € A

yW={yf:feV}cCV
For g € CA define the operator L(g) of CA by

L(g)f =gf, f€CA
Since

Lg)f=9f=>9@)wf) =D 9@ Ly)f = (Z g(y)L(y)) f

yEA yEA yEA
we have that

L(g) = > 9(y)L(y)
yEA
linearly extends the domain of definition of L from A to CA. In particular, the two definitions .
coincide on A. :

L(g), g € CA, is a homomorphism of the C-vector space CA but is not necessarily an
isomorphism as is the case with L(y), y € A. We can have gf = 0 for f, g € CA with both
f and g not zero.

For an A-invariant subspace V of CA and f € V, we have for all g € CA,

Lg)f =Y g@w)L(y)f eV

yEA

and V is CA-invariant. The equivalence of A-invariance and CA-invariance will be used
throughout this work.

3.2.3 Fourier transform over A

Decompositions of CA into direct sums of A-invariant subspaces play two important roles:
algorithm design for computing products in CA and spectral analysis. The Fourier transform
over A is the simplest and most frequently occurring example.

A character 7 of A determines the formal sum in CA, 7 = Y ,c4 7(x)z. Multiplication
of characters will always be taken in CA with the warning that in many places, another
multiplication is defined under which A* is a group. The importance of characters in studying
A-invariant subspaces of CA is contained in the following result.
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Theorem 1 For f € CA and 7 a character of A,
fr=f(r,

where f(7) € C is given by

Fry=3 fl)ry™).

yEA

Proof Forye A
yr =S r(@ye =Y v ')z =7(y) Y T(z)z =T(y ™).

€A z€A €A
The theorem follows from

fr=>Y fly)r) = (Z f (y)'r(y‘l)) T,

yeA ycA

For two characters 7 and X\ of A, since TA = A7, we have
TA = a\ = QT = AT,
where o = #(A) = A(7). If 7 # ), then a = 0 and 7A = 0. If 7 = }, then
a=) Tyrly™) =3 1=N

yeEA yeEA

and 72 = N7, proving the following.

Corollary 1 For two characters T and X of A,

)\ = N7, 7=,
=10, T#M

Corollary 2 A* is a linearly independent subset in the C-vector space CA.

Proof Suppose
0= > afr)r, ofr)eC.

TEA*
By corollary 1, for any A € A*

AY a(r)r=Na(M)A=0

TEA*
and a()\) = 0. Since this holds for any A € A*, the corollary follows.

By Theorem 1, the C-subspace spanned by a character 7 is A-invariant,
CAT =Cr.

By corollary 2, we have the direct sum of one-dimensional A-invariant subspaces of CA,

Z &Cr.

TEA*

13
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3.2.4 Convolution theorem

By corollary 2, A* is a basis of the C-vector space CA and we have the following result.

Theorem 2 CA is the direct sum of one-dimensional A-invariant subspaces

CA= Z dCr.

TEA*

By theorem 2,
1= Y a(r)r, ofr)eC.

TEA*
For any A € A%, '
A=X-1= > a(r)dr = Na(M\)A

TEA*

and a()) = 4, proving the following.

Corollary 3

1
1= — T.
DJ;%;‘

By corollary 3,
1 1 n

TEA* TEA*

is the expansion of f over the basis A* of CA. The coefficient set of this expansion (up to
scale multiple +)

f(r), TeA,
is called the Fourier transform of f in CA. By Theorem 1,

fry=3 f)r™).

yEA

The basis A* of CA is a diagonalizing basis for the operators L(g), g € CA, since
Lg)r=gr=g(r)r, TEA
and a diagonalizing basis for multiplication in CA.

Theorem 3 For f and g in CA,

1 -
fo= X fmatoyr
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Proof

o = (% o) (&a(m)

TEA*

= % fDaA)TA

TEA* AEA®
1 .
= = > f(mMaln)m
N TEA*
completing the proof.

An A-invariant subspace W of CA is called drreducible if the only A-invariant subspaces
of W are (0) and W. For 7 € A%, C7 is an irreducible A-invariant subspace of CA.

Theorem 4 If W is an A-invariant subspace of CA, then
W = Z @Ct = CAe,
TEA
where A=W NA* ande= % TreaT.

Proof For f€ W and A € A*
1 P 1.
M = T o= 5 f

Since W is A-invariant, A
fOxeWw, xe A"
If f(\) # 0, then A € W proving that every f € W is contained in the C-linear span of the
set of characters contained in W, proving W = 3_,.ca ®Cr.
Since e € W and W is A-invariant, CAe C W. For any A € A, Ae = 7\1,—/\ € CAe, proving
W C CAe, completing the proof of the theorem.

The factor % in-‘the definition of e has been chosen so that e? = e, the relevance of which
will be made clear in the next section. '

If W is an irreducible A-invariant subspace of CA, then by theorem 4, W contains a
unique 7 € A* and W = Cr, proving the following corollary.

Corollary 4 The irreducible A-invariant subspaces of CA are given by C1, 7 € A™.

Denote the complement of A = W N A* in A* by A°. By theorem 2 and theorem 4, we
have the following result.

Corollary 5 CA is the direct sum of A-invariant subspaces,
CA=WeoW,

where
W' = Z ®Cr = CA€,

TEAC
and €' = % Lrenc T-
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3.3 Finite nonabelian group G
3.3.1 Group Algebras of Finite Group G

Suppose G is an arbitrary finite group of order N. The group algebra CG of G over C is the
C-vector space of all formal sums

f=) fy, f)eC,

teG

with C-algebra multiplication

fa=3. (Z f(u)g(U'lt)> t, f, 9€CG.

teG \ueG

Generally since G is not necessarily abelian, fg is not necessarily equal to gf, f, g € CG.

Denote by L(G; C) the C-vector space of all C-valued functions on G. Every f € L(G,; C)
defines a formal sum in CG, f = e f(t)t and we can identify the C-vector space CG
with the C-vector space L(G; C). The multiplication fg in CG corresponds to the possibly
noncommutative convolution in L(G; C)

Fro®) =3 fwelu™t) =3 g@)f(tu™), f, g€ L(G;C).

ueG ueG

Under this identification the delta function &,, u € G, corresponds to a formal sum having

a single nonzero coefficient which we denote by u. In this way we can view G as a subset of ~

CG and a basis of the C-vector space CG.
For u € G and f € CG,

uf = ftyut =Y flu ).

teG teG

We call uf the left translation of f by u. Right translation can also be defined and generally
differs from left translation, unless G is abelian. For u € G, the operator L(u) of CG defined
by

Liw)f=uf, fe€CQG,

is a linear isomorphism of the C-vector space CG.
A subspace V of the C-vector space CG is called G-invariant if for all u € G,

wW={uf:feV}cV

A G-invariant subspace V of CG is called irreducible if the only G-invariant subspaces
of V are (0) and V. One of the main goals of nonabelian group harmonic analysis is to
characterize the G-invariant, irreducible G-invariant and direct sum decompositions of CG
into irreducible G-invariant subspaces. For an abelian group, its character theory provided
all the necessary tools for answering these questions. Generally these problems require a vast
mathematical machinery for their solution. However for the nonabelian groups considered




AF98T009 Phase II Final Report: Mathematical Results 17

in this text, explicit solutions for many of these questions will be derived in terms of abelian
group character theory. .
For g € CG, the operator L(g) of CG defined by

L(g)f =gf, [feCG,

is a linear homomorphism of the C-vector space CG. Since

L(g) =Y _g(t)L(t), g€ CQG,

teG

G-invariant subspace V of CG are CG-invariant subspaces. If V' is a G-invariant subspace
of CG and f € V, then for all g € CG, gV C V.

Idempotent theory provides a convenient language in which to express many of the results
in the following chapters. However explicit results can usually be written in terms of abelian
group character concepts. |

A nonzero element e € CG is called an idempotent if 2 = e. Two idempotents e; and e,
in CG are called orthogonal if e;e; = ese; = 0. A set of pairwise orthogonal idempotents

{EJIS]SJ}

is said to be complete if

J
1= Z 6_7'.
j=1

Example 3 If e is an idempotent in CG, then {e,1 — e} is a complete set of orthogonal
idempotents.

Example 4 If e is an idempotent, then the G-invariant subspace generated by e, CQGe, has
e as a right unit
CGe = {a € CG : ce = a}.

Example 5 If e is an idempotent then CG = CGe @ CG(1 — e).

The result described in example 5 holds generally for any complete set of orthogonal
idempotents. We state the result without proof.

Theorem 5 If
{e;: 1< < J}
is a complete set of orthogonal idempotents, then

J
CG = 5 ®CGe;.

j=1
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Corollary 6 If an idempotent e can be written as the sum of two orthogonal idempotents,
e =e;, + ey, then

CGe = CG€1 ] CGGZ‘

Example 6 If CG =W, & Wy, where W and W, are G-invariant subspaces and
1 =e; + ey, e; € Wy, ey € Wo,
then {e,, e} is a complete set of orthogonal idempotents. ‘

Generally we have the following result.

Theorem 6 If CG is the direct sum of G-invariant subspaces, CG = E}Ll ®&W;,and
J .
1=> €, e€W;,1<j<
§=1

then {e; : 1 < j < J} is a complete set of orthogonal idempotents.

Example 7 If CGe = W, & W,, the direct sum of G-invariant subspaces W; and W, with e
an idempotent and e = e;+e3,€; € Wi, ez € W, then e; and e, are orthogonal idempotents.

Theorem 7 If CGe is the direct sum of G-invariant subspaces

J
CGe = Z @Wj,

i=1

with e an idempotent and
J .
e=3 e, €€W;1<j<,
j=1

then {e; : 1 < j < J} is a set of pairwise orthogonal idempotents.

A homomorphism P of the C-vector space CG is called a projection if P2 = P. Every
subspace W of CG determines a projection.

