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1    OBJECTIVES 

We defined and we pursued a novel line of research that lies in a multidis- 
ciplinary intersection of Estimation Theory, Communications Theory, and 
Mean-Square optimum linear filtering. Consider an arbitrary input signal 
vector space and a given information bearing signal vector to be protected 
or recovered in the presence of multiuser or other forms of heavy interfer- 
ence. Based strictly on statistical conditional optimization principles, we 
developed an iterative algorithm that starts from the conventional matched- 
filter correlator and generates a sequence of linear filters ("auxiliary-vector" 
filters) that converges to the exact MS-optimum solution. At each itera- 
tion step, the filter is given as a direct function of the input autocorrelation 
matrix, the signal vector waveform to be protected, and the filter at the 
previous iteration. When the autocorrelation matrix is sample-average esti- 
mated from a short data record, this procedure offers the means for effective 
control over the filter estimator bias versus (co-)variance trade-oflF. For a 
fixed data record size the filter estimators in this sequence have rapidly de- 
creasing bias and slowly increasing variance. They outperform other known 
estimators such as Sample-Matrix-Inversion (SMI), Diagonal-Loading (DL) 
SMI, RLS, LMS, reduced-rank eigenvector decomposition and "multistage" 
nested Wiener filter. While all of the above estimators converge to the op- 
timum MMSE/MVDR solution for infinitely long data record, for any given 
finite data set there is at least one AV filter estimator in the sequence that 
outperforms the SMI, DL-SMI, RLS, LMS, reduced-rank eigenvector decom- 
position as well as the multistage nested Wiener filter. 

The theoretical and practical implications of these results are far reaching. 
Biased estimators and algorithms that offer full control over the bias/variance 
balance are rarely reported in the literature, if any in a communications appli- 
cable context. We pursued thorough theoretical analysis of the filter estima- 
tor sequence and application for rapid adaptive interference suppression to: 
spread-spectrum/CDMA communications systems, spread-spectrum/CDMA 
systems with adaptive antenna arrays, interference resistant synchronization, 
and jam-resistant GPS. 

This work was taken one step further and the short-data-record adaptive 
optimization problem was studied in the context of non-linear processing with 
apphcations to multi-layer perceptron receiver designs for spread-spectrum 
communications. The importance of the theoretical developments lies in the 
fact that they are independent of the specific receiver optimizations criterion 



and thus many existing receiver optimization algorithms can benefit by these 
developments directly. 

Finally, we looked at the problem of binary code design. Although this 
investigation is at an initial stage, our theoretical developments so far ad- 
vanced the prior-state-of-the-art in the context of fundamental binary code 
design for code division signal multiplexing. We developed novel, doubly 
optimal designs of minimum total-squared-correlation (TSC) and minimum 
maximum-squared-correlation (MSC) binary codes and we pursued theoret- 
ical analysis of the codes and application for interference avoidance at the 
transmitter-end of a communication link. 

2    SUMMARY OF RESEARCH EFFORT 

The milestones reached during the duration of this research project (2 years) 
are as follows. 
(i) We addressed successfully the problem of determining an automated the- 
oretically derived rule for the selection of the best number of auxiliary vectors 
for a given data record of input observations. 
(ii) We developed a recursive algorithm for the on-line estimation of the AV 
filter and a modified RLS-type algorithm for the estimation of the MMSE/ 
MVDR filter that are both based on the interference-plus-noise covariance 
matrix estimate and we established formally their convergence properties. 
(in) We investigated theoretically the coarse synchronization performance 
of blind adaptive linear self-synchronized receivers for asynchronous direct- 
sequence spread-spectrum communications under finite data record adapta- 
tion. We derived analytical expressions that approximate the probability 
of coarse synchronization error of matched-filter-type (MF) and minimum- 
variance-distortionless-response-type (MVDR) receivers based on transfor- 
mation noise modeling techniques. 
(iv) We studied theoretically the data-record-size requirements of MMSE/ 
MVDR-type adaptive algorithms to meet a given performance objective in 
joint space-time signal detection and direction-of-arrival (DoA) estimation 
problems for direct-sequence spread-spectrum systems. We derived closed 
form expressions that provide the data record size that is necessary to achieve 
a given performance confidence level in a neighborhood of the optimal per- 
formance point, as well as expressions that identify the performance level 
that can be reached for a given data record size. 



(v) As an application of great importance to AFRL, we addressed the prob- 
lem of navigation data demodulation by an adaptive GPS receiver that uti- 
lizes a bank of single-satellite linear-tap-delay filters and employs antenna- 
array reception. 
(vi) We investigated the relative output SINR performance of the full decor- 
relator and the partial decorrelator spread-spectrum receiver. For each re- 
ceiver, we considered two implementations that are equivalent under perfectly 
known input statistics. The first implementation utilizes the signature ma- 
trix while the second implementation is based on the eigen-decomposition 
of the ideal input covariance matrix. While the full decorrelator aims at 
decorrelating the complete spread-spectrum (multiple access) interference, 
the partial decorrelator aims at decorrelating only a part of it by excluding 
one or more user-signatures or eigenvectors from the corresponding imple- 
mentation method. We derived necessary and sufficient conditions on the 
signal energy and signature cross-correlation levels under which the partial 
decorrelator outperforms the full decorrelator in the output SINR sense. Nu- 
merical results demonstrated the validity of the above conditions and simu- 
lation studies illustrated the relative SINR and BER performance of the full 
and partial decorrelators under sample-average-estimated input statistics. 
(vii) The short-data-record adaptive filtering problem was taken one step 
further and studied in the context of non-liner signal processing. We ex- 
amined multi-layer perceptron DS-CDMA receiver designs and we developed 
a fast converging training methodology that is independent of the specific 
optimization criterion used to train the adaptive receiver. 
(via) In direct-sequence spread-spectrum systems, the pre-detection signal- 
to-interference -plus-noise ratio (SINR) at the output of the single-user minimum- 
mean-square-error (MMSE) or auxiliary-vector (AV) filter is a function of the 
specific user spreading code (signature). We considered the adaptive opti- 
mization of the user signature assignment such that the output SINR of the 
MMSE/AV filter is maximized under a transmitter power constraint. In the 
context of binary signatures, the complexity of the signature optimization 
procedure is exponential in the processing gain. We derived a low-cost subop- 
timum adaptive binary signature assignment algorithm based on conditional 
optimization principles. We used this algorithm to design an efficient system- 
wide multiuser adaptive signature set assignment scheme. The performance 
of the proposed scheme was evaluated under asynchronous multipath fading 
DS-CDMA channel models and was compared to the performance of systems 
with arbitrarily chosen signature sets. 



(ix) Transmitter optimization was further investigated in the context of op- 
timal spreading code design. We designed doubly optimal binary code sets, 
that is, sets of binary spreading sequences that can be used for code divi- 
sion multiplexing purposes that exhibit minimum total-squared-correlation 
(TSC) and minimum maximum-squared-correlation (MSC) at the same time. 
(x) We showed that we can efficiently and effectively approach the error rate 
performance of the optimum multiuser detector as follows. We utilized a 
multiuser decorrelating or MMSE/AV filter as a pre-processor and we estab- 
lished that the output magnitudes, when properly scaled, provide a reliability 
measure for each user bit decision. An ordered reliability-based error search 
sequence of length linear in the number of users returns the most likely user 
bit vector among all visited options. Numerical and simulation studies for 
moderately loaded systems that permit exact implementation of the optimum 
detector indicated that the error rate performance of the optimum and the 
proposed detector are nearly indistinguishable over the whole pre-detection 
signal-to-noise ratio (SNR) range of practical interest. Similar studies for 
higher user loads (that prohibit comparisons with the optimum detector) 
demonstrated error rate performance gains of orders of magnitude in com- 
parison with straight decorrelating or MMSE multiuser detection. 

3    ACCOMPLISHMENTS/NEW FINDINGS 
Selecting the most successful (in some appropriate sense) AV filter estima- 
tor in the generated sequence for a given data record was a problem that 
had not been addressed so far. We dealt exactly with this problem and we 
proposed two data driven selection criteria [1],[2],[3]. The first criterion is 
specific to digital communications (binary hypothesis testing) and maximizes 
the estimated J-divergence of the AV-filter output conditional distributions 
given the transmitted information bit. The second criterion applies to all 
filter estimation problems and minimizes the cross-validated sample average 
variance of the AV-filter output. 

We observed that the presence of the desired signal during estimation of 
the minimum-mean-square-error (MMSE) /minimum-variance-distortionless- 
response (MVDR) and auxiliary-vector (AV) filters under limited data sup- 
port leads to significant signal-to-interference-plus-noise ratio (SINR) per- 
formance degradation.    We quantified this observation in the context of 



DS/CDMA communications by deriving close approximations for the mean- 
square filter estimation error, the probability density function of the output 
SINR and the probability density function of the symbol-error-rate (SER) 
of the sample-matrix-inversion (SMI) receiver evaluated using both desired- 
signal-"present" and desired-signal-"absent" input covariance matrix. To 
avoid such performance degradation we proposed a DS/CDMA receiver that 
utilizes a simple pilot-assisted algorithm that estimates and then subtracts 
the desired signal component from the received signal prior to filter estima- 
tion. Then, to accommodate decision directed operation we developed two 
recursive algorithms for the on-line estimation of the AV and MMSE/MVDR 
filter and we studied their convergence properties [4]. 

Equipped with these important developments, we considered blind adap- 
tive linear receivers for the demodulation of DS/SS signals in asynchronous 
transmissions. The proposed structures are self-synchronized in the sense 
that adaptive synchronization and demodulation are viewed and treated as 
an integrated receiver operation. Two computationally efficient combined 
synchronization/demodulation schemes were proposed, developed and ana- 
lyzed [5]. The first scheme is based on the principles of minimum-variance- 
distortionless-response (MVDR) processing, while the second scheme follows 
the principles of auxiliary-vector filtering and exhibits enhanced performance 
in short data record scenarios. In both cases the resulting receiver is a linear 
structure of order exactly equal to the system processing gain. Simulation 
studies demonstrated the coarse synchronization, as well as the bit-error- 
rate performance of the proposed strategies. In addition, we investigated 
theoretically the coarse synchronization performance of blind adaptive linear 
self-synchronized receivers for asynchronous direct-sequence code-division- 
multiple-access communications under finite data record adaptation. We 
derived [6] analytical expressions that approximate the probability of coarse 
synchronization error of matched-filter-type (MF) and minimum-variance- 
distortionless-response-type (MVDR) receivers based on transformation noise 
modeling techniques. The expressions are explicit functions of the data record 
size N and the filter order p and reveal the effect of short-data-record Sample- 
Matrix-Inversion (SMI) implementations on the coarse synchronization per- 
formance. Besides their theoretical value, the derived expressions provide 
simple, highly-accurate alternatives to computationally demanding perfor- 
mance evaluation through simulations. Numerical and simulation studies 
examined the accuracy of the theoretical developments and showed that the 
derived expressions approximate closely the actual coarse synchronization 



performance. 
We also investigated the data-record-size requirements of minimum-variance- 

distortionless-response-type adaptive algorithms to meet a given performance 
objective in joint space-time signal detection and direction-of-arrival (DoA) 
estimation problems for direct-sequence spread-spectrum systems. We de- 
rived closed form expressions that provide the data record size that is nec- 
essary to achieve a given performance confidence level in a neighborhood of 
the optimal performance point, as well as expressions that identify the per- 
formance level that can be reached for a given data record size [7]. This was 
done by utilizing close approximations of the involved probability density 
functions. The practical significance of the derived expressions lies in the 
fact that the expressions are functions of the number of antenna elements 
and the system spreading gain only, while they are independent of the ideal 
input covariance matrix which is not known in most realistic applications. 

An important application for AFRL is the problem of navigation data de- 
modulation by an adaptive GPS receiver that utilizes a bank of single-satellite 
linear-tap-delay filters and employs antenna-array reception. The presence of 
an antenna array allows the receiver to operate in the spatial domain in addi- 
tion to the temporal (code) domain. We investigated disjoint-domain as well 
as joint-domain space-time GPS signal processing techniques and we con- 
sidered design criteria of conventional matched-filter (MF) type, minimum- 
variance-distortionless-response (MVDR) type and auxiliary-vector (AV) type 
[8]. The proposed structures utilize filters that operate at a fraction of the 
navigation data bit period (1 msec) and are followed by hard-decision detec- 
tors. Hard decisions taken over a navigation data bit period are then com- 
bined according to a simple combining rule for further bit-error-rate (BER) 
performance improvements. Analytic, numerical and simulation comparisons 
illustrated the relative merits of the investigated design alternatives. 

In the presence of additive white Gaussian noise (AWGN), complete elim- 
ination of the spread-spectrum interference introduces enhanced noise vari- 
ance at the decorrelator's output.^ It was observed, however, that at times 
a partial decorrelator (PDEC) can strike an improved balance between in- 
terference suppression and noise enhancement when compared to the full 
decorrelator (DEC) while maintaining a decorrelating structure.   That is, 

^ Noise variance enhancement at the decorrelator's output refers to the filtered noise 
variance experienced at the output of a decorrelator that is distortionless in the direction 
of a given user-signattire of interest as it compares to the noise variance at the output of 
the corresponding MF. 



instead of decorrelating the complete multiple-access-interference (MAI) in 
the system, the PDEC chooses purposefully to decorrelate only a part of the 
MAI so that it exhibits a higher output signal-to-interference-plus-noise-ratio 
(SINR) than the full DEC. We understand that when unknown interference 
is present in the system, decorrelating receivers may operate unintentionally 
under partial decorrelating conditions. We identified necessary and sufficient 
conditions on the signal energy and signature cross-correlation levels under 
which the PDEC outperforms the full DEC in the output SINR sense, and we 
showed why decorrelation of interferers that satisfy such conditions should 
be purposefully avoided if at all possible [9], [10]. 

In the context of short-data-record adaptive non-linear signal processing 
of direct-sequence spread-spectrum (DS-SS) signals, we proved formally that 
the optimum (nonlinear) DS-CDMA single-user decision boundary exhibits 
the following properties [11]: (a) It is symmetric with respect to the origin 
and (b) as it is traversed away from the origin it converges to a hyperplane 
parallel to the matched filter (MF) decision boundary. Then, we translated 
these properties to a set of constraints that can be used by any optimization 
algorithm for the selection (training) of the parameters of a general multilayer 
perceptron neural network receiver. Using these constraints, the number of 
parameters to be optimized is reduced by nearly 50% for large-size networks 
which effectively doubles the speed of the training procedure. Furthermore, 
we utilized the above properties to develop a new initialization scheme that 
provides additional improvements on the convergence rate and can be used 
by any recursive optimization algorithm. As a representative case study, 
we considered the familiar backpropagation (BP) algorithm and developed a 
new version of BP that incorporates both the proposed constraints and the 
proposed initialization. Convergence rate enhancement of about two orders 
of magnitude was achieved. We also developed a fast converging adaptive 
training algorithm that minimizes the bit error rate (BER) at the output 
of the receiver [12], [13], [14]. It is important to note that, in addition to 
utilizing the constraints that were derived from the properties of the opti- 
mum single-user decision boundary the minimum BER adaptive algorithm 
(a) incorporates the BER, i.e. the ultimate performance evaluation mea- 
sure, directly into the learning process, and (b) embeds importance sampling 
principles directly into the receiver optimization process. 

We considered the problem of binary signature set design for DS-CDMA 
users that transmit over multipath fading channels. First, we considered the 
problem of selecting optimally the signature of a single user in the presence 
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of spread-spectrum interference (MAI), inter-symbol-interference (ISI) due 
to the multipath channel, and background noise. The signature is chosen to 
maximize the output SINK of the ("maximum-SINR") RAKE/MMSE filter. 
Since optimum binary signature selection has complexity exponential in the 
processing gain of the system, we proposed [15] a suboptimum computation- 
ally efficient algorithm based on the Cholesky decomposition method. The 
proposed algorithm optimizes the coordinates of the user signature condition- 
ally and is characterized by linear complexity. Finally, we generalized this 
approach to cover the system-wide multiuser signature set selection problem, 
where each user's signature is adjusted iteratively according to the above al- 
gorithm. The performance of this scheme was evaluated through simulations 
where we initialized the algorithm at an arbitrary signature set and we ob- 
served its convergence to a new signature set for which the output SINR of 
each user's RAKE/MMSE filter is significantly increased. 

To further improve the performance of a communication link we also 
considered the problem of interference avoidance at the transmitter end by 
designing optimal CDMA spreading codes. In particular, we designed dou- 
bly optimal binary spreading code sets of sequences that exhibit minimum 
TSC and minimum MSC at the same time [16], [17]. We focused on the 
performance of sets with signatures of odd length and we derived explicit 
closed-form formulas for the signature cross-correlation matrix of such sets, 
its eigenvalues, and its inverse. Based on these formulas, we were able to 
obtain analytical expressions for the BER of decorrelating filters, the (max- 
imum) output SINR of MMSE filters, and the total asymptotic efficiency of 
synchronous code division multiplexing systems. The calculated across-the- 
board superiority of the "4m-1-1" signature sets is intriguing. Combined with 
the indicated similar to Gold sets performance under asynchronous trans- 
missions, this strong proven superiority for (near-)synchronous links of the 
"4m-M" sets questions seriously the status quo and the popularity of Gold 
sets (or any other "4m—1" doubly optimal candidate set to that respect). Re- 
gretfully, neither the "4m-j-l" codes nor the Gold codes have what we might 
call satisfactory performance for heavy-loaded asynchronous transmissions. 

Finally, we developed a new multiuser detection algorithm in the context 
of asynchronous AWGN multiple-access channels [18],[19]. A decorrelating 
or MMSE/AV multiuser filter is used as a pre-processor that provides ini- 
tial decisions and reliability measurements based on which an ordered error 
pattern sequence of tunable length is formed. The error pattern sequence 
is followed to its end and the most likely bit vector among all visited op- 



tions is returned. When the length of the pattern sequence is of the order 
of the number of bits to be detected, the additional imposed computational 
cost compared to straight decorrelating or MMSE/AV detection is rather 
insignificant. Still, we saw that this proposed multiuser detection algorithm 
maintains near-ML bit-error-rate performance over the whole studied SNR 
range of interest. There is strong resemblance between this scheme and "ef- 
ficient" decoding algorithms for binary Unear block codes [20]. 
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Based on statistical conditional optimization criteria, we developed an 
iterative algorithm that starts from the matched filter (or constraint vec- 
tor) and generates a sequence of filters that converges to the minimum 
variance distortionless response (MVDR) solution for any positive defi- 
nite input autocorrelation matrix. Computationally, the algorithm is a sim- 
ple recursive procedure that avoids explicit matrix inversion, decomposi- 
tion, or diagonalization operations. When the input autocorrelation matrix 
is replaced by a conventional sample-average (positive definite) estimate, 
the algorithm effectively generates a sequence of MVDR filter estimators: 
The bias converges rapidly to zero and the covariance trace rises slowly 
and assmiptotically to the covariance trace of the feimiliEir sample matrix 
inversion (SMI) estimator. For short data records, the early, nonasymp- 
totic, elements of the generated sequence of estimators offer favorable 
bias-covariance balance and are seen to outperform in mean-square es- 
timation error constraint-LMS, RLS-type, and orthogonal multistage de- 
composition estimates (also called nested Wiener filters) as well as plain 
and diagonally loaded SMI estimates. The problem of selecting the most 
successfiil (in some appropriate sense) filter estimator in the sequence for 
a given data record is addressed and two data-driven selection criteria are 
proposed. The first criterion minimizes the cross-validated sample aver- 
age variance of the filter estimator output. The second criterion maximizes 
the estimated J-divergence of the filter estimator output conditional dis- 
tributions. Illustrative interference suppression examples drawn from the 
communications literature are followed throughout this presentation. 
© 2002 Elsevier Science (USA) 
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1. INTRODUCTION 

Minimum variance distortionless response (MVDR) filtering refers to the 
problem of identifying a linear filter that minimizes the variance at its output, 
while at the same time the filter maintains a distortionless response toward a 
specific input vector direction of interest. If r is a random, zero mean without 
loss of generality, complex input vector of dimension L,reC^, that is processed 
by an L-tap filter w € C^, then the filter output variance is w^Rw, where 
R = £:{rr'^} is the input autocorrelation matrix (£■{•} denotes the statistical 
expectation operation and x" denotes the Hermitian, that is, the transpose 
conjugate of x). The MVDR filter minimizes w'^Rw and simultaneously satisfies 
w'^v = 1, or more generally w"v =,peC, where v G C^ is the signal vector 
direction to be protected. In this setup, MVDR filtering is a standard linear 
constraint optimization problem and a conventional Lagrange multipliers 
procedure leads to the well-known solution [1, 2] 

R~^v 
WMVDR = /0*    „P   1    . (1) 

where p* denotes the conjugate of the desired response w^v = p. MVDR fil- 
tering has been used extensively in unsupervised signal processing applications 
where a desired scalar filter output rf e C cannot be identified or cannot be as- 
sumed available for each input r € C^ (for example, in radar and array process- 
ing problems where the constraint vector v is usually referred to as the target or 
look direction of interest). We may also observe the close relationship between 
the MVDR filter and the minimum mean square error (MMSE) or Wiener filter. 
Indeed, if the constraint vector v is chosen to be the statistical cross-correlation 
vector between the desired output d and the input vector r, that is if v = E{rd*], 
then the MVDR and MMSE filters become scaled versions of each other, cR~^v, 
c e C. For this reason, in the rest of the paper we will use the term MMSE- 
MVDR filter to refer to either filter. 

In this article, first we present an iterative algorithm for the calculation of the 
MMSE-MVDR vector WMMSE/MVDR in (1). The algorithm is a noninvasive pro- 
cedxu-e where no explicit matrix inversion-eigendecomposition-diagonalization 
is attempted. The MMSE-MVDR computation algorithm creates a sequence of 
filters w„, n = 0,1,2,..., that begins from WQ = ip*/\\\f)v and converges to the 
MMSE-MVDR filter (woo = WMMSE/MVDR)- At each step n = 1,2,..., w„ is given 
as a simple, direct function of R, v, and w„_i. 
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The development of the iterative algorithm (which we call the auxiliary- 
vector algorithm for reasons that will become apparent) is founded solely on 
statistical signal processing principles. The motivation behind its development 
is adaptive signal processing where the input autocorrelation matrix R is 
assumed unknown and it is sample-average estimated by a data record of M 
points, ri,r2,...,rM: 

m=l 

When R is substituted by R(M) in the recursively generated sequence 
of filters w„, n = 0,1,2,..., the corresponding filter estimators w„(M), n = 
0,1,2,..., offer the means for effective control over the filter estimator bias 
versus (co-)variance trade-off [3]. Starting from the 0-variance, high-bias (for 
nonwhite inputs) wo(M) = (p*/||v||2)v estimate, we can go all the way up to 
the unbiased, yet high-variance for small data record sizes M, Woo(Af) estimate 
and anywhere in between, w„(M), 1 < n < oo. As a result, adaptive filters from 
this newly developed class can be seen to ojutperform in expected norm-square 
estimation error, £{||w(M) - WMMSE/MVDRII^}. (constraint-) LMS [4], sample 
matrix inversion (SMI) [5] with or without diagonal loading [6], RLS-type [7, 8], 
and orthogonal multist^e decomposition (also called nested Wiener) [9, 10] 
adaptive filter implementations. It is worth mentioning that the familiar trial- 
and-error tuning to problem and data-record-size specifics of the real-valued 
LMS gain or RLS inverse matrix initialization constant or SMI diagonal loading 
parameter that plagues field practitioners is now replaced by ein integer choice 
of one of the recursively generated filters. 

The problem of selecting the best (in some appropriate sense) filter estimator 
in the sequence for a given data record is addressed and two data-driven 
selection criteria are proposed. The first criterion is rather general and 
is motivated by the asymptotic minimum output variance property of the 
generated sequence of filter estimators. In particular, for a given data record, 
we select the filter estimator that has minimum cross-validated average output 
variance (energy). The second rule is built specifically for binary antipodal 
(BPSK-type) communication signals and is related to the objective of achieving 
maximum stochastic distance between the two conditional distributions of the 
filter estimator output. Under this rule, we choose the filter estimator in the 
sequence that exhibits maximum estimated J-divergence of the conditional 
output distributions. We pursue and analyze both supervised and unsupervised 
(blind) implementations of this criterion. Illustrative case studies drawn fi-om 
the code division multiple access (CDMA) communications Uterature are 
followed throughout this article. 

The rest of the article is organized as follows. In Section 2 we present the 
beisic algorithmic development and analysis results. Filter estimation issues are 
discussed in Section 3. The two data-driven criteria for the selection of a filter 
estimator from the generated sequence are developed in Section 4. In Section 5 
we examine the quaUty of the proposed criteria through simulations. A few 
concluding remarks are given in Section 6. 
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2. ALGORITHMIC DEVELOPMENTS AND CONVERGENCE ANALYSIS 

w 
For a given constraint vector v e C^ consider the set of filters D = {w e C^: 
= iP*/\\vf)y + u, u € C^, and v'^u = 0}. D is the class of all filters w in C^ 

that have a given response p in v; that is, w"v = p. In this section we develop 
an iterative algorithm for the computation of the u component of the MMSE- 
MVDR filter. 

Algorithmic designs that focus on the MMSE-MVDR filter part u that is 
orthogonal to the constraint vector, or look, direction v have been widely 
pursued in the array processing literature and have been known as generalized 
sidelobe cancelers (GSC) [11] or partially adaptive beamformers [12]. Recent 
developments have been influenced by principal component analysis reduced- 
rank processing principles [13]. In general, the MMSE-MVDR filter part u 
(u"v = 0) has been approximated by ML^I ~ -B/.x(t-i)T(i_i)xpW^^C^ ^^ere B 
is the so-called blocking matrix that satisfies B^'v = O^-i (B is a fiJl column- 
rank matrix that can be derived by Gram-Schmidt orthogonalization of an 
L X L orthogonal projection operator such as I - w"/\\vf, where I is the 
identity matrix), T is the rank reducing matrix with 1< p < L-1 columns 
to be designed, and w^^^ is the MS-optimum vector of weights of the p columns 
of T (wGSC = ip*/\\yf)[T"B"BBT]-^T"B"Rv [12]). In [14] and [15] the p 
columns of T were chosen to be the p maximum eigenvalue eigenvectors of the 
blocked data autocorrelation matrix B^RB. If, however, the columns of T have 
to be eigenvectors of B^RB (there is no documented technical optimality to this 
approach), then the best way to choose them in the minimum output variance 
p-rank approximation sense was presented in [16]: Select the p eigenvectors 
q, of B^RB, with corresponding eigenvalues A,,, that maximize Iv'^RBq,l^/A,, 
i = l,...,p. This design algorithm was called cross-spectral metric reduced- 
rank processing in [17]. A different approach from a different point of view 
is described in this work. A conditional statistical optimization procedure is 
shown to offer the means for exact computation of u as the convergence point 
of an infinite series of the form - Y^Zi Mng«, M« e n+, g„ e C^, and g^v = 0, 
Vn = l,2  

We begin the algorithmic developments from the conventional matched filter 
(MF) with desired response w^v = p 

-0 = 1^'. (3, 

which is MMSE-MVDR optimum for white C^ vector inputs (when R = aH, 
a > 0). We recall that, w.l.o.g. and for notational simplicity, we assume through- 
out this presentation that the input vectors r € C^ are zero mean. Next, we 
incorporate in WQ an "auxiliary" vector component that is orthogonal to v and 
we form (Fig. 1) 

P* Wi=Wo-Mlgl = -jj-r2V-/Lligi, (4) 
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FIG.   1.   Block diagram representation  of the iteratively generated sequence  of filters 
Wo,Wi,W2,  

where gi e C^ - {0}, /ti e C, and gfv = 0. We assume for a moment that 
the orthogonal atixiliary vector gi is arbitrary but nonzero and fixed and we 
concentrate on the selection of the scalar /^i. The value of iii that minimizes 
the variance of the output of the filter wi can be found by direct difTerentiation 
of £{|wf r|^} or simply as the value that minimizes the MS error between 
w^r = (p/||v||^)v"r and M^gf r. This is essentially a scalar version of the GSC 
weight determination problem and we present the solution in the form of a 
proposition [18]: 

PROPOSITION 1. The scalar /MI that minimizes the variance at the output of 
wi or equivalently minimizes the MS error between w^'r = (p/||v||^)v^r and 

r IS 

Ml = 
gfBwo (5) 
gf Rgi' 

where R = E[rr^} is the input autocorrelation matrix. 

Since gi is set to be orthogonal to v, (5) shows that if the vector RWQ 

happens to be on v (that is, RWQ = (v"Rwo)/(||v||2)v or equivalently (I - 
(w"/||v||2)Rwo = 0), then ^i = 0. Indeed, if RWQ = (v^Rwo/||v||2)v then WQ 

is already the MMSE-MVDR filter. To avoid this trivial case and continue 
with our developments, we suppose that RWQ ^ (v'^Rwo/|iv||2)v. By inspection, 
we also observe that for the MS-optimum value of fii the product /xigi = 
(gf Rwo/gf Rgi)gi is independent of the norm of gi. Hence, so is wi. At this 
point, we decide to choose the auxiliary vector gi as the normalized vector that 
maximizes the magnitude of the cross-correlation between w^r= (p/||v||^)v"r 
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and gf r, under the constraint that gf v = 0 and gj'gi = 1: 

gi = argmax|£{w5'r(g'^r)*} I = argmaxIw^'Rgl 

subject to g'^ V = 0 and g'^ g = 1. (6) 

For the sake of mathematical accuracy, we note that both the criterion 
function |w^Rg| to be maximized and the orthogonality constraints are 
phase invariant. In other words, if gi satisfies (6) so does gie^"^ for any 
phase 0. Without loss of generality, to avoid any ambiguity in our presentation 
and to have a uniquely defined auxiliary vector, we seek the one and only 
auxiliary vector that satisfies (6) and places the cross-correlation value on the 
positive real Une (w^Rg > 0). This constraint optimization problem was first 
posed and solved in [19] where the filter wi in (4) was used for multiple 
access interference suppression in multipath CDMA communication channels. 
Intuitively, the maximum magnitude cross-correlation criterion as defined in (6) 
strives to identify the auxiliary vector orthonormal to v that can captvu-e the 
most interference present in w^r. The solution, derived through conventional 
Lagrange multiphers optimization, is given below. 

PROPOSITION 2. Suppose that (I - w«/||v||2)Rwo ^ 0 (WQ ^ WMMSE/MVDR). 
Then, the auxiliary vector 

_  BwQ-^v 

'"=||Rw.-^v|| *" 

maximizes the magnitude of the cross-correlation between w^r= (p/\\'v\\'^)v"r 
and gf r, |w^Rgi|, subject to the constraints gf v = 0 and gf gi = 1. In addition, 
w^Rgi is real positive (w^Rgi > 0). 

So far we have defined wo in (3) and wi in (4) with gi and m given by (7) 
and (5), respectively The iterative algorithm for the generation of an infinite 
sequence of filters wo,wi,W2,... is already taking shape. Formally, we just 
need to specify the inductive step. Assuming that the filter w„ = {p*/\\vf)y - 
E"=i M<gi has been identified for some n > 1 and w„ ^ WMMSE/MVDR, we argue 
as in Propositions 1 and 2 and we define 

W„+i = W„ - (J.n+lUn+1, (8) 

where 

Rw„-5:^v 

is the orthonormal auxiliary vector (with respect to v) that, given w„, maximizes 
conditionally the cross-correlation magnitude \E{wl^r(g^^.^r)*]\ = |w^I^„+i| 
and 

^n+l"'^" 
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is the scalar that minimizes the MS error between wf r and M*+igf^.ir 
(minimizes E{\vf^_^-^r\^}). 

