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p)Ym^FYO¤�XFbGX+^Fej1no[GZ$d�b R$X�QFYOUGQF`aUG`an5STV�lTY;^O[GYFbG[GSOZ$n5YFZ$_³noSTUGlT[ Z$d�b R$X�c7`aUGX+^XFªa`aYObG[GSOZ$nkdT[GlTXrbGR$X1¤�[ Za[ ¤�[ �OYFbG[GSTZ�STV7Y;¯3SalaXNXFªa`aYObG[GSTZJ¥mÁa§+e ¢ ZJb R$XVmSTUGUGSa®1[GZ$dTf)SOZ$UGh�bG®rSJ[G¤1p)So^FbGYFZab7V+So^O¤!`aU YOX!Ym^OXNda[GlTXFZ�V+So^JV+`o^Ob R$X+^_a[GnoQF`anono[GSTZ³YFZa_�QFST¤1p)Ym^F[GnoSTZae�i)R$X�c7`aUGX+^�XFªa`TYOb [GSTZ$n�So¯3bGYO[ Z$XF_V ^OST¤ b R$X�c7ªTe�«F¦o¬�QFYFZ�¯3X�_aXFnoQm^O[ ¯3XF_¸YOn¡V+STUGUGSa®1[GZ$d£bG®1S[ Z$_aXmp)XFZ$_aXCZ$bFp3Ym^ObGn7YOQFQFSo^O_a[ Z$dNbGS x YFZa_ y QFSTSo^O_a[GZaYObGXFnoé
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è XNQFYOZJ`anoXNV+[GZa[GbGXN_T[GV+V+Xm^OXFZ$QFXFn1bGS�_aXm^O[GlTXNY;papT^OST±a[ ¤�YFbG[GSOZ$n1bGS!b R$X_a[GV+VmXm^OXFZabG[ YOUJYFZ$_�_aST`C¯3UGX�_a[GV+V+Xm^OXFZ$bG[ YOUJSTV�bGR$X�Y;¯3SalTX�V+`aZ$QFbG[GSTZ$eP�`C¯3nobG[GbG`abG[ Zad�b R$XFnoX�[ Z'b R$X�Y;¯3SalTXJXFªa`aYObG[GSTZ$n!®1[GUGU
da[GlTXJYrp)YF[ ^JSTVnChOnobGXF¤�nNSaVkXFªa`aYObG[GSTZ$n!V+So^�V+[ Z$_T[ Z$d x YFZ$_ y QFSaSo^O_a[ ZaYObGXFn!b RaYOb¤�[ Za[G¤![
�OXFn�b R$X�XFZ$X+^Odah5V+`aZ$QFbG[GSTZ�STV�bGR$X'YOQFbG[GlTX5QFSTZ$bGST`C^Ferc7YOQCRp)ST[GZ$b$[ ZNb R$X1YOQFb [GlTX1QFSTZ$bGST`C^rQFYFZk¯3X1QFSTZ$lTXm^ObGXF_!bGSNlTXFQFbGSo^1Z$STbGYObG[GSTZ®1[GbGR )(v , iii yx= e!i)R$X1V+[ Z$YFU$Za`a¤�X+^O[GQFYFU�noSTUG`ab [GSTZ![Gnof
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Where, iimageximg xyxEif ∂∂= /),()(_ ,YFZ$_

iimageyimg yyxEif ∂∂= /),()(_
Ym^OX1[ ¤�YOdaXkV+So^OQFXFn��YFZ$_

iadptxadpt xyxEif ∂∂= /),()(_ and

iadptyadpt yyxEif ∂∂= /),()(_
Ym^OXkYO_TY;p)b [GlTX1XF±abGXm^FZ$YFU�V+So^OQFXFnoe C[Gn
Y)p)XCZ$b YO_a[ YOdaSTZaYOU$¤!YOb ^F[G±N[ Z$QFUG`T_a[ Z$dNnoST¤�X)p)Ym^FYO¤�XFbGX+^ infor-¤�YFbG[GSTZ!no`aQCR!YOn α YFZ$_ β faYFZ$_ l [Gn
Y1nobGXmp�no[
�OXFe t denotesbG[G¤�XknobGXmp)fa®1R$[ UGX

tx YFZ$_
ty Ym^OX1lTXFQFbGSo^On
[ Z$QFUG`a_T[ Z$dNb R$X x YFZa_

y QFST°mSo^O_a[GZaYObGXFn
STV3b R$X1YOQFb [GlTX1QFSTZ$bGST`C^rSOZ!bG[ ¤�X t .

