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Abstract 

The classic compromise between wheeled vehicle ride comfort and handling is well known. 
For off-road vehicles (as used by the military), it is very difficult to achieve a good 
compromise due to the fact that these vehicles are also used on highways at high speeds. 
Controllable suspension systems offer the possibility to change the spring and damper 
characteristics while the vehicle is moving, thereby adapting to different terrains and speeds. 
This research involved the design, development, manufacturing, modeling and testing of a 
two-stage, semi-active, hydro-pneumatic spring, combined with a two stage semi-active 
damper. This system promises to improve both the ride comfort and handling (and therefore 
the mobility) of military wheeled vehicles. Test results indicate that the required 
characteristics can be achieved, and a design study proves the feasibility of fitting the system 
to a vehicle. It is concluded that the proposed suspension system is feasible and that further 
development of the system should continue. 
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1. Statement of problem 

The design of wheeled vehicle suspension systems always involved a compromise 
between ride comfort and handling. For good ride comfort a compliant suspension 
system is normally required while good handling demands a stiff suspension system to 
control body roll. With a normal passive suspension system, the characteristics of the 
springs and dampers are fixed at the design stage and cannot be changed afterwards. By 
using controllable springs and dampers, these characteristics can be changed while the 
vehicle is moving. It therefore becomes possible to have soft settings for good ride 
comfort whilst traveling in a straight line on a good road, while the suspension can be 
changed to a hard setting moments later to give good handling when the vehicle has to 
change direction as required for lane changing or even accident avoidance. Controllable 
suspension systems can therefore reduce or even eliminate the ride comfort vs. handling 
compromise. 

2. Background to problem 

The South African controllable suspension research effort over the last twelve years 
concentrated on semi-active dampers and hydro-pneumatic springs for wheeled off-road 
vehicles. An overview of all the research activities during this period can be found in 
references [1] to [18]. 

The Tank Automotive Command (TACOM) of the US Army's research activities 
focused on semi-active as well as fully active suspension systems. This included the 
development of an electric active suspension actuator and fully active hydraulic 
suspension for a high mobility off-road wheeled vehicle. TACOM experience is based 
on test results for both wheeled and track vehicles. 

Experience in South Africa correlates very well with US experience and the lessons 
learned and conclusions reached are in good agreement. Improvements are in the same 
order of magnitude and problems identified with current semi-active suspension systems 
are also very similar. A similar approach to advanced suspension research is followed in 
that, although mathematical analysis and simulation is performed, the validation of 
results is obtained during field tests with suspension hardware fitted to vehicles and 
tested under real life conditions. 

During discussions between Mr. P.S. Els (University of Pretoria, South Africa) and Dr. 
F.B. Hoogterp (TACOM, Detroit) in September 2000 [19], a definite mutual research 
interest in the field of semi-active suspension systems was identified. The idea of adding 
a semi-active hydro-pneumatic spring to the semi-active damper technology, as 
proposed by Els [2], is novel and warrants more detailed investigation. The resulting 
research project is defined in [20]. 

3. Approach to solving problem 

The purpose of this research is to design, develop, manufacture and test a two-stage, 
semi-active, hydropneumatic spring, combined with a two stage semi-active damper. 
The resulting suspension hardware is tested and characterized to obtain all the 
parameters required for mathematical modeling. In order to investigate the feasibility of 
the proposed suspension system, the project included six tasks namely : 



i)      Developing a basic vehicle dynamics simulation model to predict ride comfort and 
handling, 

ii)     Determining the required suspension characteristics for the "best" ride comfort and 
"best" handling respectively, using the vehicle dynamics model, 

iii)    Designing a prototype suspension system capable of producing the required 
characteristics, 

iv)    Manufacturing the prototype suspension system according to the design, 
v)     Testing and characterisation of the prototype suspension system to determine 

feasibility and conformance to specification, 
vi)    Developing a mathematical model of the prototype suspension system that can be 

incorporated into the vehicle dynamics model at a later stage. 

These six tasks will now be described in more detail. 

3.1.   Basic vehicle dynamics simulation model 

In order to simulate the ride comfort and handling of a vehicle, simulation models, 
based on parameters for a Landrover Defender 110 sports utility vehicle (see figure 1), 
were developed in DADS (Dynamic Analysis and Design System) and MATLAB 
respectively. 

Figure 1 - Landrover Defender 110 vehicle 

The DADS model has 81 degrees of freedom, but after adding joints, constraints and a 
driver model, 14 unconstrained degrees of freedom remain. These consist of the vehicle 
body displacements (lateral, longitudinal, vertical, roll, pitch and yaw), wheel rotations, 
front axle vertical displacement and roll and rear axle vertical displacement and roll. 
Non-linear spring, damper, bump stop and tire characteristics are used. The vehicle is 
steered over a predetermined course by a simple driver model which estimates the 
lateral positional error based on the yaw angle of the vehicle body at the current time 
step and the desired lateral position at a specified driver preview time. The driver model 
is implemented using amplifiers, summers and input elements. The basic components of 
the DADS model are summarized in table 1. 

A simple dynamic model for simulating the ride response of the Landrover Defender 
110 sport utility vehicle was also developed and coded in MATLAB. At the time when 
this was done the comprehensive model of the vehicle, including the suspension system 
geometry and kinematics, was already running successfully within the DADS (Dynamic 
Analysis and Design System) environment. 



Model entities Components Quantity 

Vehicle body 2 
Wheels 4 

Front axle 1 
Rigid bodies Rear axle 1 

(13) Ground (fixed in space) 1 
Front hubs (left & right) 2 

Anti-rollbars 2 
Front wheels to front hubs 2 

Revolute joints Front hubs to front axle 2 
(9) Rear wheels to rear axle 2 

Body torsional stiffness 1 
Anti-rollbar left and right 2 

Spherical-spherical joints Axle locating and push-pull rods, steering links 5 
(5) 

Revolute-revolute joint Radius rod 1 
(1) 

Revolute-spherical joints A-arm rear 1 
(2) Panhard rod front 1 

Constraints Steering control input 1 
(2) Forward speed 1 

Force elements Non-linear dampers 4 
(18) Springs (choice of hydropneumatic and coil 

springs) 
4 

Bump stops 4 
Generic tires 4 

Body torsional stiffness spring 1 
Anti-rollbar stiffness 1 

Control elements Amplifiers 2 

(9) Summers 2 
Inputs 2 

Steering angle limiter 1 
Output torques left and right 2 

Initial conditions Vehicle forward speed 1 

(1) 

Table 1 - Components of the DADS model 

The purpose of the MATLAB model was not to replace the DADS model. It was 
assumed that such a code, based on simple and fairly rough approximations to the 
suspension kinematics and limited to only small angle rotations (i.e., excluding yaw and 
thus steering, handling and any lateral dynamics) and with a very simple point contact 
tire model would execute significantly faster than the full DADS model. The plan was 
to use this code in the design of the control system of the semi-active suspension 
system, with special emphasis on the vehicle ride. In addition to the expected quicker 
execution speed, a second reason for developing the MATLAB code was that, at the 



time, only one license to DADS was available (as opposed to a number of licenses to the 
ADAMS program, acquired recently). Having available an additional dynamic model of 
the vehicle was deemed beneficial in freeing the single DADS license for other work 
while the ride characteristics of the semi-active suspension system was investigated. 

The MATLAB code is based on the equations of motion of the vehicle system. The 
derivation of these equations using Lagrangean dynamics is shown in Appendix A. 

