
AFRL-VA-WP-TP-2002-333 

NASH SOLUTION BY EXTREMUM 
SEEKING CONTROL APPROACH 
Yaodong Pan 
Tankut Acarman 
Ümit Özgüner 

DECEMBER 2002 

I Approved for public release; distribution is unlimited. 

© 2002 IEEE 

This work is copyrighted. The United States has for itself and others acting on its behalf an 
unlimited, paid-up, nonexclusive, irrevocable worldwide license. Any other form of use is subject 
to copyright restrictions. 

20030128 AIR VEHICLES DIRECTORATE fc v v rf w itw 
AIR FORCE RESEARCH LABORATORY 
AIR FORCE MATERIEL COMMAND 
WRIGHT-PATTERSON AIR FORCE BASE, OH 45433-7542 

191 



REPORT DOCUMENTATION PAGE 
Form Approved 

OMB No. 0704-0188 
The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, searching existing data 
sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate, or any other aspect of this collection of 
information, including suggestions for reducing this burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson 
Davis Highway, Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a 
collection of information if it does not display a currently valid OMB control number. PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.  

1. REPORT DATE (DD-MM-YY) 

December 2002 

2. REPORT TYPE 

Conference Paper Preprint 

3. DATES COVERED (From - To) 

4. TITLE AND SUBTITLE 

NASH SOLUTION BY EXTREMUM SEEKING CONTROL APPROACH 

6. AUTHOR(S) 

Yaodong Pan 
Tankut Acarman 
Ümit Özgüner 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 

Department of Electrical Engineering 
The Ohio State University 
2015 Neil Avenue 
Columbus, OH 43210 

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 

Air Vehicles Directorate 
Air Force Research Laboratory 
Air Force Materiel Command 
Wright-Patterson Air Force Base, OH 45433-7542 

5a. CONTRACT NUMBER 

F33615-01-C-3151 
5b. GRANT NUMBER 

5c. PROGRAM ELEMENT NUMBER 

69199F 
5d. PROJECT NUMBER 

ARPF 
5e. TASK NUMBER 

04 
5f. WORK UNIT NUMBER 

T2 
8. PERFORMING ORGANIZATION 

REPORT NUMBER 

10. SPONSORING/MONITORING AGENCY 
ACRONYM(S) 

AFRL/VACA 

11. SPONSORING/MONITORING AGENCY 
REPORT NUMBER(S) 
AFRL-VA-WP-TP-2002-333 

12. DISTRIBUTION/AVAILABILITY STATEMENT 
Approved for public release; distribution is unlimited. 

13. SUPPLEMENTARY NOTES 
Conference paper proceedings of the IEEE Conference on Decision and Control, Las Vegas, NV, December 10, 2002. 
© 2002 IEEE. This work is copyrighted. The United States has for itself and others acting on its behalf an unlimited, 
paid-up, nonexclusive, irrevocable worldwide license. Any other form of use is subject to copyright restrictions.  

14. ABSTRACT 

In this paper, we propose an algorithm to solve the Nash equilibrium solution for an «-person noncooperative dynamic 
game by the extremum seeking control approach with sliding mode. For each player, a switching function is defined as 
the difference between the player's cost function and a reference signal. The extremum seeking controller for each player 
is designed so that the system converges to a sliding boundary layer defined in the vicinity of a sliding mode 
corresponding to the switching function and inside the boundary layer, the cost function tracks the reference signal and 
converges to the Nash equilibrium solution. 

15. SUBJECT TERMS 

noncooperative game, Nash equilibrium solution, extremum seeking, sliding model 

16. SECURITY CLASSIFICATION OF: 

a. REPORT 
Unclassified 

b. ABSTRACT 
Unclassified 

c. THIS PAGE 
Unclassified 

17. LIMITATION 
OF ABSTRACT: 

SAR 

18. NUMBER 
OF PAGES 

12 

19a. NAME OF RESPONSIBLE PERSON (Monitor) 

Mark Mears 
19b. TELEPHONE NUMBER (Include Area Code) 