B. ×�ØaÙGÚ Û Ü)ÝoÞaßaÛ àOáTÚ��)àFäOÚGçaÝ7â)ÛGàFÙGß
×�çaßTàOÙ

i)R$X![G_aXFY!b RC^OST`adTR�b R$XNY;pTpT^OSTYOQFR�[GnrbGS�_aXFbGXFQFb
b R$Xk^OXFQFbGYFU7UGYOhOXm^STZ$X�¯)h�STZ$X³V ^OST¤ [ ZaZ$X+^³bGS¡ST`abGXm^�¯)h�_aXOVmSo^O¤!Y;¯3UGX�¤�ST_aXFUGei)R$Xm^OXFV+So^OXFf�®1R$XCZJSOZ$XrU YOhTXm^r[Gnk_aXFUG[ Z$XCYObGXF_af$b R$XrYOU daSo^O[ b Ra¤�n;R$ST`aUG_¯3X1Y;¯3UGX1bGSN_aXOV+So^O¤�b R$XkYOQFbG[GlTX1QFSTZ$bGST`C^kYOdaYF[ Z!YFZ$_NnoXFYm^OQFR!b R$X1Z$XF±abUGYOhOXm^5YO`abGST¤!YOb [GQFYOUGUGhOerÃ
`abN_a`o^F[ Z$d�b R$X�XF±Cp)Xm^F[G¤�XCZ$b f1[Gbr[Gn�V+ST`aZ$_b R$YFb�YOV+bGXm^�_aXFbGXFQFbG[ Z$d�b R$X�[ ZaZ$X+^�¯3ST`aZ$_aYm^Oh�b R$X�YOQFb [GlTX�QFSTZ$bGST`C^¤�ST_aXFU5®1ST`aUG_�Z$STb5XF±Cp3YFZ$_�YOn�XF±Cp)XFQFbGXF_ae'i)Ra[Gn�[Gn5pT^OXFQF[GnoXFU+hRaY;pap)XCZ$XF_�[ Z5b ^OYO_T[Gb [GSTZ$YFU1noZaYO©aXFnJYOUGdaSo^F[Gb Ra¤�n���SOZ$QFX'YFZ�YOQFbG[GlTX¤�ST_aXFU�Ym^m^F[GlTXFn'YOb!b R$X�XCZ$Xm^Odah�¤�[ Za[G¤!`a¤!f![Gb�®1[GUGU!Z$STbJ_aXFV+So^O¤
again.Ãkh!YOZ$YFUGh��O[GZ$d�b ^FYO_a[ bG[GSTZaYOU3n;Z$YF©aXFn1V+So^O¤�`aU YOXFf)®1X!QFYOZ�V+[ Z$_Jb RaYOb[G¤!YOdaXNXFZ$X+^Odah![Gn1YNdo^FYO_a[GXCZ$b3lTXFQFbGSo^!YOV+bGXm^
p)X+^OV+So^O¤�[ Z$dJY!do^FYO_a[GXCZabSop)Xm^OYObG[GSOZ�SOZ5b R$X�So^F[Gda[ ZaYOUk[ ¤�YFdaXFeku1Sa®1XOlaXm^Of
b R$XJ[G¤!YOdaX�V+So^OQFXFf®1R$[GQFR�_o^O[GlTXFn�b R$X�_aXFV+So^O¤�YFbG[GSOZ�STV'b R$X�YOQFb [GlTX�QFSTZ$bGST`C^OfJ[Gn�YdC^FYO_a[GXCZabrlTXFQFbGSo^'So¯3bGYO[GZ$XF_5V ^OST¤�b R$X�do^FYO_a[GXCZabrSop)Xm^FYObG[GSOZ�STVNb R$X[G¤!YOdaX�XFZ$X+^Odah�QFST¤1p)STZ$XFZ$b e ¢ b�¤�XFYFZ$n'b R$YFb�[ ¤�YOdaX�V+So^OQFX�[Gn5YnoXFQOSTZ$_a°mSo^O_aX+^r_aX+^O[GlTYOb [GlTX1_aXm^O[GlTXF_!V ^OST¤�[G¤!YOdaXFe¢ Z¡So^O_aX+^�bGS¡XF±Cp)U YO[ Z�b R$X³¤�`TUGbG[ do^OYO_T[GXCZ$b�V+[GXFUG_�YFUGdaSo^F[Gb Ra¤�fVmSTUGUGSa®1[GZ$d�bG®1S�©a[GZa_an!STV1dC^FYO_a[GXCZ$bklTXFQFbGSo^�V+[GXFUG_an�Ym^OX�_aXFV+[ Z$XF_5bGSQFUGYm^O[GVmh�bGR$X