The simulation results of the MATLAB code compares well with simulation results 
predicted by DADS. A number of figures comparing outputs from the two programs for 
the same excitation condition are included below. 

Simulations of the Landrover Defender 110 being driven at a constant speed of 60 km/h 
over a stretch of rough road identified as "Belgian paving" were done with both models. 
Figure 2 shows the comparison of the vertical displacement of the vehicle body center of 
gravity, as predicted by the two models. The comparison is generally fairly good. The 
second derivative of this data, presented in figure 3 as the vertical acceleration of the 
vehicle body center of gravity clearly shows that the DADS model predicted 
significantly more high frequency activity than the MATLAB model. This may be due 
to the fact that the DADS model has a larger number of degrees of freedom, giving rise 
to high frequency modes. The DADS model also fairly accurately accounts for the 
suspension kinematics and it is expected that modeling the kinematics will also give rise 
to high frequency behavior. Comparisons of the results predicted by the two models 
with respect to the front axle vertical displacement and the body roll angle are included 
in figures 4 and 5. These figures confirm that the two models generally agree well but 
that the DADS model predicts high frequency activity that is missed by the MATLAB 
model. 

To investigate more specifically body roll dynamics of the MATLAB model, 
simulations were performed of the Landrover being driven with only its left hand side 
wheels over a 150 mm high 300 mm wide platform-like obstacle with straight up and 
down ramps at 11.3°. The right hand side wheels followed a flat road surface. This 
obstacle is locally referred to as the APG obstacle. The MATLAB model indicated that 
if this obstacle is crossed over at 10 km/h the bump stops hit through, in which case the 
simulation is terminated since it does not allow extrapolation on graphs. The DADS 
model may also indicate this, but it was not specifically investigated. The DADS model 
does not necessarily terminate, though, at such an occurrence. 

Because of the MATLAB termination problems the simulation was done at a slow 5 
km/h. The vehicle body center of gravity vertical displacement and roll angle results are 
compared in figures 6 and 7. The comparison between the MATLAB and DADS 
models are generally good. 

These results show that the MATLAB code is performing in an acceptable manner and 
may be used in future for the design of the control system, with respect to vehicle ride, 
under conditions of small angles of roll and pitch. 
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Figure 2    - Comparison of center of gravity vertical displacement predicted by 
MATLAB and DADS models for a Belgian paving road traversed at 60 km/h.  
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Figure 3 - Comparison of center of gravity vertical acceleration predicted by MATLAB 
and DADS models for a Belgian paving road traversed at 60 km/h. 



Belgian Paving, 60 km/h 

Figure 4 - Comparison of front axle vertical displacement predicted by MATLAB anc 
DADS models for a Belgian paving road traversed at 60 km/h.  
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Figure 5 - Comparison of vehicle body roll angle predicted by MATLAB and DADS 
models for a Belgian paving road traversed at 60 km/h. 
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Figure 6 - Comparison of vehicle body center of gravity vertical displacement predicted 
by MATLAB and DADS models for an APG obstacle at 5 km/h with left wheels only. 
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3.2.      Required suspension characteristics 

The DADS model was used to predict ride comfort and handling of the vehicle with 
different combinations of spring and damper characteristics. Simulation results were 
used to determine first order indications of the "best" soft and hard characteristics for 
both the spring and damper. 

The coil springs on the baseline suspension were replaced with hydro-pneumatic springs 
where the spring stiffness is determined by the gas volume in the static position. Static 
gas volumes were varied between 0.01 liter and 3.0 liter. This gives a range of spring 
stiffness from about 10 to 0.1 times that of the baseline coil spring stiffness. To simplify 
the damper characteristics, the baseline damper force was scaled with a constant factor 
that varied between 0.8 (i.e., softer than baseline) up to 3 (3 times higher than baseline). 
Simulations were performed for 7 damper characteristics and 10 spring characteristics 
within these ranges, giving a total of 70 simulation runs. Although this process was 
performed manually for the project, a study (not part of this project) is in progress to 
investigate the applicability of mathematical optimisation to the problem in an attempt 
to decrease the number of required simulation runs. Very positive preliminary results 
have been obtained as discussed in [27]. 

Ride comfort was simulated over a typical off-road terrain (Belgian paving block 
course) at a vehicle speed of 60 km/h. Ride comfort was evaluated using the vertical 
acceleration at the driver position (right front) as well as the left rear passenger position. 
The vertical acceleration was weighted using the British Standard BS 6841 weighting 
filter and calculating a weighted root mean square (RMS) value ([21], [22] and [23]). A 
three-dimensional plot of weighted RMS acceleration vs. spring static gas volume and 
damper scale factor is indicated in figure 8. 

The lowest acceleration levels (best ride comfort) are obtained with low damping 
(damper scale factor of 0.8) and soft springs (static gas volume > 0.5 liters). Motion 
sickness values do however increase with very soft springs. 

Handling was simulated by performing a severe double lane change manoeuvre [24] at a 
speed of 60 km/h for the same values of spring and damper characteristics used for ride 
comfort analysis. Maximum body roll angle was used as evaluation parameter for 
handling. Figure 9 indicates the results of the handling simulations. The smallest body 
roll angle is achieved with the stiffest spring (static gas volume of 0.01 liter) while the 
roll angle is insensitive to the damper scale factor as can be expected. 

The "best" handling suspension is therefore at as high a spring stiffness as possible. The 
areas where there are gaps in the graph, are where the vehicle could not complete the 
lane change without rolling over. 

It is concluded that for best ride comfort, a soft suspension is needed and for best 
handling a stiff suspension is needed. This is in line with general design rules and was 
the motivation for initializing this research project. The simulation results do however 
indicate that for the hard suspension setting, a static gas volume of 0.1 liter and damping 
scale factor of between 2 and 3 is suitable and for the soft suspension setting, a gas 
volume of greater than 0.5 liter and a damping scale factor of 0.8 will be suitable first 
order values for the design. The high damper characteristic used in the design of the 
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Suspension system will therefor be between 2 and 3 times the baseline values, while the 
low damping should be less than 0.8 times the baseline value. More simulation will be 
performed at different speeds and over different terrain profiles at a later stage, but the 
current results are very useful for developing the suspension hardware. 
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Figure 8 - Results of ride comfort analysis 
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Figure 9 - Results of handling analysis 
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3.3.   Development of suspension hardware 

The high and low characteristics for both spring and damper are made possible by 
channelling hydraulic fluid with solenoid valves. The basic layout of the proposed 
suspension system is given in figure 10. The main strut is fixed between the vehicle 
body and the suspension system, replacing both the coil spring and telescopic damper. 
The main strut is connected to two piston accumulators via a valve block. All the control 
valves, hydraulic damper valves, control ports and channels are accommodated inside 
the valve block. On the prototype, provision is also made for four pressure transducers 
(P1 to P4) to measure pressures in the system. 

The low spring rate is achieved by compressing a large volume of gas in the two 
separate piston accumulators. By sealing off the 0.4 liter accumulator with valve 3, a 
smaller gas volume is compressed and a higher spring rate is achieved. Spring rates can 
be individually tailored by changing the two gas volumes. For low damping, the 
hydraulic dampers (dampers 1 and 2) are short circuited by opening the bypass valves 
(valves 1 and 2). For high damping these valves are closed and the hydraulic fluid is 
forced through the dampers resulting in high damping force. 