(937) 255-8685 

HES&S 31-15093-1 

Standard Form 298 (Rev. 8-98) 
Prescribed by ANSI Std. Z39-18 



Nash Solution by Extremum Seeking Control Approach1 

Tankut Acarman3 Ünjit Özgüner4 
Yaodong Pan2 

Abstract 

In this paper, we propose an algorithm to solve the 
Nash equilibrium solution for an ra-person noncooper- 
ative dynamic game by the extremum seeking control 
approach with sliding mode. For each player, a switch- 
ing function is defined as the difference between the 
player's cost function and a reference signal. The ex- 
tremum seeking controller for each player is designed so 
that the system converges to a sliding boundary layer 
defined in the vicinity of a sliding mode correspond- 
ing to the switching function and inside the boundary 
layer, the cost function tracks the reference signal and 
converges to the Nash equilibrium solution. 

Keyword: Noncooperative Game, Nash Equilibrium 
Solution, Extremum Seeking, Sliding Model 

1 Introduction 

For an »-person noncooperative dynamic game, each 
player defines a cost function and adjusts some of the 
control parameters to minimize his own cost function 
[1][2] to find a Nash equilibrium solution. When the 
cost function as a measurable variable or a combina- 
tion of some measurable variables can not be exactly 
formulated, i.e. when the form of the cost function is 
not given mathematically although it is measurable, ex- 
tremum seeking control with sliding mode can be used 
to solve for the Nash solution. 

Extremum seeking control approaches have been pro- 
posed to find a setpoint and/or track a varying set- 
point so that a cost function (which may be unknown) 
of the system reaches the extremum[3][4][5][6]. The 
extremum seeking controllers with sliding mode have 
been proposed[7][8][9][10], and can be explained by the 
configuration in Figure 1. The switching function s(t) 
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2The Ohio State University, Department of Electrical En- 
gineering, 2015 Neil Avenue, Columbus, OH 43210, e-mail: 
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is defined as 
s(t) = y(t)-g(t) 

where g(t) is a reference signal. The setpoint for the 
minimum (or maximum) can be reached no matter how 
the plant changes. With this control method, the slid- 
ing mode s(t) = 0 happens, the system osculates in 
the vicinity of the sliding mode s(t) = 0, i.e. oscillates 
inside a sliding boundary layer \s(t)\ < e, and a mini- 
mum or maximum point can be reached in the sliding 
mode, as shown in Figure 1. Designing an extremum 

> u=a(x,0) * x=f(x,u) y=Kx) 

-fcsgn(.s) -^ 
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Figure 1: Extremum Seeking Control Using Sliding Mode 

seeking controller for each player ensures that the dy- 
namic game system converges to the Nash equilibrium 
point. 

The arrangement of the paper is as follows. Section 2 
describes the problem formulation; Section 3 proposes 
the extremum seeking algorithm using sliding mode to 
calculate the Nash equilibrium solution; and Section 4 
gives simulation results. 

■,,*■      2 .Problem Formulation 

Consider an ^-person noncooperative dynamic game 
described by a nonlinear system 

ix(t) = f(x(t), t»x(t), «2(*), • • • - «»(*))       0) 
at 

with cost function for i-th player 

Ji(t) = Ji(x{t)),    (i€N) (2^ 
v   ■-■■' '"a 

where N is the index set of player defined as 

JV = {1,2,.•.,»}, 

x(t) e Rm, Ui(t) €R(ie N), and J<(*) € R (i € N) 
are the state variable, the i-th player's control input, 

ASC -02-39*5 



and the i-th player's cost function, respectively. The 
functions, f(x(t),u1(t),u2(t),---,un(t)) and J4(x) (t € 
N) are assumed to be smooth. 

Assumption 1 There exist smooth control laws 

ui(t) = ai(x(t),0i),    (izN) (3) 

for all players to stabilize the above nonlinear system 
(1), where 0j € 0< (ieN) is a control parameter. 

With the control input (3), the closed-loop system of 
the nonlinear system (1) is determined by 

£*(*) = /(*(«), oi(*(«), Öl), a2(x(t), 02), •■-, an(x(t), 0n)) 

Assumption 2 There exist a smooth function xe: 
R -*■ Ä" sticA that 

f(x(t),ai(x(t), 0X), a2(x(t), 02), -.., an(x(t), 0n)) = 0 

x = xe(0i,92,--,en) 

i.e., every n-tuple of the control parameters 0t € 
©i (i € N) determines a unique equilibrium point 
xe(9i,02,--,9n). 

