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Abstract

The induced noise control parameter is defined in terms of the
ratio of the stored energy in a master dynamic system, when it
is coupled to an adjunct dynamic system, to that stored energy
when the coupling is absent. An induced noise control parameter
comprises of two factors. The first is defined in terms of the
ratio of the indigenous loss factor of the master dynamic system
to the virtual loss factor. The virtual loss factor is the sum
of the indigenous loss factor of the master dynamic system and
the induced loss factor. The induced loss factor measures the
influence of an adjunct dynamic system that is coupled to the
master dynamic system. The first factor is, then, by definition
less than unity. The second factor is defined in terms of the
ratio of the external input power into the master oscillator,
when coupled, to the external input power in the absence of this
coupling. This second factor, which is positive definite, may
either exceed ﬁnify, be unity, or be less than unity. Both
factors in the induced noise control parameter, however, are
critically dependent on the global coupling strength. The
global coupling strength is again, a ratio. This ratio is that
of the energy stored in the adjunct dynamic system and in the
coupling to the energy stored in the master dynamic system. The

investigation of this ratio and its relationship to the induced

iil -



loss factor is explained and graphically illustrated. The modal
coupling strength is determined via the global coupling
strength. 1In the statistical energy analysis (SEA) the value of
the modal coupling strength, by definition, lies below unity.

In the energy analysis (EA) herein developed, the modal coupling
strength may exceed unity. This excess occurs in the energy
analysis (EA) when the coupling is strong and the damping
assigned to the adjunct dynamic system is low. The damping in
the adjunct dynamic system is conveniently defined in terms of
an associated modal overlap parameter. To reconcile the
statistical energy analysis (SEA) with the energy analysis (EA)
in focus, the associated modal overlap parameter in the adjunct

dynamic system must necessarily exceed a threshold.
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I. Introduction

Damping treatment is often employed in order to diminish the
response of an externally force-driven reverberant dynamic

system. The statement is linked to the definition of damping in

terms of the loss factor ﬂ%@@); namely

~
—
~

17,0)=[I1, (@) 0 B, @)] ; E; (0)=[IT; (0)/ 27], ()]

where IIEQD) is the power input from the external force-drive,

Eng) is the stored energy in the dynamic system and (w) is the

frequency variable [1-3]. The stored energy in a dynamic system
is an eligible measure of its (quadratic average) response; see
Fig. 1. From Eqg. (1) it follows that increasing the damping,
which entails an increase in the loss factor, may result in a

decrease in the response.

Utilizing Egq. (1), a stored energy reduction scheme may be
proposed: The dynamic system in focus - the master dynamic
system - is modified; e.g., by appropriately coupling it to
another; see Fig. 2. The adjunct dynamic system, to which the
master dynamic system is to be coupled, is suitably designed to

change the loss factor as perceived by the external force-drive,




from 770(60) to ﬂv(a)) with [ﬂo(w)/ﬂv(w)]<1. The change, by definition

and in the vein of Eq. (1), yields
1,(@)=[[1, (0)/ 0E, ()] " E,(@)=[1. (2)/ @77, ()] , (2)

where the corresponding changes in the stored energy and in the

external power are from E°(w) to E,(w) and from II2(®) to I1, (o),

respectively [1-10]. The external force-drive in this
consideration is assumed to remain unchanged under the

modification to the dynamic system as just proposed. The induced
noise control parameter; designated éﬁm), may then be expressed,

from Egs. (1) and (2), in the form

§@)=[E, )/ E;@)]=7(),@) i &(@)=[7,()17,()] , (3)
where the external input power ratio 7T@ﬁ is defined

7T(0)=[11,(0)/T1, ()] . (4)

Employing Egs. (3) and (4) one may speculate that if the external

input power is uninfluenced by the modification; i.e., if



T(w)=1 , (5a.1)

and if, in addition, the modification successfully achieves a

loss factor ﬁh@v) such that

&, (@)=[7,()/1,(@)]<<1 , (5b)

the induced noise control is highly beneficial; namely, the noise
control parameter f@v) is small compared with unity; éﬂ@)<<1. The

condition stated in Egq. (5a.l1), however, may not hold. After
all, a change in the loss factor, perceived by an external force-
drive in a dynamic system, may, under certain conditions, be
expected to change the external input power. Then, increasing

the degree of damping, in the manner here prescribed and stated
in Eq. (5b), may result in an input power ratio ‘ﬂﬁ@) which may
either stay as stated in Eqg. (5a.1), exceed unity or fall below
unity

7T(@)>1 , (5a.2)
or

T(w)<1 . (5a.3)

In the absence of heavy handedness in the construction of an

adjunct dynamic system 7T@ﬂ usually exceeds unity; i.e., 7Z@ﬂ is




usually commensurate with Eg. (5a.2). Then the highly beneficial

noise control that Egs. (5a.l) and (5b) are promising, 1is

mollified as

$(0)=7(0) €, (0)>[1,)/7,)=¢, @) , (5¢)

where use is made of Eq. (3) [11]. The Principle that underlines
this mollifying influence - the mitigator of many a noise control
panacea - 1s attributed to Chatelier [12]. Le Chatelier
Principle in Noise Control Engineering is largely the subject

matter of this report.

Focusing attention on bFig. 2, the relationships that are
governed by the conservation of energy are employed to define a
number of loss factors, and the global and modal coupling
strengths. With the appropriate interpretation of these
definitions one may derive an estimation of the external input

power ratio 7Z'(a)) and, hence, provide a more definitive estimate
for this quantity than Egq. (5c) does [11-13]. Then the noise
control parameter éﬁv), stated in Eg. (3), may be properly

estimated. = Largely these estimates are cast in terms of mean-

values, as prescribed by Skudrzyk [14]. Computational illustra-

tions are cited.