The main design specifications for the controllable suspension system can be 
summarized as follows: 

i) Suspension travel of 300 mm (maximum compression to maximum rebound) 
ii) Soft suspension static gas volume of 0.5 liter 
iii) Hard suspension static gas volume of 0.1 liter 
iv) Maximum system pressure at full bump of 20 MPa 
v) Maximum flow of 230 liter/minute (2 m/s suspension velocity) 
vi) Maximum suspension force of 40 kN (5x static force) 
vii) Valve response time in the order of 50 milliseconds 

To design the controllable suspension system for fitment to a Landrover Defender 110 
sports utility vehicle, the space envelope available for the new suspension was 
determined by physical measurement on a vehicle. A controllable suspension system, 
with the required characteristics, was designed to fit in the space envelope. 

The left front and left rear axle portions and wheel well details were measured for this 
purpose. Figures 11 and 12 indicate the left front wheel well with the original and new 
suspension systems respectively. Figures 13 and 14 compare the original and new 
suspension layout for the rear suspension system. The suspension system can be fitted in 
the available space although small changes to the body may be required. The new 
suspension system is narrower than the coil spring and this may result in more interior 
space in the vehicle. 

Two views of the controllable suspension system are given in figures 15 and 16. Figure 
15 shows the tire side and figure 16 indicates the side facing the chassis. The suspension 
system is mounted to the axle by means of a spherical thrust bearing and to the chassis 
rail via a rubber bush. The coil spring and damper mountings on the original suspension 
system was fixed directly to the vehicle chassis rails and not to the body panels (see 
figures 11 and 13). This necessitated the use of a side mounting configuration for the 
controllable suspension system so that the unit can be fixed directly to the chassis rail. 
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It is concluded that fitment of the controllable suspension system on the vehicle is 
feasible although minor modifications to body panels may be required. 

Valve block 
Valve 2 

;P4)    \       (P3) (P: 

Valve 1 

Valve 3 

<&   \     @ 

vV 

s 
0.4 liter Accumulator 

Damper 2 
A 

Damper 1 

7 
0.1 liter Accumulator 

N Main Strut 

Figure 10 - Suspension schematic diagram 
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Figure 11 - Original front suspension layout 

Figure 12 -Front suspension layout with controllable suspension system fitted 

15 



Figure 13 - Original rear suspension layout 

Figure 14 - Rear suspension layout with controllable suspension fitted 
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Figure 15 - Controllable suspension system - tire side 

Figure 16 - Controllable suspension system - chassis side 

3.4.   Manufacture of prototype suspension unit 

Detail design and design improvement of the controllable suspension unit have been 
performed. This included an investigation into different surface coatings, seals and 
sealing arrangements, as well as valves. The options considered for surface coatings at 
this stage is the normal hard chroming as well as a tungsten-carbide-cobalt coating 
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applied with a high velocity oxygen fuel (HVOF) process. The latter is very resistant to 
flaking and has extremely good wear resistance. For the prototype suspension unit, hard 
chroming was used and a comparison can be made between the two coatings during a 
later stage when improving the existing design. 

Choice and availability of valves is a problem as a valve with a fast switching time is 
required. Standard valves available off-the-shelf can meet either the flow or the time 
response requirements, but not both. The design has therefore been modified to use two 
smaller, fast switching valves in parallel to handle the required flow and meet the 
switching time requirement. The valves used have previously been characterised for a 
different project at the University of Pretoria and information on response times is 
available [1]. 

The choice as far as sealing arrangements are concerned, is between sealing in the 
cylinder bore, or sealing on the piston rod. It is much easier to apply coatings to the rod, 
as well as to machine the rod to the required tolerances and surface finish. The rod 
sealing arrangement was therefore used in the prototype. 

A set of manufacturing drawings have been compiled (see appendix B) and the system 
was manufactured by a company specializing in the manufacture of hydraulic 
equipment. 

3.5.   Testing and characterisation of suspension system 

The prototype suspension was characterized on a test rig to obtain all the spring and 
damper characteristics as well as valve response times. A series of basic reliability tests 
was also performed to validate the choice of hydraulic seals and valves. The test rig 
consisted of a purpose designed test frame and a 100 kN SCHENCK hydropuls actuator 
(see figure 17). The prototype suspension unit was instrumented with four pressure 
transducers to determine dynamic system pressures. Actuator force and actuator 
displacement was also measured. The switching signal to the valves were recorded for 
determining the valve response times. 

3.5.1. Spring characteristics 

The isothermal spring characteristic was determined by slowly compressing the spring 
through it's operating range whilst recording force, displacement and pressure. Figure 
18 indicates the spring force against spring displacement for the soft spring. Two curves 
are shown namely the force measured by the loadcell, and the force calculated from the 
pressure data. The measured force shows unacceptable levels of hysteresis, while the 
force calculated from the pressure measurement gives the expected characteristic. 

During initial assembly of the unit, it was found that the main cylinder could be moved 
easily by hand, while the accumulator pistons had to be moved using compressed air. 
There was no way to move the accumulator pistons by hand. The hysteresis was 
therefore attributed to seal friction (stick-slip) in the accumulator seals. After 
considerable research, two new accumulator pistons were designed and manufactured 
using wear rings combined with a state-of-the-art accumulator seal with negligible stick 
slip. The original design used a fairly basic seal layout with a double o-ring and back-up 
ring system. 



Suspension unit 

Loadcell 

Actuator 

Pressure 
transducers 

Figure 17 - Prototype suspension unit on test rig 

After testing the more advanced sealing concept in the suspension system, it was found 
that the hysteresis had improved only marginally. Careful investigation traced the 
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problem to the bending moment applied to the main cylinder due to the offset chassis 
mounting arrangement (see figure 16 and Appendix B, figure B2). This results in a high 
side force between the main cylinder and the piston. This has not been proven yet, but 
seems to the be the only logical explanation. The mounting arrangement is in the 
process of being modified to eliminate the bending moment on the main strut. The rest 
of the data presented in this section was therefore calculated using the pressure 
measurements and not the actuator force. 

i              ;               i              ;               i              i               i 
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Figure 18 - Comparison between measured force and force calculated from pressure 

The two spring characteristics were determined by displacing the actuator slowly with a 
sawtooth input displacement. Figure 19 gives the soft spring characteristic measured for 
one complete compression and rebound cycle lasting 300 seconds. The measured value 
is compared to the predicted isothermal spring characteristic and excellent correlation is 
observed. The small hysteresis loop in the measured characteristic can be attributed to 
heat transfer between the gas and the surroundings. This effect is well documented in 

[Hi- 

Figure 20 gives the stiff spring characteristic measured for one complete compression 
and rebound cycle. The displacement cycle starts in the static position, compresses the 
spring to 40 mm, extends the spring to -100 mm, compresses the spring again to +40 
mm and then returns to the static position. This cycle lasts 300 seconds. The measured 
value is again compared to the predicted isothermal spring characteristic, but in this case 
there is a significant discrepancy between measured and predicted results. The hysteresis 
loop in the measured characteristic can again be attributed to heat transfer between the 
gas and the surroundings. Further investigation indicated that the discrepancy in the stiff 
spring characteristic can be attributed to the compressibility of the oil (usually deemed 
negligible). Figure 21 indicates two straight lines corresponding to a bulk modulus of 
1.5xl09 N/m2, and a force displacement characteristic measured with the suspension unit 
full of oil, but with no gas in the accumulators (i.e. with both accumulators against their 
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end stops). The compressibility is therefore significant for the stiff spring characteristics 
and needs to be taken into account during spring calculations. The figure also indicates 
the very good correlation achieved when the spring characteristic is corrected using the 
bulk modulus. Figure 22 indicates measured and calculated characteristics for both the 
soft and stiff springs. 
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Figure 19 - Soft spring characteristic 
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Figure 20 - Stiff spring characteristic 
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3.5.2.   Damping characteristics 

The damper packs in the strut were taken from standard Landrover rear dampers. 