It is important to note that, while the generated auxiliary vectors gi, g2, • • • 
are all constrained to be orthogonal to v, orthogonality among the auxiliary 
vectors is not imposed [20, 21]. This is in sharp contrast to previous work that 
involved filtering with up to L - 1 orthogonal to each other and to v vectors 
[22-24], where L is the data input vector dimension. We observe, however, 
that successive auxiliary vectors generated by the above recursive conditional 
optimization procedures (8)-(10) do come up orthogonal: gf gn+i = 0, Vn = 
1,2,3,... (while g^gm # 0, Vn, m, |n - m| 9^ 1). For completeness purposes, we 
present this observation below in the form of a lemma. 

LEMMA 1. Successive auxiliary vectors generated through (8)-(10) are or- 
thogonal: gf g„+i = 0, « = 1,2,3,.... However, g!^Qm 7^ 0, V«, m, |« - /n| ^ 1. 

The algorithm is summarized in Fig. 2. The conceptual simplicity of the 
conditional statistical optimization process led to a computationally simple 
recursion. In Fig. 2 we chose to drop the unnecessary, as previously explained, 
normalization of the auxiliary vectors and we also factorized their numerator to 
make the orthogonal projection operator apparent. Formal convergence of the 
filter sequence wo, wi, W2,... to the MMSE-MVDR filter p*Br'^\/-v^BrH is 
established by the following theorem. The proof can be found in [21]. 

THEOREM 1. Let "Rhe a Hermitian positive definite matrix. Consider the 
iterative algorithm of Fig. 2. 

Input: 

Initialization: 

Auxiliary-Vector Algoritlim 

Autocovariance matrix R, constraint vector v, 
desired response w"v = p . 

W     -   ''"    V 
™0  — ||TM|3*- 

Iterative computation: 
For n=1,2, ...  do 
begin 

yvH 
IIVlP 

if g„ = 0  then EXIT 
gn"Rw„., 
a"Rg„ 

Wn   :=    W„.i-Ungn 

fl" ■"   ( ' "iiiTiJ )''*n-1 

Hn 

end 

Output: 
Filter sequence Wn, w,, Wg, .. 

FIG. 2.   The algorithm for the iterative generation of the filter sequence Wo, Wi, Wa, 
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(i) The generated sequence of auxiliary-vector weights [fx„}, n = 1,2,..., is 
real-valued, positive, and bounded, 

1 1 
0<7 <M«<T ,        n = l,2  (11) 

'^max '*-inin 

where kjaax and Xj^m o,re the maximum and minimum, correspondingly, 
eigenvalues ofR. 

(ii) The sequence of auxiliary vectors [g„}, n-1,2,..., converges to the 0 
vector: 

^Umg„=0. (12) 

(iii) The sequence of auxiliary-vector filters {w„}, w = 1,2,..., converges to 
the MMSE-MVDR filter: 

lira w„ = p* . (13) 

We conclude this section with an illustration. We draw a signal model 
example from the direct-sequence code division multiple access (DS-CDMA) 
communications literature and we assume a synchronous system where the 
input signal vector r € 72.^ is given by 

K 

r = J2VEk^kSk-\-n. (14) 
jt=i 

In this setup, K denotes the total number of signals (users) present and each 
signal is defined through an L-dimensional, normalized, binary-antipodal vector 
waveform (or user signature) 8k,k = l,2,...,K.The signature vector dimension 
L is usually referred to as the system spreading gain. With respect to the itth 
user signal, £* is the received signal energy and bk e {-1, -f 1} is the information 
bit modeled as a random variable with equally probable values and assumed 
to be statistically independent from all other user bits bj, j ^ k. Additive 
white Gaussian noise contributions are accounted for by n with autocorrelation 
matrix E{im^} = aHi^i (x*^ denotes the transpose of x). With this notation 
and normalized user signatures, the signal-to-noise ratio of the itth user signal 
is defined by SNRt = lOlogio Ek/a"^ dB, it = 1,2,..., Jf. 

MMSE-MVDR filtering for DS-CDMA type problems has attracted significant 
interest [25-29]. If we wish to recover the information bits of, say, user 1, 
then all other signals constitute multiple-access interference and the MMSE- 
MVDR filter is built with constraint vector v = si, desired response w'^si = 1, 
and autocorrelation matrix R = Y.Li EkStaJ -\- aH. We choose L = 32,K = 13^ 
and we draw an arbitrary set of signatures 81,82 813. For purposes of 
completeness in presentation, the exact signature assignment is given in the 
Appendix. We fix the SNR of the user of interest at SNRi = 12 dB while the 
interferers fc = 2,..., 13 are at SNRz^ = 10 dB, SNR6_9 = 12 dB and SNR10.13 = 
14 dB. Figure 3 shows how the sequence of filters WQ, Wi, ... generated by the 
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5 10 16 20 25 30 35 40 45 60 
Numerical Iteration (numtjer of auxiliary vectors)   n 

FIG. 3.   Convergence of the sequence of filters w„, n = 0,1,2,..., to the MMSE-MVDE solution 
for the signal model example in (14). 

algorithm in Fig. 2 converges to the MMSE-MVDR solution. The convergence 
is captured in terms of the norm-square metric ||w„ - WMMSE/MVDRII^ as a 
function of the iteration step (index of the AV filter in the sequence or number 
of auxiliary vectors used) n. 

3. FILTER ESTIMATION 

Consider a constraint vector v and a Hermitian positive definite autocor- 
relation matrix R of an input vector r e C^. Assume that R is in fact un- 
known and it is sample-average estimated from a data record of M points: 
R(M) = (l/M) Em=i ^mr"- For Gaussian inputs, R(M) is a maximum-likelihood 
(ML), consistent, unbiased estimator of R [3, 30]. For a large class of multi- 
variate elliptically contoured input distributions that includes the Gaussian, 
if Af > L then R(M) is positive definite (hence invertible) with probability 1 
(w.p. 1) [31-33]. Then, Theorem 1 in Section 2 shows that 

w„(M) ,Woo(M)=p'' 
[R(M)]- 

v«[R(M)]-iv 
(15) 

where w^oiM) is the widely used MMSE-MVDR filter estimator known as the 
SMI filter [5]. 

The output sequence begins from WQ{M) = {p*/\\vf)\, which is a 0-variance, 
fixed-valued estimator that may be severely biased (wo(M) = (p*/||v||2)v ^t 
WMMSE/MVDR) unless R = a% for some cr > 0. In the latter trivial case, wo(Af) is 
ah-eady the perfect MMSE-MVDR filter. Otherwise, the next filter estimator in 
the sequence, wi(M), has a significantly reduced bias due to the optimization 
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procedure employed, at the expense of nonzero estimator (co-) variance. 
As we move up in the sequence of filter estimators w„(M), n = 0,1,2,..., 
the bias decreases rapidly to zero^ while the variance increases slowly to 
the SMI (Woo(A/)) levels (cf (15)). To quantify these remarks, we plot in 
Fig. 4 the norm-square bias ||£{w„(M)} - WMMSE/MVDRIP and the trace of the 
covariance matrix E{[w„(M) - £{w„(Af)}][w„(M) - E{w„{M)]]"} as a func- 
tion of the iteration step n for the signal model example of Fig. 3 and 
data record size M = 256. Bias and cov-trace values are calculated from 
100000 independent filter estimator reahzations for each iteration point n. 
Formal, theoretical statistical analysis of the generated estimators w„(A/), 
n = 0,1,2,..., is beyond the scope of this presentation. We do note, how- 
ever, that for multivariate elUptically contoured input distributions, an an- 
alytic expression for the covariance matrix of the SMI estimator Woo(M) 
can be found m [33]: £{[Wcx,(M) - £{Woo(Af)}][Wcx,(M) - E{WociM)}f} = 
[|p|2£(v«R-iv)(A/ -L + l)](R-i - R-iw"R-Vv«R-lv). Since under these 
input distribution conditions Woo(M) is unbiased, the trace of the covariance 
matrix is the MS filter estimation error. It is important to observe that the co- 
variance matrix and, therefore, the MS filter estunation error depend on the 
data record size M and the filter length L, as well as the specifics of the signal 
processing problem at hand (R and v). It is also important to note that for the 
CDMA signal model example in (14) the input is Gaussian-mixture distributed. 
Therefore, the analytic result in [33] is not directly applicable and can only be 
thought of as an approximation (a rather close approximation as we concluded in 
our studies). In any case, from the results in Fig. 4 for Af = 256, we see that the 

Wn Bias 
Wn Cov-Trace 
SMI (w„) Cov-Trace 

«    60    80    100    120    140    160   180   MO 
Numerical Iteration (number of auxiliary vectors)   n 

FIG. 4.   Nonn-square bias and covariance trace for the sequence of estimators w,(W), 
n = 0,1 The signal model is as in Fig. 3 and M = 256. 

'"The SMI estimator is unbiased for multivariate elliptically contoured input distributions 
[33, 34]: E{w^(M)] = w^^/^^ = p'R->v/v''R-iv. 
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FIG. 5.   MS estimation error for the sequence of estimators w„(M), n = 0,1, — Data record size 
(a)M = 256, (b)M = 2048. 

estimators wi(M), W2(Af),..., up to about W2o(M) are particularly appealing. In 
contrast, the estimators w„(Af) for n > 20 do not justify their increased cov-trace 
cost since they have almost nothing to offer in terms of further bias reduction. 

The mean-square estimation error expression £{||w„(M) - WMMSE/MVDRII^} 

captures the bisis-variance balance of the individual members of the estimator 
sequence w„(M), n = 0,1,2 In Fig. 5 we plot the MS estimation error as 
a function of the iteration step (index of AV filter in the sequence or number 
of auxihary vectors) n for the case study in Fig. 4, for M = 256 (Fig. 5a) 
and M = 2048 (Fig. 5b). As a reference, we also include the MS-error of the 
constraint-LMS estimator [4, 35] 

WLMS('") 

m = l, 
~V   \MV^ 

WLMs('n - 1) - IJ-rmr^^iMBim - 1)] -f -r—^^, 

.,M, (16) 

with WLMS(O) = (P*/llv||^)v and some M > 0, and the RLS estimator [7, 8] with 
matrix-inversion-lemma-based R~^ estimation: 

R-i(m)=R-H'n-l)- 
R-Hm - l)r,nr^Br\m -1) 

l + rm-Hm-Drm 
m ■■ 1,...,M,    (17) 

with R~^(0) = (l/eo)I for some eo > 0. Theoretically, it is known that the 
LMS gain parameter /x. > 0 [36] has to be less than l/{2-k^^^), where 
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Number ._  
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15     2000 

FIG. 6.   MS estimation error versus number of auxiliary vectors n and sample support M. 

^m^^ is the maximum eigenvalue of the blocked-data autocorrelation matrix 
(I _ w''/||v||2)R(I - w"/\\-vf). While this is a theoretical upper bound, 
practitioners are well aware that empirical, data-dependent optimization or 
tuning of the LMS gain /x > 0 or the RLS initialization parameter eo > 0 
[37] is necessary to achieve acceptable performance (in our study we set /^ = 
1/(200 • X^^^) and eo = 20, respectively). This data specific tuning frequently 
results in misleading, overoptimistic conclusions about the short data record 
performance of the LMS and RLS algorithms. In contrast, when the filter 
estimators w„ generated by the algorithm of Fig. 2 are considered instead, 
tuning of the real-valued parameters fi and eo is virtually replaced by an integer 
choice among the first several members of the {w„} sequence. Adaptive, data- 
dependent criteria for the selection of the most appropriate AV filter in the 
sequence for a given data record are developed in the next section. In Fig. 5a, for 
M = 256 all estimators w„ from n = 2 up to about« = 55 outperform in MS-error 
their RLS, LMS, and SMI (Woo) counterparts, ws (n = 8 auxiliary vectors) has 
the least MS-error of all (best bias-variance trade-off). When the data record 
size is increased to Af = 2048 (Fig. 5b), we can afford more iterations (more 
auxiliary vectors) and W13 offers the best bias-variance trade-off (lowest MS- 
error). All filter estimators w„ for « > 8 outperform the LMS, RLS, and SMI 
(Woo) estimators. For such large data record sets (M = 2048), the RLS and the 
SMI (woo) MS-errors are almost identical. Figure 6 offers a 3-dimensional plot 
of the MS estimation error as a function of the number of auxiliary vectors n 
and the sample support M. The dark line that traces the bottom of the MS 
estimation error surface identifies the best number of auxiliary vectors for any 
given data record size M. 
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FIG. 7.   MS estimation error studies for (a) diagonally loaded SMI, (b) multistage, and 
(c) auxiliaiy-vector estimators (Af = 60). 

An alternative bias-variance trading mechanism through real-valued tuning 
is the diagonally loaded (DL) SMI estimator [6] 

WDL-SMI(A) = /O' 
[R(M) + Al]-^v 

v«[R(M) + Al]-lv' 
(18) 

where A > 0 is the diagonal loading parameter. We observe that WDL-SMI(A = 0) 
is the regular SMI estimator, while Um WDL-SMI(A) = (p*/\\\f)v which is the 

A->-oo 
properly scaled matched filter. In Fig. 7a we plot the MS estimation error of the 
DL-SMI estimator as a function of the diagonal loading parameter A (M = 60). 
We identify the best possible diagonal loading value A :^ 3.45 (at significant 
computational cost) and in Fig. 7c we compare the best DL-SMI estimator 
against the AV estimator sequence for which no diagonal loading is performed. 
Interestingly, the AV estimators w„ from n = 4 to 7 outperform in MS-error the 
best possible DL-SMI estimator (A ~ 3.45). 

Finally, a finite set of L filter estimators with varying bias-covariance 
balance can be obtained through the use of the orthogonal multistage filter 
decomposition procedure in [9,10] (the resulting filters have been also referred 
to as nested Wiener filters). It can be shown theoretically that the /-stage filter, 
w/.stage, 0 < / < L - 1, is equivalent to the following structure. First, change the 
auxiUary-vector generation recursion in (9) or Fig. 2 to impose orthogonality 
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not only with respect to the constraint vector v but also with respect to all 
previously defined auxiliary vectors yi, y2, • • •, Yn-i, n < L - 1: 

/     w"    "^y,yf\„ 

Next, terminate the recursion at« = Z, 0</<L-l, and organize the / 
orthogonal to each other and to v vectors yi y/ in the form of a blocking 
matrix Bz,x/ = [yi, y2 y/]. Then, 

P* 
W/.stage = iJ^Jl-^-Btx/a/xl, (20) 

where 

a = ij^[B"RB]-iB^Rv (21) 

is the MS vector-optimum (unconditionally optimum) set of weights of the 
vectors yi,ya y/. ^ In the context of MMSE-MVDR filter estimation from 
a data record of size M, wo.8tage(A/) is the matched filter and w^L-i)sULge(M) is 
the SMI estimator. In Fig. 7b we plot the MS estimation error of w;.stage(Af) 
as a fimction of /, 0 < Z < L - 1 = 31 (A/ = 60). We identify the best multistage 
estimator (/ = 3 stages) and in Fig. 7c we compare against the AV estimator 
sequence. We see that all AV estimators w„ from n = 3 to 8 outperform in MS- 
error the best multistage estimator (/ = 3 stages). Finally, as a last study, in 
Fig. 8 we plot the MS-error of the A = 3.45 DL-SMI estimator together with the 
MS-error of the best multistage and AV estimators over the data support range 
M = L/2 = 16 to M = 3L = 96. 

^jOW TO CHOOSE THE NUMBER OF AUXILIARY VECTORS 

In this section we present two data-driven rules for the selection of the 
number of auxihary vectors n [39]. The first rule selects the AV filter estimator 
with n auxiliary vectors that has minimum cross-validated average filter output 
energy. The second selection rule is specific to BPSK communications receivers 
that employ a sign detector at the output of the linear auxiliary-vector filter. 
Details are given below. 

' Therefore, the multistage filter in [9,10] is identical to the filter WB as it appears in [22-24]. The 
multistage decomposition algorithm is a computationally efficient procedure for the calculation of 
this filter tailored to the particular structure of B''RB (tridiagonal matrix). The same computational 
savings can be achieved by the general forward calculation algorithm of Liu and Van Veen [38] that 
returns all intermediate stage filters along the way, up to the stage of interest / (total computational 
complexity of order 0((M + /)i.^)). The AV algorithm in Fig. 2 has computational complexity 
0(.^^f + n)L^) where n is the desired number of auxiliary vectors. Again, all intermediate AV filters 
are returned. Estimators of practical interest have /« Af or n « M. Therefore, the complexity of all 
such algorithms is dominated by O(ML^) which is required for the computation of R(Af). 
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FIG. 8. MS estimation error for the best multistage and AV estimators over the data support 
range M = i/2 = 16 to M = 3L = 96. The MS estimation error of the A = 3.45 DL-SMI estimator is 
also included as a reference. 

4.1. Cross-Validated Minimum Output Variance Rule (CV-MOV) 

Cross-validation is a well-known statistical method [40]. Here, we use cross- 
validation to select the filter parameter of interest (numher of auxiliary 
vectors n) that minimizes the output variance which is estimated based on 
input observations that have not been used in the process of building the filter 
estimator itself 

A particular case of cross-validation that we use in this work is the leave-one- 
out method. The following criterion defines the CV-MOV AV filter estimator 
selection process. 

CRITERION 1. For a given data record of size M, the cross-validated mini- 
mum output variance AV filter estimator selection rule chooses the AV filter es- 
timator w„i(M) that minimizes the cross-validated sample average output vari- 
ance, i.e.. 

ni = argmm 
n 

{M 

m=l 

(M\m)r„r^w„(M\m) (22) 

where (M\m) identifies the AV filter estimator that is evaluated from the available 
data record after removing the mth sample. 

It may be important to emphasize the need for invoking the cross-validation 
technique for the evaluation of the sample-average output variance. If a sample- 
average evaluation using all data were attempted, then the selection rule would 
take the form min{w;^(M)R(M)w„(M)}, where R(M) = (1/M) Em=i ^mrj^ and 

w„(Af) is given by the algorithm of Fig. 2 with R(M) in place of R. Such^in- 
imization, however, would result in « = oo since we know that w^(M)R(Af) 
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^n{M)^l-^w^(M)R{M)WooiM) and the SMI estimator WooiM) achieves mini- 

mum sample average output variance w^{M)RiM)\Voo(.M) (but not minimum 
true output variance w^(M)Rwoo(Af), of course). 

4.2. Output J-divergence Rule 

For illustration purposes we reconsider the BPSK CDMA signal model 
example in (14). The output J-divergence rule selects the AV filter estimator 
from the sequence of AV estimators that maximizes the J-divergence of the 
Gaussian approximated conditional filter-output distributions (conditioned on 
the transmitted information bit bi = -\-\ or bi = -1). The appropriateness of 
such a criterion as well as implementation details are presented below. 

For a given AV filter estimator w„(M), we denote by p,„ the real part* of the 
filter output with input the mth data vector r„,m = \,2,...,M, 

Pm='Re[vf^{M)r„]=/E[B.e[bi{m)yv^{M)si] 
K 

-\- Y, v/£*Re[fct(m)w„"(M)8;t] -I- Re[wj;^(M)n„], (23) 

where the information bits bk{m), k = \,2,...,K, m = l,2,...,M,sre assumed 
to be independent identically distributed (i.i.d.) with equally probable outcomes 
and nm is a 0-mean complex white Gaussian random vector with autocovariance 
matrix aH. Then, the scalars p„, m = l,2,...,M, are i.i.d. with common 
distribution fp{x) given by 

2^V2^cr^^    ^l 2<T2||W„(A/)||2 /• (24) 

where b^^\ i = 1,2,.... 2*^, is the bit of user k in the ith bit-combination. 
Conditioned on the transmitted information bit of the user of interest, user 1, 

the pdf of the filter output is a mixture of 2*-^ Gaussian distributions. However, 
for "effective" interference suppressive filters we can safely approximate 
the conditional output distribution by a Gaussian distribution as argued 
in [41] for MMSE-MVDR Hnear filtering. Under this approximation, the 
filter output conditional distributions given that -|-1 or -1 is transmitted 
are /i,„ ~ A/'[Ai(n),<T2^Ar(n)] and /o,„ ~M-M(n),o^f+Af(«)], respectively, where 

M(i) = V£rRe[w^(M)si] and cTf_^_f^{n) t ^f^g EkRe[w«(M)8*]2 + a2||w„(Af)||2 
is the conditional variance due to multiple access interference and additive 
white Gaussian noise (AWGN) (the index "H-N" denotes comprehensively 
the disturbance contribution). The effect of the above approxunation on the 
performance of the output J-divergence selection rule will be examined in 
Section 5. 

The J-divergence distance y(/i,„, /o.„) between the distributions /i,„() and 
/o,„() is defined as the sum of the Kullback-Leibler (K-L) distances between 

^ While the signal model in (14) is real-valued, we choose to carry out this presentation in the 
more general context of complex input vectors and filters. 
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fi,n and /o,„ 

7(/i,„,/o,„) = £>(/!,«-/o,«) + 'D(/o,„,/i,„), (25) 

where the K-L distance of /i,„ from /o,„ is defined by D(/i,„, /o,„) = /!^ fi,nM 
iog{fi,„(x)/fo^„ix))dx [42]. Since y(/i,„,/o,„) is a function of the AV filter- 
estimator parameter n (number of auxiliary vectors), in the rest of this paper 
we will use the notation J{n) to represent the J-divergence distance between 
/i,„(;c) and fo,n(x). For the Gaussian approximated pdf s /i,„ arid /o,„, we have 
D(fi,n,fo.n) = £>(/o,«, /i,«) = [2/x(n)]2/2orf+^(n) and the J-divergence simplifies 
to 

■^(") = ~2—Tt- ^^°^ 
<^/+N(«) 

Expression (26) justifies our choice of the output J-divergence eis one of the 
underlying rules for the selection of the best AV filter estimator. We recall that 
under the same Gaussian approximation of the conditional filter-output pdf s 
the filter output signal-to-interference-plus-noise-ratio (SINK) can be expressed 
as 7(n)/4 and, consequently, the bit-error-rate (BER) as Q{.^J{n)/2), where 
Q{x) = f^ l/\/2^exp(-«^/2)dM. To this extent, maximization of the output J- 
divergence in (26) implies minimization of the BER. Therefore, we propose to 
select the estimator from the generated sequence of AV filter estimators that 
exhibits maximum estimated J-divergence. 

(1) Supervised output J-divergence rule. Exploiting the symmetry of /i,„() 
and /o,n()) we can show in a straightforward manner that 

^"^     Var{fciRe[w^(M)r]} 

_ 4[E,=±i E{iRe[w„^(M)r]|fci =;}Prjbi = i)f 
E,=±iVar{Re[w«(M)r]|h = i}Pr(fci = /) ' 

where Var{} and Pr{} denote variance and probability, respectively. Assuming 
availability of a pilot information bit sequence {bi(,m)}^^i, we propose to 
estimate J(n) by estimating statistical expectations and probabilities via 
sample averaging and frequencies of occurrence, respectively. We note that 
although (27) and (28) are ideally equivalent (when all statistical quantities are 
known), this is not the case in general when estimated measures are considered. 
So, let {pt,p^,pt,...,pt,^} = l'Re[wlfiM)r„]:biim) = +l, m = 1,2,3..., M} 

and [pl,P2,P3 PM2} = {Re[wf (M)r„]: bi(m) = -1, m = 1,2,3,..., M} be 
the sets of all filter outputs under bi{m) = +1 and bi(m) = -1, respectively 
(Ml, Mz^O and Mi + M2 = M). First, it can be shown in a straightforward 
manner that the estimator of the numerator of (28) (that is, the weighted 
average of the sample average mean of the set {Pm}mLi ^^^ *^® sample 
average mean of the set [Pm]mti weighted by the frequency of each set) is 

equivalent to the estimator of the numerator of (27) 4p?{n) where p,(n) = 
J^^^^2 bj^(rn)pm/{Mi + M2) (in fact, A(n) is the minimum variance unbiased 
estimator of |u(«) [43, p. 178]). 
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Estimators of the denominator of (27) and (28) are examined in the following 
proposition. The proof is included in the Appendix. 

PROPOSITION 3. Consider the estimator of af_^^(n), which is the weighted 

average of the sample average variance of the set {pt,}^Li> °'^ *^ sample 
average variance of the set {p']^!^, weighted by the frequency of occurrence of 
each set 

where 

A      1       ^1 ,       Ml 

m=l 1 m=l 

m=l ^m=l 

O"^ {Pm]„li, {Pm}„ii, Ml, and M^ are as defined previously. Consider also the 
direct sample average estimator ofaf_^f^{n), 

j       M1+M2 

^^^"^^AhTM~2   ^  [^l('")P'"-A(«)]', (30) 
m—l 

where p„ is given by (23). The estimators &f(n) and a^{n) exhibit the following 
properties: (i) They are both biased and (ii) al{n) exhibits smaller MSE from the 
true value than af{n). 

Utilizing Proposition 3, estimators for the filter-output J-divergence become 
readily available. The following theorem identifies their relative merits. The 
proof is included in the Appendix. 

THEOREM 2. Define the two supervised estimators of the output J-divergence 
Js,i(n) = 4(i^{n)/alin) and Js,2in) = 4fL^in)/a^(n), where the subscript "S" 
identifies a supervised implementation. Then, for a given information bit pilot 
sequence of size M = Mi + M2, where Afi and M2 are the cardinalities of the sets 
[biim) =+1} and {bi(m) = -1], respectively, both estimators are biased while the 
MSE ofJs,2(n) is less than the MSE ofJs,i(n); i.e., 

jf/,„„,-^in<4k,,„,_v^in    ,31, 

where 4ii^{n)/crf_^^in) is the true value of J (n) as given by (26). 

Using the preferred estimator 7s,2(«), the supervised implementation of the 
output J-divergence AV filter estimator selection rule takes the final form given 
by the following criterion. 
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CRITERION 2. For a given information bit pilot sequence of size M, the 
supervised J-divergence AV filter estimator selection rule chooses the estimator 
w„2 (M) with «2 auxiliary vectors where 

«2 = argmax{y5,2(«)} 

(2) Unsupervised (blind) output J-divergence rule. The blind implementa- 
tion of the rule is obtained by substituting the information bit bi in (27) by the 
detected bit bi = sgn[Re[wf (M)r]] (output of the sign detector that follows the 
linear filter). In particular, using bi in place of foi in (27) we obtain the following 
J-divergence expression 

^       _ 4EHbi^e[w^iM)r]} _ 4£2{|Re[w;f (M)r]|} ^^^^ 
^ Var{fciRe[w^(M)r]}     Var{|Re[w»(M)r]|}' 

where the subscript "B" identifies the blind version of the J-divergence function. 
The following proposition provides the conditions under which JB^n) is nearly 
equal to 7(n). The proof is included in the Appendix. 

PROPOSITION 4. If iJi{n)/{ai+Nin)) » 1, i.e., the filter output SINE is signifi- 
cantly higher than 0 dB, then Jsin) ^ J{n). 

To estimate 7B (n) from a data record of finite size, we substitute the statistical 
expectations in (33) by sample averages. The following criterion summarizes the 
corresponding AV filter estimator selection rule. 

CRITERION 3. For a given data record of size M, the unsupervised (blind) J- 
divergence AV filter estimator selection rule chooses the estimator Wna(M) with 
ns auxiliary vectors where 

«3 = argmax{/B(n)} 

^^ r 4[^E^=ilRe[wf(M)r„]|]2 j    ^^^ 

"^I F i:m=l IRe[w„«(M)r^]|2 - [^ ^^^i I Re[w«(M)r„]|]2 /• 

5. SIMULATION STUDIES 

We examine the performance of the proposed short data record AV filter 
estimator selection rules for a DS-CDMA system with K users, spreading 
gain L, and multipath fading reception by a narrowband antenna array with N 
elements. All elements experience identical fading. Let / denote the number of 
chip interval spaced paths per beiseband user signal. After conventional carrier 
demodulation, chip-matched filtering, and sampling at the chip rate over a 
multipath extended sjmabol interval of L -I- / -1 chips, the L -t- 7 -1 data samples 
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from the /■ th antenna element, i = 1,2,..., A^, are organized in the form of a 
vector r^* given by 

K    j 

'" = 1 M,i = l,...,N. (35) 

In (35), with respect to the kth user signal, Ek is the transmitted energy, bic(m), 
blim), and b'^{m) are the present, the previous, and the following transmitted 
bits, respectively, and Q,, is the coefficient of the /th path of the A:th user 
signal. The channel coefficients are modeled as independent zero-mean complex 
Gaussian random variables that are assumed to remain constant over the filter 
adaptation data record of size M. s*,, represents the (7 - l)-zero-padded and 
{t - l)-right-shifted version of the signature of the jfcth user s*; s^, is the 0- 
filled, L-left-shifted version of s^,,; and sj, is the 0-filled, L-right-shifted version 
of St,,. Finally, n^^ represents additive complex white Gaussian noise and at,,[f] 
denotes the ith coordinate of the array response vector a*,, that corresponds to 
the rth path of the Jtth user signal 

akM = exp|;2;r(r - 1)?H^|,        / = 1,..., A^, (36) 

where Bkj is the angle of arrival, X is the carrier wavelength, and q is the inter- 
element spacing (in our studies we set q = A/2). 

We vectorize the {L + J - 1) x N space-time received data matrix [r^^\ 
Tm ,..., ri,'] \x) form the joint space-time data vector r^, which is a (L + 7 
- l)Af-long column vector: 

r„=Vec{[erL^...,rCf)]^,^,_,^^^}.       ' (37) 

The joint space-time RAKE filter for user 1 is Vi = £*i{r„fci(m)} = Vec{[vi,i, 
Vi,2, •••, vi.ftr]} (£fci{} denotes statistical expectation with respect to biim)), 

and vi,; = Y.U\ ci.r8i,rai,,[/), i = 1,2,..., yv. The MMSE-MVDR filter is built 
with constraint vector v = vi, desired response w^'vi = 1, and autocorrelation 
matrix R = £{r„r^}. 

We choose AT = 20, A^ = 5, 7 = 3 paths with independent zero-mean complex 
Gaussian fading coefficients of variance one (i.e., £{|Q,,|2} = 1) and Gold 
signatures with processing gain L = 31. The total SNR's (over the three paths) 
of the 19 interferers are set at SNR2-6 = 6 dB, SNR?^ = 7 dB, SNR9_i3 = 8 dB, 
SNRi4_i5 = 9 dB, and SNR16-20 = 10 dB. The space-time product (filter length) 
equals {L^-J-l)N = (31 + 2)5 = 165. All experimental results that follow are 
averages over 100 different channel realizations and 10 independent data record 
generations per channel. 

We first examine the performance of the AV filter estimator selection rules 
under the assumption that no info-bit pilot sequence is available. The data 
record size is set equal to Af = 230 while the total SNR of the user of interest 
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FIG. 9.   Histogram of the two differences nj - n„pt and nz - n^ where ni is the CV-MOV choice 
and ns is the blind J-divergence choice (Af = 230, SNRi = 8 dB). 

is set at SNRi = 8 dB. In Fig. 9, we plot the empirical pdf of the differences 
(ni - nopt) and («3 - nopt) where ni and ns denote selections according to 
Criteria 1 and 3, respectively, while nopt denotes the "genie" maximum SINR 
optimum choice of the number of auxiliary vectors. We observe that both criteria 
provide a reliable estimate of the genie-assisted optimum number of auxiliary 
vectors. 

