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ABSTRACT

Through-thickness reinforcement (stitching, z-pins) is a promising technology to develop fail-safe load bearing
components for aeronautical structures and lightweight armor and combat vehicles with superior capabilities. The
through-thickness reinforcement enhances the performance of laminates against delamination failure, improving impact
and damage tolerance and rendering stable or even suppressing crack propagation. The through-thickness reinforcement
creates large zones of bridging along the wake of the cracks developing tractions that reduce the crack driving force.

The purpose of the work was to investigate basic aspects of the mechanics of through-thickness reinforced laminates.
Focus has been on two problems.

1) The definition and validation of approximate mode I weight functions for orthotropic double cantilever beams. The
weight functions allow the problem of large scale bridging delamination of composite laminates to be formulated as
integral equations overcoming the limitations imposed on accuracy by beam theory approximations. The weight
functions have been deduced from the corresponding isotropic result using an orthotropy rescaling technique and have
been applied to investigate the influence of the orthotropy on the fracture behavior of laminates in the presence of
Dugdale’s type crack bridging mechanisms.

2) The formulation of a theoretical model to investigate the effectiveness of a through-thickness reinforcement in
reducing the delamination-induced degradation of the dynamic properties of delaminated structures. The model is based
on the first order shear deformation plate theory and deals with plates with through-width delaminations. The bridging
mechanisms are modeled as a uniform distribution of linear elastic springs that oppose the relative crack displacements.
The model has been applied to predict the free vibrations of a delaminated cantilever beam. A variety of solutions and
transitions in the dynamic response has been found on varying the stiffness of the ligaments. An application to a
stitched carbon-epoxy laminate for the aeronautical industry shows that low area fractions of through-thickness
reinforcement can substantially improve the dynamic response of delaminated structures and almost entirely restore
their integrity.

KEYWORDS: through-thickness reinforcement; advanced composite laminates, delamination fracture; free
vibrations; weight function methods; plate theories.
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TECHNICAL REPORT

BACKGROUND AND STATEMENT OF THE PROBLEM

The purpose of the work was to investigate basic aspects of the mechanics of through-thickness reinforced laminates,
Through-thickness reinforcement (stitching, z-pins) is a promising technology to develop fail-safe load bearing
components for aeronautical structures and lightweight armor and combat vehicles with superior capabilities. A wide
body of theoretical and experimental research has been produced over the last ten years that leaves no doubt that a
through-thickness reinforcement substantially enhances the performance of laminates against delamination failure,
improving impact and damage tolerance and rendering stable or even suppressing crack propagation (see references
cited in [1-4]). The through-thickness reinforcement creates large zones of bridging along the wake of the cracks
developing tractions that oppose the relative crack displacement and reduce the driving force for crack propagation.

In this project focus has been on two problems.
1)  The definition and validation of approximate mode I weight functions for orthotropic double cantilever beams.

The weight functions allow the problem of large scale bridging delamination of composite laminates to be formulated
as integral equations overcoming the limitations imposed on accuracy by beam theory approximations. Such an
approach will permit the simulation of unusual phenomena of crack face closure and crack propagation in the presence
of regions of contact that have been recently observed in tests performed on through-thickness reinforced laminates and
that cannot be properly described by approximate theories.

2) The formulation of a theoretical model to investigate the effectiveness of a through-thickness reinforcement in
reducing the delamination-induced degradation of the dynamic properties of delaminated structures.

It is expected that a through-thickness reinforcement would reduce the degradation of the dynamic properties of
delaminated structures through the development of tractions acting along the surfaces of the delamination and opposing
the relative crack displacements (opening and sliding). This problem has been investigated under this contract and the
effects of a through-thickness reinforcement quantified through the proposed model.

APPROACH

1) The weight functions have been deduced from the corresponding isotropic result using an orthotropy rescaling
technique and numerical results to match asymptotic solutions. The weight functions have been used in the formulation
of a nonlinear fracture mechanics model where the problem has been posed as integral equations in terms of crack tip
stress intensity factors. (see [1,3] for details)

2) A model based on the first order shear deformation plate theory has been formulated to analyze the dynamic response
of plates in the presence of through-width delaminations. The bridging mechanisms are modeled as a uniform
distribution of linear elastic springs that oppose the relative crack displacements and develop symmetric restoring forces
during vibration. The model has been applied to predict the natural frequencies of vibration and modal shapes of a
delaminated cantilever beam. The natural frequencies are defined through the solution of a boundary eigenvalue
problem. An analytical solution has been found for the case of homogeneous material, negligible shear deformations,
mid-plane delamination and constrained model assumption. A numerical procedure (based on a relaxation technique)
has been formulated to solve general cases (see [2,4] for details).

RESULTS
During the course of the project three papers have been published (one in conference proceedings [4] and two in
international journals [1,2]) where the results and conclusions of the work have been presented in great detail. A list of

the main results obtained under this contract and future development of the work is given below:

1) Mode I weight functions for orthotropic double cantilever beams.

- Mode I weight functions have been derived and validated numerically that permit a single model to treat the
progression from the initiation of a bridged crack to its propagation as a long crack with large scale bridging in
orthotropic materials.

T AT Te——



2)

A nonlinear fracture mechanics model has been formulated to analyze crack propagation under general large scale
bridging conditions and results have been presented for the case of bridging mechanisms characterized by a
Dugdale’s type law.

Based on the results obtained under this contract, work is currently in progress on the definition of mode II weight
functions for orthotropic double cantilever beams. The weight functions will allow the analysis of crack
propagation under mode I (double cantilever beams), mode II (end-notched flexural specimens) and mixed mode
(mixed-mode bending specimen) conditions. ‘

The procedure proposed in [1] will be extended to define mode I weight functions for dynamic crack propagation.

Dynamic response of delaminated beam-type structures in the presencé of through-thickness reinforcement

A theoretical model has been formulated to analyze the free vibration response of composite laminate beam-type
structures in the presence of linear-elastic crack bridging mechanisms acting along the crack surfaces.

The model has been applied to the case of a cantilever beam and a variety of solutions and transitions in the
dynamic response has been found on varying the stiffness of the ligaments.

An application to a stitched carbon-epoxy laminate for the aeronautical industry has shown that low area fractions

- of through-thickness reinforcement can substantially improve the dynamic response of delaminated structures and

almost entirely restore their integrity; in particular it has been observed that the opening modes are completely
avoided in the presence of crack bridging mechanisms.

Based on the results obtained under this contract, work is currently in progress to investigate and summarize the
effectiveness of a through-thickness reinforcement for different boundary conditions, positions and lengths of the
delamination in plates vibrating in cylindrical bending. This summary will be used to guide the optimal design of
through-thickness reinforced structures. Future development will be in the investigation of the dynamic response of
delaminated structures in the presence of nonlinear crack bridging mechanisms.

DIVULGATION OF THE RESULTS

Apart from being published in [1-4], the work completed during the project has been presented at three conferences:

10™ Int. Congress of Fracture, ICF10, December 2001, Honolulu, USA.

15" ASCE Engineering Mechanics Conference, June 2002, New York, USA

14" US National Congress of Theoretical and Applied Mechanics, July 2002, Blacksburg, VA, USA (special
symposium on Impact of Composites).
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'Mode 1 Weight Functions for an Orthotropic Double Cantilever Beam

R. Massabd ", L. Brandinelli ', and B. N. Cox?
! Department of Structural and Geotechnical Engineering,
University of Genova, Genova, 16145, Italy
2 Rockwell Scientific Co., Thousand Oaks, CA 91360, USA

Abstract

, Approx_imate weigbt functions are propoéed and validated numerically for an orthotropic double
cantilever.beam loaded in mode I. They define the stress intensity factor at the crack tip due to a pair
v of point forces acting on the crack surfaces and have been deduced from the correSpondingbisotropic
result using an orthotropy rescaling technique. The weight functions allow r_node'I large scale bridging
_ problems in beams and plates to be formulated as integral equations in terxhs of stress intensity factors
at the crack tip, without the limitations unposed on accuracy by beam theory approximations. The
proposed functions are applied to 1nvest1gate the influence of the orthotropy of the material on the
fracture behavior of double cantilever beams in the presence of large scale bridging.

V_I:Keywords: Weight function, beam theofy, double cantilever beam, orthotropy rescaling, bridging
_ mechanisms. '

1 Introduction

Over the last decade, an mterestmg class of fracture mechanics problems has arisen in lammated beams
and plates, in which nonlinear crack bridging or cohesive mechanisms act over several scales. One
archetypal material system of partxcular engmeermg interest is laminated polymer composite plies
reinforced through the thickness by stitches, pins, or other means. Another generic problem that is
important in electronics and packaging is the separation of elastic matenals connected by layers of
. viscous fluids or visco-plastic media such as solder. In all these delamination problems, crack wake
mechahisms may include near tip processes and distinct processes acting over the far crack wake. In
the case of polymer composifes containing through-thickness reihforcement, the near tip process could

* To whom correspondence should be addressed.
Current address: Civil and Environmental Engineering Department, Northwestern University, 2145 Sheridan Rd.,
Evanston, IL 60208, USA._Email: r-massabo@northwestern.edu ; Phone / fax: 1 847 467 4105/ 1 847 491 401 1;



be the formation of a craze zone, which is usually confined to a domain ~ 1 mm or less; while the far-
wake process could be the action of the through-thickness reinforcement, which can extend over many
tens of mm. Since the far-wake process covers a domain that is often much larger than the laminate
half-thickness, 4, the fracture problem can be analysed accurately using an appropriate order of beam
theory. But if the crack is short (of the same order as or less than h), then beam theory fails and a more
accurate method is needed to calculate either the crack tip energy release rate or the crack tip stress
intensity factors. Greater accuracy is also required when addressing a near-tip process such as a craze
zone, where, even for a long crack, beam theory gives too limited a description of near-tip fields to
account accurately for the effects of the zone on the fracture parameters.

The finite element method (FEM) offers a popular and convenient numerical alternative to beam
| theory. However, in the presence of plane stress or plane strain conditions, FEM involves the solution
of fully two-dimensional problems; and can present some tiresome meshing challenges, especially
when the boundaries of the bridging or cohesive zones move during crack evolution. Moreover, where
the bridging tractions depend on the crack displacement, which is commonly the case, the nature of
‘smgulantles in the near-tip crack displacement can be difficult to resolve properly via FEM This has

4 led in some instances to inaccurate results appearing in the literature.

o
_ Thus motivation exists for reducing the problem of a bridged crack and cohesive zone to a system of
_ mtegral equations by means of weight functions. Weight functions, even when expressed as
“engineering approximations, can be assured to have the correct asymptotic forms and therefore offer
the greatest control in numerical methods over singularities either at the crack tip or at discontinuities
in the bridging mechanism in the crack wake. For special cases, the integral equation formulation leads
to closed form solutions. Furthermore, the integral equation formulation reduces plane problems to
one-dimensional problems, with distance from the crack tip the only spatial variable. This allows very
'r‘apid scanning of large quantities of parametric problems.

For mode I fracture problems, the required weight function expresses the mode I crack tip stress
intensity factor generated by a pair of unit point forces acting normally to the fracture surfaces at any
given distance from the crack tip. From this weight function, the net crack tip stress intensity factor
due to the combined actions of an applied load and all bridging or cohesive mechanisms over all scales
can be comiauted by simple superposition and the crack opening profile, by, for example, an application
of Castigliano’s theorem (e.g., [1,2]).

For special problems of cracks in infinite or semi-infinite bodies or cracks in long strips that are
propagating across the strip, the definition of the mode I weight function is greatly simplified by the



observation, based on analytical results and féirly extensive numerical studies, that the weight function
is independent or almost independent of the degree of anisotropy in an orthotropic body (provided the
crack plane is aligned with a plane of elastic symmetry) ([3,4]. Thus weight functions evaluated for
isotropic bodies can be used with good accuracy in more general cases. The only appearance of the
degree of anisotropy is in the elastic constant that relates the crack tip stress intensity factor to the
energy release rate. o ‘

-In contrast, in plates or beams such as a double cantilever beam (DCB) specimen, a strong dependence
on anisotropy does exist and, one suspects for this reason, no reasonably simple expression for the
welght function for an orthotropic DCB has appeared in the literature. Since the degree of anisotropy
in a common laminate material can be high, especially for a polymer composite but also for structural
ceramic composites or layered systems in electronics, treating the effect of anisotropy on the weight
function is essential to establishing an accurate integral equation formulation. This problem is taken up
_ here. The required approximation to the weight funcﬁbn which is canonical in the sense that it retains
_ all the asymptotlc features and the essential mathematlcal form of the exact solution, is derived from
) heuristic consideration of the weight function for an isotropic DCB specimen and the implications of
 orthotropy rescaling. An approxlmate weight function is also proposed and validated numerically for
the special case of short cracks (much less than the laminate thickness) in isotropic and degenerate
- -orthotropic DCB. specimens. The last weight function will permit a single model to treat the
_ progression from the initiation of a bridged crack to its propagation as a long crack with large scale
bridging.

2. Mode I crack tip stress intensity factor in isotropic double cantilever beams

An exact solution for the stress intensity factor Kip due to a pair of concentrated forces P applied per
unit width onto the crack faces of a double cantilever beam at a distance d from the crack tip has been
obtained by Foote and Buchwald (see Fig. 1.a) [5]. They solved the plane elasticity problem by
applying the Wiener-Hopf technique to an isotropic infinite strip arbitrarily loaded by opening tractions
acting along the crack surfaces and representing the concentrated loads in terms of the Dirac delta
function. The strip and the applied loads were assumed to be symmetric-about the mid-plane. A simple
- formula approximating the exact solution, which has an accuracy of 1.1% and can be applied to double
- cantilever beams with an uncracked ligament ¢ > 24 and containing a sufficiently long crack is also
given in [5]:
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where & is the half thickness of the specimen. For very small d/h the dimensionless K of Eq. (1)

' approaches the exact solution of Irwin for a semi-infinite crack in an infinite sheet [6]:
K[ h0.5 B _2_h_

P nd

@

For véry large d/h, Eq. (1) approaches the elementary beam theory solution for an Euler-Bernoulli
double cantilever beam with built-in ends, Kih™*/P = V12 d/k [6]. For d/h 2 0.3 the exact Kpp is also
well represented, with an error always lower than 4%, by Gross and Srawley’s boundary collocation
solution, Ki#®*/P = /12 (d/h+0.687), which is obviously numerically close to the first bracketed term
on the right hand side of Eq. (1) [6). The same limit solution is given by the “augmented beam model”
of Kanninen [7], which accounts for the elasticity of the uncracked ligament ahead of the crack tip and
renioves the assumption of built-in ends. The dimensionless stress intensity factor of Eq. (1) is shown

in the semi-logarithmic diagram of Fig. 1.b along with the two limiting solutions for small and large
d/h. '

The study in [5] and Eq. (1) refer only to an infinite strip or a double cantilever beam with an infinitely
long crack (the crack length a does not appears in Eq. (1)). A lower limit for the normalized crack
length a/h of the double cantilever beam specimen must be set for Eq. (1) to be valid for all d/4, with 0
<d/h < a/h. The asymptotic limit of Eq. (1) for very small d/h, given by Eq. (2), is in fact correct only
if a >> d, and should be replaced by Tada’s solution [6] for a finite crack of length a in a semi-infinite
‘sheet when a/h also becomes very small: |

tho.s 2'\/71- 1 [1_3_0.3(£LJ 4:| s 3)

P =Jﬂdﬁ+xl/a a

where x; = a — d is the distance of the applied forces from the crack mouth. The value of K; given in
Eq. (3) ranges between the value given in Eq. (2), for a >> d, and 1.84 times the value of Eq. (2), fora
=d.