Figure 23 indicates the damping characteristics measured on the suspension unit. 
Damping characteristics were determined by exciting the strut with a sinusoidal input 
displacement with a displacement of 25 mm (total stroke of 50 mm). The frequency of 
the sine wave was varied to give different velocities. Force values were calculated from 
the pressure readings. 

Three different characteristics were measured on the strut namely the soft damping 
characteristic (both dampers bypassed), high damping characteristic (no bypass) with 
soft spring and high damping characteristic (no bypass) with stiff spring. For reference, 
the required (baseline Landrover) characteristic, as measured on a Landrover damper, is 
also indicated on the graph. The strut damping characteristics were expected to be 
higher than the baseline dampers due to the increased piston area as well as increased 
flow. This was found not to be the case and the difference can be attributed to a 
manufacturing error by the subcontractor. This manufacturing error means that the 
damper packs don't properly seal inside the valve block cavities, and fluid is leaking 
past the damper. This problem is in the process of being rectified. The results do 
however indicate that there are three discrete damping levels associated with the strut, 
i.e. the dampers can be switched between high and low damping characteristics. The 
damping level will be increased to the required levels once the sealing problems have 
been rectified. 
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Figure 23 - Damper characteristics 
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3.5.3.   Valve response times 

A typical trend of pressure drop over the valve vs. time is shown in figure 24. The 
solenoid switching signal is indicated on the same graph. To obtain the valve response 
time, the initial pressure difference (before switching) and the final pressure difference 
(after the transient response has died away) is determined. Two values (represented by 
horizontal lines) are then calculated representing a 5% change and a 95% change in 
pressure difference respectively. This is done to define the switching points more 
precisely as the exact moment where the change occurs is very difficult to determine. 
The time from the solenoid switching signal to the 5% change point is defined as the 
initial delay. This is the time required for the solenoid to build up enough force so that 
the valve plunger starts moving. The time between the 5% and 95% point is defined as 
the response time of the valve and represents the time required from the initial plunger 
movement until the valve is fully open. The total valve response time is the sum of the 
initial delay and the response time as indicated in figure 25. 

The valve response time was measured by closing valve 3, compressing the strut until a 
required pressure difference was obtained, and then opening the valve. This resulted in 
flow through the valve until the pressure in the system stabilized. 

The valve response time is to some extend dependant on the system ([1]). Values are 
also dependent on the pressure difference across the valve as can be seen in the figure. 
The valve response time varies from 40 to 90 milliseconds over the pressure range of 
interest and this is very acceptable for the current application. 
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3.6.   Mathematical models of suspension unit 

A mathematical model that can predict the spring and damper characteristics (including 
valve response times) of the semi-active suspension unit was developed in SIMULINK. 
The block diagrams of this model and its subsystems are shown in figures 26 to 30. 

The model accepts five input signals: the displacement of the suspension unit from its 
reference position (compression positive), the compression speed of the unit and the 
three switch signals (for valves 1, 2 and 3 in figure 10) that can each take only the 
values of 0 and 1, 0 indicating a closed valve condition and 1 an open vale condition. 
For these inputs the model calculates the spring-damper force of the unit, positive for a 
compressive force. The purpose of the model is to serve as a sub-system in a larger 
model for simulating the vehicle dynamic response. The vehicle model incorporating 
four of these the suspension units (one for each wheel station) as well as a control 
module for controlling the four units will be developed in the next phase of the project. 
The vehicle dynamics model will be developed in the ADAMS environment and will be 
coupled to four SIMULINK models of the suspension unit, feeding these the respective 
suspension unit displacement and speed signals and receiving from these the suspension 
forces for consideration in the vehicle dynamics simulation. The control module will 
generate the 4 x 3 valve switch signals. 

In the suspension unit SIMULINK model the spring and damper forces are calculated 
employing a table look-up procedure with linear interpolation. The look-up tables were 
generated from calculated data based on isothermal compression of the spring. This part 
of the model may be upgraded in future to take heat transfer effects (as modeled in [3]) 
into account if deemed necessary. When any one of the valves switches from one 
position to the other, the look up procedure switches to a different table. This happens 
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instantaneously, even though the switching point is delayed with respect to the 
switching point in the switch signal, to account for the valve response time. The valve 
response time is dependent on the pressure drop over the valve. This dependency was 
measured in the laboratory and a parabolic function was curve fitted to the measured 
data (see figure 25). The parabolic function is built into the SIMULINK model as part 
of the sub-system "Pressure dependent valve switching", the block diagram of which is 
shown in figure 27 (the function block accepting the "Delta P" input in input 2). The 
damper force divided by the cylinder area is used as an approximation of the pressure 
drop over the valve, in the case of the two damper valves, while the spring force is used 
in a similar manner with respect to the spring valve. In actual fact the switching is 
accompanied not only by a delay but also a smooth transition from one curve to the 
other, rather than a step change. This smooth transition is not modeled at this time. It is 
planned, however, to include this aspect in a second-generation model of the suspension 
unit, to be developed during the next phase of the project. 
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Figure 26 - Simulink model of the semi-active suspension unit. 

If the spring valve (valve number 3) is switched to have a soft spring, the model 
executes the sub-system "If action soft spring", the block diagram of which is shown in 
figure 28. This sub-system takes the spring displacement as input and interpolates on 
the soft spring curve to give the spring force as output. It furthermore takes as input the 
two damper valve pressure switch signals to determine on which of the high or low 
damping curves the interpolation should be done. This interpolation is carried out by 
either of the sub-systems "If action low damping" or "If action high damping". The 
block diagram of the former is shown in figure 29, and is typical of all the damper 
interpolation sub-systems used in the rest of the model. 
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Figure 27 - Block diagram of the sub-systems (three of) "Pressure dependent valve 
switching", shown in figure 26. 

If, on the other hand, the spring valve is switched to have a stiff spring, the model 
executes the sub-system "If action stiff spring", the block diagram of which is shown in 
figure 30. In this case the damper valve number 2 is inactive, so that this sub-system 
operates quite similar to the soft spring sub-system described above, only with one 
damper valve input. 

The model at this time provides for switching between springs only when the suspension 
unit is at its reference displacement condition. It is planned that the next generation 
model to be developed in the next phase of the project will remove this limitation. 

The way the suspension model works is illustrated to some extent by the graphs from a 
simulation run shown in figures 31 to 33. The input to the model is shown as the 
displacement and speed graphs in figure 31 and the three valve switch signals shown in 
figure 32. This figure also shows the respective switch signals in pressure and when this 
is compared to the corresponding valve switch signals the effect of the pressure 
dependent valve response time (delay) is evident. When the damper valves (valves 1 
and 2) switch from 0 to 1 it means that the damper characteristic will switch from high 
to low damping. When the spring valve (valve 3) switches from 0 to 1 it means that the 
spring stiffness characteristic will switch from stiff to a soft. 