The overall short data record adaptive filter performance is examined in 
Figs. 10 and 11. In Fig. 10, we plot the fiER^ of the AV filter estimators 
w„i(Af) and w„3(M) as a ftinction of the SNR of the user of interest for data 
records of size M = 230. The BER curve of the genie-assisted maximum SINR 
optimum filter choice w„opt(M) as well as the corresponding curves of the ideal 
MMSE-MVDR filter WMMSE/MVDR, the SMI filter estimator Woo(M), the S-T 
RAKE matched filter (MF) wo(M) = vi, and the multistage filter [9,10] with the 
preferred number of stages^ 1 = 1 are also included for comparison purposes. 
We observe that both w„j(M) and w„3(M) are very close to the genie optimum 
AV filter estimator choice and outperform significantly the SMI filter estimator, 
the multistage filter estimator, and the matched filter. We also observe that for 
moderate to high SNRs of the user of interest, the J-divergence selection rule is 
slightly superior to the CV-MOV selection rule. The opposite is true in the low 
SNR range. This is explained by the fact that the J-divergence approximation 

° The BER of each filter under consideration is approximated by Q (VSINRout) [41], since the 
computational complexity of the BER expression forthis antenna array CDMA system prohibits 
exact analytic evaluation. 
' In [44], it is argued that / = 7 (D = 8 in the notation of [44]) stages are "nearly optimal over a 

wide range of loads and SNRs." 
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FIG. 10.   BER versus SNR for the user signal of interest {M = 230). 
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FIG. 11.   BER versus data record size (SNRi = 8 dB). 

/(«) =« Jain) used in Proposition 4 is less accurate for low filter output SINE 
values. On the other hand, for high filter output SINRs the discrimination 
capability of the CV-MOV rule is not as sharp. 

Finally, Fig. 11 repeats the study of Fig. 10 as a function of the data record 
size. The SNR of the user of interest is fixed at 8 dB. 
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6. CONCLUDING REMARKS 

In this article we relied strictly on statistical conditional optimization 
principles to derive an iterative algorithm that starts from the white-noise 
matched filter and converges to the MMSE-MVDR filter solution for any given 
positive definite input autocorrelation matrix. The conceptual simplicity of 
the employed conditional optimization criteria led to a computationally simple 
iteration step. We analyzed basic algorithmic properties and we established 
formal convergence to the MMSE-MVDR filter. 

When the input autocorrelation matrix is substituted by a sample-average 
(positive definite) estimate, the algorithm generates a sequence of filter 
estimators that converges to the familiar sample matrix inversion unbiased 
estimator. The bias of the generated estimator sequence decreases rapidly to 
zero while the estimator covariance trace increases slowly from zero (for the 
initial, fixed-valued, matched-filter estimator) to the asjmiptotic covariance 
trace of SMI. Sequences of practical estimators that offer such exceptional 
control over favorable bias-covarieince balance points are always a prime 
objective in the estimation theory Uterature. Indeed, for finite data record sets, 
members of the generated sequence of estimators were seen to outperform in 
MS estimation error LMS and RLS types, SMI and diagonally loaded SMI, 
and orthogonal multistage decomposition filter estimators. In addition, the 
troublesome, data-dependent tuning of the real-valued LMS learning gain 
parameter, the RLS initialization parameter, or the SMI diagonal loading 
parameter is replaced by an integer choice among the first several members 
of the estimator sequence. Two data-driven criteria were proposed for the 
identification of the best AV filter estimator in the sequence. The first 
criterion calls for the minimization of the cross-validated filter-estimator 
output variance. The second criterion calls for the maximization of the J- 
divergence of the filter-estimator output-conditional distributions. Simulation 
studies examined and compared the operational characteristics of the proposed 
selection methods. With respect to the relative merits of the minimum cross- 
validated output variance and the maximum output J-divergence selection 
rules, we observed that for moderate to high output SINRs the latter method 
appears superior to the former (for high SINRs the cross-validated minimum 
output variance rule is not as sharp in discrimination abiUty). In contrast, in 
low output SINR the J-divergence method is somewhat lacking in performance 
(technically, the approximation in Proposition 4 is less accurate for near 0 dB or 
lower output SINR values). As a final general comment, the use of a sufficiently 
long antenna array in combination with an "effective" interference suppressive 
filter can result in high output SINR which favors the J-divergence selection 
rule, even when the transmitted energy of the user of interest is much lower 
thsin that of the interferers. 

The auxiliary-vector algorithm in Fig. 2 together with Criteria 1, 2, and 3 
form a complete toolbox for state-of-the-art estimation of MMSE-MVDR filters. 
The developments are of particular interest in high-dimensional adaptive signal 
processing applications that rely on data records of limited size. 
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APPENDIX 

Signature Assignment for the DS-CDMA Example of Sections 3 and 4 

The matrix 832x13 = [si 82  ••• 813] with columns the signature vectors 
81,82,..., 813 is given below. 

S = 

"-] L  +1 -1 _■ _ — I    +1 —1 L    -1 +] L   +] L   +1 
-] L    -1 -1 -: .  + I    + I    +1 L    -1 +] L    -] _; I    +1 
+] L    -1 +1 +: - L    + I    -1 —; L    +1 +: L    -] L   +1 
+] L    -1 +1 +: — L    + I    +1 +] L    +1 +] L    -] '■    + I    +1 
+] L    +1 +1 +: - L    -] I    +1 — L    +1 -: L    -] L    -] I    +1 
-: L    +1 +1 +: .  +] L    +] I    -1 L    -1 +] L    -] L  -: L    -1 
+: L    -1 -1 -: -: I    -] I    +1 +: I    -1 +: L    -] L    -] L    -1 
+: L    -1 +1 -] - I    -] I    +1   L    +1 -] L    -] L    -] L   +1 
+: L    -1 +1 +] .  +] L    -] L   +1 _ L    -1 -] L   -: L    -] L   -1 
+] L    -1 +1 -] —] L    -] L   +1 +] L   -1 -] L   -: L    -] L    +1 
-] I    +1 -1 +] —: L    +] L   +1 +] L   -1 -] L  +: L   -: L   -1 
-] L    +1 +1 +] .  +: L    -] I   -1 +: L    -1 +] i +] L    +] I   +1 
-] L    -1 -1 -] -: L   -] I    -1 +: L   -1 -] L    +] L  +: L   +1 
+1 L    -1 -1 +] I   +] L   -] L    +1 +: I   +1 +] L    -] L    +] L   -1 

1 
-] L    -1 -1 -] -: L    -] L    +1 -: L    -1 -] I   +1 L    +] L   +1 
-] L    +1 -1 +3 —: L    +] L    -1 +] L    +1 -] L    +1 L    +] L   +1 

V32 L    -1 
L    +1 

-1 
-1 

—, 
L    -] 

L   +1 
L   +1 

-] I    +1 
L    -1 

-: L    +] 
L    -] 

L    +] 
L    -] 

L    +1 
L    +1 

+] L    -1 -1 +] —: L    +] L   +1 +] I    +1 +] L    -] L    -] L    +1 
+] L    +1 +1 +] -; L  +: L   -1 +1 L    -1 +] L    -] L    +] L   +1 
-] L    +1 -1 +1 I  +] L    -] L   +1 -] L    +1 +] L    +] L    -] L    -1 
+] [    +1 -1 -] —; L    -] L    +1 -] i   +1 +] L    -] L    +1 I   +1 
+] L    +1 -1 +] L    +] i   +] L    -1 +] L    +1 +1 L    -] L    +] L    +1 
-] L    -1 +1 +] L    +] L    +] L    -1 -] L    -1 +] L    +] L    -] i   +1 
-] [    +1 -1 +] L    +] L    -] L    +1 -] L    -1 +] L    -] L    +] L    +1 
+] L    +1 +1 +] L  ,+] I    -] L    -1 +] L    +1 +] L    -] L    +] L    -1 
+] I    -1 -1 -] -: L    +] L    -1 +] L    +1 +] L    +] L    -] [    -1 
-] i   +1 -1 -] -: I    +1 L    +1 +] L    -1 +] L    +] L    +] L    -1 
+] L    -1 +1 -] —; I    -] L    -1 -] L    -1 +] L    +] L    +] L    -1 
-] L   +1 +1 -] L   +] I    +1 L    -1 +] L    -1 -] L    +] L    +] L    -1 
+] L    -1 -1 +] -: L    +] L    +1 -] L    +1 -] L    -] L    +] [    -1 
.-] L    +1 +1 -] L    -] L    -] I    -1 -] L    -1 +] L    +] L    +] i   +1 

(A.1) 

Proof of Proposition 3. The quantities iVMi)Y^"l^{p+ - fi+(n)f and 
(l/Af2)Emii(Pm - A~(n))^ are the ML estimators for the variance of the 
filter output conditioned on bi = +1 and fci = -1, respectively [43, p. 179]. 
Both estimators are biased. (In fact, their unbiased counterparts that have 
multiplying factors l/(Mi -1) and 1/(^2 -1) instead of 1/Mi and I/M2, 
respectively, exhibit higher MSE.) The MSEs of the estimators of interest afin) 
and a2in) are as follows: 

+ 
( 

M1 + M2 

m= 

M1 + M2 , 

l{p„-fi  (n)f     M2crf^^(n) 

M1+M2 M1+M2 )]) 



Kaiystinos et at: Short Data Record Adaptive Filtering 217 

(2Mi - l)g/^^(«)     (2M2 - l)a;%(«)       2a/^^(n) 
(Mi + M2)2 (Mi + M2)2 (Mi + M2)2 

^ 2a/+N(») (A.2) 
M1 + M2 

and 

r.r^-2. .      2    . XN2I     [2(Mi + M2)-l]a,\;,(n) 

Thus, 

MSE.2.„. -MSE^2(„) = Z     !!. ^2 > 0-     ■ ^^-^^ CTjW '72W      (Mi + M2)'^ 

Proof of Theorem 2. ix^in) and CT^+(«) are independent random variables 
with distributions ii+in) ^ Af{iJi{n),af_^j^{n)/Mi) and (Mi/crf_^.^{n)}a^+{n) -- 
^M -1 t^^^ ^^M -1 denotes the chi-square distribution with (Mi - 1) degrees of 
freedom). Similarly, fi~{n) and a^~{n) are independent random variables with 
distributions A"(n) -- J^{-li{n),af^^{n)IM2) and (M2/orf+;^(n))o-2-(«) ~x^2-i- 
Furthermore, (A'^(n), a^+(«)) and (A~(n), o-^"(n)) are mutually independent be- 
cause (/i+(n),a2+(n)) and {il-(n),a^~{ri)) are evaluated from two independent 
training sets. 

Since A(n) = (Mi/M)A+(n) - (M2/M)/i-(n) and af (n) = (Mi/M)a2+(«) + 
(Af2/Af)a2~(n), A(«) and af (n) are independent random variables with distri- 
butions A(«) ~A/'(/x(n),a2^^(n)/M) and (M/o-2^^(n))af («) ~ XM-2 where M = 
Ml + M2 is the size of the given information bit pilot sequence. Therefore, 

2    '- ^ M 
of+N{n){M-A) 

£{4l(«)} = 4£{A^(n)}£{^} =4[^+MV) 

= i^f!W JV^ + _4_ (A.5) 

^' (A.6) 
<^(n)(M-4)(M-6) 

The inverse moments ^{l/CTf (n)} and £{1/CT^(«)} exist for M > 4 and M > 6, 
respectively, and are given by [46] 

^ (A.7) 
af+^(n)(M-4) 

M^ 
a;%(n)(M-4)(M-6)' 

(A.8) 
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Thus, the MSE of Js.i(n) is 

U <TLV(«)J J 

16 16   .     16M''(n) 
t> + 

(A/-4)(M-6)       M-r^a*    („)• 

where 

A 
a = 

bt 

],\n) + ^^'(">'^'+N(") ^ 3a/^^(«) 

^.An) 

M '       A/2 

2J\//Ll2(«) 

M2 

^/+w («) 
and 

(A.9) 

(A.10) 

^I+N («) 

On the other hand, /t(n) and ajin) are independent random variables 
with distributions [i{n) -^ M{iJL{n),af^^{n)/M) and {M/af^^(n))Gl{n) -^ xl-v 
respectively. Therefore, 

E[Js.2(n)] = 4: 
^2 af. »,(n) 

A/ + M^(n) 
M 

4fi^in)     M + 4 
<Tf.^(n)M-3^ M-3' (A.11) 

^{4%(n)} = 16 „\n) + ^^'(">°^'+N(") ^ ^hsM 
M M2 

M^ 
<^;%(n)(A/-3)(M-5)' 

(A.12) 

Thus, the MSE of 7S,2(M) is 

16   ^     16fi*{n) 16 
a — 

(M - 3)(M - 5)       Af - 3 cfr + 
■'l+N (n) 

(A.13) 

where the first and second inverse moments E{l/a^(n)} and E{l/a^(n)] exist for 
Af > 3 and M >5, respectively, and a and b are given by (A.10). 

From (A.9) and (A.13), assuming M>6 which is the condition for all inverse 
moments to exist, we obtain 

MSEi-MSE2 = 
16a 16a + {M-4)(M-6)     {M-3){M-5)     M-3    M-4 
16 

(Af-3)(Af-4) 
16 

2A/-9 
(Af-5)(Af-6) 

2(Af-5) 

a-b 

a-b (A/ - 3)iM - 4) [{M - 5)(M - 6)' 

_ 32[GMn\n) + 5MnHn)af^^(n) + 6M2(„)^2^^(„) + 3^4^^(„)] 

(A/-3)(Af-4)(A/-6)(T4^^(«) 

> 0- (A.14) 
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Proof of Proposition 4.   Define Y = \ Re[wf (M)r] |. The pdf of F is 

friy) exp 
-iy-i^(n)f 

+ exp 
-(y + fiin)) 2i 

where U(y) is the unit step function. The mean of Y is 

U{y),      (A.15) 

-/ 
E{Y}=    yfY(y)dy = nin) + 

Vo-/+Ar(n)/ 
(A. 16) 

The series expansion of Qix) is [47] 

.2 1 /   x^\ r      1      1-3 

, (-!)"!• 3- •(2«-l)) , „ 
+ ^2;; ! + «"' (A.17) 

where /?„ = (-1)"+^ • 3 • • • (2n + 1) /~ ^^2n+2 exp(-rV2) dt is the remainder 
which is always less (in absolute value) than the first neglected term. If 
fi(n)/(xj+N(.n)» 1, (A.16) can be written as 

E[Y} = fi(n)l 1+   ^       exp  - 
/2^/x(n) 

2o-/+Af(n) 
■J2nii(n) 

exp  - 

2or2^^(«) 

2^/%(n) 

2 

1-0 
\ai+N{n))    JJj 

The variance of K is 

Var{r} = E{y2} _ E\Y} = n\n) + a;%(n) - E^{Y} 

and using (A. 18) we may approximate 

Var{r}«^a/%(n). 

Finally, from (A.18) and (A.20) we obtain 

^^^    4.EHY} ^ V(«)       -, , 

(A.18) 

(A.19) 

(A.20) 

Var{r} ■'I+N (n) 
(A.21) 
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Data-record-based Criteria for the Selection 
of an Auxiliary-Vector Estimator 

of the MMSE/MVDR Filter 
Haoli Qian, Student Member, IEEE, and Stella N. Batalama, Member, IEEE 

Abstract—When the auxiliary-vector (AV) filter generia- 
tion algorithm utilizes sample average estimated input data 
statistics, it provides a sequence of estimates of the ideal 
minimum-mean-square-error (MMSE) or minimum-variance- 
distortionless-response (MVDR) filter for the given signal process- 
ing/receiver design application. Evidently, early non-asymptotic 
elements of the sequence offer favorable bias/variance balance 
characteristics and outperform in mean-square filter estimation 
error the unbiased sample-matrix-inversion (SMI) estimator as 
weU as the (constraint)-LMS, RLS, "multistage nested Wiener 
filter," and diagonally-loaded (DL)-SMI filter estimators. Select- 
ing the most successful (in some appropriate sense) AV-filter 
estimator in the sequence for a given data record is a critical 
problem that has not been addressed so far. In this paper 
we deal exactly with this problem and we propose two data 
driven selection criteria. The first criterion minimizes the cross- 
validated sample average variance of the AV-filter output and 
can be applied to general filter estimation problems; the second 
criterion maximizes the estimated J-divergence of the AV-filter- 
output conditional distributions and is tailored to binary phase- 
shift-keying (PSK)-type detection problems. 

Index Terms—Adaptive filters, antenna arrays, code divi- 
sion multiaccess, cross-validation, interference suppression, J- 
divergence, low sample support, short-data-record estimation. 

I. INTRODUCTION AND BACKGROUND 

IN this paper, we deal with the broad and challenging 
problem of designing adaptive receivers from a limited data 

record of size commensurate to the channel coherence time. 
The coherence time of the channel, which is reciprocal to the 
channel rate-of-change, will determine the size of the data 
record (block) available for receiver adaptation and redesign 
(the shorter the coherence time of the channel, the smaller the 
available data record). For presentation purposes we consider 
a simple block fading channel model that assumes fixed 
fading over the symbols in the block and independent fading 
across blocks. After receiver adaptation based on a specific 
data record (block) is completed, we utilize the obtained 
receiver/filter estimate to detect the information bits contained 
in that same block. Our study focuses on the auxiliary-vector 
(AV) algorithm [l]-[3] that generates a sequence of linear 
filters/receivers that we call AV-filters/receivers. Members of 
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this sequence -when evaluated (estimated) from a data record 
of limited size- were seen to exhibit superior short-data-record 
adaptive filtering performance. Our objective in this paper is 
to develop data driven criteria for the selection of the most 
successful AV-filter estimator in the sequence for a given 
record of input observations of size commensurate to the rate- 
of-change of the receiver operational environment. 

The auxiliary-vector (AV) filter generation algorithm given 
in [l]-[3] is a statistical optimization procedure that produces 
a sequence of linear filters (AV-filters) that converges to 
the MMSE/MVDR solution under an ideal setup (perfectly 
known input data autocovariance matrix). The developments 
in [l]-[3] can be viewed as an extension of the work in 
[4]-[8] to non-orthogonal multiple AV MMSE/MVDR filter 
synthesis. The AV filter generation algorithm exhibits the 
following key attributes: (i) Utilizes non-orthogonal auxiliary 
vectors [l]-[3]; (ii) the auxiliary vectors are selected according 
to the maximum cross-correlation (MGC) criterion [5]; (Hi) 
the filter sequence is created based on statistical conditional 
optimization [6]-[8]; and (iv) each (non-asymptotic) filter in 
the sequence has a form that does not involve any explicit or 
implicit matrix inversion operation (in contrast for example to 
reduced-rank filtering methods such as in [9],[10]). 

The AV algorithm is sununarized in Fig. 1. In terms of 
notation, w € C^ represents a complex L-tap linear filter 
and R = E{jrr"} is the input data autocorrelation matrix 
(E {•} denotes statistical expectation, H denotes the Hermitian 
operation, and r € C^ is the random, zero mean without 
loss of generality, complex input vector of dimension L); v 
is the input signal vector direction to be protected during 
filtering (for general MMSE filters v is set equal to the 
statistical cross-correlation between the desired scalar filter 
output 6 e C and the input vector r, v = E{rb*}). For 
presentation purposes, in Fig. 1 we assume that die filtering 
operation is supposed to be "distortionless" in the v vector 
direction, i.e. w"v = 1 (the developments can be generalized 
in a straightforward manner to cover filter constraints of the 
form w"v = p for any complex scalar p [2]). The vectors 
gd, d = 1,2,..., are referred to as "auxiliary vectors." The 
auxiliary vector ga is required to be orthogonal only to the 
constraint vector v itself and is not necessarily orthogonal 
to the earlier auxiliary vectors gi,i = 1,2,...,d— 1; the 
auxiliary vector g^ is chosen to maximize the magnitude of the 
statistical cross-correlation between the previous filter output 
and the projection of the input data onto the auxiliary vector 
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itself, i.e. gj  = argmax|wJ_iRg| subject to gjv = 0 

fnd grfgd = 1- The corresponding scalar AV weight na 
is chosen to minimize the new filter output variance, i.e. 
fid = argminw^Rwd.' We emphasize that by relaxing the 

orthogonality condition among auxiliary vectors, the length of 
the generated sequence of filters is not limited by the vector 
space dimension as in the case where orthogonality between 
auxiliary vectors is maintained [6]-[8]. The AV algorithm in 
Fig. 1 generates a sequence of filters wj = WQ - XIt= Migi. 
^ = 1>2 Formal theoretical analysis of the sequence of 
auxiliary-vector filters was pursued in [2]. 

For a given constraint (or cross-correlation) vector v and 
perfectly known input autocorrelation matrix R, the sequence 
of ideal AV filters Wo,Wi,W2,... converges to the ideal 
MVDR (MMSE) optimum filter 

w R -1, 
MMSE/MVDH ~ wn-i. v"R (1) 

We recall that the filter in (1) minimizes w^Rw and simul- 
taneously satisfies w^v = 1. Not withstanding the satisfying 
convergence properties of the ideal AV filter sequence, the 
main motivation for the development of the AV filtering 
framework is improved adaptive receiver performance when 
receiver adaptation is based on a short record of N input 
data. When the input autocorrelation matrix R is estimated by 
averaging the outer products of N received vectors, R(iV) = 
F E„=i r„r^, the MMSE/MVDR filter estimator obtained 
by using the sample-average estimate R(Ar) in place of R 
in (1) is known as the sample-matrix-inversion (SMI) filter, 

^SMT{N) = ^H^^y^^. The filter WSMI{N) exhibits all the 
disadvantages associated with the inversion of a matrix that 
is estimated from a finite-size data record (for example, the 
inverse exists w.p. 1 only if the size of the data record N is 
greater than or equal to L) and data record sizes many times 
the filter length L are necessary for WSMI{N) to approach 
reasonably well the performance characteristics of the ideal 
■WMMSE/MVDJJ filter. Unfortunately, in many communications 
systems with typical input data dimension values and data 
transmission rates, the data record (block) size (that fits within 
a channel coherence period) is relatively small for WSMI{N) 

to perform well. In contrast to WsM,iN) and other potential 
reduced-rank filter estimators such as the "multistage nested 
Wiener filters" in [9], [10], the AV-filter^estimators obtained 
by utilizing the sample-average estimate R{N) in place of R 
in Fig. 1 are not the result of any form of direct or indirect 
matrix inversion operation. As illustrated in [2], for a fixed 
finite data record of size N, the AV-filter sequence {wd(iV)}d 
based on the iV-point autocorrelation matrix estimate R(Ar) 
can be viewed not only as a sequence of estimators of the cor- 
responding ideal AV filters but also as a sequence of estimators 
of the ideal MMSE/MVDR filter that has varying bias versus 
variance characteristics and converges to WsM,(Ar) (if the 
latter exists). For small N, the early non-asymptotic elements 
of the sequence of AV estimators offer favorable bias/variance 

'Since fiag^ is independent of the norm of gj, then so is wj. Based on 
this observaUon. in Fig. I we dropped the unnecessary normalization of the 
auxiliary vectors. 

balance and outperform in mean-square filter estimation error 
^sMiiN), (constraint)-LMS, RLS, multistage nested Wiener 
filter [9], [10], and diagonally-loaded (DL)-SMI estimators. In 
the context of digital wireless communication receivers, the 
latter translates to superior bit-error-rate performance under 
short data record receiver adaptation. 

We conclude this introductory section and we motivate the 
developments that follow with an illustration of the signifi- 
cance of the AV parameter d (that is the exact number of 
auxiliary vectors used in building the AV-filter estimator) and 
the dependence of the proper choice of d on the true signal 
model, the constraint vector direction, the data record size, 
as well as the specific data record realization. We draw a 
signal model example from the direct-sequence code-division- 
multiple-access (DS/CDMA) literature and we consider a 
system with K = 20 users with Gold signatures of length 
T = 31 and multipath fading reception by a narrowband linear 
antenna array with M = 5 elements (all elements are assumed 
to experience identical fading). We assume that each signal 
experiences J = 3 chip-interval-spaced paths. The path fading 
coefficients are modeled as independent identically distributed 
(i.i.d.) zero-mean complex Gaussian random variables. The 
directions of arrival for all user paths are i.i.d. uniformly 
distributed in [-f,f]. We pick a "user of interest," say 
user 0, and we fix the total SNR's (over the three paths) 
of the 19 interferers at SNRi_5 = 6dB, SNRC-T = 7dB 
SNR8-12 = 8dB, SNRi3_i4 = 9dB, SNR15-19 = lOdfi! 
The space-time product for this communication system equals 
(^+ J-1)^ = 165. After conventional carrier demodulation 
and chip-matched filtering and sampling at the chip rate over 
a multipath extended symbol interval of T -I- J - 1 chips, the 
{T + J -1) X M data samples {T + J - 1 data samples 
from each antenna element) are organized in the form of an 
L = 165-long joint space-time received data vector r. The 
input vector direction to be protected during MMSE/MVDR 
space-time filtering is the effective space-time signature of 
user 0 or in other words the cross-correlation between the 
input data vector r and the desired user information bit 60. 

With this setup, we conduct the following experiment. We 
generate an input data record of size N and we estimate the 
elements of the AV-filter sequence. Then, for each AV-filter es- 
timate we evaluate the output SINR using the ideal (true) input 
statistics and we record the "genie" assisted optimum choice 
of the number d that corresponds to the AV-filter estimate in 
the sequence with the maximum SINR value. We emphasize 
that the optimum number d is a random variable rather than a 
deterministic function of N; for a given data record realization 
of size JV, the "genie" assisted choice of d optimizes (in 
the maximum output SINR sense) the filter estimate that is 
evaluated based on this specific data record realization. We 
recall that in practice the data record size N is controlled 
by system specifics and the coherence time of the channel 
(for example with CDMA chip rates at 1.25MHz, processing 
gain 32, carrier fi-equency 900MHz, and vehicle speed 45mph, 
the channel coherence time is approximately 7ms [11] and 
the fading channel fluctuates decisively at least every 275 
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data symbols [7]). We repeat our experiment 1,000 times 
(100 different channel realizations and 10 independent data 
record generations per channel) and we show the empirical 
probability density function of the random variable d in Fig. 2. 
In Fig. 2(a), the data record size is set equal to N = 230 while 
the SNR of the user of interest is set at SNRQ = 8dB. Figs. 
2(b) and 2(c) show an example of how this empirical density 
changes when we increase the sample support (N = 363) or 
decrease the user SNR (SNRo = MB), respectively. 

While it is clear that the above "genie" assisted procedure 
for the selection of d cannot be used in practice (due to 
the unknown ideal input statistics), these studies illustrate the 
importance of identifying a "good" d in some appropriate 
"goodness" sense. Accomplishing such a task is equivalent 
to developing a data-driven, fully adaptive AV filter receiver 
that adapts even its own structure (i.e. number of auxiliary 
vectors used) for any given input data record. 

Section 11 deals exactly with this problem, that is the 
selection of the best (in some appropriate sense) AV filter from 
the sequence of AV filter estimates based on a given finite 
data record. Two data driven selection criteria are proposed 
and analyzed. The first selection rule is motivated by the 
asymptotic minimum output variance property of the AV filters 
and can be applied to general filter estimation problems. 
The second rule is related to the objective of achieving 
maximum stochastic distance between the AV filter output 
conditional distributions and is tailored to applications that can 
be formulated as antipodal hypothesis testing problems (for 
example, detection of PSK-type signals processed by arbitrary 
channels and corrupted by AWGN). In particular, for a given 
data record, the first criterion selects the AV-filter estimator (or, 
equivalently, the number of auxiliary vectors used in forming 
the AV estimator) that minimizes the cross-validated average 
filter output variance (energy). The second criterion selects the 
number of auxiliary vectors that maximizes the estimated J- 
divergence of the filter output conditional distributions. Both 
supervised and unsupervised (blind) implementations of the 
J-divergence criterion are pursued and analyzed. Simulation 
studies and comparisons are presented in Section in and some 
conclusions are drawn in Section IV. 

II. AV-FiLTER SELECTION RULES 

A. Cross-Validated Minimum-Output-Variance Rule (CV- 
MOV) 

The CV-MOV rule is motivated by the fact that minimiza- 
tion of the output variance of filters that are constrained to be 
distortionless in the vector direction of a signal of interest 
is equivalent to maximization of the output SINR. Cross- 
validation is a well-known statistical method [12]. It is used 
here to select the filter parameter of interest (number of AV's 
d) that minimizes the output variance which is estimated based 
on observations (training data) that have not been used in 
the process of building the filter itself. A particular case of 
this general method used in this paper is the "leave-one-out" 
method. The following criterion outlines the CV-MOV AV- 
filter selection process. 

Criterion 1: For a given data record of size N, the cross- 
validated minimum-output-variance AV-filter selection rule 

chooses the AV-filter estimator Wj^ that minimizes the cross- 
validated sample average output variance, i.e. 

di = arg min 
d 

U=i 
'^d(N\i) (2) 

where the subscript (iV\j) identifies the AV-filter estimator 
that is evaluated from the available data record after removing 
the i-th sample. ■ 

It is straightforward to show that the cross-validated output 
variance estimate of the AV-filter estimator that utilizes d 
auxiliary vectors converges to the output variance of the 
corresponding ideal AV-filter wj as the data record size 

-^ w?Rw<i. increases, i.e. ^d(N\ifi''i^d(N\i) 

know that wJRwd "-^^ vt^^j'RwSMJ and WSM^ is the filter 
that has minimum sample-output-variance Wgj^^ ,Rws 

In addition, it may be important to emphasize the need for in- 
voking the cross-validation technique for the evaluation of the 
sample-average output variance. If sample-average evaluation 
using all data were attempted, then the selection rule would 
take the form arg min w^Rw^, where R = ;^ I2n=i'^"'^n 

d ^^ 

and Wd is obtained by substituting R in place of R in Fig. 1. 
Such minimization, however, would result in d = oo since we 

SMI' 

KMI (but, 
of course, the true output variance of WSMI, WSJ^JRWSMT, is 
not minimum). 

B. Output J-divergence Rule 

While the CV-MOV criterion presented in the previous 
section can be applied to general filter estimation problems, 
in this section we present and analyze an alternative criterion 
that is tailored to applications that can be formulated as binary 
hypothesis testing problems on AV-filtered data. 

We recall that for any scalar binary hypothesis testing 
problem characterized by the detector input conditional distri- 
butions /o and /i under hypothesis Ho and Hi, respectively, 
the J-divergence distance between /o and /i is defined as the 
sum of the KuUback-Leibler (K-L) distances between /o and 
/i [13] 

Jih,fi) = D{h,fo) + D{fo,h) (3) 

where  the  K-L  distance  of /i   from  /o   is  defined  as 
D{fi,fo) = sr^h{x)iogmdx. 