A conservative lower limit for a/h for the applicability of Eq. (1) can be set as a/ = 0.3, so that when
d/h = a/h = 0.3, Gross and Srawley’s solution is already approached by the exact solution and the error
is lower than 4%. This lower limit has been validated through finite element calculations which also

4



showed that the relative error between the predictions of Eq. (1) and the finite element results is within
1.5% for all normalized crack lengths a/h > 0.35 (see Appendix B).

3. Mode I crack tip stress intensity factor in orthotropic double cantilever beams

A double cantilever beam with a crack of length a loaded by a pair of opening forces P; acting per unit
width at the coordinate x; is shown in Fig. 2.a. Plane stress conditions are assumed in the plane x;-x3.
The material is linearly elastic and orthotropic with principal material axes x; and x3.

As shown in Appendix A, the response of the beam, and in particular the stress intensity factor at the
crack tip Ky, is controlled by two dimensionless material parameters, 4 and p, which depend on the
four elastic constants of plane orthotropic elasticity. In terms of the engineering constants, A and p take
the form:

E. w/E E, 1+ ‘
A= E’, 1/1/131/3, . n= _2_p R (4.2)
1

2G,

where E; and E; are the Young’s moduli in the x; and x; directions, Gi3 is the shear modulus and
V)3 and v, are Poisson’s ratios in the plane x;-x3. The parameter 7, which depends on p and wi11 be
used in the following, is also introduced in (4.2). To ensure the positive definiteness of the strain
energy density function, the orthotropy ratios are such that 1> 0 and p > -1. In typical woods and
composites pis in the range 0 < p< 5 and A in the range 0 < 4 <20, with A< 1 for fiber reinforced
laminated composites. ‘

For plane strain conditions, the parameters 4 and p are again given by (4.a) but substituting the plane
strain constants:

E E (Vi3 +Vi9Va3) _ (v +v5vy))
E =—21 , E, = 3 , =3 T Viabas) s uTVaVa) - 4p)
tps (I=vvy) s (1-vyvs) Bps 1=-viovy) tps (1 V32Va3)

fOI‘ E], E3, V13 and V31 .'

In the case of isotropy, A = p = 1 and the stress intensity factor at the crack tip of the speéimen of Fig.
‘2is given by Eq. (1), with the substitutions d = a - x,; and P = P;. The stress intensity factor for the case
of orthotropy will be derived in the following. ‘ :



3.1  Solution for orthotropic double cantilever beams with large notches

An expression for the strain energy release rate G in the orthotropic double cantilever beam specimen

of Fig. 2.2 has been obtained by Suo et al. [8] making use of the orthotropy rescaling technique and
numerical calculations. The expression of G given in [8] depends on two terms: the first is the
elementary beam theory result, which does not depend on the orthotropy and is an exact elasticity
asymptote as (a-x,;)/h —> oo; the second is a correction term which accounts for the influence of finite
(a-x1i)/h. The expression proposed in [8] has an accuracy of 1% for all (g-x1;)/h 2 24 and 0< p< 4.

The stress intensity factor at the crack tip can be obtained from Gy of [8] using the orthotropic
relationship between G and K:

K =GE , (5.2)

where

Elﬂ?m _ E,Z}M

= = 5.b
Y Jaepyiz n :b)
In a dimensionless form, KG; is then given by:
Krhﬁ.s 13/8 a—x. e h .
= V12— 1+Y, () A ——]| , 6
P J;‘\/__ h 1(P) a—x, (6)
where:
Y;(p) =0.677 +0.146(p —1) - 0.0178(p - 1)? +0.00242(p-1)* , @)

is a correction term that accounts for the influence of pand has been obtained in [8] through finite
element calculations. For an isotropic material, 1= p=1, Yi(p) = 0.677 and Eq. (6) coincides with
Gross and Srawley’s solution. The last term on the right hand side of Eq. (6) would not be present if the
two delaminated beams were assumed to be Euler-Bernoulli beams built in at the crack tip. It describes
the influence of the elasticity of the uncracked ligament ahead of the crack tip. It vanishes when the
ratio (a-x;;)/h becomes very large, because in this limit the condition of built-in ends becomes
' increasingly well satisfied.



Equations (5) and (6) correctly define the stress intensity factor and the strain energy release rate in
conventional 2D laminates tested with typical notched specimens, for which (a-x)/% > 24, On the
-other hand, Eq. (6) cannot be applied to investigate the influence of opening or closing forces acting
" very close to the crack tip such as those produced by the bridging mechanisms due to through-thickness
“reinforcement or crazing. To analyze these cases a solution for K valid over the whole range (a-x1;)/h >
-0 is required.

"~ 3.2 Solution for degenerate orthotropic double cantilever beams

Consider the rescaled problem of Fig. 2.b where the x; axis of the problem of Fig. 2.a is rescaled as £=
A ‘Following the orthotropy rescaling technique recalled in the Appendix A, the geometry and
- boundary conditions are rescaled in such a way that the crack length becomes A'“a, the forces applied
per unit width A'*P; and the stress intensity factor at the crack tip A>KG;.

As shown in Appendix A, in a degenerate orthotropic solid characterized by p = 1, the rescaled
problem in the plane &-x3 is governed by the same equations of the original problem in an isotropic
- solid. Consequently, from Eq. (1), the rescaled stress intensity factor takes the form:

-1/4 s
1—318 Kn - ﬂho sP { J“ e (a hxli) [l e L h " o 677)

(a xll)
R — - . . ! s (8)
> . e (a_xl.)jlo.m 1 Co
+ |———-| 0.815 A 2 - o
z A" (a-xy) [ [ Bl 0677412 |

where the term 0.673 of Eq. (1) has been changed to O 677 to satisfy Egs. (6) and (7) for large (a-xl.)/h.
" In a dimensionless form, similar to that of Eq. (1), Kz becomes

os N
—K‘f = 2 S (1+0.677,1-”4 h J+.‘ Z

i a-=x; ) V”(a"xu)
e @5y 1" e 04264 ®
—[0.8}5(,1”‘ - u) 18, .,11’8 :I

Equation (9) is an exact extension of the isotropic result (1) to a.degenerate orthotropic material. The
equation has been validated through finite element calculations for 4 varying in the range 0.025 < A<
1.0 and long enough cracks with error always within 2% (see Appendix B). The equation applies to
beams with an uncracked ligament c/h > 22, ’



-Equation (9) includes the result expected for very small (a-x;;)/h, tending asymptotically to Irwin’s
solution of Eq. (2). In this limit, the stress intensity factor is not affected by the anisotropy of the
material, as demonstrated by Sih et al. [3] for cracks in infinite sheets loaded by self-equilibrating loads
acting on the crack surfaces. For large (a-x1;)/h, Eq. (9) approaches the solution of Suo et al., Eq. (6),
with p=n=1and ¥i(p) = 0.677. Note that this upper limit as well as the connecting function given
by the third term on the right hand side of Eq. (9) depend on the orthotropy of the material through
A. The dimensionless stress intensity factor of Eq. (9) is depicted in Fig. 3 for different values of
A. The dotted curves in the figure show the limiting solutions. ‘

-Equation (9) is correct for all (a-x1))/h provided the crack length a/h is higher than a limit value which
the rules of orthotropy rescaling sets equal to a/h = 0.354"* for a 1.5% accuracy. Finite element
calculations show that this is in fact a conservative limit for all cases with A < 1.0 (se¢ Appendix B).

3.3 Solution for orthotropic double cantilever beams

The stress intensity factor in generally orthotropic (4 # 1 and p # 1) double cantilever beams must
approach the known asymptotic solutions for large and small (a-x1;)/h. For very small ratios (a-x1:)/
the limit solution is given by Irwin’s result for a semi-infinite crack in an infinite sheet, Eq. (2). As
already noted, K; in this limit does not depend on the elastic constants. For large (a-x1)/h, the limit
solution is given by Eq. (6). Solutions for intermediate values of (a-x1;)/h require rigorous analyses of
the problem which have been performed through finite element calculations. Only the effect of pneeds
to be calibrated numerically since the dependence of A is known analytically and in materials with
cubic symmetry, A = 1, the plane elasticity problem is controlled by p alone (see Appendix A).

Based on these observations, the following expression is proposed as a canonical approximation to Kii
for the degenerate orthotropic material, derived by modifying Eq. (9) to have the right asymptotic
behavior and fit the finite element results: ‘

05 23/8 _ » ’
Kh” A 78 % h"" (1+Y,(p)ﬂ.'”‘ h J+ 2k

Pi -\/; a—x; V”(a_xli)
0.619 w/— - ) (10)
0.677 1/4 a"'x“ -1/8 n
—|:0.815[Y1(p)w/;1_l p ) AT+ \/i_Z_Y[(p)l”sj|

The validity of Eq. (10) has been checked through finite element calculations for A and p in the range
0.025 < A< 1and 1 £ p< 5 with errors always less than 2%. Equation (9) is applicable for all ratios (a-
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x1i)/h provided the crack length a/k is higher than a limit value; the limit previously defined for the
degenerate orthotropic miaterials, a4 = 0.35 %, proves to be a conservative limit for all values of
p (see Appendix B). As for the degénerate orthotropic material, Eq. (10) applies only to beams with
uncracked ligaments c/k > 2474,

, ‘The dimensionless stress intensity factor of Eq. (10) is shown in Fig. 4 for =1 and different values of
the orthotropy parameter p to highlight the influence of p- For large ratios (a-x1i)/h, the effect of
_ pbecomes mcreasmgly strong, as expected from Eq. (6), and the relative error between the exact
solution and the solution for the degenerate orthotropic material becomes (1-1/ Jn ). Thus only for
rather small cracks, with (a-x;))/h < 0.7, could the solutlon_pf Eq. (9) for the degenerate orthotropic
solid (p= 1) be used for all values of p with acceptable error. For general cracks, Eq (10) must be
used. The dependence of the weight function on p for larger cracks is not shared by the strain energy
release rate, G, which becomes independent of p and A when (a-x1;)/h is large (see Egs. (5-6)).

Figure 5 shows the dimensionless stress intensity factor of Eq. (10) for three pairs of Aand
p representative of composites used in the aeronautical industry, A= 0.1 and p = 3 (e.g. a quasi-
isotropic carbon-epoxy laminate), 1= 0.05 and p = 5 (e.g. a unidirectional boron-epoxy laminate) and
. A=1and p=1 (an isotropic material).

4. . Mode I crack tip stress intensity factor in double cantilever beams with short cracks

The stress intensity factors obtained in the previous sections refer to DCB specimens with normalized
lengths of the crack higher than a/k = 0.354". To the authors’ knowledge there are no expressions
available in the literature for cracks of lengths a/h < 0.354, either for isotropic or orthotropic
specimens. Knowing the expression of the stress intensity factors for cracks of any length can be useful
in dealing with various mechanical problems, such as the problem of crack initiation.

In the case of isotropy, the problem is now controlled by two dimensionless variables, which define the
normalized distance of the applied forces from the crack tip, (a-x1;)/h, and their relative position with
respect to the crack length x;; / a. This behavior can be observed in Eq. (3), which gives the asymptotic
limit of the stress intensity factor for very small (a-x;;)/4. Equation (1) gives the exact stress intensity
factor for very long cracks and it is therefore the asymptotic limit for x;;/a — 1 of the solution being
‘ sought. Equation (1) can then be modified as follows:




205 -2 14
_Kﬂ;’ =72 (1+0.677a x) ’ 1+ " [13 03("“) ]
: 1 a-= x]l '
‘ d—x 0.619 x :
-[0.815(—-};1) /( u 4 h"")+o 4264}
a’

where the second term on the right hand side has been changed from that given by Eq. (2) to that given
by Eq. (3) and the multiplying function f{x,; /a, (a-x1;)/h) has been introduced in the third term. The
function f{xy; /a, (a-x1;)/h) should be unity for x;;/ a — 1, give the right asymptotic behaviors for large
and small ratios (a-x1;)/h, and concur with numerical solutions for intermediate values of (a-x1;)/4 and
‘ x1/a<1. The following is such a function:

X a—X; | [ Xy 47X X ’ Xy ’
R 1"(7) ]*(7) ’ (2

, an

with .
X. a—X a-—x o a-x -
g(—”, “J=( ") Aexp —Bln(——-li—) +C | +D; , (12.b)
a h h - h
and
(x; ) %\ x
A =+2.9496] =1L —3.1554(—1—') - 0. 5913 i +1.2101
\ a ) a
(xli ¥ xlx 2 xll
B =-42955—| +6.61 -27173—-+1.4264
N/ a (12.¢)
(x: Y x
C=-23278] =i +3.5239( ) -1 6963 i 412934
\ a4 )

D=—o.1127(1—3‘-“-)
a

The particular shape of the function f{xy;/a, (a-x1;)/h) has been chosen so that fis almost equivalent to g

- over most of the range 0 < x;;/a < 1; and only for x1;/a — 1 becomes equal to 1. Equation (11) has an

- accuracy better than 2% for x;/a < 1 and (a-x;/4 > 0. It applies to beams with an uncracked ligament
c/h>2.

Figure 6 shows the dimensionless stress intensity factor of Eq. (11) as a function of the normalized
distance of the applied forces from the crack tip, (a-x1;)/h, on varying x;;/ a. The figure highlights the
expected variations in Ky with respect to the solution of Eq. (1), shown in the diagram as the curve
marked x;;/a= 1.
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Foliowing the procedure of Section 3.2, Eqs. (1-1)-(12) can be rescaled to define the mode I crack tip
stress intensity factor in degenerate orthotropic DCB specimens:

= o _ , ' -1/2 5/4
CKah” e mify oemaie b |, 2 |k (1 +ﬁ) 13 -0.3(1‘2) -
P h a-x; ) Jr\a-x; a a

»(13)
: -1
—0.81547/8| A4 £ i oo i a-xy; o), 04264
h a ? h ’ /11/8
with:
6 6
ol Xii @7 %; X; a-—xy X X
T —L Al=g =, —,241-]1— +| 2
f(a h ) g(a h )[ (a” (aJ
(14)

. ~0.119 -1
g xn,a—xu,l 48" % Aexp| - Bln| 44 A %i 1ol +D
a h h h

Equation (13) has been validated through finite element calculations for A varying in the range 0.025 <
'A< 1.0 with error always less than 2%. It applies to beams with an uncracked ligament c/h > 24" The
influence of A on the solution is similar to that already observed in Flgure 3. The extension of Eq. (13)
to a generally orthotropic material is more complicated.