Figure 33 shows the resulting suspension unit output force as calculated by the model. 
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delayed pressure switch signals as calculated by the model. 
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characteristics was not executed at the suspension unit reference position, as it should 
actually be done at this time. 
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A comparison was made between the spring force calculated by the SIMULINK model 
and measured in the laboratory on the first prototype suspension unit for a certain 
prescribed compression time history. During this time history the spring valve initially 
is closed so that the stiff spring characteristic is selected. Towards the end of the time 
history the valve is switched to open, to select the soft spring characteristic. The 
SIMULINK model was switched using the same signal as used in the experiment. The 
results are shown in figure 34. The model result is seen to compare very favorably with 
the measurement. The small differences are attributed to heat transfer effects as well as 
friction in the seals. 
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Figure 34 - Comparison between measured and SIMULINK predicted spring force time 
histories. 

Conclusions 

Mathematical models of the vehicle have been successfully developed and used to 
obtain the required spring and damper characteristics. 

The feasibility of a two-stage semi-active damper, combined with a two-stage semi- 
active hydropneumatic spring was demonstrated. The proposed system was designed, 
manufactured and tested. Although certain problems exist, possible causes for the 
problems have been indentified. The solutions to these problems will be seeked and 
implemented during the next phase of the project. 

Spring characteristics can be predicted with good accuracy, but the bulk modulus of the 
fluid needs to be taken into account at higher pressures. 
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Two discrete damping characteristics have been demonstrated, although the values for 
the high damping characteristic is too low for the current application. The lower than 
expected damping is attributed to a manufacturing problem and will be corrected on the 
improved prototype. 

Valve response times are acceptable for the current application. 

The SIMULINK model of the suspension system gives acceptable results, but it will be 
updated in the next phase of the project to include heat transfer effects, smooth valve 
switching transitions and switching at any operation point. 

5.     Recommendations 

The second phase of the project, as proposed in [25] should continue. Phase 2 of the 
project will focus on developing a complete vehicle model, validated against 
experimental results obtained from testing the baseline vehicle [26]. The vehicle model 
will be combined with the suspension model to simulate the whole system. 
Improvements and fine-tuning will be performed on the suspension hardware and a 
vehicle set will be manufactured. Phase 2 will consist of the following 7 tasks. 

i)   Complete (full) vehicle simulation model 

A simulation model of a Landrover 110 sports utility vehicle (SUV) will be 
developed in ADAMS. The model will include detailed suspension kinematics, non- 
linear springs, dampers and bump stops as well as steering geometry. Best possible 
estimates for center of gravity height, moments of inertia and chassis torsional 
stiffness will be used. 

ii) Baseline vehicle tests 

A Landrover 110 SUV will be obtained locally for testing purposes. The vehicle will 
be evaluated for ride comfort over repeatable test tracks of various roughness at 
known, repeatable and representative speeds. Weighted RMS vertical accelerations 
will be used to quantify ride comfort. Vehicle handling will be evaluated using a 
severe double lane change maneuver as well as constant radius tests. Test procedures 
and the choice of terrains will be focused on ensuring repeatability. This is important 
as the baseline test results will be used during Phase 3 to quantify the improvements 
offered by the controllable suspension system. 

iii) Validated vehicle model 

The results obtained from the vehicle simulation model will be compared with 
results obtained during testing. The parameters in the vehicle model will be modified 
if necessary to obtain acceptable correlation. 

iv) Mathematical models for suspension unit 

The mathematical model for predicting the spring and damper characteristics 
(including valve response times) that was developed during Phase  1, will be 
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improved and incorporated into the vehicle model to enable future development of 
control systems in Phase 3. 

v)  Improved prototype 

The existing prototype suspension will be improved to optimize characteristics, 
lower the mass, simplify the vehicle attachment points and mounting positions of the 
valves and accumulators. A prototype suspension unit will be manufactured 
according to the optimized design. Provision will be made to add ride height control 
at a later stage. The improved prototype will be characterized and tested to verify 
proper operation. 

vi) Manufacture vehicle set 

After successful testing of the improved prototype, a vehicle set of four suspension 
struts will be manufactured. The four struts will be tested to ensure conformance to 
the specification, and to detect premature failure due to seal damage during 
installation or manufacturing defects. 

vii) Visit to TACOM 

A visit to TACOM is planned to give feedback on the project progress as well as to 
discuss Phase 3 of the project. 

The outputs of Phase 2 will be a vehicle set of suspension hardware, validated 
simulation model of the vehicle, as well as test and simulation reports. 
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Appendix A 

MATLAB Model 

Al 



Ride Dynamics Model 

Introduction 

This appendix describes the derivation of the equations of motion used in a simulation program with a 
Runge-Kutta-type solver in MATLAB, for simulating the vehicle ride response of a Landrover Defender 
110 sport utility vehicle. The program was developed to obtain a quick running simulation tool for 
the development of the suspension control system of a semi-active suspension system, specifically with 
respect to the vehicle ride. It was argued that for a more comprehensive simulation including both vehicle 
ride and handling, it would not be economically justifiable to develop such a model within the MATLAB 
environment, since multi-body dynamics programs such as DADS (Dynamic Analysis and Design System) 
or ADAMS provides a simulation facility that is much simpler to use, from a user point of view, than 
MATLAB. 

The program described herein is based on equations of motion derived with Lagrangian dynamics, broadly 
in line with the methodology outlined by Genta [28, §6.3]. A simple point contact tire model is used. 
The suspension system kinematics are not modeled; instead simple assumptions are made that imply 
kinematic constraints determining the movement of the vehicle axles relative to the vehicle body. Small 
angle linearization is applied with respect to the rotation of rigid bodies, but the springs and dampers 
are modeled as fully non-linear elements. 

Axis systems, definitions and assumptions 

The axes systems as in [28, fig. 6.19, p. 360] are used: the X-Y-Z axis system is an inertia! system 
(and the vector base system associated with this is referred to herein as the X base) while the x-y-z axis 
system is the axis system attached to the vehicle body (i.e. sprung mass) with its origin at the body 
center of mass (and the vector base system associated with this is referred to as the B base). The a; axis 
points toward the front of the body, the y axis to the left and the z axis to the top. The symbols X, Y 
and Z are also used to describe the displacements of the body center of mass in the X-Y-Z axis system, 
i.e., the displacement vector of the body center of mass in the I base is [ X Y Z \T. Likewise, the 
displacement of the body center of mass in the B base is [ x y z \T. The displacement components 
of other points are distinguished form the center of mass displacement components through the use of 
subscripts. The same sequence of Euler angle rotations as employed by Genta on p. 360 is used here also, 
namely a yaw rotation ip about the Z axis, followed by a pitch rotation 6 about an intermediate y-axis, 
followed lastly by a roll rotation <j> about the x axis. 

The Landrover vehicle considered in this study has so-called rigid axles both front and rear. It is as- 
sumed that both these axles are kinematically constrained in such a way that their respective centers of 
mass, which are both assumed to lie in the x — z plane, displace with the vectors \_ x y zf \T and 
L x y zr \T expressed in the B base, while the sequence of Euler angle rotations that applies to the 
body also applies to the two axles, except that the front and rear axles roll (the third Euler rotation) 
through angles 0/ and <j>r, respectively, instead of through the body roll angle of <j>. 

The wheels and corresponding suspension members are numbered as follows: 1 for left front, 2 for right 
front, 3 for left rear and 4 for right rear. 

The following points and lengths are defined: 

• Point c: the center of mass of the vehicle body (unsprung mass). 
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• Point d{: the axle center of mass corresponding to the z-th wheel. This means that d\ and d% are 
the same point, namely the center of mass of the front axle. 

