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Abstract

A major bottleneck in material sciences, and in most other branches of applied
chemistry, is the inability of current computational methods to simulate large-scale
molecular systems at equilibrium or over sufficiently large time intervals. This inabil-
ity is caused by the product of several complexity factors, associated with the wide
range of space and time scales characteristic to such systems. Multiscale computa-
tional methods, applied in other fields and tested also for a range of molecular models,
have proven able in principle to remove each of these complexity factors. The present
research involved further development of these methods, toward realistic molecular sys-
tems. This requires a very systematic research and laborious development, climbing
level after level, from the microscopic scales to increasingly larger ones, constructing
the degrees of freedom, equations and operation rules that efficiently describe each
scale of the material. Major advances have been achieved in fast simulation of macro-
molecules, model multiscaling of fluids, renormalization-multigrid (RMG) methods
for dynamic systems, and a new, more general algebraic-multigrid (AMG) solver suit-
able for implementing the multiscale-eigenbasis (MEB) fast computation of electronic
structures.



Scientific Summary

Under the present EOARD grant, aided by other AF funds and by resources at the
Weizmann Institute, over the past year we have continued a multiscaling program for
computational chemistry. Achievements include the following.

1. Fast summation of electrostatic forces

We had previously demonstrated the efficiency of a method suggested in [2] based
on a decomposition of the two-particle potential, at each scale, into a local part and a
smooth part. An important advantage of this highly-parallelizable approach is that it
gives the kind of multiscale force-field description which is needed not only for its fast
summation, but also for the efficient multiscaling of atomic motions. In particular, it is
used in investigations reported below (Secs. 2 and 3(B)).

Several important further developments, partly reported in [14] and [13], include:
(i) Generalization of the method to fields generated by dipoles, in addition to those created
by charges. (ii) Substantially higher accuracy for negligible additional CPU time. This
has been obtained by introducing enhanced interpolation orders and longer softening dis-
tances only at the coarser levels, and by correcting for some false self-interaction, i.e., the
residual interaction of a charge with itself, caused by the multiscale calculations. (iii) For
an optional modest increase in CPU time, orders-of-magnitude higher accuracy can be
obtained by a new routine that also corrects for errors in the interaction of a particle (or
a gridpoint, at coarser levels) with its closest neighbors.

2. Multiscale Monte-Carlo methods for macromolecules

In our coarsening method for multiscale simulation of equilibria at a given (e.g., room)
temperature, each coarse-level “atom” stands for the average location of several (m, say)
next-finer-level atoms. The coarse-level Hamiltonian is developed by extensive, but only
local, Monte-Carlo simulations, iteratively adjusting coarse-level Lennard-Jones-type in-
teractions, distribution functions and correlation coefficients so as to fit coarse-level with
fine-level simulations. This calculation need be done only once for all similarly-structured
molecular neighborhoods. Due to the special choice of internal coordinates, most inter-
coordinate coarse-level correlations can be neglected, yielding relatively simple coarse-level
Hamiltonians.

Methods for the fast convergence of the iterative adjustments have been developed,
including rules for adding new terms to the coarse Hamiltonian and for correcting coef-
ficients of existing terms. They are reported in [1], along with numerical experiments on
a united-atom polymer model involving all chemical bonding and Lennard-Jones interac-
tions. A general criterion for selecting coarse-level variables has been developed which is
based on the speed of equilibration of “compatible” Monte Carlo (a MC process at the



fine level restricted to configurations compatible with one given coarse-level configuration).
Using this tool it has been determined that the coarsening ratio m at the first level of
the united atom model should be 2 or 3. (Indeed, m > 3 would not fix enough degrees
of freedom to yield unique values to all the dihedral angles, hence would result in slowly
equilibrating compatible MC.)

Basic achievement. Numerical experiments with this coarsening ratio and with only
one coarse level show that the simulations are already accelerated by a factor larger than
10, while still producing statistics that very accurately match fine-level simulations — for
chains small enough to afford simulations at the fine level. This is a basic achievement:
it means that the coarse level successfully averages over the local attraction basins of the
dihedrals.