Assumption 3 The static performance map at the 
equilibrium point xe(e1,02,---,9n) from a n-tuple of 
0i € Qi (i 6 N) to Ji(t) represented by 

Jt   =   J(*.(*i,fc,. •-,*„)) 
=    J(0i,82,--,0n),    ,fi€N) 

is smooth and has a unique Nash equilibrium solution 

J*(0i,0|,---,0*) 

at point (61, 0\, ■ ■ -, 0*) such that   ,% 0^ 
Ml''" 

V0<   e   Qi,(ieN) 

Assumption 4 The partial derivative of the static 
*       performance map Jf (i e N) satisfies 

d 
T.-.**        '«^©läT-W   v^   fit") 

*\$ 
'Mi xxyyd0i~ 

3 Extremum Seeking with Sliding Mode 

To design an extremum seeking controller with sliding 
mode for the t-th player (* € N), a switching function 
is defined as 

Si(t) = Ji(t)-gi(t) (4) 

where the reference signal <fc(t) e R is determined by 

ft(*) = AW. (5) 

where the time-varying parameter ßi(t) will be given 
later. Then a sliding boundary layer based on the above 
switch function is defined as 

M«)l<« (6) 
where 6j > 0 is a small positive constant. 

Let the variable structure control law be 

Vi(t) = -A;isgn(si(t)) (7) 

and the parameter Oi satisfy 

0i(t) = Vi(t) 

where ki is a small enough positive constant. 

Assumption 5 The dynamic system given in (1) is 
much faster than the one of the parameter 0i 's adjusting 
process, i.e. 

IS*M»l5*l- 
Therefore in the design of the extremum seeking con- 
troller, the cost function Ji(t) can be replaced by the 
static performance map 

Jf = Ji(01,02, • • •»Qn)- 

Assumption 5 is reasonable once ki is small enough. 

Assumption 6 The setpoint (0\, 02, ■•-, 0„) corre- 
sponding to the Nash equilibrium solution is in the 
vicinity of the initial n-tuple of 0t(O) (i € N). Thus 
the partial derivative of the cost function Ji(t) onOt is 
bounded by a positive constant 74, i.e., 

\-^-iJi(0i,02,---,0i,---,0n)\<'n        (8) 

Based on the above assumptions, the derivative of the 
switching function Si(t) is given by 

♦* The control objective is to solve the Nash equilibrium 
solution J*{0\, #2, •• •, 0*) by adjusting the parameters 
0i by each player (t € N) separately. =    ~Wi{0u02,■■■,0n)kiSgn(si(t)) -ßi(t) 

dt 

t ¥! "'■ - *' ft 



where W(ß\, 62, • • •, On) is determined by 

V>  Ö AsgnQ^t)) 

According to Assumptions 4 and 6 and if the positive 
constant A* (i 6 N) is bounded by some constant, it 
can be shown that Wi(0i, 02) ■• •»M k bounded. To 
simplify the notations, it is assumed to be bounded by 
7i (i e N), i.e. 

\Wi(0i,92,.»t0n)\<Tt.   (i€N) 

Define a Lypunov function as 

Vi(t) = \*}{t) (9) 

Then 

±Vt(t)    =    *(t)|*(*) 
=     -W«(fli, 02, • • •, tf»)*j|**(*)| - Si(t)ßi(t) 

According to sliding mode control theory, to ensure the 
convergence to the sliding mode s<(t) = 0 or the slid- 
ing boundary layer |sj(i)| < e«, the above derivative 
must be negative. Therefore the time-varying parame- 
ter ßi(i) outside the sliding boundary layer (6) is chosen 
as 

*®-{-&$t?     <io) 

where ß\ and ß\ are positive constants satisfying 

ßi    >   lih + Oi 
ßi    >   lih + Oi 

Oi is a positive constant. Thus the following holds. 

jtVi(t)    <   -<r,|«(*)|,    W*)|>6|        (11) 

which means that the system will enter the sliding 
boundary layer |sf(*)| < ^ in a finite time and stay 
there-oince than. JL^JL 

Inside the sliding boundary layer |sj(t)| < ei, the time- 
varying parameter ßi(t) is chosen as 

Pt(t)-\2eiS(t-t0), si(t) = ei 

where ß\ is a positive constant satisfying 

ßi > 7i*i + ^i. 