II. Relationships stemming from the conservation of energy

Focusing attention on Fig. 2, one may supplement Eq. (2) with
the following definitions derived off the conservation of energy

(power). This conservation may be expressed in the forms

[, (@)=17,@)wE,@)]; T (@)=1,(@)ek,@)]=17(@)eE (@)
[(0)=11,(@)+1(@); T.()=7@)eE, @) , (6a)

and hence

7,@)=1,@)+17,); & )=[1+{7,)/n,e)":

17, 0)=1,0)3): I,)=[E)E,@) , (6b)

where ITOQD) is the portion of the external input power dissipated
in the master dynamic system, and Hs(co), Es(a)) and T]S(a)) are the

portion of the external input power dissipated, the energy stored

and the loss factor in the adjunct dynamic system, respectively,

and, finally, Sf,(a)) is the ratio of the energy stored in the

adjunct dynamic system to that in the master dynamic system [1-

3]. (The coupling elements are considered as part of the adjunct

dynamic system; e.g., the stored energy E;@ﬂ includes the stored




energy that resides in the coupling elements.) The stored energy

ratio Sf,(a)) is dubbed the global coupling strength between the
adjunct and the force-driven master dynamic systems. The loss
factor T]I(a)) is dubbed the induced loss factor; the loss factor

that is induced in the master dynamic system by virtue of its

coupling to the adjunct dynamic system [4-13, 15-17]. In the

absence of coupling 771(60) is identically equal to zero. In
addition to the virtual loss factor 77v(a)), defined and stated in

Eq. (6), an effective loss factor Ue(w) of the combined - - master
+ adjunct - - dynamic éystems may be introduced. This effective

loss factor is defined in the form

IL(@)=7.0)E @) 7.0)=[@)eE@): Be)=E(@)+E )

[He(w)/wEo(a))] =77v(w)= ﬂe(w)[l'{'SZ(w)] 7 3Z(a’)z[Es(a))/Eo(a))] . (7a)

From Eqg. -(7a) the ratio b_etWeen the virtual loss factor ﬂv(w) and

the effective loss factor ﬂe(a)) is simply

[ﬂv(a’)/ﬂe(w)]'_"[l"'SZ(w)]Zl , (7Tb)




S : - :
where the ratio Jo(co) is explicitly expressed in Eq. (6b). It
transpires that the external input power He(a)) into a dynamic

system may be cast in the form

He(a))= Sf(a))G(a)); G(a))=(7f/2)[v(a))/M] ; Sf(co):Aa)sf(a))

where sf(a)) is the power spectral density of the external force

drive, V(w) is the perceived modal density and (M) is the
perceived mass of the dynamic system. Finally, (Aa)) is a suitable
frequency bandwidth centered about a suitable frequency (a)o) [3].
The perceived quantities are those perceived by the force-drive.

From Eqg. (8) the external input power H:(CU), into the master

dynamic system in the absence of coupling to the adjunct dynamic

system, may then be estimated in the form
Hz(a)) = Sf(a)).(ﬂ/z)[vo(co)/M,,] . (9a)

where Vo(a)) and (Mo) are the modal density and mass of the master

dynamic system, respectively. The modal density Vo(co) and the

mass (M,), perceived by the force drive in the absence of



coupling, may be modified by the presence of the coupling. The

N
modified modal density and the mass are designated by Vo(a)) and
M;(co), respectively. It is to be assumed that the modification

N
is related to the averaged modal coupling strength go(a)) in the

form
V' (@)=[V,(2)+6. @V, @)=V, @)1+ 3 @) . (10a)

M (@)=M [1+F{(M, /M )6 (@} =m [1+F{(m /m) I @)}] . (10p)

where (mo)and(ms) are the modal masses in the master dynamic

system and in the adjunct dynamic system, respectively, and it is

defined that

3 (@) S (@) o L (11a)

=[v (@)/v,(@)]

e /M ) m_1m ) . (11b)

Clearly, Eg. (10a) is less problematic than Eq. (10b) [3,11].

Indeed, the functional form of (F) is not readily definable unless




{(Als/ﬂlo)gjhv)} is small compared with wunity; in this event,

F{(MS/MO)Q';} is comparably small [11].

If the power spectral density sz@) of the external force-

drive remains intact when coupling is introduced, then from Egs.

(8)-(10), one derives for the external input power ]_[e(co) the form

1, @)=5, @) /2, @y, 1143 @] r{ (n,1m )3 @}

Sf'(w)=Awsf(w) . (9b)

From Egs. (3)-(10) one, finally, obtains

E)=T@)E (0)=[1+ S @HI1+ . ()7, @} S @] [+ F{m_m )T @3}

, (12a.1)
7(@)=[1+3 @)+ F{m im )3 @)} T , (12b.1)
&,(@)=[77,@)117,(@)]=[1+ .Y, @), (@) <1 - (12¢)




Except for situations of special design, in the more usual noise

control designs, the modal mass ratio (ms /mo) is small enough to
render [(ms/mo)Sf,(a))] small compared with unity even when the

stored energy ratio SZ(@) may far exceed unity. The exceptions

are found in the design of a light panel (the master dynamic
system) that is destined to support heavy electronic components
(constituting collectively the adjunct dynamic system) in

sections of space crafts [18]. By and large, in subsequent

considerations it is to be assumed that [(ms/mo)Sf,(co)] is small

compared with unity and, therefore, in subsequent considerations

the factor [I+F{(ms/m032(a))}] is approximated as equal to unity.

In this vein, Egs. (12a.1) and (12b.1l) are approximated in the

forms

E(@)=[1+S @) [1+{7, (@), @) @] , (12a.2)

TT(w)= [He(w)/l-[:(co)] =[77v(a))/77e (a))] =[1+ 32(0)) >1 , (12b.2)

respectively, where the effective loss factor ﬂe(a)) is defined in

Eq. (7). Under this imposition Eq. (12) already poses a guestion

of significance: May an adjunct dynamic system, that is destined

10




to be passively coupled to an externally force-driven master
dynamic system, be appropriately designed to achieve a credible
noise control in that master dynamic system? Three  cases are
detailed in exemplifying three specific but diverse answers to

this question:

Case 1. In this case one assumes a priori that the adjunct
dynamic system is merely a sink: A sink is a dynamic system that

absorbs power but does not store energy. Thus, in this case,

SZ(a))zO. From Eq. (12b), therefore, 7Z'(a)) is identically equal

to unity
T(w)=1 . (13a)

It follows that when the adjunct dynamic system is a sink and it
is attached to the master dynamic system, the external power

injection remains unchanged by this attachment. On the other
hand the loss factor ( s) that characterizes the adjunct dynamic

system, which is in this case a sink, yields, from Eq. (12), the

induced noise control parameter é‘v)‘to be

E@)= & @)=[n,)] [7,+n,)]" ; 7,0)=17,0)3 @ . a3m)

11




Here the induced loss factor 7],(&)) is the loss factor contributed
to the master dynamic system by an adjunct dynamic system that is

a priori a sink. In this case 77,((0) is commensurate with the loss
factor 770(60) that is also assumed a priori to be contributed by an

attachment to a sink. From Eg. (13) one needs recognize that if

771(0)) is to be finite, ﬂs(w) cannot be selected arbitrarily small

compared with unity.