Our choice of the output J-divergence as one of the un- 
derlying rules for the selection of the AV filter is motivated 
by the fact that the probability of error of the optimum 
Bayesian detector for any binary hypothesis testing problem 
is lower bounded by a monotonically decreasing function of 
the J-divergence between the conditional distributions of the 
detector input [13]. For scalar input, the lower bound is given 
by 

Pe>noniexp{-Jifo,fi)/2} (4) 

where TTQ, TTI are the a priori probabilities of flb and Hi, 
respectively. Thus, the larger the J-divergence the smaller the 
lower bound on the probability of error. When the conditional 
distributions under HQ and Hi are Gaussian with the same 
variance, the probability of error is an exact monotonically 
decreasing fianction of the J-divergence. In particular, let 
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the conditional distributions of tiie detector input be /o ~ 
■^[/^o,cf^] and /i ~ J\/'[/ii,o-^] where /io and ni are the 
conditional means under hypothesis HQ and Hi, respectively, 
and a^ is the conditional variance under either hypothesis. 
Then, 

J{fo,h) = {(jLi-fio?/a'^ (5) 

and the probability of error of the optimum detector is equal 
to   

P    =   JTiCI ^'^^'^"'•^^^ I   ^^^i/![2l'\ 
\ 2 y/JUuT) 

where Q{x) = /~ ;^ exp (- ^)du. We can show that the 
right hand side of (6) is a monotonically decreasing function of 
J{fo, /i) for any TTQ and TTI. Thus, the larger the J-divergence 
the easier the detection problem or, equivalently, maximization 
of the J-divergence implies minimization of the probability of 
enor. Due to the above properties and its relationship with the 
probability of error of the optimum detector, J-divergence has 
been extensively used in the detection literature as a hypothesis 
discriminant function. 

In the AV filtering context, we denote the conditional 
distributions of the AV scalar filter output under HQ and Hi by 
/o,d(-) and fi,d{-) where the index d indicates the dependence 
of the distributions on the AV filter parameter d. Then, the J- 
divergence between /o,d(-) and /i,d(-) is also a function of 
d and in the rest of the paper will be denoted as J{d). The 
following criterion outlines the J-divergence AV-filter selection 
process. 

Criterion 2: For a given data record of size N, the J- 
divergence AV-filter selection rule chooses the AV-filter es- 
timator wj^ that maximizes the estimated J-divergence J(d) 
between the AV-filter output conditional distributions, i.e. 

dj = axgmax ij{d)\ (7) 

To reach more specific solutions, we consider scalar binary 
hypothesis testing problems that result from AV-filtered ver- 
sions of binary antipodal signals. Along these lines, let the 
received signal vector be of the general form 

r = by/Ev + n (8) 

where v e C^ is a known deterministic signal vector, 
E > 0 represents the unknown energy scalar, n € C^ is 
a comprehensive zero-mean disturbance vector (i.e., it may 
incorporate inter-symbol-interference (ISI), multiple-access- 
interference (MAI) and additive noise effects), and 6 is -M 
or -1 with equal probability. Then, the decision on Ho (b = 
-1) or Hi {b = +1) is based on the real part of the AV 
filter output 

P = Re[wSv] (9) 

where wj is the AV-filter estimator that utilizes d auxiliary 
vectors. To the extent that the conditional distributions of 
the filter output p under HQ and Hi can be approximated 

by Gaussian distributions, we have /o,<i ~ Af [-n{d), (T^{d)] 
and }i4^ N [n{d),a'^{d)], where -/i(d) and /i(d) are the 
conditional means under hypothesis HQ and Hi, respectively, 
and G^{d) is the conditional variance under either hypoth- 
esis. This Gaussian approximation of the actual conditional 
distributions of the filter output can be considered safe for 
"effective" interference suppressive filters, as argued, for ex- 
ample, in [14] for the MMSE/MVDR linear filter operating 
on CDMA signals. Such a case study will be considered later 
in Section in where the effect of the above approximation 
on the performance of the output J-divergence selection rule 
will be examined through comparisons with the optimum 
"genie" assisted selection rule. In the rest of this section we 
develop a supervised and a blind implementation of Criterion 
2 for the selection of the best AV-filter in binary hypothesis 
testing problems that result from AV-filtered versions of binary 
antipodal signals. 
1) Supervised Output J-divergence Rule 

Exploiting the symmetry of the conditional densities of p, 
/o,d(-) and /i,rf(-), we can show in a straightforward manner 
that 

J{d) = 4E^ {bRe [w^r]} 
Var{bRe[w^r]} (10) 

-|2 

E   E{bRe[w^r]\b = j}Prib = j) 
j=+i,-i 

E   Var{bRe[w^v]\b = j}Pr{b=j) (11) 

where Var{-) and Pr{-) denote variance and probability, 
respectively. Assuming availability of a pilot bit sequence 
{^(«)}ili. our objective is to estimate J{d). We propose to 
achieve this by estimating statistical expectations and proba- 
bilities via sample averaging and frequencies of occurrence, 
respectively. We note that although (10) is equivalent to (11) 
ideally (when all statistical quantities are known), this is not in 
general the case when estimated measures are considered. So, 
let {Plr--,PN,}={Re[wSTi] : b{i) =-1, i = 1,... ,N} 

and {p+,... ,p%J={Re [w^r^] : b{i) =+1, i = 1,.-■ ,N} 
be the sets of all filter outputs under hypotheses HQ and Hi, 
respectively (JVi.TVz ^ 0 and Ni + N2 = N). First, we can 
show in a straightforward manner that the estimator of die 
numerator of (11) (that is, the weighted average of the sample 
average mean of the set {p~} and the sample average mean 
of the set {pt} weighted by the frequency of each set) is 
equivalent to the estimator of the numerator of (10) 4ff{d) 

where Ji{d) = ^'^^^^f'" (in fact, Ji{d) is the minimum 
variance unbiased estimator of /i(d) [15, p. 178]). Estimators 
of the denominator of (10) and (11) are examined in the 
following proposition. The proof is included in the Appendix. 

Proposition 1: Consider the estimator of a'^{d) which is 
the weighted average of the sample average variance of the 
set {pf} and the sample average variance of the set {p~}, 
weighted by the frequency of each set: 

aiid) = 
Ni 

N1 + N2 
C2- id) + 

No 

N1 + N2 
S2+ 5^+W       (12) 
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where 

52+, A    1 
JV2 

follows the linear filter). In particular, using b in place of 6 in 
(10) we obtain the following J-divergence expression: 

Md) - ^^'fa^t^^^'-]} _ ^EHlRel^M)     (,6) 
Var^Re[w^T]\      Var{\Re[w^r]\} 

where the subscript "B" identifies the blind version of the 
and {p~}, {Pj'}, Ni and N2 are as defined previously.    J-divergence function. The following proposition identifies 

Consider also the direct sample average estimator of o-^(d):      conditions under which Jsid) is nearly equal to J{d). The 
proof is included in the Appendix. 

1       "V^"          , ...        Proposition 2: If ^ » 1, i.e. the filter output SINE 

w = iEb;-?"wr.    r(d)^^E^^ 
i=i 

N2 

E 

ciid) = 
N1 + N2 

N1+N2 

5; mpi-m? 
»=i 

^   ''    is significantly higher than OdB, then JBid) « J{d). 

where pi = Re[w^ri]. The estimators al{d) and a^{d) 
exhibit the following properties: (i) They are both biased and 
(ii) 5|(d) exhibits smaller MSE from the true value than 
^lid). m 

Utilizing Proposition 1, estimators for the filter-output J- 
divergence become readily available. The following theorem 
identifies their relative merits. The proof is included in the 
Appendix. 

Theorem 1: Define the two supervised estimators of the 
output J-divergence Js,i{d) = ^ and Js,2{d) ^ ^, 
where the subscript "S" identifies a supervised (pilot assisted) 
implementation. Then, for a given information bit pilot se- 
quence of size N = Ni + N2, where iVi and N2 are 
the cardinalities of the sets {b{i) = -1} and {b{i) = 4-1} 
respectively, both estimators are^biased while the MSE of 
Js,2{d) is less than the MSE of Js,i{d), i.e. 

where ^^^ is the true value of J{d). 

(14) 

Using the preferred estimator Js,2(d), the supervised imple- 
mentation of the output J-divergence AV selection rule takes 
the final form given by the following criterion. 

Criterion 2a: For a given information bit pilot sequence 
of size N, the supervised J-divergence AV-filter selection rule 
chooses the AV-filter estimator wj^ such that 

d2   = argmax {jsAd)} 

=  arg max < 
d 

N 

N 
jfi:mRe[w»ri]--il{d)]' 

i=l 

>   (15) 

2) Unsupervised (Blind) Output J-divergence Rule 
The blind implementation of the rule is obtained by sub- 

stituting the information bit b in (10) by the detected bit 
b = sgn (Re I wil^ rj j (output of the sign detector that 

To estimate Jeid) from a data record of finite size, we 
substitute the expectations in (16) by sample averages. The 
following criterion summarizes the corresponding AV-filter 
selection rule. 

Criterion 2b: For a given data record of size N, the unsu- 
pervised (blind) J-divergence AV-filter selection rule chooses 
the AV-filter estimator wj  such that 

ds = arg max < JB (d) \ (17) 

= arg max • i=l 
N 

iE|i?e[w«r,]|^- 
N -,2 

.  »=i 

III. SIMULATION STUDIES 

We revisit the signal model of Fig. 2. Using the same 
set-up as in Fig. 2(a) (i.e. N = 230, SNRQ = 8dB), 
we examine the performance of the AV-filter selection rules 
under the assumption that no pilot sequence {b(i)}i of the 
user signal of interest, user 0, is available. In Fig. 3, we 
plot the empirical probability density function (pdf) of the 
differences (di - dgpt) and (da - doptj where di and ds 
denote selections according to Criterion 1 and Criterion 2b, 
respectively, while dopt denotes the ("genie" found) maximum 
SINR optimum choice of the number of auxiliary vectors 
d (as in Fig. 2, we conduct 1,000 experiments with 100 
different channel realizations and 10 independent data record 
gejierations per channel). The pdf's of the two differences 
{di-dopt) and (ds - dopt) shown in Fig. 3 capture the 
level of failure in estimating the optimum AV parameter d. 
The heavy concentration of both pdf's around 0 implies that 
both criteria provide reliable estimates of the optimum number 
of auxiliary vectors. 

In Fig. 4, we plot the BER^ of the AV-filter estimators wj 
and Wj^ as a function of the SNR of the user of interest for 
data records of size N = 230. The BER curve of the "genie" 

^The BER of each filter under consideration is approximated by 
Q (VSINRout) [14] since the computational complexity of the BER 
expression for tliis antenna array CDMA system prohibits exact analytical 
evaluation. 
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assisted BER optimum filter choice Wd„^, as well as the 
corresponding curves of the ideal MMSE/MVDR, SMI, RAKE 
matched-filter (MF), and multistage nested Wiener filter [9], 
[10] with the preferred number of eight stages [16] are also 
included for comparison purposes. We observe that both w .- 
and wj^ are very close to the "genie" optimum AV-filter choice 
and outperform significantly the SMI, RAKE matched filter,' 
and multistage nested Wiener filter estimators. We also observe 
that for moderate to high SNR's of the user of interest, the 
J-divergence selection rule is slightly superior to the CV-MOV 
selection rule. The opposite is true in the low SNR range. This 
is explained by the fact that the J-divergence approximation 
J(w) ss JB(W) used in Proposition 2 is less accurate for low 
filter output SINR values. On the other hand, for high filter 
output SINR's the discrimination capability of the CV-MOV 
rule is not as sharp. 

Finally, Fig. 5 repeats the study of Fig. 4 as a function 
of the data record size N. The SNR of the user signal of 
interest is fixed at 8dB. To illustrate the benefits that we gain 
by actively seeking the most appropriate number of AV's for 
each given input data record, we include the BER curve of 
AV filter estimators that either use always some fixed number 
of auxiliary vectors (in this study we consider d = 15) or for 
each data record size N use dmean{N) auxiliary vectors where 
dmean{N) denotes the integer nearest to the empirical mean 
of the^pdf of the random variable dopf(iV). We observe that 
both Wj^ and wj^ outperform wis and Wd„„„; of course, 
dmean Cannot be calculated/estimated in practice without long 
pilot signaling (not needed by either one of the di and ds 
proposed selection rules). 

IV. SUMMARY AND DISCUSSION 

In [2], [3] it was shown that/or a given finite data record 
the sequence of AV-filter estimators initialized at the matched- 
filter converges to the SMI estimator of the MMSE/MVDR 
filter. It was also noted that the early non-asymptotic elements 
in the sequence provide favorable bias/variance balance and 
outperform in MS filter estimation error the SMI, (constraint)- 
LMS, RLS, multistage nested Wiener filter (MNWF), and DL- 
SMI filter estimators. In this paper we considered the problem 
of identifying the best AV-filter estimator in the sequence. We 
proposed two selection criteria, one based on the filter output 
variance and one based on the J-divergence of the filter output 
conditional distributions. The first AV-filter selection rule aims 
at the minimization of the estimated filter output variance 
using the well established statistical method of cross-validation 
(in particular "leave-one-out" cross-validation). This selection 
criterion can be applied to general filter estimation problems. 
The need to invoke cross-validation was established formally. 
The second AV-filter selection rule is tailored to applications 
that can be formulated as binary hypothesis testing problems 
defined on AV-filtered data. This selection rule aims at the 

'We recall that the ideal MMSEmVDR filter is in fact the AV filter w^ 
(d = 00 AV's), the SMI filter is Woo(/V), and the RAKE matched-filter is 
wo (d = 0 AV's). As a side note, the ideal MMSE/MVDR filter {d = oo) 
lies m the signal subspace (see for example [17]), while both the SMI filter 
(d = oo) and the AV-filter estimates (0 < d < oo) do not necessarily belong 
to either the true or the estimated signal subspace. 

maximization of the estimated J-divergence between the filter- 
output conditional distributions under each hypothesis. We 
presented a supervised and a blind implementation of the J- 
divergence selection criterion for problems where the received 
data correspond to binary antipodal signals in noise. 

Simulation studies examined and compared the operational 
characteristics of the proposed methods. With respect to the 
relative merits of the output J-divergence and the cross- 
validation minimum output variance selection rule, we ob- 
served that for moderate to high output SINR's the former 
method appears somewhat superior to the latter (for high 
SINR's the cross-validated minimum output variance rule is 
not as sharp in discrimination ability). In contrast, in low 
output SINR the J-divergence method is slightly lagging in 
performance (technically, the approximation in Proposition 2 is 
less accurate for near OdB or lower filter output SINR values). 

APPENDIX A 
PROOF OF PROPOSITION 1 

Proof: The quantities T^EH^ (p." " At-(d))^ and 

N^ Ej=i (p/ - i^^id)) are the ML estimators of the filter 
output variance conditioned on 6 = -1 and b = +1, 
respectively [15, p. 179]. Both estimators are biased. (In fact,' 
their unbiased counterparts that have multiplying factors '_ 
and j^ instead of ;ji^ and j^, respectively, exhibit higVer 
MSE). The MSE's of the estimators of interest aj(d) and 
dlW are as follows: 

MSE^.^,^=E{{dl{d)-<THd)f} 

= E 
N1 + N2 

Efii(pt-M+(d))^ 

N1 + N2 'NI + N2 

\        N1 + N2 Ni+N2f 

\ N1+N2 N1+N2J 

_ (2iVi - 1) C7^{d) + {2N2 - 1) «7-'(rf) + 2c7*(d) 

2(T^(d) 

N1 + N2 

iNi+N2f 

(18) 

and 

M5f;5|(,)    =   E{{dl{d)-cr\d))'} 

[2{Ni + N2)-l]c''id) 
{Ni-\-N2f 

Thus, 

MSEs2^^^-MSEs.,^^ = ^Hd) 
{Ni + N2y 

>0. 

(19) 

(20) 
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APPENDIX B 
PROOF OF THEOREM 1 

II^CTJC'^) ~ XN-V respectively. Therefore, ^^3) 

EiJsM} = 4 
r^2 aHd) 

N 
_ V(d)      -N 

Proof: fl (d) and a^ (d) are independent random 
variables with distributions Jl~{d) ~ Af (-fj,{d), ^^^j and 
^^a2-(^) ^ ^2^^_^ [18] (;^2^^_j denotes the chi-square 
distnbution with Ni - 1 degrees of freedom). Similarly, 
/i+(d) and ?^"'"(d) are independent random variables with 
distributions /2+(d) ^ u(^fi{d),^\ and ^o^+id) ~ 

X^^_i. Furthermore, {fl-{d),a^-{d)) and (/i+(d),CT2+(d)) Thus, the MSE of Js,2{d) is 
are mutually independent because (jl~{d),d^~{d)) and 
(/i+(d),52''"(d)) are evaluated from two independent training 
sets. Since /x(d) = i^?~{d) - ^/2+(d) and a?(d) = 
^CT2-(^) ^ ^?2+(d), it is implied that /2((i) and al{d) 
are independent random variables with distributions /x(d) ~ 

M (fiid), 4^) and ^a2(d) ~ x%-2 where JV = ATj + 
iV2 IS the size of the given pilot bit sequence. Therefore, 

+ ti\d) 
N 

+ ■ 

(T^id) {N - 3) 
4 

(26) 
(T^{d)    N-3     iV-3' 

^^■^^•^^^^^ - a4(d)(iV-3)(iV-5)  • ^2^^ 

M5£2 = JS. 

^{Js,i(d)} = 4£;{p2(d)}£;|^| 

\crHd) 
= 4 

iV 
+^^(d) 

iV 

4fj?{d)      N 
+ ■ 

a^id) (N - 4) 
4 

^  _    16b       16M^(d) 
(JV-3)(Ar-5)     AT-3^   cr4(d)    ^^^^ 

where the first and second inverse moments E \ WTIT \ and 

E\J^\ exist for AT > 3 and N > 5, respectively, and a 
and b are defined above. From (25) and (28), assuming iV > 6 
which is the condition for all inverse moments to exist, we 
obtain 

<T2(d)    Ar-4     iV-4' 

E{Jl,iid)} = UE{fi^{d)}E 1^—^^ 

_ 16pVV(d)+6iV^2(d)a''(d)+3g^(d)] 
a4(d) {N - 4) (AT - 6) 

(21) 

(22) 

MS El - M5£;2 
16o 16a 

(iV-4)(iV-6)        (W-3)(Ar-5) "^ iV-3 + ■ b 
N-4 

16 
(iV-3)(iV-4) 

> 16 

2JV-9 
(JV-5)(JV-6)"       " 

2(N-5)      _       ,■ 
(iV-5)(JV-6)"       " 

The inverse moments £?|^5l^| and £;|T^| exist for 
N > 4. and AT > 6, respectively, and are given by [19] 

la?(d)/ a2(d)(Ar-4)' 

\dKd)j a^{d){N-4){N-&y 

(23) 

(24) 

Thus, the MSE of Js,i(d) is 

MSEi '■■{ JsAd) 

16a 

4M='(d) 
2(d) 1 

(JV-3)(JV-4) 

32[6AfM' (d)+5iVM' (d)<7'(d)+6M' (d)o-' (d)+3<r^(d)] 
(jV_3)(7V-4)(JV-6)<r*(<i) > "•   (■''^^ 

APPENDIX C 
PROOF OF PROPOSITION 2 

Proo/-  Define y = |i?e(w|r)|. The pdf of F is 

, ,,    m^^-^^)    t^(y)exp(-I|i#) 
/v (V) = --^ — -\ -^ i~ 
'   '"' V2^a{d) v^a(d) 

where U{y) is the unit step function. The mean of Y is 

(30) 

(A^-4)(Ar-6)     Ar-4^   a4(d) 
166   ^16M!ld)(25) 

where 

EiY) = jvfY{y)dy 

A 
a   = 

b   ^ 

Ad) + 6fj,^d)a^{d)     3(T^(d) 

AT 
+ ^\d) 

__     N^ 
N '     N^\ a^d) 

2Nn^{d) 

The series expansion of Q{x) is [20] 

and 

"'w \J1-KX       \       X^ 

-1)"1-3-•-(271-1)1 
r2n 

+ i?„ (32) 

On the other hand, |t(d) and 'cr\{d) are independent random 

variables with distributions /^(d)   ~  jV" (//(d), ^^)  and 
where      i?„ =^       (-1)"+H     •    3---(2n    + 

■^) /i°° v^t2"+2 ^^P (~ V)^^    '^  *^  remainder  which  is 
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always less (in absolute value) than the first neglected term. 
If ^ » 1, (31) can be written as <r(d) 

£(y) = M(d) + ^exp 
v^ V  2a2(d);M 

(d) 
M(d) 

2Md) 
exp 

V   2<r2(d); 
1-0 

a(d) 
/x(d) 

«;^(d). (33) 

The variance of Y is 

Var(y) = E(y2) - £;2(r) = i,\d)+^^((f) - i;2(y) (34) 

and using (33) we may approximate 

Vavi^) « a\d). (35) 

Finally, from (33) and (35) we obtain 

JB{i) = 
4£;^(y) _ V(d) 
Var(y) '^ a\d) = J{d). (36) 
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Input: 
Autocovariance matrix R,  constraint vector v, 
desired response w" v = 1 

Innialization: 

w - V 

Iterative computation: 
For d=1,2, ...   do 
begin 

vv 
g<j := R Wd-1 - 1-112 R Wd-1 

if gd = 0   then EXIT 
u.  -   fl""Wd_, 
^  •■  gd"Rga 
Wd :=  Wd-i -^d gd 

end 

Output: 
Filter sequence WQ, w,, Wj, ... 

Fig. 1.   The "AV algorithm" for the iterative generation of the filter sequence 
W0,Wl,W2,...    . 

(a) A/=230, SNRo=8dB 

0      1      2      3      4      5      6      7      8      9      10    11     12    13    U    15 
Optimum number of AV's d 

Fig. 2. Histogram of the number of AV's d utilized by the best (max SINR) 
AV-filter: (a) N = 230, SNRc = 8dB, (b) N = 363, SNRQ = BdB, and 
(c) TV = 230, SNRo = AdB. 
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-■- SMI 
--  MuhistageNWF[9],[10] 
-^ RAKE MF 
-*- AVcl=15 
^^^ mean 

AV 'Genie" 
-e- AV CV-MOV 
-•- AV J-divergence (blind) 
 Ideal MMSE/MVDR 

240      260      280      300 
Date Record Size N 

Fig.5. BER versus data record size (SNRQ = SdB). 
Fig. 3. Histogram of the two differences 5i - dopt and ds - dopt where di 
is the CV-MOV choice, da is the blind J-divergence choice, and dopt Js the 
maximum-SINR optimal choice of the number of auxiliary vectors (JV = 230, 
SNRo=8dB). 

Fig. 4.    BER versus SNR for the user signal of interest (data record size 
N = 230). 
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Rapid Combined Synchronization/Demodulation 
Structures for DS-CDMA Systems—Part II: 

Finite Data-Record Performance Analysis 
loannis N. Psaromiligkos, Member, IEEE, and Stella N. Batalama, Member, IEEE 

Abstract—We investigate the coarse synchronization per- 
formance of blind adaptive linear self-synchronized receivers 
for asynclironous direct-sequence code-division multiple-access 
communications under finite data record adaptation. Based 
on transformation noise modeling techniques, three alternative 
methods are developed, leading to analytical expressions that 
approximate the probability of coarse synchronization error of 
matched-filter-type and minimum-variance distortionless-re- 
sponse-type receivers. The expressions are explicit functions of 
the data record size and the filter order and reveal the effect of 
short data-record sample matrix-inversion implementations on 
the coarse synchronization performance. Besides their theoretical 
value, the derived expressions provide simple, highly-accurate 
alternatives to computationally demanding performance evalua- 
tion through simulations. The effect of the data record size on the 
probability of coarse synchronization error is further quantified 
through the use of a receiver synchronization resolution metric. 
Numerical and simulation studies examine the accuracy of the 
theoretical developments and show that the derived expressions 
approximate closely the actual coarse synchronization perfor- 
mance. 

Index Terms—Adaptive filters, approximation methods, code- 
division multiple access (CDMA), finite data analysis, minimum 
mean-square error (MMSE) filtering, spread-spectrum communi- 
cation, synchronization. 

I. INTRODUCTION 

THE effectiveness of a receiver designed for rapidly 
changing wireless direct-sequence code-division mul- 

tiple-access (DS-CDMA) communication, environments 
depends on the following design attributes: 1) low compu- 
tational complexity; 2) multiple-access interference (MAI) 
near-far resistance; and 3) system adaptivity with superior 
performance  under  limited  data  support.  Adaptive  short 
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data-record designs appear as the natiiral next step [l]-[4] 
to a matured discipline that has extensively addressed the 
first two design objectives in ideal setups (perfectly known 
or asymptotically estimated statistical properties) [5], [6]. 
System adaptivity based on short data records is necessary for 
the development of practical receivers that exhibit superior 
bit-error rate (BER) performance when they operate in rapidly 
changing communication environments that limit substantially 
the available data support. 

In Part I [7], we considered self-synchronized receivers (in- 
tegrated synchronizers/demodulators) and we presented three 
schemes along the classical receiver evolution path. We started 
with a matched-filter-type (MF) structure, we continued with 
a minimum-variance distortionless-response-type (MVDR) 
scheme and, finally, we developed an auxiliary-vector-type 
(AV) alternative, all of order either twice or equal to the 
system spreading gain L. Simulation studies illustrated the 
performance of the proposed structures in terms of BER versus 
data support for a given signal-to-noise ratio (SNR) of the user 
of interest or in terms of BER versus SNR for a given data 
record size. 

In this paper, we develop three methods for the analysis of the 
finite data-record behavior of self-synchronized linear receivers 
and, in particular, the effect of the filter order and the data-record 
size on the coarse-synchronization error rate (CSER). We derive 
analytical expressions that approximate closely the probability 
of coarse synchronization error of MF-type and MVDR-type 
schemes. Probability of coarse-synchronization error analysis 
for AV-type schemes based on a finite data-record size is pro- 
hibitively complex, and thus, not attempted at this time. 

The paper is organized as follows. In Section 11, we present 
the system model and we summarize briefly the combined syn- 
chronization/demodulation algorithms developed in [7]. In Sec- 
tion in, we develop analytical expressions that approximate the 
coarse-synchronization error probability (Pcse), while in Sec- 
tion IV, we derive a sequence of increasingly tight lower bounds 
on Pcse- In Section V, we discuss the effect of the filter order and 
the data-record size on the CSER. The accuracy of the analyt- 
ical approximations of Sections HI and IV is examined through 
simulations in Section VI. Some final conclusions are drawn in 
Section VII. 

II. SYSTEM MODEL AND ALGORITHMIC DESCRIPTION 

We consider an asynchronous DS-CDMA system populated 
by K active users ttansmitting over a common additive white 

0090-6778/03$ 17.00 © 2003 IEEE 



PSAROMILIGKOS AND BATALAMA : RAPID COMBINED SYNCHRONIZATION/DEMODULATION STRUCTURES FOR DS-CDMA SYSTEMS-PACT H 
1163 

1 

MF:   d,^, 

MVDR: —^ !5!L_ , buffer 
Output 

Energy Eval. argmax(-) 

offset/ 

Fig. 1.   Coarse synchronization based on filters of order L. 

0     1 i\) 

V*0 

b„{i-l)s. 

L-l 

bo(i) 

r(0)- 

i 

r.%) 

Fig. 2.   Construction of the sequences r*'',/ = 0 ,L-1. 

Gaussian noise (AWGN) channel. The received signal r{t) is 
the superposition of the K transmissions corrupted by channel 
noise, i.e., 

K-l 

'■W=Z)  S y/Ekh{i)Skit-iT-Tk) + n(t). 
fc=0 i=-oo 

(1) 

In the above expression, with respect to the fcth user, r* 
is the signal delay relative to the receiver's time reference 
point, bk{i) € {-1, +1} is the ith information bit, Ek is the 
transmitted energy, T is the information bit period, and n{t) is 
AWGN. The normalized signature waveform Sk{t) assigned to 
the A;th user has the form 

r-i 

Skit) = Yl Skil)PTc{t- IT,),       k = 0,...,K-l (2) 
1=0 

where T, is the chip duration, PTC(-) is a rectangular pulse 
with support [0,Te], L = T/Tc is the system spreading gain, 
and Sk{l) is the /th element of the normalized bipolar signa- 
ture or spreading vector s* = [sk{0), «*(!),..., Sk{L - 1)]^ 
that uniquely identifies the fcth user. Without loss of generality, 
we assume that r* e [0,T), k = 0,...,K -1. Thus, we 
may write the delay r/t as a sum of an integer multiple of chips 
plus a fi-action of a chip: T^ = (uk + Sk)Tc where Uk € 
{0,...,L-1} and 6k G [0,1). After chip-matched filtering 
and chip-rate sampling, the continuous-time signal r{t) in (1) 
is converted to a discrete-time sequence {r(n)|°°_ where 
rin) = Sir'''rit)dt. 

In this paper, we analyze the coarse synchronization perfor- 
mance of L and 2L-order algorithms of MF and sample ma- 
trix-inversion (SMI) MVDR type. A brief description of the 

\m)s 

r.<OJ- 
i+l 

r(l-l). 

coarse synchronization step of these algorithms follows (details 
can be found in [7]). Fig. 1 shows the block diagram representa- 
tion of an L-order coarse synchronizer/demodulator. The buffer 
follows a chip-rate sampler and groups the received samples into 
L sequences of vectors, {rf ^}i G 5?^, i = 0,..., L - 1, as de- 
picted in Fig. 2 where 

4'^ = [r{iL + I), T{iL -f / -I-1),... ,r((i + l)L + l- l)f, 

l = 0,...,L-l.   (3) 

In the case of 2L-order algorithms, the received samples 
{r{n)}n are grouped into a sequence of overiapping vectors, 
f j G 3?^ , obtained by a sliding window such that successive 
vectors share L common data samples 

Fi = [r{iL), r{iL -f-1),..., r((i -(- 2)L - 1)]^.       (4) 

To facilitate our presentation, overiined variables always refer to 
2Z,-order processing to distinguish themselves from the corre- 
sponding variables used by L-order algorithms. Table I provides 
the definition of both the ideal and estimated decision statistic 
(filter output energy) of each filter under consideration, namely 
SMI-MVDR and MF of order L or 2L. Table H provides addi- 
tional definitions needed in the expressions of Table I. 

For the L-order case of Table I, RW 4 E f rfVP"^} is 

the input covariance matrix and R(') = l/NY,^S^ rf ^r^'^^ 
is its sample average estimate {N is the total num'ber of 
samples or data-record size). Similarly, for the 2L-order 
case, R = ^{fiff} and ft 4 l/AT J^^^-if.ff. In 
Table II, s|,+ ' 4 [0,so(0),...,so(L - 2)]'' denotes the 
one-chip right-shifted zero-filled version of SQ, while s^^\ 
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TABLE I 
DECISION STATISTIC 

L-order 
SMI-MVDR 

£/,=(djifR(u/^j)-'da)" t?, = (dJifR(U^J)-'da)-V 

MF 

tl, = d^fR(^/^J)d{^) t/, = dSJ^,>U7^J)da 
2i-order 

SMI-MVDR 

Uj - (^d||o|| R    d|io||j Uj - (^d||o|| R    d||o||J 

MF 

TT -:ib-)^ s 30) fj-d||o|| Rdiioii n -3^)'" 5 jO) 

TABLE II 
EFFECTIVE SIGNATURE 

L-order 

M A f S||o||(0),    if i is even 
°W     ls||o||(0.5)   ifjisodd, '-<'*=£rf^ 
2i-order 

5b) A f sS^r'(O),    if j is even 
•^M-l^'CCS)   ifjisodd, '"<" ii(.-.4'«iH 

Z = 0,..., i — 1, is the Z-shifted version of the zero-padded 
2L-long vector [s^, 0,..., 0]^. 