We will now show that every G-invariant subspace W of CG is generated by an idem-
potent. Consider any projection P of CG satisfying W = im P and define the mapping
Py(a) ==Y v 'P(ua), a€CG.

N ueG
P, is a homomorphism of the C-vector space CG. Since P(ua) € W, u € G and a € CG,
and W is G-invariant

Po(a) eW, ac CG.
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Theorem 8 For all @ € CG
. Po(a) = aPy(1),
and if o € W, then
Py(a) = o

Proof Forte G,

t71Py(t) = % St Put) = 'JIV > uT P(u) = Ry(1),

ueG u€eG

by a change of variables. The linearity of P, proves the first part. If « € W, then ua € W,
u € G and P(ua) = uo implying

1
Py(ua) = N S uwlua =0,
ueG

completing the proof.

Since im Py C W and P, acts by the identity mapping on W, by theorem 8 we have the
following.

Corollary 7 P, is a projection of CG satisfying W = im .
Set e = Po(l)
Corollary 8 e is a generating idempotent for W,

W =CGe, ¢€*=e.

Since every G-invariant subspace W has a generating idempdtent, by corollary 8, there
exists a G-invariant subspace W’ such that CG = W @ W'. More generally we have the
following result.

Corollary 9 If W, and W, are G-invariant subspaces of CG such that Wy C W, then there
ezists a G-invariant subspace W! of Wy such that Wy = W, @ wi.

An idempotent e € CG is called primitive if e can not be written as the sum of orthogonal
idempotents in CG.

Theorem 9 e is a primitive idempotent in CG if and only if CGe is irreducible.

Proof If e is not primitive and e = e; + ez, where e; and e, are orthogonal idempotents,
then CG = CGe, ® CGe, and CGe is not irreducible. Conversely if W is a G-invariant
subspace of CGe, then by corollary 9, CG = W @ W', for some G-invariant subspace W' of
CGe. Example 7 implies e is not a primitive idempotent, completing the proof

The problem of constructing G-invariant, irreducible G-invariant and direct sum decom-

positions of CG into irreducible G-invariant subspaces can be replaced by that of constructing
idempotents, primitive idempotents and complete sets of primitive orthogonal idempotents.
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3.3.2 Group algebras of A4 B
A subgroup A of a group G is called normal if for all t € G,
tAt ! = {tat™' :a € A} C A.

G is said to be the semidirect product of a normal group A and a subgroup B if every t € G
can be written uniquely as
t=zxzy, z€A y€B.
In this case we write G = A 4 B.
For o € CA and 8 € CB, we can view «, f € CG. If a8 =0, then
Y. > ax)Bly)zy =0

z€Ay€EB
which implies
a(z)B(y) =0, z€A, yeB,
and a=0or 8=0.
Suppose G = A 4 B where A and B are abelian groups of orders L and M. Denote the

character groups of A and B over C by A* and B*.
B acts on A*. For 7 € A* and y € B define ¥ € CG by

TV =yry L.
Since A is a normal subgroup of G
=3 r(eyey = ) Ty zy)e
TEA €A
is also in A*.
For 7 € A*
Br = {r¥:y€ B}
is a subset of A* called the B-orbit over 7. A* is partitioned into the disjoint union of distinct
B-orbits.

Since i )
1=~ T, 1=-— A,
I’;§;~ A4-;§;‘
we have )
==Y > 7
DJTEA‘AGB‘

where N = LM is the order of G. However generally 7 and A do not commute. We do have
the following.

Theorem 10 Fort=zy € G,z € A, y € B,
1
t=5 X > @A

TEA* \eéB*
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Proof Since z7¥ = 7¥(z~1)7¥ and yA = A(y )\,
tTA = zytA = z7YA = V(A (Y)Y

completing the proof.

Since G is a basis of the C-vector space CG, by theorem 10, the collection of products
in CG
{TA:7€ A*, X€e B}

is also a basis of CG. Generally CG7\ is not one-dimensional, so that the spaces
{CGT):T€ A*, \€ B"}

intersect.
Generally to form direct sum decompositions of CG into left G-invariant subspaces we
must modify the above approach. For 7 € A*, define

B(t)={yeB:1¥ =1}
B(1) is a subgroup of B called the centralizer of 7 in B.
Theorem 11 If 7, € Bmy, 71, 72 € A%, then
B(n) = B(mn).

We can assign a centralizer in B to every B-orbit in A*. The assumption that B is
abelian is essential.
Suppose T € A* and consider B(7). For y € B, the set-

yB(t)={yz:z€ B(1)} C B
is called the left coset of B(7) in B determined by y. The collection B/B(r) of left cosets of
B(7) in B forms a partition of B. A set
{ys:1<s<S}cB

is called a complete system of representatives of B/B(7) if B is the disjoint union
s -
B = zysB('r).
s=1

The B-orbit BT has order S and Bt = {7% : 1 < s < S}. Generally the y;, 1 < s < S
depend on 7 and when we need to express the dependence we write yr,1<s< S, If M,
denotes the order of B(7),then M = M.S;, where M is the order of B.

We will now show that the collection of products

11
Z'M;T/\, TE A*, A E B(T)*,
forms a complete set of primitive orthogonal idempotents for CG. We break up the proof
into the following three theorems.
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Theorem 12 For 7, 5 € A* and \; € B(m)*, A2 € B(72)*,
(’F1>\1)2 = LM‘rlTl/\l

and
(11 M1)(T2A2) = 0, unless 71 = T and Ay = Ay,

Proof Since 7§ = 711, y € B(n),

TIAL = Z M (y)ny = Z A (y)yn = \71.

y€B(n) yEB(T1)

Consequently
(7'1/\1)2 = )\17'12)\1 = LTl)\? = LM'rlTl}\l

and
(Tl)\l)(TQ)\Q) = A1(7'17'2))\2 = 0, unless T1 = T2,

in which case

(A1) (1iA2) = T1Ad1 A2 = 0, unless A} = Ay,
completing the proof.

By theorem 12, the collection of products is a set of orthogonal idempotents in CG.
Theorem 13

TEA* AeB(r)*

Proof The theorem follows from

l1=— Z T
L TEA*
and )
l1=— A, TEA
T X€B(T)

Theorem 13 implies completeness.
For 7 € A* and A € B(7)*, by theorem 12

T

= IM.

is an idempotent. Since %'r is an idempotent and 7A = A7

1 1
e = —Te = —eT.

L L
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Theorem 14 If 7 € A* and A € B(7)*, then e = D{l—f’r)\ is a primitive idempotent.

Proof Assume e is not primitive and e = e;+e; where e, and e; are orthogonal idempotents.
Since

1 1
€] = €€ = L€1€’T = ZelT
and 1 i
el =ee; = -I:T€€1 = fTel
we have
RS S S
61 — 61 — 2'7'61’7' —_ L2T61T

Since A* is a basis of CA, we can write

== Z ( >, el y)T) ei(r',y) € C.
T'EA*

yEB
Consequently
1
e = -EETel'T = Z Z ,y 7'7' yrT.
€B /A"
However
r7'yT = 0, unless 7' = 7 and y € B(7),
and
2yt = L*ry, vy € B(1),
implying

1 1
e =7 > elnyy= LSO € CB(1).
y€B(7)

The same argument shows that

1
en = —Tmgy, Mg € CB(7),

L
implying
6= 1A= —r(my +my)
__LMTT —L’le 2).
Since 7 € CA and A\, m; + my € CB(7),
—1—)\—m +m
M 1 2-

We will show that m; and mg are orthogonal idempotents in CB(7), contradicting the fact
that -A}—TA is a primitive idempotent in CB(7).
Since 7m; = M4 T,
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implying m? = m,. The same argument shows mg = my and mymy = mgm; = 0, completing

the proof.

We have proved that the collection of products

jl\/ITA:TEA*,)\GB(T)*

T

is a complete set of primitive orthogonal idempotents for CG and we can apply the results
of the previous chapter.

Theorem 15

CG = Z Z ®CGTA

TEA* A€B(1)*
with the direct sum factors

CGt), T€A* Xe B(7),
irreducible G-invariant subspaces of CG.

If G is not abelian, an irreducible G-invariant subspace of CG is not necessarily one-
dimensional. For groups of the form G = A 4 B, with A and B abelian, we will determine
bases for the subspaces CGTA, T € A*, A € B(7)*, and derive fast algorithms for relating
components in the G-basis to components in the new basis.

Suppose 7 € A* and A € B(7)*. Set ys =y;, 1 <8< S = S; in the following discussion.
Forz € Aand y € B, with y = 952, 1 < s < S and z € B(7),

TYTA = TYs2TA = TTVYs2A
= Ty’(;c‘l)}\(z_l)ys'r)\.

Theorem 16 For 7 € A* and X € B(1)*, the set
| {ysTA:1< s < S}
is a basis of the C-vector space CGTA.

Proof Since the set
{zyTA:z € A, y € B}

spans CGT), the set
{ysTA: 1< s < S}
spans CGT\. We must show that this set is linearly independent. Suppose that

s
0=> a(s)ysTA, a(s)€C,1<s<5

8=1




AF98T009 Phase II Final Report: Mathematical Results 25

Multiplying on the left by 7%, 1 <t < S,

S
0=770 = > a(s)T¥7¥y.\
s=1

= La(t)yrA

implying a(t) = 0. Since t is arbitrary, 1 <t < S, a(t) =0, for all 1 < ¢ < S, completing
the proof.

For a € CG,
E — Z aTA
TGA‘ T AEB(T)*
and by theorem 16
11
LM,

A, an(s) € C.

Theorem 17 For o € CG, 7 € A* and A € B(7)*,

ar(s) = ]11,]\2 ( <Z Ot(.’l)ysz)q—'y-’(g;—l)> Az,
T zeB(T)

z€EA

where ys =y7, 1 <s < S.