5. Summary of mode I weight functions for orthotropic double cantilever beams

The stress intensity factors c'alculatedAin the previous section define the mode I weight functions for

double cantilever beams with a mid-plane crack of Iength a, h(xi,ah,pA)= Ky P, where Ky; is given

by Eq. (1) and Eq. (11) for isotropic materials, by Eq. (9) and Eq. (13) for degenerate orthotropic and

by Eq. (10) for generally orthotroplc materlals The results are summarized in a d1mens10nless form in
~Table 1 and Table 2. ‘

The weight functions allow the definition of the stress intensity factor, Kip, at the tip of the crack in
‘double cantilever beams subject to general distributions of tractions, p(x;), acting along the crack faces:

11




xt
Klp = J(hl(xl’ash’p,ﬂ‘)p(xl)dxl H (15)

a

where ap and x)s are the limits of the loaded region. In large scale bridging problems ay typically
represents the length of a notch or a region of the laminate where there are no active bridging
mechanisms and x¢ is the tip of the crack (Fig. 7).

6. Fracture behavior of orthotropic double cantilever beams in the presence of large scale
bridging

The weight functions derived above are applied in this Section to analyze crack growth in an
orthotropic double cantilever beam with bridging mechanisms acting along the crack. The stress
intensity factor at the crack tip of the beam when loaded by a pair of opening forces P, acting at the
coordinate x; = 0, and by closing tractions p, acting along a-a, as shown in Fig. 7, is given by:

alh
X,
K =Kp+K,=Kp~- jh,(x,/h,a/h,p,z)h"-‘p(xl)d(;') , (16)

aylh

where K[p is given by Eq. (10) for x;; = 0, and Kj, is the stress intensity factor due to opening tractions
p.

If the tractions p are created by through-thickness reinforcement or other bridging mechanisms acting
along the crack surfaces, they depend on the crack opening displacement, u3, and are a priori unknown.
In particular, if u3(x;) > 0, then p[us(x1)] = ps[us(x1)] are closing tractions depicting the bridging
mechanisms. The value of p; as a function of u; is defined through the bridging traction law, ps(u3),

- . which is deducible from micromechanical or macromechanical models and experiments (see [9] for the

case of stitched laminates). If u3(x;) = 0, then p[us(x1)] = - p;[(xl)] are opening tractions depicting the
effect of contact pressure arising along the crack.! The contact pressure and the size of the regions of
contact or bridging are unknown a priori and can be determined through a compatibility condition for
the crack opening displacement.

At the onset of crack propagation, Ki of Eq. (17) is equal to the intrinsic fracture toughness, K = K,
and the dimensionless critical load for crack propagation takes the form:

! The existence of regions of contact along the surfaces of the crack in double cantilever beams in large scale bridging
conditions has been observed experimentally in [10,11] and explained theoretically in [12].

12
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o= 1 . I1+ Paoh j hl(xl/h,a/h,p,z)h“’-’iwd(ﬂ) ,  (18)
chh ’ h[(o’a/h,psﬂ‘)h ) 1 KIC ag'h 30 h

where ps is a normalizing value of the crack face tractions, ps, given for instance by their maximum
value. Recalling the expression for E, and that Ky = \/g‘,cE,' , Eq. (18) can be modified to facilitate

direct comparison between isotropic and orthotropic cases:

. P“ ) 1 . {23/8 p30h0,5 alh

- ey alh, p, aypos PEaG B g% ].19'
IGIcElh hI(O,a/h,p,ﬂ.)ho's, J;+ngcEl ao_/[h[ (x,/h,al b, p,2) o (h) (19)

As we will see later, the dimensionless number appearing within the right hand side of Eq. (18) and
(19), pyuh® 1JGLE, or psoh® A (K, In), is a measure of the brittleness of the structure [13].

~ The crack opening displacement at the generic coordinate x1; is defined asa fuﬁction of the crack tip
stress intensity factor and the elastic constants of the material through the followingvrelationsh'ip:'

Uy (%) = uy (0 )p + 5 (), = Ap P - Iﬂijp[uz (xlj‘)] de; . (20)
. % ‘ ‘
where 4;; is the localized compliance, which defines the crack opening displacement at x;; due to a pair

of unit opening forces acting at xi;. The localized compliance can be defined through an energy balance
or Castigliano’s theorem and is given by: - ' '

% =—E¢;-Jh,(x1?/h,a Ihp,2) (s b Thp, )0 @1)

where E, is the orthotropy constant of Eq. (5.b).

» . ,Orice the crack opening displacement is known, the statically indeterminate problem defined by the

nonlinear integral equations (19), (20) and (21) is solved for general bridging laws, ps(us), through a
discretization. A self-consistent solution for the crack profile is obtained iteratively through a
numerical procedure [1,2].

In the special case of bridging mechanisms described by a Dugdale typé bridging law, p3 = p3o, the
bridging tractions do not depend on u3; and Eq. (19) alone gives the dimensionless critical load for

13



crack propagation. The model predicts the absence of regions of contact for this case confirming the
beam theory predictions of [12].

Figures 8.2, 8.b and 8.c show dimensionless diagrams of the critical load for crack propagation as a
. function of the normalized crack length in double cantilever beams with ao = 0. Three different values
~ of the dimensionless parameter Poh® 1\JGE, are considered, as marked. The curves (a), (b) and (¢)

in each diagram describe the response of an isotropic material, an orthotropic material with 4= 0.1 and
p=3and an orthotropic material with 4= 0.05 and p=>5, respectively. The elementary beam theory
curves, obtained in [12] assuming the two delaminated beams to be built in at the crack tip and
neglecting shear deformations (y=0), are also shown in the diagrams. The influence of shear
deformations (y# 0) on the beam theory results is shown in Figure 8.b.

The response of the double cantilever beam is controlled by the dimensionless parameter
pih** 4G, E, and the two orthotropy ratios, Aand p.The three diagrams highlight a scaling

transition in the macrostructural response of the beam which is typical of brittle matrix composites with

Dugdale-type reinforcement [13]: the behavior changes from strain softening to strain-hardening on

increasing the dimensionless group Pyoh®’ 1GE, - Moreover, if p3o, h and m are changed so as

to keep the dimensionless group constant, the beams will experience the same type of response. As for
the influence of A and p,‘ an increase in the degree of anisotropy leads to more ductile response (Fig.
“8.a) and facilitates strain hardening behavior (Fig. 8.b-c).

The anisotfopy of the material affects the response especially for relatively small values of a/h. In the
case of large-scale bridging (Figs. 8.b-c), two different regimes of behavior are delineated by a
transition value of a/h = 1/(1.73p3oh°‘5/\[—g:l?, )°‘5, corresponding to the point where all curves cross
each other. If a/h is smaller than the transition value, the anisotropy of the material strongly affects the
response, and the elementary beam theory solution does not describe the actual behavior even
qualitatively. For a/h larger than the transition value, all curves tend to become parallel, with a
common slope given by p3oh°'5/(2J—g_,:E—, ), and the deviation between the elementary beam theory
solution and the correct solution becomes independent of the crack length and given by 12Yy (o)
paoh®/ m . The fractional error is Yi(p)\ " */(alh), which is independent of the intrinsic fracture
toughness of the laminate, Gi, and the magnitude of the bridging tractions and coincides with the
analogous fractional error of the case with no bridging [8]. It depends only on the crack length and the
degree of anisotropy. This error could be removed through the use of modified beam theories
accounting for the influence of the elastic material ahead of the crack tip [7].
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7. Conclusions

Canonical expressions for the mode I weight function for an orthotropic DCB specimen have been
derived and validated by finite element methods. By combining results for short and long cracks, a set
of expressions has been assembled that are c’ollecti\}ely accurate to within 2% over a wide range of .
degrees of anisotropy. The canonical expressions retain the correct asymptotic limits for small and
large cracks and special cases of elastic symmetry. Thus expedient and accurate study of singularities
and other special characteristics of bridged crack problems can be based on their use.

The weight functions are the essential prerequisite for integral equation formulations of fracture
problems in which bridging or cohesive mechanisms are present on small and large scales. The weight

“functions will allow equally accurate and convenient solution of crack initiation problems, in which the

crack length remains smaller than or comparable to the laminate half-width; and large-scale bridging
problems, in which bridging effects may extend over zones many tens of times the laminate half-width.
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Appendix A - Orthotropy rescaling

~An orthotropy rescaling technique has been proposed by Suo [14] to feduce planeﬁ e]aéficity pfbblerhs

for orthotropic materials to equivalent problems for materials with cubic symmetry.

For plane stress problems in the plane x;—x3, with xi and x3 principal materiai axes énd assuming
negligible body forces, compatibility implies: '

‘U

4 4
9Y oarp2Y 428U g (A1)
0x; Ox, “Ox;, Oy
where U(xy, x3) is the Airy stress function, related to the in-plane stresses by:
o*U U U
o, = 3 =—7% =— (A2)

—, O O3 = .
o, ox, BT owox,

The dimensionless parameters A and p in Eq. (A.1) depend on the elastic constants of the material and

~have been defined in the body of the text, Eq. (4.a).

Equation (A.1) shows that in orthotropic simply-connected sheets with tractions prescribed on the
boundary, stresses depend on only two materials parameters, 4 and p. Moreover, if the x; axis is
rescaled as £= 1'% x;, Eq. (A.1) shows dependency on p only:

4 4 4
6(4[+2p 62U2+a[4j=0 (A3)
o0& 0E“ox3” oy
The boundary conditions for U can be rescaled accordingly to yield:
U ap_ U o*u
01 =—7%, A 03 =—7", o13=— (A.4)
o3> o&? 0&ox3

Equations (A.1), (A.3) and (A.4) show that the orthotropic problem in the rescaled plane &-x; is

reduced to the equivalent problem for a material with cubic symmetry, namely with 4 = 1. Moreover,
the special case of a degenerate orthotropic material; a material with p = 1, is governed in the rescaled

plane by the same equation which governs the isotropic problem. Consequently, solutions for

degenerate orthotropic materials can be readily constructed from the isotropic results.

17



Equations (A.3) and (A.4) also show that the stress intensity factors for a crack in the x; direction, Ki

and Ki, being given by the limits for x; = 0 of (2nx

)"265061,0) and (2mx1) o13(x1,0), respectively,

rescale as 48K and A8 Ky. Moreover, the component of the resultant force on an arc T3 rescale as A

VAT, while the component T; remains unchanged.
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Appendix B - Finite element validation

Finite element calculations were performed using AN SYSS.S [15] in order to validate the proposed
weight functions and their limit of applicability. The stress intensity factor generated by a pair of point
forces acting along the crack surfaces has been calculated using two different techniques, the

“displacement correlation technique and the J-integral. The finite element meshes were composed of
- quadratic elements with a rosette of quarter-point elements at the crack tip that embody the linear
?elastié fracture mechanics square root singularity. Convergence studies were carried out for each

loading configuration to define the necessary degree of refinement of the meshes.

- The displacement correlation technique used here has been proposed by Shih et al. [16] on the basis of
- Barsoum’s demonstration that quarter-point elements show the square root singularity of elastic

fracture mechanics [17]. The technique has then been extended to anisotropic problems by Sauma and

- Sikiotis [18]. It allows the calculation of stress intensity factors performing simple post-processor

.operations on 4 nodal displacements of the quarter-point elements along the crack faces. The J-integral
calculations [19] were performed following the procedure implemented in ANSYS5.5. The stress

" intensity factor was then extracted from J = G; using the relationship (5.2). Due to the very fine meshes
‘used in the a_nalyseé the two calculations yielded virtually identical results.

Vaiidation of Egs. (9) and (10) for large cracks

. Table I shows normalized stress intensity factors and relative errors between FE calculations and Eq.

(9) for a degenerate orthotropic material (o= 1) with different values of 4 in the range 0.025 < 1< 1.0
on varying (a-x1;)/h in the range 0.01 — 5.0.

TABLEI

o=1 | (ax)k |50 20 10 05 03 | 01 | 005 0.01

FEM - | 19.666 9.273 5.793 4.112 3.564 3.605 4.314 8.303
A=1 Eq.(9) .| 19.643 9.242 5.801 | 4.161 3.611 | 3.608 | 4.300 8.247
Error (%)  0.116 0.342 -0.153 -1.168 -1.318 -0.085 0.309 0.682

FEM 12.271 6.092 4.019 3.103 2.879 3.278 4.090 8.208
2=025 | Eq.(9) 12.243 6.070 4.054 3.146 2.908 3.263. |. 4.055 8.161
Error (%)] 0.197 0.348 -0.871 -1.384 -1.009 0.481 0.868 0.572

FEM 5.822 3.216 2.382 2.152 2.214 2.939 3.859 8.107
A=0.025 { Eq.(9) 5.802 3.224 2434 2:173 2218 | 2915 3.825 8.074
Error (%)] 0343 -0.247 <2151 .| -0.977 -0.179 0.819 0.858 0.399

Table II shows normalized stress intensity factors and relative errors between FE calculations and Eq.
(10) for a material with cubic symmetry (1= 1) with different values of p in the range 1 < p< 5 on
varying (a-x1;)/h in the range 0.01 - 5.0.
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TABLE II

A=1 (a-xi)h | 5.0 20 1.0 0.5 0.3 0.1 0.05 0.01

p=1 See Table I

FEM 17.237 8.498 5.590 4.145 3.635 3.661 4.348 8319
p=3 Eq. (10) 17.178 8.408 5.494 4.099 3.634 3.685 4.353 8.286
Error (%)|" 0.337 1.057 1.704 1.118 0.009 -0.629 -0.100 0.394

FEM 16.138 8.241 5.566 4247 3.750 3.736 4.400 8.341
p=3 Eq. (10) 16.048 8.099 5.445 4.162 3.730 3.784 4435 8.327
Error (%) 0.555 1.725 2.172 2.00 0.517 -1.261 -0.788 0.170

Finally, Table III shows normalized stress intensity factors and relative errors between FE calculations
and Eq. (10) for a generally orthotropic material with different values of A and p in the range 0.025 <
A<1.0and 1 £ p< 5 on varying (a-x;;)/4 in the range 0.01 - 5.0.

TABLE III

(a-x1)/h 5.0/6.0 2.0 1.0 0.5 0.3 0.1 0.05 0.01
FEM 8.145 4.460 3.220 2.695 2.608 3.146 4.001 8.169
A=0.1 | Eq.(10) 8.086 4.390 3.197 2.700 2.627 3.152 3.991 8.142
p=3 | Error (%) 0.734 1.564 0.71 -0.186 -0.724 -0.206 0.235 0.332
FEM 6.327 3.725 2.841 2.490 2472 3.077 3.954 8.147
A=0.05| Eq.(10) 6.235 3.646 2.817 2.501 2.500 3.101 3.961 8.132
p=35 | Error (%) 1.447 2.124 0.825 -0.454 -1.163 -0.781 -0.177 0.190
FEM 5.165/5.837 | 3.132 2477 2234 2.299 2.984 3.891 8.118
A=0.025{ Eq.(10) [ 5.087/5.753 3.095 2475 2.275 2.330 3.005 3.895 8.106
p=35 | Error (%) | 1.508/1.433 1.202 0.0892 -0.942 -1.306 -0.705 -0.095 0.151

Validation of Egs. (1), (9) and (10) for short cracks

To validate Eqs. (1), (9) and (10) for very short cracks and define the minimum crack length required

* for their applicability, the problem of a double cantilever beam loaded by a pair of concentrated forces
acting at the coordinate x;; = 0 has been considered and analyzed by the finite element method on
varying the orthotropy ratios in the ranges 0.025 <A< 1.0 and 1 < p<5.