• Point e,: a point attached to the vehicle body on an axis that is parallel to the z axis and in the x-z 
plane such that the axis contains point d{. This means that e\ and e% are the same point, namely 
the point determined by the front axle as described above. 

• Length lof. the distance that ej is above dj (i.e., the difference in z coordinates between points ej 
and point di, positive if ej is above dj) under static loading (when the vehicle is stationary on a 
horizontal surface with its weight on its wheels). If point ej is chosen to be coincident with point 
di under static loading (i.e., as on a virtual extension of the vehicle body), l0i = 0. 

• Point gf. the point of attachment to the corresponding axle of the spring-damper-combination 
corresponding to the i-th wheel. 

• Point vt: the point of attachment to the body of the spring-damper-combination corresponding to 
the i-th wheel. 

• Point wi: the center of the tire-ground contact area of wheel i. 

Initially at t = 0 (i.e., before any rotation has taken place) the base vectors of the I base and the B base 
correspondingly coincide. The following position vectors are denned in the B base at t = 0: 

• That of point e,, relative to point c: [ Zjc/cl    0   Zjc/c3 JT (components constant with time) 

• That of point Vi, relative to point e,: [ 0    Zju/e2    kv/s3 JT (components constant with time) 

• That of point gi, relative to point dj: |_ 0    hg/d2    0 JT (components vary with time) 

• That of point tu,-, relative to point dj, with the vehicle under static loading conditions: 
L 0    h„/i2    h^/is \T (components vary with time). 

Expressed in base B, some of these vectors (those rotating together with the x-y-z axis system) will 
always remain the same, but in those cases where the vector does not rotate with the x-y-z axis system, 
its components will vary with time, as indicated above. Also note that the above definitions also imply 
assumptions on the positions where the spring-damper-combinations are attached to the axle units and 
the vehicle body. 

The kinetic energy expression of especially the sprung mass is significantly simplified if the displacement 
components expressed in the X base are chosen as generalized coordinates, but then the expression for the 
potential energy is much more complicated. The analysis is simplified by assuming that both the vehicle 
body roll and pitch angles cj> and 6 remain small so that the sines of these angles may be approximated by 
the angles themselves, while their cosines may be approximated by one. Furthermore, since only a ride 
simulation will be performed, no lateral excitation is allowed and the yaw angle ip and yaw rate ip are 
both assumed to be constrained to zero. Under these assumptions, considering the motion of the axles 
relative to the vehicle body, the distinction between the actual motion which happens in the y-z-plane 
and an approximation to this motion which is assumed to take place in the F-Z-plane becomes negligible. 
So, while earlier it was said that the axles are assumed to displace with the vectors [ x y Zf \T and 
I x y zr \T expressed in the B base, it is now assumed that these displacements are equally well 
described as the vectors [ X Y Zf JT and [ X Y Zr \T directly expressed in the I base, i.e., 
without transformation since the transformation matrix by approximation is an identity matrix. 

The generalized coordinates g* in which the dynamics of the problem is therefore described are Z, Zf, 
Zr, 6, cj>, 4>f and <j>T. The vehicle is assumed to be constrained in its motion to ensure that the velocity 
component in the X direction remains constant and that Y and ip always remain zero. 
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Potential Energy and Dissipation Functions 

It should be noted that this appendix deviates from the convention adopted in the rest of the report in 
that in this appendix the spring displacements in compression and damper compression rates are taken 
as negative while spring displacements in extension and damper extension rates are taken as positive. In 
the same way, in this, the spring/damper forces are taken as positive when in tension and negative when 
in compression. 

The elastic potential energy stored in the springs is given by: 

Us = Usi (z, zf, <t>, e, <t>f) + uS2(z, zf, <j>, e, <f>f) + uS3(z, zr, <j>, e, <t>r) + uSi{z, zr, </>, e, <t>r) 

where for the springs of the front axle, i = 1,2: 

Usi(z,zf,ci>,e,<l>f) = Usi(&i) ; &i = z-zf-u„j + iig/dM-h) 

Aj being the extension of the i-th spring, while for the springs of the rear axle, i = 3,4: 

Usi(Z,Zr,(/>,e,<t>r) = Usi(Ai) ;  Ai = Z-Zr-lie/cl6 + lig/d2(<l>-<t>r) 

Here it should be remembered that the expressions for Aj given above have been derived by linearizing 
the kinematics. Also, 

dUsi = dUsidAi=      rAxöAi 
dqt       0A;  dqi      

JSt(   l} dqi 

where Qrr 

fsi(Ai) - — 

is the spring force (positive in tension; a non-linear function of Aj) in the i-th spring. 

The elastic potential energy stored in the anti-roll bars is 

Uarb = 2k°rb/(<f> ~ <j>ff + %k<*rK(<t> ~ <t>rf 

The potential energy due to gravity is: 

UG = msgZ + nifgZf + mrgZr 

The total potential energy is given by: 
U = Us + UG 

The Rayleigh dissipation function is given by: 

TD = Tm (Z, Zf, i\>, 9,4>f) + TD2(Z, Zf, j>, 9,4>f) + TD3{Z, Zr, 0,9,4>r) + FDi{Z, Zr, j>, 0,tfy) 

where for the dampers of the front axle (i = 1,2): 

Toi{Z, Zf, 4>, 9,4>f) = JFoi(Ai) 

where for the dampers of the rear axle (i = 3,4): 

TDi{Z, Zr, <Ä, 9,4>r) = ?Di(Äi) 

where Äj is the extension rate of the i-th damper, and when linearized, indeed, 

Ä{ = Z - Zf - Zie/Cl 9 + lig/i2 {4>-4>f) 

A4 



in the case of the front dampers and 

Äi = Z-Zr- li./cl 6 + hg/d2 {j> - 4>r 

in the case of the rear. Also, 

dqi dAi   dqi dqi 

where 

fDi(Äi 

is the damper force (positive in tension; a non-linear function of A;) in the t-th damper. 

The linearizing assumptions that were applied to derive the linear expressions for both Aj and A* are: 

• The pitch and three roll angles 6, <j>, </>/ and 4>r remain small such that the sine of any of these 
angles is by approximation the angle itself while the cosine is approximated by 1. 

• The motion remains small (essentially a pertubational analysis) so that any terms containing prod- 
ucts of generalized displacements or their time derivatives, of the nature qtqj, qtqj or qiqj, were 
ignored, compared to terms linear in these variables. 