Proof Since
at) = E > Y ofzysz)wyszT,
s=1zeB(r)z€A

the theorem follows from

zyszTA = 79 (@ DMz ystA, z2€B(1),1<s< S

3.3.3 Convolution Theorem

Decompositions of KG into direct sums of G-invariant subspaces

J
KG =Y oW,

=1

lead to block diagonal matrix representations of the left translation operators L(a), a € KG,
and to fast algorithms for computing products in KG.

For t € G, the matrix P(t) of L(t) relative to the basis G, of KG, ordered in some way, is
a permutation matrix reflecting the group structure of G. The matrix S(a) of L(a), a € KG,
relative to G is a linear combination over K of the permutation matrices P(t), t € G. If G
is a cyclic group, then the corresponding matrices P(t), t € G, are cyclic shift matrices and
the corresponding matrices P(c), o € KG, are circulant matrices. In this case the direct




AF98T009 Phase II Final Report: Mathematical Results 26

sum decomposition of KG given by the characters diagonalizes the circulant matrices with
the Fourier transform describing the change of basis.

Generally since W; is G-invariant, L(e), o € KG, maps W; into itself. Denoting by
T;(c) the matrix of the restriction of L(c) to some basis of Wj, the matrix direct sum

J
T(@) = Y. Ti(e),

is the matrix representation of L(a) relative to the basis of KG formed by piecing together
the bases from the W;, 1 < j < J. We say the new basis is compatible with the direct sum
decomposition of KG.

To compute

aff = L(e)B, «, B€KG,

we write 8 in terms of the compatible basis, compute T'(c) and form the matrix product of
T(c) with the coordinates of 3 in the compatible basis and then translate the result back to
the basis G.

In the following sections, we will carry out the program for the direct sum decomposition

KG= > > @&KGr7),
YEA* AeB(7)*

relative to the idempotent basis

yith, T€EA, AeB(1), 1<s< S

Matrix Representation of L

For 7 € A* and X € B(7)*, denote by L.x(g), g € KG, the restriction of L(g) to KG7A and
by T.x(g) the matrix of L,(g) relative to the idempotent basis of KG7A. The matrix of
L(h) relative to the idempotent basis neglecting order) is given by the matrix direct sum

Y. > Tnlg)

YEA* AeB(7)*

Right translation from A
Suppose 7 € A* and A € B(1)*. Set y; =y7,1<s < S= ;. Forz € A,

LT/\(x)y)STA = TYsTA

il

TV YsA
TYs (:E—l)'ry’ysT
¥ (z7)ysmA, 1< s <SS,

proving the following result.
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Theorem 18 For 7 € A*,
Tra(z) = diag(T¥*(z7"))1<s<s, hppA € B(T)", T € A~
withy, =y7,1<s<S=5;.

The diagonal matrix in the theorem depends solely on 7 and is independent of A leading
to the following corollary.

Corollary 10 For T € A*,

. o1
®diag ('ry (z ))1<s<s’ z € A,
AEB(1)*@Tr»(2)=In, - =5=

withys =97, 1 <s<S5=5:.

The corollary describes the matrix of the restriction of L(z), € A, to the G-invariant
subspaces Y xep(ryr @K GTA.

Corollary 11
T(z)= > @Iy, @diag (Ty’ ("E—l))1<s<s’ z € A,

TEA*
where 79 =1¥%,1<s< S5 =5;,.

Left translation from B

The description of T'(t), t € B, requires deeper analysis. For 7 € A" and A € B(7)*, we
describe the matrix Tr\(t), t € B, by the following steps.

o Tm(yl), 1<s<8S..
o T.(yB(r)), 1<s<85

Since B is the disjoint union
B = Ui<s<s,y: B(T)

all TyA(t), t € B, are described. The steps are dependent on 7 € A
Sety, =97, 1<s< S, For1<t< S,

Yys = Yoz, 1<s,8 <8, z€ B(1).
There exists a permutation n; € Permm(S) such that
Yys = Ynr (8)ze(s), z(s) € B(r), 1 <s<S.
For1<t<8,
YYsTA = Yar(s)2(S)TA

= Yn(sT2(s)A
= )‘('zt(s)—l)y‘n{(s)T)‘a 1<sS.

Denote by P the S x S permutation matriz defined by
Pl = [enqy - em(s)], 1St<S.
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Theorem 19 For 7 € A* and X € B(7)",
Toay7) = P diag (M(z(s) ™),

The permutation 7] and the permutation matrix F7,1 <t < S;, depend solely on 7 € A*
and are independent of A € B(7)*, leading to the following corollary.

Corollary 12 For 7 € A*,

S @Ta(y) = (In. ® F) ) > dzag( «(s))” 1)1955,'

AEB(T)* AeB(r)*
By the corollary, the matrix of the restriction of L(y;) to the G-invariant subspace

Z SKGTA

AEB(T)*

uses the same permutation matrix P] on each KGTA, A € B (7)*. This step requires for each
T € A*, S, permutation matrices P/, 1 <t < S;.
Suppose there exists y = y” € B such that

v, 0<s<S=5;

is a complete system of left coset representatives of B /B(7). The idempotent basis of KG7A
is given by
y*tA, 0<s<S.

For0<t<S,

y T\ = yt+s A
Where t + s is taken modulo S. We now have

T‘r'/\(yt) = Pta

where P is the S-point cyclic shift matrix

X ]
po|0
0 10

For z € B(71),
2ysTA = Az NysmA, 1<s<S,

implying that Tra(z) is the scalar matrix

Toa(z) = Mz"NIs,, z€ B(7).
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Theorem 20 For 7 € A* and A € B(1)*,

Toa(wez) = Mz") Pl diag (M(2(s)) ™) | s, »
with1 <t < S, and z € B(7).

Corollary 13

S @T(uz) = (I, ® P7) Y Az"Ydiag (A(2(s)") .. -
AEB(T)* AeB(r)* .

3.4 Characters of Nonabelian Groups

Assume throughout that the characteristic of K is relatively prime to the order |G| of G.

3.4.1 Basic Properties

A mapping p : G — K* is called a one-dimensional character of G over K if p is a group
homomorphism,

p(zy) = p(z)p(y), whenever z,y € G. (1)
One-dimensional characters of nonabelian groups share with abelian group characters the
property that they generate one-dimensional G-invariant subspaces. Since we will not use
the more general concept of a character of a group representation of G, we will use the term
character to mean one-dimensional character.
As a function on G, a character p of G can be viewed as an element in KG,

p=> p(x)z.

z€G

Several of the proofs below are exactly the same as in the abelian case, but we include them
for completeness.

Theorem 21 Suppose p is a character of G. For anyt € G and a € KG,

tp=pt=p(t")p

and
ap = pa = &(p)p,
where

a(p) = Y a(t)p(t™).

teG
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Proof From (1) and changing variables, we have

o= playtz = Y p(t™ z)z = p(t™) I plz)z = p(t™)p,

zeG z€G zeG

and

pt=" p(@)at =3 plat ™z =p(t™") 3 plz)z = p(t™)p,

zeCG z€G zeG

proving the first statement.
Using the first statement, we have

on =Yt = (S otpe) o

and

o= 3 aet = (S aete) o

teG teG

completing the proof.
For v € KG, define the centralizer G(7y) of v in G by

G(y) = {t € G : ty =t}

G(v) is a subgroup of G. The center of KG is the set of all v € KG such that G = G(v).
~ is in the center of KG if and only if we have ya = a, for all &« € KG. By Theorem 10,
every character p of G is in the center of KG.

Characters of G generate one-dimensional G-invariant subspaces. For a character p of G,

KGp={a(p)p: a € KG}. (2)
In fact we have the following.

Theorem 22 Every one-dimensional G-invariant subspace of K G is generated by a char-
acter of G over K.

Proof Suppose KGv, v € KG, is one-dimensional. For t € G,
ty=a(t)yy, oft) €K™

Without loss of generality, we can assume y(1) = 1. Since (st)y = s(t7), we have a(st) =
a(s)a(t), for all s, t € G. a and v are then characters of G over K, completing the proof.

Denote by G* the collection of all characters of G over K.
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Theorem 23 For characters p, and py of G over K, if p1 # ps, then

p: =|G|p

and
p1p2 = pap1 = 0.

Proof Since p? = p1(p1)p1, we have by (1),

pi(p) = zpl(t)pl(t_l) =y p(l) =G|,

teG teG

the first result follows.
If py # p2, P2(p1) = P1(p2) and

p1p2 = Pa(p1)p1 = P1(p2)p2

imply p;p2 = 0, completing the proof.
As a consequence of the theorem, if p; and p, are distinct characters of G over K,

pr(p2) = 3 p(t)pe(t™") = 0.

teG

By Theorem 13, we have the following.

Corollary 14 The collection

1
{@P:”EG“}

is a system of primitive pairwise orthogonal idempotents in KG.

The corollary implies G* is linearly independent.

For a finite nonabelian group G, KG cannot decompose into the direct sum of one-
dimensional G-invariant subspaces, since this would imply that G is isomorphic to a group
of diagonal matrices which is clearly an abelian group. Unlike the finite abelian group case
splitting over K, the collection in Corollary (14) is not complete. However a complete system
of orthogonal primitive idempotents in KG exists. Necessarily some of these idempotents are
not characters of G and generate G-invariant subspaces of dimension greater than one. In
the following section, for the classes of groups considered, we will compute such systems. We
will lay the foundation for doing so by first establishing additional properties of characters
of G and characters of subgroups of G.