For an isotropic material, Eq. (1) proves to have an accuracy higher than 1.5% for all crack lengths
higher than a/h = 0.35. For a degenerate orthotropic material, Eq. (9) proves to have an accuracy
higher than 2% for all crack lengths higher than a/h = 0.354"%, The same limit is also a conservative
limit for generally orthotropic materials. ‘
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Table 1:

Table 2:

TABLE CAPTIONS

Dimensionless mode I weight functions for isotropic, degenerate orthotropic and generally

orthotropic double cantilever beams. Accuracy better than 2% for crack lengths a/h >
0354,

Dimensionless mode I weight functions for isotropic and degenerate orthotropic double
cantilever beams. Accuracy better than 2% for all crack lengths.

FIGURE CAPTIONS

Figure 1.a: Schematic of an infinitely long strip [5].

Figure 1.b: Solid curve: dimensionless stress intensity factor in the isotropic strip of Fig. 1.a (Foote and

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Figure 7:

Figure 8:

Buchwald and Eq. (1)). Dashed curves: limiting solutions for very small d/h (Irwm) and
large d/h (Gross and Srawley).

a) Schematic of a double cantilever beam loaded by a pair of point forces P;. b) Orthotropy
rescaling: the geometry and boundary conditions are rescaled from the original problem a).

Dimensionless stress intensity factor in the degenerate orthotropic (o= 1) beam of Fig. 2.a,
Eq. (9).

Dimensionless stress intensity factor in the orthotropic beam of Fig. 2.a with cubic
symmetry (4= 1), Eq. (10).
Dimensionless stress intensity factor in the orthotropic beam of Fig. 2.a, Eq. (10).

Dimensionless stress intensity factor in the isotropic beam of Flg 2.a on varying X;;/ a, Eq.

(11).
Schematic of a double cantilever beam in the presence of bridging mechanisms.

Dimensionless critical load versus normalized crack length in orthotropic DCB specimens:
a) No bridging mechanisms, -py,h** /G E, = 0.0; b) py k™ /\G.E, = 0.1 c)

P3h* 1JGLE, =0.3. (curves (2): =1 and p=1; curves (b) 1= 0.1 and p=3; curves (c)
A=0.05 and p=5). |

21



[44

. —mxa pue m~\— .nm ‘ —m 10§

An>~_> -1
= sd, . = sy
q g T

:aymgysqns UERS Jue[d

Anﬂ}um\»'ﬁv

A.u\»u_\_ -1 o, (%a%a-71)
(A% + _n\—v. e

= Mgy
AnN\—N—\—.T n—\—v nm

saxe Jeusyew [ediound =€x pue Ix

b — 4
£x-1x oueyd ur sones s, uossiog 't4 pue 4 ‘ex-1x ouerd u1 snynpou Jeays £l ° | L i v
suoyoanp £x pue 'x ut ynpowt s, 3uno A €5 pue ' :$5303 Sue[d ’ ~_»
yz| <& -
T My g, Yoz _, _m _
2 i i LY &
{(1-NTp200'0+ (1~ 9)8L100~ (1-9)9p10+LL90=(I)'X
JUOBION
nXCRUP
“XSE0Z Y (@YRTIp, ¥ y (@)x ("x-v)z\ ("x-»
= ”: . .|=.I\(|+a:n.~.\ w—p v:\w\l\( LL9°0 S18°0 |~ Yz >.+ y w:b\AQvM».Tﬁ Uy dli\(uh&x. d
§SISIISY5ST00 . ur 6150 | we | ordonoquo
10§ 97 uBL} 3319q
‘X XUP
¢ XSE0 YD ot ﬁ ("x-p)z\ ("x-» ) y (1=9)
‘ . o Tt vt [S18°0|— + iV LLYOHT I Ty | odonomuo
15155200 LvoTro sool X7 4T Y - syesouafoq
10§ % UBTH 1919q
s o * h - uﬁw.o Ceomzf (222 g0t ez
I0J %S’ 1 ueys 1039q ¥Tro 6190 x—p L[4 ‘ Y x—p 47 {s] ordonosy
:AoImMOdY ot (rd A m. i )y :uopounyg YS9 SSS[uOISTaWI TeLSIEIN

X

1314Vl




134

soxe [enajent fediounid = £X pus Ix ] . N
: - — Y
m@M o.u_w = gy EATAD Lfa%a-n ey LD iy ° Ly X .
(%At + 1E4) (%a%a 4 ta) 7. 7 ™ ]
A pue 94 <6 17 105 oyyusqns -TMEHS BUTG “ex-1x ouwd I soyel 5,U0ssI0g ‘4 pue F4 : 4 < 1 |
v
“ex-1x oueyd ur snjnpour 1esys €15 ‘suondaxp X pue Ix Ul npout s, unoX £y pue ' S55HT SULJ T/T=v :uoneioN } VSx
(/'™ -1)LTITO-=0 ¢ pe6T 1+ (2/M%)E969'1 - (7/X)6€TS €+ (v/ ' X)BLTET-=D
¢ POz T+(2/ MOELILT - {7/ 1X)9619°9+ {7/ M)sS6Ty-=4  {101TT+(2/ " )E165°0 - {2/ MX)psSTE~ (v W)96v6T=V
:pue
y ; y (e 4 .2)g
a+ | D+{{mp—p it T~ (@X0F ot |7\ ¥ ix—p Tix
- 6110~
.«.\_n&N Yp . b4 )/ Yy D Ul v
| J O [ T A I
10J %7 uel Jonaq . ? ? -o10qM oyessuoSaq
.4 P y . v D w-pf zp (tx-p y
- 6190 vis (A
Y Y y o
a+ | o+ ﬁ:&lcwﬁml dxap ﬁ:kleuuﬁ:klu .ﬂu%
. - 6110~
TIYP 1% v v y v y v
% UeH) 19539 A )\ )T )T e ordonos|
9 9
o10gM
) y _» y i p) D :RlB?W\( -p y
¢©Nvo+ﬁ=xll.ﬂ ﬂu\ hﬂvw;ou—l—“ hﬁumo.m~ ﬁ.ﬂm+~u m Iw|+ 7 LL9O+] :RlaNln\(
- . 6190 vis -
A ¢ ~\ 3 & L
:Aoemooy soff (V'O Sy ‘uonouny JYSIOA SSA[UOISTWI ‘TeHaR

[ACELLAN




A
-
v

Figure 1.a: Schematic of an infinitely long strip [5].
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Foote and Buchwald
& —--— Gross and Srawley

0.01 0.1 1

‘Figure 1.b: Solid curve: dimensionless stress intensity factor in the isotropic strip of Fig. 1.a (Foote and
Buchwald and Eq. (1)). Dashed curves: limiting solutions for very small d/h (Irwin) and large d/h
(Gross and Srawley). '
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Figure 2: a) Schematic of a double cantilever beam loaded by a pair of opening forces P;.
b) Orthotropy rescaling: the geometry and boundary conditions are rescaled
from the original problem.
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Figure 3: Dimensionless stress intensity factor in the degenerate orthotropic (o = 1)
beam of Fig. 2.a, Eq. (9).
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Figure 4: Dimensionless stress intensity factor in the orthotropic
beam of Fig. 2.a with cubic symmetry (4= 1), Eq. (10).
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Figure 5: Dimensionless stress intensity factor in the orthotropic beam of Fig. 2.a, Eq. (10).
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Figure 6: Dimensionless stress intensity factor in the isotropic beam of Fig. 2.a
on varying x;i/ a, Eq. (11).

30



ot P

s % |[2h

Yo,

<
o]

Figure 7: Schematic of a double cantilever beam in the presence of bridging mechanisms.
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FREE VIBRATIONS OF DELAMINATED BEAM-TYPE
STRUCTURES WITH CRACK BRIDGING

Luigi Brandinelli' and Roberta Massabb2

A Department of Structural and Geotechmcal Engineering, University of Genoa, Italy.
2 Department of Civil and Environmental Engineering, Northwestern University, Evanston, USA.

ABSTRACT
The dynamic response of laminated beam-type structures presentmg delammatlons is charactenzed by
stiffness degradation, natural frequency shifts and, in special cases, the occurrence of opening modes

] during vibration. The paper investigates how bridging mechanisms acting between the surfaces of the
. ,.delammatlons may affect these behaviors. Such mechanisms could be developed by a through-

thickness reinforcement (stitching, z-pins) applied to the laminate in order to improve its resistance and

. tolerance against delamination fracture. A model based on the theory of bending of laminated plates is
. formulated where the,bridgin,g' mechanisms are modeled as a unifbn_n distribution of linear elastic
.:_ springs that oppose longitudinal and transversal relative displacements between the surfaces of the
- delamination. The model is applied to predict natural frequencies and modal shapes of a delammated
-cantilever beam with a rectangular cross section. A variety of solutlons and transitions in the dynamic
- response is found on varying the stiffness of the ligaments. A transition from damaged (unbridged) to
intact beam values is predicted upon increasing the stiffness of both longitudinal and transversal
~ springs. An application of the model to a stitched carbon-epoxy laminate for the éeronautical industry
.-shows that low percentagés of through-thickness reinforcement can substantially improve the dynamic
_response of delaminated structures. o

Keywords Delamination, dynamics, natural frequencies of vibration, beam theory, composnte
laminates, through-thickness reinforcement.

1. INTRODUCTION

.~ Fiber reinforced polymer matrix laminates are characterized by high strength and stiffness to weight

ratios that make them particularly suited to develop load-bearing components for a variety of
applications of the aerospace, naval and aeronautical industries. The utilization of these materials,

* Corresponding author. Address: 2145 Sheridan Road, Evanston, IL 60208, USA. Phone/fax: (847) 467 4105 / (847) 491 4011.
E-mail: r-massabo@northwestern.edu :
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however, has been limited by their high sensitivity to interlaminar flaws that, in the presence of
interlaminar stresses, can easily propagate and lead to catastrophic failures or unacceptable loss of
stiffness. Interlaminar flaws may originate during fabrication, mainly due to air trapped in the resin and
also to imperfect bonding, matrix cracks or broken fibers; they may also be service-induced, as because
of impact with foreign objects and fatigue loading. ‘

Besides being a major cause of stiffness and strength degradation, delamination also causes
changes in the dynamic response of composite laminates. Extensive experimental and theoretical
investigations have shown that delaminations cause shifts of the natural frequencies of vibration along
with changes in the modal shapes. Openings of the delaminated surfaces during vibration, the so-called
“opening modes”, have also been experimentally detected and theoretically reproduced [1-3].

In this paper, a model based on a particularization of the first order shear deformation theory for
anisotropic laminated plates in cylindrical bending [4-6] has been formulated in order to study the
dynamic response of delaminated composite plates in the presence of bridging mechanisms acting
between the crack surfaces. Following the approach described in [3], a through-width delaminated plate
has been modeled by using four elementary plates connected at the delamination edges. The bridging

“mechanisms are represented by a uniform distribution of springs that oppose longitudinal and
transversal relative crack displacements [7]. In this paper only linear elastic springs, exerting
symmetric restoring forces during vibration, have been considered. This assumption leads to analytical
or semi-analytical solutions of the problem allowing a complete description of the variety of modal
shapes and associated natural frequencies that arise due to the presence of bridging ligaments of
different stiffness. Nonlinear bridging mechanisms and the problem of nonlinear contact during
vibration will be studied elsewhere.

Bridging mechanisms acting between the crack surfaces could represent the action developed by a
through-thickness reinforcement, such as stitching or z-pins. The efficacy of the technology of through-

“thickness reinforcement in enhancing delamination resistance and damage and impact tolerance of
composite laminates has been abundantly documented in the last twenty years [8-11]. The through-
thickness reinforcements create large zone of bridging along the wake of the delamination that shield
the crack tip from the applied loads thus reducing the driving force for crack propagation or even
suppressing crack growth [7,12-15]. A through-thickness reinforcement can reduce the loss of stiffness
due to delamination, modify modes of failure and prevent catastrophic collapses of the structural
components.

It is expected that a through-thickness reinforcement will also reduce the delamination-induced
| degradation of the dynamic properties of composite structures by opposing the relative displacements
between the delamination surfaces during vibration. This behavior will be investigated using the
proposed theoretical model.

The analysis of the degradation of the dynamic properties of delaminated beam-type structures in
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the presence of a through-thickness reinforcement has special relevance. It is. well known that the
influence of short delaminations on the first natural frequencies of vibration is limited and that only

- considerably long delaminations degrade the first frequencies to a certain extent.[1-3]. Such long
- delaminations, however, would not be acceptable in traditional laminate structures. Through-thickness

reinforced laminates, on the other hand, can be used within a damage tolerant design of composite
structures. These damage tolerant structures would be able to tolerate delaminations of considerable

length due to the action developed by the through thickness reinforcement. It is then important to

understand and quantify the effects these long delaminations might have on the dynamic response and
investigate the influence of the through-thickness reinforcement.

2. MODELING AND TESTING OF DELAMINATED BEAMS

- Free vibrations of delaminated composite beams were first studied by Ramkumar et al. in 1979 [16].

Their analytical model, based on four Timoshenko’s beams. connected at the delamination edges (Fig.

.- 1), neglected the coupling between flexural and axial vibrations and therefore led to an overestimation
- of the drop in the natural frequencies caused by delamination and observed in experimental tests. Wang
- et al. [1] improved the analytical model by including the coupling effect and obtained a better
(._._:agreement with experimental frequency measurements. In these first models, also known as free

‘models, the two sub-laminates above and below the delamination plane were allowed to vibrate

independently. For special geometrical configurations (very long cracks close to the surface of the
beam) this assumption could lead to overlapping of the sublaminates during portions of the vibration

To avoid the overmentioned incompatibility, Mujumdar and Suryanarayan [17]} imposed the two

- delaminated parts to have the same transversal displacement during vibration. This so-called
- constrained model was later adopted by Tracy and Pardoen 18] to study the free vibrations of simply

supported isotropic beams and showed good agreement with finite element results and experimental
frequency measurements. o o » ’ o
- The problem of the interaction between sublaminates during free and forced vibrations of

_composite beams in the presence of one or more delamination cracks has been investigated in [3,19-

23]. Luo and Hanagud [3] studied the problem of a beam with a single delamination applying
Timoshenko beam theory. They modelled the contact forces that arise during the compression cycles
using a uniform distribution of transversal springs. A piece-wise linear spring stiffness was defined to
allow transversal relative displacements up to a pre-set amount and simulate the transversal elasticity of
the two sublaminates. Further overlap was impeded by an infinite spring stiffness. The springs opposed
no resistance to opening displacements. Different frequencies and modal shapes were then defined
corresponding to the different spring stiffness and the results. combined in the solution of a forced

3
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vibration problem. Lee in [22] applied a higher-order plate theory within a layerwise approach
[24,25,26] to numerically investigate the free vibrations of delaminated plates. :
- Other recent studies have dealt with the problem of free vibrations with respect to post-buckled
states [27-29], and the problem of the influence of delamination cracks on the flutter characteristics of
- laminated plates [30]. Flutter is a self-excited oscillation caused by the aerodynamic forces generated
by the motion of a structure immersed in a wind flow — once a critical velocity has been reached, the
structure starts to vibrate violently. In [30] the presence of delaminations has been shown to alter the
conditions characterizing the onset of flutter in composite plates and reduce the flutter boundary.