Current investigation. The nezxt coarsening level (level 2) indicates a similar gain
(another factor 10) in efficiency. However, the larger chains that can now be simulated
to compare the new level (2) with the previous one (level 1) showed serious inaccuracies,
implying the need to add new types of Hamiltonian terms related to folded chains. Such
terms include non-radial Lennard-Jones (LJ) components as well as correlations between
the LJ forces and the internal coordinates. The detailed research of such terms is in
progress.

Methods are also being developed for polymer models that involve electrostatic in-
teractions. Based on our approach for fast summation (see above), the local part of
these interactions participates in the local MC determination of the internal-coordinate
terms of the coarse Hamiltonian, while the smooth part is computed directly in Carte-
sian coordinates of the coarse atoms, onto which the electrostatic charges and dipoles are
anterpolated.

3. Multiscale Monte-Carlo for fluids

Direct fine-scale MC simulations of fluids tend to be extremely inefficient due to the
very slow change of various kinds of clusters at various scales. The main two kinds of
clustering difficulties associated with water and other fluids are positional clustering and
electrostatic ones. We have started out by studying in parallel the following two simple
models, in each of which only one of these difficulties is present.

A. Lennard-Jones fluid, featuring positional clustering. While at the finest
level we have atoms at arbitrary locations, the coarse levels that we introduce are each
defined on a uniform lattice. The value defined at each lattice point stands for the aver-
age fluid density in a box around that point. The probability distribution of this density
depends on neighboring-point densities, as specified in detail by a suitable “conditional-
probability (CP) table”. Following the Renormalization Multigrid (RMG) methodology
developed earlier [9, 10], the CP table for each level is calculated by extensive local sim-
ulations at the next finer level. Iterations between the levels is used both for accelerating



the Monte-Carlo simulation on each of them, and for inexpensive calculations of large-
scale statistics and macroscopic “equations” (in the form of CP tables). Tests with simple
cases are reported in [6], [4, §14.7] and [7], demonstrating accurate predictions of density
fluctuations at all scales, with only relatively small grids being simulated at each level,
and without MC slowdowns.

The emphasis so far has been on one-dimensional models for which there exist analyti-
cal solutions to compare with. This work resulted in clarifying various general algorithmic
issues, such as the branching structure of the CP tables, methods for interpolating bin
statistics at high particle-per-cell numbers, the employment of only small fine-level simula-
tion domains placed as “windows” in a large physical domain of the next-coarser level, the
self-consistent mutual equilibration of all the levels, special procedures at low temperatures
[4, §14.7.3], etc.

B. Fixed-location rotating dipoles, to study electrostatic clustering pat-
terns. The chosen model features a large set of electrostatic dipoles, of given strengths
and fized locations, rotating in their mutual fields in thermal equilibrium. Clusters of
aligned dipoles tend to form, their sizes depending on the given temperature. Again,
these clusters are very slow to change in ordinary MC simulations, making large-scale
fluctuations extremely slow to average out.

In the multiscale algorithm that we have developed for this model, each coarse level
is again defined on a lattice, the mesh size being doubled at each coarsening. With this
type of coarsening, the RMG methodology is again applied.

As a first step, we have applied the compatible Monte Carlo (CMC) test mentioned
above to choose suitable coarse-level variables. This task proved less easy here due to a
competition between two conflicting orders: while external or far-field electrostatic inter-
actions tend to align neighboring dipoles, their short-range interactions tend to anti-align
the dipole component perpendicular to the direction of a neighbor. As a result, two types
of coarse-level variables proved each inadquate by itself (gave unsatisfactory CMC con-
vergence speed). We then tried a combination of the two: the coarse level includes both
“tnjections” (i.e., one part of the coarse variables is simply a subset of the fine-level vari-
ables) and “super-dipoles” (anterpolated from the next-fine-level dipoles). This yielded
good coarsening, and it also taught us that our CMC test should generally be extended:
At a low temperature, fast equilibration may not be obtained with simple CMC, but it
should be obtained by a CMC process started at a higher temperature and then lowered
(in few steps) to the given low temperature. We call this more general process quick-
annealing CMC (qaCMC). We expect it to be an important coarse-to-fine interpolation
process in many problems.