An SMI-MVDR-type or MF-type coarse estimate of the delay 
To can be determined as follows: 

To 

where 

_/(L'^J)^'=' ifjma^iseven 
([i^J+0.5)Te,   ifj,„axisodd = { (5) 

jmax = argmax ^Uj\j = 0,..., 2L - li (6) 

and Uj is obtained from Table I for each filter, respectively. 

III. FINITE DATA-RECORD PERFORMANCE ANALYSIS 

The probability of coarse synchronization error is defined as 
the probability that the coarse synchronization algorithm fails to 
provide an estimate within the "pull-in" range. In this paper, we 
adopt the commonly used assumption that the pull-in range is 
equal to (l/2)Tc around the correct delay TQ. However, the per- 
formance analysis presented in this section can be carried out with 
straightforward modifications for any given pull-in range value. 
The probability of coarse synchronization error is given by 

Pcse = 1 - Pr |ro - Tol < -Te (7) 

where the coarse estimate of fo is given by (5) and (6). We recall 
that jmax in (5) and (6) is the index of the filter with the highest 
output energy. If we define 'W(TO) as the set of the filter indexes 
that yield a timing estimate TQ within (l/2)Tc about TQ, then the 

probability of coarse synchronization error will be equal to 

Pcse = l-PrLjmax€W(To)]. (8) 

Different choices of the pull-in range can be accommodated by 
appropriately modifying the definition of W(TO). In the rest of 
this section, we derive close approximations of the coarse syn- 
chronization performance of the four algorithms under consid- 
eration. 

A. MF-Type Receivers (2L Order) 

We recall that in this case, Uj = d91 ^^||o|| 

d"^,^' ftdj^]l, j = 0,1,..., 2L - 1. Then, the CS] __ 
of tne 2L-order MF algorithm can be expressed as the prob- 
ability that the index of the largest decision variable Uj, j = 
0,1,..., 2L - 1, is not contained in W(ro); that is 

and tJj = 

0(2^) 
cse.MF =1-Pr aigmax \Uj\j = 0, .,2L-i}eniTo) 

=l-Pr|max{L^j^|fceW(ro)} 

> maxi Uj\j = 0,..., 2i - 1, J ^ W(ro) 

(9) 

}]■ 
The latter form of P<.se,MF '^ particularly easy to haridle', 
as we will see. We observe that the evaluation of the joint 
probability density function (pdf) of the random quantities Uj, 
j = 0,..., 2i -1, requires knowledge of the pdf of the random 
matrix R. We recall that R is the sample average estimate of the 
autocorrelation matrix R of the received vectors f, which are 
distributed according to a mixture of up to 2^^ Gaussian distri- 
butions, and they are, by construction, statistically dependent. 
Unfortunately, the use of exact closed-form expressions for the 
pdf of the sample covariance matrix that is formed by vector 
samples drawn from a Gaussian mixture distribution [8] leads 
to mathematically intractable expressions for the probability 
of synchronization error. An additional complicating factor for 
the analysis of the finite data-support behavior of the MF-type 
(and SMI-MVDR-type) receivers is the underlying dependence 
of the vector samples. In that respect, we make the following 
simplifying assumptions. We assume that the received vectors 
are uncorrelated and identically Gaussian Af{0, R) distributed 
[thus independent and identically distributed (i.i.d.)] [9], 
[10]. The latter Gaussianity postulation can be considered as 
a wishful approximation of the true distribution, while the 
former independence postulation can be justified if we consider 
"guard" bands of size L between the received vectors, so that 
successive input vectors do not share common information bits. 
The effect of the above assumptions will be examined in the 
simulations section through comparisons with the exact Pcse- 

It is known [11] that if Xo,Xi,.. .,XA-_I 6 3?^ are 
i.i.d. jVfO, S) vectors, then the distribution of the matrix 

X = 2!/i=o ^i^i is 

/(X) = 
|X|(iv-P-i)/2exp{-ltrJ7-^X} 

2pN/2^p{p-l)/4\^N/2 JJP^^ p r(N+^l-»-)1 
p> N 

(11) 
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where r() is the Gamma function. The distribution in (11) 
is called the Wishart distribution with N degrees of freedom 
(DOFs) and is denoted by Wp{E; N). A random matrix dis- 
fributed according to (11) is called a Wishart matrix. In our case, 
ft is approximately Wishart with distribution W2L{'R./N; N). 
If we define the matrix 

The random variables Zj, j = 0,..., 2L - 1, are uncorre- 
lated Gaussian (thus, independent) with mean n^ = U^^ and 
variance a] = {18N/{9N - 2)2)C/J/^ The pdf of Zj, j = 
0,...,2L- lis 

D*( AW AW 1)^ (12) 

then the random variables Uj, j = 0,..., 2L - 1, form the 
main diagonal of D^RD. For a full-rank matrix, D, D^RD 
is Wishart W2i((l/iV)D^RD;^') [12], and the main diag- 
onal elements Uj, j = 0,..., 21, - 1, are jointly distributed 
according to a multivariate Gamma distribution [13]. However, 
D is not full rank in general, and even if it were, it would have 
been of little help since closed-form expressions of the multi- 
variate Gamma pdf do not exist except for some special cases 
[14]. Thus, appropriate approximations of the joint pdf of the 
diagonal elements of D^RD with tractable multivariate inte- 
grals are needed. 

Motivated by the transformation noise-modeling techniques 
used in [15], we approximate the joint pdf of the MF decision 
variables Uj, j = 0,..., 2L - 1, by the joint pdf of a non- 
linear transformation of Gaussian random variables Yj, j = 
0,..., 2L -1. The nonlinear transformation and the covariance 
ofy,, j = 0,...,2X-1, are chosen such that the outputs of the 
nonlinear transformations have identical covariances with the 
corresponding Uj, j = 0,..., 2L - 1, and marginal pdfs that 
are close approximations to the pdfs of Uj,j = 0,... ,2L - 1. 
The following lemma identifies this nonlinear transformation 
and the statistics of the random variables Fj, j = 0,..., 2L -1. 
The proof is included in the Appendix. 

Lemma 1: The pdf of Uj can be approximated by the pdf of 
UjYf, j = 0,..., 2L - 1, where the random variables Yj, j = 
0,..., 2L - 1, are uncorrelated Gaussian with mean 1 - 2/9iV 
and variance 2/9iV. ■ 

The probability of coarse synchronization error can now 
be evaluated as follows. Let the random variables Zj, 
J = 0,..., 2L - 1 be defined as 

Zj = 9^     r;l/3y j = 0,...,2L-l. (13) 

It is straightforward to show that 

Pr[max|t>fc|A;eW(ro)} 

> maoc [Uj\j = 0,...,2L-l,j^ W(ro)}] 

:^PT[ma:K{UkY^\k€niTo)} 

> max{UjY?\j = 0,...,2L - l,j ^ W(ro)}] 

= Vi[msx{Zk\ken{To)} 

> max {Zj\j = 0,...,2L-l,j( H{TO)}] 

= Pr [max{Zj\j = 0,...,2L - 1, j 0 ?i(ro)} 

-max{Z/t|fc6W(To)}<0]. (14) 

Mz) (15) 

where g{z) = l/y/2nexi>{-z^/2) is the pdf of a Gaussian 
random variable with mean 0 and variance 1, while the cumula- 
tive distribution function (cdf) of Zj is 

^iW = e(^) (16) 

where Q{z) is the cdf of a Gaussian random variable with mean 
0 and variance 1. The cdf of max{Zj\j = 0,..., 2i - 1, j ^ 
n{To)} is given by [17] 

21,-1 

j=0,Ji-H{To) 

where the index "\H(ro)" indicates that the maximum is taken 
over a set that does not include the elements of 7i(ro). There- 
fore, the corresponding pdf is given by 

21,-1        / 2i-l \ 

/n,axAW(r„)W = ^ U'^ 11 ^iW      " 
I=0,!g«(ro)  \ i=0,jgn{To),j:^l I 

(18) 
Similarly, the cdf and pdf of max{Zfc|fc € W(TO)} are given 

by 

^max,W(To)(^) =      n     ■^j(^) 
jeW(To) 

(19) 

and 

/max,W(r„)W=     J]      [ fl{z) J] J^j{z)\       (20) 

respectively. Since Zj, j = 0,. ..,21, - 1, are independent, 
the two random variables max.{Zj\j = 0,...,2L — l,j 0 
■H(ro)} and max{Zk\k € W(TO)} are also independent, there- 
fore, the pdf of their difference max{Zj|j = 0,...,2L-l,j 0 
'H(ro)} - max{.Zfe|fc 6 'H{TO)} is given by 

/+00 

/max,\W(To)(z " 2/)/max,-W(ro)(-2/)(^y-   (21) 
-oo 

We conclude that the probability of coarse synchronization error 
for the 21,-long MF-type coarse synchronization algorithm is 

Pcl% -1 - /   UMz)dz 
J—co 
/O       /•+00 

/ /max,\W(ro)(^ - y) 
-OO •/—oo 

X fm!yx,n(To){-y)dydz 

(22) 

(23) 
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/D        r+oo 

/ -c» J—oo 
fi{z -y) 

Tj{z - y) 

-y) n ^^(-^ 
ieH(ro),j#J 

dydz. 

(24) 

Expression (24) approximates the probability of coarse synchro- 
nization error as a double integral. 

Zj = (9(iV - L)/{9{N -L)- 2))U]'%,j = 0,... ,2i-l. 
The random variables Yj, j = 0,l,...,2i - 1, are un- 
correlated Gaussian with mean 1 - {2/9{N - L)) and 
variance (2/9(iV - L)) therefore, the random variables 
Zj, j = 0,1,..., 2L - 1 are uncorrelated Gaussian 
random variables with mean ^ij = Uj' and variance 

a] = Uy^{l8{N - L)/[9{N - L) - 2]2). The proof follows 
similar reasoning as in Section III-A, with the only difference 

that Uj is now given by tjj   =   (dgi'R(Lj/2J)~'d[|J||)~^ 

and R(LJ/2J)-' is Wishart Wi((l/iV)R(Lj/2i)"';JV) with N 
•DOFs. The latter implies that Uj can be expressed as a multiple 
of a x^ random variable with N - L DOFs. 

B. MF-Type Receivers (L Order) 

In the case of the MF-type coarse synchronization al- 
gorithm that utilizes filters of order L, the probability of 
coarse synchronization error i^cse.MF ^^^ ^ evaluated by 
(24), where /,(•) and T\{-) denote the pdf and cdf, re- 
spectively, of Zj, j = 0,1, ...,2L - 1 (Zj is defined 
as in (13), with the difference that Uj is now given by 

Uj = d53|'R(Li/2J)dg|, j = 0,1,...,2L- 1). The proof 
follows similar reasoning as in Section III-A, with the differ- 
ence that Uj = dg|i'R(C'/2J)dW ^ j = 0,1,..., 2L - 1 and 

R.(IJ72J) is Wishart WL((l/iV)R(IJ'/2J); iV) with N DOFs. 

C. SMI-MVDR-Type Receivers (2L Order) 

The MVDR-type SMI-implemented coarse synchro- 
nization algorithm that utilizes filters of order 2L 
can   be   analyzed   in   a   similar   manner.   In   this   case, 

Uj   is   given  by   Uj =     {d\, 
lefine th 

2L) - 2))C/j/^^ 

-130) ^ 
 ^ ^^ifollj    '  •? 

0,1,...,2L - 1. : 
(9{N - 2L)/i9{N - 2L) - 2))U;'^Yj,j = 0,1,... ,2L - 1, 
where the random variables Yj, j = 0,1,..., 2L - 1, are un- 
correlated Gaussian with mean 1 — 2/9(iV — 2L) and variance 
2J9{N - 2L), then Zj, j = 0,1,..., 2i - 1 are uncorrelated 
Gaussian random variables with mean Hj = Uj' and variance 

o1 = Uy^{lS{N - 2I,)/[9(iV - 2L) - 2^). The probability 

of coarse synchronization error ^VseiiVDR '^ 8'^^" ^y (24), 
where !Fj{-) and fj{-) denote the cdf and pdf of the random 
variable Zj, j = 0,1,..., 2L - 1. The proof again follows 
similar reasoning as in Section III-A, with the difference that 

,j = 0,1,...,2I, - 1, andRis Uj = (dg^R^dg,)' 

Wishart W2Li{^/N)R;N) with N DOFs. The latter implies 
that Uj can be expressed as a multiple of a x^ random variable 
with iV - 2i DOFs. 

D. SMI-MVDR-Type Receivers (L Order) 

For the MVDR-type SMI-implemented coarse synchro- 
nization algorithm that utilizes filters of order L, we have 

If,   =   (dg;R(Li/2J)-^d(a)"\ i   =   0,l,...,2i-l. 
Then, the probabilty of coarse synchronization error 
P^^MVDR is Still given by (24), where Tj{-) and 
/,(•)   denote  the  cdf and  pdf of the  random  variable 

rv. A RECURSIVE METHOD FOR THE APPROXIMATION OF THE 
PROBABILITY OF COARSE SYNCHRONIZATION ERROR 

In this section, we develop a recursive procedure for the eval- 
uation of the probability of coarse synchronization error, Pcse- 
The method evaluates Pcse as a sequence of increasingly tight 
lower bounds on the approximate expression (24) and is compu- 
tationally simpler than the latter expression that evaluates Pcse 
as a convolution of pdfs. We recall that (24) with appropriate 
definitions of fj{-) and jr,(-) can be used for the evaluation of 
p(2i) 

■" cse.MF 
3(i) p(2L) 

'' -^cse,MVDR , and P (i) 
cse.MVDR as discussed in ' ■* cse,MF' 

Section III. 
We begin with the observation that the cardinality of the set 

7i{To) is almost always' equal to two. Thus, without loss of gen- 
erality, we assume that 'W(TO) = {0,1}. In addition, we assume 
that the random variables Zj, j = 2,..., 2i - 1 are ordered in 
terms of decreasing variance,^ i.e., Var{Zj} > Var{Zj+i} for 
j = 2,..., 2L - 2. Let 

P^t^ ^1 - Pr (axgmax{Zj\j = 0,1,..., fc -h 1} j 6 W(TO 

=1 - Pr[max{Zo, ^i} > max{Z2, Z^,..., Zk+2}] 

) 

(25) 

(26) 

where k   =   0,...,2i - 3. It is straightforward to check 
,(k) j(fc+i) that for any fc = 0,..,, 21/ - 4, we have PcVe < Pcse 

Indeed, including the extra element Zk+3 to {Z2,■■■,Zk+2} 
can only increase the probability that the maximum element 
of {Z2,...,Zk+2,Zk+3} will be larger than max{Zo,Zi}. 
Sorting the elements by decreasing variance implies that the k 
elements with the highest variance (and mean) will produce the 
tightest lower bound Pise of all other choices of fc elements 
from {Z2,...,Zk+2}- For fc = 2i - 3, all variables Zj, 
j = 0,..., 2L - 1, are included in the evaluation of the fcth 
bound, so 

p(2I-3) _ •■ 
■* cse -^ 

- Pr[max{Zo, Zi} > max{Zi, Z2,..., Z2L-1}].   (27) 

'The cardinality is one if and only if To = nTc for some n = 0,...,L — l. 
However, the probability of these events is zero. 

^Sorting the variables Zj in terms of decreasing variance is equivalent to 
sorting them in terms of decreasing mean. 



PSAROMILIGKOS AND BATALAMA : RAPTO COMBINED SYNCHRONIZATION/DEMODULATION STRUCTURES FOR DS-CDMA SYSTEMS—PART H 1167 

Thus [Cf. (14)] 

p(0) ^p(l) ^ ... ^ p(2L-3) 
■• cse  ^■' cse  ^ ^ ■• cse 

=1 - Pr[max{Z,| j = 0,... .,2L - l,j ^ W(TO)} 

- max { Zfcl fc e W(TO)} < 0]. (28) 

The probability bounds PCM\ k = 0,..., 2L - 3, can be 
evaluated as follows. The pdf of max{Zo, 2i} is 

/max{Zo,Z.}(^) = Mz)Fiiz) + fl{z)Fo{z) (29) 

while the pdf of max{Z2,..., Zk+2} is 

fc+2  / k+2 \ 

/max{Z. Z.+.}W = E     /'W     n     ^JW     •     W 
J=2   \ j=2,j/l / 

Then, the probability Pcse is equal to 
/O       r+oo 

/ /max{Z2 Zn.2}(2-J/) 
•00 J—00 

><finax{Zo,z,}{-y)dydz.   (31) 

Alternatively, a simpler recursive procedure for the evaluation 
of the probability bounds P^te, fc = 0,..., 2L - 3, is proposed 
below. The probability P^se, A; = 0,..., 2L - 3, is equal to 

Pii) = l-p[zW,-Z4°i)<0] (32) 

Var{zL^).}4Var{z(f3;i)} 

E l^max    j ~ E {Zk+2} 
XG 

+ Var{Zfe+2} 

E[Z^r!:Zc^^}-E{Zk+2} 

\ 

+ 

6x 

+ 

where 

and 
ZW^^max{Z2,...,Zfc+2} 

Zi°-i}^max{Zo,Zi}. 

(33) 

(34) 

Assuming that Z^l^ and ZJ^^^ are normally distributed, we 
may calculate Pc^ as follows: 

yVar{z^*ax'^}+Var{Zfc+2} 

^{zL\x'^}-E{Zfc+2} 

v/var{zL*a;c'^} + Var{ZA+2} 

y^Var{zifai'^} + Var{Zfc+2} 

ig{zL*a;;^^}-£{Zfc+2} 

v/var{zL*^')} + Var{Zfc+2} 

(i;{z(f-i)}-£{z,+2}) 

'^        E{z^^-'^]-E{Zk+2} 
Gx 

p(*) ~ c •* cse   — =' 

'   E{zi!:L}-E{z}^^^}   ^ 

^Var{zS.} + Var{z.i''^i>} 

^   yVar{zL*a;;'^} + Var{Zfc+2}^ 

V 
(35) / 

xe 

The mean and variance of ZJnax can be evaluated recursively as 
described by the following lemma. 

Lemma 2: For A; = 1,..., 2L - 3 

E{zi!:L}^E{zO;-^^} 

E {Z^r^^'^] - E {Zk+2}      ^ 

i/var{zifa;;')}+Var{Zfc+2} 

+ E{Zk+2} 

E jZmax    j ~ E {Zjt+2} 

^   Jvar{zi^^')}+Var{Zfc+2} 

+ Jvar {Z^^a",')} + Var {Zt+2} 

E{z^J;^'^]-E{Zk+2} 

WVar{z^*ax'^}+Var{Zfc+2} 

- JVar {zL*a;^>} + Var {Z*+2} 

E I Zmax     > — E {Zfc+2} 
xg 

^^Var{zL*a;;'^}+Var{Zfc+2}^ 

xa 

(36) 

(37) 

with £ {z^^L'j = £{Z2} and Var {z^°2x} = Var{Z2}. 
Proof: Since 

ZW, = max {Z2,..., Zfc+2} = max{Z(f-i), Zfe+2}   (38) 

(36) and (37) provide, respectively, the mean and variance of the 
maximum of two uncorrelated Gaussian random variables [18]. 
■ 

The mean and variance of ZJn^' can be evaluated in exactly 
the same way. As a final comment, we recall that (24) was de- 
rived based on the assumption that the pdf of the received vec- 
tors can be closely approximated by the pdf of i.i.d. Gaussian 
random vectors. The recursive method for the evaluation of Pcse 
developed in this section is based on the additional assumption 
that the maximum of two independent Gaussian random vari- 
ables is approximately Gaussian. The effect of both assump- 
tions is examined in the simulations section through compar- 
isons with the exact Pcse- 
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TABLE III 
DEFINITION OF C(N) 

Zrorder 
SMI-MVDR MF 

C{N) = ^^^ cw = jm? 
2£-order 

SMI-MVDR MF 

C^(^)       [9(iV-2i)-2!2 cw-wk' 

V. DISCUSSION 

Summarizing the developments so far, the probability of 
coarse synchronization error was approximated as follows: 

record-size operating region, since the filter-order term is sub- 
tracted from the data-record-size term. In other words, the data- 
record size is effectively reduced by a number of data vector 
samples equal to the filter order. The longer the employed filter 
is, the greater the effective data-record-size reduction is. For the 
SMI-MVDR-type coarse synchronization algorithms, this trans- 
lates to poorer performance under short data-support conditions 
as the filter order increases. 

An alternative way to quantify the effect of the data-record 
size on the probability of coarse synchronization error is to ex- 
amine the short data-record synchronization resolution of the 
SMI-MVDR-type algorithms that we define as follows. For the 
pair of decision variables {Zi, Zm), / = 0,..., 2L - 1, m = 
0,..., 21, - 1, with E{Zi} 7^ E{Zm}, the resolution metric is 
defined by 

1 — Pr[arg max{ Zj 
j 

■0 2L-l}eH{To)] 

(39) 
where ?i(To) is the set that contains the indexes of the filters 
that yield a timing estimate within the pull-in range. The 
random variables ZO,...,Z2L-I are uncorrelated Gaussian 
random variables with means and variances given by 

Pt,m - <^p^^Zi < Zm], 
■if E{Zl}>E{Z,n} 
Otherwise. (41) 

E{Zj} = Uy\    Yax{Zj} = C{N)Uy^ (40) 

where the quantities ?/,, j = 0,..., 2i - 1, and the functions 
C{N) are presented in Tables I and HI, respectively, for each 
filter under consideration (SMI-MVDR or MF of order L or 
2i). 

Thus, the probability of coarse synchronization error was cal- 
culated as the probability that the index of the largest Zj, j = 
0,..., 2L - 1, is not contained in 'H{TQ). This approach led to 
the Pcse expressions for the order-L and order-2L MF-type or 
SMI-MVDR-type receivers presented in Section in, as well as 
to the evaluation of Pcse through the sequence of lower bounds 
presented in Section IV. An intuitively simpler but computation- 
ally more complex method for the calculation of Pcse is pre- 
sented in the Appendix. Expression (40) and Table HI imply 
that the mean and variance of Zj, j = 0,..., 2L - 1, and, con-    jf a^jj Q^\y jf 

That is, the resolution pi^rn is the probability that the coarse syn- 
chronization algorithm will decide in favor of the asymptotically 
largest decision variable. In other words, the synchronization 
resolution is a measure of how close the performance of the fi- 
nite data-record SMI-based algorithm is to the asymptotic per- 
formance. It is straightforward to show that the resolution of the 
SMI-MVDR algorithms is given by 

Pi,m = G   C{N)-'/^ 
f///3 

y/uf^' + U'J' 
(42) 

where Gix) is the cdf of a normal random variable with mean 
zero and variance one. The following proposition compares the 
resolution performance of the i-order and 2L-order algorithms 
for a given pair of hypotheses. The proof is straightforward and 
thus omitted. 

Proposition 1: For a given pair of hypotheses {l,ni), I = 
0,..., 2L - 1, m = 0,..., 2L - 1, we have 

f&.>& 

sequently, the performance of the SMI-MVDR-type algorithms 
depends explicitly on the filter order. Moreover, the data record 
size N and the filter order appear only in the terms {N - 2L) 
and (iV - L) of C{N) for the filters of order 2L and L, re- 
spectively. Although the filter order does not affect the asymp- 
totic (as iV —» oc) performance of the SMI-MVDR-type al- 
gorithms, it does cause a performance drop in the small data- 

9{N - 2L) - 2 V/F^TL 
<Su 

(43) 

(44) 
9{N -L)-2 y/W^^2L 

where Si^m is given by (45) as shown at the bottom of the page. 
■ 

Let 5mm — min{5i,m|Z,m = 0, ...,2L- 1}. Then, the 
resolution performance of the L-order algorithm will be better 

"J/.m — 

,-1/3 -1/3 

nioii-^ Viij     noil"- viij 

i/rd^'^^R(U/2J)-M^'^ Y^'^ - /'d'"'^^R(LW2J)-id("'^V Vl  lioil"- ^lioilj V^lioii  «•'' •^iioiij 
■2/3 

(45) 
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than the performance of the 2X-order algorithm (in the sense 
that the Z,-order algorithm performance will be closer to the cor- 
responding asymptotic performance) for any pair of hypotheses, 
provided that 

9(yV - 2L) - 2 V^r^TX 

9(iV - L) - 2 v/iNmL - <Sn (46) 

Equation (46) identifies a condition on the system parameters 
and the data-record size under which SMI-MVDR-type L-order 
algorithms outperform the 2L-order algorithms. 

On the other hand, in the case of MF-type algorithms, the 
mean and variance of Zj do not depend explicitly on the filter 
order. Theoretically, this conclusion is a direct consequence 
of the fact that for any Wishart Wp(E; N) matrix X and any 
nonzero vector v £ W, the quantity v^Xv is a x^ random 
variable that maintains N DOFs (while (v^X"^v)"^ is x^ 
with N -p DOFs). Therefore, algorithms that do not require 
the inversion of a Wishart matrix do not suffer from effective 
data-record-size reduction. Consequently, it is expected that the 
MF-type and AV-type coarse synchronization algorithms are 
fairly insensitive to the choice of filter length. 

As a final note, we recall that an alternative to direct inversion 
of R(') is the use of a matrix-inversion lemma-based recursive 
least-squares (RLS) algorithm [16]. We can show that.the RLS 
algorithm computes the inverse of a diagonally loaded version 
of R('), (R(') + (e/iV)I)-i, where (l/e)I is the initialization 
matrix of RLS. Therefore, although RLS provides an asymp- 
totically [N -+ cx>) unbiased estimate of (R('))"\ for a finite 
data-record size N it provides a biased estimate of (R('))-i 
with a bias that depends on t/N. Since in practice, £ is small, 
the effect of the diagonal loading quickly becomes negligible 
and, consequently, the performance is close to the SMI perfor- 
mance analyzed in this paper. 

VL SIMULATION RESULTS AND COMPARISONS 

We consider a 10-user asynchronous DS-CDMA system that 
utilizes Gold sequences of length L = 31. We compare the 
CSER evaluated using the expressions derived in Sections in 
and IV with the exact CSER of MF and SMI-MVDR-type algo- 
rithms. The exact CSER is evaluated by averaging over 10(X)0 
independent runs. The delays of all users are chosen randomly 
and kept constant for the duration of the experiment. 

In Figs. 3 and 4, the SNR' of the user of interest is 10 dB 
and the data support size ranges from 35 to 80 samples. The 
SNRs of the interferers are fixed at 6, 8, 10, 12, 15, 16, 18, 20, 
and 22 dB. In Fig. 3, we plot as a function of jfc the sequence of 
bounds PcW developed in Section IV for the order L and order 
2L SMI-MVDR-type algorithms [given by (35)-(37)]. In Fig. 4, 
we compare the exact coarse synchronization performance of 
order-i and order-2L algorithms to the derived approximations 
of Sections HI and FV, that is, the direct approximation through 
(24) and the recursive approximation through (35>-(37). Re- 
gardless of the filter order, we see that both approximations offer 
close coarse synchronization performance estimates. We ob- 
serve that the SMI-MVDR L-order algorithm exhibits improved 

^The SNR of user A-. A- = 0 K - 1, is defined as E^ja^. where CT^ is 
the variance of the chip-matched filtered and sampled AWGN. 
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Fig. 3.   Recursive approximation of the CSER of SMI-MVDR-type receivers 
of order L and order 21 given by (35)-(37) (SNRQ = 10 dB). 
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Fig. 4. CSER of linear receivers of order L and 21 as a function of the 
data-record size A' (SXRo = 10 dB). 

performance when compared with the SMI-MVDR 2i-order 
scheme for data-record sizes above L = 3L In fact, in the small 
data support region, the i-order algorithm can achieve the same 
CSER as the 2L-order algorithm, about L samples faster. 

In Figs. 5 and 6, we repeat the studies of Figs. 3 and 4 for dif- 
ferent values of the SNR of the user of interest. The data support 
for the estimation of the order-L and order-2L SMI-MVDR fil- 
ters is iV = 55 and 80 samples, respectively. The results parallel 
the findings in Figs. 3 and 4. 

The insensitivity of the noninversion-based coarse synchro- 
nization algorithms to the filter order is illustrated by the simu- 
lation study of Fig. 7, where the probability of coarse synchro- 
nization error of the L-order algorithms is plotted as a function 
of the system processing gain L (the figure also includes the 
AV-type coarse synchronization scheme presented in [7]). The 
user SNR values are identical to those in Fig. 3 and the data 
support for filter estimation is AT = 125 samples. The signa- 
ture vectors of the users are constructed by concatenating Gold 
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Fig. 7. CSER of linear receivers of order I as a fiinction of the processing 
gain L. 

a double integral. The second approximation method, which 
is the least computationally complex, provides a sequence of 
increasingly tight lower bounds on the approximate expressions 
of the first method. Finally, the third and most intuitive method 
approximates the probability of coarse synchronization error as 
a 2L-order integral (the expression is given in Appendix). The 
analytical expressions provide simple, highly accurate alterna- 
tives to computationally demanding performance evaluation 
through simulations. We showed that the coarse synchroniza- 
tion performance of the MF-type receiver is a function of the 
data-record size, while the performance of MVDR-type SMI 
or RLS-based filter estimators is a function of the difference 
between the data-record size and the employed fdter order. 
The latter translates to an effective reduction of the data-record 
size with a more evident negative effect on the performance 
as the available data record becomes smaller. MF-type and 
AV-type (which provide active interference suppression) filter 
estimators do not suffer such data reduction and thus, provide 
an attractive solution when the environment dictates short 
data-record synchronization. 

codes of length 31. We observe that the SMI-MVDR algorithm 
is severely affected by the value of the spreading gain (filter 
length) as L approaches N, while the MF-type algorithm is not 
affected (but has unacceptable synchronization performance, as 
also seen in Figs. 4 and 6). The AV-type synchronizer does not 
suffer from significant performance degradation as the system 
spreading gain L increases, and offers by far the most reliable 
synchronization. 

VII. CONCLUSIONS 

In this paper, we investigated the finite data-record coarse 
synchronization performance of blind adaptive combined syn- 
chronizers/demodulators. Using transformation noise modeling 
techniques, we derived analytical expressions that approxi- 
mate closely the probability of coarse synchronization error. 
Three alternative methods were developed. The first method 
approximates the probability of coarse synchronization error as 

APPENDIX I 

A. Proof of Lemma 1 

The marginal pdf of Uj,j = 0,. ..,2L - 1, is 

X N/2-1 

hj{u) = 
exp {^} 

i^u^'n^) 
(47) 

Expression (47) implies that the random variable Uj, 
j = 0,..., 2L - 1, is a multiple of a chi-square (x^) 
random variable. More precisely, Uj can be written as 

^-(H Xj,    j = 0,...,2L-l (48) 

where   Xj   is   a   x^   random   variable   with   N   DOFs. 
Since  (XJ/NY^^   is  approximately  Gaussian  with  mean 
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(1 - (2/9iV)) and variance 2/9Ar [19], we may approximate 
the pdf of ilj by the pdf of 0.02^ 

Vi^Ni^^U>jYf = UiYf,    j = 0,...,2L-l. (49) 

In the above equation, Yj is a Gaussian variable with 
mean (1 - (2/9iV)) and variance 2/9iV. The joint pdf of 
YQ,...,Y2L-i will be completely defined if we specify their 
covariance matrix that we denote by *. The diagonal elements 
of * are equal to 2/9Ar. The nondiagonal elements of * are 
chosen such that VQ,...,V2L-1 have covariances identical to 
the covariances of the corresponding Ob,..., U2L-1 variables. 
The latter covariances are [20] 

^«^[^-^*] = f«Mlo|,)'- (50) 
To find the covariances ijjjk of Yj and V/t, j # k, that result in 

Cov[F,,n] = |(dg;Rag|)' (51) 

we substitute (49) in (51) and make use of the moment theorem 
to evaluate E {Yj^Y^}. Then, we find that the (j, fc)th nondiag- 
onal element of 4', ipjk, must satisfy 

_ 2 l^^iioii Rdpiij 

«(, assraag,) (d<Jf RRS) 
(52) 

or, equtvalently 

^^^+K'-^)'^^'^ 
(A-18N-81N^)^ , 1 

where 

a 4 (dg^Rd (*!)' / {a<if Mg,) (agraas,; 

By the Schwarz inequality a € (0,1). Equation (53) has three 
real roots, two of which are always negative, provided that N > 
4. The third root is plotted in Fig. 8 as a function of iV and Q. We 
see that the third root is always positive while it drops rapidly 
to zero as N increases. In fact, for N > 40, we see that V'jfc is 
less than 0.0045. Thus, we may assume that ipjk = 0, j ^ k, 
j, fc = 0,..., 2L - 1. In other words, we can safely assume 
that the Gaussian random variables Yj, j = 0,... ,2L - 1, are 
uncorrelated and, therefore, independent. ■ 

Fig. 8.   Positive root of (53) as a function of o and data-record size .V. 