In the remaining two cases; Case 2 and Case 3, the adjunct

dynamic system 1is not a sink. Indeed, in both cases it 1is

assumed that the global coupling strength Si(co) can be rendered,

by design, high compared with unity; SZ(&))>>1. (Nonetheless, as

tacitly assumed, even though Si(a))>>1,[(ms/mo)32(a))] <<1.)

oS

Case 2. If in addition to rendering 3,(w)>>1, the loss factor
ﬂs(a)) in the adjunct dynamic system is designed to highly exceed
the loss factor 7]0(01) that is inherent to the master dynamic

system; [ﬂs(w)/ﬂo(w)]>> 1, then from Eg. (12) one obtains

E()=[17, (@)1, (@)]<< 1 , (14a)

12



which describes a beneficial noise control. It needs to be said
in this connection that were the ratio 7[(&)) of the external input

power assumed to be equal to unity, as stated in Eq. (5a), the
apparent noise control achieved under this (false) assumption,
would be even more beneficial than that estimated in Eq. (1l4a);

i.e.,

Ew)= &, (@)=[1+17,(0),@)T@)] < [1,e)nw)] << 1 . (14b)

s
Case 3. If in addition to rendering So(a))>>1, the global

s
coupling strength So(a)) can be rendered high enough, such that

even if, by design, [ﬂs(a))/ﬂo(a))] <1, [{ﬂs(a))/ﬂo(m)}SZ(a))]is still in

excess of unity, then

&)=, (@), @)] > 1 . (15a)

Equation (15a) describes a noise control reversal. Again, were
the ratio 7Z'(co) of the external input power assumed to be equal to

unity, as stated in Eqg. (5a), the noise control reversal would

not emerge; namely, under this (false) assumption

13



E@)= &, @)=+ 1,)1,@)S,@)] " <1 , (15b)

which is a beneficial noise control, thus, contradicting the
estimated noise control reversal quoted in Eqg. (15a). (Again it
is recalled that in this consideration [(ms/mo)Sf,(m)] is assumed

to be small compared with unity.)

A corollary to cases 2 and 3 follows. Were the adjunct
dynamic system a loss factor-wise similar to the master dynamic

system, in the sense that 7lxw)=ﬂkﬁv), one will find that Egs.

(12a) - (12c) assume the forms
E(w)=>1 , (16a)
(w)=[1+ 3, (@)]>1 , (16b)
4‘,,(a>)=[1+i"sf,(a))]"l <1 , (16¢)

respectively. Thus, when 7ZA¢)=ZﬂQ”)' the coupling introduces no

noise control benefit; the coupling is neutral.

14




In addition to the obvious roles played by the indigenous loss

factors 1],(») and N, (») (and the modal masses (mo) and (ms)), in

the master and in the adjunct dynamic systems, respectively, in

the determination of the noise control parameter g(a)), the

crucial role played by the global coupling strength SZ(&)) is

clear in Eg. (12), especially when the adjunct dynamic system is

not merely a sink. One recalls that in a sink

SZ(@):O and 7]5(0))32(60):771(@) The nature and the composition

oS . s .
of a non-zero Jo(a)) is, therefore, investigated next.

15




TII. Global and modal coupling strengths and masses

As already intimated in Egs. (10) and (11), the modal coupliﬁg

strength g‘j(w) is related to the global coupling strength SZ((O)

in the form

3 (@)=[N, @)/ N, @) ¢ (@) : ¢, (@)=[& ), (@) , (17)

E,(0)= A0V, (0)€,(@) i E,(0)=d0V,(0)¢,() ;

N, (@)= AoV, (0)= (Aw/o )o,V,@)] ; N, (@)= A0V, () =.(Aco/coo MoV, (@)

, (18a)

where Vo(a))and 80(60) and Vs(a))and 8s(a)) are the modal density and
the modal stored energy in the master and in the adjunct dynamic

systems, respectively, (Aa)) is a suitable frequency bandwidth
centered about (wo)[1—3]. Averaging a la Skudrzyk is implied in

the likes of Egs. (17) and (18) and in some subsequent equations
[14]. [cf. Appendices A and B.] In order to proceed further, it

is necessary to define more precisely the modal density Vs(a)) of
the adjunct dynamic system. For this purpose the distribution

Xr;X,=(a)r/coo), is required, where (a)r) is the modal resonance

16




frequency of the (r)th mode; the modes are assumed to be
sequentially indexed. If the index (r) 1is given a continuous
connotation theén the continuity and sequentiality of the

distribution may be defined in the form
xX()=lot)o,] ; X(r+e)>x(r-¢) ; >0 . (18D)

One may then define the corresponding, local modal density in the

form

[0,V ()] = [ax()or]” . (18¢)

With this definition in place, mean-value estimates of the

induced loss factor ﬂb@@) may be determined [3, 13, 15, 16]. The

result is

771(60)-3(ﬂ/Z)(w/wo)3[ons(a7)](ms/mo)C(w) . (19a)

The coupling factor CXw), in Eg. (1%a), is expressed in terms of

the normalized coupling coefficients in the form

17



clo)=[1+m,@)]" C,) : C,@)=[{m )+ (@} +{g)}] . (20a)
mc(a;):[mc(w)/ms] ; ac(a))=[kc(co)/(a)2ms)]; g(w)=[G(w)/a)ms].(20b)

In Eg. (20) the vector {mc(co), kc(a)),G(a))} defines the mass, the
stiffness and the gyroscopic coupling coefficients, respectively.
Conveniently, one may categorize the coupling factor CQD) from-

strong-to-weak in the form [13, 15]

(1/7[); strong couplings , (21a)

-2
C(w)s (710 °); moderate couplings , (21b)
(10"3); weak couplings . (21c)

One may utilize the relationships between the global masses

(Mo) and (Ms) to the corresponding modal masses (mo) and (ms),-.

namely
[Ns(w)ms/No(w)mo]=(Ms/Mo) ; Mo =No(w)mo ; Ms =Ns(w)ms 4 (22)

and Eg. (18a) to recast Eq. (19a) in the form

18



17,0)=(z12)(0/0,) [0, @) (M, 1M,)C(o) . (1)

Again, it is emphasized that T]I(a)) is the induced loss factor that
defines the net power flow Hs(co) from the master dynamic system

to the adjunct dynamic system in terms of the stored energy Eo(a))

in the former; i.e., Eg. (6a), in part states

1, () =17, (@) [0 E,(@)] . (23)

Now that the induced loss factor 771(0)) has been defined and

stated in some detail, attention is to be focused on the

5
definition and statement of the modal coupling strength go(a)).