3. ASSUMPTIONS AND BASIC FORMULATION OF THE MODEL

Figure 1 shows a laminated plate of length L, thickness ¢ and width w (w>>¢) with a through-width
delamination of length Ly parallel to the x-y plane, with x the longitudinal geometrical axis of the
- plate. The delamination identifies four plates, for i = 1, ...4, of length L;, thickness #, cross sectional
area S and central moment of inertia J;. The distance of the plate centroidal axes from the delamination
plane is indicated with h;. The position of the mid-point of the delamination in the plane x-z is
‘identified by L, = L; + Lge/2 and #5.
The laminate consists of » linearly elastic and transversally isotropic laminae with material density
p . The principal material axes of the laminae are arbitrarily oriented and the layup is such to ensure
plain strain conditions parallel to the plane x-z. Only small deformations and small displacements are
- considered. Based on these assumptions, the plate vibrates in cylindrical bending and the governing
equations coincide with those of a beam characterized by a reduced flexural stiffness. In the following,
the terms beam and plate will be used interchangeably.’

Linear bridging mechanisms acting along the surfaces of the delamination are represented in the
model by means of uniformly distributed linear elastic springs that exert symmetric restoring forces to
both transversal and longitudinal relative displacements between the delamination surfaces. The
stiffness in the transverse and longitudinal directions are indicated with &, and k, respectively.

The generalized displacements of the axis of ith beam are the transverse displacement, wj, the axial
displacement, u;, and the bending rotation, @; the shear deformation y, is related to w; and @, through
the compatibility relation:

ow,
. =@, +— .
7’1 ¢l 6x (1)

The stress resultants per unit width are the normal force, N, shear force, O;, and bending moment, M;
~for i=1,..,, 4 (Fig.1).
The constitutive equations for the ith beam are:
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Ni = Aigxi +Bini » ' @
M, =Bz + Dy NG
0 =Gyi » co R @

where &y =#;, and K,; =@;, are the axial deformation and bending. curvature and the comma
indicates partial differentiation; the laminate stiffness coefficients 4;, Bi, D; and G; are defined using
lamination theory and the assumptions in [6].

The equations of motion for the intact parts of the beam are:

' Ni,x_iﬁgiu'isu s
Gisx=PSiWisg  » i=1,4 . (5a,b,c)

M~ Qi = pligisw >

' where the terms on the right hand side account for the inertia of the platé and the symbol ¢ has been
“~used for the time variable. For the upper and lower sublaminates, the equations of motion are:

Nz’x"'k:(us —u, —@,h, —g03h3)=p5‘2u2,n ’
Oy tk, (w3 - Wz) =pS,Wase s (6a,b,c)
M,.-0, +kth2(u3 —u, —,h, —¢3h3)= Plapysy >

N3,X—k,(u3—u2—¢2h2—¢3h3)=p5'3u3',*n‘ s’

Q3 ”x —kv (W3 —W, ) = pS3W3 sttt 9 (7a,b,c)

My, -0 +kth3(u3 —uy —,h, *¢3h3)= Pl30354

- Equations (5-7) can be expressed in terms of displacement components by exploiting equations (2-4)
- and the compatibility relations.

A harmonic type solution is assumed for the free vibration problem. The solution is characterized

| .By a single angular frequency @ and the displacement field assumes the following form:
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U (x:f) =U; (x)ej‘ur w; (x, t) =w, (x)ef‘”‘

oixt)=; (x)e’

i=1,.4.  (8abe)

Substitution of Eqgs. (8a,b,c) into the equations of motion leads to a system of twelve ordinary
differential equations. To determine the twelve displacement amplitudes, #;(x), w;(x), @;(x), and the

angular frequency, @, the eigenvalue boundary value problem is completed by continuity and boundary

conditions. Such equations will be explicitly stated in a dimensionless form in the following section.

4. DIMENSIONLESS FORMULATION

The thickness of the intact beam, ¢, its extensional stiffness coefficient, 4;, and the material density, p,

are chosen as fundamental quantities to define the following dimensionless
variables, the generalized displacements and the elastic stiffness coefficients:

X A L ~ L A L 3 t ~
=— L=-—— L =—= L =_del_ t :-ie-l— t =l
g t’ ¢ s 'c t , 'del t b 3 t b 2
A ui " wi
W= Wi=TT
- A .. B .~ D ~ G
4i=—, B=— , Di"—"_"—lz ’ G.":"“L ’
1 u o 1

with i =1, ...4. The dimensionless stiffness parameters for the transversal and

2 2
a= ket and f-= E— ’
Al Al
and the dimensionless eigenvalue is:
ve pa’t
4

The twelve governing equations in the thirteen unknowns #,,w,,¢, (i=1,
. in a dimensionless form as follows: ’ ‘

A

. IR B, . )
”i’§¢+Wi‘Biwi,g;g"vf'é—'wi,;=0 i=1,4,
i

groups for the geometric

- ~ b
—t hi:Tl,

(9a,b,c)

longitudinal springs are:

(9d,e)

€2))

...4) and y are expressed

(10a,b)
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1 1 . vi v . B, .
, e Wiyt | = =L W, =l =0 i=1,4 11ab
Pogez W[G,. 121),.) e D,.[12G,- J D, ’ (H1a.b)
. A i=1,4 12a,b
Pisg = GWi Wigg 1514, (12a,b)

a~ A

. iy . B, Bt B R

iy gog Y Aty g = W ppar Y 2 Wy =0 (W =W )+
2ogg V=~ Haap T Mo TV A Waage O Wsage W
’ 2 2 22 2V2

" o A oA s (13)
Bl . bty . 2 bty . 2 . hy b Y. .
| Uy g —Ug e HY —W. +hW, Y === Wy + Wy, e taf] === W3 =W, }[=0 ‘
4 3¢ U2sg '//Gz 2 TMaWo,ze WG3 3+ 3W3, e G, G3(3 2) ,

1 72 By . o« a(By V. o
Wy, - s y/— =1y + — Wy, 0 ~Ws, ~1{w; —w, )—
e WZ(GZ 12D2] 2e (12G2 2 G2( st ~nge )+ D, \ 126, )

: : , . , (14
Pl o Ry s hyfs h, hy ). .
|45, = + By Wy, gz + w+hw,+a —= 1wy =-w,)|=
D, 3¢ G, 2255V’G3 3+ MW g G2 G3(3 2)
V n @ (n A\ A
Prsg == —A_(W3 “Wz)—Wzagg ’ (15)
G, G, '
3 A
s, +l//——u i X —W Wyt — W, ze —Wo,
32888 A3 3¢ 4, 398528 A3 G, 328& A3 G3 ( 388208 ) 6
¢!
A S A r’s \
Bl. . by, & hity . o~ By By Y. L
- u3,§—u2,§+v/——n W, +h2W2,§§+l//——A W +h3w3‘,;§+a —_———— (W3—W2) =
' 1 i L[ By I 2 S a By PR
Wsszzer Wa("»“‘“ ] W3s gz '//—( A lws-T(Wsyfg'Wz,¢c)°-r 2 =1 |(h; - ,)-
! G, 12D, 26, G, - Dy 126, an
ﬁil; A ~ ﬁzfz A PN }‘;3i3 Py L oA };2 h‘3 a » A
| Uz e ~ +hW, +Y ———W. +hw, +Q| ————— \W; — W =
D, 3 ¢, o Wos gz '/’G3 3+ M3W3s g G, G3(3 z)
V A a )
P35 = —=W +"—( Wz)'w3,§g . , (18)
G, ; G, . ‘

The kinematic and static continuity conditions at the delamination edge & =L, /t are:

l

l

o
-
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=0, D=0, (20a,b)
gy =i+ (b =k Jos =t + [+ B oy (21ab)

M =M, +M,—(h,-B)N, +(h, +h)N;, 0, =0,+0;, N, =N,+N; . (22ab)

Analogous relations are written for the other delamination edge at £= (Ll + Ly )/t Equations (21a,b

and 22a) refer to all cases where the centroidal axis of the beam 1 is above the plane of the
delamination. Cases where the centroidal axis of the beam 1 is below the delamination plane are
described by the same equation substituting ﬁl (or k) with —- i;l (or —hy).

For a cantilever beam clampled at £ = 0 the boundary conditions in the absence of applied forces
are:

ﬁl = 0, ﬁ'l =0, ¢1 =0 9 at 5 =0 ’ (23a—,b,c)
N, =0, M,=0, 0,=0 , at £=L . (24a,b,c)

The system of equations (10-18) and the continuity and boundary conditions (19-24) constitute a
two-point boundary eigenvalue problem with internal conditions in terms of the generalized
displacements 4;, W,, ¢; and the eigenvalue y . The problem generally requires a numerical integration
such as that presented in Appendix I.

The proposed model has been validated by referring to the asymptotic frequency values obtained by
letting the spring stiffness vanish (thus simulating the absence of reinforcement) and indefinitely grow
(absence of delamination). For a vanishing spring stiffness, the experimental tests of Shen and Grady
[2], on delaminated cantilever beams, have been reproduced [31,32]. Luo and Hanagud [3] used the
same tests to validate their beam model. For very high spring stiffness, the frequency values predicted
‘by the model approach the values corresponding to an intact beam [33].

5. ANALYTICAL SOLUTION

A closed-form solution of the boundary eigenvalue problem presented in the previous section is
obtained under the following additional assumptions:
a) mid-plane delamination: t, =t; =1/2;
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b) constrained model: Wy =wy=w;
¢) homogeneous material;
d) negligible shear deformations: y;=0 fori=1,...4.
As it will be shown later, the assumption (b) is satisfied in all cases but for very long delaminations

close to the surface of the beam when opening modes may develop [1-3]. In all other cases the

transversal springs are not activated during vibration and the solution therefore does not depend on the

~ normalized stiffness coefficient @ (Eq. 9d). The assumption (c) is satisfied by all isotropic and

orthotropic homogeneous materials and by unidirectional lay-ups made of the same orthotropic

-1aminae. Furthermore, laminates with many layers and no bending/extensional coupling, such as quasi-

isotropic laminates typically used for aeronautical applications and cross-plies [0/90],, belong to this
category. The assumption leads to B, =0 (i=1,...4) and 4, = E;¢t, with E; the reduced longitudinal

" Young’s modulus.

The problem reduces to the determination, besides the eigenvalue y, of the seven functions #;(£),
(&), W,(€) and W(£), for i = 1,...4, representing the dimensionless displacement amplitudes.
Equations (10,11,13,16) simplify as follows:

B tvil; =0 ,  i=14 , (25a,b)
Wogg W 120 =0, =14, (26a,b)
ﬁz’:¢+wﬁz":+2ﬂ(us-uz +—5-] 0, @n
s +W3’5‘2ﬂ(“3 ~ +—2—§-] =0 . (28)

Y

Moreover, by introducing the relative longitudinal displacement #, =#; —i,, the last two equations

can be combined to give:

g Hy — 48N, + 2P, =0 . : (29
Finally, Eqs. (14) and (17) reduce to the following expression:

g (125~ W —ABPP =248 8, - (30)

Equations (25, 26, 29 and 30) constitute a system of six ordinary differential equations in the unknowns
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v, (&), 4,4(£), W (), W4(&), 4,(£) and W(£). The kinematic continuity conditions (19-20) at the
first delamination edge &, become:

A A n " wl 129 ~ " wl’
W1=W, W1,¢=W,: Py uz—ul+T, u3=ul ""—i D (31)

Similar conditions are posed at the other delamination edge. The static continuity conditions (22a,b,c)
- and boundary conditions (23) and (24) remain unchanged.
The solution procedure of the system of equations is outlined in the Appendlx II. The general

solution is:
#(&)=C,sin (5¢) | (32)
@)=Croolse-4.) 63)
W, (&)= Cy sin (m,€)+ C, cos (7,£)+ Cs sinh (6,)+ Cg cosh (8,€) (34)
W, (&)= C, sin (,€)+ Cg cos (7,&)+ Cy sinh (6,6)+ Cyo cosh (88) - (35)

ﬁr(§ ) = Cy, /;sin (axf )— Cy, f, cos (alf )"‘ C,8, cosh (azf )— C48,sinh (az‘f )+

+C,8; cosh (@;&)+ Cyg, sinh (a;¢) ’ (36)

ﬁ’(‘f) = Cy,c08 (a,§)+ Cyp, sin (alf)“‘ C; cosh (az‘f)"' Cy, sinh (azf)+ 37)
+Cy5 cosh (@3¢) + Cyg sinh (@5¢) ’

U (‘f ) C,p, sin (a,§ ) Cpg,c08 (alf ) +Cj3p,c08 (az‘f ) Cl4g,8in (azf )+ 38)

+ Cy5p; cosh (1135 ) + Ci4q5sinh (asé ) +C),c0s ('Vf ) + Cgsin ('/’5 )

where the parameters &;,7;,%;,;, f;» P;»q; and ¢ are defined in the Appendix II. They depend on
~'geometrical parameters, material properties and the natural angular frequency o. The continuity and
boundary conditions (22-24,31) define a system of eighteen algebraic equations in the eighteen
integration constants C;, i=1, ..18.

The natural frequencies and corresponding modal shapes are then calculated by imposing the
vanishing of the determinant of the system coefficients. It is worth noting that for very low and very
large values of the normalized longitudinal stiffness of the ligaments, B, a high precision is required in
the numerical solution.

10
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6. NUMERICAL SOLUTION: CONSTRAINED MODEL

If any of the assumptions stated at the beginning of the previous section are removed, a closed form
solution of the two-point boundary eigenvalue problem is no longer attainable. It is still possible
however to proceed with a numerical integration using the method outlined in the Appendix I, which is
based on a relaxation technique [34]. '

The model described in Sections 3 and 4 has been used to investigate the role played by the
bridging mechanisms in reducing the delamination-induced degradation of the dynamic properties of
delaminated cantilever beams. In this section, results obtained under the assumptions of constrained
model, w, =w; =w, homogeneous material and negligible shear deformations, will be presented in
- order to investigate the influence of the longitudinal springs. In the next section, a special geometry
 leading to opening modes will be examined to investigate the influence of the transversal springs.