•    ^„/e2   — hg/dt 

Kinetic Energy 

Using the same small angle assumption as above, Genta [28, p. 361, 362] derives the following expression 
for the angular velocity of the vehicle body, expressed in the B base, in terms of the roll, pitch and yaw 
angles and rates: 

-- <   6 + <j>ip 

Substituting the additional assumption that the yaw rate is also zero in the above leads to 

In deriving the kinetic energy, the same approach is followed as in Genta [28, p. 363]. Here, however, a 
further simplifying assumption is made that the vehicle body product of inertia Jxz in the vehicle body 
axis is also zero, leading to a diagonal inertia tensor in the B base. This assumption is perhaps not 
fully justified, since neither the x nor the z axes of the body are axes of symmetry. In the case of the 
Landrover, however, this assumption is not too bad either. With respect to both the front and rear axles 
it is assumed that the moment of inertia of the axle about the axle axis (i.e., the y-axis) is negligibly 
small, compared to that of the vehicle body. Furthermore, it is assumed that the moments of inertia 
about the other two axes x and z are approximately the same, Jf in the front and Jr in the rear, and 
that these are the principle moments of inertia of the axle units. The kinetic energy of the whole vehicle 
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is then given by approximation by: 

T   =    \ms{X2 + Z2) + ^{ 

+ 1-mf{X2 + Z2) + \\ 8 

+ lmr{X
2 + Zl) + \{ 

(     1       \ 

6       > 

>   -<t>r0   , 

Jx 0 0 

0 Jy 0 \ 
0 0 J*. 

T 
\Jf 0 0 

0 0 0 

0 0    . Jf 

T 
"  Jr 0    ( 3 

0 0    0 

0 0   J r 

=  \ma{x2 + z2) + \jj2 + \jye
2 + \jz<i>2e2 

+ \mf{X
2 + Zj) + \jffi + \jf$& + \rnr(X

2 + Z2) + J Jrfi + ^<#0: 

'    it    ' 
<       0 

(9 

l    "<M   J 

2   ,    ?2\   ,    1 r 12    ,    ! 7 J.2ä2 

Virtual Work done by External Forces 

Virtual work done by forces on front wheel i (i = 1,2) is: 

SWwi = fWiz{öZf + hw/dzWt) 

Virtual work done by forces on rear wheel i (i = 3,4) is: 

ÖWwi = fwiz{ÖZr + k„/d264>r) 

Virtual work done by external forces: 

4 

6W = J2Sw
wi 

Equations of Motion 

Lagrange's equations are now derived using 

±&T_dT     dU     d? = 

dtdqi     dqi     dqi     dqi 

where Qi = 
d(SW) 
dSqi 
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Equation of motion w.r.t. generalized coordinate Z 

dT ■ 
—- — msZ 
dz 

■       ddT ~ 
. .    -  — msZ 

dtdZ 

dZ 

dU_   _    dUsi^    dUs2     d£s±    dUsi_     dUa 
dz        az + dz + az + dz + dz 

=   fsi (Z, Zf, 4>, M/) + fs2{Z, Zf,<f>, 6,<£,) + fS3(Z, Zr, <f>, 6, <j>r) + fSi(Z, Zr, <j>, 6,4>r) + msg 

9T    _    Tp\     Fpi     Tpz     Tpn 
~dz   ~   dz    dz     dz     dz 

=   fpi (Z, Zf, <j>, 0, <j>f) + fp2(Z, Zf, <p, 6,4>f) + fp3{Z, Zr, <t>, 8,4>r) + fpi{Z, Zr, <f>, Ö, <f>r) 

Q-mW-o 

■ ■  msz + fsi(z, Zf, <j>, e, <t>f) + fs2(z, Zf, <t>, e, 4>f) + fss(z, zr, <t>, e, <t>r) + fSi(z, zr, <j>, e, <j>r) 

+ msg + fD1(z,zfJ,e,^f) + fD2(z,Zf,^,e,^f) + fp3(z,zr,^,e,^r) + fpi(z,zrJ,eJr) = o 

Equation of motion w.r.t. generalized coordinate Zf 

dT 

az,   mfZf 

d_ 8T_ =       - 
dtdz,    mf f 

8T      n 

8Zf- = ° 

dU     _    dUsi     dUS2     dUG 

dZf    ~     8Zf + dZf + dZf 

=    -/si (Z, Zf, 4>, 6,<j>f)- fs2(Z, Zf, <j>, 6,cj>f)+ mfg 
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dzf   ~   dzf   dzf 

=   -fDi(Z,Zf,4>,6,4>f) - fm(Z,Zf,<j>,e,<t>f) 

Qz, d6Zf 
(SW) = fwlz + fw2z 

mfZf - fsi(Z,Zf, <f>,0, <j>f) - fS2{Z, Zs,<$>,9,<j>}) + mfg 

- fDl(Z,Zf,<j>,d,<j>f) - fD2(Z,Zf,<j>,9,(j>f)      =      fwlz + fw2z 

Equation of motion w.r.t. generalized coordinate Zr 

dT 
dZr 

mrZr 

d dT        ~ 
— r— = mrAr 
dtdZr 

dT 
azr 

= 0 

8U dUss     dUsi     dUG 

dzr        azr     dzT    dzr 

=     -fS3(Z, Zr, </>, 6,4>r)- fS4(Z, Zr, 4>, 9,<j>r) + mr9 

dZr dZr     dZT 

=     -fD3{Z,Zr,<j>,9,(j>r) - fDi{Z,Zr,<j>,9,(j>r) 

0*-«£»">- Jw3z + Jwiz 

. .    mrZT - fs3(Z, Zr, <f>, 9, (j>r) - fsi(Z, Zr , <j>, 0, <j>r) + mrg 

- /03 (Z, Zr, <}>, 0, <f>r) - fDi(Z, Zr, 4>, 9, 4>r)     = fw3z i   Jwiz 
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Equation of motion w.r.t. generalized coordinate 9 

^L = jye + jz(j)2e + jf<j>)e + jr4>2
r9 

89 

at 89 

«   Jy9 + 2JZ4>4>9 + 2Jf(j>f4>f9 + 2Jr<j)r4>r9 

where the terms in (f>2, <fi and $. have been neglected since roll angles <j>, <f>f and (j>r are assumed to be 
small. 

8T     n 

09=° 

8U dUsi     dUS2     dUS3     dUsA 
89 89 89 89 89 

-      -hc/clfsi(Z,Zf,<f>,9,(j)f)-l2c/cJs2(Z,Zf,<l),9,<f>f) 

- h./cl fs3(Z, Zr, </>,9, (j>r) - /4«/cl/SA(Z, Zr, <f>,9,4>r) 

8T    _    Tpi     Tp-j.     Tpz     !FDA 

89    ~     89       89       89       89 

Jie/el fm(Z, Zf, 0, 9, <j)f) - ht/clfD2(Z, Zf, <j>, 9, cf>f) 

h./cl fv3{Z, Zr, <p, 9, (j>r) - *4„/cl fDA(Z, Zr, $, 9, 4>r) 

. .    Jy9 + 2Jz(j>4>e + 2Jf<f>f(ff9 + 2JT<j>r^r9 - lU/c Js\{Z,Zf,<$>,9 <f>f)- -he/elfs2(Z,Zf,<j>,9 h) 

- ke/clfS3{Z, Zr, <j>, 9, 4>r) -ht/<:1fs4{Z,< Zr,<j>,9,(j>r) -h ,/ojDi{Z,Zf,(t>,9,<t>f) 

- kc/ci /D2 (Z, Zf, 4>, 9, <i>f) - h^i^JDz{Z-,Z r, <t>, 9, 4>r) - Uc/ dfDA (Z,Zr,4>,9,cl>r) = 0 

Equation of motion w.r.t. generalized coordinate <f> 

8T 

8*     '*+ 

ddT - it 
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d dT     dT v     T ^2 
dt d<f>     o<f> 

^L   =   dUsi     dUs2     dUss     dUsA     dUarb 

d<j> 3(j> d(j> d<f> d(f> d(f> 

=   hg/iJsx{Z,Zf,<t>,6,ct>f) + hg/dJs2(Z,Zf, 0,0, <t>f) + karbf(<t> - 4>f) 

+ hg/iJsz{Z, Zr, <t>, 6, (j>r) + hg/dJs4(Z, Zr, 0, 6, <t>T) + karK{<t> - 0r) 

dT   _    Tr>\     TD2     ?m     TDA 

50    ~     90       90       90       90 

=   h,/dJDi(Z, Zf, 0, 6, 0/) + l2a/iJD2(Z, Zf,j>,e, </»/) 