S
From Egs. (6b) and (17) one finds that to derive go(a)) off 771(0))

one needs define the indigenous loss factor 7]S(a)) in the adjunct
dynamic system [13, 15, 16]. For this purpose it is convenient

to express T]S(a)) in terms of the modal overlap parameter bs(co)

[13, 15,16]. The expression is

7,@)=b,@)ov,0)] " =b,@)e,v,)] (o,/o) - (24)

19




where the modal density \QG@) conforms to its definition in Eq.

(18c) . The convenience stems from the role that is played by

lk@@) in relating frequency widths of modes to the frequency

separation between adjacent modes [3]. In that sense Z%QD)

determines the degree of damping that ﬂk@@) represents; namely

<< 1, light damping

1, moderate damping . (25)

S
O
n

>> 1, heavy damping

Indeed, although the values of ﬁh@m) stated in Eqg. (19) appear to
be independeht of the modal overlap parameter, this independence
is not free. The derivation of Zh(w) in the form stated in Eq.
(19) is predicated’on a priori assigning a continuous connotation
to the indices that identify the modes in the adjunct and/or the
master dynamic systems. The assignment allows the summations
over modes in the evaluations of the induce loss factor to be

replaced by integrations over the continuous indices. It

transpires that this process yields average (a la Skudrzyk) values

for ﬂh@w) when Z@Q@) is less than unity. (The summations in this

instance; i.e., when l&@v) is less than unity, yield induce loss

factors that undulate as functions of the normalized frequency

20



(w/a%). The excusions of the undulations from the mean-values
are the more pronounced the lower are the values of l&@v).

[Appendix A and B.]) On the other hand, when ZLGD) exceeds unity,
the evaluation of the induced loss factors by summations over the
individual modes substantially match those values derived by
integrations over the continuous indices. In this sense Zgﬁv)

plays a pivotal role in the interpretation of the data yielded in
the subsequent developments of this thesis. From Egs. (6b),

(17), (19) and (24) one obtains

6 @)=(x/2)0/0,) [0,v,@)] (m,1m,)c@) b,@)] , (26a)
61(@)=(2/2(0/0,) [0,V @), @)(M, /M, )[C0) b, ()] , (26D)

where
[V, @)V, (@) =[N, @)/ N, ()] . (27)

The induced loss factor ﬁb@m), stated in Eqg. (19), and the

5
modal coupling strength Q}Q@), stated in Eg. (26), are exemplified

for the complex dynamic system sketched in Fig. 3. This complex

21




dynamic system comprises a simple harmonic oscillator for the
master dynamic system and a number of simple harmonic oscillators
that collectively conétitute the adjunct dynamic system. The
coupling elements are uniformly composed of individual or
combined mass, stiffness and gyroscopic components [13, 15, 1e6].
Only the master dynamic system is externally force-driven; the
satellite oscillators, that constitute the adjunct dynamic
system, are neither coupled to each other nor externally force-
driven. The so described complex dynamic system is amendable for
precise definition in terms of the individual oscillators,
including the master oscillator, and the individual couplings of
the satellite oscillators to the master oscillator. [Appendix.

B.1] Moreover, the so prescribed complex dynamic system

facilitates the computations of the designated quantities, Zh@v)

S5
and g}Gm), rendering the results of these computations easy to

interpret.

22



IV. Computations of the induced loss factor ﬂh(w) and the modal

coupling strength gi@»)

To facilitate the computations a more definitive statement
must be introduced regarding the complex dynamic system. Thus,
from Fig. 3 one surmises that AQG@) is equal to unity and,
therefore, mM,=M,. [cf. Equation (22).] In addition, the
resonance frequency of the master dynamic system in isolation is
designated Qvo). The harmonic oscillators pertaining to the

adjunct dynamic system are distinguished, in this case, as

satellite oscillators. The number DQQ@) of satellite oscillators
may exceed unity; Ny (@)>1. 1In addition, the resonance frequency
of the (r)th satellite oscillator is designated (m,). The

normalized resonance freguency distribution ‘YQ) of the satellite

oscillators may be defined in the form

(wr/a)o)z[a)(r)/a)o]zX(r) i 1<r<N; , (28)

where (r) indexes the (r)th satellite oscillator. [cf. Eqg.

(18b).] The functional form of Xﬁ); as a function of OJ, may be

23




given a continuous connotation; e.g., as exemplified in Fig. 4a.

In this figure
X()=[l+{+N,-2rp 12N, ? ;o y=06 ; N(e)21 , (29a)

and Ny;=27 [15,16]. Both, the discrete and the continuous, forms

of ,XO) are depicted in Fig. 4a. [cf. Appendix A.] Also, it is
imposed, in this example, that as many satellite oscillators are

with resonance frequencies that are less than the resonance
frequency Q@), as with those that exceed @nﬂ [13]. 1Indeed, when

the number of satellite oscillators is odd, the resonance
frequency of one of the satellite oscillators matches that of the

master oscillator; for that oscillator, by definition,

r(1+NS)"=(1/2) and X(r)=1 [13]. sSimilarly, the loss factor T7},,
that is associated with the (r)th satellite oscillator, may be

cast in the form
17, = 16)= b x()] " [ax() o] = b ) 128, )X ()] , (29b)

where b@) is a designated localized modal overlap parameter;
localized at and in the vicinity of the resonance frequency Q@J

of the (r)th satellite oscillator [13]. Employing Eg. (29a),

24




with N =27 in Eq. (29), 7](r) is exemplified in Fig. 4b; in this

example three constant values of b(r) are used; namely, b(r)=(0.1),
(2.0) and (10) [15, 16]. Again, both the discrete and the
continuous forms of ﬂ(r) are depicted in Fig. 4b. [cf.. Appendix

A.]

Using the expression for the normalized resonance frequency
distribution X(r), as stated in Eqgq. (29a), one derives from Eq.