For y € G and a € KG, define o € KG by

o =yoyt = a(y lay)z. (3)
zeG
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The mapping of KG defined by (3) is an automorphism of the group algebra KG. By
Theorem 10, if p is a character of G then for all y € G, p¥ = p. .
A subgroup H of G is called normal if for all y € G,

yHy ' = {yzy™' :z € H} C H.
Ifae KH,
a= Y afz)

z€H
and y € G then since yzy~' € H, for all z € H,

o =3 alz)yzy™ = Y oy ley)z

zeH z€H

is again in K H. The automorphism (3) maps K'H onto itself, for every y € G.
Suppose throughout that H is a normal subgroup of G. For a character p of H we have,
for every y € G, that p¥ is a character of H, i.e., the mapping

z— p(y~'zy), z€H,

is a character of H. In this way G acts on H*, the collection of characters of H over K.
This action plays a major role throughout this work. We will introduce certain constructions
associated to this action at this time and leave to later sections their application.
Consider p € H* and define
G ={p¥:yeG}.

G* is a subset of H* called the G-orbit over p. Two G-orbits which intersect must be equal.
As a result, H* is the disjoint union of its distinct G-orbits. A subset of H*,

{p1,-- -, pr}
is called a complete set of representatives for the G-orbits in H* if H* is the disjoint union
H* = U, G".
For p € H*, the centralizer of p € G,
G(p)={y€G:p"=p}
is a subgroup of G containing H.

Theorem 24 For p € H* and y € G, we have

G(p*) =yGp)y ™"
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Proof If z € G(p) then since

(yzy™)p¥ = yzy lypy Tt =yzpyTt = ypzy”!
= yoytyzyt = pY(yay ),

we have yzy~* € G(p¥). A similar argument shows that u € G(p¥) implies vy luy € G(p),
completing the proof.

In general, G(p) is not a normal subgroup of G. However, if it is, we have the following
corollary.

Corollary 15 If p € H* and G(p) is a normal subgroup of G, then for all z € G, G(p*) =
G(p)-

Some more group theory is necessary for the next set of results. For y € G, the subset of
G,
Hy={zy:z€ H}
is called a left H-coset overy. Left H-cosets which intersect are equal and so G is the disjoint

union of its distinct left H-cosets. Since H is a normal subgroup of G, a group multiplication
can be placed on the collection of left H-cosets by

(Hy))(Hyz) = H(y1ve), %1, 2 €G.

Normality is used to show that the multiplication is well defined in the sense that if Hy, =
Hy, and Hy, = Hyj then H(yiy) = H(¥1%3), 1, v2 € G. The resulting group is denoted
by H\G. H is the identity element and Hy ™! is the inverse of Hy in H \G.
A subset of G
{y-: 0 <r < R}, (4)

is called a complete set of representatives for H\G if G is the disjoint union of the left-cosets
over y,, 0 <7 < R. We will always take yo =1 in G.

3.4.2 Primitive Idempotents

A character p of H over K determines the primitive idempotent l_llilp in KH. However, in

general, I—}I—I p is not a primitive idempotent in KG. We continue assuming that H is a normal
subgroup of G.

Theorem 25 Suppose p € H* and set f = Tfiﬂp‘ If
f =e; + ey,

where e; and ey are orthogonal idempotents in KG, then e and ey are in the KG(p).




AF98T009 Phase II Final Report: Mathematical Results 34

Proof Since e; and e, are orthogonal idempotents,
_ 2 o — o2 -
fer=ei+ee; =e =¢ejt+eer= erf.

From (4), we can write
R-1
er= Y. > el(zy,)zyr.
r=0 z€H
Theorem-10 implies

1 R-1
o = for= g 2 X eileu)omlu
R-1 R-1
= f Z (Z el(my,)p(x'1)> yr=f Z a1(r)y., ou(r) € K.
r=0 \z€H r=0

Since
1 R-1
er=ef =75 > a(r)pp” y.
IHl r=0
we have from Theorem 13, that

€1 = f Z a(T)yT)

y-€G(p)

which since H C G(p) implies e; € KG(p). The same argument shows that e; € KG(p),
completing the proof.

Normality of H in G is essential since it is required for y-py; 1 ¢ H* and

pyrpy; =0

unless y» € G(p).
Corollary 16 If p € H* and H = G(p) then ﬁp is a primitive idempotent in KG.

Theorem 25 and Corollary 16 motivate a strategy for constructing primitive idempotents
in KG. For the groups considered in the following two sections this strategy will lead to
algorithms for constructing complete system of primitive pairwise orthogonal idempotents in
KG. We begin with a character p of H over K and search for extensions of p to characters
p1 over subgroups H; in G containing H with the hope that H; = G(p1).

Assume throughout that H is a normal subgroup of G such that the group of left H-cosets
H\G is an abelian group. Under this assumption any subgroup H; of G containing H is a
normal subgroup of G.

Suppose H, is a subgroup of G containing H. Since H is the identity element in the
group H\G, for all z;, x5 € G, the commutator

T @oxy wy ! € H.
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If Ty € Hl) then
.’1711172111_1 ¢€¢ Hzo C H, x€ G,

proving H; is a normal subgroup of G.
Suppose p is a character of H over K. A subgroup H; of G admits an eztension of p if
H C H; and there exists a character p; of Hy over K extending p,

pi(z) = p(z), =€ H.
We say simply that p; is an eztension of p to H;.
Theorem 26 If H; admits an extension of p then Hy C G(p).

Proof Suppose p; is an extension of p to Hy. For x € H and y € Hj,

p1(yz) = p1(y)o(z)

and since yzy~' € H,

pi(yz) = pi(yzy~'y) = plyzy e (y) = p* () (v).
As a result
p(:z:):p'-"(:z;), (IIEH, yEHla

proving the theorem.

Theorem 27 Suppose H, admits an extension of p. If p1 and p; are two extensions of p to
H,, then

H; C G(p1) = G(p2) C G(p).

Proof Fory € G(p1) and ¢ € Hj,

pryzy'z7h) = pl(z)pr(z7) = 1.
Since yzy~lz~! € H,
plyzy 'zt = 1.
Writing

1

palyzy™) = po(yzy 'z 7iz) = pyzy 'z ) pa(2)

P2($),

we have G(p1) C G(p2). The same argument shows G(p2) C G(p1), proving G(p1) = G(p2).
If we take z € H, then yzy~! and 7! are in H and

plyzy~'z7t) = pY(a)p(z™!), z€H,
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implying G(p1) C G(p) and completing the proof.

Suppose H; admits an extension p; of p. Denote by p(H;) the collection of all extensions
of p to Hy. We can construct p(H,) from p; and (H\H;)* the collection of all characters of
the finite abelian group H\ H; over K.

For x € (H\H,)*, the mapping x : H; — K, defined by

x(z) = x(Hz), =€ H,
is an extension of the trivial character on H to Hj,
x(z) =1, forallz € H.

We can identify (H\H;)* with the collection of all extensions of the trivial character on H
to Hl-
Suppose p, is an extension of p to H,. For any x € (H\H;)", the mapping X H) —
K*, defined by
pi(z) = x(z)pi(2), =€ Hy,
is an extension of p to Hy. Conversely if p; is any extension of p to H; then
x(z) = p1(z)p2(z ™), € Hi,

is an extension of the trivial character on H to Hj, proving the following result.

Theorem 28 Suppose p; is an extension of p to Hy. Then

p(Hy) = {pf : X € (H\H1)"}.
Every extension of p to Hy has a unique representation of the form

p>1() )26 (H\Hl)*

In particular, the order of p(H,) is the order of (H\H)*. If H\H; splits over K, the
order is the order of H\ H;.

We will use Theorem 28 to prove a result which is essential for establishing completeness
of certain systems of primitive pairwise orthogonal idempotents.

Theorem 29 Suppose H, admits an extension of p and H\H, splits over K. Then

1 ) 1
H| | Hi prEP(H)
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Proof Suppose g} is an extension of p to H;. By Theorem 28, for any z € Hi,

Y m@=pE Y xH)

p1Ep(Hy) X€(H\H1)*
The righthand summation vanishes unless z € H and we have for x € H,

_ |Hy|
S pulx) = p(w)m,

p1€p(Hy)

completing the proof.

Suppose H; admits an extension p; of p. Choose a complete set of representatives
{y:0<r <R}

for the group H\H;. Every y € Hi has a unique representation of the form y = zy,, z € H,
0 <7 < R. We can write

R—1 R-1 )
=53 pilay)zy. = Y p(@)z Y p1(yr)yr

r=0 z€H z€H r=0
and we have

R-1
pr=pY (Y)Y

r=0
In particular, if p is a character of H over K and p' # p, then p'p1 = p1p’ = 0. This result
has the following important consequence.

Theorem 30 For distinct characters p and p' of H over K and extensions p and p} to Hy
and H; we have p1p} = pyp1 = 0.

By Theorem 26 and the corollary to Theorem ??,if H = G (p) then p cannot be extended
and T;Tlp is a primitive idempotent in KG. Explicit algorithm for constructing primitive
idempotents is presented in Subsection 4.1.1.

3.5 A Theorem of Mackey and Wigner

Suppose G is a finite group having the form G = A 4 H where A is an abelian group of
order |A| splitting over the field K and H is an arbitrary subgroup. The main result in
this section is a theorem due to Wigner and Mackey. The result provides a framework for
constructing complete systems of primitive, pairwise orthogonal idempotents for semidirect
product groups. The construction of such systems in the preceding section can be viewed as
a special, simple case.

The Mackey-Wigner (M-W) little group theorem is not the end of the story even for
semidirect product groups since it requires knowledge of complete systems of primitive,
pairwise orthogonal idempotents for certain subgroups of H. In the preceding section, H is
abelian and such systems are given in terms of abelian group character theory. We will use
the M-W theorem, along with the results of section 3.4, to find such systems for KG, where
H has the form H = B 4 C, with B and C abelian groups.
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3.5.1 M-W Theorem

Suppose for T € A*,
{fr:1<r<r}

is a complete system of primitive, pairwise orthogonal idempotents for K H(r).
Then the set of products

TfTT, Te A", 1<r <, 5
TA] (5)

is a complete system of primitive, pairwise orthogonal idempotents for KG.