p)`o^;p)STnoX!«mÖ�^O[ Zada°mn;R$Ymp)XF_�[ ¤�YFdaX�«+Y1¯3U YOQF©N^O[ Zad�SOZ�Y®1R$[GbGX�¯3YOQF©ado^OST`aZ$_a¬N[Gn�`anoXF_�YOn�YFZ�XF±aYF¤1p3UGXF¬mer«F¦C¬ First-orderÜ)ÝoÞaßaÛGàOáTÚ�åOàFäOÚ çaÝ��OÛGàFÙGß��+â������)â�� �·t)^OYO_T[GXFZab�lTXFQFbGSo^�V+[GXFUG_SC¯3bGYO[ Z$XF_5V ^OST¤�b R$XJdo^OYO_T[GXCZ$bkSop)Xm^OYOb [GSTZ5STZ5b R$X�S;^O[GdT[ Z$YFUk[G¤!YOdaXFei)R$X!QFSo^m^OXFnGp)STZ$_a[ Z$d�[G¤!YOdaX![Gn1QFYOU UGXF_�V+[ ^On;bG°mSo^O_aX+^!do^OYO_T[GXCZ$b7[ ¤�YOdaX«m¤�Y;p3¬��!«m­a¬ � àFäOçaáaß"!+çaÝoßaàOÝ�Ü)ÝoÞaßaÛ àOáaÚ�åFàOäFÚGçaÝ#�TÛ àOÙGß$� � �����)â�� �t7^FYO_a[GXCZ$b�lTXFQFbGSo^NV+[GXFUG_JSo¯3bGYO[GZ$XF_�V ^OST¤³b R$XNdo^FYO_a[GXCZab)Sop)Xm^FYObG[GSOZ�SOZb R$X'V+[ ^On;bG°mSo^O_aX+^'do^OYO_T[GXFZabN[ ¤�YOdaXFeri)R$X'QFSo^m^OXFnGp)STZ$_a[ Z$d�[ ¤�YFdaX5[GnQFYOUGUGXF_!noXFQFSTZ$_a°mSo^O_aX+^rdo^FYO_T[GXFZab$[G¤!YOdaX1«+¤�Ymp)¬meÂ�[Gdae�¦�n;R$ST®1n�bGR$XFnoX�bG®1S�_a[GV+VmXm^OXFZ$bJdo^FYO_a[GXCZab�lTXFQFbGSo^�V+[GXFUG_anSop)Xm^OYObG[ Zad�SOZ�Y;¯3SalTXk^O[ Z$da°mn;RaY;p)XF_J[G¤!YOdaXFe)ÂF^OST¤¡Â�[GdTe1¦!« ¯3¬mf)[ b7[GnVmST`aZ$_!b R$YFb�b R$XrXF_adaXrSTV)b R$X)^O[ Zad![GnkQFSTZ$nob ^FYO[ Z$XF_1¯)h!bG®rS�Sopap7STno[GbGXVmSo^OQFXFn%��QFXFZ$b ^F[ p)XFbGYFU!V+So^OQFX5YFZ$_�QFXFZ$b ^F[GV+`adaYOUNV+So^OQFXFeNi)R$XFnoX5bG®1SVmSo^OQFXFn�YOQFb5YOn�[ ¤�YOdaX�V+So^OQFXFn�bGR$YFb'RaYOlTX�b R$X�YOQFbG[GlTX�QFSTZ$bGST`C^YObGb ^FYOQFbGXF_N¯3h�XF_ad$X!YFZ$_J©aXmp)b7[ Z�b R$X�nob YOb `anNSTVkXFZ$Xm^Odah minimum.´rZ�b R$X!STb R$X+^�RaYFZ$_Tf)b R$X�QFXFZab ^O[ p)XFbGYOU7V+So^OQFX�[Gn