(18c), the expressions

[0,V,(@)]= N, (@) (2/7)o, /o) , (30a)

(Aco/a)o)_l = (2/}/)((0/0)0)3 =[a)ova(a))]_] , (30b)

where, again, No(a))=1. From Egs. (19) and (30) one obtains

17,(@)=(z12)2/7)(M, /M )C(w) . (31)

The values for the induced loss factor 771(60), as a function of the

normalized frequency (a)/a)o), in the appropriate range of
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frequency, are depicted in Fig. 5. The normalized range of

frequency is given by

[A@)o,)=ll-] " -li+g] " =(r/2) . (32)

Again, in Fig. 5, N,=27and the global mass ratio (MS/MO) is set
equal to one tenth (1/10). There are three curves in Fig. 5, the

solid curve corresponds to a strong coupling with C(a))=1, the
-2
dash curve corresponds to a moderate coupling with C(a))=3x10 and

-3
the dash-dot curve corresponds to a weak coupling with C(a))=10 .
The normalized range of frequency in Fig. 5 1is set by y=06.

Clearly, the induced loss factor increases with an increase in
the global mass ratio (MS/MO), with an increase in the coupling

factor C(a)) and with a decrease in the normalized range of

frequency; namely, a decrease in (y), notwithstanding that (7) must
be chosen less than unity. It may be of interest to contrast the

induced loss factor 77](01) with the corresponding assigned values
for the indigenous loss factor ﬂs(co) in the adjunct dynamic
system. The expression for ﬂs(w) is derived from Egs. (24) and

(30) to be
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1,(@)=b,(@)w!o,) [7/2N,)] . (33)

The loss factor ﬂs(w) is depicted, as a function of (co/a)o), for
y=0.6 and Ns(a))=27, in Fig. 6. The three curves in Fig. 6 pertain

to b,(@)=01 (solid), b,(#)=20 (dash) and b =10 (dash-dot). The

results in Figs. 5 and 6 may be compared as a bench mark.

Using Egs. (30) and (33) in Eg. (26) one obtains for the modal

S
coupling strength go(a))_the equivalent expressions

¢l @)2[z12b,@))(w, 10) @1y) [N, @)](m, im,) ()] , (34a)

gj(a’)z(ffu)(wo/W)2(2/7)2(Ms/MO)[C(co)/bs(w)] ; Ny(w)=1 . (34b)

The values for the induced loss factor, as a function of the

normalized frequency (a)/coo), in the appropriate range of

frequency, as defined in Eq. (32), are depicted in Fig. 7.

Again, in Fig. 7 the global mass ratio is set equal to one-tenth
(1/10); (MS/M0)=O.1, and the normalized range of frequency is set

by y=06. Clearly, as is the induced loss factor 77](60), the
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N
modal coupling strength go(co) increases with increase in the
global mass ratio (Ms/Mo) and the coupling factor C(co). Also, as

does 7]1(01), g:(a)) increases as (y) decreases. Significantly,

s
however, the modal <coupling strength go (a)) is inversely

proportional to the modal overlap parameter bs(a)). As Eq. (34Db)

indicates one may define [C(a))/bs(w)] as the modified coupling

1
factor; the modified coupling factor C(a)) exceeds the coupling

factor if bs(a)) is less than unity and is less than the coupling
factor if bs(a)) exceeds unity. In each sub-figure of Fig. 7 three
curves‘ are depicted; the solid curve pertains to a bs(a)) that is
equal to one-tenth (1/10), the dash curve pertains to a bs(co) that

is equal to two (2) and the dash-dot pertains to a bs(a)) that is
equal to ten (10). Figure 7a depicts strong coupling with a

coupling factor C(co) that is equal to unity; C(w):l, Fig. 7b
3 * _2
depicts moderate coupling with C(a))=3x10 and Fig. 7c depicts

-3
weak coupling with C(@)=10 . A major observation emerges from
Figs. 7a-c; the observation is discussed briefly in the next

section.
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V. Validity of statistical energy analysis

An observation emerges when the modal coupling strength

sea
g; (w) is estimated via the statistical energy analysis (SEA)

rather than estimated in the manner described herein; e.g., as

stated in Eqg. (34) [13]. In terms of SEA the net power ]js@ﬂ

that invades the adjunct dynamic system is given by

11, (0) = 77, (@) 0, ()] - 17,, (0) 0E, ()] ;
[77,, @)/ 77, @] =[N, @)/ N, @)] = [V, (0)/ v, ()] o, (35)

where ﬁkoﬁv) and ZQSQD) are the coupling loss factors from the

master dynamic system to the adjunct dynamic system and vice

versa, respectively [3]. From Eg. (35) one obtains

[0, (@)/ 0 E, @) =1,@I1-¢, @)

sea

§* w)=17_ @7 @)+ _@)]" , (362)

or equivalently
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[11, (@) 0 E, (@)1 =71;* (@)=11.(@)1,,(@)[17, (@) + 7, (@)]" = 3 (@)1, (=)

3, @)=V, )/ N, )]s, (@) , (36b)

o

where the superscript (sea) indicates that the estimates so
superscripted and those enclosed in the square brackets are a la

SEA [3]. It is clearly evident from Eg. (36) that the modal
sea
coupling strength g'o (a)) must, by definition, lie below unity;

namely

¢ )< . (37)

Equation (37) is a tenet of the statistical energy analysis (SEA)

[3, 19].

For the complex dynamic system depicted in Fig. 3 and in terms
of the analysis presented herein this restriction on the modal

coupling strength may be stated, from Egs. (34) and (39), to be

b.(0)>[b, @)l =(x/2)w, 10)’ (417" )M, 13, )C(w) , (38)
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where [bxaﬂk, designates the minimum value of the modal overlap

parameter that is needed to validate the statistical energy

analysis. In Fig. 8 the wvalues of [é@@v]Mq as a function of

(w/a%), is depicted for three values of the coupling factor

- -3 :
C(@); C(@)=1(dash-dot) , C(@)=3x10"(dash) and C(@)=10"(solid). It
is observed, in Fig. 8, that (SEA) is validated for wvalues of

l&@@) that are less than unity only for coupling factors that are

small compared with unity. It is, thus, speculated that the use
of (SEA) may be straingd when dealing with strong and even with
moderate couplings. The validation of (SEA) may be called to
gquestion when the loss factors that are associated with the
adjunct dynamic systems assume arbitrarily low values and the
coupling factors (and the global mass ratios) assume high values.
In this connection one is reminded that undulations in the non-

average values in the response quantities of a complex dynamic

system are suppressed only when tg@v) exceeds unity. [cf. Appendix

B.] However, the absence or the presence of undulations in that
non-average response do not bear on the criterion for the

validity of (SEA); (SEA) is validated as 1long as the modal

overlap parameter lﬁ@ﬂ) exceeds the corresponding minimum value of
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this parameter; bs(co)>'[bs(a))]M. Indeed, the employment of (SEA)

may be valid for values of both [f%@vﬂm, and Z&G@) that may be less
than unity. Equation (38) makes clear that the validity of (SEAR)
merely requires that bs(w) exceeds [bs(a))]M. The validity does not

demand that undulations be absent in the non-average values of
the response quantities. [cf. Appendix B.] Of course (SEA)
yields largely average response quantities; which are

commensurably averaged a la Skudrzyk [3, 14].
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Appendix A. Discrete and Continuous Distributions