Theorem 31 Suppose 7 € A* and a € KG satisfies

dra—a=aSr
A A

o= Lol

Then o = lAle m € KH(r).
Proof Write

Since o = T, we have
[T

“ |A| a1 & <2 o(zy) ”) V= AT 2 (Z ozy)r(y” ))

yeh \zcA yeH \z€A

which we write as

| TZ y, a(y)eK

yeH

Since a = « (l_/lilT)’ we have

o= IAIZZ a(y)rr¥y.

yEH

77¥ = 0, unless y € H(7), implies

|A|T > aly)y = mmm, m € KH(r),

yeH(T) l |

completing the proof.

In the following, we will several times use the result that if @ € KA and B € KH, the
aff =0, if and only if a =0 or 8= 0.

Theorem 32 Suppose T € A* and f is a primitive idempotent in KH(t). Thene= ﬁ’f’f
is a primitive idempotent in KG.
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Proof 7 and f commute, implying e is an idempotent. Suppose e is not primitive and
we can write e = e; + ey, where e, and e, are orthogonal idempotents in K G. Since

dre=e=¢g(27) and ee; = e; = eje, we have
14| [4] !

-l-'re =€ =€ -—1—’7'
A T T EAn)

Applying Theorem 31,
1
e = l—A—‘Tml, m; € KH(T).
1

In the same way e; = A7 TM2, M2 € KH(7). Since 7 and m; commute,

1
€ = 6? = WTTH%,
and ) 1
2
—Tmy = —TMm].
|A] Al

By the observation preceding the theorem, m; = m2. Arguing in the same way, mi, m, are
orthogonal idempotents in K H(7). Since

1

1
WTf = I—A—IT(ml + ma),

the same observation implies f = m; + mg, a contradiction, proving the theorem.

3.5.2 Proof of the M-W theorem

By Theorem 32, |17|'r fr, 7€ A*, 1 <r <r,, is a primitive idempotent in KG. Since 7 and

F7 commute the collection of products (5) is a system of primitive orthogonal idempotents
for KG. Since

L
|Al

S = S (SH) g E =t

TEA* r=1 lAl TEA* r=1 TEA*

the system is complete, proving the theorem.

3.6 Abelian Extension

The M-W theorem will be used to construct an algorithm for computing complete system
of primitive orthogonal idempotents for abelian extensions. We begin by assuming that A
is a subgroup of a semidirect product G = A ¢ B of finite abelian groups A and B. By the
M-W algorithm, we can build a complete system of primitive orthogonal idempotents for G
from the characters of A. The approach can be tailored to the subgroup A.




AF98T009 Phase II Final Report: Mathematical Results 40

The projection P : G — B defined by
Pr=z2 =z€G z=yz,y€Az€B,

is a group homomorphism of G onto B having kernel A. Since A c A4 PA, where PA is
a subgroup of B, we can assume without loss of generality that B = PA.
Suppose p is a character of A. Define

{B, = {z € B:[2,A] C ker(p)}

and
A, ={z € A: Pz € B}.

B is a subgroup of B and A, is a subgroup of A containing A N A.
For z, € Ay, z = yz,y € A and z € Bj, define

pi(z) = p(y)-
Theorem 33 p; is a character of A; extending the restriction of p to AN A.
Proof Suppose z;, z2 € A; and write z; = y121, T2 = Y222, Y1, Y2 € A, z1, zo € B;. Since

129 = [21, T1|Y1ye 2122

and [z, 2] € ker(p),
p1(z122) = p1(21)p1(22),
proving p; is a character of A;. Clearly, p; extends the restriction of pto AN A.

The critical condition used in this theorem is that
A C A % B;,

with [By, A;] C ker(p) which implies that p; is a character of A;. In general p; is not a
maximal extension in A of the restriction of p to A N A. For this to occur we require that

Ay ={z € A:[z, ] C ker(p)}.

Define
By ={z€ B:[z,A] C ker(p)}

and
Ay = {z € A : Pz € By}.

B, is a subgroup of B containing B; and A, is a subgroup of A containing A,;.

Theorem 34

Ay ={z€A:[z,A] C ker(p)}.
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Proof Suppose £ € A, with z = yz,y € A, z € B,. For any 2, € Ay, with z, = Y121,
y € A, z1 € By, we have

[.'L') Zl] € ke'r(p), [Z,.’E]_] € ker(p)
implying
[z, 7] = [z, z1][z, 21] € ker(p).
Since z; is arbitrary in Ay, [z, A;] € ker(p) and we have shown that
Ay C{z € A:[r,A] Cker(p)}.

Conversely, take z € A such that [z, A;] C ker(p). For any z; € Ay, [z,21] € ker(p).
Since [z, z1] € ker(p), and
[z,21] = [z, 21)[=, 2] € ker(p),

we have [z, z;] € ker(p) and z € B,. This shows that z € A, completing the proof.

If A; = A,, then p; is a maximal extension in A of the restriction of pto AN A and
]A1_1| p1 is an idempotent in CA. Otherwise, define

Bs={z € B :{z,A] C ker(p)}
and
A3={.’L‘€AZP$€B3}.

Since

[B1, A} C By, A] C ker(p),
we have that B, is a subgroup of B;. In the same way,

[Ba, Al] C [Bg,Az] C ker(p),
implies B3 is a subgroup of B;. We have shown

A C A3 C Ay CA.

Replacing A by Ay and A, by Az we can continue in this way and construct a subgroup Bu
of B such that the subgroup Ay of A defined by

Ay ={z € A:Pze By}

satisfies the two conditions
(A, Bu) C ker(p)
Ay = {z € A:[z,Apm] C ker(p)}.
The first implies that the mapping pas : Ay — C* defined by

om(z) =ply), z€AMm,z=yz,y€EA 2€ By

is a character of Ay, extending the restriction of p to AN A. The second shows that pp
is a maximal character extension in A of the restriction of p to AN A and |‘A‘1,\7|pM is an
idempotent in CA.
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3.7 Equivalence

Many of the most important results on the structure of the algebra CG are described in
terms of two-sided G-invariant subspaces of CG. We will see that CG decomposes into the
direct sum of all its irreducible two-sided G-invariant subspaces. This is the first step in
proving the Wedderburn structure theorem which constructs a faithful representation of CG
as the direct sum of complete matrix algebras over C.

The decomposition of CG into the direct sum of its irreducible two-sided G-invariant
subspaces is necessarily unique. The analogous statement for irreducible G-invariant sub-
spaces does not hold, but will up to equivalence between such spaces. Equivalent irreducible
G-invariant subspaces are the building blocks for the irreducible two-sided G-invariant sub-
spaces.

These results extend the classical DSP algorithm for computing cyclic convolutions by
fast Fourier transforms and diagonal matrix multiplications. For nonabelian groups, the
diagonal matrix multiplications are replaced by block-diagonal matrix multiplications. This
result is called the Wedderburn Structure theorem which has many generalizations.

For o € CG, right-translation by « is the C-linear transformation R(a) of CG defined
by

R(a)f = fa, f€CG.

By the associative law in CG, R(a) commutes withe all left-translations of CG,

R(e)(Bf) = BR(e)f, B, feCG. (6)

In fact any mapping T of CG into itself satisfying (6) is right-translation by T'(1),
T(f)=T(f 1) =fT(1), feCG.

Suppose W is a G-invariant subspace of CG. For a € CG, denote by Rw(a) the
restriction of R(a) to W. Rw(a) is a C-linear transformation of W onto Wa,

Wa={fa: fe W}

Wa is a G-invariant subspace of CG by (6). It may be the {0} subspace.
Suppose e is a generating idempotent for the G-invariant subspace W. A mapping T of
W into CG satisfying

T(Bf)=BT(f), B, feW,
equals Ry (a) where a = T'(e).
The following results of Schur describe right-translations on irreducible G-invariant sub-
spaces and serve as important tools throughout this chapter.

Theorem 35 If W is an irreducible G-invariant subspace and o € CG, then Wa = {0}
or Wa is an irreducible G-invariant subspace. If Wa # {0}, then Rw(a) is a C-linear
isomorphism of W onto Wa.
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Proof Suppose Wa # {0} and Ry () is not a C-linear isomorphism. Then
V={feW: fa=0}+#{0}

is a G-invariant subspace of W. By irreducibility, V = W and Wa = {0}, a contradiction,
proving Ry () is a C-linear isomorphism of W onto Wa.
Suppose Wa # {0} and U is a G-invariant subspace of Wa. Then

{feW: faecU}

is a G-invariant subspace of W. It is either the {0} subspace and U = {0} or it is W and
U = Wa, proving W is irreducible and completing the proof.

Corollary 17 If Wa # {0} and €' is a generating idempotent for Wa, then there exists a
unique h € W such that ¢ = ho. We have

e Rw.(h)Bw(a) = Iw,
e Rw(a)Rwa(h) = Iwa,
[ (W()l)h =W.

Proof Since Ry () is a C-linear isomorphism of W onto W, there exists a unique heW
satisfying ' = ha. To complete the proof we need only to prove the second statement. Take
g € Wa. Then ge' = g and
(gh)e = g(ha) = ge' = g,
completing the proof.
For an irreducible G-invariant subspace W of CG we can have W = Wa for some

o € CG. For example, if e is a generating idempotent for W, then W = We and Rw (e) = Iw.
We have the following result of Schur.

Theorem 36 Suppose W is an irreducible G-invariant subspace of CG. If o € CG such
that W = Wa, then there ezists a € C* such that

Proof By Theorem 35, Rw(a) is a C-linear automorphism of W. Since C is algebraically
closed, Ry (a) has an eigenvalue a € C* and there exists a nonzero fo € W such that

foa=afo.

Consider
W(a)={f € W: Rw(a)f =af}.
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For 8 € CG and f € W(a), since

(Bf)e = B(fa) = a(Bf),

we have 8f € W(a) and W(a) is a G-invariant subspace of W. Since W(a) # {0}, W(a) =
W, completing the proof.

Corollary 18 If e is a generating idempotent for W, then for some a € C*,

e = exe = ae.