µ;`anob7b R$X�V+So^OQFX�b R$YObpa^OXFlTXFZ$bGn�b R$X5YOQFbG[GlTX�QFSTZ$bGST`C^�V ^OST¤#XF±Cp3YFZ$_a[ Zad�YFZ$_�noXFYm^OQFRa[ Z$dST`abGXm^5¯3So^O_aXm^�YOQFQFSo^O_a[ Zad�bGS�ST`C^�S;^O[GdT[ Z$YFUJb R$ST`adTR$b e�u1Sa®1XOlaXm^OfV ^OST¤³b R$XrV+[ ^OnobG°mS;^O_aXm^rdo^FYO_a[GXCZab3lTXFQFbGSo^NV+[GXFUG_af3®1XNQFYFZ�V+[ Z$_�b RaYOb3b R$XQFXFZ$b ^O[ p)XFb YOU�do^FYO_a[GXCZ$b�lTXFQFbGSo^�[ Z³b R$X�[ ZaZ$X+^�¯3So^O_aX+^�_T[GnoY;pap)XFYm^On¯3XOQFYO`anoX�SaVNbGR$X'do^FYO_T[GXFZabNV+XFYObG`o^OX'STV!b R$X'So^F[Gda[ ZaYOUr[ ¤�YFdaXFe1i)R$[GnV+XFYObG`C^OXN[GnkXF±aYOQFbGUGh!®1R$YOb3®1XN®1YOZ$bGfT¯)h�®1R$[GQFR�b R$XNYOQFbG[GlTX!QFSTZ$bGST`C^XFnoQFY;p)XFnkV ^OST¤�b R$Xkdo^OYOlT[GbGhrSTV3bGR$X1[ ZaZ$X+^)¯3So^O_aXm^Fe
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YOnoXF_JSTZ�Y;¯3STlaX!YOZaYOUGhOno[Gnof)YNZ$STlTXFU7YOQFbG[GlTX!QFSTZ$bGST`C^!YOUGdaS;^O[ b R$¤[ Z$QFSo^;p)So^OYFbG[ ZadÄ¤�`aU bG[Gdo^FYO_T[GXFZab�lTXFQFbGSo^ÄV+[GXFUG_ «+¤�`aU bG[G°mt � Â�¬YOUGdaSo^F[Gb Ra¤�[Gn7_aXFlTXFU+Sop)XF_ae$i)Ra[Gn
¤�ST_aXFU$ZaYF¤�XF_!¤!`aU bG[Gdo^FYO_a[GXCZ$b$V+[GXFUG_YOQFbG[GlTX�QFSTZ$bGST`C^�¤�ST_aXFU�QFYFZ³QFST¤1p)UGXFbGX�b R$X�¤�`aU bG[ UGYOhOXm^�¯3So^O_aXm^_aXFbGXFQFbG[GSTZ�STVNbGR$X!^OXFQFb YOUr®1YOUGUNn;b ^O`aQFbG`o^OXFe1Â�[GdTe1­�n;R$ST®1n�R$ST®¡bGS_aXFbGXFQFb!b R$X5[ ZaZ$X+^J¯3So^O_aXm^5YFZa_�ST`abGX+^�¯3So^O_aXm^5STV�YJ^O[ Zad'¯3h�bGR$[GnYOUGdaSo^F[Gb Ra¤!e�Ö�_aXFbGYF[GUGXF_³pT^OSTQFXF_a`C^OX�Y;¯3ST`ab�b R$X�YOUGdaS;^O[Gb Ra¤ [Gn_aXFnoQm^O[ ¯3XF_!YOn
V+STUGUGSa®1noé
1. skST¤1p)`abGX1b R$XkÂ�´rt � ÂJYFZ$_NP�´rt � ÂJSTV3bGR$Xk[ ¤�YOdaXFe
2. j1Z$_aXm^�b R$X�QFSTZ$nob ^FYO[ ZabrSTVNb R$X�P�´rt � Â�fk_aXFV+So^O¤�b R$X�YOQFbG[GlTXQFSTZ$bGST`C^�¤�ST_aXFU1YFZa_5So¯3bGYO[ Z5b R$XJ[ ZaZ$X+^!¯3So^O_aX+^�«mÂ$[Gdae
­'«mYO¬+¬mei)R$X1QFSo^m^OXFnGp)STZ$_a[ Z$drZ$`T¤�X+^O[GQFYFU�XFªa`aYFbG[GSOZ$n7Ym^OXFf