The expression for the resonance frequency distribution - is

formally stated. In the master dynamic system the expression is
(@n/ 0,)=[0(n) 0,]= X ,(n) , (Ala)
and in the adjunct dynamic system the expression is
(@, /0,)= o) @,]= X,(r) | , (A1b)

where Qﬂ and G) designate the Oﬂth and the ﬁ)th modes that
reside within the frequency bandwidth (Aaﬂ centered about the
frequency (wo), in the master and in the adjunct dynamic systems,
respectively, and X}Oﬂ and X}O) are the corresponding modal

distributions in the frequency band defined by {Aagwo} [3, 13, 15,

16]. In Eg. (Al) the quantities and parameters are stated in a

manner that allows for a conceptual smear from the discrete-to-
the continuous in the frequency band {Aagwo}. As an example, the

quantities X,(r) and A&@) are chosen to be in the forms

X, (n)=[+{0+N,)-2n}(r, /2N )" i 7,=03 ; N,(0)=1 , (A2a)
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x, (") =[1+{0+N,)-2r} (/2N Y? ;' y=06 ; Ni(w)21 . (A2Db)

so that they reasonably span the same frequency band {Aagwo}

[13,15]. [cf. Fig. 4a.] In this connection, one may further

define from Egs. (Ala) and (Alb) the loss factor distributions in

the master and adjunct dynamic systems

7 =770(n)=bo(ﬁ)[Xo(n)] “[ax, (n)/on] , (A3a)
and
M, =1,(¢)=b,¢) [ x,)" lox, () or] , (A3b)

respectively, where ZLGQ and ZLO) are the respective local modal

overlap parameters. From Egs. (A2) and (A3) one obtains
17,0 =, x, 0, /N,) ; b,(@)=b,)e/a,)r,/N,@)] , (Ada)

n.()=b,0) X,y /12N,) ; (@)= b,(0)w/ o,y /2N,(@)] , (rab)

where the conversion from the index-domain into the frequency-

domain is governed by
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(co/coo):>Xo(n) ; (co/coo):>Xs(r) , (AS)

and it is observed that the frequency bandwidths are defined by

the values of X;Qﬂ and X;O) at the end-points; namely

X0(1/2)=[1+(y0/2)]_] ; XO{NO+(1/2)}=[1—(70/2)]_] ,l(A6a)

M X, 2 =l-2)] . (R6b)

x,(1/2)=[1+(y/2)]

[cf. Fig. 4b.] These limits are commensurate with a frequency

bandwidth A(w) in the form

[A(a))/coo]z;/o z(}//Z); 2y, =27 =06 . (A7)

On the other hand, the values of the average 1loss factors

(770) and (ﬂs) are estimated from Egs. (A3) and (A6) to be

{No+(1/2)}

_No -
Bo=) " X0=>w)" | 7,

(1/2)

—<770(n)>— Ib X (n o(n)zbo(}/o/No) , (ABa)

39




{Ng+(1/2)}

= S O= W) ek

1/2)

1, =<1,()>=(,)" [b,6)x, )] ax, ()= b( /2N,) . (A8b)

The replacement of a summation by an integration, as is stated
cavalierly in Eq. (8), needs to be properly qualified. The
extrapolations and the interpolations of the summand to establish
the integrand, as the indices (r) and/or (n) are given continuous
forms, must render the latter a fairly smooth function in the
continuous variables (r) and/or (n), respectively. This
smoothing of the integrand does not only facilitate the
replacement of the summations by ‘integrations; e.g., as
exemplified in Eq. (8), but this smoothing is an averaging
process similar to the mean-value averaging proposed by Skudrzyk
[14]. To illustrate this process and render it more concrete one
may proceed to analyze Eq. (A8b) in more detail. Concentrating
on the first of this equation, one may, by extrapolations and

interpolations, insert a step in the form

nlr+(/n,)] , (A%a)

5/2)
N.12)

=(Ns)"§ A ANCAN % )3

v
r=1 - -
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where (f) is a running index and N, is as large compared with
unity as is suitable to render the summand, in this equation,

smooth as a function of [r+(f/ﬁﬁ)] with (r) given one of its

sequential integer values. Then, in the limit, if the summations
in Eq. (A9a) are absolutely convergent (not conditionally

convergent) one may state the equivalence

0 1o Mg (V32)
(v v) S Y ()]
r=1 r'=(Ng/2)
N A R R X O . (A9b)

(1/2)

where the index (r) in the integral is piece-wise continuous with

a grain that is determined by the largeness of (Aﬁ) compared with

unity. Clearly, (A@) may be set as high as smoothing may require
and beyond. In the limit the summand, in the sum over (r) from

r=1 to r=N;, is smooth and the summation qualifies for

replacement by integration. Notwithstanding that were the
indices (r) and/or (n) render a priori continuous in the summand,
would have resulted in an integrand that is smooth, so that the
replacement of the summation by an integration would be naturally

qualified [6]. It 1is provided that within the limits:

1<r<N, and 1£n< N, the modal overlap parameters bs(r) and bo(n)

41




and the resonance frequency distributions X}Qﬂ and X}Oﬂ

reasonably smooth functions of the continuous (r) and (n),

respectively; e.g., as represented in Fig. 4. The replacing of
the summations by the integrations in Eq. (8) is then naturally
qualified.