* The results are presented in terms of normalized natural frequency of vibration fifo , with fo the
- natural frequency of the corresponding intact beam, dimensionless longitudinal stiffness of the
ligaments S = k,¢/ E,, normalized length of the delamination, L, /L, normalized length of the beam,
* L/t, and normalized position of the mid-point of the delamination, L o/t . The parameter B has been
varied between 107 to 1.0. o

- It is well known that the first natural frequency of vibration is degraded only by very long
- delaminations. The diagram of Fig. 2, which refers to Ly, /L= 0.50, L/t =50 and L,/L=0.5 and
shows the first natural frequency versus the dimensionless stiffness S for different thicknesswise
. positions of the delamination, confirms this result. For very small values of S all curves tend to the
normalized frequencies of the delaminated beam in the absence of through-thickness reinforcement [3].
~As expected, the curves show a. transition from damaged and unbridged values to the values
corresponding to.an intact beam (f'= f5) upon increasing the elastic spring stiffness . The maximum
degradation caused by the delamination corresponds to the case t,/t=0.5 — for higher values of 1, /¢
the dynamic properties of the delaminated beam are progresswely more affected by the behavior of the
thicker sublaminate. '

The chart in Fig. 3 illustrates how the f/f; ratio correspondmg to the first natural frequency varies
as a function of B for different delamination locations along the beam length. The chart refers to
- Lgy/L=0.50, t,/t=0.5 and L/t=50 (low values of L, /L indicate delaminations close to the
clamped end). The frequency reduction is stronger for delaminations close to the clamped end.

Figure 4 refers to the first three natural frequency ratios plotted as a function of J for a beam with
Lft=50, L,/L=0.5, L4 /L=025 and t,/t=0.5. It can be noted that the reduction of the third
natural frequency is considerably higher than those correspbnding to the first two modes. Likewise, the
~ effectiveness of the through-thickness reinforcements is correspondingly more evident, taking the value
of the third natural frequency from 0.843f; to f; on increasing f. '

11
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It is important to note that for all results presented in this section, apart from the curve of Fig. 2
corresponding to #, /t = 0.9 (see next section), the approximation of constrained model coincides with
the rigorous solution and the sublaminates above and below the delamination plane vibrate with the
same transversal displacement.

7. NUMERICAL SOLUTION: GENERAL CASE

In the results presented in this section the assumption of constrained model has been relaxed allowing
the two sublaminates above and below the delamination plane to vibrate independently. The
dimensionless transversal spring stiffness @ has been varied between two limit values, & and ¢, . The
two values have been chosen so that when a tends to «, the frequency ratio approaches the value
corresponding to & =0, a condition referred to as shear-bridged model that coincides with the free
‘model in the special case #=0; when a tends to &, the frequency ratio approaches the value
obtained through the constrained model and further increases in the value of & do not modify the
solution.

Following the experimental and theoretical observations in [2,3], a slender beam, L/t =150, with a
long delamination, Ly, /L = 0.5, close to the surface, ¢, /t = 0.9, has been examined in order to be able
to observe the phenomenon of crack opening during vibration. The delamination is centrally located,
L. /L=05. As in the previous section, results are presented for a homogeneous material and
negligible shear deformations.

In the presence of opening modes, the closure forces exerted by the transversal springs when the
delamination opens represent the action of the bridging mechanisms, whereas the opening forces of the

‘same springs simulate the elastic contact forces due to the closure of the delamination. Therefore,
allowing relative transversal displacements of the sublaminates causing springs compression does not

~ necessarily imply overlapping of the sublaminates axes, as already observed in Mujumdar et al. [16], as
long as the vibration amplitudes remain sufficiently small. In this paper the spring stiffness has been
assumed constant in the tensile and compressive regimes. This assumption simplifies the solution of
the problem and'is not expected to substantially affect the conclusions.

The influence of the spring stiffness parameters on frequency ratios and modal shapes of a
cantilever beam are described in Sections 7.1 and 7.2, respectively. Due to the slenderness of the beam,
the solutions presented in this section will be quantitatively correct only in a regime of vibration
characterized by small amplitudes.

7.1 Influence of spring stiffness parameters on frequency ratios

The frequency ratio f/f, corresponding to the first natural frequency of vibration is plotted in Fig. 5
versus the longitudinal stiffness B for @, =107, @, =107 (corresponding to the shear-bridged and

12
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constrained models, respectively) and an intermediate value & =107, It can be noted that the solution
is only slightly affected by a and the intact beam frequency ratio is always approached by adequately
increasing . The negligible influence of @ can be explained by noting that, even in the absence of
‘bridging mechanisms, the first modal shape of the delaminated beam is characterized by -a small
opening of the delamination, thus slightly differing from the constrained model condition (see Fig. 11).
For the second natural vibration mode, the frequency reduction induced by the delamination on the
cantilever beam in the absence of bridging mechanisms is 59.2% and the limits on o are &, = 107 and
@, =10"". Figure 6 shows a plot of the frequency ratio versus B for @ =a;, a=a, and three
intermediate values. In this case the intact beam frequency ratio is approached only for @ > a,. As it
will be shown in Section 7.2 (Fig. 12), the modal shape of the delaminated beam in the absence of
‘bridging mechanisms strongly differs from the constrained model approximation, being characterized
-by .a delamination opening whose amplitude is considerably higher than that defining the vibrational
motion of the rest of the beam; therefore, for @ < &, the condition f/f, =1 cannot be approached.
The trend described for the second natural frequency occurs for the third natural mode as well. In
~-this case, the frequency reduction induced by the delamination on the beam in the absence of bridging
 mechanisms amounts to 63.4% and the limits on o are @, =10~ and ‘@, =107°. The plot of the
frequency ratio versus f for a=a,, @ =a, and three intermediate values is shown in Fig. 7. In this
~ case the frequency ratio of an intact beam is no longer approached by simply raising & even for
“aSa,. The chart also highlights a limited effect of 8- in all cases where a <, .
~ Figures 8-10 show the dependence of the frequency ratio on the transversal spring stlffness '
parameter « . The curves in Fig. 8 confirm the negligible influence of & on the first frequency ratio.
~The chart of Fig. 9, referring to the second natural frequency, clearly shows that the frequency
reduction induced by the delamination is completely recovered only if @ S @, =107 For decreasing
values of «, the curves show a growing spread in the vertical direction, which confirms the higher
effectiveness of the longitudinal springs. Similarly, the curves in Fig. 10 show that, for the third natural
- frequency, the degradation induced by the delamination is almost recovered if a > a, =107 and
- B5107*. In this case, however, the curves are practically unaffected by B for low values of .

7.2 Influence of spring stiffness pafameters‘ on modal shapes

_The two charts in Figure 11 show the fi rst modal shape of the cantilever delaminated beam
corresponding to the two limiting solutions of constrained model with ﬂ 0 and free model (a= 0 and
ﬂ 0). In these graphs and those that follow, the modal shapes have been normalized assuming a unit '
deflection at the free end. The horizontal and vertical axes define the normalized position along the
beam, E=x/t, and the normalized deflection, W = w(x)/w(L). For a=10"" the presence of the
delamination causes an almost undetectable opening mode that disappears, as expected, for
@ =a, =10, However, since B = 0, the normalized frequency of vibration remains lower than one.

13
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Increasing the value of £ from 0 to 1 leads to the vanishing of the opening mode and a frequency ratio
approaching unity.

The sequence of six charts of Figure 12 describes the evolution of the second modal shape on
varying a between a,and o, with §=0. For the free model condition, corresponding to & = 10719,
the thinner sublaminate shows a modal shape that is almost symmetric with respect to the center of the
‘delamination, whereas the rest of the beam vibrates according to the first modal shape of an intact
cantilever beam. By raising @, the amplitude of the opening mode progressively decreases and the
rest of the beam assumes a modal shape corresponding to the second natural frequency of an intact
beam. The effect of letting £ vary from zero to unit, for each value of a, is that of reducing the
aniplitudc of the opening mode without introducing major alterations in the modal shape.

The evolution of the third modal shape of the delaminated beam for increasing values of a and for

- B =0 is shown in the nine charts of Figure 13. Up to @ ~2.0-107%, the thinner sublaminate vibrates
according to the first modal shape of an intact beam clamped at both ends and is out of phase with the
rest of the beam that vibrates according to the second modal shape of an intact cantilever beam. The

- amplitude of the opening mode progressively increases on raising & and this phenomenon has to be
thought of as the beginning part of a more complex modification of the modal shape. For & higher
then 3.5-107%, the amplitude of the opening mode decreases, and two interesting modifications appear
in the modal shape of the beam: a) the deflected shape of thinner sublaminate crosses the delamination
at an intermediate point along the delamination; b) the modal shape of the rest of the beam tends
toward that corresponding to the third natural mode of an intact beam. By further increasing «, the

- thinner sublaminate progressively assumes an anti-symmetric modal shape across the delamination,

‘resembling that corresponding to the second natural mode of an intact beam clamped at both ends.
Finally, for & = @, =107, the opening mode disappears and the beam vibrates according to a typical
third modal shape of an intact beam.

* The effect of B on the third modal shape depends on the value assumed for « . For & $2.0-107%,
the effect of raising B is that of increasing the amplitude of the opening mode without altering the
modal shape shown by the first four charts of Figure 13. On the other hand, for a 5 3.5:107%, the
higher the value of f, the smaller the amplitude of the opening mode, even though the constrained
model condition can be reached only for a S e = 107%. At @ ~3.5-107%, the effect of raising 8 is
illustrated in the three charts of Fig. 14: the thinner sublaminate vibrates with increasing amplitude
whereas the rest of the beam is progressively constrained to modify its modal shape from that

_ corresponding to the third natural mode of an intact beam (for B = 0) back to the second natural mode

‘of an intact beam (for g =1).

14
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8. DISCUSSION

‘In ‘order to understand the variety of results and transitions in the dynamic response observed in
Sections 6 and 7, a differentiation must be made between configurations characterized by the absence
" of opening modes and configurations characterized by the presence of opening modes. For the first the
rigorous solution of the problem coincides with the constrained model approximation.

Absence of opening modes ‘ =
When the delamination is not very long and close to the surface of the beam or when the stiffness
- of the transversal springs is higher than o (i.e., @ >10 - :107°), the two sub-laminates above and
‘below the delamination plane vibrate with the same transversal displacement. In all these cases,
. however, the presence of the delamination leads to relative sliding displacements between the crack
faces that, in the absence of longitudinal crack bridging mechanisms, reduce both the flexural stiffness
of the member and the natural frequencies of vibrations. : :
.'The different effect the delamination has on the first, second and third natural frequencles (see Fig.
5) is explained by the different sliding displacements arising during vibration in the corresponding
modal shapes. The first and second modal shapes (see for instance last charts of Fig. 11 and 12) are
 such that very small crack sliding arises during vibration and the beam behaves almost like an intact
‘beam. On the other hand, the third modal ‘shape is such that large sliding displacements arise during
vibration and consequently the effect of the delamination on the frequency reductlon is much stronger
: "(see for instance last chart of Fig. 13).
' The above observations have beeti confirmed by numerical calculations. The diagram of Fig. 15 has
‘been obtamed for - the specral geometry -of Section 7 (Lyy/L=0.5, L,/L=0.5, Lft=150 and
“‘t,[t=0.9) and assummg B =10 in order to describe how the sliding displacement between the crack
““surfaces is controlled by the stiffness of the transversal spnngs A parameter A has'been mtroduced asa
measure of the total shdmg dlsplacement SR '

T

where the mtegrand deﬁnes the crack shdmg at the coordrnate x along the delammatlon ‘The parameter
A has been calculated numerlcally and dlagrammed as a functlon of @ for the first three modal shapes
In the dlagram the absence of openmg modes corresponds to values of a hlgher than
o, =108 +107. The diagram shows that for such values of a, A correspondmg to the ﬁrst and
~ second modes of vibration is virtually zero while large values of A charactenze the third mode.

In a11 conﬁguratlons characterized by the absence of opemng modes the effect of the longltudmal
springs 1s always that of restormg the condmons of an mtact beam (see Flgs 2-4)
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Presence of opening modes

In the configurations characterized by opening modes during vibration substantial reductions of all
natural frequencies are typically observed. This happens both when crack sliding displacements are
allowed, i.e. when B = 0 (see first charts of Fig. 12-14), and when they are impeded by stiff
londitudinal springs (see last chart of Fig. 14).

The longitudinal springs have different influence on the first, second and third natural frequencies
of vibration. For the second mode of vibration large crack sliding displacements are observed in the
absence of bridging mechanisms, for « = 0 and # = 0 (Fig. 15 and first chart of Fig. 12).
Consequently, when present, the longitudinal springs will be significantly engaged and their influence
on the frequency ratio will be strong (Fig. 6). For the third mode of vibration, on the other hand,
‘negligible crack sliding displacements are observed in the absence of crack bridging mechanisms (Fig.
15 and first chart of Fig. 13) and consequently the longitudinal springs will not have a strong influence
on the frequency ratios unless the stiffness of the transversal springs is simultaneously increased to
prevent the opening (Fig. 7). In this case the beam then behaves as explained above for the constrained

mode case.

9. APPLICATION TO A STITCHED QUASI-ISOTROPIC LAMINATE |

The model formulated in the previous sections has been applied to investigate if a through-thickness

_reinforcement could contrast the degradation of the dynamic properties of delaminated beams. To this
purpose, a 48-ply carbon/epoxy quasi-isotropic laminate, of thickness 7.2 mm, stitched with glass fiber
tows and tested in [35-36] has been considered. The laminate had a reduced longitudinal Young’s
modulus of 49 GPa and a shear modulus of 2.6 GPa. The stitches were spaced according to a square
array of side 3.2 mm, with a resulting stitch area fraction of 0.062. .

Experimental shear tests have been performed in [35] in order to define the constltutlve
relationship, shear load versus crack sliding displacement, of a single stitch. The tests were carried out
loading in shear small notched cubes containing just one or two stitches. Experimental curves
representing the shear force applied to the stitch versus the relative sliding displacement are shown in
Fig. 16. The experimental data show a linearly increasing branch followed bya nbnlineérly decréasing

‘ one at a large value of the sliding displacement corresponding to the failure of the stitch. The results
presented in Fig. 16 have ‘been used to define the constitutive law of the longitudinal springs of the
theoretical model by assuming an equivalent uniform distribution of reinforceménts (see right ordinate
axis of the diagram of Fig. 16). The approximation of discrete stitches as uniformly distributed springs
is correct provided the stitch density is high enough and the length of the delamination is sufficiently
long. For relatively small values of the sliding displacement the expenmental data can then be
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approximated by a linear bridging law describing the first branch of the experimental curve. The
equivalent normalized stiffness of the uniformly distributed springs of the theoretical model is 5= 0.01.