6(t — to) is the impulse function defined as 

(12) 

f Jto 
6(t - t0)dt   =    1 

t0 is the time instant when Si(t)|t=t0 = et. 

With the parameter ßi(t) designed above, inside the 
sliding boundary \si(t)\ < et except for one of the 
boundaries, Si(t) = ei( the reference signal gi(t) keeps 
decreasing with 

ft(«) = -ßi- 
At the same time, the cost function Jf(t) may increase 
or decrease but the absolute value of the change rate 
of Ji(t) is less than the one of &(*) as 

\Ji(t)\ =  |Wi(«i,fc. ■••.'»)!** 
<   nk < ßi - c?i < ßi = \9i(t)\ 

Therefore Si(t) = Ji(t) - gt(t) will increase, i.e., the 
system will move toward the sliding boundary s»(t) = et 

and reach the boundary at some time instant to. Then 
with the adjusting rule <n(t) = -2ciJ(t-t0), the system 
will move to the another boundary Si(t) = -u as 

s»(*o) Ji(t0) - 9i(t0) = ^ 

JM)-gi(4) 

(Ji(to)-gi(to))-2ei        6(t-to)dt 
Jto 

=   -et 

After then, the system will move from the boundary 
Si(t) = -et to another one s*(t) = eit again while the 
reference signal &(t) keeps decreasing. In this way, the 
system will vibrate inside the sliding boünaary hiföt 

l«(*)l<& 

> 

It is assumed that the system reaches the boundary 
Si(t) = a at time instants t = to,ti,t2,--- as shown    ^ 
in Figure 2. If the sliding boundary layer is chosen to 

A, 

Exlnnium SMKIng Comral wHi autig Mod» 

0.8 *.■■•> v. 
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Figure 2: Extremum Seeking Control with Sliding Mode 

be narrow enough, then it is reasonable to assume that 
every period [ti,ti+i) (i = 0,1,2, •••) is very short so 
that the function Wi(0i(t), 62(t), • • •, 0„(t)), denoted as 

atj = Wi(<h{t), B2(t), • • •, *»(t))|t6to,t«+i), 0' = 0,1,2, • • •) 



is a constant in each period and satisfies 

Kil<7<-    Ü = 0,1,2,...) 

Now let's show that the cost function J{(t) will decrease 
while the system vibrates inside the sliding boundary 
layer. 

At the time instant to, 

*(*o) = Ji(t0) - gifo) = €i. 

Then at the time instant t£, 

9i(*o)   =   9i(to) + 2eit 

Let toi denote the time instant when Si(*)|t=toi = 0 
(to <toi< h). For tt < t < «01, the fallowings hold. 

«(*)   =   Ji(t)-9i(t)<0, 

Mt)   =   -ai,ofc<sgn(si(*)) = ctiflki, 

9i(t)   =   -ßt<0 

which yield 

Mt)   =   Mto) + aifiki(t-t0) 

9i(t)   =   9i(t0) + 2ei-ßi(t-t0). 

According to 

*<(<oi) = Ji(toi)-9i(toi) = 0 

the time instant *oi can be found as 

*oi = to + 
ßi + ai>0ki 

and Ji(t) and gi(t) at t = *oi are given by 

■Woi)   =   Mt0)+.eiai^ 
ßi + aifiki 

9i(toi)    =   ft(to) + 2e< --* tißi 
ßi + CXiflki 

For «oi < t < to, the followings hold. 

Mt)   =   Mt)-9i(t)>0, 
j(t)   =   -ctifih, 

9i(t)    =    -A<0 

which yield 

Mt)   =   Mtoi)-<Xifiki(t-t01) 

9i(t)   =   9i{toi)-ßi{t-toi) 

According to 

Si(ti) = Mti)-9i(ti) = ei 

the time instant f i can be found as 

ti = toi + -=——-, 
Pi - <*ifiki 

and Ji(t) and gt(t) at * = *i are determined by 

Mh)   =   Mto)-2eilr «lot 
%-<tfikl 

i.e., the cost function Jt(t) and the reference signal gt(t) 
decrease in the period [«o,*i) as 

Pi ~ai,0Ki 

9i(tx)-9i(to)   =   -teij^ <0. 
ßl-cZfikl 

In a similar way, it can be shown that before the Nash 
equilibrium solution is reached, the followings hold. 