Attention is now focused on the induced loss factor. It is

further developed that the discrete expression for the induced

loss factor 7]?00 and its continuous counterpart Zh(n), both

pertaining to the @Oth mode in the master dynamic system, may be

cast, respectively, in the forms

(Vs (N3/2)
771 (n)= Zm(nr) )= 3 Z ﬂ,[nr+(r/N')] , (A10a)
r r=(=N,/2)

and their averages, over the modes in the master dynamic system,

are given by

! =<17i ()>=(N, )" Z /AQK

—(N)‘(N’)‘Z z I+ (I V)] . (a11a)

(-Nj/2)
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[cf. Eg. (A9).] If (Aﬁ) and (A@) are assigned large enough values

and the extrapolations and interpolations are properly chosen to
render the summand smooth, the summations may qualify to be

replaced by integrations. Then, the values of the average

induced loss factors ﬁh@ﬂ and ﬂl are estimated, from Egs. (AlOa)

and (Alla), to be

{Ns+(1/2)}

= [1,(r)dr , (A10b)
1/2)

_ (N U/ 2HUN+(1/2))
1, =W©W,) | [ n,(r)dran . (A11b)
1/2) 1/2)

Again, the replacement of a summation by an integration, as
stated in Egs. (A10) and (All), is thus procedurally qualified.

[cf. Eq. (A9).]

Once again, it may  be advantageous to institute a

transformation of variables in Egs. (A10b) and (Allb); namely

17,0)= [7,(nr)Lf, ()] ax, () , (A10c)
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1, = W,)" [[ 17,605, 0)1, (ax, ()ax, () (allc)

where the limits on the integrals over Xs(r) and/or over Xo(n) are

conveniently omitted, but are obviously those expressed in Eg.

(A6) and

f(n )= n)/dn} ; f(r {ax (r)/dr} . (A12)

Thus, the utilization of extrapolations and interpolations in the
procedure to replace the summations, in Egs. (Al0a) and (Alla),
by the integrations, in Egs. (Al0c) and (Allc), entails rendering

the integrands in these integrations fairly smooth functions of
the continuous forms of Xs(r) and/or Xo(n), respectively. [cf.
Fig. 4a and Eq. (A9).] The assurance that this smoothness can be
implemented, with respect to fs(r) and fo(n), is then readily made.

For example, from Egs. (A2) and (A12) one obtains
fo(n)=(No /70){Xo(n)}_2 , (Al3a)

fi)=CnN, 17){x, () , (A13b)
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which are reasonably smooth within the chosen frequency bandwidth
indicated in Egs. (A6) and (A7). It is to be understood that, in
Egs. (A10c) and (Allc), where appropriate, the vector-variable
hﬂ} needs to be replaced by LYAﬁlX}Q». Here the assumption 1is
that these two two-vectors are properly related, whether they lie
in the discrete domain or in the continuous domain. [cf. Eqg.
(A5).] Unfortunately, without further investigation no assurance

of smoothness can be readily given with respect to the integrand

factor ﬁbb@r) in Egs. (Al0Oc) and (Allc). The smoothness or lack
of smoothness in ﬁb@ur) is examined in the next appendix; i.e., in

Appendix B.
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Appendix B Smoothing of the Induced Loss Factor ﬂl(n,r)

The equation of motion that governs the induced modal 1loss

factor 771(n,r), between the (n)th mode in the master dynamic system

and the (r)th mode in the adjunct dynamic system, may be expressed

in the form

771(?1,7‘)= _Im{(Y)Z(mr /mn) [{1_(Zr)2(1+i77r)}{mnr _(an)2(1+i77nr)}_(an /y)Z]

[(1+mnr)_(znrr)z(l+i77nrr)]—l} , (Bla)

where a similarity condition is imposed in the form

2,7 =@, (X, () P+ Zn P =X, () 3P + (2 =@, + 0, JX () 5 5

yz(m/wo) ; (anr)2(1+i77nrr)=(Zr)2(1+i77r)+(znr)2(l+i77nr) , (B2a)

and the coupling parameters (m,,,)and( ,,,) are

mnr=(mnr/mr) ; (qm')2=4mnr(an)2(1+i77nr)+(gnr/y)z . (B2b)
The parameters that describe the adjunct dynamic system - — mass-
stiffness-dashpot - - are (m,), {a,,Xs(r)}and( ,) and those that

describe the coupling between the master and the adjunct dynamic

46




systems - - mass-stiffness-dashpot-gyroscopic - - are
(m,,,), {anr,Xs(r)},( n,)and ( n,). The similarity imposed on the
stiffness associated with the mass (m,), both with respect to the
(r)th mode and with respect to the coupling of that mode to the

(n)th mode in the master dynamic system, allows one to incorporate
the couplings in the description of the adjunct dynamic system.

This incorporation is a useful interpretative ploy ([13, 15]. The

resonant nature of ﬂ,(n,r), stated in Eqg. (Bl) is obvious. The

modes are defined in the (anr>—domain by requiring the quantity

2 . . .
[(1+mn,)—(zm)] to vanish. Then the width of the mode in the

(Z )—domain is determined by [(l+mm)77’w]. As long as the local

nrr

are below unity, the modes are

modal overlap parameters (bnrr)

distinguishable and the distribution of ﬂ](n,r), for discrete

values of the index (r) and a fixed value of the index (n), is

not smooth as a function of (a)/coo) in (Aa)/a)o). The presence of

modes in 771(n,r), as a function of (a)/a)o) in (Aa)/a)o), for discrete

(r) and (n), 1is readily discernible. Indeed, the presence of

modes in the summand ﬂ,(n,r), in this case, is even discernible in

d;.
the summ 771(")' stated in the first of Egq. (AlOQa). The modal
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. d
character of 771(n), for the complex depicted in Fig. 3, as a
function of (a)/a)o) in (Aa)/a)o) and for a modal overlap parameter

bnrrsbs=0.l, is exemplified in Fig. 09a. The modal character in

d

n,Min=1, is clearly demonstrated in this figure. It emerges
that were the modal overlap parameters (bmr) above unity, the
modes are no longer distinguishable and the values of n, (n), for

discrete values of the index (r) and a fixed value of the index

(n), is reasonably smooth as a function of (a)/a)o) in (Aa)/a)o). The

presence of modes in 77;1(11), as a function of (a)/a)o) in (Aa)/wo), is
) d
obscured. Indeed, the non-modal (smooth) character of 7]1 (n), for

d
the complex depicted in Fig. 3; namely for 1;1) and for a modal

overlap parameter bm,rsbs=2.0, is exemplified in Fig. 9b. The

d
ahsence of modal character in 7]1(1) in Fig. 9b, is, thus, clearly

demonstrated. [cf. Fig. 9a.] Moreover, it follows that for
modal overlap parameters that exceed unity; bs>1.0, the

replacement of the summation in Eq. (AlOa) by the integration in

Eq. (A10b) is naturally qualified. What happens if the modal

overlap parameters are below unity; namely, when bSSI.O ? It is
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argued that for discrete values of the index (r) and a fixed