Cuboidal specimens similar to those tested in shear were also tested in axial tension in [36] and the
stitches showed an axial stiffness much greater than the shear stiffness. This implies that the value of
the normalized stiffness of the transversal springs,  , is much higher than all values of &, presented in

~ Section 7 so that the constrained model assumption is always satisfied.

Circles have been used to highlight the solutions corresponding to 8 =0.01 in Flgs 2-4. The data
in Fig. 2 show that for a mid-plane delamination, ¢, /t =0.5, the reinforcements are able to raise the

- f £, ratio from 0.926 to 0.992. Figure 3 shows that, for the particular geometry considered, £ = 0.01
-ensures that no reduction is observed in the first natural frequency regardless of the location of the

delamination along the beam. Finally, the chart of Fig. 4 indicates that the third natural frequency
mostly benefits of the reinforcements: the -f/ f; ratio is brought from 84.4 % to 94.7% of its intact
value. The recovery is even greater for longer delaminations. Results corresponding to the material
tested in [35] can be observed in the diagrams of Figs. 5-10 for #=0.01 and @ corresponding to the
constrained model (c.m.).

" 10. CONCLUSIONS

A theoretical model has been formulated to investigate how linear elastic bridging mechanisms can
reduce the degrading effects of delaminations on the dynamic response of beam-type structures. The
model is based on the first order shear deformation theory for laminated plates and includes the effect
of the rotational inertia. The bridging mechanisms are represented by uniformly distributed springs that
oppose transversal and longitudinal relative displacements between the surfaces of the delamination.
Assuming no extensional/bending coupling in the beam constitutive equations, negligible shear
deformations and the absence of opening modes, the model has been applied to analyze cantilever
beams with rectangular cross sections and delaminations differently located in the longitudinal and

‘transversal directions. The effectiveness of the longitudinal Springsv on reducing the natural frequency

shifts has been demonstrated through the transition from damaged to intact beam values upon
increasing the stiffness of the springs. '

The model has then been applied to a geometrical configuration of the de]ammated beam in which,
in the absence of bridging mechanisms, opening modes would occur. The influence of both
longitudinal and transversal spring stiffness on the first natural frequencies and corresponding modal
shapes has been assessed. It has been shown that, by increasing the transversal longitudinal spring
stiffness from zero to relatively high values, the modal shape of the delaminated beam undergoes a
transition during which the opening mode progressively disappears. Simultaneously, the global mode
of vibration of the beam changes: from a first to a second mode of vibration for the second modal
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shape and from a second to a third mode of vibration for the third modal shape.

The model has been formulated for composite laminates characterized by extensional/bending
constitutive coupling. Results have been presented only for a homogeneous material and assuming
negligible shear deformations. It is expected that the quantitative results will be modified if the lay-up
of the laminate is not symmetric about the mid-planes of the beams. However, the general conclusions
drawn on the dynamic response of delaminated beams, the transitions observed on varying the stiffness
of the springs and the influence of a through-thickness reinforcement are expected to hold true.

The application of the model to a laminate composite reinforced through the thickness by stitching

“and previously tested in [35], has shown that low percentages of through-thickness reinforcements can
substantially improve the dynamic response of delaminated beams and restore the conditions of an

_intact beam. In particular, low area fractions of through-thickness reinforcement can ensure the absence
of opening modes during vibration also for geometries characterized by very long delamination cracks
close to the surface of the beam.
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APPENDIX I: NUMERICAL SOLUTION OF THE BOUNDARY EIGENVALUE PROBLEM

For the numerical solution of the boundary eigenvalue problem formulated in Section 4 the governing
equations (10-18) are first transformed into an equivalent sets of first order ordmary differential

equations. To this purpose, the following notation is introduced:
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ﬁ. - aﬁij_l . 'ﬁ) - awij.;l 0, = a(Dij_l . o
ij o ’ ij o . iy o9& r ‘ (All)
where it is understood that:
By =ty Wy =W @y =0; . (A12)

The unknowns quantities of the problem are the 32 displacements introduced in (Al.1, A1.2) and
the eigenvalue y . The system is completed by the boundary and continuity conditions (19-24) and by
" artificially adding the equation .

¥ =0 : (A1.3)

which merely states that the eigenvalue is independent from the dimensionless abscissa & [37]).

The system of goveming equations and related boundary and continuity conditions define a two-
. point boundary value problem with internal boundary conditions which are solved numerically using a
relaxation technique [34,37]. The dependent variables are arbitrarily numbered in order to define the
unknown vector y= {yl, Yo ¥y } The first order ordinary differential equations (ODEs) are then
. replaced by approximate finite difference equations (FDEs) on a grid of points that spans the interval of
interest. The present problem involves N = 33 coupled first-order ODEs approximated by just as many
FDEs on a mesh of M points, leading to a total of N x M unknowns.

- The relaxation method provides the solution by starting with an initial guess that is improved
iteratively. As for the iteration scheme, the multidimensional Newton’s method provides a simple
algebraic matrix equation to be solved for the N corrections Ay, at the M grid points. Following the
procedure described in [37] for two-boundary value problems and adapting it to deal with the presence
of the internal conditions, the matrix of the algebraic system takes a special “block diagonal” form that
allows efficient inversion. More details on the numerical solution can be found in [33].

APPENDIX II: DERIVATION OF THE GENERAL SOLUTION

 The general integrals (32-35) of Egs. (25a,b) and (26a,b) are straightforward. The following parameters
have been introduced in (32-35) with i =1 and 4:

- L Ay .
5;—\/;/-, n; = 2[ 1+W+1], g = 2( 1+'/’ i (A2.1)
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In order to determine Egs. (36,37), Eq. (30) has to be solved with respect to ,,, . Substituting the -
result into Eq. (29), after differentiation with respect to &, provides the following ordinary differential
equation in the unknown +:

Wagegzzs + e O+ =0 (A22)

where the quantities ¥/, & and ¢ are functions of the eigenvalue y and the stiffness parameter £ :
x=20y-88) S=yly-168-48) ¢p=4a8y(4-vy) . (A23)
The general solution of Eq. (A2.2) corresponds to Eq. (37), where the quantities «; are the solutions of

the cubic characteristic equation associated to the differential equation (A2.2).
Differentiating Eq. (30) with respect to £ and substituting the result into Eq. (29) provides:

A 1 A ~ A N
U =;[‘W’§§§§§+W’§§5+W’c] ) (A2.4)
" where 7, 4 and v are given by:
r=24pW-4p) wu=12-y, v=a8y-p) . (A25)

Substituting Eq. (37) into Eq. (A2.5) provides the general integral (36), where the quantities f; and g;

 take the following form:
4 2 4 2
o a Aa; v o | a Aa; v
=1L 41 _48-+28) ;= ——| —4——-—L—-48=—-28}| .
fi w('r . . ﬂ) g v/( . . /’) (A2.6)
Finally, rewriting Eq. (27) as:

A A " ﬁ’a{
U, ,§§+W2 = —Zﬂ u.+ T ’ (A2.7)

and substituting Eqgs. (36,37), leads to the general integral (38), with p; and g; given by:

pi= —2/3(12 - %‘—) g = -Zﬂ(ff + %} . (A2.8)
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FIGURE CAPTIONS

Figure 1: a) Schematic of the four-beam model for a delaminated beam; b) Stress resultants and
displacements.

Figure 2: Normalized first natural frequency of vibration as a function of the normalized stiffness 8 for
different transversal locations of the delamination (constrained model).

Figure 3: Normalized first natural frequency of vibration as a function of the normalized stiffness 8 for
different longitudinal locations of the delamination (constrained model).

Figure 4: Normalized first, second and third natural frequencies of vibration as a function of the
'normalized stiffness 8 for a mid-plane delamination centrally located (constrained model).

Figure 5: Dependance of the frequency ratio on the normalized stiffness B for the first natural
frequency (s.m.: shear-bridged model; c.m.: constrained model).

Figure 6: Dependance of the frequency ratio on normalized stiffness B for the second natural
frequency (s.m.: shear-bridged model; c.m.: constrained model).

Figure 7: Dependance of the frequency ratio on the normalized stiffness # for the third natural
~ frequency (s.m.: shear-bridged model; c.m.: constrained model).

Figure 8: Dependance of the frequency ratio on the normalized stiffness o for the first natural
frequency (s.m.: shear-bridged model; c.m.: constrained model).

Figure 9: Dependance of the frequency ratio on the normalized stiffness @ for the second natural
frequency (s.m.: shear-bridged model; c.m.: constrained model).

Figure 10: Dependance of the frequency ratio on the normalized stiffness o for the third natural
frequency (s.m.: shear-bridged model; c.m.: constrained model).

Figure 11: Evolution of the first modal shape versus the normalized stiffness a, assuming f= 0.
Figure 12: Evolution of the second modal shape versus the normalized stiffness a, assuming = 0.
Figure 13: Evolution of the third modal shape versus the normalized stiffness a, assuming 8= 0.

Figure 14: Evolution of the third modal shape versus the normalized stiffness f , assuming o =
3.5410°%.

Figure 15: Dependence of the parameter A on the transversal spring stiffness &, assuming 5= 0.

Figure 16: Shear load versus sliding displacement from cuboidal specimens of a stitched quasi- '
isotropic laminate containing one S-2 glass fiber tow (after [35]).
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reinforcement percentage and fiber orientation for the dif-

ferent layers. This type of structure should allow fora’

significant weight reduction in comparison with similar
metallic shields, while the overall energy absorption is ex-
pected to satisfy the application requirements that, taking
into account the train mass, are very severe.

The first phase of the research activity has been devoted
to the experimental characterization of the proposed mate-
rial, with particular attention to the interface between the
composite layer and the foam. To this aim a number of
quasi-static and impact tests have been run both on tensile
and bending specimens of the composite laminates and on
square plates of the whole sandwich.

The second phase of the research activity has been de-
voted to the finite element modeling of the characteriza-

tion tests run in the first phase. The purpose of this second

Phase was to assess the capability of the FE code mate-
rial model to simulate the experimental tests and to define
the input data for the material constants required by the
chosen material model. The third and final phase of the
research activity has been dedicated to the study of the
shield structure impact behavior by means of finite ele-
ment analysis. The FEM simulation was performed with
the explicit code PAM-Crash.

Delamination and Dynamic Response
of Through-thickness Reinfm
Delaminated Composites

Roberta Massabd! and Luigi Brandinelli?
!Department of Civil Engineering -
McCormick School of Engineering and Applied Science
Northwestern University
Evanston, IL

?Department of Structural and Geotechnical Engineering
University of Genova
.Genova, Italy

The paper deals with different aspects of the mechan-
~ ical behavior of delaminated composites in the pres-
ence of bridging mechanisms such as those developed by
a through-thickness reinforcement (stitching, 2-pinning
or weaving). We will present our recent work on the
problemsofmodelmdmixedmodelargescﬂebﬁdg-
ing delamination and the dynamic response of through-
thickness reinforced delaminated beams. The problem of
mode I and mixed mode large scale bridging delamina-
tion is treated using the weight function method in terms
of stress intensity factors at the crack tip. The model ac-
counts for the orthotropy of the material and allows us to
investigate problems characterized by very short cracks
brbﬁdgingmechanimacﬁngclosemmecuckﬁp.'rhe
‘influence of the through-thickness reinforcement on the

fracture behavior is investigated and unusual phenomena
of crack arrests and crack propagation in the presence of
regions of contact that have been observed in the exper-
iments are predicted theoretically and explained [1]. A
beam theory model has been formulated to analyze the
role played by linear bridging mechanisms in reducing the
delamination-induced degradation of the dynamic proper-
ties of laminated beams. The model follows the formula-
tion proposed in [2] for ) '
delaminated beams in the absence of bridging mecha-
nisms. An application of the model to a typical stitched
carbon epoxy-laminate shows that a low area fraction of
through-thickness reinforcement can substantially reduce
the degradation of the natural frequencies of the structure.

[1] Massabd, R., Brandinelli, L., and Cox B.N,, (2002)
Mode I Weight Functions for an Orthotropic Double Can-
tilever Beam, accepted for publication in Int. J. Engineer-
ing Science. 3 ' :

(2] Luo H., Hanagud S. (2000),Dynamics of delaminated
beams, Internatinal Journal of Solids and Structures, Vol.
37, pp.1501-1519.

The authors were supported by the European Research Office of the US
Army, Contract # N68171-01-M-5909, and by the Ialian Department

Contact Between a Cylindrical
Indenter and a Sandwich Beam
- with Functionally Graded Core

Nicoleta A. Apetre and Bhavani V. Sankar
Department of Aerospace Engineering
Mechanics and Engineering Science
- University of Florida
Gainesville, FL 32611-6250

In this paper we analyze the problem of indentation of

'asandwichbeambyarigidcylindticdindentor.'l'heoore

isassumdtobeﬁmcﬁonallysmdedwithsﬁifnesspmp-
erties varying through the thickness. The contact prob-
lem is solved using the assumed contact stress distribution
method. Relations are derived for load-contact length,
load-indentation, and maximum stresses and strains in the
core for functionally graded cores as well as homoge-
neous core. The results will be useful in answering the
question if FG cores have an advantage over homoge-
neous cores when a sandwich panel is subjected-to low-
‘velocity impact.

The core/ face sheet delamination is 2 major concem in
sandwich laminate construction. The stiffaess discontinu-
ityuthefacesheetandooreimer&cemultsinalaxxe
increase in shear stresses. While the core material itself
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FREE VIBRATIONS OF THROUGH-THICKNESS REINFORCED
DELAMINATED BEAMS

Luigi Brandinelli ' and Roberta Massabd?
ABSTRACT , :

- The dynarmc behavior of laminated beam-type structures presentmg delam1nat10ns is characterized by
_.StlﬁheSS degradation, natural frequency shifts and opening modes during vibration. This paper investigates
‘the influence of a through-thickness reinforcement on the natural frequencies of through-width delaminated
‘beam. A model based on the theory of bending of beams is formulated where the reinforcements are
modeled as a uniform distribution of linear springs able to react to longitudinal and transversal relative
displacements between the surfaces of the delamination. The natural frequencies of a delaminated

cantilever beam are predicted for different lengths of the delamination. The effectiveness of the through
thickness reinforcement on the natural frequencies is demonstrated through the transition from damaged
(unbridged) to intact beam values upon increasing the stiffness of the springs. An application of the model

“to a typical stitched carbon-epoxy laminate for aeronautical applications shows that low percentages of
through-thickness reinforcements can substantially improve the dynamic response of delaminated beams.