M*o)   >   Mh)>Mt2)>-- = 0 
9i(to)   >   9i(t1)>gi(t2)>-- = 0 

When the Nash Solution is reached at a time instant 
tm, i.e. when aiti = 0 (J = m, m +1, m + 2, • • •), Jt{t) 
and gi(t) will keep to be a constant. 

Theorem 1 Consider the dynamic noncooperative 
game described by the state equation in (1) with the 
control input in (3), the sliding mode controller with 
extremum seeking control approach for the i-th player 
(i € N) designed as 

Mt)   =   Mt)~9i{t) 
0i=   =   vt(t) 
Vi(t)   =   -fciSgn(s,-) 

-ßi, 

9i(t)    =    I "A- 

I       Ä, 
ensures   that   the   cost functions  J4(«)   (i    e    N) 
are minimized to get the Nash equilibrium solution 
j*(n,o*2,-,o*n). 

Si(t) < -€i 

^€* <x8iii) < €< 
Mt) = C< 
Si(t) > a 

Remark 1 The variable structure control rule for the 
i-th player (i € N) may be replaced by 

Vi{t) = -kisgn{sin{wisi(t)*/2/ei)),    (i € N)    (13) 

where u>,- > 1 is a positive number, then the ampli- 
tude of the vibration on the cost function Jf(t) becomes 
smaller for larger u;< , which stül results in a stable 
extremum seeking control. 



Remark 2 To implement the proposed algorithm for 
the sampled-data system and also to simplify the con- 
troller, the reference signal gi(t) (i € N) can be modi- 
fied as 

*® = {~k M^t'iiN>      (14) 

where ßi satisfies 

hßiTi = 2e{ 

Ti is the sampling interval and U is a positive constant 
which indicates the number of the sampling intervals 
when gi(t) = ßt (i € N). 

4 Examples 

Consider a two-person noncooperative dynamic game 
described by a second-order linear system with un- 
known parameters. 

-1   0.2 m 0.3   -1 
x(t) 

+ 0.5(ut(t) - 2 - 0.1u2(*))2 +1-0 
0.7(u2(«) - 1 - 0.2ui(t))2 + 0.5 

The cost functions for two players are respectively de- 
fined as 

Mt)    =   *i(t) 
Mt)    =   x2(t) 

The control input is chosen to be the control parameter, 
i.e. 

Ui(t) = 6i(t),    (i = l,2) 

Then it is clear that the Nash equilibrium point is given 
by 

0\   =    1.4286 

0|    =   2.1429. 

The proposed extremum seeking control algorithm is 
implemented for the above system with sampling in- 
terval as T = 0.01 second and other parameters as 

ßi   =   0.005,    ßi = 5.0,    k = 2 

€i    =   0.05,    &i = 0.01,    (i = l,2) 

The simulation results are given in Figure 3, which 
shows that the system enters the sliding boundary layer 
in a finite time and then oscillates inside the layer while 
the cost function keeps decreasing with oscillation until 
the Nash equilibrium point is reached. The amplitude 
of the vibration can be reduced by choosing a smaller 
boundary layer e. Figure 4 are simulation results with 

£i = 0.01,    Ä = l.(i = l,2) 

Using the control laws given in Remark 1, as shown 
in Figure 5, results in higher control accuracy with a 
larger constants u>j (i = 1,2). 

5 Conclusion 

The extremum seeking control approach with sliding 
mode proposed in [7] [8] [9] [10] was implemented in an 
n-person noncooperative dynamic game to calculate 
the Nash equilibrium solution. With the designed con- 
troller for each player in the game, the system enters 
a sliding boundary layer and stays there while the cost 
function decreases with oscillating behavior, until the 
Nash equilibrium solution is reached. The simulation 
result show the effectiveness. 
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Figure 3: Nash Solution by Extremum Seeking Control^ = e2 = 0 
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