APPENDIX II 

A. An Alternative Approximation ofPcse 

The probability of coarse synchronization error can be ap- 
proximated by [cf. (14)] 

Pcse ^ 1 - Pr[arg max{ Zj\j = 0,...,2L-l}e W(ro)] 
(54) 

where Ti{To) is the set that contains the indexes of the filters 
that yield a timing estimate within the pull-in range. The random 
variables Zj, j = 0,...,2L-1,are independent Gaussian with 
mean U^^ and variance C{N)Uj^^, where the function C{N) 
is given in Table III for each of the receivers under consideration. 
The pdf of the random vector Z = [ZQ, ..., Z2L-1V is 

/z(z) ^ 
1 

(2^)^n?=o'\/wc^ 

X exp < 
21,-1 

where z = [ZQ, ...,221-1]^. Thus 

Pcse ^ 1 -   /    /z(z)dz 
JVo 

(55) 

(56) 

where 

2^0=    U   |(do,di,...,d2i-i)eS2iwith 

dk>djJ = 0,...,2L-l,j^k\. 

fce-H(ro) 

(57) 
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Abstract 

We investigate the data record size requirements of sample-matrix-inversion-based 

minimum-variance-distortionless-response and maximum signal-to-interference-plus- 

noise-ratio adaptive algorithms to meet a given performance objective in joint space- 

time signal detection problems for direct-sequence code-division-multiple-access sys- 

tems. We derive closed form expressions that provide the data record size that is 

necessary to achieve a given performance confidence level in a neighborhood of the 

optimal performance point as well as expressions that identify the performance level 

that can be reached for a given data record size. This is done by utilizing close approx- 

imations of the involved probability density functions. The practical significance of the 

derived expressions lies in the fact that the expressions are functions of the number 

of antenna elements, the number of multipaths, and the system spreading gain only, 

while they depend neither on the ideal input covariance matrix which is not known in 

most realistic applications nor on the exact ideal performance value. 
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I.    Introduction 

In this paper we focus on direct-sequence code-division-multiple-access (DS/CDMA) single- 

user detection. We consider multipath fading additive white Gaussian noise (AWGN) chan- 

nels and antenna array signal reception, either at the base station or at the mobile end 

(for example airborne arrays) ^ We recall that single-user DS/CDMA detection aims at the 

recovery of the information bits of one user that we call "the user of interest." The only 

quantity assumed known is the effective (space-time channel processed) signature of the user 

of interest which is a function of the multipath fading coefficients, delays, and multipath 

directions of arrival (the interfering signal statistics are assumed unknown). 

We consider a receiver that consists of either the minimum-variance-distortionless-response 

(MVDR) or the maximum-signal-to-interference-plus-noise ratio (MSINR) linear filter fol- 

lowed by a sign detector. The MVDR linear filter is found by minimizing the filter output 

variance subject to the constraint that the filter remains distortionless in the effective sig- 

nature vector direction of the user of interest [1], [2]. The filter is a function of the inverse 

input autocovariance matrix and the effective signature of the user of interest. On the other 

hand, the MSINR filter is found by maximizing the signal-to-interference-plus-noise ratio at 

the linear filter output and it is a function of the inverse interference-plus-noise-only autoco- 

variance matrix and the effective signature of the user of interest. The MVDR and MSINR 

linear filters are scaled versions of each other and, thus, under perfectly known statistics they 

exhibit identical performance in terms of both filter output SINR and receiver bit-error-rate 

(BER). 

The sample-matrix-inversion (SMI) estimate of the MVDR or the MSINR filter is ob- 

tained by substituting, respectively, the inverse of the ideal autocovariance matrix of the 

input or the interference-plus-noise part only by the inverse of the corresponding sample 

average estimate. The corresponding filter estimate is called SMI-MVDR or SMI-MSINR 

^Single-antenna signal detection systems constitute a special case of the general system that we consider 

here. 



filter. These estimates are occasionally referred to in the literature as SMI-"signal-present" or 

SMI-"signal-absent" filter, respectively. Under asymptotically many data, the SMI-MVDR 

filter and the SMI-MSINR filter exhibit identical performance in terms of both filter output 

SINR and receiver BER since they converge in probability, under general conditions, to their 

ideal counterparts. This is not, however, the case when estimation with finite data records is 

performed where for small data record sizes the SMI-MSINR outperforms the SMI-MVDR 

filter in terms of output SINR. Along these lines, we note that the sample-average estimate 

of the interference-plus-noise autocovariance matrix can be evaluated from data obtained 

either by probing the channel prior to the beginning of the desired transmission (or during 

the silent periods of the user of interest) or by estimating and then subtracting the desired 

user signal from the received signal. In multipath environments the interference component 

in the former, desired-signal-absent, case does not contain inter-symbol-interference (ISI) 

and thus is not exactly the same as the interference component in the latter, "estimate and 

subtract", case (which contains ISI). However, in spread-spectrum systems the channel delay 

spread is much less than the information symbol period and we can safely ignore the effect 

of ISI and treat all cases in the same way. 

The goal of this paper is twofold. We would like to identify the data record size that is 

necessary for (a) the SMI-MVDR DS/CDMA multiple-access-interference (MAI) suppression 

filter, and (h) the SMI-MSINR DS/CDMA MAI suppression filter to achieve a given perfor- 

mance confidence level in a neighborhood of the optimal performance point. Performance 

is measured in terms of filter output variance and filter output SINR, respectively. We also 

investigate the dual problem of quantifying the relative performance of the above estimators 

with respect to the performance of the corresponding ideal schemes for a given data record 

size. In pursue of these objectives we define the following relative performance measures for 

the estimated filters with respect to their ideal counterparts in one-to-one correspondence 

with (a)-(b) above: (a) The ratio of the output variance of the ideal filter over the output 

variance of the estimated filter, and (h) the ratio of the output SINR of the estimated filter 



over the output SINK of the ideal filter. Our approach is based on the observation that a 

near optimum performance level is reached by any estimation scheme when the correspond- 

ing ratio is close to unity. Thus, any given (or desired) confidence on the performance level 

can be expressed as the probability that the above measures are within a certain neighbor- 

hood of unity. This approach is in contrast to the work in [3] where the measures (a) and (b) 

were used to determine the data record that the estimated filter needs to achieve on average 

a given percentage of the optimum performance. In addition, in this paper, making use of 

the functional relationship between the BER and the SINR of a linear receiver, we extend 

our developments summarized above to evaluate our confidence on the BER performance 

of DS/CDMA single-user detectors that utiUze the SMI-MVDR or SMI-MSINR filter, re- 

spectively. The practical significance of the theoretical developments in this paper lies in 

the fact that by utilizing simple yet close approximations of the involved probability density 

functions we are able to derive closed form expressions that are functions of the number 

of antenna elements, the number of multipaths, and the system processing gain and, most 

importantly, independent of the ideal input statistics. 

The paper is organized as follows. In Section II we present the system model. In Section 

III we outline the MVDR and MSINR joint space-time processors, we analyze the perfor- 

mance of their SMI estimators as a function of the data record size, and we derive their 

data-record-size requirements to achieve a given performance level. A few conclusions are 

drawn in Section IV. 

II.    System Model 

We consider a DS/CDMA system with K users transmitting over a multipath fading additive 

white Gaussian noise (AWGN) channel. The information bits of each user are binary-phase- 

shift-keying (BPSK) modulated. The fcth user baseband transmitted signal is given by 

Mt) = J^bki^)^/FkSk{t-^T), k = 0,...,K-l, (1) 



where bk{i) € {-1,1} is the ith data (information) bit and T is the information bit period. 

Ek represents transmitted energy per bit and Sk{t) is the signature waveform, assumed to 

be normalized to unit energy per data bit period, given by 
L-l 

5fe(i) = E^'^(0V'(t-«Te) (2) 
1=0 

where Sk{l) G {-1,1} is the Ith bit of the spreading sequence of the A;th user, Tc is the chip 

period, tp{t) is the chip waveform (assumed to be a rectangular pulse with support [0,Tc]), 

and L = T/Tc is the system spreading gain. The kth user signal Uk{t) is transmitted over a 

multipath fading channel with impulse response 
Np-l 

hk{t) =  ^ Ck,nS{t - Tk,n) (3) 
n=0 

where Np is the number of paths (assumed the same for all users), Ck,n, k = 0,...,K -1, 

n = 0,..., A/p -1 are the complex path coefficients, and 5{t) is the Dirac delta function. The 

coefficients are assumed to be identical across all antenna elements, that is, antenna diversity 

effects are not considered. Finally, Tfc,„ is the relative transmission delay of the nth path of 

the A:th user signal. For simplicity in presentation, we assume that the receiver is coarsely 

synchronized with the first path of the user of interest, user 0, that the channel delay spread 

is equal to Np chips and that no resolvable path delays fall within the same chip period, i.e. 

Tk,n = l^k,n + Sk,n, k = 0,...,K-l,   n = 0, . . ., Np - 1, (4) 

where i'k,n is an integer between 0 and L-l (with i/o,n = n) and 6k,n lies in [0,1). 

The received signal is collected by a uniform linear antenna array consisting of M elements 

spaced half-the-wavelength apart. The baseband received signal at the mth antenna element 

is given by 
K-lNp-l 

rm{t)   =   E E '"'^'-Ukit - T,,„)e-^---^'=- + rimit), m = 0,..., M - 1, (5) 
fc=0  n=0 

where ^fc,n identifies the angle of arrival of the nth path of the kth user signal and nm{t) 

represents additive sensor noise modeled as temporally and spatially complex white Gaussian. 

The received signals ro{t),...,rM-i{t) can be grouped to form the vector 
K-l Np-l 

r(t) = [ro(t),rx(t),...,rM-i(*)r=E E CM"fc(*"^MMM + n(t) (6) 
fc=0  n=0 



where 

a(^M) = [l,e-^-'"^'^...,e-^(^-^)-'"^."]^^   k = 0^...,K-l, n = 0,...,N,-l,    (7) 

is the steering vector associated with the nth path of the fcth user and 

^{t) = [no{t),...,nM-i{t)f. (8) 

Chip-matched filtering and sampling at the chip rate, l/i;, of r(t) over the multipath 

extended time interval {L + Np chip periods) prepares the data for one-shot detection of the 

ith information bit of interest bo{{). By stacking the vector samples r(0),..., T{{L+Np-l)Tc) 

one below the other we obtain the space-time received data vector 

rM(i+iVp)xi = [r(0)^ T{T,f ... r^((L + Np- l)Z)f. (9) 

From now on, r denotes the joint S-T data in the C^i^+^p) complex vector domain. 

The cornerstone of joint space-time filtering is the space-time signature which for user 0 

is defined as jVp-i 

VO =  £ ^.n [(1 - 5o,n)sS"^ + 5,J^^'A ® a(^o,n) (10) 

where SQ" = [0^_^, so(0),..., s^{L - 1), 0^_^^ and ® denotes the Kronecker product. 

" ATp-n 

In the next section we outline the MVDR and MSINR DS/CDMA joint space-time pro- 

cessors and we analyze the performance of the SMI-MVDR and SMI-MSINR estimators as 

a function of the data record size. Also, we derive their data-record-size requirements to 

achieve a given performance level. 

III.    Data-Record-Size Requirements of Space-Time 

MVDR and MSINR Receivers 

A linear joint S-T DS/CDMA interference suppressing receiver with tap weight vector w € 

QMiL^Nj,) detects the transmitted bit of the user of interest as follows: 

60 = sgn(/?e{w^r}) (H) 

where 60 denotes the detected information bit of the user of interest, sgn{-) identifies the 

sign operation, and Re{-} extracts the real part of a complex number.   In this work we 



consider the MVDR and MSINR linear receivers. The tap-weight vector of the MVDR filter 

is designed to minimize the filter output variance while maintaining unit response in the 

known^ vector direction VQ and equals 

where R = £^{rr^} is the covariance matrix of the received vector r {E{-} denotes the 

expectation operation). The MVDR filter output variance is 

V(wMVDR) = ^{|w^vD^r|^} = wf^DjiRwMvz,ie. (13) 

The tap weight vector of the MSINR filter is found by maximizing the SINR of the linear 

filter output and is given by p-i 
^MSINR v^R,i„Vo 

where R/+„ = R - EQVOW^ is the "interference-plus-noise" covariance matrix. The SINR at 

the output of the MSINR filter is given by 

S{WMSINR) - —H—B—~ • vio; 

It can be shown that in ideal situations (i.e., when R and R/+„ are perfectly known) 

'^MVDR and wMSINR exhibit identical performance in terms of both output SINR and receiver 

BER. However, knowledge of the ideal covariance matrices R or R/+n cannot be assumed in 

practice and, thus, the matrices have to be estimated. We choose to estimate R and R/+n 

by sample averaging^. The sample average estimate of R based on a data record of size N 

is given by jv-i 

j=0 
while the sample average estimate of R/+n based on a data record of size N is given by 

^ 1 ^-^ 
Rj+n = JY Z^Hl+n^j,I+n (■^') 

-   ' 3=0 

^We note that the vector direction vo is the only quantity assumed known (path coefficients, path delays 

and directions of arrival are modeled as deterministic unknowns). 
^Other estimators of R and Rj+n may also be used instead of the sample average estimators. For example, 

at the base station we can estimate ("reconstruct") the matrices R and R/+„ using estimates of the energies, 

channel coefficients, delays, and angles of arrival of all users. However, the performance of the corresponding 

MVDR and MSINR filter estimator will strongly depend on the quality of all intermediate estimators used 

and, thus, it will be difficult to analyze under finite data record scenarios. 



where the index (/ + n) in r,,;+„, j = 0,..., iV - 1, identifies desired-signal-free received 

vectors. To guarantee that the estimates R or R,+„ are of full rank with probabiUty 1 

(w.p. 1) so that the estimates [R]"' and [R/+„]"' exist, the data record size N must 

satisfy^ AT > M{L + Np). We also note that the received vectors r, used for the computation 

of R are distributed according to a mixture of up to 2'^ complex Gaussian distributions^ 

Unfortunately, exact closed form expressions for the probability density function (pdf) of the 

sample covariance matrix that is formed by vector samples drawn from a Gaussian mixture 

distribution are very complicated even for the real case [4]. An additional complicating factor 

is the underlying dependence of the vector samples r^ due to multipath propagation. To that 

extend, we make the following simplifying assumption. We assume that the received vectors 

are independent and identically distributed according to a multivariate complex Gaussian 

distribution jV(0, R). Then, the estimator R is complex Wishart distributed with TV degrees 

of freedom, WM(L+Ar,)(R/Ar; N) [5]. Similarly, we assume that R,+„ is distributed according 

to a Wishart distribution with N degrees of freedom of the form WA/(i+Ar,)(R/+„/7V; AT). 

Numerical studies presented later in this section will demonstrate the effect of the above 

assumptions on the developments of this paper. 

The SMI estimator of the MVDR filter is obtained by substituting (16) into (12), i.e. 

R-^o 
^SMr-Mvon -     „^_ (18) 

VQ K.     VO 

The variance at the SMI-MVDR filter output is 

•»}/-~-, N     VQ R~ RR~ VQ 

We understand that the variance V(WSM/-MVOH) is lower bounded by V(w^^^^) = (VQ^R" VQ) " 

which is the output variance of the ideal MVDR receiver in (12). This implies that the vari- 

^For a large class of multivariate ellipticaJly contoured input distributions that includes the Gaussian, if 

N > M{L + Np), then R (or R/+„) is positive definite (hence invertible) w.p. 1 [6]-[8]. 

^The total number of Gaussian distributions is equal to 2^ where x is the total number of information 

bits contributed by all users to each received vector. In our case; user k, k = 0,...,K - 1, contributes to 

the received vector r,- two bits (b,{j - 1) and hij)) if min„{r*,„} > N^T, and three bits {hU - 1), hij), 

and bkij + 1)), otherwise. Thus, the maximum value of a; is 3K. 
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ance ratio pv defined as 
PV = V{-WMVDR)/V{-WSMI-MVDR) (20) 

is upper bounded by unity (pv < 1). Near-optimum performance of the SMI-MVDR filter 

estimator is attained at a value of pv close to unity. 

Similarly, the SMI estimator of the MSINR filter is obtained by substituting (17) into 

R7+nV0 
(14) and is given by 

^SMI-MSINR =        77^     ^ • l^lj 

The SINR at the SMI-MSINR filter output is     °    ^^" 

The SINR S{WSMI-MSINR) is upper-bounded by 5(wMs/ivfl) = EQ{V§RJ1^VO) which is the 

output SINR of the ideal MSINR filter. Thus, near optimum performance of the y^sui-usmR 

filter requires that the SINR ratio ps defined as 

PS = S{WSMI-MSINR)/S{WMSINR) (23) 

is close to its maximum value of unity (ps < 1). 

Given the number of antenna elements M, our goal is to derive conditions on the data 

record size N necessary for the random variables ps and pv to be sufficiently close to 1 in 

the following probabilistic sense: 

Pr[pv > 1 - C] > e   for any given C € (0,1) and e G (0,1) (24) 

and 
Pr[ps > 1 - C] > e   for any given C e (0,1) and e E (0,1). (25) 

The performance measures in (24) and (25) assign a minimum confidence e to the neighbor- 

hood (1—C, 1] of the optimum performance point {pv,opt = Ps,opt = !)• The following theorem 

identifies the performance level that can be reached by the SMI-MVDR and SMI-MSINR 

filter for a given data record size, as well as the least number of samples that guarantees (24) 

and (25). 

Theorem 1 (i) For any given ( e (0,1) and N > M{L + Np) we have 



and 

N* 

max 

(it) For any given C € (0,1) and e e (0,1)} the least number of samples that guarantees 

Pr[pv > 1 - C] > c or Pr[ps >1-Q>€ canbe approximated by 

maxi^M{L + Np),   (^-Ch'+2[A^(i^+iVp)-2]-^/7'(l-c)[4M(£+iv,)-8+(l-cT^p       i/-e<05 

IM{L + NP),     (l-Ch'+2[M(L+iV,)-2]+V7'(l-C)[4M(L+JVp)-8+(l-C)^11 i/e>05 

where Q{x) = ^f^e-v'/^dy, j = Q-\l - e), [x] denotes the smallest integer larger 

than or equal to x, and M, L and Np denote the number of antenna elements, the system 

processing gain, and the number of resolvable paths, respectively. 

Proof We can show that pv and ps are identically distributed according to a Beta distri- 

bution [3] [11] with parameters N - M{L + Np) + 2 and M(L + Np) - 1. We note that 

the distribution of ps was used in [12] to assess the data record size requirements of the 

spatial SMI-MVDR beamformer by visual inspection of the Beta function itself. In [3], the 

distribution of ps was used to evaluate the data record size that is necessary for the spatial 

SMI-MVDR beamformer to make the expected value of ps greater than a given constant. 

For simplicity in presentation, we denote comprehensively both pv and ps by p.  The 

probability density function (pdf) of p is given by 

^^^'^ = B [N - M(L + Np) + 2, MiL + Np) - i^^^-'^^^^-^^Hl " ^r^^^^^-^ x e m) 

where B{; ■} is the complete Beta function^ Then, Pr[p > 1 - C] = Jl_^ fp{x)dx. But [9] 

^ / AT 
f f,{x)dx = i-    Yl    { " la-crc^-^ (so) 

^ i=N-MiL+Np)+2 \   i   J 

The right hand side of (30) is the probability that a binomially distributed random variable 

is less than N - M(L -|- Np) + 2. Using the Gaussian approximation [9] of the binomial 

cumulative distribution function we can express (24) or (25) as 

*The complete Beta function is defined as B{x,y) = J^ t'-'^{l - t^-^dt [9],[10]. 
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where Q{x) = -^ J^°° e'^^^^dy. Solving (31) with respect to AT we find that the least 

number of samples (greater than M{L + Np)) that guarantees a minimum performance 

confidence level in the neighborhood of the optimal point as described by (24) and (25) is 

approximately equal to N* given by (28). ■ 

For the special case of e = 0.5 we have 7 = 0. In this case, (28) implies that the least 

number of samples to achieve Pr[pv > 1 -C] > 0.5 or Pr[ps > 1-C] > O.b is approximately 

N* = [M{L + Np) - 2]/C. If, in addition, C = 0.5 then N* = 2[M{L + Np) - 2]. In plain 

words, this example implies that to be e = 50% confident that the output variance of the 

SMI-MVDR filter (or the output SINR of the SMI-MSINR filter) will be within C = 50% 

(-3dB) of the ideal MVDR (or MSINR) filter performance we need to evaluate the SMI 

estimators using at least N* = 2[M(L + Np) -2] data samples. We note that i-Pr[pv > x] 

and 1 — Pr[ps > x] are merely the cumulative distribution functions (cdfs) of the random 

variables py and ps, respectively. Use of the cdfs allows the evaluation of any statistic of the 

corresponding variables (e.g. the mean and beyond). As such, the work in [3] appears as a 

special case of our developments in Theorem 1 (we recall that [3] evaluates the data record 

size that is necessary for the spatial SMI-MVDR beamformer to achieve on average (mean) 

a given percentage of the optimum performance). In Table I we evaluate the data record size 

N* needed by the SMI-MVDR filter and the SMI-MSINR filter to operate with confidence e 

within C of the optimum performance for different values of e and C- A DS/CDMA system 

with a processing gain equal to L = 31 is assumed. The number of paths is set Np==3 and 

the receiver antenna array utilizes M = 5 antenna elements. We see, for example, that for 

. e = 0.75 and C = 0.25 we have N* = 683. In other words, SMI estimation of the MVDR 

filter based on 683 samples guarantees that 75% of the time the performance of the filter 

estimate will be at most 25% (-6dB) worse than the performance of the ideal filter. In Fig. 

1(a) we plot comprehensively the probability Pr[p > 1 — C] as a function of C and the data 

record size A'', while in Fig. 1(b) we show the value of N* as a function of e and C- 

We emphasize that the domain of the random variable pv is different from the domain 
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of ps since p^ and ps are based on different input statistics; the former is the ratio of the 

output variance of the ideal MVDR filter over the output variance of the (estimated) SMI- 

MVDR filter, while the latter is the ratio of the output SINK of the (estimated) SMI-SINR 

filter over the output SINK of the ideal MSINR filter. The fact, however, that they are 

identically distributed allows us to treat them uniformly with the understanding that the 

probabilities in the left hand side of (26) and (27) (which correspond to different events) are 

approximately equal to the same value that is given by the right hand side of (26) and (27). 

Similarly, (28) identifies the approximate number of data required to have the same level of 

confidence e that the distance of the different performance measures pv and ps will fall in a 

neighborhood of radius C of the optimal performance point pv,opt = ps,apt = 1- 

The data record size N* in (28) guarantees that Pr[pv > i_(^] > ^ and PT[PS > 1-C] > e 

hold true for any given C and c. N* was obtained by solving the approximate expressions 

given by (26) and (27) with respect to the data record size. The approximate expressions 

(26) and (27) were obtained by using the Gaussian approximation of the binomial cumulative 

distribution under the assumption that R and R/+„ are complex Wishart distributed. To 

examine both the effect of this assumption on the distribution of R and R/+„ as well as the 

accuracy of the Gaussian approximation used, we compare the approximate with the exact 

(obtained numerically) probabilities Pr[pv > 1-C] > c and Pr[ps >!-(]>«, respectively 

In Fig. 2 we plot the aforementioned quantities as a function of the data-record-size N for 

C = 0.2. As in Fig. 1, an antenna array consisting of M = 5 elements is assumed, while the 

system processing gain L is equal to 31 and ^p = 3. The accuracy of the complex Wishart 

assumption and the Gaussian approximation is evident. It may be interesting to note that 

the probability density function (pdf) of pv and ps depends only on N, M, L and Np and it 

does not depend on the covariance matrix R or R/^^. This observation implies that (28) is 

valid regardless of the actual environment, i.e. the number of users, the signal powers, the 

path coefficients, the path delays, the directions of arrival, etc. 

In digital communications systems the ultimate performance measure is the bit-error-rate 
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(BER), that is the probabiUty of producing an incorrect decision on the information bit bo, 

Pr[bQ ^ bo]. In the following, we examine how the performance measures in (24) and (25), 

which are based on the filter output variance and the filter output SINR, respectively, trans- 

late into BER terms. Under the assumption that the received vector is Gaussian distributed 

(the same assumption that led to the Wishart distribution of R and R/+„), the BER Pe(w) 

exhibited by an arbitrary linear filter w can be expressed as follows^: 

Pe(w) ~ Q (V^H) (32) 

where S{-) is given by ,   ;y    ^ 
'5(w) = —5— -. (33) 

Theorem 2 and Corollary 1 presented below identify the relationship between the BER 

performance and the performance measures in (24) and (25). The proofs are given in the 

Appendix. 

Theorem 2 Let the ideal MVDR filter have a BER region of operation given by (lO"'^, 10"") 

for some \> v. If for a given C, € (0,1) and e € (0,1) 

Pr[pv >!-(]> e, (34) 

then 

where 

logPe{wsMi-MVDR) - P ^ 

lOgPeiWMVDR) 

3 

>e (35) 

^ (i-C)Fc(iO'')[Q-niO'^)Pexp{-[g-HiOA')]V2}' ^ ^ 
^ = logFc(10'^)-a//, (37) 

^ = -{X + i^), and (38) 

FM ^ o( /a-C)[Q-n^)P^ .39X 

Corollary 1 Let the ideal MSINR filter have a BER region of operation given by (10 ^, 10 ") 

for some \> v. If for a given C, € (0,1) and e € (0,1) 

       Pr[p5>l-C]>6, (40) 

''^We recall that the data bits are BPSK modulated. 
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then 

where 

'log^e(WsM/-MS/;vfl)-jg 
> e (41) 

^   ^   lO'VT^exp{^,[Q-\lO^)Y} 
F,^(10^)                ' (^2) 

/?   =   logF^aiO'^)-a/z, (43) 

//   =   ■^{X + u), and (44) 

^*C(^)   =   Q (v^W Q-^x)) . (45) 

Expression (35) shows that if the data-record-size is chosen to be greater than N* in (28), 

then the exponent, logPe(wsM/-MVD«), of the BER performance of the estimated MVDR 

receiver will be with probability at least e in the region (logPe(w^v^^,), a\ogP,{w^y^^) + 

p) where the scalars a and p are given by (36), (37). Similarly, expression (41) shows 

that if the data-record-size is chosen to be greater than N* in (28), then the exponent, 

log Pe{wsMi-MsrNR), of the BER performance of the estimated MSINR receiver will be with 

probability at least e in the region (logP,(w^s,;v«), alogPe(w^s;..) + ^), where the scalars 

a and P are given by (42), (43). We note that expressions (35) and (41) are vaHd regardless 

of the actual environment, i.e. the number of users, the signal powers, the path coefficients, 

the path delays, the directions of arrival, etc. 

In Table II we show the region {\ogPe{w^^^^),alogPe{w^y^^)+p) and (logP,(w^,;^«), 

alogP^iw^siNn) + P) that the exponent of the BER performance of the SMI-MVDR and 

the SMI-MSINR receiver, respectively, lies with confidence at least e, for different values of 

C and e. As in prior studies, L = 31, M = 5, iVp = 3. We see, for example, that in the case 

of the SMI-MVDR filter, 683 samples guarantee that 75% of the time the output variance 

will be at most 25% {-MB) worse than the output variance of the ideal filter. Thus, 683 

samples guarantee that 75% of the time the exponent \ogP,{wss,i-Mvon) will be in the in- 

terval (log Pe(wMV'Dfl), 0.16 log(Pe(wMVD«)) - 0.7). Similarly, in the case of the SMI-MSINR 
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receiver 683 samples guarantee that 75% of the time the exponent logPe(wsM/-Ms/Nfl) will 

be in the interval (logPe(wMs/N«), 0.78log(Fe(wMs;Nfl)) - O.l). 

We note that while the left end-point, logPe(wMVDR) or logPe{y^MsiNR), of the SMI- 

MVDR or the SMI-MSINR performance range attains identical value, the right-end value of 

the performance range of the SMI-MVDR receiver is larger than the corresponding value of 

the SMI-MSINR receiver. This observation suggests the superiority of the SMI-MSINR filter 

relative to the SMI-MVDR. Field engineers have also observed this behavior in the past and 

occassionally they identify it as the superiority of the SMI-"signal absent" estimator relative 

to the performance of the SMI-"signal present" estimator. The superiority of the SMI- 

MSINR filter is quantified in [13] where the pdfs of the output SINR and the induced BER 

of the SMI-MVDR and SMI-MSINR filter estimators are evaluated and a simple "estimate- 

and-subtract" algorithm is proposed for desired signal cancellation prior to filter estimation. 

IV.    Conclusions 

We investigated the data-record-size requirements of SMI-type adaptive algorithms to meet 

a given performance objective in joint S-T interference suppressing DS/CDMA signal detec- 

tion. We considered the SMI-MVDR and the SMI-MSINR filter estimator and we adopted 

the following figures of merit. For the SMI-MVDR estimator the figure of merit is the 

ratio between the output variance of the ideal filter (MVDR) and the estimated filter (SMI- 

MVDR); for the SMI-MSINR estimator the figure of merit is the ratio of the output SINR 

of the estimated filter (SMI-MSINR) over the output SINR of the ideal filter (MSINR). For 

both cases, closed form expressions were derived that provide either the data record size 

that is necessary to achieve a given performance confidence level in a neighborhood of the 

optimal performance point or the performance level that can be reached for a given data 

record size. This was achieved by utilizing close approximations of the involved probability 

density functions. We emphasize that the derived expressions do not depend on the actual 
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value of the ideal performance and, thus, knowledge of this value is not required. In addition, 

the functional relationship between the BER and the SINR exhibited by a linear receiver 

under the Gaussian input assumption enabled us to translate the data record size require- 

ments of the signal detection algorithms into BER terms. The practical significance of the 

derived expressions lies in the fact that the expressions are functions only of the number 

of antenna elements, the system spreading gain, and the number of multipaths, while they 

are independent of the ideal input covariance matrix which is not known in most realistic 

applications. 