Keywords: Through-thickness reinforcement, delamination, natural frequencies, beam theory,
dynamics. ’ S

_ INTRODUCTION

.. Delamination is one -of the most common fallure mechamsms of laminate composxte
_materjals.: Besides being known as major cause of stiffness and strength degradation,
delamination is also known to cause a change in the dynamic behavior. Extensive experimental
- and theoretical investigations have demonstrated that delaminations can cause shifts and/or extra
natural frequencies which can approach the exciting frequencies. Additionally, delaminations can
cause changes in modal shapes. Conditions causing the opening of delaminated surfaces in modal
~ shapes, so-called “opening modes”, have been experimentally detected and theoretically
reproduced (Wang et al., 1982; Shen and Grady, 1992; Luo and Hanagud, 2000).
.. The efﬁcacy of the through-thickness reinforcement technology (stitching, z-pmnmg,
‘weaving) in enhancing the delamination strength and damage tolerance of composite laminates
_has been abundantly documented in the last twenty years. In particular, it has been proven how
small percentages of reinforcements can increase interlaminar fracture toughness, shear and
compressive strength after impact (Dransfield et al., 1994). On the other hand, to the knowledge
of the authors, the efficacy of through-thickness remforcements in limiting the delamination-
induced degradation of the dynamic propetties has not yet been investigated. It is reasonable to
assume that through-thickness reinforcements can reduce the degradation of the dynamic
properties by opposing the relative displacements between the delamination surfaces

! Dept. of Structural end Geotechnical Engineering, University of Genoa, Italy. E-mail: brandmelh@dlseg unige.it
2 Dept. of Civil Eng., McCormick School of Engineering and Apphed Science, Northwestem University, Evanston, IL
60208. E-mail: r-massabo@northwestern.edu




A simple model based on laminated beam theory has been devised in order to study the role
played by through-thickness reinforcements on the dynamic response of delaminated composite
beam. Following the approach described in Luo and Hanagud (2000), a through-width
delaminated beam has been modeled by using four elementary beams connected at the
delamination edges. The action of the reinforcement has been represented by a uniform
distribution of linear elastic springs able to oppose longitudinal and transversal relative crack
displacements (Massabd and Cox, 1999). The constitutive law of the springs describes the load
transfer mechanisms from the reinforcements to the surrounding material and is assumed as a
model input. Although a more general formulation of the model could be based on a nonlinear
spring constitutive law, in the present work a linear relationship has been assumed, which is an
acceptable assumption for most through-thickness reinforced laminates provided the crack
-displacements are not too high (Cox et al., 1997). The model assumes bending/extensional
coupling in the laminate constitutive description, and accounts for the effect of inertia in the
moment dynamic equilibrium equation of the beam. Shearing deformation effect is neglected.
Through this approach, delaminations of different lengths and at different sites, both thickness-
wise and length-wise, can be analyzed.

The model has then been used to predict the effect of through-thickness remforcements fora
wide range of geometric configurations, reinforcement stiffness values and material parameters
of the composite laminate. Finally, an application of the model is presented to simulate the
dynamic response of a stitched carbon-epoxy laminate for aeronautical applications. In this case,
the appropriate stiffness value for the linear elastic springs has been deduced from the
experimental data in Cox et al. (1997).

THEORETICAL MODEL

The model refers to the scheme shown in Fig.1 representing a laminated beam of length L
and thickness ¢ with a through-width delamination of length L. Linear bridging mechanisms
acting along the surfaces of the delamination are represented in the model by means of uniformly
distributed linear elastic springs, with stiffness 4, in the transverse direction and k in the
longitudinal direction. Plane strain conditions parallel to plane x-y are assumed and the problem
is solved by applying the theory of bending of beams.

The delamination identifies four beams, for i = 1, ...4, of length L;, thickness #, distance of
.the centroid from the delaminated surfaces #; and cross sectlonal area and moment of inertia S;
and I,. The generalized displacements are the transverse displacement, w;, the axial displacement,
u;, and the bending rotation, ¢, and the stress resultants per unit width are the normal force, N,
shear force, Q; and bending moment, M, for i = 1,.., 4 (Fig. 2).

Equations of motion and constitutive equations are defined for the four beams and a
boundary value problem is set up in terms of the generalized displacements (see Appendix I).
The problem generally requires a numerical solution. However, a closed-form solution can be
obtained based on the following assumptions:

1) mid-plane delamination;
2) homogeneous material;
3) absence of opening modes: the transverse displacements of the two delaminated beams

coincide, thatis w, =w; =w.

Assumption 2 is evidently satisfied not only by all isotropic and orthotropic homogeneous
materials but also by unidirectional lay-ups made of the same type of orthotropic lamina and



laminates with many layers and no bending/extensional coupling. Quasi-isotropic laminates
typically used for aeronautical applications and cross-plies [0/90] belong to this category. -
Assumption 3, is usually satisfied if the delamination is not too close to the surface of the beam,
as observed by Luo and Hanagud (2000), and is commonly referred to as “constrained model”
assumption. :

Bt

FIG. 1: Scheme of the four-beam model for a delaminated beam.
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FIG. 2: Sign convention for stress resultants and displacements.

Assuming a free harmonic vibration characterized by a Single' angular frequency o,
u; (x,6)= u (x)ej"," and w, (e, 1)= W, (x)ejmr fori=1, ..4, the problem is defined in terms of the
relative axial displacement amplitude, u, =u, —u,, and the transverse displacement amplitude,

w, of the beams 2 and 3 and by the axial and transverse displacement amplitudes of the beams 1
and 4.

Itis convenient to formulate the problem in a dimensionless form introducing the normalized
coordinate & = x / ¢ and the normalized amplitude displacements #, =u, /¢ and Ww=w/t, for
the delaminated beams, and #, =u,/tand W, =w, /¢, with i = 1,4, for beams 1 émd 4. The other
dimensionless variables are the spring stiffness 8 and the eigenvalue Y defined as: »

o 2,2 -
B=kt/E, and Y= ”“; L 3 )
| . ,

where E, is the effective longitudinal Young’s modulus of the beam and p is the density. B
The boundary eigenvalue problem is then defined by the following equations: -




ﬁ‘, +yi; =0
{“5 v i=1..4

Wisggge HYWWi0 g 129, =0
g+ ~ 4B, + 2P =0 @
"“\’,gggg _(1 28— V’)ﬁ"gg —48yw = 24ﬁ‘;r ’E
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The continﬁity conditions at the first delamination edge £ = L, /t are:

A ~ -~ -~ ~ ~ t ~ -~ ~ t A
w=w, Wiye =W,x, Uy =U +—Wy,e, Uy =U ——W,
1 15¢ 4 2 1 4L 15¢ 3 1 4L 13¢
t t
M1=M2+M3 "'ZNz“"ZN;’ 0=0,+0, N,=N,+N,

while those at the other edge §= L, [t (with L, =L, +L,,) are:

N N o ,\ n R [ S " " t .
W4=W, W4,¢-= 3&s u2=Il4+'4—‘—L'W4,:, u3=U4-EW4,¢

t t
M4=M2+M3—-4-N2+2N3,Q4=Q2+Q3, N4=N2+N3

The boundary conditions of a cantilever beam are:
‘,‘:’l =0, ﬁ’l,§=0 at§=0

M4=0’ Q4=0 at§=l.

The solution procedure is outlined in Brandinelli and Massabd (2001). The natural
- frequencies and the corresponding modal shapes of the delaminated beam are calculated through
the analytical integration of the eigenvalue problem (2). It is worth noting that for very low and
_very large values of f, the normalized stiffness of the ligaments, a high numerical precision is
required in the solution,

Under these assumptions, the proposed model has been validated by referring to the
asymptotic frequency values obtained by letting the spring stiffness vanish (thus simulating the
absence of reinforcement) and indefinitely grow (absence of delamination). For a vanishing
spring stiffness, the experimental tests of Shen and Grady (1992), on delaminated cantilever
~ beams without a through-thickness reinforcement, have been successfully reproduced

(Brandinelli and Massabo, 2001). Luo and Hanagud (2000) used the same tests to validate their
beam model. For very high spring stiffness, the frequency values predicted by the model
approach the values corresponding to an intact beam.



If assumption 1 (mid-plane delamination) is removed, the procedure Outlinéd above is no

longer applicable. It is still possible however to proceed with a numerical integration of the
differential eigenvalue problem described in Appendix I, based on relaxation techniques (Keller,
1968). The system of differential equations (A4) is approximated by finite-difference equations
and the multidimensional Newton-Raphson method is used for the iteration scheme.

' FREE VIBRATIONS OF THROUGH-THICKNESS REINFORCED BEAMS

The model described in the previous section has then been used to systematically determine
_ the role played by through-thickness reinforcements in reducing the delamination-induced
degradation of the dynamic properties of through-width delaminated cantilever beams.

The dimensionless formulation of the problem allows the definition of the calculated natural
frequency f of the delaminated beam, normalized with respect to the corresponding intact beam

value fo, as a functlon of the dimensionless stiffness of the llgaments B=kt/E,, the
_normalized length of the delamination, L, /L, the normalized length of the beam, L/t anda
parameter describing the position of the delamination along the length, (Ll +Ld,, /2)/L. The
_chart shown in Fig. 3 refers to the first natural frequency, a mld-plane delamination, L/t =50
and (L, +Lg,/2)/L=0.5. The three curves in the diagram refer to three different values (0.25,
0.50 and 0.75) of the Lde, /L ratio. For very small values of B the curves tend to the normalized

ﬁ'equcnmes of the delammated beam in the absence of through-thickness reinforcement. As
. expected, the curves show 4 transition from the damaged and unbridged values to the values
corresponding to an intact beam upon increasing the elastic spring stiffness.

The diagram also shows the values of f/f, corresponding to a typxcal stitched

carbon/epoxy laminate composite for aeronautical applications (Cox et al., 1997). The composite
has a quasi-isotropic lay-up (48-phes [45/0/-45/90]) and a thickness of 7.2 mm. The reduced
longitudinal Young’s modulus is E; = 49 GPa, and in-plane Poisson’s ratios are vi; = vy = 0.3.
- The laminate was stitched with doubled
First Natural Frequency - L/t=50 3650 denier S-2 glass fiber tows on a
square array of side 3.2 mm, the
individual stitch.area is 0.636 mm’ and
~ the total stitch area fraction is G =
~ 0.062.
Experimental shear tests have been
performed by Cox et al. (1997) in order
to define the constitutive relationship,
. load versus crack sliding displacement,
‘of a single reinforcement. The
" experimental data’ showed a linearly
“increasing branch followed: by a

nonlinearly decreasing one at large

FIG. 3. Normalized first natural frequency sliding displacement °°"?SP°“.ding to
as a function of the normalized stiffness of the failure of the reinforcement. Based

) . _ s on this observation the experimental
_the reinforcement, B =kt/E,, for three .~ . approximated with a lincar

: The equivalent normalized stiffness for
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the spring distribution of the model has been calculated as being equal to §~ 0.01.

In the diagram, a circle is used to highlight the solutions corresponding to this case. They
show that low area fractions of through-thickness reinforcements can substantially reduce the
delamination-induced degradation of the dynamic properties of the beam. For a delamination
with L, /L = 0.5, the through thickness reinforcement takes the value of the first natural

frequency from 0.93 f; back to 0.994 £, with a 7% relative increment. Moreover, the effectiveness
of the through-thickness reinforcements on the frequency heightens upon increasing the
normalized length of the delamination. Analyses carried out for different values of the

normalized length of the beam L/t show that the effectiveness of the reinforcement increases
 upon raising the L/t ratio. ‘

Third Natural Frequency L/t=50

gL del/L = 0.25
—f—Ldel/L = 0.5
=t Ldel/L = 0.75

1E-06 1E-05 1E-04 1E-03 1E-02 1E-01 1E+0 1E-06 1E-05 1E-04 1E-03 1E-02 1E-01 1E«00

Beta Beta

FIG. 4. Normalized second and third natural frequencies as a function of the
normalized stiffness of the reinforcement, B =kt/E,, for three different
normalized delamination lengths.

Figure 4 shows diagrams of the second and third natural frequencies. As already noted in -
experimental tests on damaged composites (Kimpara et al. 1998) the damage primarily affects the
frequencies of high-order vibration modes. For the case L, /L = 0.5, for instance, the damaged
value (unbridged) of the third natural frequency is 63% of the corresponding intact value, while
the damaged value of the first frequency is 93% of the intact value. The model proposed here also
shows how the influence of the bridging mechanisms acting along the crack is more evident on
the frequencies of high-order modes. For the stitched-carbon epoxy laminate described above and

Ly, / L =0.5, for instance, the through-thickness reinforcements induce a 43% relative increment

on the damaged value of the third frequency and only a 7% increment on the first frequency. This
observation can be useful for the design of dynamic experimental tests to investigate the
properties of through-thickness reinforcements through the solution of an inverse model.

CONCLUSIONS

A theoretical model has been proposed to evaluate how the translaminar reinforcement can
limit the effects of delaminations on the dynamic response of beam structures. The model is
based on laminated beam theory and includes the effect of the inertia in the beam’s moment
dynamic equilibrium equations. Effect of shearing deformation is neglected. The action of



reinforcements is simulated through a uniform distribution of linear-elastic springs that are able
to counteract the relative transversal and longitudinal displacements between the surfaces
- delineating the delamination. Assuming no extensional/bending coupling in the beam constitutive
equations and absence of opening modes, the model has been applied to the case of a delaminated
cantilever beam for different delamination lengths. The effectiveness of the through-thickness
reinforcement on reducing natural frequency shifts has been demonstrated through the transition
from damaged to intact beam values upon increasing the stiffness of the springs. The application
of the model to a laminate composite reinforced through the thickness by stitching and previously
tested by the authors, has shown that low percentages of through-thickness reinforcements can
substantially improve the dynamic response of delaminated beams.
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APPENDIX L.

The differential equations of axial, transversal and rotational motion for beams 1 and 4 can be
simply written as '

Nisy = PSith oy Qi =PSWioy — O+ M, =plip,,, i=14 (A1)



where partial differentiation with respect to the spatial variable x and time ¢ is denoted by a
comma. For the delaminated beams the equations of motion include the contrlbutlon of the action

performed by the springs:

[Ntk @y — 305 —u, ~h,0,)= pS,u,,,
Nk (s —hyo;—u, —h,0,)= pSiusy,,
<Q2’x+kv(w‘3 "‘Wz)= PS,Wa,y
Qssx—kyWs-wy)=pS;w,,,

~Q,+ My, vkhy @y —Qihy —uy, —@ k)= pl0,,,
|~ Qs+ My, 4tk s -0k —u, —@,h, )= plio,,,

The constitutive equations of the laminated beam can be written in the following form:

N, = 4u,

i%ix

- M, =By,

i%irx

+Di‘pi’x

(A2)

(A3)

Where 4; and D; represent the axial and bending stiffness respectively, and B; is the extension/
bending coupling coefficient. Using the relation @, =-w, , and introducing the quantities

m, = pS;, J; = pI;, the governing equations of the model are

Aiui’xx l 19XXX m it }i=1’4
Do s Bith sy i W 1 Wy =0

Al o= B Wyt (s sty ¥Ry, V=005
3 Aty BiW ity Wty W, )=t

Dywy = Bothy s ey (us’x""hs”ﬁm'uzsx"'hzwzxxx)‘-lzwz axxn'kv(“é ‘W2)+”’2W2’n =0 A4
D3w3’xx Bju.'i’xxx_k hj(u3’x+h.3w3’)o(-u2’x"'hlw2’xx) 3w3 ’xxtt+kv(w3 _w2)+'n.lw3 ’'t =0