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3. j1nCXJbGR$X�Y;¯3STlaXr^OXFno`aUGb
YOnNb R$X�Z$XF®�[ Z$[ bG[ YOUkQFSTZ$bGST`o^Of
_aXFV+So^O¤b R$X�YOQFb [GlTX�QFSTZ$bGST`C^�¤�ST_aXFUNYOdTYO[ Z�`TZ$_aX+^'b R$X'QFSTZ$nob ^FYF[ Z$brSTVb R$X³Â�´rt � Â�e'i)R$X³QFSo^m^OXFnGp)STZ$_a[ Zad�Za`a¤�X+^O[GQFYFU�XFªa`TYOb [GSTZ$n
become
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Örn�b R$X'do^FYO_a[GXCZ$brlTXFQFbGSo^5V+[GXFUG_�[GnJV+[ ^Onob °mSo^O_aX+^5t � Â$f1b R$X5XCZ$Xm^Odah¤�[ Za[G¤�`T¤�p)STno[GbG[GSTZ�b RaYOb7_aXFV+So^O¤�Y;¯3UGXJ¤�ST_aXFU�^OXCYOQFR$XF_�[GnNZ$STb
b R$X^OXFYFU�XF_adaX1STV3b R$X3^O[ ZadafaYOn7n;R$ST®1Z�[ Z!Â�[GdTe$­N«mQF¬me
4. i)R$[Gn5nobGXmp�[Gn�Y�V+[ Z$XF°mbG`TZ$[ Zad³S;^5^OXFV+[ Z$XF¤�XFZab�STV'b R$X�V+[ Z$YFU¯)So^O_aXm^Np)STno[GbG[GSOZ$e
i)R$XJP�´rt � Â�[Gn!`anoXF_5YOdTYO[ Z5U [G©aX�nobGXmp�­afYFZ$_!b R$XrQFSTZ$bGST`o^r¤�ST_aXFU3QFSTZ$b [ Z$`aXFnkbGS�_aXFV+So^O¤³¤�YF[ Z$UGh!`TZ$_aXm^b R$X�noXFQFSTZ$_a°mSo^O_aXm^�do^FYO_a[GXCZ$bklTXFQFbGSo^Ofkb R$XJ[ ZabGXm^FZaYOUkV+So^OQFX�YFZ$_b R$X�YO_TY;p)b [GlTX�XF±Cp)YFZ$_a[ Zad�V+So^OQFXFe�Â�[ ZaYOU UGhOf�®1R$XFZ�XCZ$X+^Odah¤�[ Za[G¤�`T¤�[Gnk^OXCYOQFR$XF_af
b R$XJYOQFQF`o^OYObGX�UGSTQFYObG[GSTZ�STVNbGR$X�ST`abGXm^¯)So^O_aXm^1[Gn7So¯3bGYO[ Z$XF_!«mÂ�[GdTea­!«+_a¬m¬me

& ')( Ï�� 0 * ')4)03- /�/3. * 935��3/3,�' *�� �3/3,3. *��FÔ3Ë)Ó�Ñ & 9�( Ï :
4�'�B3. 6 * 53< 0 A3.')0 0 * ')4�0 - 53/�5 6FÊ /3/�. *9�5 * ,3. * �2/�,3. *TÑFÔ3Ë)Ó3Ñ

& 4�( É A3.�- /30 . * <�.),�- ')0 .
result

& ,�( Ï�� 0 * ')4�020 A�.�5��30 . * 935��3/3,�' * � �3/3,3. *��FÔ3Ë)Ó�Ñ
again.

Ñ - ;"?
2
? Ê /3/3. * 8 ' � . * ')/3,�5��30 . * 8 ' � . * ,3.�0 .)4�0 - 5�/�9 � 0 ��5�,3- 6 6 . * .�/�0

GVFs
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