Suppose W is an irreducible G-invariant subspace of CG. A G-invariant subspace W' #£
{0} is called equivalent to W if there exists o € CG such that W’ = Wa. By Theorem 35
and its corollary, if W’ is equivalent to W, then W' is irreducible and W is equivalent to
W'. In this way we define an equivalence relation on the collection of irreducible G-invariant
subspaces of CG. Denote by WR the collection of all irreducible G-invariant subspaces
equivalent to W.

We have the following criterion for equivalence.

Theorem 37 Suppose W and W' are irreducible G-invariant subspaces having generating
idempotents e and e'. Then W and W' are equivalent if and only if there exits a nonzero
v € CG satisfying

v =ey=ne =eye.
In this case W' = W1,

Proof Suppose W and W' are equivalent and W' = Wa, a € CG. Since W = We and
Wa = (Wa)e!, we have Wa = Weae'. Setting v = eae,
y=ey="e =eye #0,
and W' = Wy. .
Conversely if there exists v # 0 in CG satisfying
v =ey=re = eye,
then W~y C W'. W+ is a nonzero subspace of W’ and W' = W+, completing the proof.

We need assume in the theorem that v = eye' # 0 since v = eye’ implies v = ey and
v="¢.

For the following discussion, we write U ~ V to mean that the irreducible G-invariant
subspaces U and V are equivalent. Consider a direct sum decomposition of a G-invariant

subspace W of CG,
T
w=> ew,
t=1

into irreducible G-invariant subspaces Wy, 1 <t <T. We will show that up to equivalence
such decompositions are unique. The main result needed is the following.
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Theorem 38 If V is an irreducible G-invariant subspace contained in W, then

VC Z @Wta

WiV

the direct sum taken over all W, equivalent to V, 1 <t <T.

Proof Suppose e is a generating idempotent for V and write

We have that

vec) oW
;70
Since e is an idempotent
T
e=e=) e, emeW;
t=1

Uniqueness of representation in the direct sum implies
ey =0y, 1<t<T.
For any 1 < t < T such that a; # 0, we have eq; # 0 and
{0} #Vo, C W,

Irreducibility implies
Vat = Wt) Qy '—/"é 0

and W, ~ V, completing the proof.

Corollary 19 Suppose V;, 1 < s < S, is a set of equivalent irreducible G-invariant subspaces
contained in W. Then 2;9:1 Vs C Xw,ov, @Wr.

Consider any set of irreducible G-invariant subspaces Vs,, 1 < s1 < S; such that every
V,,1 <5<, is equivalent to a unique V;, 1 < 51 < 55.

Corollary 20 For1 < s; <5y,

S vic Y eWw.

VoV Wi Vs,
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By the proceeding theorem and its corollaries, if W has two direct sum decompositions
into irreducible G-invariant subspaces

T
W=y oW, =) &V,

t=1 s=1

up to rearrangement of the factors, W; is equivalent to V;, 1 < s < S and by dimension
S < T. Reversing the roles, we have the following result.

Theorem 39 Suppose W = ST W, = Zle @V, are direct sum decompositions of a G-
invariant subspace W into irreducible G-invariant subspaces W, 1<t<T,andV;,1<s<
S. Then T = S and up to rearrangement, W; is equivalent to V;, 1 <t < T.

3.7.1 Two-Sided

A G-invariant subspace J of CG is called two-sidedif J is invariant under all right-translations,
JacJ, ae€CG.

A nonzero two-sided G-invariant subspace J is called irreducible if the only two-sided G-
invariant subspaces of J are {0} and J. An arbitrary two-sided G-invariant subspace par-
titions the collection of all irreducible two-sided G-invariant subspaces into two sets; those
contained in J and those having trivial intersection with J.

Suppose W is a G-invariant subspace and J and J' are two-sided G-invariant subspaces.
W J is a two-sided G-invariant subspace contained in J and JW is a G-invariant subspace
contained in J N W. In particular JJ' is two-sided and is contained in J N J'. For a direct
sum J @ J' we have JJ' = J'J Cc JnJ = {0}.

Suppose W is an irreducible G-invariant subspace of CG and J is a two-sided G-invariant
subspace. W# denotes the collection of all irreducible G-invariant subspaces equivalent to
W. For a € J, we have either Wa = {0} or Wa € WHE. Since Wa € J,

WJ C UW’GWR(J n WI) (7)
In particular if J N W' = {0}for all W' € W¥, then WJ = {0}.

Theorem 40 Suppose J is a two-sided G-invariant subspace and W is an irreducible G-
invariant subspace such that J N'W # {0}. Then

W' C J, foral W' € W&

Proof Since JNW is a G-invariant subspace of W and JNW # {0}, we have JOW =W
and W C J. The invariance of J under right-translations implies Wa C J, for all a € CaG,
completing the proof.
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From the theorem a two-sided G-invariant subspace J partitions the set of all equivalence
classes of irreducible G-invariant subspaces into two subsets, those having all its elements
contained in J and those having all its elements having trivial intersection {0} with J.

For an irreducible G-invariant subspace W of CG, define

JW)y= S W

WiewR
J(W) is G-invariant and is the minimal G-invariant subspace containing all W’ € WH.
Theorem 41 J(W) is an irreducible two-sided G-invariant subspace.
For a € CG and W' € WE, we have W'a = {0} or Wa € WE. From

JW)a= S Wac Y. W=JW), acCG,
W/ewh W/ ewR

J(W) is a two-sided G-invariant subspace.
Suppose J # {0} is a two-sided G-invariant subspace contained in J (W). Ifeis a
generating idempotent for J(W),

J=Jec JJ(W) # {0}.
Assume J N W' = {0}, for all W’ € W&. Then
JW'c JNW' = {0}, forall W' € W&,
and JJ(W) = {0}, a contradiction. We must have |
J W' # {0}, forsome W’ € WF,

which by Theorem 40 implies J = J(W). J(W) is irreducible, completing the proof.

By Theorem 39, J(W) has an essentially unique direct sum decomposition into irreducible
G-invariant subspaces

J(W) = ijeavs. (8)

Choose T < S such that, perhaps up to reordering of the factors in (8), every V;, 1 < s < S,
is equivalent to exactly one V3, 1 <t < T. We will show 7' = 1. Denote by J; the direct
sum of all the factors of (8) equivalent to V;, 1 <t < T'. Then

T
JW)=> @l

We will show that J; is a two-sided G-invariant subspace which by irreducibility of J(W)
implies J; = J(W) and T = 1.
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Theorem 42 J(W) is the direct sum of irreducible G-invariant subspaces all of which are
equivalent to W. .

Proof Suppose V is any factor in the given direct sum decomposition of Jj. Since J(W)a C
J(W), for all a € CG,

T
VaC Z@Jt, foralla € CG.

t=1

By Theorem 38, Va = {0} or Vi is equivalent to V1, implying
Va C Ji, foralla € CG.

Since V is an arbitrary factor of the direct sum decomposition of Ji,
Jioe C Jp, foralla € CG,

and J; is a two-sided G-invariant subspace, completing the proof.

Corollary 21 Every irreducible G-invariant subspace of J(W) is equivalent to W.

Corollary 22 Suppose
{W;:1<s< S}

is a set of pairwise inequivalent irreducible G-invariant subspaces. Then the sum S5 J(W)
is a direct sum

Proof By the preceding theorem, for s # t,
J(W)J(Wy) € J(We) N J(W;) = {0}
If
s
Eat = 0, oy C J(Wt),
t=1

and e, is an idempotent generator for J(W;), 1 < s < S, then

s
(Z at> es = ases = as =0,

t=1

completing the proof.

Suppose J is a two-sided G-invariant subspace and £(J) denotes the collection of all
irreducible two-sided G-invariant subspaces contained in J. By Theorem 40, there exists a
set,

of irreducible G-invariant subspaces contained in J such that every irreducible G-invariant
subspace contained in J is equivalent to exactly one W, 1 <t<T, and JW,) C J,
1<t<T.
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Theorem 43 J = Y1, ®J(W;) where

S(J) = {J(W) : 1<t < T}.

Proof By Corollary 18 of Theorem 42,

=

t=1

Suppose J' is an irreducible two-sided G-invariant subspace contained in J. If JNJ(W;) =
{0}, for all 1 <t < T, then JJ' = {0}, a contradiction.” We must have

J' N J(W,) # {0}, forsomel <t <T.

Irreducibility implies J' = J(W;), completing the proof.

Corollary 23 J is the direct sum of all the irreducible two-sided G-invariant subspaces
contained in J.

Applying Theorem 43 and its corollary to CG we have the following result which we state
as a theorem because of its importance.

Theorem 44 CGQ is the direct sum of all its irreducible two-sided G-invariant subspaces.

Corollary 24 If J is a two-sided G-invariant subspace of CG, then J', the direct sum of
all the irreducible two-sided G-invariant subspaces having trivial intersection {0} with J, s
the unique two-sided G-invariant subspace of CG satisfying CG = J @ J'.

Corollary 25 A two-sided G-invariant subspace J # {0} has a unique idempotent generator
e and e is central in CG.

Proof By the preceding corollary, CG = J @ J'. Write
l=e+eé, eclJeel.

e and € are orthogonal idempotents generating J and J' as G-invariant subspaces. For
g € CG,

g=g-l=get+ge'=1-g=eg+¢g.

Since J and J' are two-sided, ge, eg € J and g€, €'g € J'. Uniqueness of representation
implies eg = ge and e is central in CG.

Suppose e, is also an idempotent generator of J. Since e is central,

e = ee; = e1€ = €y,
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completing the proof.