+ hg/„fDs(ZjrJÄ4>r)+h,/dafD4{Z,Zr,iÄ4>r) 

.".    Jx0- Jz<f& +llg/dJsi(Z,Zf,4>,6,<l>f) 

+ hg/dJs2{z, Zf, 0, e, <j>}) + h„dJs3(z, zr, <t>, e, 0r) + hg/djsi(z, zr, 0, e, <pr) 

+ hg/djDi{z,Zf^e\if) + hg/djD2{z,Zf^,e\if) + hg/djDz{z,zr,^eÄr) 

+ hg/djD4(Z,Zr,'i>J,J>r)+karb/(<l>-<t>f) + KrbA<t> ~ <t>r) = 0 

Equation of motion w.r.t. generalized coordinate 0/ 

wrJsh 

dt 90/ 

iWf~Wf = Jf{h~4>i°2) 
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au dUsi   , ÖC/S2  . dUaTb 

d(f>f        d(j>f        d4>f 

— -hg/dJsi(z,zf,<t>,e,<t>f)-h9/dJs2(z,zf,<t>,e,<t>f) 

- Krbf(4>- <t>f) 

dT 
= 

TD\        TD2 

d4>f      d(j)f 

-hs/djDl(Z,Zf,j>j,<Pf)-l2s/djD2(Z,Zf,j>,9,<j>f) 

.".    Jf(4,f-cf>f6
2) -l lg/djsi(z,Zf^,e^f)-i2g/djS2(z,zf,<i>,e,4>f) 

-llg/d2fDl{Z,Zf,(f>, 

2 

Ö, 4>f) - hg/d2fD2{Z, Zf, <j>, 6, </>/) - karbf (4> -<j)f)    =   ^2 fwizU„/d2 

i=l 

Equation of motion w.r.t. generalized coordinate <pr 

•        ddT        TÄ 
dt d<t>r 

—— = jr<t>rv 
OCpT 

d dT      dT           ■■          i2 

dt d(j>r      o(j>r 

du 
d(j>r 

- 
dUS3  , dUSi , dUarb  _l_ _j_  

d(f)T           d(f>r            d<t>T 

— - hg/d2fs3(Z,Zr,ip,0,<f>r) - hg/d2fsA{Z,Zr, 0,6,<j>T) 

- karbr(<t>- 4>r) 

dT 

d4>r 

= 

TDZ     TDA 

d(pr         d(j>r 

- hg/d2fD3(Z, Zr, 4>, 6, <j>r) - hg/djDi{Z, Zr, 0, 6,0r) 

d                  4 

Q<p, = dö,   (sw) = ^fwizhv,/d2 

All 



.  jTßr - ct>re
2) - i3g/djs3(z,zr, (j>,e, fa) - hs/dJs4(z,zr,<f>,e,<t>r) 

4 

- hg/djDs{Z, ZT, 4>, 9, ir) - hg/i2 fD4 (Z, Zr, j>, 9, j>r) ~ karbr (<A ~ <t>r)      =     ^ f***K,i 
i=3 

Let the state vector be defined as 

q=[z zf  zr e <j> <t>f  <j>r z zs  zr e 4> h  fa \T 

Then the above 7 equations of motion may be summarized as follows: 

Mq = F(q,f) (Al) 

where £ is a nonlinear column vector function of the state vector and the wheel force vector f_w, which 
contains the vertical components of the wheel forces. The matrix M is given by 

M = 
h      [0]7 

[0]7      M[22] 

where h and [0] 7 are a 7 x 7 identity and zero matrix, respectively, and where the 7 x 7 submatrix M[22] 
is given by: 

~ ms 0 0 0 0 0 0 
0 mf 0 0 0 0 0 
0 0 mr 0 0 0 0 

M[22] 0 0 0 Jy 0 0 0 
0 0 0 0 Jx 0 0 
0 0 0 0 0 Jf 0 
0 0 0 0 0 0 Jr 

Thus it is seen that the matrix M is diagonal. 

If £ is divided into two 7x1 sub-vectors F^ and £[2], such that £T = [ F_f^    £^j J, then 

Z[I] = [[0]T   Ir]g 

while the column vector £j2] is given as follows: 

1st row: 

- fSi{Z,Z},<l>,9,(j>f) - fs2{Z,Zf,(j>,0,<t>f) - fS3(Z,Zr,<j>,0,<Pr) - fs4(Z,Zr,<j>,6,(l>r) - msg 

- fDi (z, zf, 4>, e, j>f) - fD2(z, zf,<j>, e, <t>f) - fD3(z, zr, j>, e, i>r) - fDi{z, zr, j>, e, i>r) 

2nd row: 

3rd row: 

/si {z, zs, 4>, M/) + fS2 (z, Zf, <j>, e,<t>f)- mfg 

+ fD1 (Z, Zf, j>, 9, <£/) + fm (Z, Zf, <j>, 9,4>f) + fwiz + fw2z 

fS3 (Z, ZT, <t>, 9, <pr) + fs*(Z, Zr, <t>, 0, <f>r) - mrg 

+ fD3(Z, Zr, 4>, 9, fa.) + fDi(Z, ZT, 4>, 9, 4>r) + fwZz + fwAz 
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4th row: 

-2Jz<PW-2Jf$f(tf6-2Jr(ßr$r0 + lic/cJsi(Z,Zf,(t>,6,(t>f) + l^/cJs2(Z,Zf,(l>,e:(f>f) 

+ h./el fss (Z, Zr, <f>, 0, <pr) + Um/el fsi(Z, Zr, cj>,0, <t>r) + hm/el fm (Z, Zf, j>, 0, <£,) 

+ fe</ejD2(^,^/,0,ö,^/)+/3./el/D3(^,^r,^ö,^) + /4./Bl/l>4(^,^r,^ö,0r) 

5th row: 

jz<t>d2-hg/dJsi(z,Zf, <f>,0,<j>f) 

- hg/dJs2(z, Zf, <p, 0, 4>f) - hg/djsz{z, zT, <j>, 0, <t>r) - hg/ijsi{z, zr, 4>, e, fa) 

-hg/djDi(Z,Zf,i,ö\$f)-hg/dJD2(ZjfJj,if)-l3s/dJD3(Zjr,i,6,4>r) 

- hg/d2fDi(Z,Zr,4>,d,4>T) - karbf{4> - 4>f) ~ karbr(<t> ~ <t>r) 

6th row: 

jfhö2+hg/dJsi{z,Zf,<j>,e^f) + i2g/ijs2{z,Zf^,e,(i>f) + hs/ijDl{z,ZfÄ,eÄf) 

i 

+ hg/d2fD2{Z,Zf,^>,6,4>f)+karb{{(t>-4>f)+'^2lfwizkv,/d2 
i=l . 

7th row: 

Jr<t>r02 + hg/d2 fS3 (Z, Zr, 0,0, <f>r) + hg/dJsA (Z, Zr, <j>, 0, <j>r) + l3g/dJD3 (Z, Zr, j>, 0, fa) 

4 

+ hg/d2fDi{Z, Zr, (j>, 0, fa) + karbr (<f> - (j>r) + 22 fwizhw/d2 

i=3 

The equation (Al) is recognized as a first order differential equation in a form that MATLAB can solve 
using its built in Runge-Kutta solvers. 
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Appendix B 

Basic Dimensions of Prototype Suspension Unit 
(All dimensions in mm - do not scale) 
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