Appendix 

A    Proof of Theorem 2 

It is straightforward to verify that the output variance V(w) and the output SINR 5(w) of 

an arbitrary linear filter w for user 0 (distortionless in the vector direction VQ) are related 

through the expression 

Thus, ^(") = ^°(l + 5^)- (46) 

V(W5M/-Mvz,«) = ^0 (1 + -^7^-^ T )   and V(WMVZ,;,) = EO(I + -^ r) . 

(47) 
Therefore, the inequality pv > 1 - C is equivalent to 

<S(WsM.-MVO«)  >   (|-0^(^^V..) 

which, in turn, is equivalent to 

P ^w                   \^n{    / (-^ ~" O^K^SMI-MVPR) \ f     . 
i^eV^sMi-MVDR) < W    \  -TTToT^ r (49) 

\^y     1 + C«5(WsM;-MVCfi)   J ^      ' 

since Q{yfx) is a decreasing function of x. Solving P^iyf^vDR) = Q (>/5(w^v'i>«)) with 

respect to SiyiuvD^ for values of Pt{^MVD^ less than 0.5, we obtain 

S{V^MVOR) = [Q~'(Pe(wMvi,/,))]' (50) 
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where Q~'^{-) is the inverse function of Q(-). Using (50) in (49) we see that (34) is equivalent 

to " 
Pr 

^^nl     ,(l-C)(Q-Hfe(WMVBH)))^ 

^^'^IV   l + CiQ-'iPei^MVonW 
PeV^SMI-MVDR 

(51) can be written in a more compact form as follows: 

Pr[Pe{WsMI-MVDR)   < F^{Pe{WMVDR))] >  ^ 

where 

>e. 

Fcix) = Q 
lii-OiQ-'i^))' 

(51) 

(52) 

(53) 
i+aQ-'ix))\ 

The function F^{x) in (53) is non-linear.' However, logFf(af) can be approximated closely 

by a linear function of logx, i.e. logF^(x) ~ aloga; + ^. For a BER region of operation of 

the ideal MVDR receiver of the form (lO"-^, 10"") for some A > i^, the parameters a and ^ 

in the above approximation can be chosen as the coefficients of the first order Taylor series 

expansion of the function logF^(lO^) about /j. = ^{X + u): 

^"   VV i+C[Q-Hio^)F j  ^^Pj   2(i+c[Q-'(iO'')P)J   ■ 
(l-C)Fc(10M)[Q-KlO'^)Pexp{-[Q-i(10^)]V2}' 

/3   =   logF^(10^)-a//. (55) 

a (54) 

Thus, F,^{x) can be approximated by 

F^ix) = 10^a;°. (56) 

In Fig. 3 we examine the accuracy of the approximation of F^{x) by (56). In Fig. 3(a) 

we plot Ft^{x) along with its approximation F^{x), while in Fig. 3(b) we plot the relative 

error of the approximation |F^(a;) - Ft^{x)\/F^{x) for two different values of C, C = 0-2 and 

C = 0.4. The operating region of the receiver is assumed to be [10~^, 10~^] which implies 

that n = -2. The accuracy of the approximation F^{x) is evident. Finally, replacing F^{x) 

by F^{x), (52) becomes 

log Pe{-WsMI-MVDR) - /3 
Pr 

lOgPe(WMVDR) 
> a >e. (57) 
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B    Proof of Corollary 1 

Following the same approach as in the proof of Theorem 2, we see that Pr[ps > 1 - C] > e 

is equivalent to 

Pr [Pe{^SMI-^.s!.n) < Q [^T^ Q'' (Pe(w„s;iv«)))] > €. (58) 

If we define 

F*d^) = Q{VT^Q-'{x)), (59) 
we can express (58) in a more compact form as 

Pr [Pei^s^i-MSiNR] < F,^ [Pei^MSiNn))] > 6. (60) 

The logarithm of the non-linear function F,(;{x) can be approximated closely by a linear 

function of logx, i.e. \ogF,^{x) ~ alogx + ^. For a BER region of operation of the ideal 

MSINR receiver of the form (10-\ lO"") for some X>i^, the parameters a and p in the above 

approximation can be chosen as the coefficients of the first order Taylor series expansion of 

the function logF*^(10^) about // = |(A + z^): 

10^v/r:^exp{|[Q-i(10M)]2} 
F,^{10^^) ' (^1) 

P   =   logF^(10'^)-a/i. (62) 

Thus, F»^(x) can be approximated by 

Kd^) = lO'^x^ (63) 

In Fig. 4 we examine the accuracy of the approximation of F*^(x) by K^{x). In Fig. 4(a) 

we plot F^^{x) along with its approximation F^^{x), while in Fig. 4(b) we plot the relative 

error of the approximation \F,^ix)-F,^{x)\/F,<^{x) for two different values of C, C = 0.2 and 

C = 0.4. The operating region of the receiver is assumed to be [IQ-^, 10"^] which implies 

that fi = -2. The accuracy of the approximation F^(;{x) is evident. Finally, replacing F,^{x) 

by F^^{x), (60) becomes 

"lOgPe(WsM7-MS7Nfi) - P 

l0gPe(wMs/Nfi) 
> e. (64) 
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TABLE I 
DATA-RECORD-SIZE REQUIREMENTS OF SMI-MVDR AND SMI-MSINR 

SIGNAL 
Space-time product 

Mx{L + Np) 
C e Data record size 

N* 
5 X (3H- 3) 0.25 (-6dB) 0.75 683 
5 X (3H- 3) 0.25 {-6dB) 0.9 712 
5 X (31 -h 3) 0.1 i-lOdB) 0.9 1793 
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1500 

Data-record-size N 

Figure 1:   (a) Pr[p > 1 — Q as evaluated by Theorem 1, Part (i).   (b) Data-record-size 
requirement N* as given by Theorem 1, Part (ii). 
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Figure 2: Exact and approximate Pr[p>l - Q (given by (26), (27)). 

22 



I—I 

m 
Q 

■ >g 

U O I 5a 

i 

^_^ ^_^ _,_^ ■^^ ^^ ^ 
t^ I> to . , o 
c> c5 6 o 

1 
o 

1 
d 

^—^ 1 1 1 1 1 1 
Q^ ^-^ 
i^ OS 0! •-"I a; 4 « a; 
CO Q Q Q a; fe; 

i> :i :^ to 5 ■ ""^ 

1 

1 1 1 
5 

1 1 

to 

1 
to 

to 03 to to 
5 
CO 

•^ 
s 

~« ^ ^ ^ ^ ^ 

or g g D: D: or _g 
"hO ^ ^ ^ ^ 

^ hi ^ O^ ^ ^ ^ o 
■Xi fO T—t 00 00 

OJ 1—1 1—1 '^ tv t- 
Cl o o d d d O ^ 
§ OS « !« OS a; 

a; 
to 
s 

1 

1 Q Q Q 2; g 
to 1 1 

5 to to 

<^ 
1 I 1 1 1 

? 
SP 

^ 
^ 

to 
s 
^ 

to to 

O^ 

Pi 
Q 

? 
1 Pi i 

53 
.2 ^ S 
'S i-i< H-1 
X! ^ S 
o * CO CO (M CO CO CO (M CO 

?! 
1—1 b4 

00 00 
to 

1—1 

03 -w 
ce 
Q  ■ 

vu K a> 05 in 05 a> 
o d d d d d 

  >—V ^ ^ ^_^ y—V ^^ 
05 cq cq cq Ol 01 
■e ■a •TS ■o 13 "O 
;o to o CO CO o 

Vy T-H 

in in 

1—1 

(M IM I—1 c^ CNj 1-; 

O d d d d d 

^-s 
U 
3 

2 !^ 
^ ^ ^_^ ^ ^ ^ ^ -—^ ^^ 
CO CO CO CO CO CO 

S.+ + + + + + + 
la T—1 1—1 1—( r-H 1—1 1—1 

CO CO CO co^ £S co^ ^—^ ^*-^ *«—^ 

ac
e-

t 
M

x
 

X X X X X X 
iC in lO "^ in in 

a 
en 

23 



10^ 

10 -III 

u. 
10-^^ 

10" 
10" 

10" 

110-^ 

(a) 
>—1— 

.« Q.. _ Q.. ^ -□-□-o-gB-D-BPapgcfTm- • -a- -Q-D-O O -n-nDg^^^R 
O n      -I     "   n  n n,innnooonnraD    Q   nnu.n.www. 

-'———1 1—I I 1 i_ 

  C = 0.2 (Approx.) 
o   ^ = 0.2 (Exact) 

— ^ = 0.4 (Approx.) 
°    ^ = 0.4 (Exact) 

■ '  » L..,,        I l..„J 1„ 

10"^   P 10" 

"> —I I       I 1—1—1- 
(b) 

I '7— 

10 TOP 10" 
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Performance Analysis of Doubly Optimal CDMA Spreading 
Codes with Odd Length* 

George N. Karystinos and Dimitris A. Pados 

Department of Electrical Engineering, State University of New York at Buffalo, 
Buffalo, NY 14260 USA 

ABSTRACT 
A doubly optimal binary signature set is a set of binary spreading sequences that can be used for code division 
multiplexing purposes and exhibits minimum total-squared-correlation (TSC) and minimum maximum-squared- 
correlation (MSC) at the same time. In this article, we focus on such sets with signatures of odd length and we 
derive closed-form expressions for the signature cross-correlation matrix, its eigenvalues, and its inverse. Then, 
we derive analytic expressions for (i) the bit-error-rate (BER) upon decorrelating processing, (ii) the maximum 
achievable signal-to-interference-plus-noise (SINR) ratio upon minimum-mean-square-error (MMSE) filtering, 
and (Hi) the total asymptotic efficiency of the system. We find that doubly optimal sets with signature length of 
the form 4m+l, m = 1,2,..., are in all respects superior to doubly optimal sets with signature length of the form 
4Tn-l (the latter class includes the familiar Gold sets as a small proper subset), "im+l" sets perform practically 
at the single-user-bound (SUB) after decorrelating or MMSE processing (not true for "4m-1" sets). The total 
asymptotic efficiency of "4m+l" sets is lower bounded by f for any system user load. The corresponding lower 
bound for "4m-1" sets is zero. 

Keywords: Binary sequences, code division multiaccess, codes. Gold codes, signal design, spread spectrum 
communication, Welch bound. 

1. INTRODUCTION AND BACKGROUND 
In code division multiplexing systems, such as the present wireless direct-sequence code-division-multiple-access 
(DS-CDMA) technology, distinct data streams are modulate'd by individual signature patterns and sent over a 
common in time and frequency channel. The success or, more general, performance of the multiplexing scheme 
(or multiple-access scheme depending on the point of view) depends on the specific assigned set of signatures. 
Two critical signature set metrics are the total-squared-correlation (TSC) and the maximum-squared-correlation 
(MSC) among signatures.^"-^^   Intuitively, both metric values need to be kept low. . 

In Ref. 8, we derived new lower bounds on the TSC of binary antipodal signature sets for all possible 
combinations of number of data streams/users K and signature length/processing gain L and we proved the 
tightness of the new bounds for all K, L except (i) L = K = 1 (mod 4), (ii) L = K = 2 (mod 4), (Hi) 
L + l = K = 2 (mod 4), and (iv) K + 1 = L = 2 (mod 4). Ding, Golin, and Kl0ve^ established the tightness of 
these bounds also under Cases (ii)-(iv).^ All proofs of tightness in Ref. 8, as well as in Ref. 9, are by construction 
and present us with simple algorithms for the design of minimum-TSC optimum binary signature sets based 
on Hadamard matrix transformations. The familiar Rademacher-Walsh-Hadamard code sets^^-^^ with L = 2"*, 
m = 1,2,..., and K < L and their extension to L = 4m, m = 1,2,..., and K < L, the m-sequence sets^^ with 
L = 2"^ - 1, m = 3,4,..., and i<: < L, and the Gold sets^^ with L = 2"* - 1, m = 5,6,..., and AT < L + 2, 

"This work was supported in part by the National Science Foundation under Grant ECS-0073660 and the U.S. Air Force Office 
of Scientific Research under Grant F49620-01-1-0176. 

Further author information: (Send correspondence to D.A.P.) 
G.N.K.: E>-mail: cary@eng.buffalo.edu, Telephone: 1 716 645 2422 ext. 2181 
D.A.P.: E-mail: pados@eng.buffalo.edu, Telephone: 1 716 645 3115 ext. 2134 
Address: Department of Electrical Engineering, 332 Bonner Hall, State University of New York at Buffalo, Buffalo, NY 
14260 USA. 

^The case K = L = 1 (mod 4) remains open. Ding, Golin, and Kl0ve' showed that our bound in Ref. 8 is tight for 
K = L = 5 or 13, but not tor K = L = 9. What happens when X = L > 17 is an open question. 



can all be seen as specific output examples of the desien ororeHiirP in P«f a o  T   T> C ■,. 
that for "underloaded systems" (i. < I) the mu^^TlctZl^^^^^t ^f 8 9 W T^T T *° ^'°" 
maximum-squared-correlation (MSC) at the same time  We call there3 tW      ! A    u^' *''"'"™"™ 
both in the minimum-TSC and minimum-MSC sense ' ' "^""^^^ °P*™^'^ °P*™^1 

JG:LTsTlirn£X^^^^^^ r r--s of odd length (.-sequence 
of the results in Ref. 8,9, we recogniz^tlTneedTiHrt^^   theoretically their multiaccess behavior. In view 

form 4.,  ,,;.;, ,„, ^2^^:£^i^?r:rr:; -irZT "-^v^^t 
interference-plus-noise  atiorSINRr^^^^^^^^ '"''" T^ '"°^ ^^^^^ ^^ ^^^P'^* ^^g^^-to- 
asymptotic efficiency of the system DtcrSr;™ 2'""""'"°'^^''^? ^^'^^^ ^^'''' ^^ (^) ^^e total 
Decorrelation of "4^+1" codL'Cds^Iw sfn ,:^^^^^^^^^^ °^ "1^"' "^'^ ''''■ 
"4m-l" codes. "4m+l» codes attain hiah,^r c!TNR ff .K      ^°""''j^^B) BER performance. This is not so for 

(therefore, sma„er o^.ZZ^i^^iZ"^c:T'':l:lr''T ''T '"K™.^"' "'"^'"^ «'^» 
efficiency than "4™-!. code, and guarLtee a lower bo Sd „f 2 trl^^H^'n ^^, T" T""°f 
correspondmg bound for "4m-l" codes is zero. ' 0 < T ^ 1- In contrast, the 

The presentation of this material is organized as follows  In Section 9 «ft»r .,  • *   j 
and definitions, we derive a few essential Dronprti.«^fTT" u, ^^''*'°",2' ^^^"^ ^^ introduce pertinent notation 

performance of code division" rpTelgTte^ t^It uSi    ' f' T'*"" "*^ ""''^^ consideration. The 
Section 3. In Section 4, we pre^nt a few nume^j .     *'''" '"? '^'T^'"^ ^"'^^ ^ ^'^^"^"^^ theoretically in 
the theoretical -velopmentsTsllll TmTcl^^^^^^^ - -rp^- 

2. NOTATION, DEFINITIONS, AND A FEW DERIVATIONS 

We consider a binary antipodal signature set with K normalized signatures s, e U^\' , _ , 3 ;, 

where .. the O.COMA system processing gain; we represent this set by^ thi.^l'siUl'm.rt 

corTeL;;:^ (i„;^erUttTbreeX '''-' ^ ^'^ ^-^ *^- contains all cross- 

Ris-S. ^^^ 
Below, we derive some useful expressions for R, its eigenvalues A,   A, \ A-.   ■ 
an underloaded (K < L) doubly optimal set of odd prociing/a^; u' w; ^^' ^"^ !? '°"^^^^ ^     ^^^" « ^^ 
and L = 4m + 1, m = 1,2,..., separatelv P^-^^essmg gam.      We examme the two cases L = 4m - 1 and L = 4m + 1, m = 1,2,..., separately 
1) L = 4m - 1 ^ 

1^4^-1'':' :i V .^'°^ *'^* '°^ ^ '°"''^ °^""^' ^^^"^*"- -*^^ « -^^^ P-essing gain of the form 

R=-^I;,-SS^ (2) 

Where the vector s € {±^}^ depends on* the specific signature matrix S and I;, denotes t^e K . K id.nft 
matrix. Then, the/T ordered eigenvalues of R .iv.n in ..,„ f„,^ „, _ ^ .. ,       . ^,^^"°*«^ ^^e If x If identity .a... TKen, t-e . „d.ed e.e„v.„e, o, . .^n . .J ^J^:, 3;'— Sw 

A = £+1        i + 1  L-A' + l^^ 
i ••••'~r~'    I— (3) 

The inverse of R can be obtained from (2) using the Matrix Inversion Lemma- (Woodbury's identity): 

-1 L 

. if S is a fir^IH ci^o.  / r        „m       . _   . .. ^      ^ ^^^^ - A -f- 1) For example, if S is a Gold signature set (L = 2- - 1, m = 5,6,.. .).>«  then s = -^ [l, i,.  ., ij^- 



Ife^optimal signature matrix S with processing gain of the form L = 4m + 1, m = 1,2,..., we can 

show using the findings in Ref. 8,9 that ^ ^ C^) 

where the vecto_r s e {±^}" depends on the specific signature matrix S. The K x 1 vector A with the ordered 

K-l  L-1 L-lV 
T       '    L   '•••'    L   j 

eigenvalues of R is ^     , r     11T 
\L + K-l  L-1 L-l] (6) 

The inverse of R is obtained from (5) using the Matrix Inversion Lemma: 

3  ODD-LENGTH DOUBLY OPTIMAL CODES: THEORETICAL PERFORMANCE 
a. Kjuu i.r.1 V, ANALYSIS 

(S) 

fc=l 

where h € {±1} is the fcth user information bit, E, denotes received energy per bit, and n represents t^e Altered 
loise vector If f^ is the power spectral density of the underlying AWGN process, then n^U {OL.U -fU) and 

^, ^ ^ is the fcth user signal-to-noise ratio (SNR) per bit. We define the K x K diagond matrix that consists 

•     T? ^-j;„,r/F   P„ Ri^^ and similarly, the diagonal matrix T = diag(71,72,••• ,7K) 

:j:t':ontrs\rnsfrsNt^^i^^^^^ 
multiplexing system when doubly optimal spreading codes of odd processmg gam are used. 

3.1. Decorrelating Receivers ^^ 
The decorrelating linear filter (or decorrelator)^^-^^ output is the ML linear estimate of the information bit h. 

The fcth user decorrelator is given by „ rx^-n (9^ 
Wfc    ' = S[R   J^,^ ,„,„„„ ^ 

where R is the signature cross-correlation matrix^. It is known that the BER of the decorrelator followed by a 

sign detector is ,     ^v 

where 0(x) = r -^e-'^'Ht. Therefore, the BER performance of the fcth decorrelator is determined by the 

fcth diagonal ekme;fof the inverse signature cross-correlation matrbc R"^ (and the fcth user SNR of course^ 
Below, we consider the use of odd-length doubly optimal spreading codes«.«. - and we examme the. effect on 
the decorrelator BER performance. We need to study the two cases L = 4m - 1 and L = 4m -H, m - 1, A . •., 

separately. 
Sin our notation, if A is an m x n matrix, then [A],., „,„„„ , fe = 1,2, •. .n, is the m x 1 vector defined by the fcth 

columnofA.[Al,,,,i = l,2,...,m,fc=l,2,...,n,isthe(i,fc)thelementofA. 



1) L = 4771 - 1 
FVom (4) we obtain: 

M»=LfT + 

FVom (7) we obtain: 

[R-] 

iL + l){L-K + l) 

L2 

mf = 1+ 
K-l 

{L + l){L-K + iy (11) 

'^•fc     L-1     (L - 1)(L + li: - 1) 
(s[fc])^ 1 + 

K-l 

{L-l){L + K-iy (12) 

We note that the [R'^j^. ^ = 1 value in (10) corresponds to single-user-bound (SUB) performance and we 

recall that for any K, L and signature set S for which the decorrelator exists, [R~^]. i. > 1- From (11), it is 

interesting to observe that when we use doubly optimal signatures with L = im-l, then the coefficient [R-^] 

becomes much greater than 1 when the system is heavily loaded (fR~Mi t   =   1 + r^      *    2)   On the 

other hand, the coefficient [R ^J^ ^ in (12) for L = 4m -f-1 doubly optimal signatures is always kept close to 

1, even for high user loads ([R-^j^^,* ^=;^ 1 + aTTT j^I^^oc ^^- ^ "" '^'"^'' ""^ conclude that (4m-H)-long 
doubly optimal codes maintain near SUB performance even for heavily loaded systems, while (4m-l)-long 
doubly optimal codes fail (to place this conclusion in the broad context of pertinent past literature, we recall 
that the Gold codes^^ are in fact a small proper subset of the (4m-l)-long doubly optimal codes^-^-"). Later, 
in Section 4, we present for illustration purposes some numerical BER performance plots for the decorrelator 
when (4m-l) or (4m-|-l)-long doubly optimal codes are utilized. 

3.2. MMSE Receivers 

The MMSE (or Wiener) filter^O'^i is the linear filter that minimizes the MSE between its output and the true 
information bit. It can be shown that the MMSE filter maximizes the SINK at its output. The fcth user MMSE 
filter is given by 

(13) w .(MMSE) 

where Ryi is the auto-correlation matrix of the received input vector r 

R^ = £{rr''} = SES'' + :^Ii 

It is well known that the MSE of the fcth user optimum MMSE filter is 

MMSEfc = 1 - EksllfJ^^Sk 

and the A;th user maximum output SINR value is 

1 
SINRfc =  

*     MMSEfe 

We now apply the Matrix Inversion Lemma to (14) to obtain: 

1. 

Therefore, 

2_ 

No' 

(14) 

(15) 

(16) 

(17) 

(18) 



Next, we use the Matrix Inversion Lemma to calculate the inverse of E + -^R"* : 

Prom (18), (19), we conclude that 

We note that s^R^^^Sfe = [S^R^^S]^ ^.. Then, from (15) and (20) we obtain: 

MMSEfe = 1-Ek 

ik.k 

We recall the definition T = diag (71,72,...,7^) = diag (^, ^,..., ^) = j^E. Then, 

MMSEfc = 1 - (iK + r-^R-ir-^) 
-1 

Jfe.fc 

(19) 

(20) 

(21) 

(22) 

In the following, we consider the possible use of odd-length doubly optimal spreading codes*-^'" in conjunction 
with MMSE receivers. As in the previous decorrelator subsection, we examine the two cases L = 4m - 1 and 
L = Am + 1, separately. 
1) L = 4m - 1 
From (22) and (4) we are able to obtain the following closed-form analytic expression for the kth. user MMSE as 
a function of the system parameters L, AT, and 71, 72, ..., 7i<- when any doubly optimal signature set of length 
L = 4m - 1, m = 1,2,..., is used (we mention again that the familiar Gold sets fall exactly under this class): 

MMSEfc = 1 - 7fc 

■m + ik 
1- 

(^,,,)[1.±1M^^5^K^_^]^ (23) 

The detailed derivation (proof) of (23) is omitted due to lack of space. Since SINRfe = ^^^^   - 1 (cf. (16)), we 
conclude that * 

9TNR,  - 1 
■t 

1           '"' 

/ 
1- ) 

 ■ 1. 

"        X^+^t 
i-At+'i") (L+lKL-K+n  ivK              1 l [         '          '^-'xti+^ij / 

(24) 

2) I = 4m + 1 
Similarly, from (22) and (7) we obtain the following closed-form expression for doubly optimal sets of signatures 
with length i = 4m-l-l,m = l,2,.... The derivation is omitted. 

MMSEfc = 1 

We conclude that (cf. (16)), 

Ik 
1-1- 

i^-^^'^l,     (1^ + 7.) [^^-^^^^^^-Ef=.^^] 
(25) 

(26) 



The analytic expressions derived in this section can be used for the direct evaluation/comparison of the SINR 
(or MMSE) performance of odd-length doubly optimal spreading codes. As a case study, we proved the following 
proposition that holds under "perfect power-control." The proof is omitted due to lack of space. 

PROPOSITION l. Consider all doubly optimal spreading code^'^' ^^ of length L\ = Am — 1 and L2 = 4m +1, m = 
1,2,.... Assume that jk = 1, k = 1,2,.. .,K, and consider MMSE filter receivers. Then, SINR<^=^ > SINR'^'^ 

(or, equivalently, MMSE^^'^ < MMSE^^'^j if and only if L2>Li--y-{K-2). 
7 + 1 

D 

Proposition 1 identifies the minimum processing gain L2 of the form 4''n+l that is required to achieve better 
SINR (or MMSE) performance than a given processing gain Li of the form 4^-1. For example, set A" = 30 
and 7 = lOdB. If Li = 63, then for any L2 > 37.5 (i.e. L2 = 41, 45, 49, 53, ...) the corresponding doubly 
optimal codes outperform in SINR (or MMSE) all 63-long codes (that, we recall, include the 63-long Gold 
codes). In general. Proposition 1 implies that (4m+l)-long spreading codes can achieve a higher output SINR 
than (4m-1)-long codes and simultaneously occupy a significantly smaller bandwidth. 

In Section 4, we present a few numerical studies that illustrate the maximum SINR performance of odd-length 
doubly optimal spreading codes derived above. 

3.3. Total Asymptotic Efficiency 

The total asymptotic efficiency^^'^^ of a DS-CDMA system equals the determinant of the signature cross- 
correlation matrix \R\. Since |R| = nfc=i'^fc' where Xk, k = 1,2,...,K, are the eigenvalues of R, we can 
use our eigenvalue findings in (3) and (6) to obtain closed-form expressions for the total asymptotic eflBciency of 
CDMA systems that utilize odd-length doubly optimal spreading codes: 

■{ 1   (L-i)  - (L+K-1)^   L = 4m + 1,   m = l,2,.... 

In the following proposition we show that DS-CDMA systems with (4m+l)-long doubly optimal spreading 
codes have strictly greater total asymptotic efficiency than systems with (4m-l)-long codes. The proof is 
omitted due to lack of space. 

PROPOSITION 2. Consider code division multiplexing systems with doubly optimal signature sets of length Li = 
Am - 1 and Lj = Am + 1, m = 1,2,..., and K > 1 users. Then, the total asymptotic efficiency of Li—type 
systems is strictly greater than L\—type systems: IRtj] > IRtJ . □ 

It may be even more interesting to examine the asymptotic behavior of the total asymptotic eflSciency |R| as 
the processing gain and the number of users increase (i -+ 00 and K —> 00) while their ratio (user load) ^ is 
kept constant. Below, we establish formally that (4m-|-l)-long codes are significantly superior to (4m-l)-long 

codes in terms of the asymptotic behavior of |R| for the same user load a = ^. We present our theoretical 
developments in the form of the following proposition whose proof is omitted. 

PROPOSITION 3. 
(a) Let Ri be the signature cross-correlation matrix of a doubly optimal spreading code set with processing gain 
of the form L = Am - 1, m = 1,2,..., and user load a e (0,1]. 

(i) Fix the user load a. Then, |Ri| is a monotonically decreasing function of L, L> ^. For L = ^, |Ri| = 1 
and 

' ' (28) lim |Ri| = (1-0)6" 
I/—>oo 

(ii) Fix the processing gain L. Then, |Ri| is a monotonically decreasing function of a, T; < a < 1, and 

:)      ,   a = l "'■'={ id A)'-' --■ '^'' 



(b) Let R2 be the signature cross-correlation matrix of a doubly optimal spreading code set with processing gain 
of the form L = 4m + 1, m = 1,2,..., end user load a G (0,1]. 

(i) Fix the user load a. Then, IR2I is o monotonically decreasing function o/L, L > i. For L = i, IR2I = 1 

and 
lim IR2I = (1 + «a)e' (30) 

(ii) Fix the processing gain L. Then, IR2I is a monotonically decreasing function o/a, i < a < 1, and 

D 

For example, according to Proposition 3, if we fix the user load a to 1 (fully loaded system) and we let the 
processing gain L increase to infinity, the total asymptotic efficiency |Ri| of (4m-l)-long codes converges to 
0 while the total asymptotic efficiency IR2I of (4m+l)-long codes converges to f. In fax^t, smce (1 - a)e < 
(1 + a) e-" Va € (0 1], Proposition 3 shows that (4m+l)-long codes achieve higher total asymptotic efficiency 
than (4m-l)-long codes as L -^ 00 for any load a € (0,1]. This conclusion is showcased below in the form of 

a corollary. 
COROLLARY 1. Consider two doubly optimal sets with processing gain of the form Li = 4m -1 and L2 = 4m+1, 
m = 1,2,..., and signature cross-correlation matrices Ri and R2, respectively. If the two sets have the same 

fixed user load a € (0,1], then 

lim  |Ri| = (l-a)e"<(l + a)e-"=   lim  IR2I. (32) 

D 

In the context of doubly optimal sets with finite (non-asymptotic) length L and load a € (0,1], Proposition 3 
offers the following conclusion. While in general the total asymptotic efficiency |R| of a signature set is between 
0 and 1 (in fact, these numbers are tight bounds for |R| when the processing gain is of the form L = 4m - 1 (cf. 
Proposition 3)) (4m+l)-long doubly optimal spreading codes guarantee a minimum total asymptotic efficiency 
|R| = f ~ .73 for any processing gain L = 4m + 1 and any user load a € (0,1]. We present this finding below 

as a second corollary to Proposition 3. 
COROLLARY 2.    The total asymptotic efficiency |R| of doubly optimal sets with processing gain of the form 
I, = 4m + 1, m = 1,2,..., is lower bounded by f : 

- < |R| < 1. 
e 

(33) 

D 

4. NUMERICAL EXAMPLES AND SIMULATION STUDIES 

In this section we present a few numerical examples that may help us visualize the theoretical developments 
of Section 3 The analysis of Section 3 applies to any doubly optimal spreading code set with odd processing 
gain. Here we choose to compare the performance of 31-long and 63-long doubly optimal Gold codes to the 
performance of 33-long and 65-long doubly optimal codes.*'^-^ 

In Fig 1 we consider underloaded-by-one doubly optimal sets, that is (a) a Gold set with Li = 31 and 
Ki = 30 (b) a doubly optimal set with L2 = 33 and K2 = 32, (c) a Gold set with L[ = 63 and Ki = 62, and 
fd) a doubly optimal set with L^ = 65 and K', = 64. We plot the BER curve of the single-user decorrelating 
detector as a function of the received (input) SNR 7fc of the user of interest k directly from (10), 11), and (12). 
The single-user bound (SUB) is also included for reference purposes. The loads ff and gg of the 4m+l codes 
are higher than the corresponding loads § and § of the «4m-l" (Gold) codes. Still, the decorrelating detector 
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performs practically at the SUB for the former but not for the latter. We conclude that we achieve almost SUB 
performance with a linear decorrelator if the processing gain is of the form 4m+l and the sig^turTit "doubly 
op^mal.  This is not true, however, for (4..-l)-long doubly optimal spreading codes (thattcluS the Gold 

CTMI ^^\.^' ^^ J"^'"*^*'' *^^ ^^""^ set-up as in Fig. 1 and we use expressions (24) and (26) to plot the outnut 
SINR of the smgle-user MMSE filter as a function of the input SNR which for simplicity is^isumed to be The 
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Figure 3. Total asymptotic efficiency versus processing gain for fixed user load a - 0.5. 
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Figure 4. Total asymptotic efficiency versus processing gain for fixed user load a - I. 

same for all users (power control). For (4m+l)-long codes the SNR "loss" due to multiuser interference is 
practically non-existent. This is not, however, the case for (4m-l)-long (Gold) codes. Notice that for an input 
SNR of 20dB the output SINE of the MMSE filter for 31 and 63-long doubly optimal (Gold) codes is about 
18.6dB, while it is 19.9dB for 33 and 65-long "4m+l" doubly optimal codes. 