Suppose J is a two-sided G-invariant subspace having a direct sum decomposition

S
J = Z @VS)
s=1

into irreducible G-invariant subspaces Vi, 1 < s < S. As in the discussion leading up
to Theorem 42, after rearrangement if necessary, there exists T < 8, such that every Vi,
1< s< S, is equivalent to exactly one V;, 1 <t < T, and

T
J=> &J(Vi)-

t=1

Denoting by J; the direct sum of all the factors Vs, 1 < s < S, equivalent to V;, we have

T
t=1

In particular J; is an irreducible two-sided G-invariant subspace.




AF98T009 Phase II Final Report: Fast Algorithms 51

4 Development of Fast Algorithms

4.1 Character extension
4.1.1 Construction of Primitive Idempotents

Assume that H is a normal subgroup of G and H\G is an abelian group splitting over the field
K. Suppose p is a character of H over K. By Theorem 16 and the corollary to Theorem 25,
if H = G(p) then p cannot be extended and |71{—|p is a primitive idempotent in KG. Suppose
H is strictly contained in G(p). The following algorithm constructs a nontrivial extension of
p-
H is strictly contained in G(p).

e Choose y € G(p) and y ¢ H and form H the subgroup generated by H and y.

e Find the smallest positive integer R such that y® € H.

Compute X = p(yF).

Find any R-th root o of X in K, aff = A, possible since H\G splits over K.

Write every = € H; uniquely in the form

z=uy, uw€H 0<r<Kk

o Construct the mapping p; : H1 — K™ by
pr(uy’) = p(u)a”, 0<r <R

p1 is an extension of p to H;.

By repeated use of the algorithm, possible since every subgroup of G containing H is
normal in G, we can construct a subgroup M of G(p) admitting an extension v of p to
M such that M = G(v). In this case -1-137‘7 can be extended no further and is a primitive
idempotent in KG. '

Theorem 28 can then be used construct the collection p(M) of all extensions of p to M.

e For each ¥ € (H\M)*, form the mapping vX : M — K™, by
Y¥(z) = x(Hz)y(z), =€ M.
The collection p(M) of all extensions of p to M is given by
p(M) = {v*: X € (H\M)"}.
By Theorem 23 and the corollary to Theorem ?7, the collection

{ﬁvt’yep(M)}
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is a system of primitive, pairwise orthogonal idempotents in KG satisfying, by Theorem 29,

1 1
e 2

vEP(M)

For each character p of H over K, denote by M, any subgroup of G(p) which admits an
extension v of p satisfying M, = G(v). Denote by p(M,) the collection of all extensions of
p to M,. Then '

I(p) = {ﬁ}p—ﬂ :y € p(M,)}

is a system of primitive, pairwise orthogonal idempotents for KG satisfying
1

w2

fel(p)

By Theorem 30,
I'=Upen- I (,0)

is a system of primitive, pairwise orthogonal idempotents for KG satisfying

1
= o p=2f
|H| pEH* ferl
For H an abelian group,
1
l=— p
|HI pEH*

and the above construction leads to a complete system of primitive, pairwise orthogonal
idempotents for KG.

Up to scalar multiple, the primitive idempotents of K G resulting from the algorithm
are characters of subgroups of G. If H is abelian, then a complete system of primitive,
pairwise orthogonal idempotents of KG can, up to constant multiple, be given by characters
of subgroups of G. If H is not abelian this need no longer be the case.

4.1.2 Coefficient computation
For y € B, define oy, € CA by
a,(z) = a(zy), =€ A4,
and compute the Fourier transform of o over 4,
6,(1) =7 a7, TE A
z€A

M TFourier transforms over A are required at this stage. Place the results into a two-
dimensional array over A* x B

a(r,y) = ay(r), TEA, y€B.
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For each 7 € A* we will compute the coefficients
an(s), 1<s<S;, Ae B(r)"
For 1 < s < S;, define 77 € CB(T) by
77 (2) = 4(r¥,ys2),  z € B(7), s = s,
and compute the Fourier transform of 4] over B(7)
N 1 _ .
BN =32 X @A), AeBl)
T zeB(T)

S, Fourier transforms over B(7) are required in this stage. Implementing this stage as 7
runs over A* requires 3 e 4+ Sy Fourier transforms over abelian groups over varying sizes.
By theorem 17, for each T € A*,

ora(s) =97(N), A€ B(1), 1<s< S5
First Stage a € CG
a, € CA,yeB

FT over A, y € B.

thCA*,yEB

& € L(A* x B)

Second StageT € A*

& € L(A* x B)

77 € CB(7),1 <5< 5,
FT over B(7),1 < s< S,

AT € CB(T), 1<s< S,

ora(s) =77(\), AB(1), 1<s< S
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4.2 Algorithm G =A< (B C)
For 7 € A*

e Compute by the primitive idempotent construction algorithm a complete system of
primitive, pairwise orthogonal idempotents for K H (1),

T, 1<r<r,.

T

e Form the products

The collection of products

1 T *
—=T T <r<rg,
4] fr, €A", 1<r<
is a complete system of primitive, pairwise orthogonal idempotents for KG.

Up to a constant multiple, the idempotents of KH (1), T € A*, constructed in the al-
gorithm are characters of H(7). As a result, up to a constant multiple, the system of
idempotents of KG resulting from the algorithm consists of characters of subgroups of G
containing A. This is the case, even though A\G is not abelian.

By the Mackey-Wigner (M-W) little group theorem, we can accomplish the first task by
designing an algorithm which, for each 7 € A*, computes a complete primitive idempotent
system in K H(7). In the next section, we develop an algorithm for this purpose based on
the algorithms for A 4 B. As we will see, combined with the M-W algorithm, this leads
to primitive idempotents of KG which are characters of subgroups of A H(r). We make
critical use of this property in the design of the basis and expansion coefficient algorithms
established in section 4.

4.2.1 Idempotent Systems for Subgroups of H = B 4 C

Suppose A is a subgroup of H. Since B and C are abelian groups, A N B is an abelian,
normal subgroup of A and A/AN B is an abelian group. The algorithms for previous efforts
apply.

Algorithm I Complete primitive idempotent system in KA
A
For p € (AN B)*

e Construct a subgroup A, of A admitting an extention v of p such that TAlﬂ'Y is a
primitive idempotent in KA.

e Construct ext,A,, the collection of all extensions of p to A,.

e Form the set )
Idem(p) = {mé 1§ € ext,A\,)
P
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Idem(p) is an idempotent system in KA satisfying
1 1

BAA ™ B ety
B
¢ Implement A for all p € (BN A)*.
e Form the set
Upe(na)- Idem(p).

Since A N B is an abelian group splitting over K, the collection

Upe(Bnay-1dem(p)

is a complete primitive idempotent system in KA.
Combining this algorithm with the M-W algorithm, we have the following algorithm for
constructing an idempotent system for KG.

Algorithm II Complete primitive idempotent system in KG
A
For 7 € A*,

¢ Apply algorithm I to construct a complete primitive idempotent system in K H(7).

fr, 1<r<r,.

e Compute the products

e Implement A for all 7 € A*.

e Form the set '
{rfl:7€e A, 1 <r <.}

By the M-W algorithm this set is a complete primitive idempotent system in KG.

To establish notation for the following sections, we will explicitly describe A in algorithm
II.

Algorithm IIT Step A of algorithm II
A’
For p € (H(T) N B)*,
e Construct a subgroup H(7), of H(7) admitting an extension y of p such that mv
is a primitive idempotent in K H(T).
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e Construct the collection ext,H(7), of all extensions of p to H(7),.

¢ Form the set

Idem.(p) = { 6:6 €ext,H(T),}.

1
|H(T),l
B’
e Implement A’ for all p € (H(7) N B)*.
e Form
Idem(T) = Upe(r(nns)-Idem.(p).

Idem(r) is a complete primitive idempotent system in K H (7).

4.2.2 Basis Algorithm

The primitive idempotents in KG resulting from algorithm II are constant multiples of
characters of subgroups of G. The basis algorithm developed in this section and the expansion
coefficient algorithm of the next section significantly depend on this form of the primitive
idempotents.

Suppose T € A*, p € (BN H(7))" and H(r), and ext,H(7), are constructed by algorithm
III. We will design an algorithm for constructing a basis for the irreducible G-invariant
subspaces KGTv, 7 € ext,H(T),.

Choose a complete system of representatives

Uy, ]-SZSL)

for the space of right H(7),-cosets in H. Every y € H has a unique representation of the
form

y=ww, 1<1<L,weH(T),

In general, u;, 1 <1< L, and L depend on 7 and p but for the most part we suppress this
dependence in the following discussion.
For t € G, we can uniquely write

t=zy=zuw, zE€Ay€H 1<I<L weH(T),

try = xu[wrfyzxul'ruflurrw’y
= 7z )y(wury,

where 7, = un‘u,‘l, 1 <1< L. Since the set {t7y :t € G} spans KGTv, the set {wry:1<
I < L} spans KG77.

Theorem 45 Suppose 7 € A*, p € (BN H(7))" and w, 1 <1< L, is a complete system of
representatives for the H(T),-cosets in H. Then

{wry:1<1<L}

is a basis of KGTv, for every vy € ext,H(T),.
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Proof We must prove linear independence. Suppose

> a(hury =0, «afl) € K.

=1
Forl1<m<1L,

L

Tm Z a(l)ruy =0,

1=1
where 7, = ul'rul”l, 1 <1< L. Since 7,7 = 0 unless 7, = 73, in which case 72 = |A|Tm, We
have

S a(ywry =0,
u;lu;EH(T)

where the sum is over all 1 <! < L such that u'u; € H(7). We have used the equivalence
between 7, = 7, and ulwTu tu, = 7. Multiplying by u},

S awry= Y a(D)Tu uy = 0.

unlweH(T) unlwEH(T)

U

Since H(7), is a normal subgroup of H(7) and is the centralizer of v in H(7), we have;,
arguing as above, that
S a(l)wry=0.

untw €H(T),p

This sum has only one term implying
a(m)u,7y =0
and a(m) = 0. Since 1 < m < L is arbitrary, a(m) =0,1<m < L, completing the proof.
In the following algorithm, we suppress the construction of centralizer subgroups.