4. Dynamic RMG

The methods described above are restricted to systems in equilibrium. To calculate



time-dependent processes, an extension of the Renormalization Multigrid (RMG) method-
ology to dynamic systems should be developed. in the same way that our algorithmic
concepts for equilibrium systems had been first developed for simple lattice models, we
have now embarked on studying RMG techniques for simple driven (i.e., non-equilibrium)
diffusive lattice systems (see, e.g., [15]) in one dimension. The systems consist of particles
at lattice points; at each time step each particle hop to a neighboring point with a certain
probability that depends, e.g., on its distance from other particles.

We have demonstrated that the RMG techniques can be extended to describe such
systems at increasingly coarser levels with correspondingly larger time steps. At each
coarse level, the dependence of fluxes (net particle rates of flow between adjacent coarse-
level boxes) on neighboring fluxes and densities is derived by Monte-Carlo simulations at
the next finer level and stored in “Conditional Probability (CP) tables”. With such a table
one can then simulate the coarser level and thereby derive CP tables for the next, still
coarser level; etc. The tests show that with branching tables similar to those in [9, 10],
coarse levels can very inexpensively and very accurately reproduce large-scale statistics.

This work in progress opens the way to efficient coarsening not only for systems with
stochastic dynamics (such as molecular Langevin dynamics at a given finite temperature)
but also for systems with deterministic dynamics that at much larger scales become prac-
tically stochastic.

A particular type of this RMG technique can be used to derive equilibrium “equations”
(in the form of a fine-scale CP table) from the dynamic model, by coarsening (doubling)
at each renormalization transformation only the time step, while leaving the spatial scale
(the size of the boxes) fixed. At the limit of such transformation, steady-state CP tables
should emerge.

5. Electronic structure calculation: algebraic multigrid

A new method had previously been developed for calculating a large number N of
eigenfunctions of a differential operator to accuracy ¢ in just O(N(log N)(log 1)) opera-
tions, instead of O(N?3) needed before (see Sec. 9.2 in [3]). In collaboration with Ph.D.
student Oren Livne, this performance had been demonstrated on simple model problems
(1D Schrédinger equations), as reported in [11] and [12]. However, that feasibility demon-
stration had been based on formulations unique to the one-dimensional case. In particular,
in 1D it is possible to avoid solving highly indefinite boundary-value problems, thus skip-
ping the more involved mechanism required for coarsening such problems (see [8]). The
extension to higher dimensions (discussed in [12]) is far from trivial, and intimately re-
lated to the extension of the wave/ray multigrid methods to variable coefficients (see [4,
§7.1]) and to general matrices (see [4, §17.2.2]). This requires, first of all, the further
development of the new concept of “bootstrap algebraic multigrid” (BAMG), introduced
in [4, §17.2].



Like previous algebraic multigrid (AMG) approaches, this one involves methods for de-
riving coarser level equations for a given (fine-level) system of linear equations by using the
Galerkin principle based on simple inter-level transfters. While previous AMG schemes
were limited to special types of matrices, the BAMG algorithm introduces systematic
principles for constructing inter-grid transfers which are applicable to any system of local
equations. The inter-grid transfers are based on near-eigenfunctions, hence their construc-
tions is closely related to the “multiscale eigenbasis” (MEB) needed for the O(N log N)
calculation of N eigenfunctions, e.g., for solving the equations of the density-functional
theory (DFT) of electronic structures.

Thus, the effort at this stage, in collaboration with Dr. Oren Livne, is focused on the
detailed development of the BAMG approach, which has very wide applications, including
fast solvers for electronic structures.
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