Numerical studies on the total asymptotic efficiency |R1 are presented in Figs. 3 and 4 where we plot |R| as 
a function of the processing gain L for a fixed load a for both (4m-l)-long and (4m+l)-long doubly optimal 
codes In Fig 3, a is set to 0.5 (half-loaded system). In Fig. 4, a is set to 1 (fully loaded system). In both 
studies the superiority of (4m+l)-long codes is apparent. It is interesting, for example, to observe in Fig. 3 
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Figure 5. BER of single-user MMSE filter versus total input SNR for 63-long (Gold) and 65-long doubly optimal sets 
(asynchronous link, three unit-gain paths). 

the convergence of |R| to ^ ^ .82 and 5^ ^ .91 for "4m-l" and "4m-H" doubly optimal codes, respectively, 

as proved in the previous section. Similarly, we observe in Fig. 4 the quick convergence of IRI to 0 and 2 ~ 73 
respectively. «     '    ' 

Finally, a simulation study that examines the performance of a 63-long Gold and a 65-long doubly optimal set 
for asynchrvnous transmissions over multipath channels is presented in Fig. 5. We consider the presence of 3 fixed 
chip-spaced paths (of equal gain set to 1) for each user signal and we assume independent uniformly distributed 
chi^spaced time dela.y for each interfering signal with respect to the user signal of interest. We plot the average 
BER of the MMSE filter receiver (of length equal to the multipath-extended processing gain L -(- 3 - 1 = L -i- 2) 
as a function of the total received (input) SNR. Here, the SUB curve identifies the performance of one-shot 
ML detection in complete absence of multiuser interference (K = 1 user signal). The study indicates that the 
4m-l)-long Gold set and the (4m+l)-long doubly optimal set perform quite similarly for both Ughtly loaded 

{K = 3) and heavily loaded {K = 62, 64) systems. We notice the rather disappointing performance of both 
spreading code sets especially when the system is heavily loaded, which -from an optimistic point of view- can be 
seen as sigmficant room for improvement in signature set design for asynchronous/multipath channels The exact 
same study is repeated in Fig. 6 for a synchronous link with three unit-gain paths and indicates that a primary 
reason for the performance deterioration exhibited in Fig. 5 by both code sets is asynchronism (a secondary 
reason is the few multipaths that are present). We recall that the «4m-H" codes of Ref. 8 9 11 have not been 
"optimized" m any way for asynchronous/multipath transmissions. The Gold codes are instead presented in 
the literature as optimized but under a cyclic-shift cross-correlation and auto-correlation measure which can be 
argued to be inappropriate for asynchronous and multipath, correspondingly, DS-CDMA channels.^ 

5. SUMMARY AND CONCLUSIONS 
This paper presented a theoretical study of the code division multiplexing performance of doubly optimal binary 
signature sets of odd length. These are sets, we recall, that have minimum both total-squared-correlation (TSC) 
and maximum-squared-correlation (MSC) at the same time.S-^-" We examined separately the doubly optimal 

'Gold spreading codes^^ possess preferred cyclic-shift cross-correlation and auto-correlation properties. However, they 
do not guarantee good zero-padded-shift cross-correlation and aut<^correlation properties. The latter measure may 
represent better the needs of DS-CDMA systems with asynchronous Unks over single or multipath channels 
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Figure 6. Same study as in Fig. 5 but for a synchronous link (still three unit-gadn paths). 

sets with signature length of the form 4m—1 and 4m+l, m = 1,2,..., and we noted that the familiar Gold sets^^ 
fall under the "4m-l" class of doubly optimal sets. 

First, we derived explicit closed-form formulas for the signature cross-correlation matrix of such sets, its 
eigenvalues, and its inverse. Based on these formulas, we were able to obtain analytic expressions for the BER 
of decorrelating filters, the (maximum) output SINE of MMSE filters, and the total asymptotic efficiency of 
synchronous code division multiplexing systems. The calculated across-the-board superiority of the "4m-l-l" 
signature sets is intriguing. Combined with the indicated similar to Gold sets performance under asynchronous 
transmissions, this strong proven superiority for (near-)synchronous links of the "4m+l" sets questions seriously 
the status quo and the popularity of Gold sets (or any other "4m—1" doubly optimal candidate set to that 
respect). Regretfully, neither the "4m+l" codes nor the Gold codes have what we might call satisfactory 
performance for heavy-loaded asynchronous transmissions. The "4m+l" doubly optimal codes have not been 
optimized in any way for asynchronous transmissions. The Gold codes are presented as optimized but under a 
cyclic-shift cross-correlation metric that, apparently, may be criticized as inappropriate. 
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Near-ML Multiuser Detection with Linear Filters 
and Reliability-based Processing 

Zhenyu Liu, Student Member, IEEE, and Dimitris A. Pados, Member, IEEE 

Abstract—The prohibitive -exponential in the number of users- 
computational complexity of the maximum likelihood (ML) mul- 
tiuser detector for direct-sequence code-division-multiple-access 
(DS/CDMA) communications has fueled an extensive research 
effort for the development of low complexity multiuser detection 
alternatives. In this article, we show that we can effidentiy and 
effectively approach the error rate performance of the optimum 
multiuser detector as follows. We utilize a multiuser zero-forcing 
or minimum-mean-square-error (MMSE) linear filter as a pre- 
processor and we establish that the output magnitudes, when 
properly scaled, provide a reliability measure for each user bit de- 
cision. Then, we prepare an ordered reliability-based error search 
sequence of length linear in the number of users that returns the 
most likely user bit vector among all visited options. Numerical 
and simulation studies for moderately loaded systems that permit 
exact implementation of the optimum detector indicate that the 
error rate performance of the optimum and the proposed detector 
are nearly indistinguishable over the whole pre-detection signal- 
to-noise ratio (SNR) range of practical interest Similar studies for 
higher user loads (that prohibit comparisons with the optimum 
detector) demonstrate error rate performance gains of orders of 
magnitude in comparison with straight decorrelating or MMSE 
multiuser detection. 

Index Terms—Code-division-multiaccess, decorrelation, maxi- 
mimi likelihood detection, mean square error methods, multiuser 
channels, reliability, soft decision. 

I. INTRODUCTION 

IN direct-sequence code-division-multiple-access 
(DS/CDMA) systems, multiple users transmit information 

bit sequences over a common channel utilizing distinct 
individually assigned signature waveforms. In the presence 
of strong interferers and/or high cross-correlation signature 
waveforms, the performance of the conventional single-user 
signature matched-filter detector degrades significantly. On 
the other hand, if the user signatures, energies, and the 
channel noise power are known at the receiver end, use 
of the maximum-likelihood (ML) multiuser detector [1] 
guarantees minimum probability of error system performance. 
ML optimum multiuser detection, however, comes with 
computational complexity that grows exponentially with the 
number of users. 

In search of a satisfactory trade-off between performance 
and complexity, numerous sub-optimum multiuser detectors 
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have been proposed. Two linear multiuser detectors that are 
of particular interest to our work are the familiar zero-forcing 
decorrelating detector [2] and the minimum-mean-square-error 
(MMSE) detector [3]-[6]. Both are known to be near-far resis- 
tant [7]. The decorrelator is the maximum likelihood estimator 
of the energy modulated user bits for additive white Gaussian 
noise (AWGN) multiple-access channels. The MMSE receiver 
is the linear filter solution that maximizes the pre-detection 
signal-to-interference-plus-noise ratio (SINR) of each user. 

Recently, there has been an effort to directly approximate 
the ML multiuser detector in an efficient and effective manner. 
Examples of such work are the "greedy" detector in [8] 
which partitions the likelihood metric function and proceeds 
with "part-by-part" maximization and the neighbor searching 
mechanisms in [9], [10]. The "MK-face" detector in [9] 
searches within a pre-calculated set of neighboring candidates. 
The gradient search algorithm in [10] happens to coincide with 
the "K-face" detector of [9], 

As a combinatorial optimization problem, ML multiuser 
detection has certain similarities with ML decoding of bi- 
nary linear block codes. One of the earliest, well known 
low-complexity algorithms for sub-ML block-code decoding 
is Chase's algorithm [11]. The Chase procedure selects a 
small fixed number of bit decision perturbations based on 
reliability measurements which are supposed to be part of the 
demodulator output (usually directly related to the sufficient 
decision statistic). In this paper, we follow an analogous 
approach to tackle the ML multiuser detection problem. First, 
we use a linear multiuser detector (such as the decorrelator 
or MMSE detector) to obtain an initial multiuser bit decision. 
The soft output vector, before being discarded, is processed 
to derive the corresponding reliability measurement vector. 
Next, as dictated by the reliability vector, a sequence of "error 
patterns" is generated to "correct" the initial decision vector 
and produce multiuser bit combination candidates that include 
the maximum likelihood solution with high probability. Final 
decision is made by simply choosing the bit combination with 
the highest likelihood among all candidates. When the length 
of the error pattern sequence is in the order of the number of 
users, the proposed algorithm exhibits near-ML performance 
at remarkably reduced computational complexity compared to 
the ML-optimum multiuser detector.' 

We organize the rest of the paper as follows. In Section H, 
we present our signal model and notation. The near-ML 

'Another coding theory inspired multiuser detector was presented recently 
in [12]. In contrast to the ML approximations in [8]-[10] and the work herein, 
the multiuser detector of [12] is a complete exponential-complexity depth-first 
tree search implementation of the full ML decision rule based on the lattice 
decoder developed in [13]. 



a 

multiuser detection algorithm is developed in Section III. 
Simulation studies are presented in Section IV and a few final 
conclusions are drawn in Section V. 

II. SIGNAL MODEL AND NOTATION 

For the sake of clarity in presentation, we consider a syn- 
chronous DS/CDMA system where K users share a multiple- 
access AWGN channel with power spectral density a^. Our 
developments can be generalized to cover near-ML block 
multiuser detection for asynchronous systems by creating error 
pattern sequences of length proportional to the total number 
of bits in a block. The general block diagram representation 
of the receiver that we develop in this work is given in Fig. 1. 
The received signal is processed by a fi-ont end that consists 
of a block of K signature-matched filters. We denote the ith 
bit period output of the matched filter bank by y(i) = [j/i(i), 
y2ii),---,yK{i)f (T denotes the transpose operation) and 
we write 

y(t) = RE(i)b(:) + n(i),     t = 1, 2, ... ,        (1) 

where b(t) ^ [bi{i)Mi)r--,bK(i)f G {±1}'^ 
is   the   tth   period   information   bit   vector,   E(i)     = 

diag([v/ir(i),v/^(i).---,v'i;H^]) is the AT X A: 
user signal amplitude matrix, R is the Kx K signature cross- 
correlation matrix and n(i) t [m{i),n2{t),---,nK{i)f is 
the filtered noise vector. The ML optimum multiuser detector 
[1] is 

A. Initial Decision and Reliability Measurement 

We use a linear operator (multiuser detector) LKXK to 
obtain the initial bit decision vector b(°) = sgn(Ly). To 
exploit the reliability information contained in the linear 
ogrator/filter output, we define for each initial bit decision 
hj   the corresponding soft output 

"i = 'J'y.     3 = 1,2, ...,K, (4) 

where Zj is the jth row of die matrix L. For convenience, we 

also define wj = /TRE and substitute (1) in (4) to calculate 

K 

dj = wjb+ljn = wjjbj+ Y, WjM+lJn, j = l,2,...,K. 

The first term on the right-hand side of (5) is the scaled 
jth transmitted bit of interest. The last term, I^n = n , is 
zero-mean filtered Gaussian noise with variance E{TI^} = 

crHjBJj ^ d^. The middle term E.^i ,^."-,.6. ^ z, 
contains the information bits transmitted by the other users 
(multiple-access-interference or MAI) and is a zero-mean 
random variable witfi variance E{z'^} = y^_  .  .ty?   _ 

W'^if - w]j = <T2 . We define the reliability value aj of 

the initial bit decision bf^ as die log-likelihood ratio Q, = 

^     /(«-j|6i=-S^'")  ^'^^^ /("il^i) denotes the probability 
density function of dj conditioned on bj. If die filtered MAI 

b»^ = are max    {n(b, y) = 2b''Ey - b^EREb^    (2)    "^'^'^ ^^^i > »" relatively small, the soft output dj is well 
^^^*'>''^ >'    ^^    aPP^'^wnated [14], [15] by a Gaussian random variable with 

mean E{dj} = Wjjbj and variance £^{0,^} = al + a^ 
Then, the reliability value oj simplifies to a scaled vereion"of 

where for notational simplicity we dropped the index i with 
the understanding that the decision rule in (2) refers to a given 
information bit interval. a ■3\- 

III. NEAR-ML MULTIUSER DETECTION 

We switch now our attention to the linear operator L and die 
"Search & Decision" blocks in Fig. 1. The linear operator can 
be viewed as a multiuser detector diat operates on die output 
of die matched-filter bank y to produce an initial decision b(°) 
for the ti^smitted bit vector b. Alongside die initial decision, 
we also extract a "reliability" measurement vector a. During 
die final "Search & Decision" stage, an ordered sequence of 
D distinct error patterns e(^), e^^), ..., e^^) e {0,1}*^ is 
generated from die reliability vector a where die positive 
integer £> is a system parameter to be adjusted according to our 
performance versus complexity requirements. Corresponding 
to each error pattern e^"). d = 1, 2, .... D, a new tentative 
decision b^'*) is produced. The final decision output becomes 

btor.ML = arg   max   n(b,y). (2) 
be{bTo,bW bU'f ^^' 

As we will see later in Section IV, when L is die decorrelating 
or MMSE operator, a small D (for instance of die same order 
as die number of users/bits to be detected) results in bit-error- 
rate system performance tiiat is nearly indistinguishable from 
die maximum likelihood detector in operational environments 
of practical interest. 

'   I («ih = -if) ' 'l+'l ~ ^ff^''"'' ■ 
_ (6) 
The generated reliability vector a  =  [Qi,---,aKf is 

passed to die "Search & Decision" stage along widi'die hard- 
hmited initial "guess" b(°>. 

B. Generation of the Error Pattern Sequence 

When L is die decorrelating or MMSE filter operator, we 
expect intuitively diat a small perturbation of die initial vector 
b^ may produce die maximum likelihood decision b^,. Widi 
diis motivation, we generate a sequence of error patterns 
e(<« e {0,1}^. d = 1, 2, ..., where ef = 1 stands for 
an error in bit position j. We apply die error sequence eC**) 
on die initial bit vector b(o) to create die bit vector sequence 
b^"^ as follows: 

if = Sfee;.'^, i = i, 2, ...,K, (7) 
where ® denotes die error correction operation 6 ® e = 
b • (-1)', b G {±1}. e G {0,1}. Naturally, die error sequence 
generation criterion will be die likelihood of b = b(°) ©e widi 
observation die soft-output vector a = Ly, / (dlb = b). If, 



approximately, we treat the soft outputs dj as conditionally in- 
dependent random variables, the likelihood function becomes 

n^i / i'^jl^j = h) ^^^ *® log-likelihood ratio is 

i=i 

K 

3=1    . j:ej=l 

We immediately observe that the first term in (8), Y^f-i aj, 
is independent of the choice of the error pattern e. Therefore, 
the error pattern sequence should be designed in ascending 

order of the other term 4>{e,a.) = Sj:e.=iQ!i- For our 
purposes of near-ML multiuser detection, if all 2^ error 

patterns {e^''^}._j are in ascending order under the ^(-,0) 
key 

^(e^-^.a) <<^(e(''+^),a),    d = l, 2, ..., 2^-1, (9) 

we will consider and process only the first D elements of the 
sequence. 

We now derive an algorithm that produces the first D <!){•, •)- 
ordered error patterns with computational complexity linear in 
the number of bits, 0{DK). The origins of our algorithm are 
in the "subset-sum problem" where the objective is to find 
all subsets of a set of numbers that have sum of elements 
less than or equal to a given number [16], [17]. Suppose that 
the reliability values aj, j = 1, 2, ..., A", are such that 
a/,1 < a/,2 < • • • < oihK • Define the error pattern sequences 
Sp = {e^P'l}, p = 0, 1, 2, ..., K, t = l,2, ..., 2", 
where {e^*^} is ordered under the key <!>{■, a) 

(l>(e^'"\a) <<^(e('"+>\a),     t = 1, 2, ..., 2" - 1, 
(10) 

and satisfies 

e^*"^ = 0 for every h G {hp+i, ■■■, ftjc} and 1 < f < 2^. 

.. (11) 
Here, e^' is the ftth bit in the error pattern e^^ and (11) states 
that e^P'^ may include errors only in the p lowest reliability 
positions of the initial bit decision vector h^°\ Define also the 

error pattern sequences S^ = {e'^*^}, p = 0, 1, 2, ..., K — 
1, f = 1, 2, ..., 2P, where {e'(P')} is such that 

^^      -\ e^\   otherwise. ^^^^ 

Therefore, each e'^*"^ contains exactly one more error in bit 
position hp+i than the corresponding error pattern e^^"). It 
follows that 4> (e'(P'>,a) = 4> (e^P'^.a) -l-ah,+, and {e'(»")} 
is also ordered under the key 0(-,a). 

At this point, it is important to observe the following. If we 
merge the two ordered sequences £p = {e^'^} and £p = {e'^^} 
in increasing order of the same key <j> (•, a), then we will 
obtain Sp+i. Therefore, iterative generation of S'p from £p and 
merging to form £p+i for p = 0, 1, ..., K -1 leads to £K 

where £K is the whole set of 2^ error patterns ordered under 

the key if)(-, a). Since only the first D error patterns in £K are 
needed, we can simplify this process greatly. We observe that 
the first D elements in £K come from the first D elements of 
£K-I and the first D elements^ of £'K-I- Therefore, we can 
truncate the length of £K-I to D (which also limits the length 
of £j(^i to D). By induction, we conclude that every sequence 
£0, £\,..., £K can be shortened to length D. Considering the 
involved computational complexity, we need up to D additions 
to calculate ^(-j a) and another D comparisons to merge £p 
and £'p in each step. Therefore, the computational complexity 
is 0{DK). 

In sunmiary, the proposed multiuser detection system in 
Fig. 1 operates as follows: 

1) Apply the linear operator/filter L to the matched-filter 
bank output y to obtain the initial decision b^") and the 
reliability measures {a^} in (6). 

2) Sort {ttj} in increasing order. 
3) Initialize  p    <-    0,   5o    =    {e' 

.^(eW,Q)=0. 
(1) = [0 0 0]}. 

4) Create £'p= -|e'(0 Q 1 3We5, 

6) 

7) 

•)=eW-|-[0- 
hp+i-l 

Calculate ^ (e'<') ,a) = (j> (e<*), a) + Ofc,^,. 
5) Merge £p and £'p to form £p+\ in ascending order under 

key <f){-,oi). Truncate the length of £p+i to D if longer 
than D. 
If p < if — 1, then set p •«- p -I-1 and go back to Step 
4. Else go to Step 7. 
For d = 1, 2, ..., D apply e^^ to the initial decision 
b^") as in (7). Produce the final decision bNc„.Mi, by (3). 

The overall system computational complexity can be cal- 
culated as follows. The complexity of applying the linear 
operator L to the matched-filter output y is O (Jf^). Sorting 
the reliability values costs O (iflogj K). As stated earlier, the 
complexity of generating the ordered sequence {e('*)}^_j is 
0{DK). Finally, n(-, •) is calculated D times with complex- 
ity, again, 0{DK). Therefore, the complexity of the whole 
scheme is approximately O(K{K + 2D + logj KU per bit 
period. The cost of the "Near-ML Search & Decide block in 
Fig. 1 is barely more than twice the cost of the Ly operation if 
D is chosen equal to K (that is, if D is equal to die number of 
user bits to be detected). As we will see later in Section IV, 
when the linear operator L is chosen appropriately a value 
of D equal to K or -more general- a few times K can be 
sufficient for the algorithm to maintain near-ML performance 
for all practical purposes. 

C. Selection of the Linear Operator 

So far, we have intentionally treated the linear operator L as 
arbitrary. Yet, it is important to choose an operator/filter that 
produces initial decisions with low probability of error such 
that only a small perturbation is needed to approach the ML 

^In fact, only the first [^J elements of f j^ _j can contribute to the first D 
elements of £K but this does not affect our conclusion on the rough order of 
the involved computational complexity and may complicate our presentation 
unnecessarily. 

I 
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optimum decision vector. Conversely, if the initial decisions 
are poor, then to achieve the same bit-error-rate performance 
level we will need a larger search length parameter D and that 
will thereby increase the computational complexity. 

Besides the initial performance considerations, the condition 
that the variance of the MAI term Zj = 53,^j . Wjihi in 
(5) is relatively small should also be fulfilled, "ftiis directiy 
aifects the accuracy of the Gaussian approximaUon of the soft 
output dj which in turn affects the quality of the reliability 
measure QJ in (6). There are two well-researched linear filters 
that can satisfy the quality of initial decision and small MAI 
variance requirements: the decorrelating and MMSE filters. 
The decorrelating filter IJ^ = R-i, leading to zero errors 
in the absence of noise, has perfect near-far resistance and 
is the maximum likelihood solution for real-valued "symbol" 
vectors. If we use L^ = R-i in (4), (5). we obtain 
^33 - Bjj, crl^ = CT2(R, 1)^.^.^ and al^ = 0. Because MAI 
IS completely cancelled, the Gaussian approximation is not 
needed anymore. The reliability measures in (6) take the form 

E- • 
\dj\,     j = l,2,...,K,      (13) a, = -"33 

(^-% 
with no approximation. The MMSE multiuser filter L^„ = 
l«. + cr jj, ) mmmuzes the mean norm square error be- 
tween its output and the true transmitted information bit vector 
and maximizes the output SINR per user. However, the filtered 
MAI term in (5) is not zero: zj = j:iLi,i^j wjA ^ 0. Still, 
the MMSE filtered MAI is approximately Gaussian [14],[15] 
and the reliability measure in (6) maintains its accuracy.' 

As a final conunent, it is clear that technically the soft 
outputs dj, j = 1, 2, ..., K, are not independent and 
their degree of dependency can affect the quality of the 
log-likelihood ratio approximation in (8) and, in turn, the 
quality of the generated sequence of error patterns. When the 
linear operator L is the decorrelator, it is easy to calculate 
the correlation coefficient pi, between d< and a,-, i 9^ j: 

-^ where ^iL. 
-/(SNRi+L^KSNRj +L^j) ''•^ V'£;{a-,»}S{'*-j='} 

SNRi = j:^. In most cases of practical interest, \pij\ is 
less than 10 ^ and the independence approximation is well 
justified. In such cases, we found (see for example Section 
IV) that £> = ir is sufficient to approximate very closely the 
performance of the true ML detector. In extreme situations, 
such as pre-detection SNR values less than OdB and high 
signature cross-correlations (greater than 0.5). \pij\ can be 
greater than 0.1 and thus non-negligible. In these cases, a 
greater D should be used to approach ML performance. For 
MMSE preprocessors, we can calculate !/)<_, | numerically and, 
again, adjust D accordingly. 

IV. SIMULATION STUDIES 

We consider the DS/CDMA signal model of Section H with 
spreading gain 31 and /f = 15 users with Gold signature code 
assignments. In Fig. 2, we plot the bit-error-rate (BER) of the 
user of interest (user 1) under different multiuser detection 
schemes as a function of its SNR over the 4 - 16dB range. 
The SNRs of the 14 interferers are distributed in the 8.5-15dB 
range with a 0.5dB increment We use the multiuser MMSE 

filter as the pre-processor in our proposed system and we 
fix the length of the error pattern sequence to D = A" = 
15 (hence, the computational complexity per bit interval is 
0{pK) = OiK"^)). For purposes of comparison, we include 
(i) the ML optimum multiuser detector [1] (which serves as 
a BER lower bound), (ii) the stand-alone multiuser MMSE 
detector^ [3]-[6], (Hi) the "greedy" multiuser detector in [8] 
with different memory parameter settings L = 1,2,3 and 
computational complexity per bit interval 0{LK% (iv) the 
"MK-face" detector [9] with parameter setting MK = 215 = 
30, computational complexity per bit interval 0{MK^) and 
space complexity 0{2'^MK), and (v) the "gradient search- 
detector [10] that coincides with the "K-face" algorithm of 
[9] and has computational complexity OiK^) per iteration. 
We observe that in the relatively low SNR region (4 - 12dB) 
the greedy, the MK-face, and the proposed detector have 
performance very close to the optimum. We recall that the 
greedy algorithm decides the value of the user information bits 
sequentially and the order favors high energy bitsAisers. As the 
SNR of the "user of interest" increases relative to the other 
users, bit decisions are made early with the adverse effect of 
an increase in BER as seen in Fig. 2. For the MK-face detector, 
the pre-calculated neighboring candidates fail to perturb high 
SNR user bits and the performance curve degrades to the pre- 
detector (MMSE in this case). The proposed system maintains 
"near-ML" performance throughout the range of this study In 
Fig. 3. we repeat the study of Fig. 2 and we examine the 
BER of the proposed detector as a function of the length of 
the error pattern sequence D at SNRj = l2dB and 14dB 
The proposed algorithm approaches effectively the ML bound 
for modest values of D (the number of bits to be detected 
is A" - 15; D = 1 corresponds to the stand-alone MMSE 
detector and Z> = 2" corresponds to the true ML detector). 

Finally, in Fig. 4 we increase the number of active users 
from K = 15toK = 25. The SNRs of the 24 interferers 
are distributed over the 8.5 - 20dB range with a 0.5dB 
increment. The performance gain of the proposed "near-ML" 
algorithm with D = 4K= 100 over the MMSE detector is 
remarkable. True ML detection has complexity proportional to 
2 and we cannot afford this computational cost at present 
For this reason, we replace the true ML bound that appears 
in the previous Figs. 2 and 3 by the single-user bound. 
We also cannot afford execution of the "MK-face" algorithm 
that requires exponential (2«MA) storage space. Instead, we 
present in Fig. 4 the performance curves of die "greedy" 
(L = 4) and "gradient search" ("K-face") algorithms [8]-[10]. 

V. CONCLUSIONS 

We described a new multiuser detection algorithm. A decor- 
relating or MMSE multiuser filter is used as a pre-processor 
that provides initial decisions and reliability measurements 
based on which an ordered error pattern sequence of variable 
length IS formed. The error pattern sequence is followed to its 

'In this snidy we choose a Gold code assignment that makes the normalized 
signature cross-correlation between user 1 and the other users equal to i or 

the'kiL d^** remaricable performance difference between the MMsl'and 



end and the most likely bit vector among all visited options 
is returned. When the length of the pattern sequence is of 
the order of the number of bits to be detected, the additional 
imposed computational cost compared to straight decorrelating 
or MMSE detection is rather insignificant. Still, in extensive 
simulation studies for both synchronous and asynchronous 
links (not reported herein) we saw that the proposed multiuser 
detection algorithm is able to maintain near-ML bit-error-rate 
performance over the whole studied SNR range of interest. 
There is strong resemblance between this scheme and "effi- 
cient" decoding algorithms for binary linear block codes [11], 

[17]. 

REFERENCES 

[I] S. Verdd, "Minimum probability of error for asynchronous Gaussian 
multiple-access channels," IEEE Trans. Inform. Theory, vol. 32, pp. 85- 
96, Jan. 1986. 

[2] R. Lupas and S. Verdu, "Linear multiuser detectors for synchronous 
code-division multiple-access channels," IEEE Trans. Inform. Theory, 
vol. 35, pp. 123-136, Jan. 1989. 

[3] R B. Rapajic and B. S. Vucetic, "Ad^tive receiver structures for 
asynchronous CDMA systems." IEEE J. Select. Areas Commun., vol. 
12, pp. 685-697, May 1994. 

[4] U. Madhow and M. L. Honig, "MMSE interference suppression for 
direct-sequence spread-spectrum CDMA," IEEE Trans. Commun., vol. 
42, pp. 3178-3188, Dec. 1994. 

[5] S. L. Miller, "An adaptive direct-sequence code-division multiple-access 
receiver for multiuser interference rejection," IEEE Trans. Commun., vol. 
43, pp. 1746-1755, FebTMarVApr. 1995. 

[6] C. N. Pateros and G. J. Sautaier, "An adaptive correlator receiver for 
direct-sequence spread-spectrum communication," IEEE Trans. Com- 
mun., vol. 44, pp. 1543-1552, Nov. 1996. 

[7] R. Lupas and S. Verdfi, "Near-far resistance of multiuser detectors in 
asynchronous channels," IEEE Trans. Commun., vol. 38, pp. 496-508, 
Apr. 1990. 

[8] A. AlRustamani and B. R. Vojcic, "A new approach to greedy multiuser 
detection," IEEE Trans. Commun., vol. 50, pp. 1326-1336, Aug. 2002. 

[9] Q. Li and C. N. Georghiades, "On a geometric view of multiuser 
detection for synchronous DS/CDMA channels," IEEE Trans. Inform. 
Theory, vol. 46, pp. 2723-2731, Nov. 2000. 

[10] J. Hu and R. S. Blum, "A gradient guided search algorithm for multiuser 
detection," IEEE Commun. Utters, vol. 4. pp. 340-342, Nov. 2000. 

[II] D. Chase, "A class of algorithms for decoding block codes with channel 
measurement information," IEEE Trans. Inform. Theory, vol. 18, pp. 
170-182, Jan. 1972. 

[12] L. Brunei and J. Boutros, "Lattice decoding for joint detection in direct 
sequence CDMA systems," IEEE Trans. Inform. Theory, submitted Jan. 
2000. 

[13] E. Viteibo and J. Boutros, "A universal lattice code decoder for fading 
channels," IEEE Trans. Inform. Theory, vol. 45, pp. 1639-1642, July 
1999. 

[14] H. V. Poor and S. Verdu, "Probability of error in MMSE multiuser 
detection," IEEE Trans. Commun., vol. 43, pp. 858-871, May 1997. 

[15] J. Zhang, E. K. F Chong, and D. N. C. Tse, "Output MAI distributions of 
linear MMSE multiuser receivers in DS-CDMA systems," IEEE Trans. 
Inform. Theory, vol. 47, pp. 1128-1144, Mar. 2001. 

[16] T. H. Cormen, C. E. Leiserson, and R. L. Rivest, Introduction to 
Algorithms. New York: McGraw-HUl, 1990. 

[17] Y. Wu and D. A. Pados, "An adaptive two-stage algorithm for ML and 
sub-ML decoding of binary linear block codes," IEEE Trans. Inform. 
Theory, vol. 49, pp. 261-269, Jan. 2003. 

jsai! 

_ tMetad _Js!£ 

L JvjjWJ; 

y^? k) 

Fig. 1.   The proposed "near-ML" multiuser detection architecture. 
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Fig. 2.   Bit-error-rale versus SNR for various multiuser detectors (K = 15, 
SNR< in 8.5 to 15dB range, i = 2,3, • • •, 15). 

10" 
' Propo««d AlgoHtNn 
■ MixImuBi Utolhcoil 

=e-^ 

Fig. 3.    Bit-error-rate versus length of the error pattern sequence D for the 
system of Fig. 2 (detection of Jf = 15 user bits). 
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Fig. 4.  Bit-error-rate versus SNR performance in the presence of severe MAI 
{K = 25, SNRj in 8.5 to 20dB range, i = 2,3, • ■ •, 25). 