Algorithm IV Basis for KGTA
For 7 € A* and p € (BN H(7))",

e Construct H(7), and ext,H(7), by algorithm III.
e Construct u;, 1 <1 < L, a complete system of right H(7),-cosets in H.
For v € ext,H(T),,

¢ Compute the products
wry, 1<1I<LL.

By the theorem, {w,;7y:1 <1 < L} is a basis of KGry.
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4.2.3 Expansion Coefficient Algorithm

Suppose T € A*, p € (BN H())", H(r), and ext,H(r), are constructed by algorithm III,
and v, 1 <1< L, is a complete system of right H (),-coset representatives in H.

Consider a € KG. The component of « in the irreducible G-invariant subspace K Gty
is

1
—— a1y, 7y € ext,H(T),,
Gy HTe

where G(7), = A 4 H(7),. Relative to the basis
wTY, 1 _<.. ! S L)

of KGtvy, we can write
L
aTy = Z aT'Y(l)ulT’Y) a'r'y(l) € K, Y €< etiH(T)p,
=1

Theorem 46 For v € ext,H(T),,
am()= >, (Z a(mu,w)'rz(a:‘l)) y(w™), 1<I<L,
weH(r), \z€EA
where 7, = wru;t, 1 <1< L.
Proof By the results in 46, for every t € G, we can uniquely write
t=zuyw, z€A 1<I<L weH(T),,

and we have
try = ni(z "y (w Hwry.
Then
L
arty = Z alt)itry=>_ ( > (Z a(:cu,w)'r[(a:‘l)) 7(w‘1)> wTY,
teG =1 \weH(7), \z€A

completing the proof.
Algorithm V Expansion coefficients
Suppose @ = Sseq alt)t = Syerr Teea alay)ay is in KG.
A. For y € H,

e Form oy : A— K by
oy(z) = a(zy), =€ A

¢ Compute &, : A* — K by
ay(1) = 3 oy (x)r(z™"), TEA"

z€A
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linking
e Implement step A for every y € H.

e Form x: Y x A* — K by
x(y,7) =8y(r), ye€H,TEA.

B. For 7 € A* and p € (BN H(1))",

e Construct H(7), and ext,H(7), (algorithm 9.3),

e Construct 4, 1 < I < L, a complete system of right H(7),-coset representatives
in H,

e Form x, : H(1), — K,1 <1< L, by
xi(w) = x(ul'ru[‘l,u['w), w € H(7),,

e Compute ¥; : ext,H(t), — K, 1 <1< L, by

M= > xwyw™), 7€ext,H(r),.
weH(T),

By Theorem 46
ar’y(l) = il(’y)a S etiH(T)p: 1<I< L.

C. Implement stage B for all 7 € A* and p € (BN H(7))".

Stage C completes the computation of the expansion coefficient of .

The stage B computations of X;, 1 < ! < L, closely resemble Fourier transform com-
putations but H(7), is not necessarily abelian and the computations are taken only over
v € ext,H(7),. We will show how to turn the main part of these computations into Fourier
transform computations. ‘

Choose a complete system v;, 1 < j < J, of right (BN H(7))-coset representatives in
H(t),. Each w € H(7), can be uniquely written as

w=uvmu, 1<j<JueBNH(T).
The computation of X;, 1 <! < L, can be written as

() = Y x(wyyw™)

weH(T)p
J 1 1

= > y(v;") > x(wryy ,uvu)p(ut). 9)
=1 weBNH(r)

Using this result we can replace step B by the following.
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B’. For 7 € A*,

e Construct wg, 1 < k < K, a complete system of right BN H (7)-coset representa-
tives in H,

e Formyp: BNH(t) — K,1<k< K, by

Yr(u) = x(wprwy !t weu), uw€ BN H(7),
e Compute ¥ : (BN H(T))" — k, 1<k<K,by
Del(p) = > Ye(u)p(u™), pe(BNH(T)).

u€ BNH(r)

C'. For p€ (BN H(7))",

e Construct u;, 1 <1 < L, a complete system of right H(7),-coset representatives
in H,

e Construct v;, 1 < j < J, a complete system of right BN H(1)-coset representatives
in H(7),.

linking For each pair (1,5), 1 <1 < L, 1 < j < J, there exists a unique k(l,7), 1 <
k(l,7) < K such that
wv; = Wk, 2, At € BOH(T).
e Compute the products
Dui(p) = pl(l, )bk (), 1<IS LIS <
D’. For v € ext,H(T),,

e Compute the matrix product

[wl’j(p)]ISISL,lstJ
By (9) the resulting vector is
ary(1)

D)
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5 Code Development

Distinct realizations of an abstract group leads to a distinct unitary transformations, and
distinct geometric identification properties.

Based on the algorithms of section 4, efficient codes implementing unitary transforms
associated with several realizations of the following abstract groups have been developed.

o (Cy x Cn) 9 Ch,

(Cn x Cn) 3 (C2 x Ca),

(Cn x Cn) 3 (C2 x Cy x Cy),

(Cn x CN) 4 (Ca x Cy x Cy x Cs),
(Cv x Cn) 3 Cs,

(Cn x CN) § C4,

(Cn x Cn) 3 Cs,

o (Cn x Cn) 3 ((C2x Cy) 3 Ch),

o (Cnx Cn) 3(Ca 3 Ca).

o (Cn 3C2) x (Cu 3 C),

These codes lead to efficient implementation of the nonabelian convolutions.

Fixing on a particular representation of Cy x Cy, varying realizations of G = (Cn X
Cn) < H is achieved by constructing 2 x 2 integer matrices of finite order, modulo N. For
example, a realization of the group (Cy x Cy) 4 (Cz x C3) is achieved by constructing

2 x 2 integer matrices of order 2 modulo N, that commute. Viewing the elements of Cn X

Cy as column vectors of length 2, the group multiplication in G is identified with matrix
multiplication.

Geometric properties of such realizations depend on the following.
e The integer N.
e The integer matrices of finite order, modulo N.

¢ Interaction between the integer matrices.
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5.1 Examples

Denote the elements of Cy X Cy by a™b", 0 <m,n < N -1, and characters of Cy x Cy
byakﬁg,OSk,lSN—‘l,
N-1N-1
l .
afi= Y. > exp( 27rz m + n) mpn.

n=0 m=0 N ‘
Denoting the generators of Cy x Cy by s and ¢, complete system of orthogonal idempotents
of Cy x Cy are
1 1 1 1
—(1+s+t+st), Z(l—s+t—st), Z(1+s—t—st), Z(l—s~t+st).

Primitive idempotents of C ((Cn x Cn) J (Cz x Cy)) are of dimensions 1, 2 or 4. The num-
ber, dimension and characteristics of primitive 1dempotents depend on spec1ﬁc realizations
of Cg X Cz

Each realization is identified by a group of 4 commuting integer matrices of order 2. Any
2 x 2 commuting matrices o and 7 determines a realization of (Cn X Cn) I (Cy x C3) as

follows. Set
[ o o ]
s o= ,

83 84

and for 0 < m, n < N, let
m.s]zg[m], modN,
n

[mt}=7[m], modN,

Tt n

. The realization of (Cy x Cy) 4 (Ca x C3) with o and 7 is given by
(a™b™)7 — a™b™, (a™b")T — a™'ne

The affine realizations are based on the homogeneous coordinate system. For a 2 x 2
matrix ¢ of order 2, associate the matrices

S1 82 %
;=5 s¢ jy |, 054,571
0 0 1

0, ; is of order 2 and acts as an affine motion on (m,n) € Z/N x Z/N through the matrix
multiplication

0ij n N OS’i,jSL
1




AF98T009 Phase II Final Report: Code Development 63

5.2 Code development for successive processing

In general, the results of successively processing an image by projection operators associated
with two distinct realizations of an abstract group are distinct. Moreover, the order in which
the projections are applied results in significant differences in the resulting image.

One framework for predictable, successive processing is developed by constructing two
realizations A 4 B and A J C such that B and C' commute. In the case of G = (Cn X
Cn) 4 (Ca x Cy), if the two realizations of G are obtained from 4 commuting matrices
representing the four copies of Co’s, then the projections are not affected by the order
of processing, and the discriminating characteristics are predictable. The discriminating
properties of the resulting projections are equivalent to processing by the projection operators
associated with the much larger group (Cny x Cn) 3 (C2 x C2 X Ca X Cy).

Example: Two commuting realizations

The following 4 elements commute and generate a 16-group.

a b c d
-1 0 01 g -1 o &-1
o —1|" 1o} |¥-1 & | |- 0o |

All the distinct centralizers are realized by successively processing with A = (Cn x
Cn) 3 (a x b) and B = (Cn x C) 4 (¢ X d). Projections are distinguished by the distinct
subgroups of ax b and c¢x d. In terms of imaging characteristics, these projections distinguish
the same projections as the subgroups of the group generated by all four elements. How-
ever, the order of the distinguishing subgroups determine the dimensionality of the invariant
subspaces and affects the detectability as opposed to discrimination.

We have investigated and identified the relevant image processing properties of many
realizations based on the following MATLAB codes.

e codes generating exhaustive set of realizations,
e codes constructing complete set of primitive idempotents,
e codes constructing unitary transformations from complete set of primitive idempotents,

e codes implementing varying filters in the spectral domain.
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6 Implementation results

All figures in this report are log-scaled, gray-scale intensity plots.

6.1 Classifying geometric properties
6.1.1 Realizations of (Cy x Cn) 4 (C2 x Cy)
Filters identifying lines at varying orientations

Large collection of filters that distinguish lines at varying orientations have been imple-
mented. For digital implementation, orientations are described by varying slopes. For the
selected realizations we chose, it is possible to distinguish between lines which differ in slopes
of % For a large N, this translates to small angular differences.
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Filters composed of 2-dimensional idempotents discriminate lines of s