‘value of the index (n), Zh(ng) is not a smooth summand and,

therefore, in this case, the replacement of a summation by an
integration is not naturally qualified. However, if the index
(r) is made into a continuous variable, this action, as the
second of Eqg. (Al0a) suggests, 1s tantamount to planting
multiplicity of modes in between the originally discrete modes.
These generated modes, as do the initial modes, carry modal

extents that are largely determined by loss factors of values

given by [Gf&ﬂﬁﬂ)ﬁu”]. Clearly, the increase in the modal

density due to this transition from the discrete-to-the

continuous (r) renders 7L(mr) smooth and, therefore, qualifying

the replacement of the summation by integration. In this
procedure the artificial increase in the modal density is,
however, compensated by averaging over the number of added modes,
as exemplified in Egs. (A%a) - (Alla). The result of replacing a
summation by an integration is commensurate with an artificial
increase in the modal overlap parameter to values that subdue
modal recognitions. Indeed, the a priori replacement of a

summation by an integration results in values of the induced loss

d
factor from Zh(ﬁ)to ﬁbbﬂ that match these obtained by the mean-

value averaging proposed by Skudrzyk [14]. [cf. Eg. (AlOa).]
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In EA: (Master in isolation)

An externally force-driven isolated master dynamic

Fig. 1
system.
o
II, = input power generated by an external force-drive.

]
E, = stored energy = Nosg; e{,’ = modal stored energy.

N. = number of modes = A(@)V,; V, = modal density.

M_ = global mass = NJM,; M, = modal mass.

o

7], = indigenous loss factor; @ = frequency variable.

A(a)) = frequency bandwidth.
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In EA: (Master) (Adjunct)

Fig. 2. An externally force-driven master dynamic system

passively coupled to an adjunct dynamic system.

Subscript (o) designates quantities and parameters that

pertain to the master dynamic system.

. Subscript (s) designates quantities and parameters that

pertain to the adjunct dynamic system.
II; = the net power that is imparted to the adjunct dynamic

system from the master dynamic system.
The vector {mc, kc, G} and its normalized form {mc, a,, g}
describe the coupling coefficients {mass, stiffness and

gyroscopic} between the two dynamic systems. [cf. Fig. 1.]

I,

input power generated by an external force-drive.
E, = stored energy in the master dynamic system.

E, = stored energy in the adjunct dynamic system.

N, = number of modes in adjunct dynamic system = Aﬁvﬁg;
V, = modal density in adjunct dynamic system.

7], = indigenous loss factor in the adjunct dynamic system.

X
0

s global mass of the adjunct dynamic system = Agng;

3

. = modal mass in the adjunct dynamic system.
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Fig. 3. A Sketch of a specific complex dynamic system
comprising a master dynamic system consisting of a single
harmonic oscillator (a master oscillator) and an adjunct dynamic
system consisting of several harmonic. (satellite) oscillators.
The satellite oscillators are identified by the index (r). The
satellite oscillators are uncoupled to each other. Also, only

the master oscillator is externally force-driven.
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0

Fig. 4a. The normalized resonance frequency distribution X°(r) of
the harmonic oscillators in the adjunct dynamic system (the

satellite oscillators) as a function of the index (r). X°(r) is

as stated in Eg. (29%a) and N;=27. O Discrete, Continuous.
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Fig. 4b. The localized loss factor ﬂ(r) of the harmonic
oscillator in the adjunct dynamic system (the satellite

oscillators) as a function of the index (r). 77(r) as stated in Eqg.

(29b), N;=27 and

O Discrete, —— Continuous for b=0.1,

x Discrete, —— Continuous for b=20,

O Discrete,—— Continuous for b=10.
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Fig. 5. The induced loss factor 7]1(50) as a function of the

normalized frequency (a)/wo) for N, =27, (MS/M0)=O.1 and for three

values of the coupling factor C(a)); C(a))=1.0 (solid curve),
-2 -3
C(w)=3x10  (dash curve), and C(w)=10 ~ (dash-dot curve). The

frequency bandwidth [A(a))/a)a] =(y/2)=03.
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loss factor ﬂk@v) in the adjunct dynamic

system as a function of the normalized frequency (w/a%) for

AQ==ZL(AQ/A40)=(l1 and for three values of the modal overlap

parameter t@@v):l%@n)=(kl (solid), Z%QD)=21) (dash) and l&@ﬂ)=100

(dash-dot) .

The frequency bandwidth [A(a))/a)o] = (7 /2)=0.3.
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' 5
Fig. 7a. The modal coupling strengths go(a)) as a function of the
normalized frequency (a)/a)o) for a coupling factor

C(a))=1.0, N, =21, (MS/M0)=O.1 and for three values of the modal
overlap parameter bs(a)); bs(a))=0.1 (solid curve), bs(a))=2.0 (dash

curve) and bs(a))=10.0 (dash-dot curve).
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Fig. 7b. The modal couplirig étrengths g':(co) as a function of the
normalized frequency (a)/wo) for a coupling factor

C(a))=3x10_2, N, =217, (MS/MO)=O.1 and for three values of the modal
overlap parameter bs(co); bs(a))=0.1 (solid curve), bs(a))=2.0 (dash

curve) and bs(a))=10.0 (dash-dot curve).
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Fig. 7c. The modal coupling strengths g’:(a)) as a function of the
normalized frequency (a)/a)o) for a coupling factor

C(a))=10_ , N, =27, (MS/M0)=O.1 and for three values of the modal
overlap parameter bs(a));bs(a)):O.l (solid curve), bs(a))-—-Z.O (dash

curve) and bs(a))=10.0 (dash-dot curve).
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Fig. 8.

The minimum value of the modal overlap parameter

[ZQQDHA{, as a function of the normalized frequency (w/a%),'for

N, =27 and,(kQ/A4)==Q1 and for three values of the coupling

factor C(@); C(w)=1 (dash-dot), C(co)=3x10_2 (dash) and C(a))=10_3

(solid) .

The statistical energy analysis is sufficiently valid

for corresponding values of the modal overlap parameter l@@@) that

exceed the minimum value shown in this figure.
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Fig. 9. Discrete induced loss factor 7]; (1) as a function of
(w/w,), for a stiffness control coupling form with
ac=1.0[a‘=0.0.] , g=mc=0 [Sprung masses]. The modal distribution

in the adjunct dynamic system is as stated in Eq. (29a) and b(r)

in Eg. (29) is given by b

a. with b=(0.0) b. wWith b=(2.0)
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